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S". Slr*rcd$e**"on
+-_re.@.

An Ln$.tf.al end boundery valu@ problem for mstertalg Ertth

a constttutLva equatLou of the foro

f r-,r t l* & * g i  - , "  nt 6 ' G t
*  t r . .  s

f.s oonsfAereA. Suoh type of equatlons are uaed tn orcler to d,eg-

srSbe .th,e behs.vtour of raal bod.Los ll.ke rubherermete1eprooks en*"

so 6n. Vartous results a;rd" neahanleel -lnterpretatJ"one concerulng

eonetLtutl.ve eguati.one of tbe f,orm (o.'l) ney ba formd, f,or l,ns-

tanee ln the peFers of Freudentbal end. &ortngerl? ]; er*.etescu

anil SuLuonuta l Gurttnrw*lLdsms and sul.ietu[ g fe sultc{n[ ts1,

PoelSo*suldug].1 ead Sul$.cl,u [ ffi1'

gl"ee3. meclele used tn

F l " 0  € S . l F h e e o m e s

- 
#(r-PK$)

6 " * 0  e n d

trn Ba,rtlcula,r o&ses, equetton ('0.1) re&uces te eome ol&s-

elasti"alty emd vLsooplasttel.ty i tbue ,for
the l"*qgqtr 6Lest$.a mod.el X for F(grE) -

, (S.'U 1,g an ol"est{o * vtseopJ.astlc reod,el i f,or
lrl m r':r\ 1 ,F(8rE) *% [s-PKg] u {o"11 repree@nts tbe r*gfcl

vteeoplastfc Binghe,m nodel Chere K Ls the von 3{Lses eonvere
rK ss -tbe pro$eetor uaSr on K and, 

rat> 
a te e vlseoetty coeffx-

cient) ' Exi'stence resul.ts for mLxte problens for theee clssstosl
modeLs may bo fountl Ln tbe book of Duvaut a.$d I,lons t 5 ] both tn
dSmemta aad quasletstlc c&soo Howhevero fJr r F Jch.5 gt fs f&,.
pJ'LecL'thet the tracttong et the boundarSr are oonstsnt ln tl.me.

Ot-her reeul"ts conoerntn8 problens for meterlale of the
fom (0"1) fin whl.ch F d.oee not d,epend, on n ney be for.mcl
tn the works of Suquet [ l9trt?q where X'(T) e Of Wt anrt tn
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end $uquet f 4 Jr*r vl.scoelast*o Maxwelr*sorton materieles
r(t) * n lrDgF-z *n oft>g o eD*r*gtryg]fl anc1 gTrZ ;
ra thts pep@r F depende both on g snd & anit J.t ls

assumed to he a.rrf.glsob$.tE ftmetl"on. so monotony propertles sf
F e;re reqrerredu but oury gtrasistatf.c eese [s oonsLde"ua. .a,
exLgtenoe and un{.queness resul"t for e eolutlon of the alaes gl

deflned on the tLme lnterval fOn+ o 1 is obtalnect (thesreu 3.1).
Fer flntte t$ne Lntervals the oontlnuous dependence of

the golu'i;ion upob inlttar end bound,a;ry data ts glven (theorem 4.r)
rn the psp@rs of $uLioruF8&podto*&rrl"ilugl.s. end $ul.*"c*u[,f{

D$aoue

whero

l.t l.s aseuseel thet there exl,sts a s_trong, nsnotene

eucb the't- F(E'E) s o *ff E*e(s) . startlss f,rom

ln order to get e, bettm lnstgbt on the modeL end
tLon to the eleetLolty ,for v{scoelaetLc rnsterl.ars

rfze ( 0,'1) ew

I

(  o,a;

f,unstLorr g

th,$"e aeeurupt*on

on Xts G0rlrr6s*

we partieulEe-

s(a;E) a -k { n*ec$ }

rvtrere k> 0 Is e vJ.soos$.*y coeffl.oLent , In th{s E&s€ the e,eegrm_
ptottc stabtliiy of evex"Jr eslut{.on Ls obtaj.ned (eor.sLlery (4,A1 ,

Bor perr.ocrte extemal crata, tha extstence of a unrque pe-
rtoct{e eol.utton is proveitr (theoren 5.1}.

Iled"ng tbe energy fi:netLon, stll$.ej.uf{8 Janct pod3.o-Gu$.&ug3$.

encl, sulle{uf f{]obteJ.ned for $.eoLeted bodtes tbe foll.ovdng ests-
metLon 3

.

(  0"3) s
p

E

t

{ f
g -CL

for El"L t >O w h e r e  e  > $ .
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S"he above *nequals,ty susges*ad ue tlte comparat*on eif the

so3u*Ssn ef vs"seoelestf.e pnob3,wm wi-tla the eolutton oS *he @1&s*

t$,o probl.em d,ef*ned w$,th *ho se'mo exte:ms1 data and tbe const$*

tutsse equat*on

(9 ,1d )  g *6Ln )  o

flhfireu for ov@ry f$X,ee t > $ n tbs esnyergense or tlre s6-

lut*.ou of vS.sEoetrastt o problenn to the solutlon of elastf.e problen

@ee k:** +ee *s provod 6-tbesrem 6"1") "
S$:::eal.[y S-b is proved that the solu*l"on of elee*So pro""

blem 6en cheyeeterl,ze Ln Soffis ees6s the large ttne behavtour

of *he eo3utLart of, vtseselaetts problem (.theorom ?,1) n

3" Sroblem stsbamen*"
*@'wN

L,et -f)- be a bor:ncled d,omein *n Rn (n*Is2e3) rnd.th a

sms.ooth bor:ndary I- * A(} and let t{. be a oBen subset og I"
e

eu.il, G* f *G o W€ Euppose nesfi

foll,orqrLng mixs probl.en r

S*n& tke df.cpl.ecement f,ta:na'tion u t B* x Jl ' b 833

amd the stress functlon t , R* x J). -n f such th^at

{1." '1} di ,v [( t)  + b(t ]  r* Q '

$ u(t) ;  &( Vu{t} + ggu.{t})
,fi{ rl * gi e6t r) + F(s{ r} , Eu.( r} } ,

1n-fL s

{  t "e1
(  1 .3 )



er.o,l

(  1 .5 )

el,6)
P'e. rrt,

u(t) |t n
s(-r)?l *' l  r e

for aLl

- 5 -

uC0) * ro 9
mfn\ --" ns- @ Y

t*

wbere f ls the set sf seeond srd.er strlnm€trSe teqsors of &tl
't s.e tbe exteri.ofluni.t normal, at f* , the equet$.one (1.1) sae

the Caucbyi u equtllbrlr:m equetions tn whlcb b s E+ a 5z--*+ Rn

f.s the gtven bod,y foroo ane ( l#) deftnes the stre{n te.:asor of

emall. defomnatlons, ( 1"3) represents & trste-type vi.seoelaetfc

or vlscoplastLo eonetltutive eseatlon Ln wbf.eh 6 *s a forth

order tenson ee.d F rfL uf, *f,**b ;F &e a aonstl.tutl"ve fr.me-

tfoa' [ho firnotLons ao and su .are the Lntt{ai. dats and.

f r g are the given bor:neLe,qy date o

' ' ' , . " :  '

?o_$_o_*a* L$ns end prel"*.rn*naff*es
- l l r l l l - -

l q n : t
. -e4  +q  a-

We clenote by " t]re :lnner prod,uct on

)aend, by I . I tbe eue0Ldta:l norma on these

notatLons are used, &

I E [ * * (BrJ] [ rrl * sJi € r,zccr-)

f - " )Eo * L* = (ut) [ ur € t'(.CL) ,
c

! a * [ f f e L  I  a r v s € e u ]  ,

the epaoes Bn I

speseo .She f,ollour,Lng

- , J

l r o q ,

*
1=1cn

; * 1
*1rrr J c

]
J t

:  
' . ,  . ,  I

i  ' , :  
i  1  

"



n 6  *

" ; I l r * ( r e s ] I o * * m ] { r L }  
e  t * f f i J  "

$ha epaees Trs$usldeI{ are ffiJ"}bert sps,oest wf.th rcspeet

*o 
_tne 

oavrnonical. trnner prod,uets S$'ven by c

( a , x )  ( s ; f f i ) *  J m ' m a *  e
JL

f
(e"e) €"{uuv}} * \ u.v dx !

-ru
(e;3) {srs)a * ($os} + ((d*v frclfv E]] s

{2;4} €urv)H o {{.uev}} * g \Fu* Vv } ."

She no:rms $.n&ucett by (?;1)-(2"4) w*11 be denotecL by

ll . ll'lil ' ilJ;ll ll6e ll lln reopeets'velv

!.et 4 * K ** ffip be tbo trace mep (see f,or i-nstanoe

sedes i{rJeneg" S } wbere wo denoteby Hr tho epace (g4 f }}n

aad fts nosm by [l llg". f,et V] be tbe subspaee of H given by

v 3 o , d l e e s l  * C " l s 0  " " t i J  ,. f L ' o - -

end Let E, bo the subsSraee of ffi deflned, by

F ,  a f t e v 1 l * [ T e s r \ T ; o  o n r 4 J  ;
T  

-  
t , '  I  L  I

frbe operetor &, r E -+ I, gtven by

(a.5) Eu s & gV,r * VE* )

9e lf.near anel eontinuouse Soreover, sS"nee mes f-a > O , the

KomE e lnequal*ty holdg I

(e;6) 11 uu t[

where c >o $s a posLtlve ocnstant whtoh d.epends only on {?-
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e,ad f; {,eee for Lnstanee BSeyacek e,fft se&as f,t{]uoh. 6 } .

Eveeyrbere $m th*e pspsr srgrg$ , tels' w'SLX regrresent

strlctely poe$.tJ.ve generlo eonstants wfr*ch -d,epend on t n F t

.-Cr- n lj , G and do not depend. on tims end on Lnput deta ;

. ff n € nd then thero ex$.ets fr n e ni etr}rera

(d , U " llr,) is the s$rong: etuel. of ffi r ) euab that

L2.T I
A .

( dy'Xs lrv 7 a 1"*i.1.lr .Y I t t"U":r,'u ,*ev1i

f o r a l . l  v e B  t

(2 .8)  i l&s l l3- r  €  c  l tu l |u

(eee for Lnetanee Ldmd t*Zl )" By *lr* we sbe3l underetan&

tbe element. of .4 ( tne d.r:el, of %) whtclr Ls the rcste ,et*os

of $t CI& SL, lfie shell deno*e bg tt ' llotne norrca orx 4 ',

Set us denote by VA tbe followtng eubspace of I'6 s

v p * [ n e t u  I  a * v f i = , 0 ,  t s ) l *  * 0 1  ce  t  q ,  '  '  - l l 2 .  
J

As S.t follows frcm Geynon&tand suq-uet f 8f s E(El) $,s

tbe orthegonal compl"ement of % in & , Senee s

(e,g; t.srsv) ae 0 for al.I v6vt , lL e % ;

Let X be one of tho above Ellbert spae@s enct let us

deflne the following spe.ees

c C I { E o r x l * [ t u : \ - ] x  I  z  l s c o n t f . n u , o u s  J  e

1 ' .

c}(R*nx) s l r r B+ **x I the"e exists & G eo{B+ex}

tbe dertvettve of a ] e
- l

Fshere S* * fOoo oo ) . T.a a slmller rmy tbe speces Cf6OnqX; s
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cen be def$ned, end tbe noa{Ils on these speoeff etro g$v@n

tl rll- ? rn @ ms.x/ snb$\*- 
t€[ortrl

fize ll[* s ll allqxe] * ll 
"ltx%x;o'- 

[ f.tlp,"o*r6

3-" _4:q-Sr#LgLmcq* Sn€ , Wlq$e*ejas reeg#E

ffite fol[ow*ne bypetheses sse nsde ;

4 {m e;nnmetrl.e end poottLvely ileftnltsei.us.
{ o &

f{ei I € *gps{"} [< A f,or ell *e$'k'h * ffi* xef,r;
|  

- .  * i ;a.-

( j,-r){ Cof 6t*}B-}I e w.Z(x}g for al.L srg e f,, :r € rr- t
t
I

Lg*l *hero exiets a strLotny pcs{tf"ve consteat 4 suab

the. t  fs re l l .  t  e fo  xe{L wehave f { * } f .E7r

; ' &  l s t a  o

S i.e s. I,tpncbfta

eueh tbet

ls(s'stouo)- (x'$2esglf < Ltlut*$rl + lst*se[ ]
for ell firEt €. f, e f.elrZu xe{IJ'

$u[xrGrCI]. c S for alL xGJ')- ,'

b e c ; r (R+ol tu)  e  eec l {nnru i  ) ,
'  ' t -

there extete h G 0'tCB*eHf ) such that h * € ffi

u o € A  , B o C e A  d l

J"n*tia1 eond.i,tl"on fJ"t vrtth the boundaqr dsta ,f.""

f,u:ne*fon i.,@nr there existe & >A
I 
cal

. -  I('3;a} 
1
Lu*,

(3,3) {  
e" l

Lent f { ,

(.3"4)
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f ea)
(3,5) t  (b)

Lt'*l

d$"v So + b(0) ea 0 ?

rnT[A * f{0)

"o lri 
* 6{o} '

[he maln resu]t of th$s eeet{on ts g$ven by:

3l:;]a51-:j"t stcq-rnnntr thot *ha h*rnn*}:acq{s f q^'lJ*f q^:q\

ere f,urftled"r gbe33 theve ex*ste a rms.gue soLutr.on ue e1ffi*oB) E
g€gl(n+rs&I of tbo probLen (1"1)*tl,?).;!

g@ryk 3.4-' &et us obseffre thet tf, tbe Brob].w {}"'11-63;?}
h"ee s. solutSon {urff} eush thst u € el{n**&}, g € cI€g*n-ed}
then tbs hmothesf,,e (3"3)-e3;F) a,re ftil.f,sred,, sndeecl , {f we
put u * QLu) ; from the conttnuf.ty of f, we get (3e13)6 o
$face E € c1{%;r,d) u f*em (I,:LI we g,et u e clgn*d\r} md,
tuas cE'5), {.8Js} snd lle}lalFltf:llpr w@ ob*a*n (3"3}* ; $e,k$,ng
the 3.$-m*t Sn (.1,L);Ct"4) and (1"'F) xfiasn t --* O we ge$ (3"F),.

eonss.d,er K C f, e, eonves eLoeed. se*e

proreetor w. K ,end ,frr&, f f  .W
th.en (3.4). hoLdsend problem tl",l}*{}-;li

deeerLbs & quss{,stst*w proeess for e3est!.e*rl"seo-plaetfe bcdj,eso;
For f eonetent s"n t{-mer qxl ex$-etence wrd. untgueness re€ruLt for
tb{s prob}.em wa6r gtven by l}ureu* snd r.,ton" t * ] ,ch.,5 eF,?4s "i
Ewever, the teehnsque ueed. $,a I F ], o"rtoot be appl.fedr f.n the
cese wlre& rt hse no nonotony propertlee a&d depeads alse os E.:

In order to prove theorem j,'1" we need some prelfm*.rCIry,
resuL$e,

&e#qffi*Poq. &et ue

s € K r p K r t s T ?  K  t b e
F(E'E) * 

# 
(r-rg)
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&*wte#"s&g est {3"'1}9{3"3). hoLdn then tlrcre exLets a

unsqlae c*ugr].e sf funeti.ons 3e e}{n*;m} n ff€ c}(R+;r,e}' eueb

thst

{:;e} csv &'(t} + b(t} * * ;*

{3.'fl, ,fi'{tl &: 6 $fr{.e} ;

{3i@I 6e tt 1 o * sLt"}. F

c3Je' fr( tDl. -. f(r) r
t l q

& .

for ell t € B+ o! Mereoverr we have

c3.'3.01 ifc*l 8; $ W ft*l j for o11 t € B* 'e'

emd $,f we dosste bg ti , % n G&"4. thE so3utson ef C3.'6)*{3.9}

fos'tbe &e*e bgofgrfu , tho foll"ow$,ng $.ncqua.titl"es hold s

(3.'1r} ilffir{"r}*fi8(*} il* * ti61{.s}#'p{$lld €

.  ,  o  o ,  c

Cg;ta} llf;ue rt*Q(r). tt * + fiiI*e'*)*%(*)ltd <
f  - c  0  . . .  .

f,er eIl" t€R+ (- *ne aonstanrt c ctopend enly oa.fl; L;q and' d );

p#rEfs The statemeut of tho above renma cas be eas$3ryr

ob*e,fned. tresng stemd.escl erJ,steso& *heerems for ].$,neer e3.eetiel.tyJ
g I

senot*.n6 by E * o"*ffCo) i' Sn *' rn."6{o} , Lot us homogo*
u&se the bounde'rtr eoncllttone ef C1"4I*{r";'5} by consfd,er$n€ the

f,ol1.owr$.ng prohlem &



q a
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FS,ee E t Rn xlL---P && 
" 

E s n. x fr---+Jfl eucb thet
*'

e,3"'33) d[v S{ti * s ;
c  o -

c3"14) i*e el * 6nfitb} + et6'trt#cr);sfrt€)+Hd{r}} ',-i

.  (3. :15)  6{ t }1- .  *CI  ;r  r { -

(3J16)  6g t l l l , : . *  o '
t  

* J s o v

fora3.3 €>g ead

(3"t1?) 6{0} I uo ';

e3"'1s} E{S} * Eo ;

the f,e11ow3::6 lema ean be easl.l.y o"!:taLped a

SqpW 3,#" she pa$^r {Wt} *1 * eo}ut$*n og {}"'t}*{fdtf}

*ff t&e pe*a (.&f) deflned by ff * u-ff ; tr * f#: Se e seSm*S"sn

ef ( 3"'L3)-(3Jts) j

&et W * Er x Ve be tho product Bpeqs wrl,tk th.e nom
& 6

dlenote& by ll ' ll* wh$eh $s 6*"ven by She foLS"owfng tnner pno&ue$ s

(3 ' '19)  (x ;s ls  * t fuurev)  + t$*h; r l  d

fer  43.3 x j  ye$ ; '  s  *  {&S} '# g o (v; f }  J

$etne (3;1) ancl c2'6L we obsexrye thet $ . il!" ss equ$.-
' v&l,ent w:Lth tha naturaJ. nofin on v' , r,et & & R. x tr -* F be.r

tbe operstor def$.ned by Rf.ess representatton theorem ss f,0,3"1ow I

€3.?0) Ca(e;x);rlo * - (Efg+ff(r) ;p$*sff(r$; uv ) +

+G-rnqw6€gtosta+sffir)1d F ) f

for atl x;yeV ; m{ttor}'" pev"p} ; te.B* j
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We den**e by xo * {tror%} '; end ua*rq CS;SI we gat
x o 6 t r , J

effi*# sbe paf,r (uut) e srC%*Ir x t4). {s s so}utfon
ef C3"'33]*{3,:-s} gff, x * ftruff}. e Ct{n*;u} *u * *qot11tfsn of
the fmllowfng SauehSr probS.em

fq. 'gT) *r '+T * ,af+- ' - r+t t  €-=,  *-" -1 t . \ l  ;
(:;ea; x(oi ;. xo j

Pryo-s"{* 5et g * (v;3} € Yi ffiattsBlytY}g c:;r+} by sy F
after fntegratfurg on *Cl- enrt ustng (4.'g) wo get

{3;*3} s; {8}iikr}.;Ev}. * {r{ff{el+ffCrlamffrl+E#Cr}}nv } ,,

mu$,*gply$.m6 q3;14) by E 
*L 

at tlre }eft enil by r et t&e
F-ggbt end 3nt*6:rat3.mg oa *f)- , frm (a,g)- we o&tagn

{ o

c3'a4) ( g ''&F{s};p} ."{ d*3*ues-(*l*ffq*t;mfr{r}+mffir$9p } J

Frenn {3"'ff} e C:"*ap;6 3 ie*} 6xffis (g;tg} nne got

C3.*5) {${*};r}* *. eA{rp4*} } rr }s t!

Scr a3.L g'e V J

#ousereegyr Let. x *., (G'nF) € gl(eouT) Ue a eof.atton *,f,:
(3"'41)-(3,?a). '  set B(t) 6 t be g$"ven by

e

{3.'a6} B(r} * rfc.ri * rcsfrtrF' FtE'(*}*ilCr};ffil{.$}*skr}l .{
nek$ng $ * (vr.) tn (:,a51 and usf.n6 (e.g) we get

{ : ;af}  (B{*} ;Bv} *o e1 fer  enr.  
"c% 

; i

f,f we ''put y*(O;p) *n (3,eg) emd, vrye use C?;g) wa ohta*n



F f S e

fg"?s) ( F * % { t } ; p }  e  * f o r a 3 " 1  P € F  ' i
" 2 e

S$nee tbe orthogona1. eomplemelat of EdVf): f,n & S,s Vg '$

f,e@rs {3,a73 we 6et B{*}€% $ thue we mag prt P * S(t} f"B 63.4s)

md frem e 3*11) we ded,uce B{t} s 0 , for e1,1 t >0 u hence (3,9)

bo1de; w
??*4e3 tra"ft**rcr t,tt-.:* *?rq rq.,!"n?r'lr:ra f"q.il_,qlJq;ql-RT rrysq r{an3"ened

by tb"e Carxeh$ grrob3"en (.3"2U*{3"'24} $.n the Sfl.bert sBeee T *t

En or&er to prov@ the exl"stenoe end, the uniqueness of the eoLutLol

og t3i2})*C3,'e2.) sce reoa l the feLLow{ng result f, eee &ovo}.adg

esd [iler&S,n [mJ e.:ni[ Save}" er:d Ure€ssu tl6l ] r

g$re&*R.*j T,et V be a trffi.lbert apaee emd A a R* * V *>tr

s oont$^nuCIue operator sueh tha'h. tbere exi.ste D > CI wlt}r

(3#9: (a(t*xr)*a(*;%);*r*%is 4 D ilxt-%lt; C

for e:.1 S>fi end el"}- xlexpeY' ; trben, for al,I xo4T g *hero

ex*s*e e txmsqtae eolutssa" e e e kR*JV) ef the probl.em {}*,'ffiR} *.

{3.'?e} ;1

pggFe g,*i Sha oBeratar A 6&ve*. by C3"eo1 f,s eonttueuoue

anel satlsfLes ( l;29tr J

Hqge.S. Set t#te)0 , xt-Cuae$3,I , ry2 * [%;%]eV .sss
e l t  y * { v ; 3 l } 6 : V  w e b a v a

I CaCt*;xr)-a(tar'%),rln t € ICr{s16(rr}r'srni+n{tr}J ;nv) -

* F(sa*s{rs}enus+afi{ra}t,i sv }l +

ol6"1r{er6{ *a} *ury*xG{'b} }*€-rs'geu+6Eq};nu2+E#{ra} }ip ) \
Sef.ng {3.?tr fn the sbove $nequels"*yo after 6sms eet$matf,oruvse

c

&a*



{$"'3e} il*itt6xu}*aft;.bl ll,r -< c llx**x*ll*

fCIr e3S *rixt 6 r l, henoe {3-?g} hstds J

Hgffi*&&qggffi S*;U f,aLI*we frem }.ems

3 4 *

{adt*,x*}*e(tsor,,e} * r }s \< c (tt*r-%llv+ f{#drrl-deqttl* +

|lfr{ sn}#e rrlrt*) n r!rv. i

ffi,ereferneu

ffi.'30) !la{to;q} * a(*s;xs} tlE €

f  ,  . ,  4 !  -  o .

.* 
" I 

llxg*xgtlxrb lt 'ri+ blc*u& eg.e {g .ell'*:LTIJ*d,L'6er.lt& j e.

Us{rt€ g3.i3s} e$d. }enmts 3"iL ,, tbe eontLru,rf,ty of *- f,roma

&* x € *e.*s U fellews o' Ssr t' * *g * S

K

3d3*3.'5 J
w

&ffi*ffi*" &et us obeemre thaf m,e) ryes $s@{ glx ord,er
to ebts.*.m F{tr;ff}6& ;' for a&t fsg & & etrd, alss sn tha proof
of lemma 3;5 ; Holuhevero ( 3.2I mes ne r*pf,aced by e woekep &sslilrrp*

tf.on , mmely e

Ca) P S.s a eont{nuous fr.ure.bsoa f
{b} ffiaeee exssts r,t;aa } 0 eue& trist I s{gin}l k

( ' l ;€u (u)"

-{ er + 12 { 1 sla + fs-ie } fe,r elr n;ueff

Shore ex{ete 1.>O six,sh thet fss a}t gg;ggeJt

$, * na2 * the fol"Iourir:g $.::equal*"*y holds

-( r{r*;sa} -P} ff* nnn} } " tE**na} +
*{ 6 

*I{,rtn*rst} * F{m"os*}}} " {rr*tra) \<
-  / .  , 9  - 4 !g ,  S ( J E L * E a i  - + l f X - f g \ *  

I  o t



* 3"5 *.

Sn&oe€u (3 -'? I ) U fs s suffse S.ent esmd$.t$.on for $(E;tr) €

fCIr e13 gijE 6 & p {.3;at}& assuree she eenttnus,*y of a emd,

fpCIre {jj?tle we get {3dg$} o tr{er:se, t}ro e*eteme:r* ef thecsem

3,?i holds e&so *n the hppotbees"e {3.4};(.3Jar},*{.3;'5} ni

a i  tB t  ^  aa-+ .&8e+tcq ta  f , !qnomF4*4cs  er f  &hnn er rq i t l& f  , tg r

&r thte eeotton two solutl"on of the prob1ssr (["rg]*tx';?]

fcr tws d!f,f,erent fnpwt dete ngr'ggr$g Gffiof o$*E,f Sr3eft &re

aoss*der6&n' An eetf-met$.on of tho d$,fferenss of these eo}utsons

f,e 6$.vem; for ftsr$.*e. t$se *ntemal"s wlr$"eh gf,y6 *he eontlmuous

depeadenee sf *he eoLtr**on lcpon egb gn#e* deteb €thecsm 4*''3*? j

Ilr thse lre$re tbe f*.ni.te t*me steb*l.S"tp of the eolut$.ozr *s ob*

te"d,rae& eeoeslle,rttr 4,1.;')-; !

In order to get a better $"ne*gh$ on tho no&er emd em f.te
. \

eonneet*ene Sm the elast*cftp; the eoses$.tratl-ve equetson (3.o'3)

$s perhf.eu.tres3.re& t*k$r$. F(['eH] * *'}s{tr*C{B}} s wgtb G a eStrsm

gEF monotone funstton emd, k > 0 . r:e th$s c&ss, *be aeeFrpto**c

stabi.L$ty of the solut$.on {.e dedueod, {eoxol}ary 4;e;1}j

Shpgpery 4*&d- T.,at {3"e.}-{3'U ho1el'' end l"et €"s,d%} be

$!re eolutl.on of (t"':,)-{L"'T}. for the Cets bi;f,i;qn*ogr$o* ;
*,*r;a ffich thet (3;'3)-(3iF) h,old,' For arl" I) o there exf"sts

AtT) > C (wlrl"eh geuere}s"y depands onJ)-; f4 i  f  ;  q;er8)

euoFa thet



*tr6 *

il H*"*&c t',,U* + ltprda il 
4n*;$

fi4dxe) s trflr!" ( ttnr*qlir,r. :i4 + [tfn*r*l[ .,*u,o s
t g"ttEpq$, t gre.fgd

+ tt h.-h ltruo. + tirl*.r-E^?ll u + fltror*rcelte) 1!& b 
Z,;ffip j$ 

ii,r" rr!

3 $ f  ;  e a  h r $ l . & *

ffis,wgfu$-e* ft may be uss$ral"l to observe thet *Lf we

srsp$lss@ sn es€**$.sn to the msermglt$ens sf thecrem 4u1,1 ehe&

there ex*.sts S a *e{o?riisr } sqeoh thet E * eg-gg sm, I',r

en& 6. *" s s& f& 'r. 
taes ees m&$r obesee % 6. q -. E . *1 Henee

tlh"-% tl, o , o *,fr e 4"'L) ean be reF1e,eed by ltAg-ry. t[** ,.i,d& Z eH.g_ r$.. 8 s B  p  s d

$mt&S;f4$&*i Set the ffio*hemes ef *heerm 4.'I* hold;

Sg b**bg , fX*fA o Sg*69 tkem'

( +;43 tioa*r*ell r;*;* 
* l\m**r* il ron*;"J 

.6

< c{n} ( [oor*r*o*ftru * llru*-ru*!l* ) *{

In *he next we 6i,ve tile clefi.gli.tfon sf e'babl,L$.ty, ffurf.te 1

tfma etebsls*y mmd a,msynp*st*e ssab*Lj.tg for the pra&rere {LJ,L}*
l * f .

{,n.'?} ( f,ot1ew$,ne for Snstnnse HmnnffoJ;ch$ } "i 
e sol.ntj.on

{w;'n} sf t}re probleu (I,'f}*{3ffi qd.}l be eal}e{t s:

E"I g$ffi&s ff thsre ex*sts rq, I R* *.b Ra- a conhtnuous

trsereessfmg frln*t*cln rq!.th n( $) w C such fi:s,t



*_3T *

C4.J3) ltu{"t}*uue t'}tl* + [1n{-*}*qtt}lte 6

< m{. ltu**u*utl g+ ttt**ff**llu }

for aIL g €R. and, eIl. r'" 'rc r ^ati.ef$@ ( 3,'5) i... t  \ r4OX9.6 ,Old  EC

:

fS). f$.$L*te t$me*$tgFte S,f e4'*3X hol'dg fer s f,sns.te

: n,J.r$g *^**;"

*tf,). gmrrynetot&sJp$e}"3."g f,f thore ex{"et & es Sn" S'}

ssd & & E, -# B, a, desoreasf,ng; eontlnuoug fuectl"on wlte
t +

lf.m' 4t{f} 's 0 euch th^e&

ft*+e

ttu{r}*un(*Jll*+ ils{s}*. lcr} ll e€ m[ ttoo**edt K + tl8o*%1l| 
u} 

mtr}

f,or alL t €4,+ enil sll (onln8u1) satf.sf$*$& C3.5I ffiere

(u1nS1I *s the sol"ut&on of {.1,'I)-{1,rT} for the itata uo}r$sl" ol

SWLA*?* Frenn (4,'2) we deduee *he ftntte t$.me stebs--

l*ty ef every ee3ut*oa of C&.'li-{I",?] n* G@netra]IJri ste,bJ-1"S.&gr deea

not hoLd. ( seo renerk 4r'4ot),t

In oreler to proye theonem 4i1., the fallowt-ng lems wS,],I

be usefu}l &

SW-wp, 4*1', set € * ft;f) *t R' be s poeLtive eostseuou

fuucts.on and "f e n .r If f a [CI"f] -? R+ s's e absoluto]ilr cofrr*

tl.nuous postt$"ve fi.mctLon sueh $hEt

a
f\u(t} € 2{ I C.$ n zrfffi. { *t arer te[o;'fl

thea ;i

i l t u e t 1 \ f  I



[ & -

r;T:. ae*,ll'I-o F
e4,41 rleC.el { 6**t.|0(o} + 

J lg*leocet*s}ee , '*

s

for al"l t Etoen

ffiqo' *g$ Fhe-ffiffi* #., r'et (#r*Wr). $ * r';2 be tlre f,une- ;
tl.one given by 3.emma 3:L" for tbs 4ats f**ba seg oGXre .i We

deno te  by  % -  uU*#g ,  q  
:  

u ta * t  end  * t  
T '  

C i i i ; b * )€E  t *  n ' c ! ' ; s ; '  ;

tre* &g be sf,,vea bv (3.?s) '(repSae$ns U * d by ts ; fig ) ''

For a-ll yfeE; r*r;a alrd all t€B+ ;: *rom €3"tn)63i4)

{t resulte tbet s

c4J5)

€s {

ItarCt;pr) * a*{-*uvs},ll us

llvx*r,ell** [[ bl[t]*bset]lll + [lf1[€]-fe{,t} ttr+ ltn {t}*"nue t}ltr}

r,es xos, o.(%**fg{al; m**-'6*tCI}}eB ; Eben }ems };3*!

we heve

{ 4i6} riue t: * au{"t;'xg{ *} }

e.4,ifi x*ffiI & eo* ;. f,r1't''A ;i

ffir66 C4J5)*fl4.:6) we 6et 8;

C#re *X-fo{ sl;x3.€t}-xs{$} }s i {fu{t;x1ffi} }*qCe;%Ct}$x1{ €}*x.!s} }v

lsEB;o

: 1; rr-rp il T ;ny, , 
+ llnn -5' tt \

, e""1eo 
' "*3 *cu T'Tlr;ol T

f o r e } l  € , > S  ;



rf,'" 19 *

fes et"l. * €[e;r] "' te&$.as I Er], *, ttx$t]*ap{r}[: Effid

bawrme $.n m$nd rher 6{*l *, a{#rc*f *fi*er1;xrcll**l*r}n *
frem [ems 4JJ,J end the ahsne S,nequa3.$,ty wa ob&s$n

{ 4Je) [ xr( $) *x2{r}-ttg € e0& llxe}{cellu* ttrr*urlt 
r n*io +

* l l t r**r^ f l  *  l ln. .*&- ! l

f,or EtL € *[sfr] :

FBw, C3,'L9I o e3;LI emd €a*'6), we get

[[xrcr]*xs{r}. tl r > & {, ttur{r}*r:2er} tt u + ll rr{;r}.*mr{r} li e *

* l\fiu(r)*fi?{*} ll s * u&'real-&ne*l fl u }'J.
f a r  a31  t €Ho .J

$es:r& {4"'8}, tbe ebgve *,nequaritpr aud c:.*gr} we d€duce
(, 4.'1) fer g*o tsEtb c( T ! *, c( L+esx ! .,

f&" o:rd.er, to obtas.n C+".r) io, I * I , Let us obeerse
theft

, 11 :ire*liCrt tl n T il a*e *;qcrl:eatefraer)) fl u *

< cC ilxret)*xs{r} il q* t{f bfr *ba{€}lll + firr€r]*f,efr] ll u +

+ iluoetl-n*{r}llr ) ,;

s,rud fr@ €4,'8);(2i'6) and. (3"4e) w.e 6et C4.oX; for J*[; .*ffit
F*rther on we partLeularf.ae the fr:nctl-on F from. (.1.'3) €



* 8 . 0 *

{4-i9} P{g*m} * *k(s*Gg&}} ;

fer e$f, gs$ 6 ff, wnere k > 0 *e ei vf.eeosftg ooeffsef'ent egrd

S s*fJ- x Y-+ff o 5s. srder to sat$"sfy (3.?), wa supr$,ose thet:

G fs a S$.psh*.ts' funot*'on l'eo' *here exLete fl>O

eueh tbet

(4JIs)
i @ , !t s3  e  f$gsv  I

anf,

6{'x;*) os 0 , f*r ell x € -fi- '&

Koreos*srw& oens*der tlre f,*l}ow@ assrmptlea e

s eonetsnt e>0 srreh tSur*

{4Jm} {stxour}*s{sr$a} }r {Ex*s z\ V a I E1-nsl e

gor aLL x € lL enit En * Eze { ,'

ffegsqffi**#* 3ret (3;1)s (4;9)-€4;1x) h,old, nnd' let

Cq;tg} be *wo eol"utLoes ef (1"1)*C1;?) for the dets brr'fg;: I

&  . ' r r  - ' f F5f ,eu6{0&gf  o  
*

e:*,st tws constantg 0 ;' C > 0 (depenelf n8 onl"y on*(t$ I? ; q ;.

d r 
'E end e 3 such tbet f,on a13 7?A vEe hrave

t



& Zf,- "r

[[rere€t*%{.r}" Il u + ttmr{-r}*rse r}ll d <

(+JEa)

+ lte**u ell r;au;CI+ ftf,l*ra 
" .u*i;o 

+ [[ n *foll ro*,- ;CI] i

for alr t eLo;C i

SryWeA g',** [f S'n theopem 4;3'' w8 suppoee {n a6d,S.tgen She*
(4"9)*{4'113"} }:,sl.d *hen fron g4't8}. ems effk obtasn (4J3} wgth

e ( fX  S$sependen&e f  eJ

.Qffic&ffi fu$.a Set ffis*h,esee of, theesem 4"?,' hold; If
bL *.bA ; ff B, ge a €L o.&e tbm

fiurer)*u*{r} ll E tlrn{.r}-re{r}-[ u(
(4;13)

: < trg l[uuu-*u*l!m + [ls*r*rupll-]d4kt i
v *  * * . d ,  &

for e31 t € R+ ,t

4gpgs. &r3-'.- sbem e4,'I3)- we d,ed.uce the assgmptotge s*ebS*
ltty of everpr solutson of *he probl,em. dl.'1.;*gl,'?);{-4;.9 } J

If g fe not a monotone fi:nctton tho stebiL{ty generally

aannot ho}ei Some one dLmens{.onel exemp}es cmn be gf.ven urg$h t}*e
property *he.* tkere ex*ete 3€,> 0 eueh that for e&r. € > 0 *h,ere
exs'sta T'; {uuloEn1} ; Cu*2-csn2} satisf}cn& (3*'F} wg*h'

l[ on1***il 
* 

* ll f ot-Toefi u< 
e enel fl"r{ t}qk(t) tlsn llr*{*}*ma(r} i *



? e{ ; for e3"3

'fs, er&er ts

usefw3l" r

qffije;
ponS.t$.ve fi:noti"os

{.@"'}4}

*hen

{4"115}

e

S erl

* 3 & ,  @

* "77 ;

prove theonem 4''?"te the foLlowsng lemna" S'e

& e t  f  > a  a n d  $ * a e e  o ; ? * ; 4 3  b e e

enil P;f

\tr{-} € ffi **dt* ,{*,V#;1+{&

een be

ror ell 'b €[sJJ i

.v
Pgcl*eg; $uppose {* o d*.9 f * Iema 4.11.1

used,) i. let g > 0 end Ie€ Me be *he set' deflned by

ma* t t e[*;rJ | 'f9{t} tr t-" f&6 d*oct+ *&*
2. d.

l I f4 *o not empW ; stnce Q # &t6 end Ms S.s a oLoeed set

weget o(*s.o*.nslfe €ed ff i *. e + /effi **ds +
r;---

. h + t/ Pi //,{tL I a .., A\ ^*.n? # J Uatng (.4,'14: emd *he atrove equaltty w 6et2
- ,

S*-et r { r ,@' f f i - }u*d*) I  s  @, '  " f ,o rar ltt-; lt r*rs V ttf€j

C>0jsence* we* i  " r w

notstLons es *n the proof&:qq{$![ th*q$ffit,Jl,#g. *]re seme



2 3 *

otr"theoren 4''1s &$B ussd.o Fron (3"r4) snd (4,g) *s 'get

c

c4.16) **q*l * fufue rt - kfF*erlo{er}*e(s q(r) *nQe *r!

f o s e l l  t € 8 .
f

Sf we take tbe

w* nqt* i? s- O;{ - F

mult*p3"yfiw by HA(t)-

( 2 i9) we set

fa:r al"l

w.B: gat

{ 4.e0}

E Selu?o

d,*fferenso Sn (^4.,16). for ioL and t*fl en&

*- F--F^ -t # * #- -ft' # * f *g :r ..r9*,**
J  . - . '  L  4 . . .  L  3 -  4

end f.ntegret*rtg. the resuLt on-CL ,frCIn

se*{ *t * 4s}ca
w €.v.r

J.

and ga J6) s& e4 ;I9)

( 4,'1?I- (6 E t€).r'nqsly * e(fr{ ft};s6cr} }*
'i

* k(G{srry{ *} }*s(nus(rg,s6{"r} } ;

we d,eno*e 9ctt * € t Eil{*"} ss6[*]] end p {F}, *
&3 Ilbr-h[4oo*o n lltr-rsila4,u* * trlnr-q[t;*r,CI" ttun rram

C4.1?ir(4.'Lo1*(4.;3,1") end (3.'Ll") , after some al"gebre we obtafu.

(4"'1g) Ott)< u{**cufet)*acn Ft.n {61 +?,sp'tr}}

f e r a t l  t e l o ; f J  E d , r b  c r ; c e > o ;  h < L j
&om C4"'1SI end lemma 4,p"i 1tr foLlews

:1;
I

t e[o;f] ,i ssrns e4"r9]; {3,r1

ll rar{"*l*u2{ t} ll * < *:{ rr . -kGr,'t \lluo*-uo, IL " 
*,, n F (,Tl) ,,



o ? 4 .  u \ ' - . . , '

Sn e etm*,}an wess *.f, we take the dtff€tsello@. ,e C4.'16)

fos fo3. end S.*A e,nd we multiply Uf 6 
*1 

at the left and by
'. 

Ktl at tbe, r5"ght snd, {ntegrete tba result sa-A=euo{.ug ("?-9}

we' obtatn

?

cg-ai'c*I;F(r)) ,* -k( 6;*Str) nE-[r]]*r(A -%tr),E(r]] *.

T,e* #(t} * ( 6;-1F{ t}s6(t} }, . From (4"'atr; ;(.3"1r} and
( 4Ls). we obts*n

#g.*l 6 *Bkf'{6} + zkCI 4t p{ r}+ I[ul(t}-u2(s}lls} ffirf,r}

fox' e1"3. te&;fl .' Ilsfng (4iaCIb *n the'e.bsve f.nequalt*y we

hffie
c -{l- }r*

9{*l < *eh0{.r) + akcg( F{,.rI+ llu*1*u*t;e-*t* } @(fr,

f,sr 413, t 6[0rZ and. from lem,ns 4',tr" we get

(+.ae; ffiry < \ffco) *-kto ar1{r} . =#"eoQkrilu*1*a*ails.

Ostn& ( 3.'3I u!.+"aZ) €3,'3'1) we 6et

{4"e3}. llst(r}*se(r)lln < cue iluoa-uoalls+ llror-qlsllu)e4tffi *

* caFV i ; ror at l r€F; Zl ",

tum, ( 4;a01 and t ai?Jl we obte*n ( 4;X2)..:

wf



.t{
1

*. gs *,

5 * P*:r*.*.*rl?'* 11fil"u*j"*n.sl

In th$s sest$om vrs &,r@ $nterestsrit S$ perf,o&$.e eCI&ut*,oms

of the probS,em f&ut&)*e}J?);(e.,g) .,1 t:re maS.n neer,el.t of thte seo*

tton ts s
, t \ .

{SlEmeg-Si&; fiet (3'1];64.'9]*f4"*1I] bold algd l.et the

d,eta b;f;e sattsf"Ss{rng C3,.13} be pen$,odj"e f,unottons w$.tb the

Ea;ns pertod * o'ff?ren, *here exte*e e un*gue tnitf.aS dets (ur*eff*}

ea*imfy*.ng; {.3"'4}*{3;5} eu"eh the€ ttre so}ut*"en . ug CL;L}*{}.T}
(4"9) $.e e grerlodf* frmet$.on crgtk,.,the sffie per*od elfi

W;n*S#s"H 5n the ffio*hesee cf *heorero 5,'L;; us:ilm6 aom*

rolSeslg 4*8' we &ed,u.ee *hs$ fer ralr gngs*el" $ete tbe solusscm

of, the probSem Cue!*{L.Y ;{4.i$} eppreee}r-Sk un$esem per*adse

frmct'"[,en whert $ **p + oa. [:t e'fher werd,e* f.f th,e eruffru*l dntei

&,r& oscs.lmt$.ng *hen tbe bsdy wi3.1 {sbeg{nct after a vr}r$,}e .bu

oss5.let@ t,cs,

Frym$*€ -thg-qgerr -f;, # *'
Set *he fam:f"ty ef, sets { dCt: } tsg+ he gLvea bY

{ F . t t r }  6 t * l  J { * € f f 1  v l n * e { r } 1  s
-  t ' [  J

. x {3  e  sd  \  e *v  p  +  b { r }  e  o ,  p$ | f "  *  r { r } 3  o '

ee* ff {t;;} t,6rflfr} -** 6 t*l for e3.r t€ft+ be 6sven
bv d {t;*o} * a{*} where H{t} * {u{*} rgtt}} s,e *he entuts.en

of c3'tr)-{1"?}* (4"g} f,sr the s"$gtis3 d.ste. xo * tu**tu} "t



o * 6 1 *

$'som { 4iA3} w,6 heys

flF.'e) ttde r;'rrn)*C[r,as] !ls

f e s a & 3  * l " i i - % e d e o :  o , R h e n o * e * * o a e  w o H x 1 6 o  l [  x t t * *

*, llu ll**. lf r f{ u fer e].1 s odu*ff}*If h,eve been usedJ

c5,'5) &

,${ .  nnq h -  f  jc"  E ' i6{e xai !$ ' r* '4 nf i4 rc €rmo*4 ^*+ a4 *a*qa q. t  / rs-  * . . - - ,  ^q.- t  - -
rsi @d e** vv ri{. o* *uliii n^

6qol *6 €na:) for ar"l, mes J 
rr

Eet noe ffi be sueh that Ee*0ho * A

f,eorn { 5"'2} thet X, twaoer i,' } *s e eontree t$.on d"efr.nad on 6 $l:
Efesce, there exfets a un$.gue eresent xfo {r{rnf x e 6mI sueh
tha*

C5'3I X'{n*wif} * xt' "l

s*'nee h;fehg s.re per*.od*e frmctr.ons. wtth the per$,o&
w.ttt, for a1"1 me$ * usrEg Cg"j,J. lre d.ed.u,ce

c5,'4) X epng*P+t o' *d \ *{tb*x/) j

for ell. p6F I tcn* "'she s*ms argumento can he ueed to provo
the$ tlrere exrste 

"f 
; [u{ u nf } *6 ta1,- sueh tbes

(rcnu+l"|nf +*"; 
"{ } *ff{r;8f} f

f , o r a X 1  
F r * S r t 6 R +  . i  ,

We put F = m{no+l} e t *. O En {F..4} end.

t *, 0 tu f g*'F) , and, fron (F,,eI we ;; 11 
"*"i,,t- i*" 

t

4 E uakmru{a*nt' fl ***llluu ;' for e}}. s &rr"! Henee- -$- *i ---

uefn6 {.s'J5} €{nd (r;,1.) i.t res{rr1'6e tha.t ffc**cr:.-;#) *;dct;"x} ;

WE
fox' at3 t eR+;



* V T  *

she 'purpose of th$.s seetlcn Le to prove the CIonv&ss@&s&
when k *-*a+e,o of the solu.ilS"en Cun{.t};ftk{t}} of [1,,1]*,{f;T};
fl4"'9)- fsr, e31 t >c 

' 
t* the solutJ,sn of the follows.n$ ber"rmdnrSr

val-ue nrcblem fr::r en eles*.{ e hnrdv e

FSne tbe dfeplaeement fi:nctf.on * ,'.S; x J.iL-*FRn u,sd
the stseee fuact$"on & * B* * *e* *-> Rn uooU that

a** &(tI +, bL*), *" o f
l iES{*} * *-fr v*e*l*d&.*}} ;

6c*l = ecu#er}} ,i

S:a *fl- ;

A

t i { t }1 - *  s t t }  ;" 1 4

&mFlA* r{r) ;
for al.} t G &* ,1

FrgWg-4;U tre* us st*ppsse that { 3,3} o(q*gA} r( 4",31"X hold."*

I-1":.-L1e 
rrlbtem {6'-r}'"tdJg} has a r:ni.srre sorur*oa *,*cs{B*.b*};

[ € su(R+rI*] 
"' tr{oreover, for e,IL f> o s $ ; g ere absor*terg

oontf.nuous funet{ons En fArZJ and there exJ"s\s 0 >0 6*.h.tnhd
d,ependr o'n3y oa ft, f4 ; { end a ) eush th^st . )

( 6,'6)

(,6 
",I)

{ e "'a1
( 6*'3)

{.6''4;

(_6J5)

ll*t*lll*.r fifrf $l{e { ci{ [JC*tllfT 1lf,e *14* ttiCrlilr] e.ie*r tue &



* E g  *

egffigfu"ggfu; Bhe el.e"ets"c probl,em (6':11*66''5) wes considered

by meffiSr euthose @AtIs d*ff,eyants essumptiens elr tbe fi:nct*on 6 i

See f,ar tnstesoo n$ehermfdJ* Duvau.t an& LLo"uf 5Jn n$nsdfSl ,
\

e$nu$ffie,:e. Ids,a$.3u end Shurl.anf,d*J *ffiCIwever w& eke*eb bere a pnoof

og {n*s J,ermtr&.'

Sst t € R+ be f,i.xed. and l,e$ ffiftl € F be *oo'h tbst.

gglGe"*ll * h(tl o' tre eee that, etg,*l;$gtll *s e eol"at$on f,or e6Jil*
(6"'F) rrr fCg: * G(B dCt: ) end n*{Q{-t}-fiCtt } * r,r where

B* a: v, -? t;; - k" vl ere given b3,

. << Euuov}} *, (s( Eu+Hff1*: onv ) i

n*!v} aE <f{€}; €C"t}+(ee{t}ovD ;

for ertr lrroi 
"* 

Cn*r* (< n )) d.enotea *hu 

'do*ltty 

beturoe,n
- s  I

q esd V[ and { ; } denotee the dualtty betnee$ Hi enA ni};

ghs extr rstenee of *ho sol"utton CfE tt ,f( $ ) *.s ded,uced fron

Srewder?e surgec*5.v*tg theoren eeee Browd,erml) ;t From tha stropg

nonotony 6f Bt we get tlte un*qxreaess of th,e uff*S$oo andr slnce

Sn adil$t{on Bt f,s e tr{psLtr. operatonn for e3.L bstA 6 % we get

ttfttol -,*c ta)ll* *;1fe trt-f{ tr} tl*
("6"'?)

Wo obtn$n from tha con*tnulty of, bufoh end. tbe ebose lne*

gr:,a3"f.ts that G e c*6uum) , 6e co6 R+;ee) ;



&et

abaofu.ately

from (6"?)

&,efSse& oga

r*veb1e on

C6"fl. e'

* 4 9 *

I> 0,1 $t fol"3"owe by ue*ng (.3"3) tha$, brfeh s,r@

eont*nuous fune*$.nme o$ L Oo ZJ end *t a,[so reere].ts

thnt. # md fr ese abselu*ely con*$,,nuous f,unet*"*ne

fleio IJ ,1 senee fr sred" t ese e,].eest everyi#ere de*

L*u7-f f,os eltr T > &. s?rerefsse ws €efuse {6"'6} srew

ffi

ffiae f,CILI*w$.ng Semma ewhfeb w-931 e3.eo be useful fn eeet$"*s

?) evaluate tlee diff,ersroe hetErees the eo].uti,one of {1;L}*{1"1?};
(4"'9) snd of (6*l-I-(6,'5) for the sssrc deta b*fug ni

M$.#*g r,et (.3"'1);(3"3) u [4"'33] ]eo3et and lct {usfl}

bo tbe sol"uti"on of (l,L)*(L;?-) e(.4#) sm* {f-6} ba the eolu**o}r

of ( 6 "'1) 
*( 6;51 , S'sr eL!" t.€ R* 

-we 
bavq

A[tfu**te{o}ll*#o +

{  6 ,9 }

(6,e) [re el*6{r} l td S
t

llfe *l fi r* tlile *lllr) *'-e*r**ur*-J ;

A[ n sCI*E(CI]llu*at +

ltu{s}*t(r}tlH (
t
(", o

+ \(Hnt slltt
J \

0

+

t.

+ 
[ (- [[ 

u{s}*fts}lls+\ilitut ti'! * fife utlts+gfi4n} ltJ* a{e**}*{

0

qrlrere *ha strs,etely poe{tflve cons'&srnte
*

0ru.1r on .TL, E" ;qoau g end. a. J

k-s"g; we sen*te 6 * *fr ; F *

f r c > o

^
g.$# ag'd

C < I deBenil

from {L,'3} ;{.4".g5



*3 f i  *

eed 3"erms 6"'f, we ge$
l , g o

, \ A :ft '{.r}s*a*l *#tr#{r} +$m#gr: s

f6 . 'go) .  F**  .  A-  .  A_ : l*k t ff{e},4€{wd{$ }*ef.H#[r,] +ffi*e *t {

wrleJ $4 8.+ J

ffis3t$.p1ygne e 6,'1S) by nfrtg} r efter f.ntegratton, eaJ)- srr&

uee ef (a;93 we 6et *
a a

. a

€&cr)* 6m0e s: iffi[r],] * { 6sGEr} us&*$ }: *

+ km6{sm(g-+tr&r17*6[nfr{r}Uffi{r}& ;: &,"'e,i r € s+ .!

Henee, from { 6,'6} s (3"U ead" C4,1U we get

c6sG9*);fffr{r}) $ -crK6 mlKr}-;u6{r} } 1
O  6  r  I t

+ spCtli ' i lfr: tfl + il:FC*lti, +gtLr)ft.X-CdiHE{*};E6fr}}ye ao'eJ r€&+.

we d,encte I Ct) *-( 2f nfiCt);E6e *): ffsd use Sermrn 4"ilj;

CA,6) and (3.X) te get  {6"8}  6

Applysme 6*L to the j.ef,t og {,G,lag} msit *aks.g16 the scsF

3er prod.$et ef t* wgtb E(t) s fm*egrat*ng tlre resu}t en _(L es&

usfng (.?"9). we get &

a e  
'  '

g 6*369r).,s'(r).). * *wgi*%er)o${.r}} *{-.*-**{r *&t}rF(r}} +

* w{.$-lc(na( str +n*{ fiI*E*1s{n$(r}}, E(r} } i fer ar"t r 6 q a.e} i

, \ .
sstng abone, €Ile Lemms 6'lt, n e+,rol ead cp,6l qre have ;,

{'6 *qf( r} s6't r} } -( *,it6-&"{r}lrd( r} } ;

;llil+ ildCrl it*+ttut tllil ,



* 3 L  * '

fer  t€ &+ 
" ,*"

se$.ng -h6re ege$r: t"exnmg' 4,t- for S g*l *. t8*3S{ g ;6{e}.} ;
we obtes& ( 6,'9) o

ffi
regt?n, $tru" $wgrpooe {3o'L}*t3.:5},. {4"9}*{-4''31} hol-di

ret (u*rrn) he tlre selu"tuic::, of *be probS,em {u3}*{L"?) for
'  tet'lrr t b n *or4 1 n* f #-*q ho *hr-r nnTm&€*rt- ,oi ra -h T*f'6^-ql,-: m&out ̂

Af,er eta &> o. we ha,vo lt uuetl4{t} lt K 
*} c; lt sk{t}*u{,g}i[61ts 0

w&en k--b od no

e*Wa-g*ru; ffha belaes*,our of- {uor$u} wbea k.*-# *. d}o

w&s erso stil$iod (*o tn* d.;m:mscal ceee ) *n tb.e papers at
Sul$.ef,u[{fJ e,n$ Fed,to*&uirlugl1 s5'd, Sul1c1u t,ff] rsbere F[n*:f], s
o *ftqrrr){r*sfs}) scta }{{'r*n}p,E > k I pla for aI"L y*f .l
k * eonetmt> 0 ;

Fer *e*}sted" bo€$.eeu e.ssumfu6 *he ex*stence exrd. the mreoth*
&ess af tbe soluttcs e,:rr3 usdxtg the easrgy fnnetgon 5 sm f,f?J;f{gJ
ts proved. thnt ll g?*{*}*Gf,Se{*}}l[*S 0 w&,en k **+, + @ u f,cr
e,31 *)CI ,' ftr HsJm* represents *he emel.t etratn" tensor {Hg* *
xHug) ens {n ['filmO represents the fi:cJ"te etrafn tsnsors

Fraqg tflihe,pqqll,i "#,
We get fram {6,4}" f,or *} CI

{6;*rr} llu,k(r}-*c*lilu -o il [ttondtoslug*ffi +

: #{ il'tll*-,^;. n*n*4 uoriLt' *;ur;o}]
, l

Ibom (6"'9) s&d {6"L1"} we obtnJ.u



* 3 4 *

ltt'u{tl*dt*: rkn a [rrrn-.#{o} llue-H +
(6*'La)

* *fu e:cffi ltrs^*fto1il*' +'  
}*ti tl *O -' - 

" "'tL

'  . t . 1

" r . i . . * t  
6  S l -  l l  \ l

+ :*Sfitil l* ,- ', + ttrll a + ttnll *'u
g k uts r' 6' o&ru * tririro

' . '  r ' * q  .  ^ . , * ^ i  . &  4 a

tf,&.liJ. &.b"vig U(4,f &.Ll $ Lu oit-L*tr. nr35iid rr&*,t\r,r"\4r.{ i"v&.!\rrdr:r a. 
W

3r' J**tslg*H["F -k*Wf'orrL" cf *Ir.g- so#*f.on

In *h*s sec*S.on we sorxs*der the probl.em {1"'1}-{L;?}u{+jg}

fon a- ffired k p 0 n and we study tire behav'Lous of tbe solutl.on

whw. € --+ + P ": ths ma$n seeu3t *e the fe1I"ow"3xg g

Sfor.oeq{}*?-,,]*;, $et. ( 3.'3,} ;{ 3"'3) -{3.'5} ; C4''9}*(4&'Lt}. h,otit ;

we &eno*e by Cu*t) *he esl-ut*.on eg (3"'3)*{1;?} end. by C0;#}
' the solut{on of (6.'L}*f6.:5} , ff,- }*ry f uriiet}$t+Ut{*}[+ttfet]ll1]*o

t _+ c,o
then

(?" i t t  rrm(ttutr) . f t (r) l t*+l lg(r)-6ft) l ld}*o j
t'+ CIo

p"gmp,trU,frlA* , 3et us observe that for aLl. t >/0 the fi:ne-
/\ ,\

tf.ons 
-dt) 

sg(tl are unl"guely deter*af-ned by tbe data b{.tl;f(t} 
$-

esd e{,t} ; From tbeorm 6i'}"* we set the* {"f lII&f*Xt + ttiCtill*r . r
) l

+ ttirCtltl "' P O wtren- t--#+ao then after a large enough,

tf.me *he soLutLon (ur$) ss*.11 bo ndetermLnedw onLy by tbe present

valu,es ef brfog"' Hence, S.n thl"s cs*cre tbe lnlimf dste en{ the

h*btslry of orbenraS. d.a.ta Srave :rnc fnfLu,@noCIn' nllss the 1arge t$rne



{

't_,

* .JJ *.

helnmln$.esxs ef the eer[tetf.*rn*'

' @ d 0 6

Irr::rn:r:ig*ffi; Sf * .T-*m ( filh{t}l{t + [tf{*}11* *, fte{t}fin} g Os*Y
*he ste*mn,e:r* *f *he.*rem 6n1"' esmso"b geueref,ly $ro1d,' Su*p exe:mpb,*j

Le* b*f*g be per$-o€*o fi:netsons ws.*Ia th.e srune Ber o#, ghsffi #;

$ 6{c,e peB-SoS$.e. fumsts"sns emd fs*m theoree f,3., we 6at" .&]:m.&

t.r:::': :::j-:':*': ::"::: *{.:':f,'}1:1 '.i:::"3:; {:;o"lu } f.;.; .""*ir: i;;; ;;-;I.;*L,.1*i

{u ,t } CIf {-1"13}s- {&*?},;{4*rg} s.s per.*d$e*i rf w sie$}poss $h,**

tlt*{ t} * *( t}il o ** s e@ lis( r} -ft( s} tt a --.> 0 wh.es t -+ .rsdw#
I1

. A , , o g 6ge't tl *. w ; tr * d and fr*m {'u3i we eb*s$,:s 6g.*: *6 L.fi'*,ie} }
f,r;v mi"} t 4 R+ ; tb*,s mqris"S$,'by $-s geneeer}y f,e-lee s.f ' fr ,t o s,
^
u f CI si:d' 0( ]jl) d # g 

"o ffisffs*n s"f the ex*errraL dare e"re penr$"m*.

d$.e tirem *he,:s-e exf.stst e* phe.cie slii-:f,& be*ir*en th,e Beru-c,d..S"e sms.crtgsnr

Crx ;83  end .  S# ; * l  ;

(X':'::'*-1.] '.T.:tf ?.;3"*i .t et
$di!A-tunae*Ei,;)tr@ e..htis

Af fK a$***:L*rr 1r# sr:$)Ilss#

6 el m* ssush *a}:n*

*3eo hyppntleeses sS Shecyffi ?*$.;i k*Sd*i

*ksst *i"tere exset 6 e f,* ; F* rg"T eird.
4&

tlr{t}#$ o + tihc*};frilr } * s

the solut$"on eif' (6"11)*{G.,F} f,or tSre

'x
l l s { t } * s l !  e }  * 8  J

flr;ff x,se{ fllne rl -$ lll +
or;49

/ \ n
nsd f.f we Sencte+ by AA;m)
&e l ta  b r f ,  e .a , f ,  h6 l  *h *m

/\
(?,'3) 3$,at 11 u{ t} *6ll* +

t'+o'

SmgM, Fr.cn 'flio eent$.nuous dependsna, , os the soLu**olr
cf (6,'3)*{sn5} upo:: *he ds;*a f, I n ; r} cffi$ {r;a} we g*:t

A  A - -  A "  n
3$-n {. ll u{hi"-u"ffn o il iitt} * St{ n tr * il *.;t,t .f*:o,n {T.'}l yr$ *€,s..,-r*s
t-++'st 

{?-t-},}-:-J



* 3 4 *

WnglgJ#d" S,et *he &ete' b ,t' f 
'$ b bo e*nste*st S'n tf"sa

^ P "

amd [.et {&nS1 he tha so].utf.on sf {}.*'$*{}"*?} i(+dg}: nffie {in;R} ,

be *he eoLut*o:r of {6'3,}-{6.15}"t In tb*,s esl,se the clsfferentf'a}
&

egun*Se** 63.?$;C3#A) *e s,:L aatensrss?as ona and' C#;6.) ee a

sse.tsennary po$:rt sf JL nl $rora theorems 4;g: we osrr obte*-n 'i,
.9

ttu{t}-A iiu + ttntt};.i' llu

d?. '4) *--Rr,+; A ^ /
b l F  e

where g ed 6 are deft-ned {-n (6''8} i

[ndee*, we obseffie thet un(t] * A ; $r{a} * 6 for

elL t € R+ f.s a soLutfou of (L.3.)*tI*'?) ;{ +'g} for' f:rd+1al'
I \ A

€e$a 1gn * ii f $* * t! .i gEenee s free {4.ttfr} g.s aqs ded,erce

fT.-4) nl

k erder *o g,$ve the preof ef, theerem 6ie"ts: tha f,ol"tesrSng:

, 3.mi*e *s '.lsefu1"3. &

kmf*fu; &et rr &: &* *? R+ be s conf*.nuoue funet$en

suoh theut LSm rt tl - 0 amit B e &+ *-+" E; gsven by
t*++op

t
(  m t t  - \

pftl * \ 
"t*: 

**#{t-s} a* witb g}o i lrhm. 3$m p{t}* 0i
J

o 
t'+c'o t' '

Srmelf q:f theorem ?"1;

Hbe prcof eeoe&g fo1.lows fronn (6"'8i-(6"'9) end Lerma ?;1.5
k'eg
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A.el,:n*.tef,ae.nen*s
@@-{M#!@

I

the eu*bors w$eh to €n5,Bess the$-e gratf.tude *a

erJ S $u.ltotu for perrnonent s$eo?rpsegenaent &o underteke th*,s

work esd for h{.s ueefu3"}" remsrtrrs and, sr:66eet$one' drtr$.irg fhe

&-v&;Gqdrn-'1, **o ;;* ,"*.1*-l;.o ;J ;::* **j-*rr I;;; .-1";; 
'll:-::l:

progoi tls*l & Se3.*me,y f,cr S:r*erest*ng dtee$gEone ebous ffi'g,s weemi

ffl 3n0-gsffi+'P,Si ; $es probfhm€s rror&'"1]*i"]xda*rees' fres sr*meee

d.e. 3?UnEvere{t6 Ae nnontneei1rLg64"

ral #.qf$s*s#ssff*' 
TJffi:ffiJH:ffi;::;:mfrfu*_

1982 "'
f31 DffiSil€; ; sur J.a re*no*ente d?aprbs s{La$y*Brcwl*x tte gs sp$*

rateur d,e Ls, thdov$.e el,e pSast$.cltduffi"&JAcad;

Sc{,.e tome e69(1969} o F,'53 5*535 ;

t4l DJA0us,sEl a:ecl sIISTiEf;?,'e ffyo3-utlon qu.as5.*statique d.es eg.lf,e$il
' 

vfseo*pfastt"E:e d.e ldexrn'e3l*Ifsrtsa;Hath"'Ue*h,:

Sn the &ppl"&s{.,6tfgs4} p"'lga;?CIgJ

[5] ns'vaut;stt a:rd rfioss d"''&.u; ]es *ndguat{ons en ndean$qua et

en Bhys$"qu.e *Dunod, oParfs r,}.g?A J

i6l S!cIffiR$,*#o'r$x*"stenee theorems Sn e:nest*"e$.tyuEsnd,buslr dos

?ir;rs*kn#,'fffireuu* el.l eri. o I Y1;rla. S r5erl5,n,

Spring+lr*.!.$??*



IT]

* $ 6 *

FTitF?"!*!"l r,<1rfn 'rf, 
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