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Ohl THE VISCOUI,ASTIC BIII{AVIOUR OF A

IJOROUS SATURATI]D I,MDTU}"1

by

I lor ia l lNE

Ii{CRiJ$lf  ,  Departnrent of }{athematics

R d . P a c i i  2 2 A  |  7 9 6 2 2  B u c h a r e s t ,  R o m a n j . a

Ab"" i t , ract ,  t is inq t t re  homocrenizat ion methocl ,  w€ o l : ta in  the consi tu t ive

equat ion for  a  mixture formed by a v iscoelast lc  skeleton and .a

v i scous  i nco inp ress ib le  f l u id .  The  macroscop ic  i ons t i t u t i ve  equa t i on

give us the ef fect j -ve s t ress tensor  as the d i f ference between the

m€,an va lue of  the s t ress tensor  i r :  the skeleton and the per .o pressure

mul t ip l iec l  by the poros i ty .  The mot ion of  the f lu id  is  descr ibes l  by

a Darcy 's  lavr  vr i t i r  menory depending on the pressul :e  grac l ient

and  the  i ne r t i a  f o rce .  I t  i s  deduced  a l so  the  fo rm o f  t he

cons€rvat ion of  mass and momentum.

I .  I N T R O D U C T I O N

] .-,L-* 9-e*g r"+ llsi e : .
\

In  the genera l  f ramework of  the honrogenizat ion method [ f ,  2 ]

we consic ler  the problem of  the rnot ion of  a  rn ix ture forned by a

v i scoe las t i c  ske le ton  and  a  v i scous  i ncompress ib le  f l u id .  The

gecmetr ic  d is t r ibut ion of  the so l ic l  and f lu id  par ts  f= per iod ic  ,

wi th  smal l  pe r iods.  The c l imensions of  the per ioc ls  are then associater l

vr i th  the smal1 parameter  L

r t  is  wel l  known that  a  graat ,  var ie ty  of  problems can ctc i le

i f  the or< lers  Sf  magnj - tude of  the coef f lc ients  are verv c l i f fe- rent



or  i f  the ropologica l  proper t ies of  t 'he mixture are d i f ferenU I  ZJ '

In ttre casg of t ,he r i ihration of a tnixture of at l  eJ'asti 'c body and a

v isco1rs ba: :p t rop ic  f lu id ,  i t  appears th : 'L t  the rnacro i : tscc 'p ic  s t ress

ten*or j .s given a}.s* by a vis*oeJ.a.*;t*c "Law wi'Lh rf ism*ry I Z , 3l ,  buf

depending only  on t i re  s t ra in  tensor  '

In  our  ca-se lJe consic ier  tha i :  the so l id  par t '  is  connectec la &s

wel l  as the f : I r . r id  Qne,  End th.at  t 'he v iscos i 'by of  t i re  f lu id  is  smal l

(a  s l i gh t , l y  v i scgus  f l u id ) .  I n  f ac t  i t  i s  we l l  know ' t t  T2 ,  4 l  t ' ha t '

Darcyos lar ,s  ho lc ! .  an3.y in  the case of  la . rg*  v isgosi fy  and snal l  
'

ve l .oc. i ty ,  o f  smal l .  v iscos i ty  anc l  poss ib le  large ve loc i ty  '  [4ore

p.rec ise lyo i f  t f re  srnal ler  magni tude is  o f  order * than the

n

Iarg*r  is  o f  ord.er  f -  
u .  As a consequence ' f  th .  f  act  t 'hat  the

c1: i .sp lacelment ,  vecto: :  in  the so l id  par t  is  o f  orc ler  L0 ,  we ta l le

the velc;ci.*y in the f luid part, of tho san]e order ancl the viscocity

o f  t h e  f l u i d  a f  o r c l e r  { 2 '

L, z, r"ti x ru r€ o f a - \;'l q c-?,gl$FJig*n g1iq*:Li-qL*g-Iifggg*-t1 qr4'

f t .r t l"re sol j .d pa.rt of the mixture, the eguations are :

( 1 , . 1 )
t 2  r t  * s

0  i 5 *  
t j \ . , . i - i : f .

t '  r ?  ? " ,  
- r i

(1 ,2)  r i ' i j= '  . i3xr ,  eon(g)  o  o ; jkh ekht#,

ekh(s) *r,-?+,' . -{;,
s

vrhere I  i "  the exter ior  body force, and the coeff ic ients ai lkht

b?- , , ,  ,  sa t i s fy  the  usua l  p roper t ies  o f  sy rnmet ry  and pos i t i v j - t y '
L  J K n '

s s s s( r .3)  u i i r* r ,  = 
" ] i t r ,  

= * l int  = ukhi  j

(1 ' .4)  o i  jnn ni  j  uki . ,  >/  , l -  * i  j  * i  j  i  d '  7 0

and simi lar  re lat ' ions for  Oi iU,- ,

In the f lu id part ,  the equat i 'ons are:
f . t  / . . .  

' \  -  , '

n,5)  p,  *d+ -  - ; : i i  =  r i
J ' -  1 {  0  r i



f
{ Y : .
\ I  f - i

f ' t
: : : - D d . . + g "

l " f n *ss r:t.[
I K

a

\t

n

( 1 ' 7 ) c i i v v * o r Y * - + +, a

I r toreover : ,  &t  the in ter f ,ace between the sc l l id  and.  the fLu ic l r  wO

rnust  Lrave the cont inu i ' ty  o f  d j -sp lacement  anp st ress:

( I . S )  [ , ' 1 *  n  i ( - * . r n r ' {  = S
l . : J -  

v f  
L " i j " j J

We must  ad jo in  in i t ia l  and bounda.ry  condi t ions:

( X " 9 )  u  =  0 &.n ? -rt
0 u

i 1 ; 1 0 )  u = - } $ * = 0  f o : : f  = 0, . t' u  \ ;

Tt is the domai.n occupierl by the rnixture, and is formed by

( 1 . 6 )

anct Ji F 6
I

The var ia t ional  formulat ion of  
' the

( 1 . 1 0 )  i s :  f i n d  u ,  f u n c t i o n  o f  t

wlre re
ft

.J d-
-

( 1 . 9 )

tha t r

p r o b l e m  ( 1 .  l )  ( 1  "  5 )  .  ( 1 . 8 )

( I " l I )

n 2

q 
; j ' i dn ,

( n o i v g a x  =

)

-{L

-JL1
s

( I . 1 2 )  d i v v = 0 i n Jt

( I . 1 3 )  a ( u '  w )  =

( 1 . 1 4 )  b  ( v ,  w )  =

( 1 . 1 5 )  o * j o n  = J o i i o n

L r.' p

dy,

e * * ( r ^ r ) d f
r .J

. r i ,  (y )  er ,  (g)  d{

f l s

I r *
) - -

JL

f

eUn (u )f ^ s

)  
"r : :<tr

*fL.J

{ o , . r o n
I

.ft.

E

4 l l

6 r o  $ , n

!: ,3.. ."Hg:s g*9-cgYPP-!s-l+.9*Proce s s

We cons ide r  a  pa ra l l e l i p iped ic  pc r i od  Y  o f  t he  space  o f

I n
wi t i r  vh l^ues  in  u i (J l  )  such

f,-l tt

+  a ( g n  g )  +  b ( * f ' i . .  Y ) -
d t

V  y . e n |  t f i ,  I

i n  - C L f



vnr ieb les  y i { i *1  ,2 ,3 )  fo rmed k ry  a  f lu i -d  par t  Y f ,  and a  so

Ys, .$eL)firat,ecl by a snooth l:ou.ncl.ary f " Ife look for Y-p

ccref f ic . i .ent"s j . .n the var ia l : le y *  
+ 

,  qr ' ( rn) l  
f  , f f  ,

t  . : :  . y .  €  , - - . = .  , y
€ i *  ] , - *  (> l ; ;  R r ; i " r .  (+ )  and  b . . "uu r .  ( x1 ;5 .  - l r . r -  ( l )  "r  J  J ( I I  J -  _J  l \ .  t l  t  r '  " i i t r l  

&  J rL r  r  
i -

( n ! r

( r . 1 6 )  g  *  ( x ,  t )  =  u '  ( x ,  t . )  +  u  ( x ' Y ,  t )

.  X  r - - - -  i r  - - ^ - J ,
r+here y= f .  and a l l  funct" ions are Y-per iod- i -c  in

"-T
t a . k e . s  . r o r i r * ,  i n  H r ( v ) ,  i s  z e r o  o n  Y ,  a n d  o n  l '  .

For the presst l re vre have alsol
( f . l + )  f f { x , s )  =  P o ( x , t )  u  t } t ( v , b , t )  + - - -
l . iol 'rn' with 

'sLanclard 
notation in hon-.ogenization theory, for

f i xec l  t .  r  t i r e  p : :ob lem (1 . .1 I )  (1 .12 )  may  be  co r " r s ide red  fo r  u f  and  pC

lid. one

e . r i od i c

In orr j .er  to  s tuc iy  t f re  asynptoLic  process [ "  **  0u vre assurne

li :at the ai:propia.te asymptot. ic expansj-on in t i le sol id par:f j-s

a.nalogc-rn$ to  that  o f  v iscoelast i .c  rn ix tu: :e ,  anc l  in  the f lu ic i  par t

analgqoss to  thaL of  f lo ' r r  thro1egh Forous necl j -a .  But  the. f i r :s t  te* I i

o f  the c l isp la-cern"ent ,  vecbor  expansion in  the so l id  <1o not  depend

on y i r r  t t rq  so l ic l  reg ion"  Contra. : :y  i t  does in  the f lu id  reg ion.  I t

is  than natura l  to  in t roduce the re le t ivg d isp lacenent  of  the f lu id

w i . t h  respecb  to  t f ue  so l i . d  ;  , l r  ( x ,  Y r  t ' )  *  q .0  ( x ,  Y  t  t )  -  r - r0 ( * ,  t ' ) ,

I

{

and consequent ly  vJe searc i r  for  a .  tvro*scale asymptot ic  expansion

su i tab le  i n  J l  
r  f  

as  we l l  as  i n  J l  
,  

" , 'l

+  t  q "  ( x , y ,  t ) t .  .  .

y.  The vector  u t

2 . *U*939!993. IS.-rgV ArJgN"p"
2 . 1, J_91*4 9e _ o{ SqqY

I f  w e  r e p l a c e .  ( 1 . 1 6 )  i n t o  ( 1 . 1 2 )

(  2 .  1 )  d i v - .  t t  =  0v -
( 2 . 2 )  d i v . .  ( , r o  +  y t  )  +  d i v . ,  v l- ' x  y  *

i , l o te  tha t  Q .2 )  on lY  i ro ld  i n  t he

fact  that

(  t .  (  r, l  
A i v  V * d r 1 .  =  ) ' v '  n  d 9  =  0

Y  v *  a  o v

we take  the  m€an va lue  o f  t2 .2 )  over

= 0 in J\  €4 .

f lu id  par t .  Uut  us incr  t i re

vre have

Y and r*e h a v e :



( 2 . 3 )  n  d i v , -  v 0 +  d i v
X  *  ' X v

tr l
' * f t

t Y t  )
* s

d i v  vv -
1 -

" J  r

1 Y , In = 
tvi'

vrhicir is *.he l:alance of

Afte:: that. u tal iS_ncy

fcrrm

mass  "

test  funct ions c legrencl ing on in the

( 1 . 1 6 )

+

The re lat j "ve rnot ion of  the f lu id  malz be obta ined i f  v ;e  take in
( 2 , 5 )  * 0  * l u l  =  0 , , ! r  =  & t * l  g  l ? l  ,  &  c E  ( t L  ) ,  d i v r g =  0 ,
q Y*per iod ic  a 'c l  zer :o  on ys.  To t r : is  &ndr  i t .  is  a lso usefur  to

mod i f y  t he  co respond ing  p ressu re  te rm in  (2 .S )  i n to
f r

J  t s r "o *  oo  +  9a : :du  p t )g "  dx .  Thcn  (2 .5 )  g i ves :
J 1  n 2 ,  o  

-  
t

f  d - { u ; + r i ) .  n  (  n\  ? "
)  )  r  - i l1 -* ,P,  S c tx  *  

J  
tu ' *a"  n0 + erac l ,  pr lgs  e*+

* rJ  r

+  ( , .  a  X " J  X $ -  s ' l  
;

J t ' T T ' T F  
r t r  F  d x =  

)  
r r s r s  < l x

*r,l JL

and fo ' r  t -z 0 we have t l re local  problem for t le reLat ive veloci tv:

t2"4) S(x) ** gu (x) *  *r(x,y)+ [  r*  x i" ,  g) ,  ;  ct ;v.UlyL c
at  e rder  €  

oo  
f r :om the  equ* t ; i -o*  * r ru fJgoo*  to  ( t , l l ) ,  us ing

a u d  ( 1 " 1 7 )  r v e  o b t a i r - r ;

.  ( 2 " 5 )  
{  t  n 2 r , , o * , - f . .
I  a-  i , r  tu i - ru. i )  0 ] r

) ,  
* ? ; *  ( v , 1  * * i ) d x +

+ t .i-^,lg. *t) (**L r ?:i :) clx -
)  

4 J r r r r  . t ' x h  " ( l Y n  Q n ,  e r iJ lss

(  o .  ( \  r  l
.) 

p" (civro Iu + c1ivr, g + aiv' gr ) dx +

" n r ,

+  (  * o  ' J , ? ' f l  3 , , {  
" , 1 * l  

a * ir 
),,o',on "r^,J_l:5, 

(-,f .Tf-ru,
-  A  d ) u

+  \  y *  { - _ '  
u  1  

(  r . ( w ? { .  r  _
I  f  aZ  , km  

cx  =  
)  

, r , * ,  -  ' l  ) c i x
flr+ - rL

?:.? . **gl.a ri ve- ye t ?Sj*g
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cl i"v uv*
norm a

we ohtain

values in

( 2 . 7 1

J " f

c1e f ined'

( 2 . r 0 )  \ r t

' i :

Taking the

veloc i ty  :

cqr  .dV +
t-

V1
t ' " 1

= . / u ;  u  €  t { - ( Y € ) r
L - '  r

,  the conplet. ion of

I
product

nn g

r
for the

,  funct ion of  t  wi th

I  r ' p "
l :ar;
v$

? " i
- (-*-: .p.
t  Q t
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tol vr
*-*1, ? t
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i i i

'Lire space UO

t -
drc v anO. 11

I V

th tha scal-ar

f -

i 
ttt tt dY

I

u l- t

V

the evolut , ion Froblem

V " sinch the.t ;
v '

'iri

I t :
; ,r

s  f ind  v

l ' S ,  P  ' n * l l  r
=(r1 -ff'- fr=ffi,

v v ( o ) = o

v . &  e  u y

( v ,  t r  ) . '  .
v,

{ r t
\  t i l . c 1 v

l l

j -
Y1

s  I r Z x 3 l  ,vie

lrr r, 'J

inLroduce the vectors

A , v

element ,s  of  HO

/ \ 0
U  n -

r . l
, + ,  *  / i
\ | J  I .L

(  , . i
( 2 " 8 )  )  6 . , d y  =  (  Q * ,

\
and the se l facLjo in l  oPerator  A,

theorem vrith the form (: ' , ,  g)VO

n v
f .. o v

lz.s) j Y -7-; r- r'
I  v  ( 0 )  =  0

T h e  s o l u t i o n  o f  ( 2 . 9 ) ,

= r-1

value

( ) ' r

Y  ) r i - _  ( v )  y  €  t ,
v

of l I_-  associated l :y the representat ion
\ 2

,  ( 2  . 7 )  b e c o m e s :

n  ^  n - - o
Y  6 r r ' )  o ' V +  t  i' =  ( f r  - - { $ -  ? - ? = : ) q ) t

, -  a n L  . ,  a  I

st ,andarcl  semigroup theorY, is: 'by

L

( r )

' ;  
' l  )

mean

? * ,

C " ?
f =d-r-r?

t ' l/ t ) . ' ( s
T  ' * iI

0

o f

e -  I  
- t f  

A r ( t - J )

(2 . i 0 )  v re  have  the  macroscop ic  re la t l ve

7\

t r t  
f i ' d v

r
( 2 " 6 )  \  E

^ -!J ..,
{ " i u i

r \ -T}T
'  

. ,  
v r

Ya
f  vte clef ine

*  0  r  Y -Per io

ssociatec l  wi

( u ,  v f ) , "  *
- r 1

v



N {
( 2 . 1 1 )  v O ( t )  3

(?. . L2) t," . ' ( i

v, t

n
e  t h a t  p "  ( x r t )  i s

fact  we cont inue P

d i t i on ,  and  wc  use
v

space V of  func
'  t t

f

the .scalar  produc

(2  .14)  (g ,  Y" i i ,
v

ned in fL

in the so

: t  lut
s  t roJs l

( s l c l s

d y +

n d  y ) .

the per i .od ic i t
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mean value

t.-
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i
I  f  ,  . . t  t r
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'2 
11
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r *  n  

- l r ^ *  j
, . *  L r '  t €' )

n 0
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' v  1

t- ArB

d y +

' l r

r L

/ P , * l '
Y  ' u ' :

' , y

- 1

Ll,/ '
I

L

k3;5h* fu! -  {2 . r0}  g ive y t t l  as  a funct iona}  o f  exter lor

} :ody f :orce s ,  gradie i : t  presnre at rd iner t j .a  te  rn,  The rnean val -ue

(2 "  I l . )  conter in  a,  wel . l - * r l . t  f inec l  funct . ion of  4 '  '  g lk& (  
3  )  vrh ich '

dec rcase  exponen t ia l l . y  as  \ - ,  o  ,  u * l  9k i=  9 i k '  The  p roo f

i s  s j "m i l a r  a$  i n  t h+  case  o f  acCIus t i cs  i n  po rous  mec l i a  lZ1  c
L . j

? * 1&.. F Sxgu P*"t-g+-g gL

I r :  order  to  s tucy the local  s tate in  the so l idr  w€ take

n r i r f r t . r . ^ c \
( 2 , 5 )  u r u  *  r n i '  =  g ,  l r t  s  I  ( x )  k  ( " r Y )  r  Y ' !  C  o 1 )  ( i a  ) '

"*p** io.r i* l  
r*  the sa.ne viay,  the asynptot ic proces$

" 2  0 ,  g i v e  u s :
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Yg ,.\ o
(  s ,  o L l k
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*-ryxo
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n-  n ' '  t !  )  ( s ) d s

Reniark 2n2.  The y ight .  hand s ide o f  t h e  e q u a t , i o n  ( 2 . 3 )  i s

n n
wel l  .de f ined as  func t ion  o f  g "  and p" ' .

the macroscopic stress tensor is def ined as the nean

va lue  o f

a oql
? t  Q x n

- r  po r . f  , g ) v *
v

l": :J

; . 1

s'

( 2 ,  t S  )  ( A r  n

( 2 " 1 6 )  t n k h

kh ,-r V. /
s  - n  )  v ." l

C), trj i
, . "--=-*- ov
n  

" l  
v .' * )

l$ teJ I*rT*iil*r
'  - l

f \\ $  t t .
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"**_--*_{lv
? ' o .

J , a
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f s
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t u.s
"! 

"'s- j
Y1

t f
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va len

t l
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j k
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-1

+

t l
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dy

1-L
( : 2 " I 7 )  ( n ' " " ,

( )  1 n l  / #  ( A J
\ & .  * v ,  \  F ,
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