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0, Introduction

An initiel end bcﬁn&&ry value problem for materials with

e constitutive equation of the form

s e - 7 A ° - . o o
ey 9% m .o . mnlm Yy
% 2 S S e

v e e g s

is consiﬁered; Such type of equations are used in'order to dese
cribe the behaviour of real bodies like rubbers,metals,rocks end
80 Qn; Various results and.mechanical_interpretationa concerning
constitutive equations of the form (0;1)}m&y be found for inse
tance in the papers of Freudenthal and Geringerl7 1y Cristescu
“end Sulueiul2 ], Gu'min,muiamg and Suliciul 971, Suliciul 181,
Podio-Guidugli end Sulieiu [ 171 : -

In particular cases, equaéion (0.1) reduces to some clage-
si@él med@%& used in elasticity and viscoplagticity ; thus ,for
Fueo (0.13 becomes the limgar elastic model ; for F(T,E) =
- ggmf(mayKﬁﬁ ‘ (QJl) is en elastio - viscoplastic modél 3 far‘

é{fl:ﬁ and F(QQB} sééaziﬁnrxﬁi s €0.1) represents the rigid
viscoplastic Bingham model (here X 4s the von Mises convex,
PK is?the projector map on K and//£>'0 is a.viscosity coeffi-
cient) . Existence results for mixte problems for these clagsical .
models may be found in the book of Duvaut and Iions[ 5] bvoth in
dyn&mic end quasistatic case, Howhever, in [ 5']ch;5 it 15 im=-
plied that the tractions at thé boundary asre constant in time.ﬂ

Q@h@r results concerning problems for materials of the

form (0.1) 4n which F does not depend on E rey be found
in the works of Suquet[19,[20] where (1) € 2P(T) end in
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Djaaua and Suqueﬁ[lf]fer viscoel&stic Mexwell-Worton materiels,
where K(T) = A |20) P2 oP JA>0 , PepeCtrtil  and 2% .
Iin thia,papar B depends bqth on T and E and it is
assumed to be ahLip&chit% function. No monotony prop@rtigs of
F are required, but only quasistatic case is congidered. An _
existence end uniqueness result for & solution of the class 'Gl
defined on the %ime interval [0+ 0° ¥ is obbained (theorem 3,1),
Por finite time intervals the continuous dependence of
the solution upofs initial and boundary data is given (theoren 4. 1)
In the papers of Suliciu[48],Podio-Guidugli and Suliciul4¥]
1% is aessumed that there exists a gtroﬁg nonotone function G
guch that F(T,E) = 0 iff T=G(E). Starting from this sssumption
in order to get a better insight on the model and on its connece
tion to ﬁhe elagticity ,for viscoelastic materials we yaxti@ulae
rize (0.1l) as

0.2) - :E.‘(m;m{ = =k { 7-G(E) )

where k>0 18 a viscosity coefficient . In this case the assym-
ptotic stability of every solution is obtained (corsllery (4;2§9
For periocdic external data, tga gxistance 6f e uniéue pee
riodic solution is proved (theorem 5.1).
Using the emergy function, Suliciul18 Jand Podio-Guidugli
end Suliciul /7 Jobtained for isolated bodies the following es‘ki«»

mation ¢

e.o.:zs’ ff(mmgis})a s%

for all + >0 where ¢ >0 .,
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The ehove inequality suggested ue the comparation of the
gsolution of viscoelastic problem with the solution of the elas-
tic problem defined with the seme externsl dete and the constle

tutive equation
(0.4) ' T = G(E) :

Thus, for every fixXed %70 , the convergence or the sSo=-
iméim of viscoelastic problem to th@ aqlution of elastic problem
waen k—3p+0° is proved (theorem 6.1). A

Finnaelly 4t is prcm&. that the solution of elastic pro-
blem can characterize in gome cases the large ‘&ime beimvicmr

of the solution of viscoelastic pr‘e‘blem { theorem Tel)e

1. Problem sitatement

Let () be & bounded domein in R® (ngz@s) with a
smooth boundary T _é 0L end 1ot T4 be & open subset of &
snd \;u F «-i « We guppose meaﬁ 7 0., Let us consider the
following mixt problem g

Find the displacement function u s B, x (L —> g%

and the stress function T : R i —-—~—;>5" such that

e:i{m : v 2(4) + WY =0, ’
(1.2) Eu(t) =5 ( Vult) + vult) ,
(1.3) P(t) = BG(E) + PCR(H),Buls)) ,
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(1.4) ul ) e glt) :
s | I :
(1.5) czuﬁir w PO o

. V2

for gll £ 0 and
(1.:5) u(d}_ = U, ;

C e Y ; menyY . & MY -
Ge® {4 G Ny, - g MQ’ b e Ny v

Ay

where f 4s the set of second order sgmmatri& tensors on Rn?
Y is the exterio¥ unit normel at [ . The equations (l.l) are

the Cauchy's eéuilibr'ium equations in which b s R, x {1—> rR.

is the given body f.iorcs&? and (32) defines the strain tensor of

- small deformations. (1.3) represents a raté«-*t;yps viscoelasgtic

. ox viscoplastic constitutive equation in;which f is a forth

order tensor and F s Lz 2> & is a constitutive funce

’cign, The functions u and ﬁa are the initial data and

o
£f , g are the given boundary data .

2, Notations and pxeliﬁzﬁnwiég :

We denote by - t{he inner product on the spaces Rn‘,
SFend by | - | the euclidian norms on these spaces.The following

notations are used g
L = {T = (T ) ‘ T e LZM) ij sﬁ }
ij - ij ji - 929 9 9
L, a{u = (ui) | w e L(Q) o, i=ln } s

I,={rTex | avren } ,
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H;n{ u = (uﬁ}-l u, € EH.OY s 1 #m} .

The spaces I;g.'!}ugleééﬂ are Hilbert gpaces with respect

to %k}.@ cannonical inner products given by P

(2.1) (TE) = S BB dx
(2.2) . (Cu,v)) = § u.v dx
(2.3) (2,E)4 = (T,E) + ((div T,div E)) ,
(2.4) (g = (e,W) + (T, V) .

The norms induced by €2 1)-’(2«4} will be denoted by

W {[, m@( gs i Ug regpectively o

Let 89" ¢ H ~»H be the trace map (see for ingtance
Fedas Léﬁlch@;gy, ig, j where we denoteby Hg— the space (Ii/g(.,.f' ) L
and its norm byll lfe.Let V, Dbe the subspece of H given by

vy s-.fL uelH | 8‘2{,11) =@ on rq} .
end let H1 be the subspace of H defined by
= %%{Vi) m{ e Hy \ ? = O on 14 i
The operator E ¢ H —>L given by
(2.5) Eu = %?*» {(Tu + v@u )

is linear and continuous. Moreover, since més (3 20, the

Korn;s inequality holds

(2.6) | Eu I p) Cliull;  for a1l ueV,

where C 20 is a positive constant which depends only on .
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and E_ (gee for instance Hlavecek and ﬁeéas Cid),ch. & ) .
Everywhere in this paper C;(i‘;Gi s ¢l will represent
gtrictely positive generic 6@n:3"tants which depend on E p E; o
sl s [z and do not depénﬁ on time end on input data .
o If T & Ly then there exists 5’3%‘ € H; . (where
(B ,U-0d is the sbrong dusl of H. ) such that

(2.7) CHyiy GoF 7 = \Lel V 1+ CLULY 4yv)]
for all wveH ,

. _h“, <

(2.8) Lyl € ¢ ety

(see for instence Léné [421 )a By EV!YZ we shall understend

the element of “H.i (the dual of Hl) which is the restyic?ien

of va@ on H,. We shall denote by | - ll; the norm on H; g
Tet us denote by V, the following subspace of I.e& <

vz;g;{mend{ di,vsnme; Y| =0}

As it follows from Geymontland Suquet [B1], B(V,) is
the orthogonal complement of VTZ in L . Hence ,

(2.9) (T,Ev) =0 forall veV; , BeV, .

Let X be one of the above Hilbert spaces eand let us

define the following spaces
CAR,,X) = { z3 R —>X | 2z is continuous } o

ol(r,,x) = {2 tR —»X | there exists % & C%R,,X)
the derivative of 2} '

where R = [fo,i+ ™}, In a similer way the spaces (}%‘(Uﬁ‘;x) .
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i = 0,1 cen be defined and the norxms on these spaces are given

by . ;
Waly g o = max NzCedlly o 0 allge 39 =l sllge g gt Uzl z o

1e[0,7] v .

3, An existence and unigueness result

The following hypotheses sre made ¢

= i gynmetric snd positively de:finit@sio&.
(a) léig}éﬁhh) ISa for all 1,3,k,h = Ly, xeﬂg
(D) EDTEer2E(IE forall T,EEF, e,
{@}? there exists a strictly pasitiva consta:nt m{,, such
that for sll T ef, xeQ. we have g(ﬁ? 5
alm®
' (a‘i B 4s a Lipschitz :Exmc'ﬁsi on i.e. there exists 4 >0
e R wu@h 't“l&'h
€392} <
‘J’*ﬁxaklggl}”“(xgiggh?}\ Z. (liﬁlmﬂle + lElnﬁzi )
for all T,,E, €5, 1=1,2, xe Qg
(b} F(x,0,0} =0 ZLor all zell .,

G vedkm,n) , zedkr,E) ,

(,E)!” there exists h & QLQR‘QHV? such that h = g on l} .

.-

(3.4) el [ %eu, o

The 4nitiel condition £i% with the boundary data ,i.e. s
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_ (a) daiv T, +b(0) =0,
(.;305) (b) TO“)}{F& e f(ﬁ) 9
(c) v, I!" = g(0) .

4
The main result of this section is given by :

B A e AT Srermmacs -?:h-wk tha hvnathastas (3.)71=(2.8)

are fulfiled, Then there exists a unique solution ue Gl(,R_ki,fH) .
TEQI{R+,Lﬁ} of the problem (1.1)=(1.7).

Remark 3 s, Let us observe that 1f the problem (1.l1)- (1;’2‘)
has & solution (u,T} such that u ecl(B. ol T E cr gliﬁ)

then the hypothesis (3.3)=(3.5) ere fulfiled. Indeed s if we

put h = éf“’{u} o from the continuity of 5}" we get (3. 3}y, .

" Since GGE(R ﬁni}, ¢ Trom (1,1) we get b € CI(RMLu) end
from (1.5), (2.8) and If%v{&léi‘éﬂﬁfzﬂrr we obtain (3.3}, ¢ Teking
the limit in (1.1),(1.4) and (1.5) when + =20 we get (3.5).

Remeric 3,2, Let us consider K < Fa convex closed set,
OEK, P fe-«}K the projector om K and/t?eazf%’@
put F(Tgm = m w.»r T) then (3.2) holds end problem (1.1)-(1."

describe 8 @u&sima’&i@ process fer el&a‘tic«-viseo-pla&%ic bczdi@a,

For £ constent in %time, en existence and uniqueness result for
this problem was given by Duveut and Lions [ 5 1 yche5 3De240 .
However, the technique used in [ 5 ] cannot be applied in the

case when F has no monotony properties and depends alse on E.

In order to prove theorem 3.,1. we need some preliminaxry

results,
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Temmz 3.1, Tet (3.1)¢(3.3) hold. Then there exists a

unique couple of functions ¥ e @1{&4;3} s T e Cliﬁ%glﬁi such
that 3 :

(3.6) aiv ?ﬁ(ﬂ + b(ﬂ =6
6’3‘5’7}1 T(HY = é m.{ "&} i
(3.8 ﬁfé)ﬁim = glt) :
€359) | Hap|, = 28 e

for all %eﬁ% o Mémwer; we have
639’10) : "E{(f't;) = £ E 55(,%.}. ~ fér ell t€R,
. and if we denote by “‘1 5 ii - iﬁlga the golution of @3;6)-{3,‘9}
for the datae higfﬁgi o the fallev”ing inequalities hold g
(3D NSy ()=T08) Ul + UEyCo)-Tptaally <
£C Uliblﬁfz}:-m%gg.f-:}I:! * llflg‘t}:afgi‘?}!lﬁ Iy CE)-ny(4) n,.]:g

o

(3322) NG CeY-5,08) ll g + U7 HORAOIN
EROE NS I JEACEAD! liltflfﬁlé"ﬁﬁmhg(t}ﬂrl,
for all tER, ( the constent C depend only on Q; ¥y ,Q end @ )

Proofs The statement of the sbove lemma can be easily -

obtained using stendard existence thecrems for linear elesticity.

Denoting by IIQ = uﬁ'{ﬁ) Z 7175 =T w?EJ(O) s let us homoge-
vize the boundery conditions of (1 4}-»(1»5) by ccmid@r% the

following problem ¢



Find E t R, x0—>F ;TR x.0—% ) such that

(3.13) div im =0

(3.14) ) = émm + FECRECE) SEEE)EEEY)
€3.15) W, =0 i

€3.16} | = O,

for g1l t>0 and

(3.17) Wo) =W,
(3.18) o) =T, .

The following lemma can be easily obtained ':

Lemms 3,2, The pair mﬁ} i a solution of (1.1)=(1:7)
iff the pair (uﬁiﬁ.) defined by U = u-i ST w TP is a salui‘ie‘m
of (3. 13)“(3 185 .

Let V= '@’l x ¥5 be the product space with the norm
denoted by Il - llv which is given by the fall@wixxgimw preduct s

(3.29) (x9)y =CZF EuBv) + C £70py 5

for a1l x JyeV [ x={(uT) ¥ yw= (vP) 4
Using (3.1} and (2,6] we observe that H ly is equi~
valent with the natural norm on V . Tet A g R, xV—>V be

the operator defined by Riesz representation theorem as follows @
€3.20) (ACEZ) ;¥)y = = (B(TT(E) BusBH4))) By ) +
(£ “LrCoa T 8Y ;Euemal£) )2 B )

for all x,yeV ) z=(u,T) s =(v,P}] ; %e&R - e



We denote by =z, = {i%ﬁéﬁ‘ ¢ and using (3.5) we ged
x eT -

Lemma 3,3, The paﬁr (m@”‘) & G“"(,u,%gh x L&} is a solution
et QBMBEMQM 18) 4ff x = émﬁ,s,} & GI‘{A Q‘Z“E is & solution of

the i’@llcwmg mmhy pmbi@m

€32.21Y SCEY o ACEAL BYY fomatl L0

3:22) o) mz, 4

Proofe Tet ¥ = (v,P)€ V! Nultiplying (3.14) by Ev 3
after integrating on L. and using (2;%, we gét

(3.23) 0= in’lﬁi%},m} £ @ i }-@% £ §{ca§+bm%:;)wvz d

Multiplying (3.24) by 2 1 at the left and by P et the
right and integrating on SL | from €Z§f’§§l ve obtain

(324 (g° “z:':ai@ B) = ( @E“E&f‘mwwg 8RB )
From (3.23), (3 "*’435‘(‘3 «20) end (3,19) we get
(3.25) (K1) ,70y = (ACx()),y Iy §

for all yev /)
Conversely, let x = ﬁz R clizz g‘?‘) be & s@lmi@n of
(3.21)=(3,22), Let .'EH;) €L be given by

(326  B(t) = T(t) = £ mﬁ(‘tﬁe FCTCE) I 63 BA4)4BH(H)) &
Taking 1y = (v,0) in (3:25) eand using (2.9) we get
(3.27). (BU£),B) =0 | for all ve W d

If we put y=(0,2) in (3.25) aud we use (2.9) we obtain



¢ 3;,:‘2;‘%} ( & “lp(4),P) = & forall Pe Vo,

Since the orthogonal complement of E{VI_I in L sV, ¥
frem (3,27} we get B(E)EV, ; thus we may pub o E("&;) in (3.28)
and frem {%15 we deduce B(%t) = 0 , for all £50 = " hence (3.9
holdas - | e -

TMadne Towma 322 £ha nvohlem  (3.73Ya( '%J'ER'S wag renlaced
by the Cauchy problem (3.21)=(3.22} in the Hilbert space V o
In order to prove the existence end the uniquéness of the solutim

of (3. 21}-»(3.,2&} we recall the fellowing result ( see Lovelads;

and Martin [13] end Pavel end Ursescu [;16] }

Temma Qg'&«@” Let V be a Hilbert space and A s R xV —>1
& countvinucus operator such that there exists D>Q with

(3 ;gﬁ}i (1&( *ﬁ,gx}’}:mﬁm ;XE} ;lexgjv:- <D {\xlwxgu; = o
for all >0 end all =xy,% eV . Then, for all x &V § there
exists & wnique solution x e GI‘(R}QV} of the problem (3.81) =
(3522) | o -
‘ Lemma 2 ! The operatcr A given by (3.20) is continuous
end satisfies (3.,29) . ‘ :

Proof. Let t;t,70, zp=CuysTy) 5 %, = (up,Tyle ¥ JTor
8ll y = (v,P})& ¥ we have .

| €ACH) ;) =0t 20 30y | € 0Ty 8Ct ) /By 4R 4)) Bw) ~
- B2 ECty) Buyenie))s Be ] 4
+\ ( o “lxwm ”( %1) gﬁui-@aﬁ ﬁl} Je é i {, +@€t22;Eﬁ2%E§( tZ} }9? > \‘\ .

Using (3.2) in the above fnequality, after some estimationswe get



: i) S B N N -
(;A(,’i;ﬁ:&:l}wﬁ,{tg‘@,xﬁ}; ¥y = (ﬂxlwxguvf {lué».tl}mmwg)ﬂg +
& ZX}E( %ﬂ@{*‘sﬁﬂ @j fl y‘iﬂ? o
Therefore,

(3.30) ACtym) = Alkysm) iy S

; b= N

S (. ii le.aaag vﬂ&‘ i Ww blg Ww@, h@ﬁ,ééK Z.Mx, 5:1.1 ‘*’*&x ssaé “ﬂ} e

Using (3.,30) and lemme 3.1 , the wn‘sinv:my of A from
R, x ¥ inte ¥ fellows. For ff;l = %g =% > 0, €3¢ 30} Tbecomes

(3.31) WAl o35 =A0E )y £ Gl Zy=%lly
for ell =xy,%, &V o hence (3.29) holds | , o

Proof of theorem 3,1, follows from lemma 3.1-3.5

Femerk 3.3, Lot us observe that (3.2) was used in order

to obtain F(T,E)EL ; for all T,E& L end also in the proof
of lemma 3.5 @‘H@W?mvarg (3.2) m&g be repl&ee«i by & weskex sssunp-

tion o, xnamely s

(a) F im a continuous function s

(b) There exists Lyels > O such that | B(T;B)| °g -

- ';t’; I‘I & LQ (X EV® & imz‘ } for ell T,,E&Zf%
(3.290(e) There exists L>€> such that for all E, 94.,, 630
| 1=1,2, the following inequality holds

=BT By J=F) 0y o B Y ) o( By <Ep) +

+€ = ”1(,1‘{‘32““1) = F(T5sEs))) @ (T.,M@?)
k = I‘C "’M:J ‘@1""3«%\‘» ) .
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Indeed, (3*2?>b ig a sufficient condition for B(D,E1 € 1
Por ell T,EE L g (3.2¢ } assures the continuity of A and
- from (,3,3?% we get (3.29) . Hence, the statement of theorem
3.1s holds also in the hypothesis (3.1) ;(_3‘»’2?},”&_3;5} &

At PR A Ammn&tg%ﬂ&;«'mq'sm Aamr—‘am&mmnm A EThe meTavdkd oy

upon the input dsta

In this section two solubtion of the prof:alem C11)=(1.7)
for two different input data bi;‘giggﬁi Vg4 g;?'@if;; $=1,2 ave
comsidered, An estimation of the difference of these solutions
is given for finite time intervals which give the continuous
dependence of the solution upen all input datae @izheé&am 41315
Iz this way, the finite time stability of ths séluti@n is ob-
tained (corcllary 4.1.). '

' In ordexr to get a better ins ig;h%: on the model and on its
com&ctiaﬂ\s to the elasticity, the constitutive equatiom (1.3)
is perticulerized teking F(T,B) = -k(T-G(E)) , with ¢ a siror

~ gly monotone funetion. end k> 0'*,‘ , Izn.fhis .c&sz@,‘. the aasgmpm%ic
aﬁ&bi‘li‘t‘:y of the solu%ion is deduced (j_ccrollm 4o2 "ﬁ)’ J

Theorem 4./1¢ Let (3,1Y-(3.2) hold and let €1119Ti§ be
the solution of (1 1)=(1.7) for the data bi@fi@giguﬁigﬂei -
131,2 such that (.393)-»{_3,_,} hold, For all 7> O there exigts
C(f?") > Q@ (which g@nerally &ep@n&s gn C) o s o g g )

such that



5 ey ide “ & u B =T, u ; ; <
: < o7 {by=ba || + 8=l o
64’&?1} é’ % Q h 3,. €. EET;L'&Q‘g 1 g 7"9?3;;93
By =hp | Ha g oll o ¢ M =T 4
+ by ?‘{féﬂreé T hEg R sl p o 2 &) ¥

10T J = Upd o

Remaxl 4,17 T% mey be usefull to observe that & we

guppose in addition o the sssumptions of thecrem 4.1. that

there exists b & éﬁléij’ﬁf;‘fgﬁr}{ puch thet b = By=8y om 4
end he=0 on Ez, ’g"&h@n one mey choose @? - h:%, -h .o Benee
lBg=Bpll . 4n (4/1) can be replaced by ligy-gspl . &
e 7ol 3§ ' = T3l - 5d

Coxollexy 4.1, Let the hypotheses of theorem 4.1, holds

I£  by=by - Lomfy 5 89585 o then

C4) o sl iocoon BRIl -
i 1720 ey TR 7 madt

® e

S (Muggrughy + 11,1 ly )

In the next we give the @.@fimif’aiezi of stabllity, Linite
time stability and assymptotic stability for the problem (1.1}
{1.7) ( following for instance Ha}:a‘nﬁé(}lgc;hi | 4 A solution
(’lm;ﬁ?}. of the problem (1.,1}=(1,7) will be called g

4). stable,

if there exists m ¢ R% —> Ky. a continuous

increasging function with m(0) = 0 such that



then

e 1T e

(4:3)  u(t)oug ()l + l2Cey-ggaslly <

< m;i “ti@‘*w%g“ Bt NZ=gallg X

for all t€R, snd all 9'“@15?%15 satisfying g,j3¢?5) 5

11y f£inilte #ime steble if (4.3] holds for a finite

ALl hdd G Y s P

133) gssympotic steble 4f there exist m as in 1)
exd n s R -"-% R, e desoressing continuous function with

13m M(E) = O  such that
=P ton : ;

EOENO IR LOENOT LS tgodl g *+ 12T RES

for ell t&R, end all (uy,T,;) satistying (3.5) where

<u1;ﬂ£1§ is the solution of glo*l)'w{la"’fﬁ for the data Uyq9Pay o

Remerk 4,2, From. E@J?)‘l we deduce the finite time stabi-
1ity of every solution of (;l."l}i‘m{»_l;ﬂ e Generally, stability does

not hold (see remark 4.4.) Kk

In order to prove theorem 4.l., the following lemms will

be usefull ¢

Lemma 4.1 Let €=[0;71 —>R_ be a positive continuou
function and £LER. e G s [O,}?"]—————&R_b is & absolutely con-

tinuous positive function suéh that

Mzms’l
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Proof eof theorem 4,1, Let éﬁig'%ii i=1,2 be the funce

‘tions given by lemma 3.1. for the data 'fiébzﬁ,égi =12 & We
denote by W = ui”%i . ?Ei = ﬁim‘.gi end x; = Ci"ii;ié‘i?é? s i=lj2,
Let A, be glven by (3.20) (replacing u g T by ’iii 5 %ﬁ, ¥

For all y €V, i=1j2 and 811 t€R_ § from (3.11)g3/2)
% results that s ‘ ; |

(4s5) 128%57) = A5t 5,700 1l

- 20C Nyp=yaligs Ul blé'ﬁ}wbaﬁﬂ I + \:»lé%}'wfg(%i ly+ llegCe)=baCell )

Let x xz(u mni{i)wﬁ s,iw}}\f:“&' I‘:mm lemma 343

: ol
we have
(4.6) EAORFHCIAO) for 611 £>0
4Ty 1,0} & x4 s E=l32 4

From (4.5)=(4.6) we get ¢

| €X~lgﬁ§“}§2€%) gxlé &gngé'%}}v m ( n}{ %gxlég&iﬁw%(:%gxg(%}%xl( %}“’Xg(t) }‘v

¢ [l (83-mp(tt) Il p (g (Y wmpl ) g [1By-g ]
75Ty s0

Y ”flwﬁ’gﬂ “ﬂw + lny-n, | krga) "



=19 ~

for a1l & €[0,7] ., Teking O(t) = l\xlé‘%}wxg{t}ug end

Hoving in mind that  O(4) = 2% ()-%(4) iz (-2 ( 1))y 5

from lemme 4.1, and the above inequality we obtain

€ 4 ,‘8) ﬂ Elé @)“%(%} u v 55. @Cg% “ X@lw &@zuv'% “‘bl‘”bg“ 7; Luéa o

Sl o e ok

. . ' N T e

for all & «[;7)
From (3.19) , (3.1) and (2.6) we get

@

2y (8) ey (8] le > ¢ (u (8wl e U g + m.l(:;-aﬁ-m%{t},ti a-

s

=B -0 g ~ WE (OBt ll g ) ¢

for all %E€R, 4 _
Usinlz (4.8), the above inequality and (3,11) we deduce
(4.1) for 3=0 with C(7) = C(1+eC7 J, '
~ In order to obtain (4.1) for 4§ =1 , let us observe
that o i
B ETOEAOI N ByUbom (8)=ap(imy( £)) | o<

SN ST NN Ly CE)=D RN+ U2q(ad=tp(Y Il +
+ |Iny(8)-nCH)ll- ¥ g

end from (4.8),(2/6) and (3J12) we get (4.1) for j=1. ,

Further on we particulerize the function F from (1s3) ¢



(2

(4.9} F(T!B) = -k(P-G(E}))

for all ‘iﬁg’Eé&&  where k>0 is a viscosity coefficient and
g0 x¥— %P . In order %o satisfy (3.2) we suppose thabl

¢ 4is a Lipshitz function i.e. there exists Z >0
such that
~ (16t=Ey) ~ 6x,Bp)] £ 7 |By-By| for a1l -x €L and
(451@} : ‘
2 iR el

and

£

\ 6(z,0) =0 , for all z£LL ¢

Eﬁﬁré@%m%% consider the fsm@wﬁmg agsumption s

¢ 4s & strongly monotone function ;i.e. there exists

e constant a>0 such that
(4.1 (G(x,Ey J-Gx,Bp) ) e (Ey=Ep) D & | By=Ep
for all x &Ll eand Eq 5 E, & rf -

ﬁh@@r@m 4«;2 g'; Let (3;1}9 (&;9}»(40‘11) hcld and let
(fui;,"‘l"i}f be two solutions of {.151).”{;1,7) f_cr‘ the data bi’"fi;f

%iéu@iﬁfﬂﬁgi , i=12 for which (3.3)~-(3.5) hold. Then there
exist two constents € , € >0 (depending only en Q3T , Q ,
d,Z end &) such thet for all 720 we have

. i



R
g Bh-ay (83l + Uy Cademyl

y ey | Ckt
(.‘4@512)}5 <- GL€ @1. gl« *‘* =§» R 91 02 ” dgg “%“

+ by, 2(7‘&3 0’ hep-t, Tﬁlﬁﬁ iy 7B 30 s

for all % €lo,7]

Remerk 4.%, If in theorem 4,1, we suppose in eddition that
(4.9)=(4.,11) hold then from (4.12) one can obtain (4.1) with
¢(7 ) 4$sdependent of 2 J |

Corollery 4,2, Let hypotheses of theerem 4.2, hﬁlﬁ.& I

iluﬁ;‘ﬁ}m%éﬂ h e lzlmdmtey I, <

¢4.13) & 5
| . S C§j Wy g=ueally + “TQE cﬁ“ Yoot

for all $E€R, .

Remark 4,4, From (4,13) we deduce the assymptotic stabi-
1ity of every solution of the problem (1/1)=(1.7),(4+9 ) &

If G is not a monotone functién the s"aab:iiity genmlly
cennot hold, Some one dimensional examples can be given with. the
property that there exists M>0 such that for all £ 0 +here
exists 7 (ug347) 5 (up,To) satisfying (3:5) with

(o102l | + N2o1-Teol <& end lwyCe)muy(8)ligr Iy(8)-2504)]
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SM , for all %27,

'"In order %0 prove theorem 4.2., the followlng lemma is

usefull ¢

&
Terma 4.2, Let 7 >0 end ©@eC( 0;7 B} bea
positive function amd 3,4 > 0, < >0 be constants, If

@

(@.14) 1) < 2L O (51423 V € () + 28 for a1l t€P,7]
%h@m; ; ,
(4,157 Vo < foto o<ty frjpuadd

for all & e{@;ﬂ é s

E’?*@@'ﬁ Suppose ¥, & & (4f §=0 lemma 4.1, can be
used) ; let £ >0 end let M. be the set defined by

K= teloid | TOTH 3 2o (B0 % LalBhisl

2

If M, is not empgy s Since O & e end Ivié_ is & closed set
weget O<t,=infM, and VO(Ez) = g + V(o) &%F

- /%‘.g. 'V/Q%s, /7{54{‘0(1'
i 8

o Using (4.14) and the sbove equality we get

& (0w - Voo e“"“‘)\ = m:'f?& ; for all

£70, Hence M, = }é :

Proof of theorem 4,2, The same notations as in the proof
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of theorem 4.1. are used. From (3.14) and (4.9) we get
4 ¢ .:.' H ',.?La . % SRS i o ANE . g i N %
(416)  Ty(t) = FE(8) - k] T (e 00)-0(E T8 +uly(1))]
for all t €R,_ , 1=1,2,

If we take the difference in.(4 16) for i=1 and 1=2 end

P — : o AL NS 1%
wes vk TY oem §3_avr. . W P ’E,v_‘,,m”m - (s Gy R O A Q’ i t n{’-&-m .

&L A = bl I R : Ol

multiplying by Eu($%) and inﬁegr&%ing_%h@'resﬁlt on-{L ,from
(2.9) we get :

(4170 (EEaCH),EAE)) = k(d w JBECE))~
- K(G(EuyC vm«@c%mm‘ﬁwn

We denote ((t) = ( Ewl %) ,Eu{t)) and BL7T) =

e ol mfzﬁ i e R 5 %hen from

C4.17) 4(410)=(4.11) end €3Jll) s after some algebrs we obiadin
(418 Bns k(20 DC4)+20, B(7) V FCeY 420, B 7))

for a11 t €0, /'J with 0,0, >0, ;<14
From (4,18) and lemma 4,2, it follows

(40‘19) \‘ ﬁk("ﬁ) S \!‘6(0) e"kcl’ﬁ-’_ﬁ CT} 2““ {C-S + 4{3102 ;

a’.bl

for all t&[0,7] . Using (4.19), (3.1} and (2.6) in (4.19)

we geb

(4:20) (EOENC Z!g$ s g, - weall ¢ 3?;/5(7')} :
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In a similar way, if we take the difference in (4.16)
for 1=1 and 1=2 and we multiply by 2= "% et the left and by
T($) at the right and integrete the result on Q0 jusing (2e9)
we obtain
C&™hEn HOMNER e ORI e R ORI O
(4.21) |

st 2=ler ., g.s,nﬁm"lmmaﬂ ress m;..r.x‘
S e T e e T Y S

for all -téER .

Tet O(4) = (g“’l”{ ZOMP ' From (4:21),(3.12) end
(410) we obtain ‘

B(+) & 2k + 200, 0BT uy (mmy(0)l ) VECH)

for all +€[0,71 . Using (4,207 din the above inequality we
heve | i
& i 2 - - 3 : \ "‘Clkﬁ .
@g,t) < =2k 6’(;'&) + 2}&%&‘; /3 €7‘I+ “%3..‘“%2.“&@ = @{%}

for all ¢ é[&ﬁj and from leuma 4,1 we get

. ; . . = : CF oz
(422) D8 <VBC0) &% 03807 + oo 0™ My Boall

Using (3.1) 9(,4;22—}, and (3.,11) we gev
i ‘ -0,k
(4»23) ”'gl(‘i;}""fg(t)”d_éacéc nﬁﬁi“‘ﬁoauﬁ”é‘ IIT@i”§025i &1@ 1 %
+CcB(7TY *§ for all teld,71.

Prom (4.20) and (4,23) we obtain (4.12).
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o reriodlie solutions

In this section we are Interested in periodic solutions
of the problem (1.,1}=(1.7)s(4.9) . The main result of this zec-
tion dis ¢ .

NS

Theorem 5,1, ILet (3.,1),(4.9)=(4,11) hold and let the
data b,f,g satisfying (3.3} be 'pe:viééiic functions with the

gsame pericd ¢ , Then, $here exlsts a unique initiel data {u@gﬁﬁﬁ
satisfying (3.4)-(3.5] such that the sclu'm@xz. of {1;1}»&1&?}

(4.9) is & periodiec fimction witp the seme };s@fi@& 4/

 Remark 5. 1, In the hypotheses of *ﬁhmrem S5.1sy using cove
. rollary 4.2, we deduce that for all initial ga‘%&, the soluiicn

()
of the problem (1.1}-{1.7),{4.9} agprea@h@s;\@: wnique pericdic

function when % ——» + 0o, In other words, if the externsl data
are oscilating then the body will Ybegin®™ eafier a while ta

cacilesie w$@¢

Proof of theorem 5.1,

I}e*& the family of sets {w{t}}

ﬁéﬁ*‘ ba given by
(5.1} ‘6{%} ‘ yvel { virﬁ- g_’(t}} x
xfreng | avraen(e) =0, PV =25 ] .

Let o (t,0) & 5 (0) @zé”{%) for all t€R, be given
by & é’tgxc) = x{t) where =x{%) = (u(%),T(%)) 1= the solution
of (1.1)-(1.7), (4.9) for the initial data x, = twiz ),



From (ﬂ»;}.ﬁ) we have

éga;ﬁ) ﬁ C%?{ @‘3%1‘) 07:9( &awm} l mCLi n Kl“’xg“

E

o
for all x;;%, € 75(0) . The notation W =HxIy; lxliy=

e llu gt [Tl 3  for all x =(u,T}&W have been used.

g%ﬂf‘ﬁ h’?A” ooy monas Aadd e '@Q@mm@--g‘n-sam PP - R, (R S SR

~ PV SR S
GE e wio w b W Yo e he @

Shrbimdads

B(0) =6 (mew) for all melX .
g n el be such that Ce CiMo =A <1.We s

fz?em (5.2) that X (n a}’,, ) 4is e contraction defined on 252(0).
Hemce there exists & unique element = (aagmg ] € 5(0) such
that ' '

(5.3 e e

Since b,f,h, are perfodic functions with the period
met, for all meN , using (5.3) we deduce

(5.4) &K Cngorst § z* ) g&&gﬁ;@;x”} .

for all pelN , tER, .‘ The seme arguments cen ‘ba uged to prove
that there exists = (ul . *’.’E ) €6 (G} such that

(5.5) o% (p\ﬁ +1}W‘+i¢ . x ) m&”{'ﬁ;gxl o

for all @@E ¢ ‘t&ﬁ; ¢

We put pam{nﬂ) gt 4] inhoé? end p&mog'

teg in (5.5) , and from (5 2) we get f]x »x?ﬂ <

L uﬂzﬁm ofn +1) Y. f

€ e Il X“XiHW s for all meN,) Hence x'= x?‘_ and
using (5.%) and &boa’) it results mma&ww “’%{) smvﬁ;,f} >

for all '@&R
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6, Aoproach 4o olm%iaﬁﬁg

. The purpose of this gsection is %o prove the convergence
L.,

the solutien (ukh) gfﬁ'&)} of (Lo1)=(1.7},;
(4.9} for all £>0 +#o the solution of the following boundery

when kKe—>»ioo of

veﬂt 2 problem for en elastie hady e

Pind the displacement function G‘ z,a;& T Q - ~—2R%  gng
0 .
the stress Punction T R.+ x0. —> R®  such that

(6.1) aiv ‘%étf stk = Q0
(6.2) ~ Ei(®) w»QWJ:w-vf"’éggmw
‘(.6';35 | T{ Y G:!;gﬂ,ﬁgk b}} -
in (L -
et : Pas o :
(6:4) u{fk)\a = @;.{m}‘ g
(6.5) T8 . = PEHp g
: ; a3

for all tE€R,_

Lemms 6.1, Let us suppose thet (3.3) s+ (4210) (’"4;11) holds
Them the problem (641)«(6.5) has a tmiqae solution uec%z gg)g

| T & GQ{PML VS Iu’hr@over - for all 7? O ,usT are abselu‘telg,

continuous functions en [0,7] and there e*z:iss'&s C>0 (whah
depcm&’s’ ely on (he li i 2 and &) aueh that '

(6.6) l1ag eyl =l g Bllg < e I ’gmllf. sCe) s liég-@)lir_) aJed in R
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. Remark 6.1, The elastic problem (6.1)-(6.5) was considered

by meny subhors with differents essumptions on the function € ¢

See for instance Ficheralfl), Duvaut end L.icm,aﬁg]; Dinc# .31,

PSS

Léné 1421 Mazilu and Sbwlmt‘f@ .However we sketeh here a proof

of this lemma,

S O = T it Sl
e

e aia G S s N e G aie
L

Let tE&R,_ be fixed and let '%23’{@ & H be such that.
g"(?ﬁ{"@) h(t). We see that Qvé ) &{t)) is a solution for (6. 1}-
(6.5) 122 B(¥) = c(e &) end B(RH-WW) =Ly wnere
By : L4 ‘2’1 L,té' Vl are g,lven by f':

<< Bﬁ‘%?)} 2 {;GCEI&?}} L% {9} F“?’ } ; é
I:.k(“d ﬁ < f{ %)g é’g(‘@’) > e (("g}{t) gv}J *

for all u,veVy (here &K P> denotes the duality between
V;_ and Vl and <, > denotes ‘i‘;hg duality between H; and Hl} -

A A '

The existence of the solution (uf{%),T(1t)) is deduced from
Browder’s surjectivity theorem (see BrowderY4l) J Prom the strong
manc‘t@ny of By we get the uniqueness of the solukfon and, since

in eddition B, is a Lipsitz operator, for a,ll, .-tlgjta___é‘- B, we get

H£§t1)~3{%2>uH.+ﬁ§{t11»£(tgpnd <
D R0 .~ an e
: % cg lbCe =Bl + 1208 =208 1+ HnCo ) =Rl ) 4

We obtain from the continuity of b,f,h and the above ine~
A A ‘
quality that a@@%ﬁwma ’EéG@{RMfIﬁ};
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Let 7> 0. It follows by using (3.3) that b,£,h ave
absolutely continuous :E’zmc“é;iom on E,Q-' 71 and it also results
fmm (6:T) that {% and 5“53 axre absalu ely continuous func a‘::ﬁ_anﬁ
éi@f“@ﬁ;‘i@ﬁ on [0,71 ; Hence % and ‘.’E ere almost everywhere de~
riveble on [0, 7] for ell 7 > 0. Therefore we defiuce (6.5) from
€6.73 . ‘ <

]

The following lemma (which will also be useful in section
7) evaeluate the difference between the solutions of €101)-»(1 s
€4,9) and of (6. l}«-(ﬁ 5} for the seme data b,f,g o

Lemma 6.2, Let (3.1),(3.3), (4;},1}' hold end let (u,t)
be the solution of (1.1)={1.7), ( 1.9) and (uﬂi‘) be the solution
of (6.1)=(6.5), For ell t&R, we have

I8 mﬁm g € T llu -u(o)le~0kt .
o % ,
(6.8) 0

0

(659 laeedEeadly s O lm-ncopllye™®

&
+ g (E{g u(a)-6 )| || B I + £ o) [y +lincs) e ;m-»%%

where the strictely positive constants E’"; ¢>04% C<1 depend

only on«fly [z ¢Qed, Z and a

=9 ; Vas 87
Prcof. Ve demote U= PR ‘.‘%3"'%’ and from ilw o(4:9)
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and lemmg 6.1 we get

TR = (f’m%} +gmfm -
(6.10) e s . _
Sy =k [ T(4)+a(BACHY)-G(EGCH) %E{‘ié%}ﬂ

&$@$~ﬁéaﬂ% 2 . ,
Multiplying (6.,10) by EW(%) , after integration on-L and
uge of (2,9) we g@t.a ’

eé{*@a} EEACE)ERCDY = ¢ émm JBREE) Y +

K%‘a{mu:m:"wn@e@ w(ﬂ}@tﬁ (m}@ 1iae e B
Hence, from (6.6), (3.,1) end (4,11) we geﬁ
ggz:: (8) ;Bu(%)) & lk(g Mé'%)wu.,%}} : |
+ G, Cl BCEI Nl + 1 {&},1 +gm*@§fr1 (Zrule) mu{'ﬂ}’é ases LER

We denote 8 () m( gm{% JET t)) and use lemma 4. 1M
{2, 6) anﬁ (3.1) %o get. (6. 83 ' g |

Applying £ ™1 to the left of (6,10} and taking the sca-
lar pmdz;eﬁ of 1% with T(t} , integrating the result on_ () emd
usging (2.9) we get .

(£, T8 = k{2154, TN~ g"l é‘%)mﬁu@?s@(tn +
+ 12 “To(maC6) B £33~ 2 ~Lecelen), Tee) ) s for all tER, aJed
Using ebove the lemma 6,1., (4,10) and (2.6) we have

(&~ %), T (4)) < »E@ﬁ"lﬂm T8)) +

+ ORCE T H By JFen) ’5{“ ke OIS gt HBLeM i {!fm}iil»e-.ﬁh(tfsii;l :



Bray

for 1€E_ a.e _
' Using here again lemma Qm., for U (4) = iﬁwl“""{ﬁh Tt} ,
we obtain (6@9} .

P »‘ﬁ

PR Y

Theorem 6,1, Suppase (3:1)-(3.5) ; (429)-(4,11) holdd

Let (w,,T,) be the solution e.z t}ze‘pxehlﬁm {1;’1)%%1;73 for
- ensr Y:r"}ﬂ .,W.;q Tk f‘@;gi:? theo 4"%& a1 aT s BE oy ﬁ'é" fﬂ"‘ﬂwﬁ‘ﬁﬂﬁ“i & m‘hma;"
for all t>0 we have || w (838 —5> 0 1 7, (53-2¢ 631 Fad
when kb of [} o .

@%ﬁ The behaviour of {mﬁﬁ?g}? when k——9 4 oo

was algso studied (:m the dynamical cése ) in the papers e:%f’
Suliciu[ 4] end Podio-Guidugli end Suliciu tff%ﬂ whgre F(T,E) =
- ux({iwmﬁzmc;m}.) with jsiiz;;}y P>k i Pl® for al1 ref,
'k = constent> 0 . - ‘ | =

A FPor lsclated hodies, assuming the existence and the cmeoths
ness of the solution and using the energy funetion , in U171 [12]
is proved that || T, (4)=G(E, (4))ll—>» 0 when k —p + 00 , for
all 0, In i}'i'«'?i B, r@'@mmni‘.s the emall strain tensor m? =

"‘Sﬁ&ki and mt@fiﬁk represents the finite sirain tensor, .

Proof of theorem 6,1,

We get from {6;&3) s Tor %20
¢6,11) Hukﬁwwumﬂ n s € Llhag-fica) E@“"m +

i '%
f-w (Hblm%m Ilﬁil ﬁl -ruhufﬁm }1 J

From (6.9) and (6.,11) we obtain



€6:12)

& gﬁ%ﬁ}é@%ﬂ@éz g * ﬁéiiﬁx v "' Unll t;ﬁp')@)‘]

S e e i S 0= e

m&u a&&uﬂ& G @k G W G b waL Dib Gk Gl & Sk LVWD e

7. Large time behaviour of +he sgolution

'In this section we consider the problem (1.1)-(1.7},(4J9)
for a fixed k>0 , eand we study the behaviour of the solution
when € —> + 62 . The main result is the following ¢

Theorem T,1, Iet (3:1),(353)=(35) & (4J9)=(4411) hold ;
we dencte by (u/F) the solution of {’1;1}’6{35’?}“ end by (Qﬁ}
the solution of (6.1)-(6.5) . If e cu @{«h} st 1h(%)!\r+ L:{é;)ixl),zo
- then ‘

eray 14m ¢ llu(t}mwiﬂdﬂ + n e)-Ballg =0
. tdee . e

Remark 7.1/  Let us observe that for all %30 the funce

tions g(.,i:) ﬁ{’“&)‘, are uniquely determined by the data 'ti( {:) sICt)
&mi' gCt) , From thecrem 6.1 we get +that 4f lﬁ%{"c) + ""{'&;} liia-
+ [ =2 0 when t—¥+o® then after a large enov.gh

$ime the golution (u,T) will be "determined® only by the present
values of b,f,g. Hence, in this case the initisl data and the

Alatory of externsl daba have “no influence™ upen the large fime
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behaviour of the solution.

L : & g &
Remark T.2¢ If linm ( [tlh’ %3 + i\f{%} “IL + Ih{+tilc) o 0
% :aeo@ ; S % : o

the stebement of theorem 6.1. cannot gmmxally hold. For @m@p%*

let b,f,g be periodic Ffunctions with the same period. Thenm mﬁ_

A S
T are pericdic functions end from theorem 5,1. we get that

}wx,&%h ‘&,.,,“9 P T e ,f L B e e, R SRR oo fpe ) AR SE S wa ot o e Mee e
R SO T o ot Rt S - R G el e 1 e, VWQ & P SR ARG R RN WG btbis ekt
(u ) of (1.1)¢ (1.7)5(449) iz periodic: If we suppose that
[u(t) ~ oMy ~> 0 end IMDA(E 4 —> 0 when > +oomo

get u m-gz\. et a% end from (1@3} we @bt&iﬁ; %{‘&} = (] mé'&}”%
' fm all $€R, ; this equelity is genersly false 4if F o

# 0 and G(L} @ E . Hence, if the external date sre porice
é.if; then there exists & gma&@ ﬁm.&ﬁ between ﬂw pericdic solution

AN
(e ) emd iﬁ@f”ﬁ} .

Corollary 7.1 Let the hymm*mbsszs of theorem 7.1 ' hold,

If in addition we suppose that there exist hé‘»ﬂm . Fe n; and

el r such that

€7.2) 1im( [In(%)-bll + nf{t:x»?éﬁ 5 ;s-. fBCEY-TN - ) g 0
snasan S0 e

aud 1f we denote by ng&} the solution of (6 1)-9{6 5} fe:e the
data “b,f end hgﬁh‘.}n

> A A =
(7.3) nl lu(®)euly + IMH)-El ) =0 &
5 -t;g—?@’ ; - . £ e : 5 X s 5 ;

z}:mw From the continuous dependene . of the 301&%:‘1,@3

of (6 }.}wiwg) upon the data £ , b , h and (%2) we geb

im (| "H%* ] + |l ”i }7 o mi g 1= . 0 end from (7.1 wa dedace

X3
'i‘ :‘)4 @J i3 RS
‘f‘; ? ﬁ:i 3‘ < ;ias..a:"é




- 34 -

Pemewk 7.3, Let the dete b ¢ £ 5 b be constant in time
and Tet (%) be the solution of (L/1)=(1.7),(4:9) and (u,T)
Be the solution of (6.,1)-(6.5)., In this case the differential

o g
equation (3.21),(3,22) 1s an eutonomous cne and {u,T) is a

mmi@mwy’ point of A o From thecrem 4.2, we cen obtein

a(e)=4 llp ¢ NTCEL-E 1y <
(7.4) . 4y
£GeOkY wu A+ um Ty )
where € and C are defined in (ﬁég’é}é

7o w A , = R
- Indeed, wa observe that u;l@} =u o B(%) =T for
all t€R, is & solution of (Lo1)=(1:7),(449) for imitial
A

A e o : o
date u,=u T, =T . Hence , from (4.12) we can deduce

(’2’.54}' J
In ordexr to give the proof of theorem 6.1., the following

lemma is usefull ¢

Iemma Tl Let » & R —> R be a continuous functien

such that lim ={t) =0 . &nd D iR, —>R givén by
' : L P &2 : ; . .%’ : £

t .
p(tY = g we) ¢ OC8) ag  with €O & Them Lim p(#)= O
- | e | adrvess
0

Proaf of theorem 7.1,

The proof easely follows f£rom (6.8)=(6.9) end Lemmsa Tele..
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