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ABSTRACT

We d i scuss  the  p rob lem o f  t he  ex i s tence  o f  pe r io -
d i c  and '  s ta t i ona ry  so l , r . r t . i ons  o f  a f f i r i e  s tochas t i c  o i f -
f p r e n f  i : l  @ r r u ^ ! i  a * a  r ' r n  ^ ; O \ r e  t h a t  U n d € i :  a  C o n t f o i l a -I c ! s l l L r s &  s y u C l L I \ J i . l J  r  I Y U  y I L J V U  L r r q u  u l l s s

l r i ' l ' i { - r r  r . r r n r r i ' i - i . r n  t h e  s v s f e m  h a q  a  n e r i  c i i C  S C I U i i O n  : fV +  ! ;  u J  u v l i u a  \ / f  \ ,  e l i t r  r r ! 6 u

and  on l i /  i f  t he  t i neq r  pa rc  i s  eyponen t ia l i y  s tab l - c  i n
mean  squa l l e .

I t  i s  a l so  shov rn  tha t  t he  c r :n t ro l l ab i l . i t y  assunp-
L ion  i s  r i €c€ssa :y  fo r  t ne  ex i s tence  o f  a  "un ique"  l ' . ' eak i v
pe r iod i c  so lu t i on  w i  t h  : ronc l cgenc ra te  cc \ . / a r i a : l ce .

i

l)

I . No.q}T'J.g.r.r fi.*AIL _BIg!i:{$3.I8 g

The  fo l l ow : ing  no ta t i on  w i l l  be  used  t i r roughou t  t h i s

paper .  Rn is  thre real  n-c l imensj -onal -  space.  B(Rn)  is  t ] : ie

o -a lgeb ra  o f  Bo re l  se ts  o f  Rn .  I f  3 r  i s  a  ma t r i x  (o r  a

vec to r  )  A*  i s  t he  t : : ansposec i .

H>0  ( t1>0 )  means  tha t  H  i s  a  pos i t i ve  ( semi )  de f i n i t e

ma t r i x .  I  i s  t i r e  i den t i t y  ma t r i x  i n  Rn ;  i ' (A )  i s  t he

spec t rum o f  t he  ma t : : i x 'A  anc  p (A )  i s  t i r e  spec t ra l  rac i i us

o f  A .

T h r o u g h o u . t  t h i s  p a p e r  { 0 , f  , P J  i s  a  q i v e n  p r o b a b i } i "

: Ly  f i e ld ;  ' ; be  a rgunenc  to iQ  ' u ; i l l  no t  be  r ^ r : : i t t en .  By  Ex



we denote the mean value of  the rar :dom var iab le ( rand.om

v e c t o r )  x .

] f  x  i s  a  random vec to i ,  by  cov (x rx )  we  d .eno te  the
cova : : j - ance  o f  x i  cov  ( x rX )  =E  (x -Ex )  ( x * -E>q* )  "  An  n -d imen-

s iona r l  randon  vec to r  x  i s  sa id  to *be  goq=s ian  i f  t he re
ex i s t  . aaRn  and  g? rA  such  tha t  u . i - uox - " i u *a * t /2u* t l u  f o r
. r i l  u i , l i n  ( i =  , ;  - f  )  .  I f  i n  t f i e  abo , re  equa l i t y  I t  i s  a  pos i -
t i ve  de f i n i t e  maL . r i x ,  we  say  tha t  x  i s  a  noncegenera te
Gauss ian  random vec to r

A n  n - d i m e n s i o n a l  s t o c h a s t i c  p r o c e s s  x  ( t )  ,  t > 0  i s
sa id  to  be  a  O-pe r iod i c  p rocess  i f  f o r  a t t  . t -  +  and
a l r  A _ € B ( R n ) ,  ,  - - r - D ,  

" r " " ' - m

I -  r , . . .  r A * e B ( R - ' ) ,  m ) l ,  w e  h a v e

p  { x  ( t r + o  ) 6  A t ,  .  .  . , x  ( t * + e i ) a  A * }  = p { x ( t r ) e A r , . . . , x ( t * ) e  A * }

I f  t he  abgve  equa l i t y  ho lds  fo r  a l l  t u  ,  A . r  and  a l l  e>0
t h e n  w e  s a y  t h a t  x ( t ) ,  t ) 0  i s  a  s t a t i i n a r i  p r o c e s s .

T h e  p r o c e s s  x  ( t )  i s  v r e a k l v  o - p e r i o d i c  i f  ; f  *  t t )  l ( -  a n d

E x  ( t { - 0  )  = E x  ( t )  ,  E x  ( t + 0  )  x *  ( t + O  )  = E x  ( t )  x *  ( t )  f o r  a l l  t > 0 .

2. LTAPUNOV EQU-qrroNs. srABrLrrY Ai \D col{TRoLLABrlrry

rn  th i s  p r :e l im ina ry  sec t i . on  v re  sha l l  p rove  some re -
su l t s  conce rn ing  L iapunov  t ype  equa t j -ons  i n  t he  space  H

o f  a l I  nxn  s f  i r une t r i c  ma t r i ces .

A  l i n e a r  o p e r a t o r  T : H  +  H  i s  p o s i t i v e  i f  H > 0  i m p l i e s

T  ( H ) > 0  .

Lemma I

L e t  T  b e  a  l i n e a r  p o s i t j . v e  o o e r a t o r  a n C  G > 0 .  A s s u m e

n  - l"o

-LlI1LjtSIe-::l:L: ^o'i s.rlgh tli:t- 
, i,".,tt 

(c)>0. Is*tIs
Y . . i  ^ * , . * ^ , ,

*lgPi'+9Y 9qi-l:ri:Sl

/  1  \  Y !  m  / r r \  - ^
( . r /  1 1 * l  \ r i / - - L )
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. l  j - r 'n  i  l  T ' 'L  |  |  =0  
f f {  r i>c r  ,  J I ,=  I  , , t  ( " )

i -+.* i ,*0

.!., l- O r_-r i:

te t  I {  be a pos- i - t . i . r re . :  sc in j .def  : l -n i ' te  so lut ion of  ( i )  "
Wc ha.vc

i - 1

( z )  H ^ - r i  ( i r )  = " ' ;  
- r j  

t c )  ,  i > l
t v

Since ' I '  i s  a  l - in r : . . i - , :  I )os" i . t i ve  opcra . to r  and
n * :1 .

v
r '  

' l

\  r l r *  / / - l  \ n  r . ' n  r r r . > t -
! .  

. L  \ \ ] 1 r ' - v  w v  Y u -

U s . i . n g ' a g ; r i n  ( 2 )  v . ' c  o b t a i n

. . , t

1 '  "  ( i l ) < s " - O  i =  ( l - ' 6 ) H

wi- i "h  0<:0<1

2 n n ^
T  o  ( u ) <  ( l - - 6 )  r  o  ( H )  <  ( r - 6 )  r u

- i n  .  
i n

6 ^ T '  o ( l - ) < ' . f "  o  
1 l l ) <  ( l * s ) l l t- 2 '

T ' f rere f  c : :e

- i n

6 -  r . r  o  r r )  i  s  ( r - , > )  I  I  l i l" 2 t -  \

s i n c c  J . ' i  i s  a  
' i  

i n c a : :  p o s i t . i v c  c p e r a t ' - o l :  w e  i t a v e

l l T a l l = l T I ( r ) l

i i r rCl  f ro l i i  t t re  a i r , : \ r r l  inequal l - t i , ' - t t  fc l "1ot ' . 's  tha i -



' J  l

i
l i m  l l T * l l = 0
i-+*

The  l -as t  asse r t i on  fo lLows  d i rec t l y  f rom Q)

.  W e  r e m a r k  t h a t  i f  l i m l  l [ ' l l l = 0  a n d  i f  t h e r e  e x i s t ' )

t o - l  
*  

i + -

n ^ ) l  s u c h  t h a t  i  r ' ( G ) > 0  t h e n  ( 1 )  h a s  a  u n i q u e  p o s i -
o ' r  j =o  

:  i  .  .
t i ve  de f  i n i t e  so lu t i on ,  na rne l y  u :  I  -  TJ  (G)

j=o
Nowr we Prove

Lemma 2

L e t  T : H * H  b e  a

I f  t h e  e a ' u a t i o n  ( 1 )
-:

l u t i o n  t h e n  l i m l  l T - l

I if'S lt-qqsi-tl y-g -p-pe ralg l--aryd G> 0'

bas. a uniqY.e .pg:itlvls .d.e.fj '+ite 1o-

| =0 a*{-tbe5e ex}sls no2l sucfr thg?

i - s  a  pos i t i ve  de f i n i t e  ma t r i x '

l+cP
to- I 

-r

I  r r  (G)
j=o

Proo f

L e t , H b e t h e u n j . q u e p o s i t i v e d e f l n i t e s o l u t l o n o f

( 1 ) .  A s  i n ' t h e  p r c o f  . o f  L e m m a  I  ( s e e  ( 3 )  )  i t  f o l l o w s

tha t  t he  se r ies  i  t j  ( c )  i s  conve rgen t .  A  s imp te  ca . l cu -
j = o  6

lat i .n  shovrs that  H. ,  =  [  1 '  ]  tC l  is  a  .pos i t ive semidef  in i te
'  '  j = o

so lu t i on  o f  (1 ) .  F ron t  (3 )  i t  f o l l o r ' vs  tha t  H>Ht

S i n c e g + ( H - } l r ) j - s a p o s i t i v e d e f i n i t e s o l u t i o n o f

( .1 )  we  
' ge t  

H t=H;  t f us  
, l ' t t  

(G)>0 '  Hence  the re  ex i s t s

'  t o - t  
.

n  > -1  such  tha t  
- l  

r a  (G)>0 '  Acco rd ' i ng  to  Lemma I  t he
o r  i = o

p roo f  i s  comPle te .

We apply Lenrma 1 and Lemrna 2 Lo the well known

Liapunov equaLions '

a



j J

1 -
t

n l-.,n

?\nn l::Jar'*:i -cat i .on l .

Let  l \  l :e  an nxn matr ix  and G>0 "
Apply i .ng Lemmas I  an<1 ?.  for  the operator  T; f f+H de*

€ i  na r l  1 . . ' r  r n  / I - r \  =A l lA *  t f e  Can  COnClUde  tha t :! r 1 J $ u  v J  r  \ r r  /  v v l r v r s v u  u r r q u

a)  i f  t i r e  L iapunov .equaL ion

(4 ) I I-AI{A* =G

has  a  pos i t i ve  semide f i n i t e  so lu t i on  H  and  i f  t he  pa i r

( A r c )  i s  c o m p l e t e l y  c o n t r o l l . a b l e  t h e n  p ( A ) < l  a n d  H ) 0 ,
6
n 1 ' l

I { =  }  A - r : 1 A * ) *
l  . .  v  \ . :  l  .

r * v

b )  i f  t h e  e q u a t i o n  ( 4 )  h a s  a  u n i q L r e  p o s i t i v e  d e f i -

n i t e  s o l u t i o n  t h e n  p ( A ) < 1  a n d  ( A r G )  i s  c o m p l e t e l y  c o n -

t ro l l ab le .

}pr"Llseliq+ -?
Cons ide r  t he  L iapunov  equa t ion

(5  )  AH*HA*=-G

I t  i s  e a s y  t o  p r o v e  t h a t  H  v e r l f i e s  ( 5 )  i f  a n d  o n l y  i f

n +  a * + .  ,  t  A q  A * < :
e""He"  "_g=-  I  e " "ce . .  "ds  fo r  a1 l  t>0' 0

L e i :  t ^  b e  a  p o s i t i v e  n u n b e r .  S i n c e  + h c '  n : i r  / a  G )( ,  s  q  r " " : : r . ' :  " : ' . - * '  
:  

" - .  - *  
,  - .  

' l . I -o i^  'o i .  
.  .i c :  r . n m n ' l n { - n l r r  c o n t r o l t a b l e  i f  a n d  O n l y  i f  l ^ Y e " - G e "  " d t

J 0

i s  a  pos i t i ve  de f i r r i t e  ma t r i x  we  can  u?e  the  resu l t  i n

Appl icat ion t  b ,o conclude that  j

a )  i f  ( 5 )  i r a s  a  s o l u t i o n  I i > O  a n d  i f  ( A , G )  i s  c o m -

p l e t e l y  c o r r t r o l l a . b l e  t i r e n  A  i s  a  s t a b l e  n a t r i x  ( i . e .

m a x  R e l ( A ) < 0 )  a n d  ( 5 )  h a s  a  u n i q u e  p o s i t i v e  d e f i n i t e

q r r ' l  r r J - i  ov r  -  nF r re l y  i i =J I " ' \ Lc .A* t i t ,
t  r ' k r '

b )  f  f  t h e  e c l u a t i o n  ( 5 )  h a s  a  u n i q u e  p o s i t i v e  d e f i -

n i t e  so lu t i on  t l : en  A  j " s  a  s t ; rb le  ma t r i x  and  (A rG)  i s



c o n p l e t e l y  c o n t r o l l a b l e .

3 .  PE} I IODTC SOLUTTONS OF A CLASS O} '  AFF]NE D]F ITERENTTAL

gAgAgJgXEM

Let  us consider  the fo l lov,z ing equat ion in  the '

space  H

d M  r l .  l  m
(6 )  "T* " i .=e  ( r )1 ,1 ( r )+M(r )a*  ( r )+  [  e*  t t )u ( r )B{ ( r ) {c ( r )

ou  - l - ' t  r  l
|  

- J -

whe ie  A ( t )  '  B j  ( t )  and  G( t )  a re  nxn  O-pe r iod i c  con t i nuous

mat r i ces .  I n  add i t i on  we  suppose  tha t  G  ( t )  >O*  fo r  a l l

t > 0 .

B y  1 " 1 ( t r s r H ) ,  F I c H  w e  d e n o t e  t h e  s o l u t i o n  o f  ' ( 6 )

w h i c h  v e r i f i e s  M ( s r s r H ) = H .  W e  s h a l l  u s e  t h e  n o t a t i o n

M ^  ( t ) = M ( t , 0 , 0 )
o '

Le t  C ( t r s )  be  the  func lamen ta l  ma t r i x  assoc ia ted  v r i t h

t h e  s y s t e m  S = a  ( t )  x .- cl1:

I t  i s  easy  to  ve r i f y  t ha t

m L

(? )  M( r ,s , i - i )= {1 t ,s ) r -c*  ( r ,s ) *  I  / :C  ( t ,u )e .  (u )M(u ,s ,H)81(u)C*  ( t ,u )du+
j l f ' t  J  r

t f* J ; c  ( t , u )  c  ( u )  C *  ( t , u )  d u

Remark I

Us inq  the  me thod  o f  succes i ve  app rox ima t ions  fo r

Vo l te r ra  equa t i ons  one  sees  eas i l y  t ha t  i f  H>0  then

! 1 ( t , s r H ) > 0  f o r  a l l r t > $  a n d  t h u s  a c c c r d i n g  ( 7 )  w e  h a v e

M ( t , s , H ) ) C  f o r  a l l  t ) s  i f  H > 0 .

Consj -der  now the fo l lowing l inear  equat i -on in  the

s p a c e  H .
m

, o \  d R ( t ) - ^  r r \ n 1 + . \ a D / . r - \ ^ *( o /  - T T - - ^ , , t ) i l ( t )  + R  ( t , ) A *  ( t )  +  ,  i .  u i  ( t ) R  ( t )  B 1  ( t )
t r - 1  J  J
J ' t

{

;

t\.
t!" '

9



7

D e n o t e  b y  R ( t r s r i { ) ,  } l * H  t h e  s o l u t i o n  o f  ( B )  w i t h

R ( s o s T I l ) = i 1 .  D e f i n e  t h e  f o l l o w i n g  l i n e a r  o p e r a t o r s

T ( t , s ) : H  +  H ,  T ( t , s ) ( t t ) = R ( t , s , H )

a n d  S = T  ( 0  , 0  )  .

I t  i s  easy  to  ve r i f y  t ha t

( 9 )  T ( t + 0 r s * 0 ) = t ( t , s ) ,  T ( t + 0 , 0 ) { ( t r 0 ) S ,  T ( t , s ) { ' ( t r u ) T ( u r s )

f o r  a l l  t r s  a n d  u

( r 0 )  M ( t , s , H ) = r ( r , s )  ( H l + / ! r ( r , u )  ( c  ( u )  ) d u

. +
( r r )  M o  ( t ) = j ; r  ( t ' u )  ( G  ( u )  ) d u

From nemart< I  i t  fo l lows that i f  H>0 (} I>0) then

R ( t , s , H ) > 0  ( R ( t , s , H ) ) 0 )  f o r  a l l  t 2 s .

T h u s  T ( t r s ) ,  t 2 s  a r e  l i n e a r  p o s i t i v e  o p e r a t o r s .

Remark 2

I t .  is  easy to prove that

- l - _ L
't

i v t ^ ( j e ) =  I  S - ( M ^ ( 0 ) )  f o r  a l l  j > f
v  i = o

Remark 3

a

/

Using  (9 )  one proves  eas i l y  tha t  the  zero  so lu t ion

of  (q )  i s  exponent ia l ty  s tab l -e  i f  a -nd  on ly  i f

1

l i m  I  l S * l  l = 0
i+-

Remark 4

I t  i s  e a s y  ' L o  p r o v e  t h a t  l " t ( t r 0 , H ) ,  t ) 0  i s  a  0 - p e "

r i o d i c  s o l u t i o n  o f  ( 6 )  i f  a n d  o n l y  i f  M ( 0 , 0 , H ) = H ,  a n d

t h u s  b y  ( 1 0 )  i { e  c o n c l u d e  t h a t  M ( I , O , H ) ,  t > 0  i s  a  O - p e -

r i o d i c  s o l u t i o n  o f  ( 6 )  i f  a n d  o n l v  i f  H  v e r j - f i e s



( r  2  )  r r -s  ( r r )  =Mo (o  )

Thus,  accor( i ing to  F,emark 3 we can concluc le that  i f  the
ze ro  so lu 'L i . on  o f  (B )  j - s  exponen t ia l t y  s tab l -e  then  the
equa t ion  (6 )  has  a  un ique  0 *pe r iod i c  pos r - t i ve  semice f i *
n i . t e  s o l u t i o n .

From Remarks r -4 i . t  a lso fo l . l .ows that  i f  the zero
so lu t i on  o j :  (E )  i s  e . xponenr ia l l y  s r .ab ie  a i rd  i f  t he re
e x i s t s  n - , 2 1  s r r r r h  f h a l -  M  / . ^ 0 ) > 0  t h . e n  t i r e r e  e x i s t s  a- 'o-  *

u n i g u e  0 - p e r i o d i c  p o s i t i v e  d e f  i n " i t e  s o l u L i o n  o f  ( 6 )  ,
nan re l y  M  ( t , 0  ,  i t o )  v r i t h

Propos i t i on  I

39:ge_J1e5*Ii:g "gy"t i  gl. .  "( o I .r. '"""e"-q-pu'iogi"
e9F3!1-Ye_-se.M r,1 (t, 0

3i:9.{.,.-9":}u_3g ror 1 suc!- :h.al r"r
n i " t e .  T h e  n  t h e  z e r o  s o l u t i o n

,H) ,  t>0 g1<!
is  posi t i - ' , re def i -

is  expoqent l r l ly
o  

( n o o  )
o f  ( B )

s t e r b l e  a n d ' H > 0 ,  l f =  i  S t  ( M ^  ( o  )  )  .& r \. i  -n
r - v

Proo f

L e t  M ( t , 0 f  I i ) ,  H > 0  b e  a  0 - p e r i o d i c  s o l u t i o n  o f  ( 6 ) .

Then  H  ve r : - f i es  (12 ) .  Acco rd ing  to  Rera .na rk  2  and  app ly -

i ng  Lemma L  fo r  T=S,  G=Mo(0 )  we  can  ccnc lude  than
: @

l i m  I  l s ' l  l = o  a n d  H ) 0 ,  H -  I  r t  ( M ^  ( o )  ) .
i+* i=0 u

D r r t r r n c  ' i  #  i  n n  )
J -  ! v Y v J !  L J - V r r
#

I _ f_ thc  equa t io r r  ( f i )  has  i i  un ique  f - ce r : cC ic  r ros i -

t i ve  c ' l e f  i . ; : i : - c  sc  l - : " l t i o r  t l l cn  t1 : c  ze rc  s r_ l - ' . : l i _cn  o f  iB  )  t - s

exponen  t i a . l . l " r '  s  t : e rb  l c  a ind  the r :e  e -v : l - s t s  n  >1  such  tha to

Mo (noo )  >0



(:{

i r
,

Proo f

$uppose  tha t  t he  equa t ion  (6  )  has  a  un ique  0 -pe r io -

d i c  s o l u t i o n  M ( t , 0 , H ) ,  t > O  w i t h  H > 0 .  F r o m  R e m a r k  4  i t

fo l lows that  the equat ion (L2)  ,  has a unique posi t j_ve

de f i n i t e  so lu t i on .  Thus  p ropos i t i on  2  fo l l ows  d i rec t l y

from Lenma 2 and Remarks 2 and 3.

4.  PERTODTC SOLUTTONS O! '  APFTNE STOCHASTTC

p Lrr-4 RENr rAL, _.lE OJAr rpNg

Le t  us  cons ide r  t he  sys tem

m
(13) dx (r) = (A (t)x(t)+r(t)  )at+ I  (n- i  (r)x(r)+h.i  (r))div-,  (r)

j = l J J J

w h e r e  A , f r B - i r h ,  a r e  O - p e r i o d i c ,  a n d  w .  a r e  s t a n d a r d
J J ]

i ndependen t  W iener  p rocesses

B y  x ( t , z )  ,  t > 0  w e  d . e n o t e  t h e  s o l u t i o n  o f  ( 1 3 )  w i t h

x  ( 0 ,  z ) = z

F .  ,  t >0  w i l l  be  the  o -a lgeb ra  genera ted  by
. E

{w (u )  -w (s  )  ,  0<s<u{ t }

We cons ide r  on l y  so lu t i ons  x ( t , z )  where  z  i s  j - ndependen t

o f  I F r ,  t > 0 ]  a n d  E l  z 1 2 r * .

f t  i s  w e l l  k n o w n  [ 1 ] ,  1 2 1  t h a t  x ( t , z )  l s  a  M a r k o v

p rocess  and  the  t rans i t i on  p robab i l i t y  f unc t i onp (s , x r t rA )

a s s o c i a t e d  w i t h  s y s t e m  ( f 3 )  s a t i s f i e s  p ( s + g r x r t * 0 r A ) =
- *  1 ^  r ,  !  n  \  E= p  ( s  t x t E t l - )  r o r  a l l  0 < s ( t ,  x & R D ,  A e B  ( n n )  ;  w e  s h a l l  c a l l

t h i s  p rope r t y  0 -pe r iod i c i t y

L e t  x  ( t )  ,  t > 0  b e  a  s o l u t i o n  
' o f  

( 1 3 ) .

L e t  m  ( t )  = E x  ( t )  a n d  N  ( t ) = c o r ' ( x  ( t )  , x  ( t )  )  .

I t  is  easy to  prove ther t

I

I



l n '
4  d . l

;I \T
( 1 4 )  $ | = ^  ( r ) N  ( r ) + N  ( t ) A *  ( t )  + . l . L r - ,  ( t ) l i - ( t ) B i  ( t )  +

L r L  j = l  r

m .
- r '  I  ( r , *  ( t ) + 8 ,  ( t ) i n ( t )  )  ( h t  ( t ) + m *  ( t ) B {  ( t )  )

- : - - l l f J )

Th is  equa t , i on  w i t l  be  cons ide red  i n  the  space  H .  we

d e n o t e  b y  N . ^ ,  ,  ( t )  t h e  s o l u L i o n  o f  ( 1 4 )  c o r r e s p o n d i n g
i r r  (  .  i

t o  t h e  f u n c t i o n  m ( t )  a n c l  w h i c h  v e r i f i e s  N n  ( . 1  
( 0 ) = 0 '

R.*ss*-J
From Remark  (4 )  i t  f o l l ows  tha t  i f  H>0  ( lD0 )  then '

N ( t , 0 ' 1 1 ) > - 0  ( N ( t ' 0 , H ) > 0 )  f o r  a l l  t > 0 ;  t h u s ,  s i n c e

N ( t r 0 r H o ) = c o v ( x ( t ,  z )  , x ( t , z ) )  ,  ( H o = c o v  ( z , z ) ;

m ( t ) = E x  ( t , z )  )  w e  c o n c l u d e  t i r a t  i f  c o v  ( z , z ) ) 0  t h e n

c o v ( x f t , i ) , x ( t , z ) ) ) 0  f o r  a l l  t " > 0 '

ryg-::3** L[c!-*t x (t' z) 1: -a -?3]j3*91-:gt-J]J]"
? l d  * ( t ) = i i x  ( t , z )  t h e n  N m ( . ,  ( t ) = c o v ( > r ( t , E z ) , x ( t , E z ) )  '

t > 0 .

Remark 6

I t  i s  o b v i o u s  t h a t  t h e  s o l u t i o n  o f  ( 1 3 )  x ( L , z )  '

t > 0  i s  r v e a k l y  0 _ p e r i o c l i c  i f  a n d  o n l y  i f  n x ( g , z ) = E z  a n d

N  ( t , 0  r H )  ( w i t h  H = c o v  ( z , z )  )  i s  a  0 - p e r i o d i c  p o s i t i v e

s e m i d e f i r i i t e  s o l u t i o n  o f  ( 1 4 )  w i t h  m  ( t )  = E x  ( t ,  z )  '

cons ide i  nov i  t he  fo l l ow ing  l i nea r  s tochas t i c

c l i f f e ren t i a l  sys tem

m
( r s )  d y  ( t ) = A ( t ) ) '  ( t ) d t +  I  B *  ( t ) v  ( t ) d w . i  ( t )

; - r  J  )
J  

- r

I n  o rc le r  t o  p rove  the  ma in  : : esu l t s  i n  t h i s  sec t i on  we

shaL l  use  the  nex t  s tab i " l i t y  l emn ta

..t



*,,

i r

A }t l ' I

Lemma 3

The f:o11or.{:.]:g;!! io ass_ertiols_ qre ec{g+yglq,nt. :

i i l  * .  zera  so l .u t ion  o f  (e )  i s  exponent ia l l v  s ta -

9ls.
/ i i \  m L ^  z e r o  s o l u t i o n  o f  ( 1 5 )  i s  e\ r r , ,  r * E  z e r o  s o l u t i o n  o f  ( 1 5  )  i s  e x p o n e n t i a l l v

gjgqf"-tt rn'e"" *,".te.

Proo f

Suppose  ( i )  ho lds ;  hence  the re  ex j . s t  cDO,  g>0  such
J-1^ ^ J-
L ' ! O  L

I n ( t , s , H ) l < 9 e  
q ( t - " ) l H l ,  

t ) s ,  H € H

L e t  y  ( t , s r x )  ,  t > s  b e  t h e  s o l u t i o n  o f  ( I 5 )  w i t h  x ( s r s r X ) =
'.n=X;  X . :  I t

W e  c a n  e a s i - 1 y  v e r i f y  t h a t  P . ( t ) = E y  ( t r s r X ) y *  ( t , s r x )

i s  a  s o l - r - i t i o n  o f  ( B ) .  F I e n c e  E y  ( t r s r x ) y *  ( t r s r x ) = R ( t r s r > c x * )

We ge t

E l y ( s , L , x )  |  
2 < y . - o ( t - s )  

l x l z ,  t ) s ) O ,  x e R f l

rhus ( i  )  -7  ( i i  )
Suppose  tha t  ( i j - )  ho lds .  l { e  have

- a  1 + - c  \
l R ( t r s r x x * )  l < Y ,  e  

- c r ( c - s )  
l x x ' t l  f o r  a l l  x C R n

. n
S ince  eve ry  He  H  can  be  v r r j - t t en  H= .  I . . i " i * i  ,  where  . i

J . _ I

a r e  r e a l  n u m b e r s  a n d  e - e R n ,  e f e . = 0 ,  l e .  l = 1  ,  j * L ,  h r e  c a n
r  r J  r -

conc lude  tha t  ( i i  )  -+  ( i  )  .

Theor:ein I

S u p p o s e  ] : h a t  t h e  z e r o  s c l ' ; l - i o n  o f  ( 1 5 )  i s  e x D o n e n -

t i a l l t '  s t a b l e  i n  r i l e a n  s c r u a r e .  T i l e n
' . - $ _ . .  - -

(i ) TISIe*Sji:Iej 0 -pel.L?drrc__ g.oLqtl_o.n_ q! "_syl!eT (r3) .



t . \
. t  J
t&:

I *-*

t i o r s  o f  svs tc rn  ( l 3  )  t hen

( i i )  I f  x ,  ( t )  and  x "  ( t )  a re  tw -o  O-Per iod i c  s .o lg -
l z -I

the have  the  same se t  o f  i o in t

o i s L r i b u t l o n  f u n c t i o n s .

( i i f  )  I f  x  ( f  , z \  i s  a  O - p e . r i g - d i c  s o l . u t i o n  o f  ( I 3 )

t h e n  E x ( t , z ) = m o ( t ) ,  c o v ( z r z ) = H o  w h e l e  m o ( t )  i s - t h e

un ique  0 -pe r iod i c  so lu t i on  o f

A m f { - l
( 1 6 )  H = A  

( t ) m  ( t )  + f  ( t )

and

'o=rio" t**o,. ) (€ ) )

Proof

Let

) r l.  2 @  . , z _  - * I t
V ( t  r  x )  =x*P ( t )  x= I  E  ly  (s  ,  t ,  x )  |  

-ds  
,  t20  '  x€R"

t,

S ince , the  t rans i t ion  .  p robab i l i t y  func t " ion  assoc ia ted

wi th  sys tem (15)  i s  o -per iod ic  one sees  eas i l , y  tha t

P ( t )  i s  g -per iod ic .

From the hypothesis i t '  fo l lows that i3 l  that

P ( t )  l y1 ,  {V>0}  and

2 - - n
l o v ( t r x ) = - l x l - ,  t > 0 r  x 6 R - -

where t^ is the parabol ic operator associated. wi th
o

s y s t e m  ( 1 5 )

/ lD /+\
LoV (trx) =<*5!-/ x*x*A* (L) P (t) x*x*P (t)A (t) x+ '

m
+  I  * * s f  ( t )  P  ( t )  B n  ( t )  x

j = t  )  J

Let L1 be the p4rabof ic operator assocrated. wi th system
I

( 1 3 ) .  W e  h a v e

J

i



m
lrV (r,x) =Lov (r,x) +2x*p (r) f (r) +2x*.!] B5 (r) P (r) hj (r) +

( r ) p ( t ) h j ( r )
r l l

+ I rrtu' '1
i = l  J

JE' J , /

( t ,  x )  = - * , l i m  i n f  V  ( t  i  x )  = -
R + *  l x l > R

i n  t 3 l  i t  f o l l o w s  t h a t  t h e  s y s t e m  ( 1 3 )

so lu t i on .  Thus  the  ass "e r t i on  ( i )  i s

n o w  t h e  a s s e r t i o n  ( i i i ) .

t >s>0  be  the  ( random)  fundamen ta l

w i th  sys tem (15 )  .  F rom the  s t .ab i l i t y

t h e o r e m  i t  f o l l o v r s  t h a t  E I X ( t , s )  l 2 3

be ing  pos i t i ve  numbers )  .

Obvious3-y

l i m  s u p  L . , V
R + *  l x l ) R

From Theorem 5 .2

has  a  0 *pe r iod i c

proved.  We pror" re

.  L e t  X ( t , s ) ,

ma t r i x  assoc ia ted .

assurption of the
- n  / + - c  \

< F e  u \ e  " '  ,  ( a r g

We have

. y ( t , z ) = X ( t , 0 ) z

S i n c e  x ( t r 0 )  i s  m e a s u r a b l - e  w i t h

o-a lgebra  Fa and z  i s  independent  o f

l o w s  t h a t  z  L s  i n d e p e n d e n t  o f  X ( t r O )  ,
ge t

r - 6 c n 6 a . { -

{  F t ,  t > o }
t ) 0 . a n d

to the

i t  fo l -

thus we

( 1 7 )  l i m  E l y ( t , z )  |
t+-

H e n c e  1 i m  E l y
t+*

Bu t  Ey  ( t ,  x )  =C  ( t ,  0  )  x ,  where  C  ( t ,  s  )  l s  t he  f  undamen-

ta l  ma t r i x  assoc j -a ted  w i th '  t he  ma t r j - x  A  ( .  )  .

Therefore

( 1 . 8 )  l i m  l C ( t , 0 )  l = 0
t+ -

L e t  x  ( t r z )  ,  t > 0  b e  a  O - p e r : - o d i c  s o l u t i o n  o f  ( 1 3 ) .

/

2=o

( t r x )  l 2 = A  f o r  a l l  x € R n .



#

S i n c e  B x  ( t r z )  i s  a  O - p e r i o d j - c  s o l u t i o n  o f  ( f  6 )  r
f rorn (  rB )  we conclude that  Ex ( t ,  z  )  =mo ( t )  ,  where mo ( t )

i s  t h e  u n i q u e  O l p e r i o d i c  s o 1 u t , 1 o n  o f  ( 1 6 ) .

Uslng Remarks 6, 4 and 3 and Lemma 3 we can con*

c lude that  cov (  z  ,  z)  =Hn= f  S i  (M- ,  , ,  (o  )  )
i : o  

r t r o \ t i l

We p rove  now the  a .sse r t i on  ( i i )  "
Le t  x ,  ( t )  and  x ,  ( t )  be  t1o  O-pe r iod i c  so lu t i ons  o f

( r 3 ) .

.  S j - n c e  x ,  ( t )  - x r ( t )  i s  a  s o l u t l o n  o f  ( 1 5 )  ,  f  r o m  ( 1 7  )
i t  f o l l o w s  t h a t  l 1 m  E l x ,  ( t ) - x Z ( t )  l = 0 .

t.-'oo

l l r r r * . h o r  W e  h a V e

. _ !

lBe iu*x r  
( t )  -u " iu*x t  ( t )  

l .p  l J rn* ,  
( t ) * iu*x2  ( t )  

l<

S l u l E l x . , ( t ) - x " ( t )  l ,  f o r  a l l  u e R n ,  t 2 0
T Z

Ilence

lirn (Iieiu*xl (t)-*iu**Z (t) 
) ={ , ur Rn , (i= .J:r I

t+-

But  Ee iu*x t  
( t ) .  

o " iu*x2  
( t )  

a re  0 -per iod ic  func t ions .
)

Thus 
.

u " i u *x ,  
( t )  - * . i unx ,  ( t )  

f o r  a l l  u€Rn  and  t>0

There fo re  x r ( t )  and  x r ( t )  have  the  same d i s t r i bu t i on

funct , j -ons,  and us ing the l ' larkov proper ty  of  x{  and

x2  we  can  conc lude  tha t  t he  asse r t i cn  ( i j . )  ho ]ds  rano
thus the theorem is  proved"

kmark 7

Under the assumpt ion of  Theorem I ,  by us ing of  Remark 2



w e  c a n  c o n c , l u d e  t j r a t .  i f  x ( t , u  )  i s  a

c r : f  ( f 3 )  t h e n  c o v ( z , z ) 7 0  i f  a n c l  o n l y

no l j .  such  tha t  Nn ,  r -  )  ( n . - , 0 ) )0 ,  where
. , . o  r .  I  v

0 - p e r i o d i c  s o l u t i o n  o f  ( 1 6 ) .

ErePe:i_lietr_J
I f  t h c r e  c : i i s l s  a

0 * p e r i o d i c  s o l u t i o n

i f  t he re  ex i s ' bs

m^ is  1-he unique
(J

w e a k l - r z  O - o e r i o d i c  s o L u t i o n

4 \ t , z )  o f  s y s t e m  ( f 3 )  v , i i t h  t h e  r : : : o D e r : t v i :hat  there

9I*:!.9 no) 1 f ug]f Jh"+. *.*o 
, " , 

(noo )>0 (mo

t hen  the  ze ro  so l r - r t i " o ; r  o f  sys tem ( r  5 )  i s  exnonen t ia l l

s!.a*]r" lg_iq_SSe.LFSggf e*j lq cov (x (r- ,2) r x (r, z ) ) )0 , r>0 ,
m , - , ( t )  : _g__$g  un j .o ' qe  0 -pe r : j . od j_c  so l r . r t j . on  o f  (16 ) ;(-/

a
_ . i

c o v ( z , z ) =  I  s ' r w  ( o ) ) -
L  

-  \ " ' *  1  \  \ w / , / .

i = 0  " ' o  t '  t

Proo f

From Remark 4 |  proposi t ion 1 and Lemma 3 i t  fo l -

l ows  t i : a t  t he  ze ro  so lu t i on  o f  sys tem (15 ) *  i s  exponen-

t i a l l y  s L a b . l e  i n  m e a n  s q u a r e  a n d  c o v ( z , r ) =  l ,  
g r { N *  

,  . ,  ( 0 ) ) > g ,
i = 0  

r r b  \ '  /

v i l r e : : e  m ^  ( t )  = E x  ( t , 2 1 .  R u t  m  ( t )  i  s  a  B - n s r i o d i c  s o l u t i o n
o .  

\ " t * '  v  . r r o \ v /

o f  ( 1 " 6 ) .  S i n c e  t h e  z e r o  s o t u t i o n  o f  ( 1 5 )  i s  e x p o n e n t i a l -

l y  s t a b l e  i n  m e a n  s q u a l : e  j . t  f o l l . o w s  ( s c e l t 8 ) )  t h a t

m o ( t )  i s  t h e  u n i q u e  o - p e r i o d i c  s o l u t i o n  o f  ( 1 6 ) .  F r o m

R e m a r k  5  i t  f o l l o r . v s  t h a t  c o v ( x  ( t , 2 1  , x ( t , z ) ) ) 0  f o r  a I l

t > 0 ,  t h u s  t h c  p r o p o s i t i o n  i s  p r o v e d "

Tlreorem 2

Suppose t l ra t  the fo l . lo . ,^ r ' i  ncr  t ' r /o  asse: : 'L icns hold:

( i )  t - -he : :e  e :< j .s t -s , ;  a  l . iea l l . ! . r . '  $ -ner i  oc l i c  so l -n t ion

x ( t r z ^ )  o f  ( f  3 )  ' . i i t l ' r  c o v ( z ^ , 2 ^ ) > 0 .
V ( J U

( i i )  T j  "  
( t , zs  )  g t fg  x (V ,z t )  a r : , q__ i14_q  weak l - y  O-pe r . i o -' I Z . * * d - r -

9 : * . :g l y5 ,q , l l  _ . " :  ( r3 )  y * ] l  cov  ( z , z r )>0 ,  cov  (2 ,22 )>0

i J -  ) = l r v / l -  z \ \
\ e ,  

p . t \ e l u l  
l



fi'e.

then

s'F.ab_]g il_me*?n sg{*.are.-gld i-.h.e-I:e. e:<isJs

N- , - ,  
(no0)>0 w.heJe- mo(t)  is . t [c IL.1:g.ge

1 t l  \ .  /

t t . o q  o $  ( L 6 ) .

P roo f

Ez r=Ez, and Ez rz\=Ezrzfi

Then the zero solut ion-O€- (11)"-  l "q exponen t ia l l

no) r such  tha t

A -na r i  nd  i  r ' :  so  l u -w  v v r -

L e t  x ( t , z o )  b e  a  w e a k l y  0 - p e r i o d i c  s o l u t i o n  o f

( I 3 )  w i t h  c o v  ( z o , z o ) > 0 .  L e t  H o = c o v  l ' o , ' o )  a n d  m ,  ( t )  =

= E x ( t  , r o ) .  L e t  N ,  ( t ) ,  t > 0  b e  t h e  s o l u t i o n  o f  ( 1 4 )  c o r -

respond i r - , g  to  m ( t )  =m,  ( t )  and  wh ich  ve r i f i es  Nr  (0 )  =Ho .

F r o m R e m a r k 6 i t . f o l l o w s t h a t ' N , i s o - p e r i o d i c .

W q p r o v e t h a t N , i s t h e u n i q u e O - p e r i o d j . c p o s i t i . v e

d e f i n i t e  s o l u t i o n  o f  ( 1 4 ) ,  ( w i t t r  m ( t ) = m ,  ( t )  )  '  I n d e e d ,

l e t  N ^ ( t )  b e  a n  a n o t h e r  o - p e r i o d i c  p o s i t i " ' e  d e f i n i t e
4

so lu t i on  o f  t h i s  equa t i on .

Let  z ,  be a : :andom vector  independent  of  [Fa '€O]  
'

a n d  s u c h  t h a t  E z r = E z o '  c o v  ( z r , z 1 )  = H r = N ,  ( 0 )  '

I L  i s  e a s y  t o  p r o v c  t h a f  E x  ( t ,  z r )  = H x  ( t ' , z o )  t  t > 0 ;

t h u s  B x ( t r z r )  i s . e - p e r i o d i c "  H e n c e  b y  R e m a r k  6 '  x ( t ' z r )

i s  a  v r e a k l y  o - p e r i o d i c  s o l u t i o n  o f  ( 1 3 ) .  A c c o r c l i n g  t o

( i i )  we  conc lude  tha t  H l=Ho ;  hence  by  P : :opos i t i on  2

and Lemma J ru deduce that  the zero so lut ion of  system

( . 1 5 ) i s e x p o n e n t i a l l y s t a b l e i n n t e a n s q u a r e a n c t h e r e

e x i s t s  t o ) l  s u c h  t h a t  * * '  ( . )  
( t o s ) > 0 '  A s  i n  t h e  n r l o f  o f

P r o p o s i t i o n  3 ,  w e  g e t  t h * t  m ,  ( t ) = n ' ' o ( t )  w h e r e  n i o  ( t )

i s t h e u n i q u e o - p e r i o d i c s o l u t i o n c f ( 1 6 ) . T h e t h e o r e m

i s p r o v e d . T h e n e x t r e s u l t f o l l o w s d i r e c t l y f r o m T h e o -

r e m  2 .
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lpreslgisr.J.

II f (t) =0, t>0, gryLqt .thq q.s,qrnp9igq. of JhSgrell _?
i t  f o l l o i v s  t h a t  L h e  z e r o  s o l u t i o n  o f  s y s t e m  ( 1 5 )  i s

exponen t ia l l - v  s tab le  i n  mean  scTuare  and  the re  ex i s t s
s F q * .  ,  ! 4 .  <  ' - ' | G

n  > l  s t r e l r  f h a f  N  f n  n ) > 0  w h e , r r .  N  f f )  i s  t h e  s o l u t i o n! r ^  \ r r ^

\ J \ J U \ J

o f  ( 6 )  w . r ! F  G ( r ) = l n i  ( r ) h l ( t )  e l g  N o ( 0 ) = 0 .
J

5.  PERIODIC SOLUTIONS OF A PAITTTCULAR CLASS OF

AT3.IN,E*S 1l o9H/r_s,r I c . DJ I r E Rn \rrA,t F AUA r J.9.{ S

Cons ide r  t he  fo l l ow ins  sys tem

m
( r e  )  dx  ( t )  =  (A  ( t )  x  ( r )  + f  (  r )  )  a t+  .  l r n ,  

( r )  dw ,  ( r )

w h e r e  A ,  . f  ,  h ,  a r e  0 - p e r i o d i c .

Th roughou t  t h i s  sec t j -o r r ,  t he  fo l l ow ing  no ta t i on

w i l l  b e  u s e d

( t r s )  i s  t he  fundamen ta l  ma t r i x  assoc ia ted  v r i t h

A ( . ) ,

j . r

I

u ( o )  = c  ( 0 , 0 )  m ( o ) = J 3 a  ( e , s )  f  ( s ) , d s ,

F ( t ) = ( h t  ( t ) , . .  . , h m ( t )  ) ,  c ( o ) = J i c ( o , s ) F  ( s ) F *  ( s ) c *  ( 0 , s ) d s

Sj -nce  the  t rans i t i on  p robab i l i t y  f unc t i on  assoc ia ted

w i t h  ( 1 9 )  i s  0 - p e : : i o d i c  a n d  t h e  s o l u t i o n  x ( t , z )  o f

( f  9 )  j - s  a  I r t a rkov  p rocess ,  us ing  the  Mar : kov  p rope r t y

o n e  p r o v e s  e a s i l y  ( s e e  [ 3 r p . 9 B ] )  t h a t  x ( t , z )  i s  O - p e -

; "  r i od i c  i f  and  on l y  i f

u u i u * x  
( 0  , 2 1 = E " j - t * ,  f o ,  a l l  .  1 r e R *  1 1 =  f T r )

In  th j .s  sect ion r . , 'e  use the fo l lowJ-ng e lementary lemma

w h i c h  c a n  b e  p r o v e d  e a s i l y  u s i n g  f t o ' s  f o r m u l a .

l[,t,ue 
LL\(P
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Lemma 4

We have

Le t  L ( . )  be  an  nxm c le te rm in i s t i - c  con t i nuous  ma t r i x .

E"I".JF (s) d,v (s) =.-rl2"*JF (s) L* (s) ds

( w  ( t )  =  ( w t  , a ,  ,  
,  

.  . . , w m  ( t )  )

Theorem 3

u * n.  u e } ( , (i= Gr.) I

€

T h e  s v s t e m  ( 1 9 )  h a s  a  0 - p e r i o d i c  s o l u t i o n  i f  a n d
- - 4 . ' - . - - - _ ,  .  , .  , -  - . . - - . -  -  . , .  - -  .

h

only  i . f  there ex is t  b . rR ' t  and H>0 such that
t  r .  r r t  -  -  .  t  r  ,  !  - . " ,  ,  1 . - . - . - - . - . - - -

( 2 0 )  ( I - u  ( 0  ) ) b = m  1 6 ;

( 2 r )  U  ( 0 )  H U *  ( s ) - H = - G  ( 0 )

L f  t he  esua t i on  (20 )  has  a  so lu t i on  b  and  i f  t he
- # , G

ua t j -on  (21 . )  has  a  so lu t i on H>0  ( tD0)  then  the re  ex i s t s

a  O - p e r i o d i c  s o l u t i o n  x  ( t ,  z ) o f  ( 1 9 )  w i t h  t h e  p r o o e r t

t h a t  f o r  e a c h  t > 0  x { t , z )  i s  a Gauss ian  (ncndec renera te

Gauss ian  )  rando tn  vec to r  .

Proof

L e t ,  x ( t , z ) ,  t > 0  b e  a  0 - p e r i o d i c  s o l u t i o n  o f  ( 1 9 ) -

We can wr i te

.  x ( t , z )=c ( r ,0 )z+ / t c ( r , s ) f  ( s )ds+c ( t ,0 ) / j c to , s )F (s ) *w(s )

Since  z  i s  i ndependen t  o f  {F t r t>0 } ,  app ly i . ng  Lemma 4

we  ge t

i  r r * v  , u  
, Z )  _( 2 2 )  E e * *  ^ ' -

, f  , f
_*iu*c (t ,0) z*iu*/ ic t t ,=) f  (s)os"iuo/ jc t t ,s)F (s)F* (s)c* (t ,s)ds

i



t q{ {

I

I

'  I ' lence

* iu*-x  
(0,2)*Fbiu*u (0)z" iu*m(0)* i /2u *  G(0)u 

,  'e* | r

B u L  x  ( t ,  z  )  j - s  0 - p e r i o d i c .  T h e n

(23 )  * i u *z -n " iu * ' u (0 )z " i u *m(o ) - r /2u*G(0 )u ,  f o r  a l r  u€Rn

Le t^  us  c leno te  by  g1  (u )  anc l  92  (u )  t he  l e f  t  hand  s ide  and

r e s p e c t i v e l y  t h e  r i g h t  h a n d  s i d e  i n  ( 2 3 ) .

rhe relarion -l?:r ^-, j-131..*^ implies (20) wirh* * " * - . "  3 u  l u = 0  0 u  l u = 0  
- - - r - -

) )

b=Ez;  f  rom 
* |  

. ,=o={3 |  , r=o one obta ins (21)  whrere I {

i s  t h e  c o v a r i a n c e  o f  z .

S i rppose ,  now tha t  b tRn  ve r i f i es  (20 )  and '  H20  ve r i -

f i e s  ( 2 1 ) .

Le t  z  be  a  Gauss ian  : : andom vecLor  such  tha t  Ez=b ,

cov (z  ,  z  1  =11 or ,4 z  is  indepenclet r t  o f  {  Ft ,  t>0}  .  Theref  ore

.  i t . t * z  j - u * b - I / Z u * f l t . r  n
( 2 4 )  E e - *  " = e  * / - -  

,  u c R "

By a s i .mple ca lcu la l io i  one may show that  z  ver i f i 'es

( 2 3 )  .  T h u s  x  ( t , z )  1 s  a  O - p e r i o d i c  s o l u t i o n  o f  ( i 9 )  .

The  l as t  asse r t i on  fo l l ov rs  d i rec t l y  f rom (24 )  and  (22 ) .

I n  t h e  c a s e  o f  s y s t e m  ( r - 9 )  t h e  e q u a t i o n  ( I 4 )  b e -

comes

( 2 5 ) $G'=A 
(t) 1r1 (s) +NI (t) A* (t) +r (t) r* (t)

From Remarks 6 and 4 and f rom the proof  o f  Theorem 3

i t  f o l l ows  tha t  t - t r e  nex t  p ropos  j . t i on  ho1ds .

P r o p o s i t i o n  5--*:.*

We have

!-

a

t



( i )  x ( t , z )

i f  a n d  o n l v  i f
T-***d..a€d*er--

f i a c  / t 1 \
\ & r / .

i q  a  r ^ r o : l r ' l r r
r ,  v g J \ !  I

Ez=b  ve r i f i es

0 * p e - : r i o d i c  s o l u t i o n  o f -  ( 1 9  )&**ffi

( 2 0  )  a n d  H = c o v  ( z  , z )  v e t : i -

/ i i \  - r €  w / +  o \  i s  a  w c . , a k l r z  6 * 6 e r i c r d i c , q O I U t i O n\ & * /  . . \ , I L ' l

( 1 . 9 )  a n d  i f  z  i s  a  G a u s s i a n  r a n d o m  v e c t o r t h e n  x  ( t ,

t "s a 0 - p e : : i o c l i c  s o l u t l o n  o f  ( 1 9 ) .

W e  d e n o t e  b y  K ( t )  t h e  s o l u t i o n  o f  . ( 2 5 )

ol
z )

( K ( t ) , = c o v ( x ( t , 0 ) , x . ( t , 0 )  ) ,  x ( t , 0 )  b e i n g  t h e
( 1 9 )  w i t h  x ( 0 ) = 0 )  .  S i n c e  K ( r ) = / . l a ( t , s ) F ( s ) r *

we geL by  a  s imp le  ca lcu la t ion  tha t  K  ( j  O )  =
- l - 1
J F -  i= l  ( u  ( o  ) ' c  ( s  )  ( u *  ( o  )  )  1 ,  j ) l .
i.*0

,  Thus ,  by  Propos i t ion  3  we cah conc lude tha t  the

fol lovr ing resul t  holds

T h e o r e m ' 4

I l .3.hs.*a\'g!e..n .(1e ) .has a jsakAz_ g-peflgsiq..sor,g-

t i g . r  x ( t , z )  . a l r d  j - f  t _ h e * l f . a i r  ( U ( 0 ) , c ( 0 ) )  i l  c o r n p . t e J e l - y

S : p n t r o l l a b - l . e - t h e t  p ( U  ( 0 )  ) < 1  a n {  E z =  ( I - U ( 0 )  )  
I m ( 0 ) ,

o

c o v ( z , z ) =  I  u t ( o ) c ( o )  ( U * ( s ) ) 4 .  " '
i =0

From the proofs  of  Theorems 2 and 3 i t  fo l lows that  the

fo l l ow ing  theo rem ho lds

Theorem 5

Suppose  tha t  t he  fo l l ov r i nq  . "wo  asse r t i ons  ho ld :_-.-__-
(i ) ghe-Ig._gi.:.ts*g ,0,:Eg5i-g9*g. .lgl.qiign x (t , zo ) gg

( 1 9 )  w i t !  c o v ( z , . , z . . ) > 0 .
\J (J

w i t h  K  ( 0  ) = 6  '

s o l u t i o n  o f
( s ) c *  ( t , s ) d s

( i i )  I L  x  ( t , z r )  a n 4
l u t i o n s  o f  ( 1 9 )  w i t h  c o v

x ( t r z . r )  a r e twc  0 -oe r iod i c  so -

( 2 ,  , 2 ,  ) > 0 ,  c o v  ( z n , z - , ) > 0  t h e n
I i Z Z

E z  - = E z ^  a n d  E z .  z t = E z ^ z * .
L  Z f f i  r  1  I  Z

SLtel p (u (0 ) ) <r atg_ t4.? pgjrl (u (e ) ,c (e ) )
p l -e te l v  con t : : o1 lab  l e
gd#k

is com-
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Remark B

f L  i s  e a s y  t o  p r o v e  t h a t  ( U ( 0 )  , G  ( 0 ) )  i s  c o m p l e t e l y

con t " ro l l ab le  i f  and  on l y  i f  t he  fo l l ow ing  sys tem

d v- ! $ : n  r +  \  -  ( t )  + . f  ( L )  u  ( t )
aE__.4 \ u/ ̂

i s  c o n t r o l l a b l e ,  i . e .  f o r  e v e r y  x f R l ] ,  ) r l 0  t h e r e  e x i s t s

a  p iecev r i se  con t i nuous  f , unc t i on  u ' : [ 0 rnO1  - t  R In  such  tha t

x . .  ( n 0 , 0 ) = x  ( n  i s  t h e  d i m e n s i o n  o f  t h e  s y s t e m )u

The  nex t  resu f  t  f o l l ows  c l i r ec t l v  f  . r om Theorems  I  and  3 .

g9IgJASIJ-I

W e  h a v e :

( i )  I f  p ( U ( 0 ) ) < 1  t h e n  e v e r : v  6 - n e r i o d i c  s o l . u t i . o n

x(t,z) ot lrgt qgg-:ns;ff i .hr. {"r . ."h *=0,
x  ( t ,  z )  i s  a  Ganss  j -an  ra r rdom vec i .o : : .

( i i )  I I  pd (0 ; . t  - - g * I  ( t ( t ) ,G (s ) )  i s  cp .Tp re te l y

Sgg!Ig]].M o-p_eji:,i.o*i c*sq "Lglloq x (L, z) of
( 1 9  )  h a s  i - - ] r e r  o r r l n e : : t v  t h a r t  f o r  c a c h  t ) 0 ,  x  ( t ,  z )  i s  a

"""a*.ffi;.tr** "".a"t.**r.*#

6. INVARIANT PROBAI]ILITY PItrASLJRES

Tn  th i s  sec l i on  v re  suppose  tha t  t he  s tochas t i c

d i f f e ren t i a l  equa t . i ons  cons ide red  i n  the  p reced ing

sec t . i ons  have  cons tan t  coe f f i c i en ts  and  we  sha l l  d i s -

cuss  the  p rob lem o f  t he  ex j - s tence  o f  a  s ta t i ona ry

so l r r t i on

Le t  us  cons ide r  t he  fo l l ow ing  s tochas t i c  d i f f e ren -

t i a l  equa t i ons  w i th  c , c t " t s tan t  coe f . f i c i en ts

IN

(26 )  6 ;q=  (Ax* ' f  ) c1 t+  I  t n - , x+h .  )  c lwn  ( t )
j ; r  r  r  J

m
( 2 7 )  d y = A y d t +  f  e - y d r v *  ( t )

, L .  l *  I
l - J ,



(28 )  dx=  (Ax+ f  )  c t t+ [ i r  .  dw . i  ( t )
j r

r t  is  known . f2 l  that  the t ransj . t ion probabi l i ty  func.b, ion
p  a s s o c i a t e d  v r i t h  s y s t . e m  ( 2 6 )  i s  s t a t i o n a r y ,  i . e .
p  ( s ,  x , L , A )  = p  ( 0  r x ,  t - s  r A )  .  W e  c a n  p r o v e  e a s i l y  t h a t  t h e  s o -
l u t i o n  x ( t r z )  o f  ( 2 6 )  i s  a  s t a L i o n a r y  p r o c e s s  ( s t a t i o -
r t t r l r  c n ' l r r f  i n - \  i  €  = n r l  n n " 1  r '  i fu & v r f  I  L L  q l t v  v t I J J

u  ( A )  = J p  ( 0  ,  X ,  t , A ) u  ( d x )  f  o r  a l l  t > 0  a n d  A e s  ( n n )

(t i '  (A) =P {ze A} )

A probabi l i ty  measure l . i  on B(Rn) which has the above
proper ty  is  sa id to  be an inva: : iant  probabi l i ty  measure

o f  t he  sys tem (26 )  .

We  cons ide r  on l y  i nva r ian t  p robab i l i t y  measures

which have second moments.  .
Let  L :H + H be the l inear  oper ,ator  def lned by

m
L (H) =AH +' HA'*+ I n . He'l

j 3 r  I  l

From Lemma 3 i t  fo l lows that  the operator  L  is  s tab le
T .t-

( i . e .  l i m  e " ' = 0 )  i f  a n d  o n l y  i f  t h e  z e r o  s o l u t i o n  o f
t+-

{27 )  i s  exponen t ia l l y  s tab le  i n  mean  square .

f

i.

For every a€Rn we consider  the L iapunov equat ion

( 2 9 )  L  ( H )  = - Q  ( a )
m

w h e r e  Q ( a ) =  I  t f , * + B , a )  ( h f + a * B f  )-  
, t J

r = I  J  J  J  J
J

Denote

Ma ( t l  * i  3u "=  (e  ( a )  ) ds

f t  i s  obv j .ous  tha t  i f  L  i s  s tab le  then the  equat ion  (29)

has  a  un j .que pos i t i ve  semidef in i te  so lu t ion  H,  namely
, @  T , f

l l = J o e  - ( Q ( a ) ) o t .

L



{ " ,

to ve.r i fy that  a symmetr ic matr ix H ver i f ies
on. ly i f

- T J = -  1 t ^ L s  / n  / ^  \  \  r l- n : - J  
o *  

-  ( e  ( a )  )  d s  f o r  a l l  t > 0

Thus, the next cororrary forrows cr i rect . ly  f rom Lenrmas
1 arnci 2 .

gg{slle"ry=*a

(il ) ;g_!frg_s
dsg*-!:!9-*€!fg!*s rhere exists
to)o sgs!**e3 l ' Ia  ( to)>0.

Asser t i on  ( i )  .was  p roved ,  . i n
K le inman  f4 ) .

Uslng 
' the 

same reasoning
conce rn ing  pe r iod i c  so lu t i ons
f o l l o w i n g  p r o p o s i t i o n s  h o l d

P r o p o s i t i o n  5

(i ) II JLe._ eg.uation (?. _
I11!e "9.0-4191*03 ll (a) agd. :,_$."there_ exists
* tL \ \n *-_,  -  - -  , , .  .  -_ tor0 lgcL ! .4_ej'" 'a tto/>u,!he-L-Lgq._o_pg_{g!gf L is s_table and H (a)>0

'  t @  I ' c  
: \ \ . r r -  

'  
" -  IH  ( a )  = J  

o o  
( Q  ( a )  )  d t

f t  i s  easy
(2s l .  i f  and

e " ' ( H )

a  d i f f e ren t ,  way ,  by

as in  the  proo f  o f  resu l ts
we can concluCe that the

'7

:
4

I l"r.g- qyg!gg_(?8.) haq an invarianr p r o b a b i  1 i t

H>0  such  tha t
Ab- f f=0 ,  AH+HA* .= -FF* .

" l{*a irg F>0 (H>0) are the so*r,ut ions of the above

Propos i t i on  7
%.,.d

nondec renera te

e-qu?'9i.gns - thel the r.q*gT

Q a U s _ s  j -  a n  )  i  n . t a r i  a n t _  o r O b a b . i  I  i  { - - ,  s n  -  - 1 r  r ^__.-*-*6-"--* .lri.r,-/*I]SC!Ire- -f svstern (2g)

The  sys tem (28)  ac l rn i  t s  a  r rn  i  r . lno



,  . . . " t @ @

G a u s s j " a n  i n v a r i . a n t  n : : o b a . l : i l i t y  m c a s u r e  i f  a n d  o n l y  i f
'*#

.  max  Re) ,  (A )<0  an r l  (A , i f  )  i s  conp . l . e t -e l v  con t ro i -1ab le .

P ronos i " ' t i on  B

T f  t h e  z e Yo  so l .u t j . on  o f  (? ,1 )  i s  exponen t . i a l - l y  s ta -

b le  i n  i nean  sq r . ra re  then  t i r e re  ex i s t s  a  un ioue  i nva r ian t

p roba l . l i l .  j  t v  n reasu i : c  r r  o f  svsLem (26 )  t  u  has  the  p ro -
& - * _ * * * -  ' o  . i - '  ' o  - * #

Pgrl i :e:

|  ,  -  ,  |  ,  7 s  T , f

J  " l ro  
(dx)  =ao ,  J  (x -ao)  (x -ao)  * t - to  (dx)  =1oe (Q (ao)  )  a t ,

- ' l

lvhere a =-f, *f 
.o

Propos i t i on  9

lf.J.Le_.syj;_te.n, ( 36 ) ltap*an .ri-Lv_a Iis"n! _PSobablr ity-
measure  u ,  v r i l h  t he  p rone r t v  t ha t  t he ro  ex i s t s  t . ,  ) 0  such

ion  o ft h a t  1 4  ( t ,  ) > 0  ( a , = l x p ,  ( c 1 x )  )  t i r e n  t h e  z e r o  s o l u t
a _  r  i -  '  Lu l

( ? 7 \  ' i c  o w n o n q n l i a l l V  s t a b l e  i n  m e a n  S o u a r e  a n d
\ c  t  I

- t
u l = - A  

' f  
'

I  t * - r ,  )  (a -ar  )  *u r  (c lx )  =J l . " t  (Q (a ,  )  )  d t

I n  t he  case  f=0  P ropos i t i on  6  was  p roved  by  Zaka i

and  Snyders  t5 l .  Necessa ry  an<1  su f  f i c i en t  conc l i t i ons

fo r  t he  ex j . s teuce  o f  a  un ique  nondegenera te  Gauss ian

inva: : iant  probabi l i ty  measure of ,  the system of  the

fo l loru ing type

d > r = A x d t +  I  e * x d v r .  ( t ) - r -  I  h _ , d r , ( t )
j = l  r  J  j = t  J  r

were  g i ven  by  B rocke t l -  t  6 I  .
;
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tva- l .ua.} l . l . r l  . . jucigr;s, ;1j"915.;  at ld hcl- l : f r , r1 ci j .scr. is! , ; j -ons "

Rfil.r ii 1l:1.:i Ii C lJ S

1." l ; .1: ' : : : ' ic. : i . i r i r ; : ; -nr i : i i -c;c. : i r ; . t  : ; r . i "c cj i f '  j :c-ren'L.. ia" l .  c ic lua' ;- i .cn*;  arrd
Ap; : l  i . c , , . i .  L :Lc ; i ) : j  /  ; i \L , i1c ic i : ; t i c j  ) l : : : ss ,  -1 ,  19V 5

2 " -1.  "  ( i - i .khr i ian aircl  A. ,$l , lorol ;hocl  ,  f  i l t r :oduc Lj . .on to the
t l rcc;r1z Of . i :at ic l t - , t t t  pJioC€5fiCS I  (  j - t r  l i r :ss-Lan) ,  l ' , lauka,
' l  

0  ? ' 7
- r - /  I  |  .

3 .  R .  Khas rn j -nsk i - i . ,  $ tab i l i t r r  a f  d j . f  f  e r :e r . r t i a . l  eq r_ ra t i ons
uncier  : l :anc iom pc i : t r " t : : I - ;a t i r :ns,  ( j "n  Russj . ; r r r )  ,  Nau)<a,' l q c o

4 "  D.  I '  "  K i .c . r i rur r . ,n  ,  On the s t ; rb iJ  - i . ty  o f  l -  j .near  s tochas.-
t i  c $i/sj ter,rs , l : I l  j i  j l  Ur:a"ns . ot i  Au {:oinat: ic Contro l  ,
l l 9 : 1 1 ,  . 1 . 9 6 9 '  i - , 1 : . 4 2 9 * 4 3 0 "  

'

5 . l '1. ) i ;r .1.";: . i .  ;rnci J. i i r :1rd61;5 , Sl,r.  i .- . i-on;r:: f  irrol: ; :bi 1." i |y
rT l { - j . rs jures for  } j . r " ic*a. r  r j " i f . fercnt  j  n  1 eqr :at* i .ons dr j " . ten
b 'y  i , ;h , i -  tc  no i -se,  Jo i r rna l -  o f  Di f j :  .  Eqs .  ,  b j  ,  1 t  70 ,
p p  . 2 1  *  3 3

6  .  R . l J .  i 3 . roc l ; e  L t ,  Pa ra rme  l - l : i c ; r i l y  s t cch ; r s t  j - c  1 j . nea ; :
di-f . ieL:cnr-- ia-l- eciuali-oirs , j ' l ;r t .h. )?::ciq;:anining Stu<1" ,
5 ,  ) . 9 1 - q ,  i ) J J " A * 2 1 .




