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ITI:RATIVA SYSf,fI}lS OF nQUATISNS

Virgil l irnil C&a#,nesctr

fn some branehes of  theoret ical  computer science we meet sys-

tems of equations whose solutions are obtained" by a €lge$:gglgg

technique. lYe quote thnee of  them" *)  Hvery context* f ree gr{rnmer

has i ts system. The Least solut ion gives the languages genenated

by nonterminals. b) Every fl-owch.art program has its ratir:na} sy$*

tem. ' Ihe lea.st  solut ion g- ives the unfoldment.  The interpretat ion

of the unfolc lmer, . t  g ives the program behaviour.  c)  Every.recursive

prograrn has i ts context- f ree system" The least  solut ion gives the

unf,oJ.dment. The lnterpretation of tbe unfoldment givee the py"ogyam

behavi.our.

fn the sequel  we present,  in the category theoret ical-  1q**

gnage, the conmon method.ology to solve such systems, I t  is  founded

on a smalJ- number of axj.orns and it presents in a unj-fied nanner

the ruain res.ults about sueh systerns. For exampler Y{e define *,$

t . t  -cont inuous algebraic theory such that every f in i te system is a

norphj-snr whose i . terate gives the least  solut j .on of  the system"

1. S.olv*n$_eqqg3.rg$,S*rq en f.:glsSbfq

r-\ r:'} -
I,et (C) be &n qJ-conti-qqqq* _qg3g$,qTy, i.9' the eategorylCi has

\-,

the  fo l low ing  proper t ies

a)  fo r  every  A ,B in  I0 l ;  the  se t  S(A,B)  l s  an  w-cornp le te

poset  hav ing  a  leas t  e lement  IAnno

b) the comnosi t ion of  morphisms i .s tu-cont inuoLls and lef t

s t r i c t  (1 | *A ,B8  =  l *A ,c  fo r  eve ry  g60(BrC)  ) .

let pr{cl _*r(C; ue a lg.cg14v--qJ:s,a}'1iipl+g$g.$gng!Sq, that is
L,/ L,,

for every ArB in l0;1 the restr lct ion of F to (Cl
I ' V I  V

(ArB)  i s  a .&  c r " t *con-
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tinuous function

An X:gLggHs i-s an ordere& pair (4,-{) whene A eilQ'l
,,\

ot rp(A) *--+ /r is a morphi"sm i* 9. An E:e1-S9!gg_pqllb1-pn

to lnrP) ie a morphi"sm geA ---+ B such that  r (a)  p = c{9,
,/-\

I-et slX ----+ f '(X) be a morphism of l$. We ehall say

& sys ten  o f  equat ions .

shall eolve the systenr s in every F*algebra" $le say th.a,t

tho morphiem f :X -)  A is a soLut lon cf  s in the F-algebra tArc;{ ' )

i f

f  =  s F ( f ) o d .

1 .1 .  Frqpqp l ! }oq .  The equat ion  s :X  * * l  F (X)  has  i "n  every

F*algebra {Aoot,)  a smal lest  soJ"ut ion so{"

Sgg€. l ,et io, '$(xoA) --*-+ 
$}tx,a) be the f,unction def, ined by

i4({)  s  sF(f }e,(  for  every f  €@(X,A) "  I ,et  us not j .ce that  f  e/cIX.A)
\ - / '

is  & solut i .on of  s in (Aro()  i f  and. only i f  f  is  a f ixed-point  of
i " \

j . .  As  F  is  loca l l y  r i : -con t i .nuous  and the  cornpos i t ion  o f  i0 j  i s
. \-/i

-o(

u)-eont inuousr $r€ ded.uce that j* fs &n c. : -cont inuous funct ion.  I t

fo l lows from the i { leene f ixed*point  theorem that

"":Vt;l(i#,e) l" * *)
i s  the  leas t  so lu t ion  o f  s "  @

If frX ----+ A is a solution of s in the $'-algebra (A'"d) arl*

gl t .qrot)  **  lnrF) is an F-algebra rnorphism then fg is a sol-ut ion of

s  in  (B ,F) .  Indeed. ,  J r t  ( fe )  =  s r ( fe )J3=sr  ( f ' )F (s ) f l  -  sF( f ) " /  g  *  fg '

1,2"  Elgqosi tS,on.  I f  g ; (Aoo")  * -+ (Rr f5)  is  an F-a lgebrs mo. t ' *

phism then $,".= s6(g.^ l

3lgg9, 
"fe 

prove by fnd,uction thaf 'r l '  t i  "nt I ,t o'  J F ( I X , g ,  *  i o r \ - L X r A / s "

As the composi t j "on of  morphisms {s lef t  str ict  we deduce

t  -  |  g - "  I f  t l : e  e q u a l i t y  h o l d s . f c r  n 6 t " u  t h e n
J - X ' B  -  J - X r A o "  " ' 4 "

nnd

f ro r r  (A ,q)

that s is
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n+}
.i
r JA

l-

n n+l-
*
r t J

n se( #J-'x,*) )c'( s ( l_x,s) s .

I t ' -a lgebras  (U( l ) rPO)  and (U(C) r#6) ,  there fore  *C =  upU(g)  and

fu(g)  i s  a  so lu t ion  o f  s  in  C fo r  every  so tu t ion  f  o f  s  in  D.

&{oreover i f  I  in an in l t ia}  ob;ect  of  $and o(0 the unique mor-
-r\ 11

ph ism o f  O  f rom I  t o  C€U l  then  *C  *  u lU(dC) '

2. $.glvin$ equgtlions jn a eq.tggo.{y

We study another ca$e that is cLoser to the pract icet  where

the category Cj  is  not always an , 'u-cont inuou"s one.
V

I ,et '$ be a" catesory and. let a e l0 l .  Let us denote by* r L

h^ I 'r i) ----+ Set the functor defined hy
.6t \/

a )  h o  ( n )  =  8 r ( A o B )  f o r  e v e r y  B  €-  i t '

(  l x ,B)  s  e r ( ip t l x ,B) )P  *  ss ( io ( - " ! *x ,s ) ) r (s )  p  *

rherefore *"{  I  = fV{ i* t l * ,a) l "d*}  )s  =

-V{ i j t r" ,a)e l"e " ,}  =V{i ; ( Ixun) !  "€*} 
*  uf}  .  *

I ret  us suppose trrat  there exists an in i t la l  F-aSgebra (1r i )"

fhe above proposi t ion al lows l . rs to compute the.smat lest  soluf ian

of $ ln every F-algebra (Ar*()  f rom the snnal lest  so-Lui ion of  s in

(1 , i ) .  rnc leed,  i f  g ;  (T , i )  - - :1  (A ,oC)  ts  the  un lque F*a l "gobra  mov*

phism tnen so( *  * i8ot

Let U;$-+$l  be a functor such that t 'ere exists a natu: :* l

t ransfornat ian #:UF -)  U, We unayttsolve" the system s*X -- . -q.  S'(X)

in every 1l€ !(p1.
Let r :e [$;$. A morphism f:x

of s in D i f  f  is  a.  soJut i -on of  s

fol l .ours f rorn prop<rsi t ion 1"1 tnat

t i o n ,  s , r e  o f  s  i n  D .

t re t  us not ice that  i f  ge6t l ,C)  then U(e)  ts  a  raorphism af

-*b U(D)  is  sq id  to  be a so lu t*on

i n  t h e l * a l - g e n r a  ( u ( u ) r . O p ) .  r t

there ex is ts  a  smal lest  so lu*

tsr
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b)  n * ( f  ) (e )  H  s f  f o r  eve ry  r *$ f  B ,c )  and .  s  €6 ' (Ao8)  "

Lr*t  U:Q,,** lr$ be a functor. *utr hypoth*ses aret

(  a .L)  f 'o r  every  xs" i$ i  and ae i f i ' l  the set  1{ (x ,u(A))  is  an

ur *cCImplete poset r:,nd ha* a l"ersst element *f6 e

t z , z )  ro r  eve ry  x6 l$ f  and  f -d  8 tA? l l )  t he  f t rnc t i on  hx { I J ( f ) }  i s

t-rJ *continucrus a,nd st: ' ict t

(a"3) ror every X€lV)i  there exiet VX€ tr ,El  and a naturaL

t ransformat ion

Y x t U k * b v x

such that  for  every ue$tXrU(VX))  and for  every A6 i0 !  the func-

t i on

ga  '  t $ i x ,u (A) )  *u '  ( x ,u (A) )

&ef ined fo r  each f€ .e (X,u(A) )  by  gAt f )  =  su( t f l s ,6 { r } }  ,  *s

u) -cont}.nu"olts

[he morphism s:X *-+ U(VX) fron,e)ie said" to be a ggglqg.
L,/

.r ^.1- t .- lu'. r ,e i  ae , { i , l  .  A  no : 'ph isn  f6 ,C. (X 'U(A) )  i s  sa id  to  be  a  gg} :+ ! l "qn
r v  -  -  

\ J  

1 \

o f  s  i n  A  i f  s  U ( f . ,  n ( t ) )  =  f .  I , e t  u s  n o t i c e  t h a t  f € | C , ( X ' U ( A ) )  i s
' , i . . t  i i  v

a soLut ion of  s in A i f  and only i f  f  j "e a f lxed*point  of  9, , '

The hypotheses  (2 ,1 )  and (4 .3 )  show tha t  rve  may app iy  the  K leene

f ixed-point  theorem to prove the fol lowing proposi t ion"

2 " 1 - "  ? r o n o s i t i o n .  r l l re  equat ion  se iQ(X 'U(VX))  has  in  every

A €  i D  I  a  l e a s t  s o l u t i o n

-* {{eit-t-ol | ,,n *i ' *
/  \ .

?- .2"  Engpgs l l ip - r "  Le t  geU(A 'B) ,  I f  f  i s  a ,  so lu t ion  o f  s  in

A ,  t h c n  f U ( S )  j - s  a  s o l u t i o n  o f  s  i n  } j .

pJqo-f 
" As 9;. is a natursl transformation we deduce

s  U ( q - ' , ( f l l (  . , j ) ) )  =  s  U ( i p *  r ( f ) g )  =
' ' . A l f J  ' . r 9 ! t

d  s  U ( q , "  . ( f ) ) U ( g ) .' A r  A
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As f is a solut ion of s inr A t ' t  fol" lows that fU(S) is n, solut ion

o f  s  i n  B " @

2.3" SfqpSS.l:!-rW.. ff  ele .U(A,B) then sU r: uAU(g)"

?rqqf " \Ye prove by induction on n 6 qa) thet

tl rt
ga(;*n)u{ s) * gB(_tBi

n+1
9x,

A a l0[ a unique solu'blan uU(x.*].

As h( u{ e) } is strict ;1B * h"{ u( s} } (-j**) * *[-su( e} . If the ahove

equality 5.s irire for n € @ then

( lu )u (e)  *  *  u {Yxne{gs(* ;a ) ) )u1s)  s

5* s u(Ys,r r (36( Iu))a)  = u u( . fx ,n( f6( I* )u(e)))  s
n n+L

s *  u(Yx, iu{9n( l -B))}  *  9B ( I ts)

&s ho(U(g))  is  . r r*cont j "nuous we d.ed.uce

s*u( c) = k(ri( e) ) (${E;{*i*A) l,* e*,,} ) *

*V[Et t - t *o)u(s) ] "a* l  -Vtsf f tJ* ' ) f  netu]  s  *B.s

1,et I  be a.n intt iaL object or " l l t .  Fcr eve?y ,r* l ' ln l l  let un de-
l \ r l

note by ctor l  : - -+ "& the unique aorphism of 6from J to A"
" .l{ \r'

2,4* g.ggg]}*{X" If '$ has an initiaL otrJeet I then sU=sUU(dA}

for  every  ne i { i t .

2.5. F-.r" 'qEgqt! lgg. 3,et I  be an ini . t ial  object nf f i )  *rrd i .et

ulX --*  U(I)"  The system s *  uU{o(, .pg):X *r  I I (V-X} has in every

pfpqf"  r ;et  A a {g-J l .  r f  r *$tx,u{A)}  then

9A( f )  *  s  U( fx ,s ( r ) )  =  u  u (4vxYx,A( f ) )  =  u  u ( " tu )

t h e r e f o r e  f  i s  a  s e l u t i o n  o f  *  i n  A  i f  a n d  c n l y  i f  f  =  u  U ( d . o ) . e

lYe feel  that  the pre*ent context  ls  too general  to * tody

systeme of  equat:ons with param*ters" \Te wi l l  do i t  in the fo l lo*

w i n g  s e c t i o n s .
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3. fhe l "*est  r :o lut i "on is an i " terate

Yde &rfl Soin$ to rturt.y in tire $equ.{$l a i l}ore perticlrler ea,$o;.

i| le shal} prove t}ir*"t we may oh'ba.in u.n ur *cclntl.nuous a.l51ehraic t}reor5

such that *he lea,st  solut ion CIf  e f i r r i te symtenr of  equet ions is t l r*

i terate of  t l re sy* ' l ;ern"

. * * - ' . '
tret Ul€i *s $et, be a functor. I 'de &,s$tltf l€ that U has a left

aci"  jo lnt ,  that  is

(  j - t )  for  ever. ' /  X€ I  sei t*  \  t r rere exist  vxe 1$l  anrt

tx  €$etu(XnU(\nd))  sueh t l rat  for  every A€ l0 l  ancl  every

f  e  se t * (x ,u {A) )  there  ex is t  a  un ique r#  e$(VXrA)  such tha t

gxu(^#)  ix  f  *

3,e t  tes  f i rs t  no t ice  tha ,b  f  €  Set * (XrU(A)  )  and.  g6€XA,H)  tmp ly
!i. 'i

f *g  *  ( fU(rg)  ) f i .  Indeed,  the conc lus ion fo l lovrs  f rom t l re  un iquene$s

pa . r t  o f  (3 .1 )  because

t x u ( f { t s i  *  & x u ( f i + } u ( s )  s  f  u ( s )  ,

I f  vse wr i te ryXrA( f )  x t  f s  fc , r  e ' re ry  f  € l5e t * (XrU( , t ) )  we deduee

tll*t tf l*;Uh" **+ ir '* is a r:; i '*riral- tynnsfcrmati+r: for svery XaiSet*f

I lor every a 6 S# we 0enote

x a  =  
t  

* u . r  1 1  ] i a  
o 2 '  

n "  r  x e ,  
I  u - l  )

tF r j . s  se t  i s  S-sor ted .  by  sorb ,  { * *o i )  *  * i  fo r  every  ie  [141]  '

I , e t  T ( a r b )  H  s e t o ( X a r u { v H b i }  f o r  e v e r S r  a o h  i n  $ s " '

Se f ine  the  ccmpos i t i cn  by

f e g  =  f u ( e # )

f o r  € v e r y  f € n ( a , U )  a n d  g € T ( b r c ) ,  I f  f  g T l ( a r b ) r  8 6 T ( b r c )  a n d '

h  € l l ( c r d )  t h e n

go( goh)*fu({su( i r# )  )#;=ru( s*rr*  )* fu(  g i i ) { j ( t r*  )*(  fo g) o rr

therefore the composi t ion 1s assoc iat ive,  lTe prove that  1**  9"*  is

the ldent i ty  morphism of  a  €  $&.  I f  g  €  T(ar 'b)  then l "eg=&*u.U(S&)* f i "
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u
r f  f  6 t ( t , 'a )  then fs la*  fu( t te)  .=  fu( luu*)  *  fo  therefore t  is  i l r l

$-sor ted  ce i tegory .

For  a €$# anf l  ie  [ la l l  : t - * t  i re  xeto(xaarxm,)  be the funct ion

d.ef lned by , i1( x*r,  ,  i  *  o* 
u { "

Let  a  d$"4.  t *$r  ie [ ta t ]  * *  r le f i .ne 
" i * t (ar ra)  

by x f '  *  J . i  tX* .

I f  f i 6 f {a r rb }  fo r  eve ry  i € l l a l J  they r  the re  ex i s t s  a  un ique

f € Etarb) st i .*h tha"b xf "  f  *  f i  for everi ,  i6[f*t ]  "  Therefo: '*  S is

€i3x. S-eortecl algehrcrtc theary a

Remark.  Tf  U is the forge"bful  functor f ron the category sf

f ,*o.1-gebra.s to the category of $-sorted" sets then t is the free

algebraic tlreory ger:e:"eter1 'ny 
ffi " s

Our neconr l  hypothesis ise

(3 ,2)  fo r  e r re ry  Ag i$ l  u  e r *eh  component  o f  . *he  $-sor ted  se t

U ( A )  i s  &  s i ; r i c t  . * r - c s m p l e t e  p o s e t ,

l e t  X €  l s e t * !  a n d  A €  l $ l  "  T h e  s e t  s e t * ( X r t } ( A ) )  m a y  b e  o n d e *

red  i :o i r : . t ' , " ; ! se  r  f  *g  i f  o .nd .  on ly  i f  f {x ) .sg(x )  fo r  every  x  in  X"

I f  fo l lows f rom (3"e)  tha t  l ie t * (XrU(a)  )  i s  a .  s t r i c t  r * r *cornp le te  pCI*

s e t ,  t h e r e f o r e  {  2 . } )  } r o } d e  e r n *  T ( q , b )  *  $ e t U ( X a r $ ( V X b )  )  i s  n i  s t r i c t

e$  *cosrpLete  poset .

The tupl ing j -n T in increasing. iet  arb iu Ss and for every

i 6 [ l a l J  l e t  f t s  s i  i . n ' I (a r rh ) ,  ? fe  de r i r " r . ce  tha t  fo r  eve ry : "e l fa t l

4 t *  f 2 u  .  "  ' ,  f # ( H a r i ) = f i ( > : D . i u 1 ) s a i {  * * r r l ) * { s l ,  .  . .  e  s " ,  )  { * * r i )

i ; h e r e f o r e  o f l . u  f  Z o . , , r f r r )  
' 4 S i  * 8 2 t . . .  r { r r ' }

Our t l r i rd hyn., ,othests iss

(  3"  3 )  fo r  eves ' } r  f  q  D( . r i r i : l i  ,  each ccmponen ' t  o f  :Uhe $*sor ted

func' t  j .on U( f  ) :  t l (A) *"p U(B) j .s q;-co*t inuous a.nd. str ict ,

t f e  p r o v e  ' b h a t  
i 2 . 2 )  i r o l d s .  L e t  f  g  n ( A , B ) .  I f  t t r r ] r r * *  i s  a n

increas ing  sequence f rom $eto(XrU(A)  )  then fo r  every  x  in  X

a
j

)
r l

, i

I
I
i

I

:  . .

. i

1

j

. i

. 1

I

. )
I
:
t

. t '

:
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h x ( u ( r ) )  ( V r r r ) ( x )  *  u ( f ) ( V  r r , ( x ) )  *  V u ( r ) ( r * ( x ) )  #

-  yb(u( f  )  )  (  f rr)  (x) .  lg J*n ts the }ea,$t elersen* of $etu(x,u(A) )
II €. tr,r

t"hen for eaell x in X

? k ( u ( f ) ) ( * l * s ) ( x )  *  u ( f ' ) { * l * A ( x ) )  *  l * ( x }  ,

l$e dedue o that *he eornpc*rit5.on in * is left CI *eanti&ltslrs and

l e f t  s t r i c t ,  T f  f  €  t (b rc )  t hen  Ja r .Oo f  *  _ ! *u ,bu (  f+ t )  *

*  hx*(u(g i t ) ) { . - [ . -e ,b)  *  iq l ,s  .  t r f  f  e  r (b ,* )  a .nd { t " }n€*  is  an tn*

c r e a r s i r r g  s e r r u . e i ' r c e  i n  T ( a r b )  t h e n  ( V f * ) o f  =  ( V f _ ) u ( r F )  =
nd.rr l].€u "

k*(u( r*)){$r ' , , )  = V\"or(u(e4ty)(rn) = $s*u{r*)  *  Vfrr ' r  €

Our Las* hypirotsrsi .s *s*

(  3 .4)  for  every xe lset* !  ant l  A€l t ) i  the funct ion f rom

$ e t * ( x , u ( A ) )  t o  $ e t * ( u ( v x ) , I l ( A ) )  w h i c h  t r l p . p s  f s s e t u ( x o u ( A ) )  i n

U( f i t )  o  i s  caJ*cc in t i nuouso

I t  f o l1 -o r+s  f rom i t  t ha t  (2 .3 )  t ro las .  t e t  xe f  $e t * \ ,  AE l$ t  and

s e Set* ( l : ,u(VX) )  "  I f  { t - " i "e*  is  an i .nereas ing sesuence f rom

se tu (y i ru (A ) )  t hen  fo r  e i re ry  x  i n  X

s e ( V r r r ) ( x )  =  u ( ( V f r r i # i ( s ( x ) )  *  (  V u ( r * ) ) ( s ( x ) )  s- '  
$€u l l€w ( l€ral

We deduee that the campositj-on in f is r5.ght r^.r*conti$.ttrous"

I f  f  ef  (arni  ancl  L*rr i r ru* is r* .n j .ncrea*ing sequertce in f  (bre )  then

f o r  e v e r y  x € X a

( r o ( $ r n ) ) ( x )  *  u {  ( M t r , } { * ) ( r ( x ) )  =  ( V u ( r * ) } ( r ( x ) )  =
. ' '€ur t,€u,

.)&
t  \ l u ( f f i ) ( f ( x ) )  *  VCro r r r ) ( x )  =  ( $ r * r r r ) ( x ) ,  The re fo re  T  i s  &n

neuJ  11  Qu t  n .€w

.d -cont i .nuoi ls S*sorted algebraic theery.

ltemark. If U is th* for6etfi.a)" functor from tlre category +f

ctr-eontinuCIus X-algebraa to the eategory sf $-sonted. eets then tl
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i1-eontinuous al"gebralc theory Seners,ted by f o which

dsnoted by Ci l

e f ree

Ln$uai " s

i ' fe i ' lave lef'f, out above the ord.ered. o&s€. If we omit rr r.r.r.,com-

FJ-e'hett  1n (3"2i  and" we replace r !  er l*sont inueue" by increaei .ng.  in

{3"3i  a i r& ln {3"4) t l ren vrs mm.y prove t}rat  f  is  an ort l "ered. $*sor. ted,

algebra.ic theory. If U is the forgetful funetor f,ron the ca'tegory

of ordered. f l -a lgebras to the category of  $-sorted sets then T is

the free ord"erecl-  a lgebraic theory generated by f ,  .

A s  X ) ,  i e  t h e  i n i t i a , l  o b j e c t  o f  S e t q  w €  d e d u c e  f r o m  ( 3 - f ;

tha t  VXl ,  i s  an  in i . t ia l  ob jec t  o f  B ,  

u

Sret us refterk tl iet w€ ms.y s"pply ali t?re propositions of the

previous sect ion to sol-ve eystene of  equat ions.

lTe shal}  stud.y onl"y f in i te ' ,*ystems of  equat ion*.  fhe system

srX -*-+ U(VX) is seid" to l :e f in i te i - f  the set  X ts f in i te,  T,et

{  =  
t * f r * Z r . , . r * r r }  a n d  L e t  * i  b e  t h e  s o r t  o f  x r .  A F  t h e  $ * s o r t e d .

set l {  j .s  lsomorphie to Xa, t rve may def lne,  wi thout loss of  t } re ge-

neral i ty,  a f in i te system as a funct ion s:Xa *-+ U(VXa) that  is a

norSrh isa  s  gT{aoa} .  I t  fo } lows f rom propos i t ion  2"1  tha t

Let us not i .ee that

n+l-

svx;L = V[shn {*Lv.xr} [nato ] .

Iyp;-3 J-a,h , rf I vxl(*l*vxt) * *11*,r

then g rrx L( *Lvx l,) * I "'/x ,\t u*I*,' ) = s$( ( **J** 
ri 

# ) i ***lJ-a 
,a. 

o

Therofore $vxl" * Vfu*-f*,^l ** -] * uf by th" clefinit ion of the

i tenate is &It k!-eontinuous theory, Conol"Lary 2"4 shol'rs that uslng

+ A , ^ isr we may compute the les.st solut icn of s in every A€ lg' l  .

3.1, 4xe.qplg" Teg :ggpggl-*L[$-!"eqtq. iet rrx **-+ $xs* b* a,

si6nsr.bu.rc. I,ot u: luAlg *+ sots 
't 

e the for"getfuS. functor frorn the

category CIf  t t r -cont j .nr?.rru f , -a lgebx"as to the category of  $-sortecl

s e t s .
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T,et us motice that the frrnctor U ful f i l fs the cond.i t ions

(3 .1 ) ,  (3 .23 ,  (3 ,3 )  e , : r : r i l  ( 3 . /+ ) ,  f nd .ee*u  i t  3 . s  ve ry  v re lL  hnown tha t

U ira* a l"eft  acl joint V;$eto *"*u.rnt** vrr lr j .sh nap$ every S*sertsd" set

x ir"roco vx, 'f i:e a-r -eo:r'i; i1?usL!.s ff*a,lgebr*, freeLy generated tly x. rf
z } trGl = (Ar%rE,*f- t )  is  p. i l  ;u-cont i . : i t rous f f i -a l"gebra t l ten eaeh ecurponen"*

o f  t i re  $*sor t r :c  se t  A  t *  a  s t r i c t  co*compt r -e te  poset .  I f

f ; (S" r f r6 r$r .LA)  * - -+  (Bof f l l rSoJ*B)  i s  a  mof ,ph ism o f  tu -eon. t inuc ,L ts

f f i*alggebx"am t i ' ren ea,cl i  er+nponent cf f l (er{r_,1_A} + (Bu$r*t-*) is

q) *continuoris and str ict .  let fr ]  
= (Arffgr4r -LA) l :e an or *ccntinuous

fi*elgebra, If f;]i *-+ fi is a fu-n*ti-o* tret as denCIte by f@;yX --+ A

the u.niqrie norplrisff i of <s *conti"riuous Xl*r"g*bras such that

f#(x) *  f (x,)  for  ev 'er l i  x  in.  ) I .  Iet  f r r*X *--r  A be an incroaei .ng

s e q u . o r : l c e  o f  f u n c t i o n s  ( f o ( * ) { f r r . r l ( x )  r V * e  x r V n s c r l } .  r t  J . $  e a s ; r  ' [ E 1

Frove that t l ie funetion rrcvx ***!" A definect by h(y)*Vlff i f  vlJ na":)

for er,ery y in VX es rizr, r$*corit j.nuous ff*algei:ra uiorphlsm, 'uliere-

fore h *  {V l fn i r r  r *  }  ) { '  "  F lenee eont l i t ion (  3 .4)  is  aLso f te} f " j . :3ed.

It is l"*rown ttrat VX contatxrs a.s & cubalgehra the free

f-aigeUra geirrerateci  '0y 
X.- ,

A systein ls an s*{Jorted f i ;net ion ssx **s VX" I lhe systenr-€t  is

said to be rEi 'Niona. l  i f  s  assigns to svory x in Xo an elc*ment f rom

t t re  f ree ,X * * fgehra  genera*er l  by  X .
.  . . : \ .  t  .tuet(Aj= (Arfrurarl*a) be an s:-continou.s f ,-a3gebrs..  I i ;  foi-

I cws f rom propos l t ion  ?"1  tna t  s  ] rae  a  Leas t  so lu t ion : -n$ l

$i . *f/{ gll *L"r,.,} 1,, e* }
S i  v t u  . t r  )

where Ler(x)  =  i^  for  every x  in  X and the funct ion
& t \ -

g. , . i l ;  Se t * (xo l i )  *  r  [ ie t - (X ,A)  i s  Get ' j -ned.  fo r  every  fcX *+  A by

g;,(  t )  = sf ' { } .  Jrs Vy) i$ the;  inr-bi i i l  ob;ect  o.r . { }g i 'b fot lows frosi,iAl' " -E

corollary 2.4 that -;!f *Vpb.l where n$..UP *-*1,$) is the unique

iil rcon'binuous f,-Elge bra rnorphism from vp to $" o
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jji'.*t'*
l e t , f i  l ro  + t . ^'{, b* the cEl.teffory 'r,, irn*^ -actr  \*-r  

arbi-"-" : :*r lo*F 
v- ' l r^ose ob. 'ects ere the :"* e. _i in &n arbitra,r. i ,-  

i i l  -orr '*" i  *-."and r , r\a . h. 
*c*ntir:uoris 

-ru-oJ, 
" :: 

interp:'***tion

" l ,J  €& f  t  . r r r ra - t

<r.r *contr"*.*-l 
o- a'e abie*s o:r,$ rr-rrLi-;:; ;:T:"._:: 

r:x *

r F  =  r n ( i , e .  

I  a l € i e b : ' a i e  
t ' e o r y  m o r p h i s ,  

* *  s e t  o f  a l l

Trhe *":i in' 
* r'rn) ron ev*r' ?:;; 

u' such *hat

is rleflnecl

a) u{

b )  i r
? ( s u a ) ,

U*r.$) ** u***u**
byr

r t X * * s f )  *

F € t . $ ( r , 1 r )  r n
)e sx$tr

: i .s the restr: Lct j .on of  F to

t * r * ,u r )1 ,J t $ r a

e n ,  U ( F )  
{  u o  * ;

J t  c a n  h n  n h ^ - _

(3 '4 ) .  re t  ou  

* *  B roved  tha t  g  sa t i s f i e
I mentj.on ilratEx &re rhe ;.::l::. 

that ir x is." *Jj-:j;,jJ.:' ' 
(3'3) an*

in sr *^ *jo*ri* i*no 
cr "rhe srendareJ ,";":: , : : :r 

rhon vx ar:d
**ff lJx n* 

"}J and ,yr resp€ctively. 
o 

"el interp:*eta't ion 
of Xlux

4.  F ln i te  cs l tems
%iurI'le use

seet ian .

Ig.meters

4 " 1 "  D g { i q l t i o n .  
3 rnor .ph ism s  d ,J (arab)  ie  sa i .d  to  be  a

sl-s,.! Qttl_ o t erigel; i 6*x*ei_t.ir_- pq.mry q t ggg, erf g6, setu(xa,-: l)  *ruff ,*_***::, u j***,".;,;;';;." ;;li;j{xJ, 
we denc,,e by

* * ' f  i  g 
i la i ]  t ) :e '  r r {  -  ,  - - -  

"+vi .  i lc ' lnec} '  by as,  f  }  (

[o  uor . . , r , * t t .o - t  
n ( * * " ]  e lse  f {x '  

; ; "  

t s r r }  ( * * t '5 )  3 :

1 '  u o + , < , .  
u " * i J * . n u r " , ; i ; ' ; J u } j : n - r a  

' 4

'bhe 
same hypothesee

and notat ions Fr!* 4 n r , .as in *he previous

f €  $e tu (xu ,uEs) ) .  
f he  * . . , ' , " * r " - \o r& toJ  

we  f i x  A6  f$ f  and

{es*_$-c

9A, f  ;  $et*{xa,  u{A} )  *+ ,$etu(xa,  u(A) )
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i s  de f ine t l  f o r  eve ry  ge  $e t * (XarU(a ) )  by

f ,  f  ^ \  _  * r t  ^  - -  ^  + \
5 x .  g \  # r  : *  s  u ( { s u  f  } t i  '

A f ixed"*froint  c l f  qo o is sreid tc be &, $oLutton of  s *n A ferr  f "' d t i

I f  f *  is  e . i r  inereas ing sequen*e fnom Set* iXar t r1(A))  l t  fo l lowsrl

f r o i o  ( 3 . 4 )  t t r e t

rJ(zs, Vfrrr#) = u((V.s,ro>)*) c $u(<suft4h)
nduJ 

r^  
ngro  ng t . t

therefore 9*r f  is  an i .u-e<lnt j "nuol ts funet ion,  The Kleene f ixed*

po in t  theorem teL ls  us  tha*

su( r) = V gl, r(Ie){+  
n€ i .u  

-  '

i s  the  leas i  so lu t ion  o f  s  in  A  fo r  f .

4 ,2 ,  8 :g lggaS-*gn. "  re t  h  € ,g {A,B)  and f ,  €  $e t * (XhuU(A}  ) ,  3 f  s

is  a  so lu t ion  o f  s  in  A  fc r  f  then gU{h)  i s  a  so lu t ion  o f  s  in  B

for fU( h) .  .

Sroq{.  r f  g € $et*( ts:* ,u(A) )  and 9o -  u(  s)  = g then.", 
I

s t  , r ( e U ( h ) )  a .  s U ( < g U ( h ) , f U ( h ) s T { )  *' B , f u ( h ) t t ' " \ " t  r

=  s  U ( ( < s n f )  t t ( i , . )  i t )  =  $  r i i c g , f > * i r )  =  g o  o ( s ) U ( h )  s  g U ( i r . ) . C l
& ,  L

4o3,  Prppos . j . t ion .  I f  h  € .D, (ArB)  then

su( f  )u(  h)  *  s*(  fu(  h)  )  ,

Proof" \ofe show by induction on n that

?uo ,  ( -L r t l u (h )  *  9B , fu (h ) ( l * s ) .

For n*0, I  OU(ir1 
* -}*B by (3,3), I f  the above equa]i ty holds then

n+l ne;;; (rulu*rr 
_ : :::h:,il; :;::::;l_; _

n , ,  n+l
*  s  u(4 g  n ,  guCh)  ( I t r )  o  ruqh)>#)  *  gn,  ru(h) (J-B)  .
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Li* ing agatn (3 .3)  *e  c ledt rce for  every ig [1" i l  tha, t

(nn( f )u (h) ) ( * * , i )  *  u (h) t ,S f l , r ( - f - ^ l (x * , i )  )  x

b r n - r n-  
H  

(gs , r ( J -a l r r (h ) ) ( x * , r )  -  
X  f  e , r -u ( r r l ( Jn ) (x * ,1 )  F

s  s o ( f U ( h ) ) ( * r , i )  ,

t h e r e f o r e  s ^ (  f ) U ( i r )  *  s - (  f U ( h i  )  " e

4 '4 .  [q t lqq{ , -  r , * t  s !  €  $eto( : {a ,u(vxb))  and j :xb -*+ xab be
b '

the funet ion def ined by j (x '  
, )  

=  xab, ,s , f+ i  for  ie  f iar l  "  Fhe sys. .

t em g  c  s 'U ( (  j t "o r ) f t )  ] ras  i n  eve ry 'na ;@i  and"  fo r  eve ry

f  €  se t * ( xb ,U(A)  )  a  un ique  se tu t i on  snU(  f * )  . .

Y: f l gq t .  t r e t  Ag i l € l l .  I f  8€$e ru (xa , i i ( e ) )  t hen

9 u . , r ( a )  - -  s ' u ( (  j € x a r ) * ) u ( a s , r r \  s

s  s * t i { (  j a * * o  { g n f . } + $ ) s )  *  s , u ( ( d  <  e , r > ) { )  *

iL
x  s ' U ( f r r )

t -here fore  g  i s  a  so lu t ion  o f  s  in  A  fo r  f  i f ,  and  on ly  i f  g*s 'U{ f# } .

4.5.  l fgpot i r t fo-g,  : f  s€ ' f (a ,ab)  then s f  a .  *VXn( tX.u) .

Frg?f . rJy ctefinii:ion s"t' * 
'V 

u(n) rvhere *( o)* 
-1o 

" 
and

1  n ,  
R € t ' t ' l  

* a t  u

" ( n + 1 )  
-  s o  d , u ( n ) , l b t  f o r  n e o  o

FJe show by lnduct j-on on n €, U) that

u ( n )  =  * , v r  ( lgvxuoExb (rvxu) "

I 'or n*0 we remark that *!*arn * JVXU by d.efinitions, For the in-

ductlve step we need. the foll:owing cosiputati.on where we orni.b the

lnd lces  o f  €  !
J J L

n+1, ,
g r - r . \ rx l r )  =  9(gn( ; ;o"o) )  s  :  u( . f ( - r -vx ,a) ,  Lxs>-)  *

s  s  u ( <  * ( n )  r r o r * )  =  e o  {  s ( * )  r l t ,  =  s ( n + l ) .

Therefore

*vx*(txn) - 
Mgl*o,exb(l,vyb) 

- 
M*t*) 

F sf , s
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d f  
' / \ '  

- - -  t  F - ^ , . !  f  t :

4 " b "  v r o p o $ ] 1 1 o ? r .  r r  s  € . ' i r t a r a b )  |  A €  i ' I l ) l  e , n d  f e  s e t , . ( x b , u ( $ . ) )
ri

then
s^  (  f )  =  s fu (  f * )

i \ \
t"

Froof ,  As fe  e  g, : {VXh?A} i t  fo l lows f rom proposl t ion 4"  3  that

*vxn{f  xb}u(  f#)  *  $A( fobu{ r+)  )  = so( f  )  r

The eonc lus ion  ie  ob ta ined us ing  the  prev icus  propos i t lon"  S

At  th is  po in i ;  &  conment  i s  y , ,e lcone,  ? ropos i t ion  4"6  g ivee

another nethod to soirre the system s in A for f "  \Se eompute the

fornal  solut ion st  snd then we interpret  i t ,  i ,eo we eornpute

sfu(f++).  !?e say the solut ion sf  is  formal-  beeause we rreed not knew

A and f  to  ccn ipu te  i t , . In  o ther  wordsr  we ma.y  compute  s t  w j - thout

interpret ing ' 'o;he systerr  s ant l  the parameter$"

lYe may try tno other ways.to sol-ve t l re systen s. The f i rst

one is to interpret the sy*tem s in A* t ' 'd l  ,  to eolve i t  and, l lhen

to in terpret  the paranreters" ' Ihe seconcl  way is  to  in terpret  the p{ t *

ra.me Lers iri. l i ic sy;, bciir befc,; 'e sol-. j i ;t$ xaJ. Bol;l: t-ra;rg gj..ve the 1*a'gt

s o l u t i o n "

, t ret  * .€ l tg, l  .  i fe &ssume t .hnt  the acprodu*t  i r  + VXb exi* ts in
' \  

r te bv i .sA * i :VXb -+ A+VXb i ts struct . i i . -t$ and we d"enote by i,,rA *+ A+VXb anel

ra l  norph iems,  I f  f  e  $e t * tXh, t l {A)  )  le t  ns  d -enote  by

. lArg* rn$A+VXt roA)  the  un ique morph is ln  such t l ra t  ig {  lg r

- ;  i  <1A; r+)  *  r *  .

4 .7 ,  S lg l g$ i i l q .  I f  s  e  T (a ,qb ) ,  Ad  lQ l l  and  f €Se ts ( xb ,U (A ) )

then

so ( f i  *  * s * vxu ( t yhu ( i )  ) u {< lAn f { t }  ) ,

Proof  "  I t  fo l lows f ron ' r  p ropos i t ion  4 .3  tha t

J,!

f n >  =  1 A
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sj: . , . i rui?r{f f  . , r t t t (  : .}  }u{d : i . . .  *  f fb } } '*

\ z  * * { [ - - . . , . , t i { t ) r r i s . : , . , , r f } i >  ) }  i * :  r : u ( f : ; , : I ] { f : ' l { ) )  -  so ( f )  o#

-i.,el-L -t g I iil . i*e lj.i:;i:ii"r^;1ii{t tJ:,n: il 'i;}ie cclp:rott.l,l"c'i; Ji+Vrrla exiets ln i_1!i

rt.i:ttl t",'e fJ*:rut* i-r;r i, rfi. *-"-',i r',!+t/i-in i-:"r:r{ i;\rHa "*--r A+VXu i'i;sl str.u*lu.rs"J-

mo: 'ph - i . ; : : j i l i  "

l . ,cri; f s" f: l;,:"i;.*(XbrU(ii) ), 3f w+ i:r ' ;erprr-."i; t l 'rc peiraroe'ber*l i-n the

$ ;y S t t,:,i $ i,r/ u t'l: i i* irf t he .i.'i; n,: t; j. on

, . j *  =  s  u ( (  { . i - r * t ; ( i )  r  j * i . I ( i * } } : i '  ) "

"!i:.;: fl:n*i:.i i l:.a s ! s 1,,11, ..**-*+ Li{ j:"r,Y";ia} Kii3r }1g, thcrip;i:, '; e$ iiiL*'dhl-::.

L"i >:"4 n t' c:rr.:: 'F".iTi il.yici We m*..11. .l;E".V 'bCl gjiri:l-\r* it 
' 'ry 

the fr;t*d*ptitt"b t+gti*r r - L r 4 *  , r / . !  u r ;  r r  L r \ , : r r  ( r ' t r r v  r i  t ,  : r . r . { - j  . " ,  
. l  u \ /  E ; \ ' - L  v  r

:':t:t-gue n.nir.I"iei* t* a fui::c"l;:r^o;:t

t  I  t i e ' f . r { : i i& , t i (A } }  * - * . -+  [ i e ' i ; g i ; t e  oU(A) ) "

Le'e g;; 6 Sil" i ;o{ } ia* iJ( i :  i  }  " .},er"[ cl uogii ." .=- 'r j i  A+r,r"Xn uA] he "b]:* l tni-que nis]r-*

i:i.:iiscr *itr:i:i -ihl:,',; -! ,, { 1*, f:l'li:o :: tlu i'-':,},) i { }., g;ii'} ". g4$ , .i-i}, d.e: -f-'j-rri.'f ion

f1 (,::) :,, r:t\Iid.I , iif : ) , ,iil:lr,: 
";oi.n't :i.r':.' 'h},:n'i, "hl:ie i'nne 1; j",::* (t1- j-ri s,11-:.al

' b o  
f , , . f . o  T : r d g e t l

1 1 ( a )  ' x  ' #  I J { <  * : : * , i l i j . ) , f l i i i " . } *  
{ * *  1 , ' u * : +  >  }  *

: ;  s -  i ; i t { l , , , , r i l { i ) , : 3 l i  ' r ' } >  
' l i i ' : 1 , . , t l "  

>  ) ) : r " l  =

x n I l(< f lr , , . i ,{ : i . ' - i-r.r,  Jd :, .  } ,  f l-r1 , jo, 3,. u s4:, )> 
4+} =

=  s  u ( ( i , , u r u i r r J ) , f i l i l r l s  f i 1  =

:: n tT( 4 rr, ' l?lo it t = v l ' . ' ' ' t
t i r  - l  . "  J  u  ; i ' i  

n  1 ' \  
t , /  &

l l l i i r l ; "c:- l ' * t 'c r , , , ,  {  L '}  . ,  \ . " , ,1, , .* t{* . i ,n).  Jrr , : t  1lr :  ni f ;n4i i^n:: :  t } :at  evc,Lt i f  t ' l t+ : f i :nc--
II Ci,

t iolrg 9,. . i :-  l tr"r i i  rr,  urr:,) eq,i . i t l .  ih.c t l- 'Ll l f* 'crrJ.t ie, 's irr ccri l : :",r i lng
J t  '  l .  \

e n r(  c; i  r : . i t i l  1 (  r )  j . 'o: '  i i  { i i ' ;c : ' r  f i  s : r : ' ;g{} iaoi l {  A} )  o.re r i i f f  e ron'b "
J  i t g I
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IrY* come bslcit to prereo*ii; ian 4."t," It slrf iSe$ts "Llr.e clefj"ni 't:La:r

cf  'a f r rnet*r  fx"om T to uJ?i lw,r , ,  t .  f  i rst  we prefer to explain t } :e
t J  \  

j i /

last  noiat ion.  tct  t . f  *  {  I ' ' l  , }*os bo a.n S-sarted set suc} i  that  c i }ch
L  S J  S € S

H^ ls enr]-owecl  wrth a str ie* ur-eomp.3-ete orsley" Yte pref ,er  th j -s t imert

to denOte ?:y urPi :* , (anb) t .he set  of  a l l  er*con'binuous f 'unet i -ons

f rom Set . - (y ; i ru i ; l )  ' ro " ' * * ' r * (X* . r l { )  
"  As  usua l  Set , , (xar lu )  i r i  o rd"erec l  po j .y i t

i )  )  l j '  r '  ,

wise, I ' fu is rrel"y itell. knci'*n that e,,rFow* is an cu*conti.nu$u.s al.ge*

braie thecr3r" As *ur Rotr*ti"$n !s not the usual CIne we reeall" s*m€

d"e ta i l s '  r f :  f€arpoyr ' l (a rb)  and.  s6<*Poqr (brc )  ae  usuar  feg  *  6 f .

Let L1$ :'ec:+1"1 tirat _l*rn is the cor-istelnt funetion riapping the

ee t  Se tu {Xnrn t }  t o  i ; he  l eas t  e }cmen t  o f  se t * ( xa r } l r ) .  I f  t t " i n& . , r  
j . *

an j .ncreasing a€quence fr*ni <-" 'ForStaob) then ( 
V frr)  { i r}* $ rrr( l r)

for  every h e Set* (xhol ' t ) .  $or  every ie  f ta t l  anc{  } re  Set* (X* . rH)  we } rave

r l t r r l ( x - . - 1 )  =  h ( * * , 1 ) .  r f  f c u r . r o S ( e r c )  a n E t  $ € c u ? o w r , ( b , c )  t h e n
I  e t 4 g L

for  ever l i  i r  e.  $et*{ l ; ic , } i i )  and. every ie [ ta"Ut]

< f  , , T 5  ( i : ) ( = , * b o 1 )  ; * :  i f l  i 4  ! a t  t ? r e n  f ( h ) ( " * , i )  e l . r e  s ( h )  ( x b r i * i a

For every Agli ' i ] ' i l  we dofine th.e functor\

F(A)  :T  - * -+  *  Fo*U(A)

b y  r ( A ) ( f ) t h )  =  f t i ( h ' i l i

f  o r  every  f  e "  t (  a ,  b )  and h  e .  $e t * (XhoU{ , , : r )  )  .

4.8. 8fg"!g$ij: l ,gq.- F(A) i.s a morphism of u.r-continuo'lrs S*sorte

algebral*  * ;heor ies,

P r o c f  .  T f  f  €  t ' ( a o b )  a n d  g € f  { b r c )  t h e r i  f o r  e v e r y

1 q  s e t s ( x c o U ( A )  )

( r ( A ) ( f ) o F ( A )  ( s ) ) ( n )  *  T i ( ; i ) ( r ) (  t n ( r l )  ( a ) ( h ) )  i l

s  f  u( (g l i (h&))4{ )  * :  f  [ r (g*h+t)  .=  f  u(e#)u( ] rs)  *

*  ( r o s ) u ( h { + )  *  F ( A ) ( r o s ) ( h )  t } r e r e f o r e  r ( A ) ( f } o F ( A ) ( s ) - p ( n )  ( f o s }  "



* 1"/

T f  t g [ i - ' 1  ! r - - -  F - - -. r . r  . " *  l r a l j  t h e n  f o r  e v e r l f  h , E S e t S ( X a r U ( A )  )

F i A i ( " [ ) ( r , ) { * a . , r )  *  u ( t 4 h ) t o  ( * * . , r ) )  =
* * . t *  

a
"ll

u ( p t i i ( ! r , , , { x -  i ) )  *  h ( x , *  r )  ! : :  
" - f t i r l ( x * .  " 1 ) .

' . r r . . - l  ( : { , 9 }  4 g I  I  U L ,

t he re fo re  F (A ) ( " f )  *  * f  e .

For  every  h  e$et . . (XbrU(A) )  and.  f 'o r  every

4,1O. Sggglg,  Ws cont inue *xampLe ] .1 where L1:0341&** **+ $etU
8,i

of j.nterpreta'bion cf X itt tr. iFowrO.

i e  I t a l l r F ( n ) ( l - a , 5 ) ( t t ; ( x a , i )  " "  t ] ( h s ) ( ; - a , b ( x a , i ) )  i s  t h e  L e * r s t  e l e *

n:en t  o f  sor t  * i  f r "o rn  U(A)  th ,o re fo re  F(A) ( l_arb)  *  l * rO

I f  { f r r t *e *  i s  an  ine reas ing ,sequense  f t sm T(a rb }  t } ren  fo r

eve ry  h€  $e t * { : lU , I } (A }  }  and  tA I t " *

F ( A ) ( v f n ) ( h ) { x * , 1 }  *  u ( i u # ) (  
Y r * , * * , i i }  

*

= 
Y t ( r r# )  

(  f n ( * *o i )  )  * '  
Y t , . r r )  

( f , r )  (h ) ( * *o i )

t he re fo re '  F i . { } t $ r , r )  -  
Y } ' (A ) ( f r r )  

u@

Another  fo rm o f  p ropo* i t io r i  4 "6  i s ;

4"9" $SgS"ligig" If ,  s€t(a,a'n-) ane *A!'" i l ' \  t i :en

* . q  a  F ( A ) ( u t )  e

ls 'bh.e farfietful fi.rnctr:rq

Tret l, i l  be an $-sorted set having each eomponent a sts'rct

ur*complete poset.  I t  is  wel l  known ths, t  the concept of  u.r*cont i -*

.qa-?

nuous f-algebra having $5 as carrier j.s equivalent to tire concep-b

4 " 1 S " 1 .  P r o ' o o g i t i o n " rs {{ ;  * (*", [s*l ]$.6'  ,4 u l*s] ie en &]**cn*

tinuous Salgebra and. IrX *+drJFowU ie the equivalent ir:-Lerpre*

tat icn then 3'{$}rtJf* ^**w}*w' i*  t}r* unique extensi&n of . t  to f tr :
\ J X

ui -contirluous algebra.lc theory morphism.

.  - t f

l n  ̂ " t  L \ b b \
lVttry

rt



* J"L, *

i

l rave ' to prc,ve that F($) (f*qr) I n I(tr) for every
^ V H

( rd.x c

le 'b  f€X and.  lo t  r (6- )  s  {sue}"  } ' fe  reca l }  tha. t  i f

f  €  [ ie t iq{XarAi  t } rcn by r ie f ln i t ion

Froof"  Yf*

I ( r i ( f ) ( x *  1 )  *v 9 *

TiVe recall tha.t rf J
F

thefi

t r A ( f ( * * o I ) , f ( x * r 2 )

* Tl *-+ CT is the
x

r o . r r f ( x -  , ^ ,  ) )  o
<zg  l c t l

standand i.n"b ernre'bllt i on

T # { f i } ( " u r l - }  i s  6 - ( x a o } r x a r  
n t . , " r x a ,  t a l  }  . r

I f  f e . $ e t * ( X a n A )  t h e n:
:
;

t l
i n i  /  t .  * "
t * l

braic theory ancl  let  c d i i t r .  Let  Rc denote tkre $*sorteel .  set
L . 1

[ t (  s ,  *  )J  ue  S.  f  t '  we d .e f  i -ne

c ( f ) ( h ) ( x , "  i )  =  * f r c n l * * , . r ) 0 , o .
* * t * " 9 L

f o r  e v e r y  f  e  R ( a r b ) u  h € S e t - ( X b r R c , t  e

e--<aurnle 4.Ii l  to give anoth*r resrel-t"

be &.n c,J-conti.rurotrs $-sorted aj-ge-

then

' h ( x b ,  l b l )

nd i e i iatl

p ( A )  ( r " ( r ; - ) ) ( r ) ( * * , 1 )  *  ( r * t r ) u ( r * ) ) ( x * , r )  *

*  S t o t t * * o 1 r * * o ? ' .  e  r  r * * ,  
i * i )  

)  f  6 " A (  f ( * * 0 1 )  o .  n .  r f  ( x a *

=  r ( t r i  (  f )  { x *  t }D l r

there fore  F{ / r  )  ( I * * ( r )  }  : *  T ( f r )  .  @

Let { 'A} = (ArfrA*€r_!  
*}  be &}1 rp*cont inuous f l -a lgebra and let

dau(vl la)s. r 'b. 1u very wel l  lmolr 'n that d induces an operat icn 
{g

cn l t  c f  t ; ; rp t l  ( : ;ur . ) .  Thc c l .E: . i " rcd cprrnt ion 
b 

t *  r le f ined for '  c : r r r r ; r

h €  $ e t s ( x a , A )  n y  9 l f  l r )  * ' 1 r & ( d ) .  r f  f  6  c r * ( s r a )  a n d  h e  s e r u ( x a , A )( 9 , . E
t h e n  I ' ( ' 0 ) ( f ) ( ? r ) ( x * 0 1 )  *  i : F (  f (  x u , 1 ) i  e  f ( x * , r ) S , ( n i ,  t h e r e f o r e  i t r r o *

r ing t i re  s tanaard b i jec t i " *n  betweer !  i ie 'bo{Xsr*)  end A*. ' re  may r+r i te

b ' {6 } i f )  *  f { xs , r } iS } .  *

F/e int*:'rupt far a rryhi3e

4. ,11 .  ? ronos i ' t ion .  I re t  f {

glR *+ t " t t .Pow**



'. ,i
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* 1 9

ie 8.rr {..,")*continu.ous alge},raic tneory morphisnr"

I f a g : [ "  I f  f  e ; I l ( n o 1 r ) ,  S € i t t b u $ ) ,  h 6 : S c t u ( X d r H c )  e , n d  i e  [ g * . g ]
then

( c - ( r ) o q ( s ) ) ( h ) ( x , ,  . ,  )  = ' p * ( r ) ( _ e ( s ) ( h )  ) ( x a r , i )  =s *  J '

A . , -  ,  \  ! 1  \  t  \  /  \  / -  \ ,: =  * ; f  { - q ( f l } ( h ) ( r , r u } ) , . . . 0 Q ( f l ) ( r t ) ( x u ,  
i b l )  

>  =

n h h: z  * ; f  a x i s r . . * r > : i n ,  s ) ( h ( x  \  t " / - "  \ '
, v i  

' d o l / t ' $ r t r r \ ' n d , i d l  I >  *

& ^  .  ^  t#  x r  r g  {  h l  x o  }  h r *  , r ,  )  }  i l  q ( f s ) ( n )  ( x ^  *  )t  a r l ' ? r * ' " ' \ ^ d . r l a . ! '  g r l '

t h e r e f o r e ,  g ( f )  o  g { e )  *  g t f € } "

I f  h e s e t u ( X a , n e ;  a n d  i e  [ r a i l  
. b h e n

r  & r  .g \ x i l ( n ) ( * *  ^ " , )  =  * r " t " ? < l u ( * * - r ) n  ' . r v  \
, * i r -  - "  r  & t L  - ' i q e l r ( x * r i a t ) >  *  h ( * * r i )

thereforu gi"f) * nf ,

I f  i e  f l r a r J  an ' I  h€se i s ( xnnnc )  t hen

c ( * L a r o ) t H ) { * * r r )  *  x ? J * , r r b  {  h , { * b r 1 ) ,  * ,  o o h ( x b r  
f b i  )  >  e

--8. r I\ a l * l' " iJ*p_1 
,c 

* . j*arnc

there fore  g( * l *= , r . )  *  J r ,o1 ,  a

I ,et  { f* in6w be an increasing sequence of  morph. isms from

R(ao 'n i  "  r f  h  €  se t${xb ,Rc i  a r :d  re  [ ta t  then

n tV rn ) (n ) { r - * , r )  *  
"? (V%}  { } i ( xo ,1 } , . . " , h { *n ,  i u1  ) }  *

-  
Y  " ? f '  a  h ( x u o t ) , . " "  o h ( x b u  i n l ) )  

-  
M  

g { f n )  ( r r l t * * , i }

therefore gt$ r,r) = V g( rr) . o
!r  

4l 
n

4.J .0.  &glqp l rg  (cont inued)  ?roposi t ion 4. l0"L euggests  us

to reirLace w?owO 'by a.n arbi-tnary r.n:*eontinuous al.gebra,ic th.e*ry R"

L,et IrX -*+ R an interpretat ion of X tn I{  and let

ISICT *l  R be i t* unlque extension to an u*contlnuolts algebraic
x

theory morphisnr .  I f  sc f (arab)  then t^ l+1st )  j ,s  sa id  tcr  be t l re  s j lq-

t i on  o f  s  i n  i l .

:

l

j

i{

i



.l**i:"l; ff*::-: ';i:,-ti: r{e''} yi i*o*r} lr.n.,i * e ,:*
, r

sii-:r:.f;,ril i.c::l tr; of i::,ij.;il y{,.? i 
'liy

'1

f _ T ' ; ( : i : ' 1 * : f l g * , . .  u f  
i , u 1 )  

: :  l . ( f  )  , *  n  j - . , r f ' n r  u ,  *

i 'r:Yl*r* f,, { } ' t i  nU, *} f*r earir31.}r ig Its,t. '1 . Ji j.*

1" 
'j'

" L  r  J l

i t *  i " ;  { - i i r :o i  [ i  , , j r r r ; : : , { ,  * , }*ruun}

defi** ur, t  i t*  nn

u f  u , . r  l>

*ll"*y to shd)!? *itlt ' i;

:i- l:: an &1"-{j (.rt.l"Li:i.tliti:)1ri.i:; 
}**j 

** I ,''ir:ir:if,L,
*

4 " iii. ?, l,'.1^l:'f i:.,l.j.,iSg, I,'i iil i -* .,it:,i fr:r rive:r.ni * s ljtr end" r3\r* r"y

er}tcrtr:r"+'ui;'i::i*ir .i l:"r" tr j"ri :Liie: {"e}* {.r*r;,*i.:ru"*rar:i *,.f ;;*'nr*.i* *ire*r3r ii.

3g-?.S-{. l:}*t}t #3-,,}*$ cf *l::* ahs"r* e*ir*l-i*:t. l;re u;***:*i;j.;:;r,t*:J.ri

&.I-;i*1:::i.;..!.r.:'i;i 'ii:*:ly ir:.t:..nhi-ri:iis dql:'j-;::c.J" *l'i f;fil " As {}u *n f:,e*_tr-;_. f;{s"ri:i.*
] . i l H r '' : ' . : " , - r r - t  ' h * "  ' i * i  

j " t  i ; - , . . : ' . l j c r l i t  . b r . n  l ; j . l i . r = ;  i l { : i c }  ( l  ( f i i  i  
. " i  ( f t t } c ) ( I  ( f  )  )  f  u . , . .* . - t  

. : ^ - . , - ;  U \ /  ' : , : iL ' t t  . { '  i  i . i l ;  ,  
; ]  : j - i

*  h tu ( : : * ( , r i  {xs , } )  }  *
'!-
J..

, , { * { * n  r : l - }  
r  n '  "  o h ( H r , , e  

i  r .  [  
]  )  =

r& i  ) >  *  - t { : t . t t r  ) ) { h } { r o ,uu } }

3f ' ( i6 .X-  : r " {u - )  * (  r : ; , i . , , }  r i i : i i  } : .6 ; t * ' i : . . {Xnu l ic }  th "e : r .

:i
F { H c } i r  { r i  )  ( i , } i x , _  " ,  i

:  s t * {

-  u , ' t i ! r f  *  \ \  . . -  r :
\ s \ ' \ . ;  ' 1  9 o ' u 1 l ' I ' , . , , ) )  =  $

, .  !  - : .  :  - , 1 L . . !

F - . , r \  "  r  rs :  : : i i . i t , l ' ) d  h i x _  , ) r " , , r h ( x _J.

t1:.*ref *r*
T

I

r i ' ( i i i , i i l , i r ) )  ' :  1 , i I ; ;  ( l  i r l ; ;  i ; '  { : , i , : } i I  ( f ) i  n  r )
:E _vi: s

4 , J"{i. 
'i. 

*'_trlf:rl"l:l.lli. T:f' s; ,.:" fl'}_..i r:.,, :':: ) , I :fl *rr'.1 J"l:tr:rpi:*tati.or:
H

*f X in ' ' r ;} ie r"***uir" i i !1u.$,,: , i : i  n).g+i:ra:!.* the*x";;"{?. n"r:d cA$# ,t,}r*n

15 
I  

, ,  g i { r t t {s f } }  o  {a
. | } o

l i u

4'l i i .4. l igi: l- iJ,fx, i,ci; ru q T{ *'re,i}";) n::r*" L*"1 I he nr: it:.t ' : i* ' tr}re*

'L:lrt:on of,l ): l i :r i ::,: ir.r**r-r:r:Nii.t 'rt"(rus n-l-g;i,r ' i : i :r l. i* t i : i :rr:x')r i: l . Tf

: f '€ l i * ' f * ( ; : ; i r , t i .b)  i -*  c, lcf : i .nr : :d L; , r  t (*or,r)  : . : .  , r l  for  evf i t r } r  :1.€i" ibt ]  thrn

n [ : - { t ( , o r i  H  i i  r ( : i ) { * * , i }
Itlr



for ever;r i e

Proof"

s  r  ( f ) { * * o r }
Ilb

#  * i : \ u f )  *  r ( x y o 1 ) ,

fron ther previ$urs c*rol"LarSr that

lt*il .
I t  fo l lo r *s

*  ! (1 { tq  s t }  }  ( s )  ( * * , t )  s

, " . , f t * b n  i u r ) )  
F  * l r * ( * f ) .  e

The previor.r.s carallary giv*s a method. to corilpute t # 1 u f ; " e

4.12" ?ixa,mp"l-e" i lontext* f ree subeets of  a.r*anoid.

A compie*e eera: i " lat t ice ie a pcset i l r  wlr ich every sub*et } : .as

a  lear* t  t lpner  bous ld  i lub) ,  A  comple te  $emi la t t i ce  r *ono id .  { *s ln )  i s

an i l ige"nralc $ ' i : ructutre wl i i "ch: i "*  t r ioth s,  *ornplete reini lat t ice and s.

monoid whose protLuc'b is distr i i tut j - r re wi 'uh respect to l " r . rbu"

Iret  f r , f  be a monoj.d,  l ret  us denote btr  p(H) the set of  e l l  srr t ' *

se ts  o f  M"  T i re  p rod i , r "c t  in  P(n ' )  i s  c le f ined by  AB*  { rn tm,* lm,a  
Arno,aB 

}  ,

I f .  we order th"e monaid ?(f f )  by inc}"u"sj-cn then F(f$i  be**xren a cslm.

Siven two eomplete eemilat t i r ;e m*noi$s H and i i t?,  a rucnoid

norS:hisro 'hr l i i  * - - -+ $.Tf  is  cs, l }ed n cslni  nrorphi .sm i f  h(VA) *

v  l f  ,  r  r  I  ^  l*Vi i i (m) |  n * . r*  I  
for  c ' l , ' r i ry '  $ut  se' i  . r i  of  I l ; "

$rvert a, m+noirl l i l  nnd a sct X wo denote btr t i i [X"l t i :e eoT-r'r,oduet

of 11 and Xs.

Siven *'+*o s*ts X and T, a sroncid Lt and. a fr"mcticn frX*e F(T'1!Y

'r{e d.en,+te blr far:p{t ': lxJ} *r" F(1{[Yj) t]rc r-inique csJ-m mo:'phi.rn such.
. l r  * . .

t h a t  f w ( A )  =  / r  f o n  e \ r e r y  A g I ' {  n , n r 1  r t { t x } )  E  f ( x )  f c r  e v e r y  x  6 - x "

Iret i{ be a n*onoicl and let X be &^, set. A Fygigin is st f,uric*

ti.on s:X -**;* P(11 [XJ). /t H.g]ll3ig.* cf s in a rutJilf:x ** F(hl]

such that sf# * f . It is well- .k:-rown that every system has 8"

least ,  solut io i : .  I f  the se$ X ie f in i .*e an$ s(x) is f in i te f*r  every

x eH. then every component af  the leest  solut ion of  s i t l  sal l - .er ] .

a.  coyi text* f ree subset of  i { l

.::

..

.:
i:

i

t

i to ann).3" the ge:reral  theory ta the abovs

the  ca tesorv , I ) ,anc t  the  f i . tnc ton  U:$r  - -1 '  Se t .  The
r, 1r 

:, \-/

sys tem we def ine

ot r jec l ;s  0 f  , ,n r  e re



2 2 *

e} l  *hs *ets"  i , r iv*rr  the $etm x and y we say that  f  epl(x,y)  i f  f
j - r r  s .  c * }u :ecr1 :h . i *m f rcs : ; r { l i l } l l )  ; ; { j  : i ( t i [ y ] ]  * r i ch .Nha- l ;  f {A}  s  A

for ev*ry sr lbse'b A of  I*-  fhe *ompoci t icn of  r  e l 'p)(xry)  b,r ,

S €lgiY,U )  ln 
$ 

i r :  iust  the:r  coi l ; . : r :s i* i .on 
'ns 

funct ibr is.  ' Ihe functcr

UdI)  *+ $*t  is  r lef j .ned ?,v U{X) *  f ( l r i  [X] ]  fc.rr .  every set  X an, l
v  b  ) t  

-  - * u

I l ( f ) : r  f  f ,o r  evor : ] ] r  fq i ' .$ (x ry ) "  r t  i *  no t  vc . )n 'y  d i f f ieu l . t  t c i  p ro i /e*  \ - ' .  "

t ha t  h l ' no theses  3 "1u  3 . t ,  j "3  and  3 "4  a re  fu l f i L led  fo r  the  ab*ve

lJ .  I f  s*x"*+: i ' r ( i r r [X] ]  S.s  f r .  system *hen i ts  le&st  so l -u t icn ie  ; iu .s t

the sq: l- i i* ion of s i .n the e;apty oi:Jeet of D*
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