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CIi{ N*itI',Ti?'I} A},Ir'l0ST tr,Iiqn_{H' $tr*.SH$

by

G" G0prNr

f"* Tn t/3/*/5/) we introrlrlced. and studied. the norrrted.

alraont J-in.oar f: ipacs (nals)r n eoneept which genera.l ir,es the

concept of the normed. rinear sp&oe . Roughly speaking su*h

a sps.ce satisfies ssffie of the axiome of a l inear spaee bu.h

the *ur: '!rer,*fl the axiom$ of the norm j-.s incraased . ?s suppor,$

the  idea tha* 'bh is  concept  im a  good one,  we in .b rod . ra*es  the
tcdual t '  space of  a nal ,s x whlch ie al-so a 'nals.  Here the

func*ionei:l.e.at'e r.re longer l inearr br.rt eralmos{ rinee.rr' n aRd

vghen X j-s a norfi ied i inear spac* ttrren the d.ual space rlefined.

by us is the usual d,ua.} sp.?,ce of x . A typi.cal example of .a

nal-e is th.e set 'X af  a l l  nonemptyu bounded.n ednvex (and cLosed")

subse'ts "ir of' e. f i.or&ea lin*ar space g , for t lre add.it i*n

Al * Ao = f a"ua., I  a, e A., er / ^ t  / for the adcli-t  
o

r  I  L  !  a  *  r  ,  &Zn hZ j  ( for  the ad.c l i t ion d.

def ined. t ry At ;  l t ,  *  ef  (4,  '+ 
Ag))r  the element uero of  X t l1e

. 1
t !

s * t  l 0  i ,  t h e  n n r l t i p l i c a t i o n ' b y  e c a : - a r s  , \ * .  =  1 ) t " ;  a  € A  J
and the n*rm i i lAi l i  *  sup- 

" o i i  ai l  {see / l / r /ql  tor other exanp)-esi," a € A

Th* aim of thi"s paper is to supply wha* vre eonsi$er to

be the nrain tool for t l:.e thbory of nals " Namery in Theorem J"t

we strcw that any na].s can be rrembedded.fr j-n a normed linear

spfi.ce ' Thougl: the eml:cdrlin"g ma.ppin6; is neit cne*to*orle, it heis

encugh properties w]:iclr permit us to use normed. l- lnear spaces

teehn iques  to  s tud .y  cer ta in  p rob lems in  a  na ls  ,  As  a  consequence,

!.fe can n*!y answel" alt the questi*n,s raired.i-n /*/, am*ng which
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' f 1

the main one n whether the dual space of a nals catl be { O I I

the ansvqer being in the negati've" Here we note that the

algebraic clunL ofl an almost l-inear spaee can be 1" o 3 (see

exanrp]-es in /q/). lve also mention two covrsequences of

Theorem 3"2 .  The f i rst (Conol lany 3'3) shovrs that the last

axiom of the norm Ln /3/ arrra /5/ ys superfl-uous and' the

second. (Coro]- lary 3 '4)  sta 'bes that on any nals there exists

& s e m i * m e t r i e w i t h g o o d ' p r o p e r t i e s . ( A s w e r e m a r k e d i n

( /3 / r / t+ / )  the  func t ion  f  (x rv )  =  l l  x -y l l  I  x rY€ X is  never  a

s e n i * m e t r i c o n t h e n a l s X r w h e n X i s n o t a n o r m e d l l n e a r

space) .  tak ing  in to  account  Coro l la ry  3 '4 ,  Theorem 3 '2  (except

f  or  iv)  )  can be also regard.ed. as a general lzat ion of  Theorem 1

subclasses of  the uP*"u of

of  a,  normed l inear spacet

bounded",  c losed and'  convex sets

end.owed w:Lth the Hausd'orff metric

rn /7/. Finallyr w€ recall that embedding theorems for cbrta'in

r,uere given tn fi/ (see '/6/', /B/ and t:ne bibliography cited

there general izat ions app l iea t ions) .

s$aces involv,qcl thi s.l.paF er 4I-9* svs{ -i;he re:rl f i .etrd R'

2 n B e s i t l e s n o t a t i o n , i n t } r i s s e c t i o n w e r e c a l l t h e

defini t icns of a nals and' i ts dual spac e ( ' /3/ ' /4/) '  as wel l

as some ]cnown resuJ-ts used' in the next seetion'

rrVe denote uY n| the set t  t * 1 r " " . r . { r r )  :  o < . } r  
9 ,  L 4  i <  " J

an6 for n*}  we v,rr i te the corresponding set.by Bn '

lee  (a ] -s )  i s  &  se t  X  together  w i thAn g}sgs! ,1*39qq- see -

t rvo mappings slXx X *+ X and m:R x X-) X sat isfying

( l f ) - (T,A)  be low.  \ye d.enote s(xny)  by x+y (or  x iy)  and '  m( l  rx)

b y -  t r *  ( o r  | " x ) .  I - , e t  x r Y r z  € X  a n d .  ; n l  u  R .  ( I , f )  x + ( v + z )  =

*  (x+y)+r  ;  (Lz)  x+y = y+x ;  ( t l )  There ex is ts  an e l -ement

O € X such that x+0 = r for each x€ X t (14) fx = r ;

for

All

and.

i n



(1," . )  0x = o ;-  2 '
, \

(Lg)  (  y ' ,  +  i "  )x .

ar:* x*y means

' l v *o  se ts :

-3*

/ * .  L
( l i 6 J  4  ( x + y )  =

= ,\ x* ;r- X f,Of

K + ( * y ) "  F o r  a n

\  I  t *  r  L  .  ,  \  ./ ^ x + / \ Y ;  ( 1 , ? )  ̂ ( i * * ) , =  ( r l f l x  I
\, ' ,  r . 'u,n f tn .  I rYe d.enote * Ix by --x,

als X.we 1$,tred.uee thc fo i lowin6;

X * X c S

x**x i

v* and. * i I "  are al .most l inear subspaces of ,  x ( ine",  c losed" i . lnder

V X * ,  l x e  X l

! ' / X  *  { x e x ;
{:.

an als X is a l inear sFace i f f

functional rt " t l: X **/ R

xry 4 X, w e Vf., and ), e n .. 4

l l  K i l  d  l i  x+r r l i  ;  (N : )  l t  xg |  * '  6

By  (Nr ) - (N+)  i t  fo r tovrs

toget i rer  i , i i th i l "  l l  ' ,  X *+ R

sat infy ing ( i ' t .  ) - (N,)  is  ca]- led a no::nted al-most l inear space
J _  . +

(na}-s)" I 'or a nals X v,ie d"enote Uy BX and. S* the sets

l x e x : i t a n d  i * e X t l t  x , i  * 1 J  r e s p e c t i v e l y .

(Nz )  the  on iy  ax ion  ( l i t , )  l i  x - yu

rt is easy to show that cond.i t ions (N-, )*(nr.)  are e{uivarent

w i t h  ( N t , ) , ( N 3 )  a n *  ( N + )  .

neei. s6me results of /A./ *t"enIn the next sec'bion we

we collect thern l-n a l-emma ,

x i i  s  1 1

2.1" I?EIITARK" In (/l/*lf /) we u.sed. ins'Lead of (Nf ) and

d  l t  x * r t t  +  i l  a - y i i  r  x r y r t r  e  X .

add.:Lt iqn ancl  ruui . t ip l :Lcat ion by sca)_ars),  and. by ( l , f  )*(L6),

V.,  is  a l inear space. Clear ly
/1"

X * V * , . i - f f i T . , = { O i .
i " A i . ' f

A nnrm on the als X is a

satisf yip* (Nr. )*(n+ ) heloyr" Let

( t { r )  u x + y 1 i  { l l x r r  + u y t i  ;  ( N * )

i f f  x *o  i  ( I t q )  n , \  x l l  *  I \ i  l t  * r r  .
' bha t  i l  x i t  p  0  . ,  K6X"  An  a l s  X

2*2u Lgli l l iAo L*t X be a nal.s and. x r g r z  e  X ,  w i €  l l l '  e



v1 € V; r i*l r 2, gg__hgyg :

( i )  I t  x * $  =  x 4 2  ! 4 e n  l l  Y t l  *  l l  n t l

( ii ) H. yur*vr n w z+v 2 l}ry w1=w2 ru4 v1=v2

let X be an a]-s . A functional f lX *> R is caLled.

an ?l-ryqst ,  H.ASM i f  f  is  addi t ivep posi t ively
. 4

homogeneous and. f (w) 2, 0 for each rv d W*. . Let x-r' be the set

of a"11 almost l inear functionals on X " Define the ad.dition
+l

i n  X "  b y  ( r . , + f r ) ( x )  =  f l _ ( x ) r f r ( x ) r  x e  X  a n d . t h e  m u l t l p l i -
I  ( -  I .  I

c a t i o n  b y  s e a l a r s ,  d e n o t e d .  z \ o f ,  b y  ( , \ " f ) ( x ) = f ( , \ x ) ,  x € X .
' l t

The element O € X" is the funeti-onal which 1s 0 at each

x e  X .  T h e n  X #  i s  a n  a l s  .  V f h e n  X  i s  a  n a 1 s ,  f o r  f  e  X l i

de f ine  l l  f  l !  *  $up  { i f ( x ) l  :  xe  Bx l  and .  l e t  x *  =  f  re  x / t ;  i t f  , t <ooJ"

fhen X{ is a nals I IJ/) '  cal led the QpgL space of  the.  nals X.

Fol-l.owirrg /8/, v{e say t}rat a commutative semigroup S

wi th  u  e ro  0  ( i "en ,  sa t is fy ing  ( I , f  ) - ( l r )  )  i s  an  Fbg[ I?g j .

gg-Iyg{-glgg if 'hhere is also given a mapping ( ) rs) -+ is

o f  R * x  $  i n t o  S  s u d h  t h a t  ( l r )  , t L i l  - ( f S )  r r o t a  f o r  x r y €  S

and. }, , r* e R . S satisfies the ].aw of cancel.lation if the' t  +

re la t ions  * lo*2e$.  €  S1 s l - t -s2=s ln"3  rmp ly  tha t  u2=*3  .  C lear ly ,

an abstract  convex cone S sat isfy ing the l .aw of  eancel lat ion

ean be organlzed.. as an a1s X = Wv r d.efining in add.it ion the

,  nult ipLicat ion hy negative r"eals , \  by ) 'u = i tr l  s ,  s (  Sio

fhe next result  can be found. rn n/ (see also /S/).

2 ,3 .  PR0P05ITI0N.  T,et  S be an abst raet  convex cone

s,il"tiqf,vj:nS. llrg l:aw oj[-s.pncel.lalj:o9."" SFen there,e4igt-g_1Lne.ar

gp*9 I eI'4 ,e qq*lg:gge e00rli-ye_qq{ ppsitiyety fegmosepesgg

Fgppin 'S h;  s  *+ t  sugh the l  L  = h(S)  -  h(S) .



fl

r5*

rn l''rha"b followsr e Q-epg- in a linear opaee L.r is al,ways

v.ri"t}:. vert*y; at 0,( I s.r:d it e&rr contain l inesn
'  l {*w l"e 'b i l l  

'be 
n n*rmsd l i .nean space, For xny e } l  vre d.enote

i : ) ,  r (xry)  t l ie ai :e s i rkcl  Gatee.ux c i f ferent ia l  of ,  the norm

at  x  in .  the  d . j "s "nc t i .0n  yo  ineo u

r ( x r y )  *  l i m ,  - d , 0 *  t * r (  l l  x + t y i i  *  l t  x i l  )

L e t  A u ( x )  *  I t u s s ' ; f ( x )  * i r  x r r  j  *  T l r e n ' , b y , ( / z l u  p o  4 4 ? )

(e . i )  . - - (x ,y )  3 :  asr .x  !  r (v )  :  f  c  Ar (x )  I

3. Let x and Y be two al-niost  l inear $paces. A mapping

T : X - * * ; > Y  i s  c a l l e i l  a r  M  i f  ' I ( , < l x l +  * Z * A )  =

F  . \ ' 1 T ( r o l )  n  * 2 f ( x r )  f c l r  a L l  ' ^ i * I t  a n d  x r c  X ,  i = l 1 2 .

3 . 1 - .  R E e r A l i K $ .  ( i )  r { o }  *  g  r  ( i l i  T ( V r )  c  V r  i
( i i i )  l f  ( ' i+)  s lvy f^ l  T(X) * ' I f  x arrql  Y ar* norrse{t  aLmast Lir :ear

spaaes anc l  in  ad .c i j . t ion  l l  f  (x . ) i i  * :  l t x i r  fo r  eaeh x  e  X  then we

have :  ( iv i  The r :estr ict j -on SIVX:V, --- \  V,  i ,s  one-to*one q

(v )  ' Ihe  s in6 ; . ! -e ton  r * l (v )  be l .ongs  to  v*  fo r  each ve  v ,  /1  t (x ) ,

a n d  s 0  f ( V X )  *  V y  n  T ( X )  .

Front now ori r.ra clenote the nlrl-t ipl-iea.t1on hy sca].ars

in  an  a ls  X  by  , \o*  and * !o r  i s  never  rep laced by  6x  ,
'bhe notabion , \v;  c.nd €x being u. i :e i l  only in a l inear spaceo

f,onsequent l .y for  th* elements v6 V.,  (whieh is a l j -neair  spa.ce)

lve cein uge - 'v instead. of  -1.  v

.  fhe  main  resu l - t  o f  t l r i s  paper  i s  the  fo l f  ow ing ;
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3o2. [I{E0RAM. Fq{ ppy $4g (X, fl l ' i l l ) there, extsX__g;

norned lineaq*gpggg (U, lt ' l l ) ?49,fulpgppinq T: X *+ E !'ni.th

!he-&r} q5,ins tr{qp glle r. :

i) .tb,g_!-et T(X) i"s a cqlnvex cone of H sgc[__!hs!

n * T(x) * r(x) , ?n$ r(x) a?,p,:Fe ,ggsgs.Sgg{,*s-+*_a,}s-:tr4er-e.
t 4 e " esat !i p.r] end- lh g;$q}!ipl *g?t i on_ by. pg n-nesat i:'g . S g aI png

are th-e same a,s ln ]J.

i i )  For  each n  e f r  we have X

qfrd_Ihg als T(X) togqthel-yritE_Fhis 4-g.tm_is a rgls.
. ' . \iii ) Ilrg_^g,gpp331g r f*"ge X gn!o_ the,nglg r(X) iq aJin-eer

gWfgtor agl l i  r(x)t i  *  i l t  x t tr  {or_ gq.cb x € X.

iv) Fpr_lbe gg}__qpaq_g. Xu tbp-follo-gips .€.orTrgla lrols ;

( 3 . a )  $ x n  s  { t *  i  f € s r x ,  f l w t t x l  > o J

Sroof . Defi-ne an equivalen'L relation /\, on X in the

folLelwing wayl  xrvy i f  there existx an elenent u eX such that

'  )c+u = f ,*u .  I t  is  straightforward. to show (using Lemma 2r2 ( i )
/

fo f ,  (3"5)  be low) t t ra t  i f  x rv  y  then the foLLowing hold;

(3"3)  x+x l^v  y+yt  i f  x r -  y1

( 3 . 4 )  t r o x . . . , , , \ " y  f s r  l e  n

( 3 . 5 )  l t t x t i t  s  i t { y t i l

( 3 " 5 )  f ( x )  =  f ( y )  f o r  e a c h  f € x #

,
( 3 . t )  r r  ? , 1  x  i n f  f  n i  x l l t  +  t i t x r t l l  i  

" l  , x reX ,  z  =  T ( x r ) -T  ( " )  J

Let X^ * X/r.t and, Iet !t be the canonical mapping of X
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*?*
. ,

]
o n t o  X ^ ,  i n e , ,  t r ( x )  s  x ^  s  I  y e  X  I  y  r - ' *  t  "  l l r u i n g  ( j , j ) * ( : , E )

i'b i.n eer.*ly.'to slr.cr',r that X^ is a r:prls if thel ad.dj"ti"on arid" tl ie

multipliee'bicln by scal-H.re ar* d.efi-ned by x^ f y" ;B (x+y)^ ,

3 e  € x " E  S € $ ^  a n d .  ) i * 3 x ^ * { } . . , x ) *  ,  x € : x *  r e $ p e * t i v e l y ,  t } : e

u  e ro  e lemr : * t  o f  X^  i s  0^  and .  i i :  xA :J l  =  i i r x  r r r  p  x  €  x^  "  Then

T-, :  X *2X* is  a  l - inear  opera- i ;or  f rom X orr to  X* and t i i  T .  (x) i , i  *
J  - - I  ' - - ' ' ' '

F.  , ; l  x  t i i  fo r  each x  €  x "

I{ovs X^ is also an abstract  eonvex.cone for the acldi- t ion

and" th* grl-t iplicatj.on by n*n*negative reaJ- scaLars as in x* ,

sat isfy ln3;  the raw of  caneel ] -at i -on.  By Froposi t ion z"- ]  there

exist a l: inear space L antL a one*'Lo-one addj-tive and. posi'bively

honergeneor is  ma.pp ing  
'T , , ,  

X^  - -?nL such tha t  L  -  \Z (X^)*T2(X*)  s

C}.ear ly f r (X^) is a np. l .s i f  we def i -ne thq ad.d. i t ion anrJ" the

nrul i ; ip l ic i r t ion by non*negat ive reel  scalars as in L n whi* le

fo r  I  1  t t  we iLer . f i .n*  , ) \  , rT . , (x* )  =  T . (  ) , . , x ' )  u  and a lso

l : l  t i l  f * o \ t t ,  i : r  e A , , i  r l t ! . . a s  r f l  n r r &  - - 5  m  tt i r  1 i2 l ,x  / l t i  : - :  i i l  K^ l i l  '  shen T?;x^  ' t  Tz( "^ l  i s  a  l iner iE"

opera'bor. i)or . l c Ir d.efine

a
s ( f )  *  i n f  I  l r i  x r ^ r i r  +  t r r  x 2 ^ i r 1  :  1  *  I Z ( x f  ) - t e ( x e  ) n * * ^  { , X ^

Then s ls a seni .*"nor i$ on i r .an* for .  x^exo rore harre s( fe(x^))  *

*  i i r : :^ i i i  *  Let  l I  = [ , /ksr s and let  ! j  he t ] re cancmcal-

r i rap' ; r ing o: f i  Lr  cnto Bo Then E = TjTz(X^)- t r f r (X^) and.

T3( f2 (X^) )  can  be  organ i red .  as  a$  a l -s  fon  the  add i t ion  as

in it ,and" tl io multipl. ic:etlon by scalars defined for xo € X^

a n d  t r  e  n  l r y  !  o  T 3 ( T 2 ( x ^ ) )  =  t 3 ( I ' r r ( x ^ ) )  .  C i e a r t y  f o r

I ),, O this is well d,cfined. and we n",ust show that if 
'

S ^ r F ^  r  x o  & r " e  s $ . e h  t h a t  T 3 ( t z ( x ^ ) )  =  T J { t r f . v ^ ) )  t h e n

?
,J



( 3 .? )  r r ( * t " s r ( x ^ ) )  *  T3 ( -1 " r r ( : r ^ ) )

I ' rorn our assumption we set that s(Te(x^) -rz(y-) ) a e and
so for each &: > o there exlst *1^rs1^ 4 x^ such that

f r ( x * ) *uz ( y^ )  *  [ a ( * r  ) -Te (11^ ) )  and  l r r x r ^ r r r  +  i l r ] r r ^ i l r  <  €  "
Then

and so

s ( * l u f r ( x ^ ) - ( - 1 ' T a ( y ^ )  )  <  t i i , - 1 c , t r ( x r ^ ) i i i  + l i {  * 1 . t 2 ( f r ^ )  l l i  =

s  l i l  x r ^ { l {  +  l l l y l ^ l i l

w h e n c e  s ( - I - o T o ( x ^ ) - ( - r " r r ( v ^ )  )  *  0 r  i . e .  r  w e  h a v e  ( 3 . 2 )  .

Note  tha t  r j : '  t2 (x^  )  - - t  T3( r r (x^  )  )  i s  a  l inear  opera tor "

F o r  z e E  e  % =  T 3 ( l ) ,  L € L ,  d e f l n e  1  n y = s ( r ) ,

rvhich d"oes not depend. on the representat ive l_e .L" The normed.

l i .near $paee (8,  t r  ,  t t  ;  and the mapplng f ; f ,  - -1 g def ined by

f  = T3Tett  sat isfy al l .  the condl t ions required j .n ( i )_( i i i )  .
For  the  pr .oo f  o f  ( i v ;  we need the  fac ts  ( f )_ ( f f )  be low"
( I )  I f  T ( x )  =  r ( y )  r  x r y  €  X ,  t h e n  f  ( x )  =  f  ( v )  f o r

e a e h  f  e  S r x  .  f n d . e e d ,  i f  f [ x )  *  n ( y )  t h e n

s ( r e ( r r ( x ) ) - r a ( r r ( y ) ) )  =  e

and se for each L > 0 there exist  x l r$ l  6X sueh that

12(r r ( " )  ) - ra( r r ( r )  )  =  tz ( r r (x r )  ) * r r ( r r (y l )  )
111 xr l l l  + l i l f rut  I  t
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since't2 is l inee.r and" *r ie*to*one *"t  fol- lows: that tr(x+rr) *

s i f , r i . r+'x3-i  r  inr lr  u (x+i. l i  . -( ; iu+:e1i ,  .ro,hence by (3,6) ,

f {x*'y=,} * f{y+x.,"} 
" T}rq:n

4  l i i  x l i i i  +  i i t y i i t i  " : r -  { .  &

I  f {x ) * f ' ( y }  {  * *  f  f {x t } * f (y l )  i  4

( r : )  w*  have $g , ,  *  $_  r t :  f  e  s r (x ) "  j  .  Indeedr  te t

fn* $xu ane].  r l "* f ine the funst j -c inaJ" f  on T(x) ?ry f ( t (x))  =

* fo(x)  ,  x c i  l l  .  By (1) th: i  s j .s vrel l  def ined and by Remark . ]*1e

f  iW*r " ,  >  S  "  I ieRce by  { i i - i }  wc  ha .ve  f  e  f (X}F  and l t  f  t i  *

*  i i l  fot l i  = ]  "  converseiyp let  f  e s*(x) .  an* t r .ef , i1re th:

func t i .nna l  fo  on  x  uy  fu (x )  *  f ( r : (x ) )u  xe  x "  By  Remark  J .J -

and ( i:- i 1 , i 'b f otl-ovrs that fo e Sr x .

( r r l : )  r r  fo u st , {x\"  and" f  d a ' /  i .n suc}r  that  f  iT{x}  = fo
then  f  e  S . rn  .  Indcec l ,  t r .e t  r ,e  l1 r  r \  *  r r  <  l ,  By  ( .3 , t )  there  ex is t

x o y e  X  n u c h . t h e t  n  *  f ( x i * t ( V )  a , n d .  l j t  x [ i  + l t l y i i l  1 l  *  T h r i n

1 f  { s } 1  *  i f  { ' r { x ) } * r ( r { r ) } i  *  I ' t o { r ( x i } . f o { r ( y } i  I  *  l r i i r r l t  +  r i i y r i i  6  t *

{ f V ;  1 ' / e h a v e  $ r { x } "  *  { - f l r ( X ) l f { $ H , 4 ,  r f W * ( x } s 0 t ' "

Inc teed. ,  le t  fo  €  .5 f  
{X}*  

and te t  a  * :  I { "  S inco  n  *  T(x } * f  (y )

f o r  $ d l n $  x , , S r ,  ) i e  i J r : o i r i e  : i ( , a )  *  f * { t { : r } } * f " ( f { ; , . ) ) ,  w h i * } r

d"oes  no t  depenc l  on  the  cho ice  o f  x ry  c  x*  Then f  e  H# and

by ( f i l ) ,  f  €  S f l , *  ,  l fe  hnve : f l l ' ; : ( x )  *  fo  a r id  $o  f  lwo, * ,  >  0 .

Ti le ot l iey incl-" , - : .sLon i -s oi : l r : iau.c ty ( I I I ) "

Ncvr  (3 -e)  i s  s i , r t  i f f imes i * r te  c*n*equence o f  ( r r ;  a r :d  ( r : , r ;o

wlr ich cornpl .etes the pror: f  of  Theas'em j ,p:

I f  ( X r i i i . i i t  )  i s  a  n a l s  t h e n  ( V X ,  i r t  ' i l l  )  i s  a  n o r m e d -

Linear space and" $o the wea.k.convergenceo t i .enoted by *s p

can be clefincrl" in v- " The next resuii i"s a,n inrmed.iate

consequ.enee of  Theorer* 3,2 and. l lerrark 3,1,  } :e ing the last

axiom of the norn in (1. l l r / r i / j  e

3,3.  Ur) t tc i ,LAt iy"  I ,e t  (x ,  i i i , t i i  )  he_+.nals . ,  r l i  (q*  )  j=g



a  n e t  i n  V -  t  v , ,  - - - s v 6 v -  t h e n  f o r  e a c h  x € X  w e  h a v e  t h a t
A 1 1 '

i l t  x-v t i l  4 l im inf  l l i  rc*qx l t l

3*4" COR0LLARY, Pqf--gg.y nsAg (X, trr , t t i)  t4sre*gxipts

W f gq X with *!he -f-oF_gginfi- pfoperties t

( 3 . ? )  l i r t x t i l  - t l t y l i l  l l g G , y )  s  x , y e x

( 3 . 8 )  y ( n r v )  =  r i {  x - v i t l  ,  x e  X ,  v € V X

( 3 . 9 )  _ f  ( x + z t y + n )  =  3 ( x u y ) ,  x r y r z e X

( 3 . t 0 )  9 (  ) . " x ,  t r  u  y )  =  i  I i f ( x u y ) ,  x r v €  x ,  t r  e  n

( 3 . t t )  t i m ^ - > X o  y ( t r o x r x )  = J ( \ " x r x ) ,  x e  x ,  , l r n n * \  { o j

fLgeg.-  Let  (8 ,  f r .  i r  )  and t rx  ->E be as j -n  Theoren 3.2.

De f ine  fo r  x ry  €  X

( 3 . t e )  I ( x , y )  =  i t  r ( x ) - r ( y )  l t

Then - f  
j "s a semi*metr ic on X and a1l  the'above propert ies

are obvious except for  (3. t0)  when , \  z-  0.  To show this i t

ls er:.ough the foll"owing inequality holds

( 3 . r . 3 )  f ( " r y ) . 4  f  ( - l " x r = l . , y ) ,  x r y e x

F o r  f  >  0  l e t  * l r y l €  X  s u c h ' b h a t

[ ( *1 - "x ) * r ( - ]oy )  =  T(x ,  ) -s (y r  )

i i l  x t i t l  +  l i t  x t t i t  I  f  ( - ] , x1 -1 "y )  +  €

Then T( . - l - "x+yr)  =  T(* l 'x ' *S)  ant t  as in  the proof  o f  (3 ,?)  ,

.t

th is  impl ' ies  that  t ( * I " 'y r+x)  = T(- l , 'x l *X) .  Henqe f  (x) -T(y)  =



a

' r t
*{."t *

f i ! f  ' t , - -  \  r t r y 'L r r -.ru rq-1 I -.1 r *ld V, ) and fifr.  
L  - I '

f  (x r r )  *  i l  r ( * t "x l ) *g i *3 . ' .F t i  i t *  r r i  x t r i l i  +  u r  y t i t i  g

I  t ( * f  : r r * l ,  l y ' )  +  t :  ,

rvh.ence (3, t j )  fo l^}orvs,

3.5* Hl i I { iAFK" ln l l / * / f  l  we have also studied the

notion of a pLfgug_gp_rrng* _pl:ngS! Uppef *FJI1cS (snai_s)e whj.el.r

is a nals X together with a semi*metric I on X satisfy3.ng

conet t t rons  (3"9 i  r . r j - th  s  rep laeed by  d  ,  ( j .11)  on ly
^ \f o r  i o  . -  I ,  ( 3 " ? )  a n d  ( j , t 4 )  b e l . o w .

( 3 - r 4 )  S t " r y j 4 l i i  x + ( * r " y l i l l  s  x , F e x

The semj.-metric d.efin*rl by (3.Ia) C.oes n*! al-ways sait l*f,y

(3 . f4 )  ae  s : rmp le  examples  sh$w,  In  a  ena ls  X  cond i t ian  (J , ,8 )

ir. l-*c hslri.o {/3/} r.nC if ,,re rr:p].er;e in thq: drif ir:.rt i-c,n cf "41,

ena ls  (3 .14)  b : r  (3 .8 )  t i ren  a l ] -  resu l ts  g iven  fo r  a  sna l .s

trt /3/-^/5/ aretru.e rvit i: t ire salne pr*ofs,l i lore*?er, i 'b j-s

not cJ. i f f tcul t  to sho-rr*  t l iat ' i f  {X, . f "1)  i i ;  E,  snals such tha."b

f  1  
j - i  a  mebr ic  on  X * ;hen J -  r le f iner l  t r ; ,  (3 , t2 )  i s  a lso  &

netr ie on ) I .  Taking al t  th is j -nto ,accoun"b, By Corol lary 3.5

we can a,lvra)rs replace srre.ls by nals tn /l/-/5/,

.  3.6.  REi ' l lAi iK.  Let  ( f  ,  i i . i i  )  be & r lCIrmed l inear space

and. X c S an als such that the add.it ion an<l the rnultipli*

ca-b j -on  b ] '  non*nega. t i ve  rea ls  e re  &s  in  E  .  Then (Xo r i . r i  I

is  a nals i f f '  tk , re fo l ] .o 'wing tvro condi t ions.hol-c l  i  ( i )  i r  -1. 'x l l  E:

s  r i  x i {  n  x e  X  i  ( i i )  f  ( x r w ) ; 0 ,  x *  X ,  v r e l r g . l i l } r e p r q : o f

g

il

:
. {

!

;

i

r
l



V  ( r )  *  ( r ( r ' r r )  n . . . ,  e f  ( w " )  )

t h e r e  e x i s t s  Q , ( R o ) n  ,  $ a v ,  Q  7 z  ( * r ' c r . t

(  3 , 1 5  ) sup I (itu( r) )

fact ( /z/)  that

is non-decreasing.

is  obv ioun us ing (We)

the funst ion V( 'b)  *  t

Then \ i r  (AE(y)  )  is  a

\y  (AE(y)) f l  Rl  = f i  ,

the wel]. knovrn

it  x+tytt  -  r t  x l t  )

and

*r(

he nex t  con$equen-ce  o f  Theorem 3 .2  i s  a  genera l iaa t ion

of a coroJ.lary of Hahn*llanach Theorem!

!

'  3.7 - C0ROLLAftY'

x c  X  t h e r e  e x i s t s  f e such that f  ( x )  =  l l \  x t l i  .

? r o o f  ,  L e t  ( n ,  t t  ' i t  ) ,  t : X  * 9 8  a n d .  t h e  n a l s  ( r ( x ) r l i ' i t  )

be  g iven by  Theorem 3 .2 ,  anc l  le t  y  =  f (X)  .  By  Theorem 3 .2

the eorol- lary is proved i f  we show that for  each y € Sy

there exists an f  e *u(f)  such that f  lv{ ,  > A. Suppose that

fo r  each re  Ar ( r )  there  ls  w,  e  t fn  w i th  f  (wr )  a  0  .  $ ince

aO(V)  j . s  a  wn*compact  subset  o f  E*  , .  there  ex is ts  a  f in i te

number of  e lements,  s&yo *10.,  n r l r r r ,  € Yf i .  r  iv i th the property

that for  eaeh re An(y) there exist*  * i  ,  l  - .  i  < ns wi" th

f  (wi)  < 0 ,  r ,et  V :  Au(y) ---> nn be def lned by

I ' e t  ( X ,  i r i  ' i l l  ) be a nals.  For each

$x"

conpact and convex subset

By the str j .ct  separat ion

of R" and.

theorem

? \}( ) sucn fnatn '

f t*ii = e

Since d i  )  0 '  L  < i  (  n '  the e lement

be longs  to  W,  and  by  (2 .L )  and  (3 " f5 )

contrad.ict ing Remark 3.6n

w

we

=  5 1 -  ' ( . w-  1 - i = ] .  - ' i " i

g e t  T ( y r w )  1  A ,

r"'qllm?
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*13,.

We obses"v'ecl tn {q/ thu.* j.n contrast with the ca.se of

a. noraefi"j"ln**r spasoo wl:en f i* a.n almost J.j.neay subsnu,co

qrf u. n;:ls X r.r"r:.rl Y e Yo then it i* possfble tha.i; for. no

f  e X* 'bo harre f i 'y  * .1,  ,  0n the other hand. the s, l , l rnost

l inear *r.r.hopa*c 
% *f x has th.e property that fer each

-  l , *  ( '' ( € (\ ' /,r, i "fhere exi.qts j:4 X' lvitb f f i '{-" = f and.-  
J r '  

- r  " f

i l r  4  i l r  -  r , r  r - . r  i l l  {  t "  l tr r  , .  t i r  a i r r  \  r r  u i4/)  anu" ne rn. j "* :*d the eluesi : icn whethsr vx

has: tl:.e s&:ne prsilcr'*;r * The aff:i-rnra'tivb &.I3sv.rcr is glven

in the next resuLt whe:re we shorv thab the extension f

e a n  b e  c h o s e n  i n  V ' v  ,  i " e " ,  f  i s  l i n e a r  o n  X  .
l{.

f f  i X *  { i r i l t }  i . s  a  n a J s  a n d V e  (VX i *

sr-rch thab f  1V."  = \
!L

3"S" C*it$trIrAI iY"

!b_ef e. Sf i_s'c.g f" c V1".^ a, l tg i r i  f  i l \= l t l  v  l ' f  *

YIgg{. Let (: lo i i  , i i  ) arrd. T;X *;> H i:e given by

T h e o r e m  - 3 " 2  e n d  l e t  y  *  T ( l { }  .  T h e n  ( V ,  i ,  . i i  )  i s  a  n a l s

and by Remark J. l  and. Theorem 3,2 i t  is  enough to show that

fo r  e i *ch  ' ( '  s  i vy ) .  there  ex is rs  f ' (  vy+  euch ' tha t  f  i vy  =

and. 1l f i l  * i l  t i l  . tet iJl be th"e l-j.near subspaee of H a.efj.ned.

fii E (rtr+vr)

F o r  * . -  E  c  n * ( v r r + v r ) * ( w r + v 2 ) r  r v 1  €  ' i . l y  r  o i *  V y  ,  i = 1 r 2 ,  d e f i n e

f1(r)  *  l ;  ivr*vr)  .  sy Le:r .wra g;A { i i } ,  f t  i .s  wett  d.ef ined r

Clearly f.r* rd , ft i  Vy * \, , f l l  11" 1 0 and we have

l f r (z ) i  /= .  , i \ : i i  i ,  r r *v r , r  ,  ' , te  c l i * i rx  t } ra t  i ,  v ' *va  i t  t  l r  f r t i  .

Indeed. ,  fo r  t ,  >  O J -e t  * l rx2  d  X  anc{  y ,  =  T(x1) ,  i x1"o2 ,  sueh

that n * ) ' l*SZ ar:d. i i  frtt + \t y.i i  g 11 z1l + r: . Then

y-t +wA.FvA * y'+sl.+v' and so S'+ { *1.,y, } +wZ = SA* ( *}" ya ) +

Y

by

'

.

.{r



\ -14*

+wl.r- (vr-v2 ) - Let us set :

Y *  Yl-+ (*1u Y, )

w  *  y z + ( - . l " . f a )  +  i v ,  ( e  W " )

v  H  v } * v ?  ( e  v " )

fhen y+w2 = 1'v4V and s0 *}c f+s/, = W*V , vuhence

y+(-1. y)+2w, * 2w * 2y+2wr-2v

fz 'om which we get  X *  v , ro+vo r ,vh.ere w'=(y+(- l ,  y ) )  /2  aW" .

I {ence  us ing  (Na) ,  we  ge t  l l  v r - v r i l  *  l t  v i l {  l t  y l t 4  i t  f l r l  +  t \ f 2 l l  4

€ i ln  t l  +  L  and the c la i rn  ls  proved.  Consequent ly .  1 l  f ls1 *  l l  fg l ,

Iret fa be & norm-preserving extension of f ,  to. E" Tfren

f , * f n l Y e v r * r f i v y * f  a n d  l r  f i l * r l  S i l  .

[heoren 3,2 su.UAelt the fo]]ovring quection. Given a

noEmed.  l l nea r  $paee  (nu  i i  " i l  ) u  de t r : rm ine ' those  convex  eo r res

X c H sat isfying the fol lowing three concl i t ions :

(f) X can be organized. as an als sr:.ch tha.t the ad.d"ition and

the mult ipl icat j .on by non*negative reals are as in E.

( z \  ( x ,  t i ' t t  ;  i s  a - . n a 1 s  ,

( 3 )  E  =  X - X  o

A part la ' t  answer to this questlon is given in the next r"sl .r ' I t

where we oh*ain normed. ahnost l inear spaces X with the

property that X = WX o

f

3 " 9 .  P

a n d "  x e  S *  .
ll

R0?0Slt t rOl l .  Lqt  (8,  ; r .  i r  )  be a.  r iorqgd , l . iqgar spaqg

There cxj .sts a" (maximal)  convex eone X c E

qq"5jgf1:iF& (r-)*( 3) g!-qrre '. Ptd ,qpqIr .tbat x € x ?Ld. x - W,. a



"1 t:* l *  j . ^

l k t g f l .  J , e r ,  f  =  
! V 0 . , [ i :  Y ' f f i 2 \ n r  a * I ) r r [ x r L / 3 ] r  l . n *  {  s

Th*: : : "  Y' i , .s u c*nvex *o*{ : :  of  : l t  e l"r : .*}r"bhat ] " r l  *  y*y,  c i* ian}y

l: i."r i:i:::i ai"r :,:i i,"ji: rir;rlitiq: 'i;]:;r l,,ri'ii.l.;:i"cn trn :t n p EinC" ttic

r:r*)- '*i i : l icu.'u1-*:, "rr;r s**l-atr"g ?:y ].,3r = i i  iyp S ,* yr ,\ c R o

Ti:"*:: Y "" 
' ,?y e*;., i we -*l:.Ol.,r .hfia.h 

{yr;r ., i  } iS i l '  na}g * By

I icmarl{  3, f r  i t  is  *nongh *cr show tha" i :  
' i j ( } "1ry2} 

: ,  *  ,  y i  n $y e

i=" l .  r  2o l i i :npr: t l^ 1t  \  - ,  u ) . ,  -- .  0,  , r" .  r  ' I \  (  - ;  r  y ' r  \' Y  . ) ' i  =  " i * j "  L  r  C  I J E \ r . r . L / - 9 ) s  i - l r 2

ani l-,; h :f i, r:.,- ( i ', ) n \;r-' hrr-vc

1r  a r i r  *  f { r r }  *  f : { :a } )  *  f (  u t }  l  r l  s t * r '  I l  . (  
i

ai:r.3 sc

f ( s ? ) 7 l r  f u i r  - * z i r  x n * i i  x * z 1 r  . - $ ) r : t * $ , = o

T h e n  b ; '  ( 2 - l i  = . v . '  f : e t ;  T ( : . r - r u l , , : r )  i  f { 1 r r )  =  } . Z f { z r }  . : 0 ,

Let l-; i :e the set *f a)-l cCIrrtrcx coitcs y {: Hx  
u v r r v u  4  *

s i i i j - s ; i y ; i : ;4  i r ; - i : i  u .nc i .  s juc l )  r . iL i - , . ; : i i , y ,  y  =  ! / ,  *  . j l - *  j - s  a

y.;l'"::ti-srll3, cr"cir:.'eii E; ryb , or"d er"eit !"r.1 $,et*iricl,r.r.si on" rf ( r* )

is  a to la] . . }y or.c lerel i .  farn: i i '  o j .  j -  -  then .- f  = !  v {  i -,  
x  

t  u r i u . i r  I  ;  \ J  1 " " -  { *  . l  
x  

o

f13r fir:x'::rss i:*j;na. -t;jrerr: cxis'is ;j. ma:;ii;:lal elq:men.t X { 
'T_- 

?
ra

\-/e co*el-'nci.e *"h.is tr),: lper with ' i ; i le obeervation t}:at

t l re prco:f ls of  $om.e resrr l ts a.r ,  t 'J / - ls l  can be simpl- i f icc l

us i r rg  ?heorem J*2n
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