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1* fnt;"oritrc,ti.ot*  " .

Let  K  be  an  a lge l i ra ie l i l y  cLosed f ie ld  o f  chare .c .Le ; ' i s t ' i c
,  ' * . ,

uero and ry '  *  K*var iety ( ty th is r" 'e nean en i . ryeduci"ble reaueed

quasi*proj*ct i r , 'e echenne over i ( )  "  *1 subf ie lcr  K,  of  K t r i3.1 
,be 

' , , r . ,1

caLl.ed a fieLrl of definit ion for V if there exists a Kt-vari-.*t:3'"

V " s u c h t h a ' ; V : i s K - i s o i i o r p h i c t o T r E r ' 1 ( * I i r e a i m a f t ' h i s p a p C I r' + 4 1I

iu to skrovr hovi cne cali. eonrpute, f ields oi U*tirdti on for V rtith

the  he lp  o f  dep iva t ions  on  the  func t ion  f ie ld  i ( ( \ " )  o f  .V . " ,

For an.y set l  A of  der ivat j .ons on K(V) c lef ine .  . ' i  . , :

l;a* h€ r.; 8) = o for  a lL  te  *J

A
ClcarJ-y } ia is an algebraical ly cLosed subfield of .( .  Ai1

iruportarrt  role rv. i . I l  be playecl by the sct A(V) of al l  dei ' ivat icns

S gn'K(V) r, ihicir  ar.c in+..egral on V i-r :  the sen€ie 1.hat f tdu, ')*d,L I i  i . t t ' e  J ' r i l . ug f t r l  ( ) l r  v  r - r1  v i p  -  f ,

for  a l l  peV ( i rerc 0r,  -  denoter:  t ,he local  : : ing of  V at  p)  "  k idee
v  t v

our nait'r resull; is;

Theoreul  1.  Suppose V is smooth a;rd project i , , 'e over i i *  f i re

r r  / r r \
K4\tvJ i* a f ieLd of clef ini t ion for V and eny o"Lher al6ebraicalJ;

closed f ic lc of cicf ini t ion for v 
1us-t contaitr  rA(v)"

' 
., An irl.lre'diate ccnsequence oj Theoren l is the foLln'*,' ' i 'ng

cr i ter j -c : : .  Suppose k  j .s  an a1-gebra ica lS-y c losed subf ie ld  o f  K,

V e. si ,rooth p::o; iect ive l i*variety and l to]* a tr :anscettden0e basis

of K. lkg t i ren k is a f ielci  of Cel l ini t ion for V i f  and only i f  fJ:e

derivat ions d/dt*; .K-> K l i f t ,  tu, cler ivat i  ons { l f  (V) *>: l  (V) 
: :h:*

are int,egrcl on V*



Thesrelrr  J. .  wl l .L be prorer l  in Sect ic;n 3.
r  ' i t i  f r i  Sect lon 4 r^re shaLl  c l . t .scus.q t t re  posstbt l - t ty  c l f .  extendl -nq

T i r e o r e m  l .  t , :  r i n g u l a r  a n d  t c  o p e n  v a r l e t . l e s ,  I d e . w o u l d , l l l i e  t o . n o -

te t.hal J"t i  t i l r-:  c;t$e of open v;r"r- i .r. : t ; ies the rlciht subsLJ.tutt*, fcrr

A(V1 wi. i . . l ,  i . : , : :  Lhr,r setj  A{Vo .1,rg} cf aLl- 'o l .ogari i : tunj"cn, ( l . i -rs;tc.: i :cl of .

u ' i r r tegra i l "  
)  .Cer i 'vat - { .ong (see Sc,c t . lon 4 for :  precJ. ,se c le f . l -n i . i , l_orr i :

a i r d  r e s u . l t s ) .

f t r  $cct ion 5 ! ' 'e  shal - l -  '3 i -sr : r r .ssr ' t i ic :  problen of  f l r ;C ing t l re

smaL les t  a l -geb r ; r i ca l ) y  c losed  n ' f  i e r l c l  o f  de f i n l t l on "  f o r '  : a  co rnp l€ te

local l -  : : ing (again vre ser ic l  to  sect , i .c . rn  5 f  or  c le f ln i t lons ancl  resul ts '

T i re  nai t r  raot ivat lc ln  for 'our  wor l< concerns a lge l : ra ic  d i f fe* , ,

* ren l - ' i  : r l  ndt l : ! t lor :s  wj - thout  tnorrabie sJ.ngul  i : : : i t ics  (c f  "  [S ' l  ,  [ : - l  t  .  ] , lo : :ew J -  $ r ^ v u e  r r i v y a u r t r i  ; ' J - r i g  -  
L - J  '  L - - 1  r  .

pi:cciselY Thccrein l  nray be tal<etr  e.s a startJ-ng po{nt  fo: :  a generr .*

Llsai : i r :n of  the "Dne var ia,bl .e t l rer : : :y"  f rom |8l  t .o the case of  se.-, - J

ve ra l  va r l ab l .es  ( see  
[ t ]  f o r :  t hc :  cas :e  o f  two  va r iab les : i ,  I {+  sha lL

ach- leve i :h  j  s  prograrr ,  J- i r  a  seperatc  paper  [ t ]  .

; " "  our ' ! : rsoo: f  o f  Theorenr  .1  J .s , r :o t  pure ly  a lcrebro-geJoinetr lc  i t

v l i - \1  invc l .ve ,3 .  " :n :duct j -on fo  the r :or :nre i :  f  . ie l -<1 c  " .  Thc: :  thc r : ra in

step to"vaYds Thecr :enr  1 wi l l  be t l ic  fo l lovr in , :  resul t  v . r i r " l -ch has an

Lnteres; t  - i -n  l tse l f  anc l  tv i r ic i r . r " r1 . l . l  be provecl  in  Sect . i .on Zz .  i .

a s$.iooLh projgctlve rnorlr irJ.srn of

j":r a dj-a.qrarn vl i t ir  crirt .eslan sguir-

i .

l 'het)::ern 2, f,et f c X*.zS be

srnr:oth fi- verlet.j.es . Then tl iere

r e s :

s i lch.  t l lat  P is a sur jcct i -ve rnal :  of
fq is  an eta le cover in_q ot :  a  i :a . ; : lsP; l

pr$ ject ive morphj"sm ancl  for  a i ly  bCSn'

C *  v a r i e t l e s n  S "  i s

o p e n  s e t  c l f  S ,  f  i  . l s

t l ie.  Koclalra.- f ipencsr

o r n  n n . l -  hL - j l ( V V  9 r  a  t

a : ;mooth

map



I

r T " i *

' ;.  :  F+ .  r  r -  j t ,  *7 H. {x l ,  Txl l lc , )  Jr r k t - - . . -
| , ' l  . t - '

1s ln j ic t ive (where T*S"=t :ancJcr i l t  s ipace of

l l r  . b : r n d i r n *  l r r r n r l " l a  n 4 l  - t f t t \f v t t  l f r  
E  t c l r r ! u l l L  , l J u r r u J . ( :  w J :  t t p l  t

.  ] . t - / W  .  L
L

. l fe .woul ld  
l ike to  nc l te  that  Theorem

p.5?4 uncicr  a  .ver l t  rest r . lc t l r re  asst l t r lp t ion

roap of  f  a t  the gencl r lc  po int  o f  S" : ,  , : r \

2 .  P: :oof  r : f  Thcorern 2 ' ,  ,  ' )

In this .cect,lon we pi:ove 'Iheorem 2. Points of C--varleties

r.r l1 l  &Lrtai ,s mean closed points.  Chooge air  invert lb le sheaf & on.

X  w h i c h  i s  a r n p i e  r e l a f - . r . r r e ' t o  f r  p u t # t = # l r * * . . , ( X t = f - t t " ) )  a n c l  L e t
L

) re  e tc(xL) /P icT(xr )  be the c lass i  o f  #*  poaulo nuqrer iea l  esu iva-  , r

l ence .

C l a i m ' 1 .  T h e  s e t

i s  cons t , ruc t i . b le  i n  Sx  S . , (no te  th ; . rL  i f  l 1o  X -  v ras  ru led . then  R
E

vrou ld ,be 'Zar isk l  c losec l  in  S><S;  th ls  fo l lov rs  f ro rn  lg l  I  "  
:

An argument.  for  t i r fs goes gs fo l lov,?s.  Let  pr:Z.qS>",-  S*>Sr

i= l r2 ,  he  the  canon lcaL pro jec t lons  and le t  Y ,  -+ ,2 ,  be  ob ta i r red .

from X-> S by base change with .pr .  Let  U be the Z-scirerne repre-

sent lng  the  func tor  z0  *7  rsomr ;  (v r>< 
ZZ ' '  ,  Y2*  z f  

' ,  
A) i  reca l l

that  U is a countable c l is jo int  unlon of  Z-schemes Ur. ,  of  f ln j . te

< p  
'  

t ' '

uy.pe .  Lcc .c i i  be  the  puL1-back  a i&  on  Vr -Y ixZU and le t  F !VL* 'V

the unive: :sal  isornorphlsm. Clear ly the set.s - . ,

2 lvas proved ln

on . the local  Tcrr

[ t r ] '
e1"11

n= 
[t ,r ,  

s )6 s >< S;

a

1
l

, h j
" l

ui= fue un;
1 ,{#r)sf;11= o }

a f e  c l o s e d  l t r  I I  ( h r " r o  r r - i r  d e n o t e s i* , n  \ r . \ / &  \ -  
: :

t .nc nuner l -ca l

'  t _

cqulva3-enL:e)  ancJ



4 . -
. :

v , re 'have  i r .= Im(Ur * *+Z)  where  Ur  i s  t h . r :  un lon  o f  a1 l "  Ud ,  f a r  n?1 .  Son  ,

b51  Cheva i l , ey ' s  cons t ruc t l bJ .S - i . t i r  t t i r o re rnn  v re  shaL l  J : re  done  l f  v re .

i . r rn \ t , : ,  l - l - r , l { .  t l t  ; l } - { .a  e rnn{ . . , . r  f  n : ;  ; ; i  I  f ) r ' r ! r . r ^ ) { .  A  f  J -n -J - te  nUfnbef :  Of  t t ,  S  .. . n L ' 1 . \ . \ / l / ! -

IJovr  f t  i : '  * ,ny L16r1f j  le t  z  (u) '=11(r l ) ,  ; ;  {u . )  }  c lenote t l re  i r ,a5yc .o f  . r r , ,unc jcr

U*??,  anel  . ' , r , : iL  [ , r ;  x+ / , , rx  x , .  r . . . .  i ,c  t ] ic  q : :ap ' [  o f  the corresponcl i r i ty
L r  r - \ L i i  $ i U . ,

isoir ic;r t :hl l r : : i  r . , / l t j r lh v, le clcnote ; : Iso by U:X *>Y Cogs-ic lef .  Orr. "  " ' L  ( u )  " ' s  ( u )  
'  v v r r \ > - L L r s !  v r r

Yl*ZY:  i ; i r c  s i r ' ; i r t  U ' ;C ; l i f (e r :X . .  - *+X be5.ng  t 'he  canon ica l  p ro jec-

t ions)  I  t t ' r i . s .shc i : f  l . s  a rnp le  re la t i vc  to  z  and d .e i :o te  by  0r  (1 )
' u

i . ts rest i i -cLi()r ' r  to f - - .  Now i ' f  1>' .utX- r--  ' r -  -  !' u -  .  r ( u ) . - I . , - x t i u ) - x n ( u )  l s :

the grapi{ m*p t.}ten !

(1,< u)*,ra,, (m) ) d,T (u) cn "*ffl (u))*"f3thi .

I{ence

nr la l

{ - } r : { -

t l re 
' I I l lbert  

no)-yr iemj.al  rn -->T,t f , , r0^ (nr)  1
t u -

/ m
m-+J5() i * tu t ,J t ' i ' . r l  )  r . rh lc l r  dc+s r rot  dcp.end

Ur : l  i s  empty  fo r  s ' r f f l c l en t l y  ! : , j - g ,n "

equals t ' .o a pc>I-yno-

on '  u . , f i ' r l s  i . r , rp i les

Cla im 2 .  Rep lac ing  S by  a  f ,a r isk l  open subset ,  o . f  l t  we

ma)t  supJross there exj .st .s a mo::pl i l :m t lS*-r1.4 l .nto a C..  var. tety M

strch tt i i i i ' .  f 'or any ssS t.re have

( s ,  i )€P .  j

This can be done by stanclard rna.ni .pulatJ-on,of  Cholv var l .et les
F

{see  l t t l  p .406 fo r  s l r : r i la r  a rgunents )  .The ldea ls  t } re  embec l  s- L J '

as  a  l oea l l y  c l -osed  suc -s r : t  o f  a  p : :o jec t ' l ve  space  p  ane  to ' t ake

the  Z " i : : i s l c l  c l osu rb  F  o f  R  j -n  P*S ;  by  C la in  1 ,  f o r  each  j " r ' r edu - '

^:
cl l .r l .e cor,tponent R.-, of R the pr:oje<:i:1c.rt:  I( i  ------z S vri lJ. give a fdrnl-

----  - . ' * 'J

1r r  o f  n r , , . * l ' " i  o f  coC in rc rs ion  tn ,  a .n , i  dcc r i ; cq1  c1 {  f t t  P  (n - i rdu  be - lnE+ 1  v l v & * " -  
- r  

- ' j  
. " ' J  J

c lc lnr r .  {n test r r : }  and l :ence a ra i : . to t ra l .  map f rum S to t i re  covrespon-' ' - - - - _  - -  - - a

d lnq  C l ic iq  var le t l r  C( rn* rd- l )  "  Us inc{  cons t ruc t lbJ . l l t y  o f  R  o t re  can

miil;e ;rJi n1.c:ri:n' l i i , ,,r, ,r,"t j.r-rirr,, ;rLioi 'r.1.tlr; t l iai.:o ;:f tcr: shr:lnlqlng s J-n

,1,- t { , (s)* i*er t



the ;Zar ls lc l .  topology, the reqqltlng morPhierrr

f : $ -*rTTc
J

(rn, , d jj *rTl C (1 ,
1

ẑ
j=

open set of,

N such that

d i )

has the. p::.oper[y :requlrr"rri 1:l C i a i m  ? .

'O'laim 3-. Replae1r:g $ b:t

f l n d  a ' ' n r o : : i : h l s m ' t  I S '  ) l \ l  o n t o

t ion ancl  such . that , . . foranY t€S

an e{tale

a varlety

t h e .  s e t

v  * v  1/ \ ^  -  J \ +  (
D  9 J

l t , one

T h a s a

can

.  sec-

s t =fses;
. ' 1 . . '

I  r  - Jls  a unicn of  at  rnost  countabi 'g mauy f lbres of  1 .

I n c l e e d n  s i n c e ' t h e  s e t ' o f  ' c L a s s e s  o f  n u m e r i c a l l y  e q u i v a l e n t

d i v l s o r s  o n  a  f l x e d  v a r l e t y  i s  c o u n t a b l e r . . S a  l s  a  u n l q n , o f  a t

most,  corrntably nany f ibres of  t .he map {  f rom C}alm 2.  } . icv,r  {*  . , ,

are dc.rnc by replacing M by on Jtate opcn set.  N of  y(S) a.nd repla- .

c lng S b5: S'><,u,N .

ex is t s

morphlc

# h a  c / 5 +

Cl.aim.4.  t r"e rray supposle ln Claim 3 that ln adcl l t lon.  therc

a  smooth  pro jec t l ve  morph lsm g :Y->N such tha t ,  X  is  S* lso-

to  YXnSi  ln  parL lcu la r  we sha l l  have tha 'c  fo r  any  u€N
l\

( t

N - - = l v C N ;  Y  Y v  F
L r  r  V  

* u )

,

l s .  a t  n r o s t  c o u n t a b l e .  j  - \ . -

'  
. '  The  a rgunen t  i n  t h l s  s tep i -s sfuni lar  to the one..J.n G ^'l

LrrJ ,

p . 5 7 6 .  T a k e  { : i l * > T  c  S  a  s e c t , l o n  o f  S  * 2 N ,  P u t  X T * X x r T , r "

X. r=Xr ,><* l ' 1 ,  X '=XN*NS.  Then  f c r  any  t€S ,  t he  f l b res  o f . ,X r - ->$ .and

- , ' ' -Xt . * tS-  aboVe t  are isornorphlc ;

t I : : : [J- , - - l  lJ^r . r -  -  .  ] :OLt ] :esent lnCr

that, t,he .9:sclLqt11qthls means



l t , * ' r s o i n $ ,  { x x  s s t ,  x e  > <  s s u  }

f f i i rp$ ot t to  S"  Ry Ba1.rers theo: :enr

piece t l .^ o'f  U clc.r, i l .nating $" I ' lc".,r-  
l l

sorne ior::rr. l-  i"\ t  * 1.cl. lr :11 Lrrc:cluci. l :  l"cr

ove r  S .

the re  l s  a t  l cas t  a  f J .n t te  bype

vic a.re done by repl-acing $ l :y
' /

$Ltbsichcti lc ') of U- trhiel-r J-s eital"e

Cl ; iJ" rn I i .  l f t )H any t  ln  a Zar is l : i  open set  o f  l . t r  (nctat ior rs

be1.ng as 1n C. la j - rn  4,  the Kot1ai - ra*$ i : .encer  n iap f t  assocla ' ;er l  to

g :Y*zN a t  t ,  j - s  t n jec t i ve  ( t h i s  w iJ " l  o f  cou rse  c l c : se  the  p roo f

o f  T i r e o r e i n : t  ! ) .  l

Indcecl  i . f  the norphism. l  ,T i { /C-r  t  l t io( t r r r rn)  
1s in ject lve

ai :  th 'e  grner l .c  po int  o f  i l  we e l re  cLone,  I f  not .  we may choo.se,

af ter  shr i .nk inq N in  the Za.r :J-sk j .  topology,  a  l lne bundl .e  L con*

ta lned ln  Ke1 ( j ) .  l lV ! ' : :obenlusr  t l r r " : : :e  Ls.a r ;er :n  of  a i ' ra ly t . tc  curve

c  whose  a r ra l . 1 , ' f i g  t angcn t  bund le  Tc  equa is  to  the  res t r l c t l on  o f
T 1

L to C. B)' i f ]  O . Z, the fam j- ty Y >< .. 'C ->.C

loca1Ly t r : iv la) .  cont : :ect - i r rq  C1a5. : i r  4  wl i ich s tates that  I { , ,  . is  a t

a.ost  eoun'hal : l -e  f  c l r  u€N.

3 "  Proof  o f  Thcorer l I

.  The fact .  th.at .  erny algebrajcal ' }y c l .osed f ie ld of  def ln i t - { ,or :

x ,  fo l  v  con ta ins  KA(V)  i s  gu i te  easy  and c {enera l  ( i t  d .oes  nq t

regu i . re .  s rnoot i rne ,gs  o i :  p ro jec t j -v i t y  o f  V) .  fn<1eed i t  w i l l "  be  su f -

f ic lent  t .o prove that elny i ( r -c1er:5.rznt1on 6 on K must vanlsh on
A r l r z t

K^ tu / .  Bu t  i f  \ r :V t r$n -K  (V ,  be l r l g  $o ine  K r -va r l . e t . v )  v re  see  tha t  0
" 1

e x t e n C s  t l o  a  d e r l v a t l o n  S : l i ( y ; - >  I { ( V )  , d a f i n e d  b y  . .  .

i{ow

n e n

I

Scr

[  0oV) - ]o(0y) for  at-1- ,* \e-Ki lv i ) ,Vex

is  ln Legral  or1 V,

in the rcrneini ler

henct: ' ,v:!."l]- vatrlsh on I 'A(v) and vre are do.-

of  i ; ] r . i -s sr :cLion ! ' re concenLrate ourselves



/ ' *

n  f  r r \
o n  p r $ v t n g  t h a t  l r A r \ v r  i ;  a  f i * I d  o f  . d c f i r r f t t o n ' f o r  V .  T h l s , l s  * f

dourse equ. t .va lent :  to  pro. r . { -nE Lhat  XA Is  i }  f ie lc l  o f  def in l - t j "on for

V  v rhenevc l 'A  i . s  e  subse t  o f  t j ( ' l )  r

.  i ' le. r iss;u:ne fJr:st that x 
A:is 

rr: lcr lrrr. : i : ;rbIc. Conscque.nt. ly I(

r ' r l l l -  conl : ; r i11 i ]  r : i . :b f  j ,e l -c i  k  rqh j .ch: is  iso ino: . . i :h i .c ;  to  0.  One car l  c , " - r .sJ. -

ly cotl"r i t ' : :uc1: a .t i ' iooth T).t:$jcci-,: lve: r irorphLsln of l l -varlet.t t ls f  :X*-->S

str.ch t-hat: '  the f i t :rct j-on f J.elcl l ; . .(Si)" cf S 1s ccntaj-ned :Ln I i  and Vr{"..Spuc(
5 /

{ p p l - y  T h c r ; r r : r : r  ? .  t o  f  a n c  p u L  K n * k ( s t ) ,  I ( r r = . k ( s ' o } .  s i n c e  I i r  i s  a .

f l n i t e  ex tc : : r s lo r i  o f  k ( s ) ,  t he re  i , s .  an  e rnbe r ld ing  K r * - "6  exLenC i r i g

the  i . nc i . us ; ron  k (s ) ->K .  pu t  v ' o *X ' ks i : ec ( i t " , 1  .  v re  have  a  f l e l c l  ex ten -
$u

s ion I ( " - -> l {a-> 11 anci  \ r  is  K- lsomorphic  to  V"€)ra, ,K so we shal l .  be

cionc if  rr 'ci  pr:ov(r that I iA contains I<". I .ror,.r therc is stancar:ct- ex;rc:t:

sequcnce I - : l  ch.  o  ,  2a.  5 .  T:
b J

( N ) o -,, xTC K/y: fr, *-, f,vlN,*> o

where l i  ;V*->$1;ec (K)  is  t i re  canonica l  s t r r : .c tu : :e  mo: :ph. i .sr r ! .  .3 . .  s i rn l , :

l a r :  s e q u c l n c e  e x l s t s  f o r  V " * - > s p e c ( K " ) . , T h c s e  $ e q u e n c e s  p J - u e  L h e

j .n jec t . t . r l t y .  o f  t he  l (oda i r i r . - spence r  { raps  assoc j -a ted  t i : . f ' ,  aL  the

polnts  of  s"  ye ld a d iagra l r  r+ l th  e><;rc t  ro l^rs  and eolomns:

' r o / r ,  - r  \  V
|  '  \  v  ,  f  r /  / ; ,  i  - )

v / t  l \

o -  - ;

1 '
H * ( V  , T , ,  t , , )

V /  N '

& K
r" lt

.  [ r

1r<7ra"

I

l +
v

T'x/it

I
l iv

T 
l<" y' lr .

_* *>  u l 1v . - rv tt /ir," Q,a,, t' )

(t i lrere foi any_ scherne w over a frel-d L v,re derro{-c.r b}, Tr.l/L'th;

shcaf  l l c r ;u ,n  Uf , , ,o7r r ruc  
1 t ,1  ,01 , )  o f  L*der i .va t i .ons  f ronr  .y ' ro . i  n to  d rn ,  i f

i / r , r  l r /  ^ ' J l J ' j , : U  \ l J l ,

fur therrur . r r , . , " *o have l {=SFrr lc  (A)  then rve puL 
1,a71=i lo(VJrTp71,)  } .  A r1 la-

f i ran chr '+ .se sho ' , r :s  t l t . l t  Y d i l t l  *  i - t ; ,v , :  t i re  sa lne lmt ,qe 1n , rKy. . , , . "  S f - r rce



o

sfnce A ' "*s  a  subset  o f  l to tvr rV!k) : ,  we get  11 par t icu- l ,ar  _ that ' j r  
'  ' '  '

A

K"c, I(t
. n

Theorem. 1 is  proved ln  the case,  K"  uncor in tab le . '
- n

Srippr:se l1o\,tr I(* is countalr io" ' Ihen thei:e Ls an einbctlcl j .$-q -

- - A
I i  - -> O i  t - . i rc  i : i .nq I (€)  ^C wj- l l -  be ; " .  t lomair r  and dcno;e by L i ts

.  ga -

f ie id  of  qr . ro i : ien ' i :s .  :  . .  
' '

'Nor . r  
i t  ls  easy to  see {use the exact  sequence (* }  iw j . th

n l l

l ' {oreover orre can deflne a der: ivatir:n )

. ' i i

A
K'  c- - ;  K

t l
Ldt*> L

e n f
k*q)  tha t  fo r  a r " i y  )e  A  we have;  l {K}c  t t  so  one can de f lne ,  a  der i -

r/at, ion 5t on L by the for:nu1a

^ l -  f i

) ( ) e y ) = ( J ) ) o y  f o r  a l l  ) e x  a n d  y e  @

ou L( \ r '@KL) .by.  the . I ,ormula

.  CLear ' ly .  f , "  is  integraL on vQ,L and. let  At  be the set.  of  a l l  suci ' r  . :
' I  ' :  

6n  as  f ,  r r r "u  th rough A "  l {o . , , r  Ld '  con ta in$  4 ,gA.  hence l t  i s  ' :

uncour l tah le  so  by  the  f l rs t  par t  o f  our  n roo f  LA"  : i s  a  f le ld  o f

c l e f l n i t i o n  f o r  V @ K L .  i n J e  h a v e  f o u r  f  i e l d s  . ' ; , t

N t A
and no te  i :ha t  K  end L*  a re  l inear ly  d is jo in t  over  K"  ( th ts  - . . , .

'  r - 1
may be  p ro ' i r ec1  exacL ly  as  i n  l j j ;  p .97  us inq  the . i f r : onsk ian  a rc ru -

mcnt)  "  So 1, , rg  sh; IJ .  i>c c1r :ne j " f  r , re  r ) r 'cve the.  fc : l lo .v i inq genera l  fact :
.

T,e i " r r ,A 1.  Let  V be a"  sr l ioot l l  t ) r :o ject i r , le  K-var  j -c ty  anc l  1et

K^ r  I ( . ,  anc l  l i "  l : p  a l . ce l : ra i ca l l . y  C lose r l  s i t ] - : f  i e1 f l s  oJ i  K  such  tha t '
( J . L , L

, ;  _ r 1  
t .



; :nd s l tch t ) r , : t  i i r ,an,J  * l  ; r rc  l j .nc; r : : i .y  d i  s- jo i .n t  over  Ko.  :  .
'  

Srt;:1-rr:se l i ,  t- inc1 i i ,  are f j-1cc1s of deflnJ-Lion for \r^ '" i i tcir I(' ;  o

ls  a lso ar  f i .e l "d  of  c le f i .n i t i .on fo : :  VG

Proof .  Choose an ample' f  €1",  j .c  (V) "  Suppose .  V ls K- isomorphlc

t o  V t  @ , . . i ( ,  i = 1 r 2 "  T h c n  t h e r e  d x i s ' c  # r e  t t i c ( V r )  s u c h  t i r a t  # : - 6 , 3 K . K : ;J -  . . i  *  - . i

c lea : : l . y  # ,  a r i i  s t i l l  eunp le .  One  can  f l nd  p ro jec tLve  no rph r ' " sns

1  i  !  t ^  t  r t  !  -f  , - :  
X r+  S ,  o f  I ( - r * va r ie t i es  suc i r  t i r a t  Ko  (S1 )c  K1 ,  V i  i s  K .  - J -so l i l o r *

ph i c  to  X r><r , f i 1 " , ce  ( I i r - )  and  such  tha t  l f l  i s  t he  puJ . l  back  o f

/,! tt
sone  r / (1e  I ' i e  (X r )  v r l t ' . n  I ' 11  i l n rn le  re le t i - ve  . t o  f i ,  Pu t .  T=S lxS2 ,  X i=

*X* x-  T.  I ly  I j . r " rca: :  d j -s- icrJ-ntncss of  I ( . ,  anc l  I ( ,  over  Ko the morp ' :J .s : '
. 'r' "i

.  Kr@., .  i ( r  - - - r '  K is  in . iect i -vr - :o  hence S1: :ec (K)  - :+  T ls  Comir tarnt ,  S i ince
L  ' " c )  

" i  i ,

Yl . " f .K is  i ( - j -sor : rcr : : r : ] ' r ic  to  Y2*tK,  i t  fo l lor . rs  that  Sr :ec(K)*+ ' ' i t  facto:

t t i ror - rqh sorne f  Jn i . t+  type conrponent  Ur ,  o- f  the ob jecC t l  re i l reseut" j . . ' r r ;

t hc  fu i r c r : , o r  1 r  -7  I so r r r * ,  (Y IXTT ' ,  YZxT f  ' )  .  Ru t  s - {ncc  the  i scmor : *

phlsm Yr ! ; rKgYZ){TI {  preserves '  i : i re  po}-ar isat lons.  inc luced Ay r / { t ,  r : l id

rl, .1 i02 l . re  ccnc: lude that  * i ic  lma.ge of  Spcc (K) ._ '>Un ls  contaJ-necl  in

U i=U 'nUn  v rhe : :e  U t  l s  t he  c losec l  su i : se t  o f  U  whose  geomet r " i c  po i .n r
' ,

are prec lse l l l  . those points  for  vrh ich the co: : respondinc l  - i .sornorr :h is ;

p r e s e r v e s  p o l a r l s a f i o n s  ( s e e  t . h e  p r o o f  o f  C L a i r n  1  l n  S e c t i o n  2 ) .

I . l ov r  t he  image  o f  i r i -+T  con ta ins .  a : i  i nen  subse t  To  o f  T

.  i n  o the r  v ro rc l s ; -  f o r . .  any  ( s r - ,  s2 )6To  Lhe  f l i : r es  o f  Y f  4T  and  Y?* "T .

a l rove  ( s r r  s  2 )  a t r , .  i so r ; ro rg ,h1c  i l s  poJ .a r  J -zc l  va r l e t l es .  I Ju t  Lhcsa

f tbres l< lent i fy  .w.1t 'h  f l l  f  s r t  ; rnc1 t ;L{ r7-} '  respect lve ly  w1{ :h pot r " . ; i rL-

sat ions g iven t ,y , . fv r .oJ l r "  Now f - - l> :  ( * r? ,  n ! )6To arnc i  put  S i=1"  Z{S.Z i
, . 1 ' l(s i '  sZ)e ToJ i  thetr  X'rr*Xrxs^Si --- r  $ i  i ras al l  . i ts  c losed f , i i : r 'e.s l -so"-

"  " 2
tno::pir-i c .rs 1;o1a::J.z€,rl ' ,,r,"rr j.rri lou {',.1j- L}r irr:J.arir;at.iolt gi.ven ny ,l{r; .



" .  Let  x i  br+ l rx-s ' r ,  T ' * ! ] t , r?)  '  anc i  i .e 'h  I I  be the 
'obJect  

repres ient lng

t l ie  f  uncfc l :  R - - )  lso in-  (X{x- ,13,  X j ,x . ,oB)  .  Then l -e t ,  H t  } :e  t } re  c losed
17 / .  i t  ) . ,  ) - , ;

subset'of l i  . i .r iror;, : :  qeollei:-r i ,6 poir:t . : ; 'ccrrt: l :sT:ond to those J-somorph.: i_sns

vrh j .ch pr ' .er lcr - \ /e  p<;J-arJ.saLj -ons;  { r , rc l  Lakc. r  or :  ) i }  - r  S i  t l re  po lar isat lon

l-nrluce qi. i*: i j  r : ,m i: i :a'h of I . i  .  /rs rrc":t.r: i l  :L:: ( l lai ln I r Sc:ctJ.on 2, Li '  is of

f inj"te t- ' .yp(: over S?Z (and no*; on.!y . l-crcarl ly of fJ-nl.te L1'11e1) " f l i -nce

the  nap ; l I r * ->S i  1s  su r . " - j ec t - i . ve ! ' i . ) e  c i i n  f i , nc l  a  compor :en t  oJ :  l i r  doml *

.na; . t i r rg  s !  and ] :cnce an dtar l .e  **p 
'd ,  - - rs l  such tha 'L  XZ=X5*rr r4* t^ 4

N .r  ^ ,  
' r  e e2 L

SZ - i .s  nZ-- l  cc- inror :p l r i .c  to  S Z.y ,  f  . "  $ ince I (  1s a lgebr : 'a ica lJ .y  c Io*

sed we nay enibeo xo(f i ' r) j ,n K ,,*, ior*o get:

, , J

VcX., .  x  K-X^,  Xf r  K=F €r , ,  K (o" 'er  K)  .4 s - t 2 " o

4.  S l r rq t t ln r  r . ra r . i c t  j "e l . ' : ;  ; i i ; i . {  .Open tz t - ' ' : : J .c tLes
- *s .dw^{Nkd d . - . - * " , , * , r \ " - , "B" i

.  A g*ne: :a l  $ t ratcgy of  t re ; r t i r rq '  s ingular  va: : ie t l . *s  ancJ open

var :  j .e tJ-es is  tcr  t r :eat  f l rs t  paL: : i ;  consi :Ls* ; ing of  a . '  s raoeth p: :c l ject l - ,

ve  va r i cLy  p lus  ; i n  e f f cc t i ' r e  C iv : i  so r  ( so rnc , t l . nes  s$ppcsed , .w j . t h .no r *

ma . l -  e ross* t rgs i  ,  As  a  gene i i a l ' p r tnc lp le  too ,  s . I oba l  c lb jecLs  i ra r . re

to [ :e  rep l .nce<1 i r : l  ob jecbs ' ; r l . t i r  i r  i -oEe.r l t l r :n ic  behavic iu : :  a l -ong the

Thts is  prec lse ly  rvha 'c  r . , 'c  sh, : r . .1-1 do nowi  na lnel . ) ,  , .oe shal l

o ( \
glve a var lant  o f  our  theory i . l :c in  t i1"3 f r : r  pa i rs  (VoD) wi rere V

i s  a  smoo t .h  p ro jec t i vc  K -va r l * t y  ( t i  l : e i ng  as  usua l  a lgeb ra i ca l l y

c losec i  o t .  cha rac te r i s t l c  ze ro )  and  D ' i s  an  e f fec t i ve  Ce t r : t i e r  d . i - .

v l so r  on  Vu  A  sub f l . c1d  I (1  o f  K ' r . r i i . . I  be  caL led  a  f l e l c l  o f  de f j "n l -

t l on  fo r  (V rD)  i f  t he re  ex l s l " . s  a  K r -va r ie t y  V1 r  a  < i l v j - so r  D l  on

.  V1 ancl  a  I i - lsc l tc . rph i=,^ .1 ! *V. ,@,,  X guch t i ra t  qoDl=D r . lhe: :c  c j :V->Vr ' .
I  '  * . . 1

I  .  . i s  t h e  1 : : : o j c c t i o n "  C l e a r l y  1 f  K . l  i s  a  f i e i . c l  o f  c l c f l n i t J . o n , f o r  ( V n D )

l t  l s  a i s r :  a  f l e ld  o f  c l e f i . n j . t f cn  f c r  t he  ope : :  va r l e t y  V ) rD .  No t^ t

' f o : : ,  (VnD)  as  above  v re  sa .y  t l i a t  a  de r l va i l on  f ,  o t  K (V i ' : i ^ s  l oqa r j - t h r r r t

- . . -  - - - - . - - - 'o .n (VrD) j " f  J" t .  j ,s  tn tegra i  on V and l f  for :  any pGV at r r f  f tny,Local

d l " v l s o r .

eqtrat lcn t* t lu,r ,  oJi  D aL p k 'e have



I }

r*lf,tuuu
r P

n
( i :h is J.r :  { : } re s iaxne as to $ay t i rat . \  takcs t l re lc lsa1 sheaf ( ! r ,enl

i t r to i tcr :1: f  ! i .  Dr:note l : i t  A(Vrn) ' thc-ee{:  f i f  l "ocaar l thmi-c der:hra ' t . iet l i r

on  (v r  l t )  ;  no ic  tha t  A(v ,  D lc ,A iv i  a i ld ,  tha t  A{v ,  D1}  *A(vo  DZ)  p : :ov : i c ie r }

Dl aircl n, havc Liie sarne suppo::t; *hrls follov.rs froin the fa-ct, that

pr i i i res i : )ssic lc i .a i lc i i .  to c l i . f ferentraJ.  . ldea-!-s in a di f fcrrent ia l  r i .ng

are <1.1f  f  e: :ant  j .a l  
Lt  OJ ,  p.  .  232 . .

. } l 0 ' r l d e r r o t e t , y T v / y ' ( 1 o g D ) t h e s u b s h e a f o f t l r e t a n q ; e n t .

s l reaf  T, , t t ,  of  V consist ing of  those der l r rat lons r+lr j -ch take O-. t -n l
,|r 

.'  v / t \

J .nr .o  i t se i f  (see  a . t -so  [ t ]  I  "

.  Tlhc fo l lcr i l ing Thcoreir i  recluces to Theorem I  t f  D=0,

Tlheor :e: r r  3 .  Let  V be a smoot .h pro ject . lve l i *var ie ty .  ar id

an c f fec t j -ve  d iv1 .sor  on  V.  Suppose the  in jec t l ve  map

'  l io  1y,  l t . ,  , , ,  I . loa n I  ) - ) t jo  (v  ̂  T  I,  '  V / l <  
. ' - ' : j  p  t  t  " '  . \  " ,  * v / Y r ,

I t  a l so  s , . i r j ec ' c l r re .  Then  KA(v rD)  1s  the  s ina l l esL  a lqeb - ra i ca l l . y

c losed  f  re l c l  o f  c l e f  l n l t l on  fo r  (V ,  D )  .

Notle that thre surjectivity of t ire rnap above occui ' . 's j-rr

each of t l ' ie foLlcl ' . .r . tnrj  c:Ase:::

a )  D = 0

b ) Iro (v, T,v76 ) *0

L..* - -L,- ,j
,dj3rr{::,)=o_ (*l':I:/ t {p,  ls rhe

",Of 
tnal

-  e \%. -  ,a_ - .L#_,: . ._. .-

c )  p : : ) i ) "  e  l ) 1  a re  smoo th  su l : va r l e t i es  o f  V'  
I J  A '  f -

nonrial l l i

n

sheaf  o t '  Dr )  "  Indeed in  thJ ,s  case the  cokerne l  o f

Theorc i , r  3  i r i j cc t -s  l .n t .o  
l f r ro1Di ,Nn.  )  

" f  [S ]  .'  r  -  " t

c ross  lng

the map

Proof of  Tireorem 3. The onLy non-tr- i -v1al  fact  t .o prove
^

i t  t h a t  l i o * i l a ( v ' D )  i ,  a  f i e l < i  o f  d e f i n i t l o n  f o r  ( V r D ) .  S i n c e

v ^ ( v ) c r A ( v ' D )  \ . : e  E e t  h y  T h c o r e m  l ' t h a t ,  K o  r s  e .  f i e r c i  o f  c l e f l n i " *

t lon  f r> r  v  L .eu  v  i s  l ( -1s ;omorph ic  to  V&N-K fo r  sor f te  vo .  For  any
"o

frcm



[ 'e A(V, D] we have
^ r{-

[ '  c A (v) c1r',f J.nr:d

/\
l ' (x)- x so we mey cCInsj.der the de.rfvabJ-on

]:y

f,* {)oy}..)*rf i t  for al l -  )6}( '  (v.o) r  YeK

r\J#d.

ake an

Le1:

eJ.emenl:

aofo J

ls  mlnimal.  l i 'e  r i lay

a .  * I .  Now fc ' r  a l }
Ko

there is  i rn  thCex k*o f

b a

ft\ '  \  - -
-)-c".0lstt1t.€ 

"t  n
Ll t" Jt

a c icr i .vat j -on

'r. ', '. t-
L J I ( . { b

t l ren f  -*$%lr"{vsTy71,),  I-}} ,  l rypot}rcs-t-s t . f-5"t  tdu (*Djk t lut-o} '  s i ince

f  t lu( . -D))c 0r t*u)  r+e tTet  to ' (dv(*Dl l ' ( !ut*r r )  *  Nor ' r  v te may conel 'ud 'e

by the fe l lor ' i . fng q lenera l :

a l l  f e A l  a n d . l e t  A o  b e  a  K o * a l g e b r a .  F u t

A * A E l ' , } ( a i r d d e f . 1 . r r e f o r a n y f , e A a d e r i r l e l t i o n f , n , a
o . i r ^

ru le '  
u f * ( )gy)= , )g rc f1 ,  

fo r  a l l  )  €Aau ye l ( .  suppose T  ls  an  i r lea l

A such t i raL [ ,*{r1*r  for  a l l  te| .  Th'et1 1*I  'Cg" \ (  for  scme i t ieal
. o t t o

l n  A - "()

i n

ro

'P roo i '  Pu ' "L  ro* roA"  anc l

(eO), ,  i re '  ; i  b i lsJ"s o:1 A.,  as a Ko

a*|r , . ,S:r .e I \J ( .*Ue t t )  ' for  r ' rh lch
A Jr I'r

#  1 r . ,

course  4ssu .me

L J t

J-- i . . .pn,  K.  SuPirose
L)

-ver:t-or Eipitce and L

the nulirbe::

[rsS+*= S'*(]xsao) € r

so  by  m ln ln ia l i . tY  o f  a  wp

at  least .  a l l  increx k l  a t tc l

n ' ,
tar ,  = f  O.  L iY t r r in i t t i ; t l i t 'Y  o ' f

^ l

havc

t h c r c

a vie

t . l r  : r  F

.i .,
J- ;t

r r . . ' l -

t

a.  set  o f  der ivat ions on i t t

sl.nse o+J there 
- is

O A .
) g A  s u c h  t l : a t

such  tha t



T}1e J.r:rnnia .1s prorrcd -

the f  o l , Ic l r" ' lnr ; ;

I[;1:*r'i.1"-"$-.-'- Lc:t v
/ .  t i r \

nl ctr s.i on t\i () " Th r,t r I('^\ " /

clf ci"c f 1:ri"i":i.cin f c:: V "

l:e

l s

PrOof "  l ,e t  f  : I { ->V be  z ,a r lsJ l l " rs  canon lca l  reso lu t ion ;  so

f  is  obgalncd a3 a ccr in; :osi t ion I . l=Vn-*Vn_l-) .  jn .*)Vr: : \7 r^ lhere \ r i

is  o l : ta lnsrd i r i :n ur- l  h)r  f i rst"  norrp,ar lz ing vt_t  and then bJ.c",* i - r - ig

u p  t h e  ( r e d u c e c i )  i c e a l  o f  t h e  s i . n g u l a r  l o c u s  Z r ^ , ,  o f  ( v r - r . ) t t o t .

By  q  r ,heoren o f  se ide  nberg  [ rz l  A tur_r ) .A(  {v*_ .1)  
to t )  

"  oy  .  anether

t ,heoren o f  se tc lenberg  [ ru ] ,  p .233 fo r  any  y€X. - r  and fo r  r iny

[ .eA(  (v i - r ) t to . r )  v rc  have $ t r r )c rn ,  {here  nr  =max inra l .  j "dca l  
" r  

Oy \  .

An  e)c ' ' r :n ta r l r  loc ; i l  c ' : c rnput ; : t lon  shovrs  t .hc rn  tha t  A(v i - . i ) to " ) .a (v i ) "

so i r f tc: :  a. i r  we , . recruce trr ; rL Atvlc f i  1t t ;  "  
put  l l ,=f- t t l r )  se. t ,* theorre-.

t lca)- l -y;  taen D ls the suppoi : t  of  '  a t reeiuc:ecl  c l lv isor rrhlch r{e s i j -1"

cal l  D. s ince lJ\  D r :  t / tXj-  we lmrneci j .a. te ly get i - ,hat  A(t . ; )c:A.( i r )  ,ss r . , re g

A t V )  * A ( i , , )  ,  I J e  c l a i m  t i i a t  A ( l . l ) = A ( : l , D )  .
f r rc leed i f  f ,e A( lv)  then telr(V) sc,  by Seinberqrs thorrrrorn

o
5'(rrrr)cr.r ,  fo::  al l -  ) :efr.consecyuentl5r f lmy 0*,1-  ̂ r0ro. r{n concl_uce

us lng  t . he  fac { :  t ha t . * i r e  re t c l i ca l  o f  a  < i i f f e renL l -a r  i dea l  i n  a

f e r e n l i a i -  r i n s  i . s  s t l l l  a  d i f f e c e n t i a l  i r l e a r  [ t o ] ,  p . 2 3 2 ,  N o r v

eq r ra l l t y  A ( l l ) *A ( l ; , p i  l np l l es  i n  pa r t i cu la r  t . ha f  t he  rnap  l j o ( tq ,

Tw lx (1 .og  D)  ) * ->F Io ( I ^ r rT l v / x )  1s  an  I - somorph ism.  App . l y l ng  Theorem 3

u r "  , J o r t  t h a t  I i o = 1 ; A { v )  i s  a  f i e k l  o f  r l e f  i r r i t i o n , f o : :  ( r { r D )  s o  t h e r e

is ei si i lc 'oLh proicctlvc l(o-vcrriety l fo sueh. that, t , tsl{oe,KoK and thcre

l s  a  d i v - i uo r  Do  on  l i o  w i " t l :  D*q*Do ,  (q ; I ^ I -> t ^ to ) .  T 'hen  v re  c la lm  Lh" r t

thcre i ;  ar  b . t r ; r t ion; r i  i i rorp i rJ .sn f , r :1 , 'o1>Vo onto a normal  sur face

Vo r ' , rh ic i r  j .s  a l1  lsoniornhisn above V \ .  fo  (Do)  and sueh urat  .  fo  (Do)

&*fir. (fi,.
. - l  , " 1

frcvn l+hlch t,, 'c c1'r: 'L i l€J,

[t* 1.nc; Tl:curcin 3

contrar l is tJ on "

ri i t grl ' i i , i l  J- Irl:$1rc

a r i$Yrna. l  pro ject" l . r re  l i *var le ty  of  d i *  r ' .

t i r : :  smal lest  +; . lge l i ra lca i ly  c loseci  f  ie l r

t he



l s  a  f i "n l *e  se t , "

Xnr. lee:c i  { :here ex l -s t  p i :o jeet l " \ te  r f t i ) rph lsms fn:X-- -u Y SI iX- :_t .So} . } :

: [ * - * rSo ( i * i ] , . -11 . * , -hcrre g anc l  h  are. I r rc) ' ject lveo t ]  ls  an af  f j .ne a lge-

;  - r  e  . r  , r r t  e 'l : : :aJ"* i{r.r '-  rt : f  iLr)re ui. th Ko (S ).;  K arrf, l  frnx*f l f i t :c (}{ i  :  Xx*Spcc (1(i -*t ' f  *S

$pee (Ii ) j- c.i::rir'l: j. f .{. e ,c t,r j- th f :It *> V, Then tfie Ces iretL io ; !'Io*> V.,
' l  + ]  r r n t ^

lnay 1,,,  o1:t-;r: l .n<'rc by t.&l '" ir1g t". l te inc;.r,r- 'hJ"snr q ' '  (s) *->(ir * (s) 1'. . ' -  i t-  ,

c l i : i , .cc l  f l t , ; : :  J ] . , .  v . rhr : re  s6S : is  a  sL13: f . i -c i .cn[1y genera l  Ko-poinb-  of  5 .

Now l t  j .s  c ; r l ;y  to  scre thaL V is  K- isornor i ' :h lc  io  
Voex K anC we . ; .

o
are  c lcne .

fol- l l ,c ' .r ' lng sieems gulte platrsl i : le :

Ccn iec t l i r o  1 ,  T f  V  l s  a  no r tna l  p i ' o j ec t l ve  K - r , ' a r l e tY  then

/ r i \ t  1
K^ t " '  i s  t he  E :ma l l -es t  a " l cgeb ra i ca . l l . y  c losed  f l e ld  o f  de f i n i t - i . on

i

f o r  V .

The

Noi. l  r.re close

rrar l .e t t r rs .  Lc"L L l  be

t-ton of U i, ;c ,r.cai l  a

t l 've u D ; j l  Ci.*r i  sor on

i ' r'or any such

a set- of: ci*,r lvat.tons

by CiscussJ"nq t .h*  ease of  open non*s: l r lg l ' , ) -ar

a non- s 1-n.r1r.r.1i ' , .r .  K-ver: lety . By a conpac'c J- f  lca-.

t r i p le  . ( v?Dr ' l : ) i  r , r j " t h  V  non -s i t t qu1 .a . r ' a : r c1  p ro jeq -

V and Y a i ( " : i -so i r ,o i :p t i . ! -sm U 1,  V\  D.  . . r -  - ,  . .

co lupac t . l f  i caL i c>u ,  A  (V rD)  i dcn t l . f  i e . s  v : i . a  V  r v i t : h

o n  K  ( U )  .  D e f  : l n e

the l tn lou belng

o f  U .  J t  i s  € e s 1 t

brarca l  Iy  c :  l "os ec l

t o  b e  t n i c ;

A (u u log) ,,,  Intrt, n1

taken er . f ter  a l . l .  poss. ib le

to Free thar . t  xa(r t , log l )  * "*

f lc lc l  o f  dcf in- r " t l .an fo : :

compac t , i f ac t l ons  (V rD  rY )

.conta lnec l  1n a.ny a lge-  .

U .  l { e  hope  the  fo l }ovdng

g9l:i"*"t99,t.?*-3* rr u ls

l *  thc  snaJ . les l  a lqc i : ra lca I l .Y

a nen-slngulerr

cJ.or; 'cc l  f leId

K-var leLy ,  , ,  A( t l  t  1og)

o f  c i r : f l n l t l on  fo r  Uo



: t '

, q  I 5

. InIe 
cmn prCIl"re ConlectLav"e 2 ln

ins ta "ncc :  '

' v a r i o u s  s p e c i a l  c a $ e s .  F o r

Thr:,cl:i:c:rir 'j,,, Corriecturc 2 hoi-cls : l - r r  any o i l  t . i :e  fo l lowlng c i r *

g e s :

an  a f  f :Ln*  curv i : l  
-  

I  1 "  :  
'  ' ,

i r r l  a f f lnc  su i : i :ace  o f  gc l le ra l  t y1 :e .

To prove Tireori*n 5 rue neecl.,  so;ne preparatlol l  o .

'  I ' Ie  say  tha t .  (V"LrD l ,Y l )< (v? ,DZt ' (Z )  fo r  tv ;o  compact i f - i -ca t ions
a

of  U i f  t l " re  ra. t ional  map Yr_Ylr lvr " " " '>v,  is  evesi rvhere def lnec l "

I t .  - { s  easy  to  .  sce  tha t  i . n  t h  j  s  s i t . r : a t i  on  A (V ,  tD r ) rA (V io  D l )  as

subsg ts  i n  f d (U) .  So  i f  Lhe  sc t  o f  conpac i : i f j . ca t l ons  o f .  U  has  a .

s raa . l l es t  e leme: r t  ( v1 ,D1 ,  f l )  r qe  have  i  :  .

A ( u ,  l o g )  = A ( V t r D i )

Note i :hat ,  a  smal ] .est  e lement  as abQve doei ' ;  not  necessar i l l , r '  e :* ls t

(co:ripare with Ls] I "
'  Novr  for  a-  s : rooLi r  pro iect j .ve K-var j -e tY V,  le{ :  o ' tV-*>V be

a K-autc) : 'norp i11s;n ancl  le t  f rx ' ; I i (V)- ->I i (V)  t i re  corrcsponcl lng K-aut-o-

mor l :h lnrn of :  i (  (V)  .  Tar ice D an ef  fect lve c l iv isor  on V"  Fr : r t i rer lnore

c o n s i i d e r  a  s e t .  A  o f  d e r i v a t l o n s .  o n  K ( v ) .  D e n o t e  b y  {  t h e  s e t

(  + L  - l r . .  x -  n  ^ 7

) to* l - ' t to - * ;  fe  n j  . .Then i t .  i s  easy  to  check  tha t :
/r ^9"

a )  K *  *  K -  .

b )  ( A ( v , D )  ) d = a ( v ,  d ( n )  )  , .  :  
'

A / \ 7  n \

. I n  1 : a r t i c u L a r  1 ' / ) ( v ' D )  j - s  e  f j . c l c l  o f  r i e f i n l t : . o n  f o r  ! v r n ) ' i f  a n c l

o n l y  t t  x A ( t r r o ' ( n )  )  i s  : r  f i . e l c l  o f  d e f : i . n l t t o n  f o r  ( v r c ( D )  ) .  .

l ' {o r+  le t rs  s ta r t  t l :e .p roo f  o f  Theorem 5"  ,

Su1:nose U is  an af f inc cr l rve.

Jn t .hJ I  c i ls :e  thcr- - t , .  J .s  e$senbln l ly  a  r tn . tquc cc in l f  act . i  f  ica" t ion

1 ) U i s

?"j i l  l .s



{  i . ,  _ .  . : ,  ,  ! . , .  
i

(vrDr f  )  wt th  D rec luceC so AtUg l 'oq)  * / (V 'D) ' '

-o .- .  . , . . . . .  ,* ,)  =0 and we conclrrdc by 
1i

P . , . t f g r : $ G I 1 t 1 5 o f V . I j : g 7 , ? . . ' i . I - ( V ' ' } . V / I ( , - . ,
, i

,the.or ern 3 , lSupirc.rse {lsl " c|lrp_o"f ph iisin , - . i

F,. i t  , .* ' r , iXVrD); by l i ic(r l ru' ; t l  lu i : l ' r r : : :e t :^:  

:- : : : ' , - jT:to 

'u 

* i

ga\ l^( i r , ,  I i  Ni t i i  vo i : l r r  e l ) ' ipt i 'c  cur*c ove:r  ' io '  Let  Po€t 'ot"ot  "*  o 
i

u r  "o  
t  'o  ' " ' ' - '  

'  - ^  " - 'o t " t t t  l ( ' -no i r r t '  o f  v  l ' y ing  over '  T lo '  l l y  
i

point of V,, anct 1:aV (1t) the unilc{trt: }( '-pol":.-, ' ::-:";;;; l

franriit:rv,rty of l iuto (v) on v anct l:y t lre preparat' ion ab.rre r 
' lre l ir*y 

i
t

'  (1 . ,  (* i  n rrzl  i :e the clcr ivatJ-oi l  i ief  l 'ne-cl  ;
I

s i \ r p 5 ) o s c  p f ' D '  F o : : ' a r r y S e A ( V ' D )  
I e ' t  i ' : ^ t "  

-  c  -  - - \  r r 1
-  Pn , .  , y  1" .  )gdy  rc lT  /16  t to  (Vo i  l '  Y6K)  "  i

as In. i : .he proof of  l lhcoren 3 (co t '  (116 
o c-k=fg vr i t i r  f€ l<.r | ' *  i

e  c *^ "o t r r  n '  . )= l i o / "  
' n  :  ' - -  ) e ' ' '  1 { '  v l e  ge t '  c ) -b  

t - - '  '  i
s J . n c e  d * o  e r r  r  u  r  * v / K '  

. \ u o u ' v o / K o '  
' t o

. ,  , , o . \ r  T  ,o ,  ) .  l i o r r  i f  t '  i s  a  pa rametc r  " : * * :n . . t t 1 " t -  I
- 3  e c o € ] r a . i : o f  c r  1 1  \ u o t - V o / l o ' ^ .  

, _ .  o n  t h e  o t h c i  h a n a .  ) *  ( r n n ) . n n  '

- rf i  then gt( i . ,pa

r : ra l  i c1 . r : a l  r *oo  o t  yvo ,  
* " . - ^ , *  

, - . * '  
t ' " "  n * .  &  f * f  0  i t  a  r l g

x r \  &K . .hc :nce  t0  (mr r ) cmn '  rn  pa r t : i c l rL ' a r  v r

because,tp*'po*f,\" i ' \- ] ' -* : '  -  
f  c,y r,.r,r.rr trI€ r,\3{ concludg'by r '€I| ' -

6 R - @ 1 ( v ; ) r i c t " i n t s ' f : ' u ' * ' f ' = 0 r l t e : t r c e , , f " ' f , ' * ' N o ' r I l t e n \ 3 r y
Po

ma- 2'  t in i t i 'n for

; . , .  $r ippo*e non'  ! l *0" r f  /#D{3'  Q i -s a f te ld of  c1e

{ P } r D ) l & I l d w e . a r e d o r r e . . s u p p o s u * D ? 4 a r r t l t a J < e P 1 l P 2 , P 3 € D " S l n c e ' i
^1 . rrr'r' r::ansirive we may nssllme that "i;trll"ll; ';::,;,

tr. : t : l :": Ko'.pc' in" p? 
"r 

Pl ( ' 'o-oa 
u rr and

$* qn abouE:;  then vre havelS- i?=u"0o+a101+oi0 '  
wi th 

'ao1a1r uzQo

Ao,0r,or€rto ( f l . ' rFfr7Ko) '  
.  , i  ^

0 o t = l

o r t * t

o;, = z2

ctr

r  1  t - - - 1 '  ' l ? .  .  o n c e  a g a i n  ( b - )  )
r ,  l r .  f  -  l ,  u * " 1 " / ' - O -, . o L . " o r  - I - .

-  1  r v  \ , t 6 r  n C t
. ' l  f  or /4' ;  hrra',  ' ' "  - ' '  -  -

i '  . t .  v

, \  12 -=0  fo r  !=1 ,  2  1  3
ao { "a r . l i +a2d  i . -

^t
r,rher c .1.f ta,r*t. "

s'rr<l rf mir*(t-)

ancl tre Conclrlde ac;aln by I'oflrffl& 2 "
&c*E J -=E 2Tir is  j , rn t ; l  i  es



T i L o
i  l t i  *our . . i .T* 'noLe that  J .n a s i rn i lar  veJ.n but-  us ing r - :o f te

acicLitJ.c'nl. ' r  t : : lci ls one cart t .re;rt col lpl.emottts of ci l .rr i .soi '- 's 1tt.  p:.:o*1cc*

tive $pil , . : , . i i rJ l t .nrl  ; :1>e l i .rrr var:J.e'L. ie s, af .cLimr:ns-i-on > 2 (c-f .  frJl .

Lfr, i . : ' i l  cron:i lde:: l . i rc c-:a$c rt i le: i :  U i-s i lsi  in 21 and enr]:cit  Ll

in ii sr,riiti 't ir ?{c.,ii::ctlve .:.ri::'f lcc V'" Ccrntr:err:: t.Lflt-T $uceesl.ve 3-y ti-tr"l

gXc*pi"-r.dtr;: . .1 cul ' i /*: l l  oi.  t l ie f i .r :sL, i<lnd ltr V\iJ vte may supilo.se

V \ t l  i lci ' : l ;  t ; .o. ' i  r :onla.ln such r\. l ,r 'vt:s " '  
'  . : '

S l l ce .L l  j . s  e t { : f . i . ne ,  D*V \ I J  j . r  a  c i i v j . so r  and  { Jne  een  eas :L i "1 t .

r i ee  tha 'g '  i f  i : . i l - -+V  i s  t he  l nc . l " t r c i on  t i r en  (V rn  r . t ;  i s  t l l e  s rna l " l  e  s i ;

co)npact i . f  lca i : . j "er r  o f  U.  13y our  preparat i .on.  anc i  s i  nce t lo  ( t r r  l l ' .oro. )  " . fJ-  
V / l \

k'e m.:]-:r conch:cle i . ly.Th,ec'renr 3" Clei lr lyo the sdme a?:Surf lenL works

for  a  le t rge eIa: : *  o f  : lur face$ Ud not  nccessar l ly  o f  t lene:" 'arJ-  t ; '1 : : r : .

5.  Cc i r r rJ -c i : l
r * * !6eb*"x@*r

I  oe i l i  i :J .nt r : l

fn thl.s r ';cct.{-.orr v,re CJ.sius;s the local anal-og of our th*ori. "

As tn $t ,  l .eL K ]re an algci} : ra. lcai1-} .y c l .osed f le l -<1, of  chir , :  ac ' '

ter is t ic  zero.  ; \  K*s in.gr : iar r l ty  vr l l - l  n tea: r  any local "  t ' :oet ;h* : : - i - , : . t r

conpletc  1 i -6 ] , 'ge)>r f i  r , , 'hose : :er i idue f i .e l -c i  l -s  a  t r lv la i -  extens io: - r  a f .

I ( ;  . sc r  A  i s  l i - i - sc , :no rph i c  to  K  
[ - * r , . . .  rX , r I  / J  . f r> r  so r r te  n71  

.e - rnc  
$cm€ l

l -deal  J"  .A sr - rbf ic l -<1 K. ,  o f  K,  r , r11 l -  be ca l led a f - ie ld  of  c le f i .n i t , j ,or " r

for  A i f  t .he: :e  €: i , : isLs a K- isot ' . torph: i -sm as above.  r ' r i th  J  gener :a leC'

by e lemen. ts  o f  i ( f l [  
" ,  

]  c .  e  , * r r l ]  .

N o w  
' l e t  

A ( a )  f e  t h e  s e t

wh lc i r  f , (X) . .X  anc l  de f ine

.  . - : .  ' '
c .

a l . l  c l e r i va tJ .o r r s  . d :A  ->A  fo r

fc : :  a l l

o f

; , .

fe atn) ]

c learJ .y  l iA (n)

the fo. l lowi.ng

ls  an

to  be

I^le lic;pc

Ka{A)."1)*o; S}=o

!g::":l:1.,-:llis*l: I f  A i .s  & nt : ] :mal  iso l .c i tcc l l i . -s  - i .nqnIa: :1 ty  ,



1', A{;i;

A *

i -s ' t l te  smal lc$e aJ-gel : r : :e lJ-ca l iy  c lcrscd f l .e td of  c le f l r : : i " , r : j -on for

. l l t :rw J*t in elar:ry to ,$ec {u$:i"r iq en ai:,gument anaJ.oq to that-

g iv , :n  in  t i te  i i t :11: l i rn i . t rE c ; i^  Seci ; :1 .1: ' r  :J )  i : funt  , 'A(n)  tn  a. l r iay 's  c6nt l i r r rc j

1n arry  a lc l r :h , ra. :c ; ' t1 ly  c . l .osect  f ic tc l  c i f :  rJe. : j , l .n t t lc ,n  for  A i .sr :  the h; i r<1
- / 1 / n t

p ; r r t  o f  ccn ; j ec tu : : c  3  says  the t t . I ( t ' ( * t '  i s ,a  f l - eLd  c f  c l c f j . n j - t l on  f . o r

A .  l { o te  ; r l no  ' c i , i r t ,  e : ; ec i . l . 1 ,  a$  i n  !  i ,  i f  Con jec t r r re  3  ho l c l s ;  f o : :  A

ancl Lf. k :Ls an al..gebraica.- l1y clr::s.*ci sul:f ield of K arrd {tofu-t* a

t ranscendence basls  af  l i /k  t i ren ] r ,  ts  a  f j le ld  of  c le f i r r - t t ion fo : :  A

if and only i ' f .  ")/ ; 'h, I i i  ' -+ It  l i f ' t ,  to cler-tvat. ions f,.  rn -+A.
4 

-.1.

are abl "e to  prove Cor : jectuyet  3  j .n  tno specia l  cases:

Theorc rn  6 .  Con  jec tu re hci l .ds i -n  each of  t i re  fo l lor , ' r lnq

c & g e $ :

ve ly

some

A

r ) A

2 ) A

-i. s

i s

homogeneous s J-ncir: l .ari  ty

guesl . "hor*ogct leoui l  s r r r : face sLngnS.ar i ty  o

I teca l I  t l a  L  a  I ( ' - s l nc {u la r :  j . ' . : y  1 . s  ca11c i1  homcAcneous  ' ( c i uas i -  ,

homogeneol ls  : :cspcct lve11r)  l f  i :he: :e  l "s  a l i . - isomorphis .m AgK F" ,  1a o i

,Xrr ] ]  /J  r r i . th  J  generatec l  } r1 ,  } ronrogeneous polynorn iarLs ( respect i -

b5r  po l i rncrn. ta ls  wh- tcn arr :  g l . ) i is i - *hor icg{ :ncous v l l th  : :espe:et , to

r , v e i c l i r t s  i r 1 r .  o . f  w f l  a s s c i c i - n t e d  t c  X r r  r  r . , X r r ) .

Thcorem 6 rq11L be proved.  by rec luct ion to  t l ie  g lo i :a t  casee

Suppc - rse  f l r s t  A  i s  a  guas i - t romogeneous .su r face  sJ -ngu la r l t yo
I-r

a= l (  [ ^X. l r .  . ,  r ) i , r !  /  { r r r . .  " .  i i ?m))  n j  h ,e lng  quas l i :omoqeneous w i th

r e s p e c t  t o  t h e  v l e l g h t s  v r r r . .  o  3 t r " J r r .  P u t  .  B = K  I  t r r . . .  r x r . , J /  ( r . r r . .  s ,  o .
n  .  1 *  , ( h  1 r  t . r l r a r a  r t  {  o  { - } r  a  ^ . i  ^ , . - , .  / . d  ) ^ - . * . - ^  t -  " , . i  r ..  G G r  r  m/  

- - ,  \ r {  , -o  v ; } rere Bk ls  the p ie cc of  c leEree J i  .vr ib} r  respect  _ to
K = U - . : : . . r . l ,

the  we lgh ls .  Now there  are  na tu : :a -L  K* l inear  maps ?p :a fB*  r .+h ic i r

t a l " " e  t i r c  : : l - ; : s  o f  a  s c r l c s  f ( K I i X l , . . . , r a r r l  t n t o  t h e  c l a s s  o f

the poJ'y6or* i* t  fJ. . ,  where f l .  is  the sun of  a l l  monomj"als of  f  ha*

vt i rq <lecTree k ( lv. t th respect to r . r r i  o !  r ,*r"r)"  For any dertv4l tc ln ,



{ZAtnl  cne can construet i r r  a canonlca}. .  r*ra.y a
Mi; .r't a'

i ' r i th  )  ( i l , - )  c  Bk i l rnd.  such that  .1  r . .nd , f  cg j .sc ic le

any $63 r ' ; r i tc r  l r . ,R, - ,  i : .  C i l ,  ;n ' , - ' l  or , r  1 '.  . ) - ' L . r t ,  o  r r ] ; "  * r j i  i l ; , \ r  ' r . , L i  r -

. N

rc ter .Lvat j .on d rB-->

on It;  lndeeel for

. : l

i(,, ) * 1.(un )V"
/  i 1 r

LJ I\

x
I t  is tr lv: lal 'co ch*:ck thait n-\ l t&s the clerj-r:ed pi:opert j-e$,, Fgt .

' . - ' T  X
lV-Pi:oj (irLTJ ) vil l t:::c weiqfrt,(T)*1 arlcl exLend J. 'co a. clerlvatian n;t.; i.L.l

thai :  , i l * ' "U" .No'rr  W Ls,a project , i . , " ie su: : f  acr

ancl  vre conslc ier  l t .s normal isat iorr  v*tr{nor.  cJ"ear ly S ind,r .**  a

c1e::1vat i .cn (st : - '111 denoted Uy f  )  rv" i r i -ch l :eJ-ongs to A(\ t ) .  I ly

Seldenbergrs +; l icorem 
[ t tJ LhfEr der lvai : - ton ind' , rces a.  de: : lvat ion

av

SeAtv ) .  Bu t  no i . r  l tA (v )c  x  
(A )  

so  by  ' r ' heo re i i r  4  ) . .  x  *6A(A)  l s  a  f i c i r ; r

of defrni.t . i"on fox V hence V ls K*j"sonorph.i-e to Vo(&r;. K v,rhcre V.* isi
o L )

sorne pro ject lve no: : rna l  Ko -  
.sur face.  so ther :e e>l lses l  a  i ( * . -po lnt

PoCVu s i ich { :h ; : t  i :he onl .y  l { -po int  o f  V ly lng above,  i t  ls  the iso ' l - ; t . .

. ted.s inEul -ar  
po i "nt  p  corresporrd i .nc l .  t ,o  the i r re levanb i . le t l -  o f  i ; ,

Le t  U*  be  an  oncn  a f f l ne  ne igh l>o i r rhcoc i .  O f  po  l n  \ t on  Uo-Sr : r , : c (Ko [X1 ,

w  1 / t r , .  r  \  *  - / . - ' - - \  v  \  t  \  . r . '  r r r ^ ^ - - -  t - - - - -o e  o e  , x N J l  ( G l s . . . 7 ( i  I -  a  p 9 = ( ) i l - l . l . r o . . r X l . l * l . r )  r  ) j o * o " T . ' i 1 e n  \ r e  h a v e

K-1g;clmo::1:hi .srns ' i

l r r u

-  I ( t rx l ,  "  .  .  rXNl - l  Z  tu*r ,  .  . .  rdGM)

v r h e r e  o - : l i [ X .  ,  a  o  4  t * * ] ] . n [ * r o . . . r X ] i n  t a k e s . X ,  l n t o  * J * ) j  a n d  r \ ' e  a r e

c lone .b 'cc r ruse  oG jc i io  l [ : ,1 r r  "  "  .  r  
" *1"

Tht l  p: :c:of  of  Tfreorem 5 f l  the ho:nc,geneous c;rse *s s l rn l le l r

ancl  vte crrnl t  l t ;  ls tcad cf ,uslnq Thcorcin 4 one has to blar+ up t"he

verte: t  of  the projcct l 've cone i r t r  assoc.tated to the graded r ing of

nnd to flpij ly Tireor:crn I to thls l:. l .o,,,,rn up cone .

n
( 0  * ( r w f f u  v  i 1  t r , -uV 

rp-  
(  (A|LLI  t  o  .  o  j  y ' tq{ /  (G1r .  .  .  u  G}r)  )
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