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BARfIAI FI0]TCllf{nf$

V*rgiL l,lmil C#a$,nescu

The goal of this paper is to introduce the coneept of ord^e*

red $*module with iterate and" to prove tha,t the partial flovr*harts
i

, '  fornn a f ree commutat ive ord"ered t-modul"e wi th i terate.

1 .  f  n t ro r luc t ion

Our studS' is based on the mod.el of f l-oweharts over the a].ge-

braic theory P$trU, These f lowcharts ere calLecl  part ia l .  The reasora

for studying partial f lowcharts is the same as the x'eason for stu-

dylng part ia l  t rees"

The intui t ive id.eas which y ieLd the ord.er relat ion on part ia l

f lowcharts are s imi lar  to whose which yiel -d the order relat ion on

par t ia l "  t rees .

Let A and B be partia} fLswcharts having the same inputs and

exi ts"  We say that A ts l -ess than B i f  t l rere exists an in jec 'b ive

funct ion f  f rorn the set of  internal  ves' t ices of  & to the set of  in*

ternal  vert ices of  B such that

a) for  every internaJ. vertex n of  A,  the vert iees n and f(n)

&re labeled by tihe same statemenl; '

b1)  1 f  the  input  i  o f  A  is  de f ine& equa l  to  the  ex i t  i ,

then the input j. of B is define* and. equa.l- to the exit i,

bA) if the inpr..rt i of A is defined and is equaL to *he !n-

put j of the statement whlch l"abels the j-nternal" vertex n, then the

input i  of  B is t lef ined anr l  is  equal  to the input j  of  the stalr :e*

ment  wh ich  labe ls  th .e  in te rnaL ver tex  f (n ) t

c l )  i f  in A the k-th arrow going f : "orn the internaL vertex n

ts def ined. and go€$ to t t re exi t  i ,  then in B the k-th 8.mow Soing

from the i r r terna, l  vertex f (n)  is def i r :ed and gCIes to the exi t  io
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of an

a s a

c2) if in A the k*th errow going from the lnternal vertex n

i,s &efined and. goes to the lnpu,t j  of the statement whieh lahels

the j"nternnl vertex v, tl ien in B tne k*,tl i errow gaing frour the in*

ternal ves:tex f(n) is def j"ned" and. g;oes to"ftre input j  of t lee sta*

temont v,, 'hich labels the lnter"nel vertex f(v)"

These tdeas yie)-d" def j .n i 'b ion 3"1 beJ-ow,

Frc 'm the semant i .c point  of  v iew, i f  an input or a suc(:essor

internal  vertex is not c lef ined, then i t  may be interpre"bed.

loop w i thout  ex i tc

3ir  th ls paper we work wi th the fo l lowing f ixed objeetnl

a) An , $*sorted algebreic theory f whi,ch ls aJ-so an a}-gebraic

tlreory with iterate and. an ord"ered algebn*.i,e theory and fi l l-f i l ls

the fo lLowins condi t i .onsi

l ")  * |**,b * 1"30b, that is r loo isthe smallest morphisrn of

T ( a , b ) ,

2) the i terate is an increasing funct long

phlsme r I I{ *---+ S& and. rt: S1 *-*+ $s.

t ret  Lrs remark that  every rat icnal ly c losed algebralc theory

ful" f i l ls  condi t ion a) "

2 ,  Ordered.  T*mod.u les  w i th  i te ra te

2.1o Def in i t io$",  A t . - ' rnodule pr i th i terate

to be "gJq'ri.Sg if the foLlowing eonditions &re

a )  f o r  e v e r y  a r ' b  g ;  S E ,  t h e  s e t  Q ( a r b )  j . s

and H( - | . * rn )  i s  i t s  f i r s t  e lenen+c,

b)  f  *  e  tn  T(  a ,b)  i rop l ies H(  f  )  {  i t (  s }  in

c) t i re composit ionn the tupl ing and the

erea.si$.[t,

H l f - * + g i s s a i d

fuifi.l,Ledr

partinlJ"y ord"ered

Q t a r b )  '

i tera. ie are

I t  is  easy to see that l rn i  f  **1 f  is  en ordered T-mcrlul"e

with it era*:; e "



As

and i"n the

nationally

d.ule with

I f

3

F$tr* is ini t ial  both in, the. ce.tesory of ordered theories

category of theories wi. th i . terate we deduce that svery

cloeecl $*sorted algetrraic theory f ,s an ordered Pl i tro*mo*
i)

i t  e rn t  e  ,

T a t *-+ Q is an ord.ered T-nnodule with iterate then:

I )  H (  ; ; a n * ) + I { (  J * u O )  *  H (  I * * , b d ) ,

e) the sum ie i"nereaeing.

2o2.  *ef in i t ion"  t re t  Q and Qt  be ordere& f*modul -es wi th  i te-

rate. A T-moduLe with i terate morphism FIQ *+ I '  ie said to be e.

nn-q p4lsq o€*gr:Q-qre*--,'L--qo$qJfs -rril l l i.t iqate lf d"4 t) 
'n 

8(aob) im*

p l i e s  l ' ( " 1 ) 4 s ( 1 9 )  i n  Q ' ( a n b ) .

The compoeil ; ion of two nrorphisms of ordered T-moclulee with

i terate is  a  morphism of  ordered f *modulee wi th  i terate.

2,3n DefiE*t i .o*. Lret I i :T --+ Q be a f-module with t terate.

We say tlrat { is an M re}ation on Q if for ever}r

1 )  f  - *  g  i n  T ( * ' b )

z) u(. .Lo, b) 4_ od

3)  " t  {  f }  in  Q(a,b}

o ( d *  {  { i p -  i n  Q ( a , c } ,

4 )  d " {  p  i n  Q ( a , c )

{ d . , o ( ' > { < i n  n F ' >

a r b € s m ,  {  i s  &  p r e o r d e r  r e L a t i o n  o n  Q ( a r b )  s u c h  t h a t :

i rapl ies I I (  f  )  {  i { (  e)  o

fo r  each c : (  6Q(arb)  ?
! r  I

and,  
"q{F 

in  Q(b,c}  i .mply

t .  I
a n d  0 (  {  p  ' i n  Q ( b , c }  i m p } " Y

5)  o t {  f $  i n  Q(a ,ab }  imp} ies  
" ( t {  f *o  t t t  Q(a ,b ) .

Iet {  be an admissib}e preorder relat ion on the T-rnod.ule

wi th  i terate l i  lT  - *+ q"  l {e  in t roduce on Q(anb)  the corre"$ponding

equivalence relat ion

c{ .4  F 4#> C<

I t  ls  easy to se€ i ihat a is a eongvuence on Q. I ,et  Q/z be

quot ient  T-mod'ale wi th i terate of  Q by a and let  PsQ '  > Q/A

the naturale T-module with i ' terate morphi.sln. l ' tre lntrod'uce ln

A q a j !

l] ano l> \ uA" .
r f

the

tre

the



l

u$ue]-  r , r f f .y aR crder relat ion on Q/* (arb)g
. t

ts(c't) { p(F) @ i."{, {i

A/e enclorryetl with this ordec' rela.tlon hecomes an ordered T*niod.ule

with i terate which is cnl}ecl  the q 'uot iont  of  Q by {  and is r lenoted

nv a/4 o

2n4n ISglgS:J*gn. Lot { tre an admissi.bl"e preorder reJ.a.tj-on

on the t*rnodule with i terate 8. I f  Qt i -s an ordered'I*nodule wi ' t t r

i terate arrd F;q *--+ 8, a T-module with i terate morphtsm such that

t '  t  n  l n  Q ( a ' b )  i n r p l i e s  } ' ( o c )  *  F ( S )
o { . \ i 9  J - I l  ' ' i \ c a t u i f  - l - r u t J ' r " r v P  3 \ - , f  

I

then, there exists a uni"que ord"ered f-rnodule with iterate mor"phl"nnt

g* /1 - -+  Qs s t rch  tha t  PG *  F .
f

3" she free_!,L{_erq.q t:pqdql.e qigb qlqg

3 , 1 .  Q g f i n i S f q p "  l , , e t  ( i r t r n )  a n d .  ( l t  u t ' o n *  )  b e  i n  F } r , , . T ( * u h ) .
r u f f ,

Vle wr l te

( i o t , * )  {  ( i ' , t ' r B ' }

i f  and  on ly  i f  there  ex is ts  two pos i t i ve  in tegers  $ rpr  a?}  i -n jec*
l 6

t i oR  f€1 { (n rF )  and  mr r ro2 r  u 'o  rmr l lm l r *A?  e  o  r  rm '  i - n  f i {  such  tha t

l i l  s l l ' t l l l lno " oli irrr

. f t t

In I = Illt iTIt ., " . rnn t
J . . " F J
I

ffi.i= Rrf i ', for ever."f j' ' i=ftl t
I  ' \ J , '

r  f  l .  _  \
; / * / - ' " ' *  1 q  . " 1 l l X * ) + 1 0 . )  * i t4 \ r \ . { t r r r l g t ' } ? ' o  

l {  v

t i l l l

t ( r (  f  ; n n l -  r w 2 r  o .  *  u m T ) i * l n )  *  r ' (  f  i m l o f t A ,  '  . .  r m n ) t t . .

1

Iret rrs remarl< that the csnsru€fi^c* .\r introdueed in *he p]]€*

viou-s paper (C&s6nescu and $rama) is included j"rr  
{  "

In the a.bove d.efinit ion we iney r€place every elernent mt or

t

* i  by a n.ew pr.odu*t,  I t  is usrrful  to siudy two c8.$es"

a) * i-  = *InlX. " '* f  a"nd k dIm(f )  '  rn t 'his cg'se we wri ' te
' l l l c . j ,

l f t l r k l r r
m | , '  f i r lrn Z. ,  .mn*ttn{n i_, .  '*1*X*:. o n . ' l l l

le E !

and we def i .ne  the  in jec 'b ion  s  €N(  n tp* l+ j )  by



s

t r i

d e J
,  " 1  $ i l t _ i  $ ,

*i *tr ..!-

see th&t

forhhe

l -
IL

fr. "1
I

j

€lnd sirnil 'nr].y for rt i- 'b is €e's:trr {6 soe that the conditions erf the

above def in j . 'b ion &re aga*n fuXf i l led.  for  the new d.ecomposi t i .ons of

m ancl  ms i ts proclu*ts ant l  for  the in ioct ion g"

3 * t. g:gggg3$Sg. The reiaticn in"i;ra*uces by definit ion 3 " l-

ts an ad.miss:!"bLe prec'z:dere vel-ation CIn Fllrirf .

Frocf .  As the ref ]"exibi l i tSr fs obvious let  u"$ Brove that

( i u  r t r n m t )our  re la t ion  is  t rans i t i ve .  I re t  us t  snppose ( iu t r * )  {

wi th t l :e ser i le notat ion.$ as in oef i r r i t ion ?"1 and"

( i t , t ' u r n ' )  {  ( i t t r t ' , r f f i " )  i n  F l I , 1 l r * ( a r b )  "  F r o m  t k r e  r e m a r k  f o l } o w j " n $  * " e - *

f in i t ion 3.L and froi i i  the equi-d"3-vis ib i l f iy  af  $ vHe may acc*pt

wi thout t ro*s of  general i ty that  we h.ave on)-y one deeonnpos; l t lon.  $f

ma as &. pro.duet.  S,1 there exis i  a posi t ive integer Qr an S"njoct ion

f  r (u )
e(u )  *  4

L  t t " )+  j * 1

s r 0
f i g  r (  f  ; m r r  o  o  c  r m o ) * r ( S $ m l e  o  "  n  e f { r

mi la r ly  f r r  r r  i ' t  l s  ee"$y  to

defi.ni 'biorl rare ag;ain fulf i l led

produ.ct  and for "bhe in jectS.on

b) m,-= mfm[" " "*f " As mu
e  } e k  l c

l ! }s/  r . . \= pir-m"," 
"  " f i lT* fn this casg

. r \ r ( l  r  d  J

r i l  *  IB1lt lZ. .  " f rk*}
*,1" . "*f *n*r. , "Et* s

s  !  i  k k  k !  |
ms* I i l l I sZ ,  r  . * . f  

i t r i * j .n i : * [ .  
' " * j to f  (  k )+1 '  '  nBo

and we def ine  t l re  in jec t ion  g  € i { {n* i+ i '  p - l+ i )  by

f (u )  i f  r r .4  k  and f (u )  d  f (  k )

f ( u ) +  j - l  i f  u  d  k  a n d  f ( u )  >  f ( k )

f ( k ) + u * k  i f  l c * r . e 4 k + j

f  (u -  j+1)  i f  k+  j  4  u  a .nd  f  (u -  j+1)  E  * (  t )

f  (u -  j *1 )+  j - t  i f  i *+  j  $  u  an t l  f  (u* i+ l )  )  : [ ' ( k )

e ( u )  - {  f ( k } + u * k

r  t  I  |  t r c  k  I  $ t

A s  r ( f ' ; r u r r  o  o  r m o ) * r i  g ; l s 1 r . e  e  o  r l t f  (  g ) * l o s I I r  .  r  o  r o r j  o t t f  t  k ) + 1 1  .  e  r i n r )

S "

* H+.y' r.\ r thig se,se le eq.uiva1ent to
r  \  [ , ,

we write

i f  t " (u )  <  k

l f  f (u )  r  t<  !

i  !  I t

"  n  e l l ! 1 ' . g f f i ^ j " - t  9  c  6  6  o f f i * J  A n f J  S i *
ra JT"r  P

t l :o conrll*ions of the :*,j:o'rre

novrt  r lecomfiosi t ion of  mt &s &
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f r i l f t

:

:
I

l

g E N ( F ' A )  e n d l  m l r m 2 r . . . p m o  i n  f l l  s u e h  t h a t

$ r t w
mrr* I [ l f f i f  o 'ni lq.

* i *  n , * ( j )  for  eash i r  [p l
t f  t t  rr

i t  ( r (  g i m l r m 2 r  "  "  .  r r n o ) * 1 u )  {  i "

t '  ( r : (  s ;mr , * l r . ,  .  o * l ) +1u )  " r  r r  { g t r n ; r r n !0  , .  " .  u * [ ) t o '  q

\ {e  d"educe t } :a t  the in jeet ion ' . fSeN(mre)  has the fo l lowlng proper t ies

' r t r l = . . * , r ' s ) ( i )  f o r e a c h  i e  g n 1
.J

i ( r (  rs ; * : ' , *1 ,  " .  .  *n l l )+ t * )  *
l . 4 q u

! ! t n n l t
=  i ( r ( f  i m j - r f f i a r , . .  ! r o n ) n l ' o ) ( r ( g l m l  t m 2 r ,  e  o  r r r r o ) + 1 . g )  4  t t t

t ( r (  r s ;n ;o*1 , . .  " , * l )+1o)  * .

=  t ( r (  f  l , t l -  , * ' z r " , .  r * i ) * l n )  ( r ( e ; * l o *1 , . . . , * l ) + l o )  *

=  r '  ( f g ; * r r * a r .  e  6  o * i ) t "

t h e r e . f o r e  ( l , t r m )  {  ( i " , t ' t r m ' t ) "

1 )  I f  f  t  g  i n  t ( a o h r )  t h e n  s ' l ; ( f )  {  s t ( s }  1 n  F i u r , * { a r b ) .

I n d e e c l ,  a s  s t ( f )  F  ( f , 0 t , * l $ )  a n d  s t ( g )  *  ( g , O n ' u f f i )  w e  d . e d u c e

f ( r (1 - r ;e * )+ }o )  x  f (11+1O)  *  f (  e  and

oo( r {11 - iu lo t )+1 r ) *  0b=  *o  (11 ;e* )oo  .

2 )  r f  ( i . n t , s : i ) €  u t * , o r ( a , h )  t h e n  s t ( J * a r n )  {  ( i r t , m ) o  T * ' e  d e c o s r -

pos6 e* arrd rn as **n and. * f f i * ,  r*speet i .ve).y"  I ,et  f€ l l {Ar2} be def ined

by  f (1 )  *  1*  V fe  deduce tha t

Jsn* ( r ( f ; enqum)+15)  *  l *e r r (n lb  €  i  and

s o ( r ( f i e M u m ) + ) " u )  *  o " ( m ) b *  o r , ( m ) t  *  r ' ( f i e M ' m ) t .

3 )  L e t  u n  s u ] ) p o s e  ( i r t , n )  {  ( i . o  r t ' r f r t )  i t t  o l t  
r o ( a r b )  

w i t h  t h e

s a m e  n o t a t i o n e  a s  i n  d e f i n i . t l o n  3 - 1  a n d .  ( i r u n v )  (  ( i o  r o ' r v o )  i n

Ur . * r * (b rc ) .  rn le  may w: ' i te  aceord ing  to  de f in t tJ .on  3 ' l  tha t



t s t
o *  * ra* lmn*2n n 'nr lu- r r '  v t *  f f io+}* Io*Z* o ' f f ip+rA ' t

B.nd thra.t there exi,sts arr J-r:lge*tiult S €N{kra) such that

* f f ip*g(w) for  ea*h * a [kJ

i ( r (c ;mi+r , In i+? '  a  e  * , tn i *q)+3-* )  f  i '  and

u( r (s ;mi+-1s  '  s . , * lnq)+rc i  *  r * (g ; * i * rs  o  *  u* f *o ) , r '  ,

l fe  deduce
Y  N . c  t

tBV *  *1*A.  "  os ,n+kr r lu r t t *  f l l f tA , .  * *p*q  t

f+g€ N(n+kBF+e i  i s  an  in jee 'b i -on  ,
I

&\r r  *  H( f+e) (w)  fo r  each w6 [n+ ] *J  '

i ( l r t f f i ) f . i ) { r t  f +s6 ,n1 , .  " .  u * i * q }+1 * )  *

, '  i ( r (  f ;m i ,  6 , , , * i l o ro )  ( r " r r o ,  )+J ( r {e l * i . ' l ,  u . ,  r * i un )+1 " )  )  *

4  i o ( t r ( n , ) + i ! )
' t t

o t ( 1 r ( * ) * i ) , o r ( m y . ! u r "  ( r ( f + g i * 1 ,  .  .  .  o * p * q ) + L " )  *

t t l 0
e  ( t ( r (  f ; r n y  e  .  e  r m r r ) * l b )  ( r " O * o  

) * i ( r {  6 ; m F + 1 ,  "  " ,  r * p * q ) + . } " * }  }  u

,or ( * r  ;+u(  r (  e ; ; * i * r ,  ,  c  t  , * l r * , ,  )+r* )5  *

(  { r t  (  f  i m l ,  o  }  c  n * p } 1 t  { 1 r ( m ,  
) + J  

t  ) , 0 " ( r o ,  ; + r t  
(  s i m p + l ,  6  o  .  , a r r + q ) u ,  }  *

p  r |  (  r + e ; * j . ,  ,  "  .  , * i o q )  <  t ' ( 1 r ( m ,  ) o i ' )  , o r q * ,  , + u d  >

t h e r e f o r e  ( i , t r m ) ( i , u , v ) t  t * n  r t '  r m '  ) (  J o , u ' , y '  ) "

4 )  l e t  u s  $ u p p o s e  ( i o t r * )  {  ( : l ' r t u  r n n o  )  i n  F l * r g ( * r b )

w i th  the  samo no ta , t i ons  as  i n  de f in i . t i on  3 .1  and .  ( i ru r " ) { ( i o  r i l *  r v ' )

in Fl"*r f  (*r t i )  "  We may wri te ace'ording to def in i t ion 3"I  thu. ' i

t 8

v = I i l r r* ] ron+2" n ' f f in+] i r  l i r= *p-Fl*p+a' ' ' *pog

anc i .  tha t  thc i re  ex is ' t s  an  in jec t ion  g  €N(krA)  such t l ra t

i (  r (  s ;mi+r ,* inz '  ,  '  .  , * i *q )+ lu)  *  , i '

*rr**

i t r t l
u ( r ( 8 i n l p + r r t , p *  

z ,  " n  "  o * p o q ) + 1 p ) * r o ( 8 i r n p + 1 r . . ,  r n n o n ) u u  e
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i q s
1 n t \ ? B  *  1 . r  t l r
i l j

-t- /. p.i'{j.
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t i  ( i . i  
i , , , i  : - t i . i  * ) " r l t . r , i , { } * - ( i r r } { " i : , ,  t : . t  j . l :  f " i ; r : , ;1  r  * ,  "  ru r tp* , ' } " : ,1 . , r }  *

€ t
*  { : i i : r ' t  " ' i ? a " j - ,  " . .  y i i , . - ) ' : " - t r } { i r t * l  

} u 0  , r . r - *  p - ! , , - } . 1 . }  r

R f

*u( r * , *  
i ' f  i t ; * t  f , i i r1*6g .  ?  4  *  o , ,up-nq) ' " . : ' o i :  *
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If e is a v?r:Lable ther:.

t r  # i ,  \ rt . L f ,  (e  ) l gs - , { ' * - *+ ; \ ,  * : ( ; r )€  f  ( x }  fo r  t r ve : -y  , ' exJJ*

i *  ( f ( e ) l *  f i  e )  H  f  ( e ) -

T , e t  *  *  S l ( o l r u Z , " . . r o n )  w : ' r - t h  r t f i - )  t :  ( ' s r n r s ? - o . , * r a ) "  . { s  e  i s

s:i.mple it folJ.orvr: thu"t e' is si. inp)-e for evory le[n]u then vre may

use the ind-r-rc 'h j .ve hypr:-hhesic for  evory * i ,  i€ ln l  .
-u-

Because f * i  e)  *  (B I  where

- i f  ( *  1 " ,  r \  n  
#

R  = . 1 - f f r l r - ' , - 2 1 . . ' , - r r ) l  c r e  1 " ( * i )  f o r  i € L n l  
]

-  t (  # ,  r l  ^  |  \ ,  r / - - \  . o - - -  - - .  - . r ) . t  l n ] .a n d .  ( l g  ( e ) [ . g i X - * - *  i \ ,  S ( x ) e  f ( x )  f o r  x € 4 J  *  ( C ]  v , ' h e r e

r r  - ( n  r - # r ^  r  ^ # r ^  \ - - .  - - " # ( *  ) ) l  * r " - - - + A , g ( x ) e  f ( x )  f o r  x e X JU  = l U r i ( S  1 e 1 ) r $  t e 1 )  e . r . 1 $  \ * r r l .

i t  is  enough to show t l rat  the sets B and. C are mutual ly cof inal .

?fe d.et luce from the ind^rrc 'L ive hypothesis that  *q.O.
*f

I l e t  b € i l ,  i , e .  b  =  f r f ( * l o " A 1 o o . 1 c o )  w h e r e  o i € 1 r y ( e i )  f o r  e v e r y

1€[n ] "  I t  fo l lov ;s  f : rom the  induc t ive  ] r ; rpo thes is  tha t  fo r  every

i € .  1 n l  t i r e r e  e x i s t s  S i ,  X  - - - +  A .  w i t h  S r ( x ) e  { ( x )  f o r  e v c r y  x a X

ir:
such  tha t  

" i& .S i (e r ) .  
As  e  i s  s i rnp le  v re  d ,eduee ,  us ing  lemma ?"2 ,

that  rher .e e: ; ie" i ;s  g  $ j i  *+ i i  v r i t i i  g(x)A f  {x)  for  evcr) r  xd) i  s l l "c l1

# ,  + f ,  -  t . ^  r  \ ^ n
t i r a r " t  A t r ( e r )  *  g T ( o : - )  f o r  e v e r y  i g i n l  ( i f  n x ( e r ) > O  w e  t a k e  e ( x )  f

*  e r (x )  )  "  l l hc re fo reo  s ince  SU is  inc reas :Ln$ v ; ie  c led"uce

u {  6 n ( s { t * r ) ,  " . . , e f t " . ) 1  =  s , * ( e  e r ) , . . . , r , t e r r )  ) €  u -

2*r"  f i :SS:gS," I f  the s inrple equiat ion e = (errer)  is  ver l ic l  in

the orderecl  X - t lgebra A then e is va. l id in I  f 'q l  .

Froof.  TJet f  i  X *-) : i l fAl .  fL$ e .hol ,*s in A we d.ed.uce S*"(er)  *

= ,g t * . )  foy .every  g  I  X  * *  A .  I t  fo } lows f r< lm lb rnma 2 .4  tha t
L..

++ CA
f t r (e .  )  =  f - (e^ )  -bhere fore  e  ho ld"s  in  I [A l .'  I '  1 '



b

I " Z,*"cooti.r:u.ou,* T-rnoci.lt l*:; lv.i- 'cl: i te ri l .te

lre sll[]po$o ti:e i j*so::"i,cd el6ei^-l ' i l , ic the ox"y 1] r:nd. 'h]ie moncid- ] i

sa,tisfy th.e sane ?rypothese*: *.rs ln ou:: ' .1rreviaus p.e"per tt?ar.bi*l

f  - ! -orvchar l ;s ' r

Le t  'Z  he  n  sub*e t  sys"Lem on poset '$ .

3,1-,  1;ef- in i" ' t j "on,  Atr  ord.ei :ed l l *mod.ul-e wi . t l t  i terate a is sr : . id

to  be  Z-con 'b in l lous  i f

1 )  Q ( a , b )  i s  a  Z - c o m p l e t e  p o s e t  f o r  e v e r y  a r b €  f J t r ,

2)  the coroposi t ion is Z-cont inuoue by componentst

3) the tu.pl ing and the i terate are Z-cont lnuous.

3 ,2 .  &gp l f lp_"  le t  n  be  a  c rossed-dorom subset  sys tem on posets

such "bha.t  t$9'L" Tf  T is a Z-cont inuou-s al .gebraic theory then

1) 1*:T *-" : -a T is a Z-cont inuous T-modrr. le wi th i "bera'Le and"

Z)  the  orc le red  P$t r . . *mcdu le  w i th  i te ra te  f  j , s  Z-cont inuous"s

1,et us remark that ;- eveiry Z-contin.uous T-nrodule vaj.th itera*

te A the ,$um

.  +  r  Q ( a o b )  Q ( c , d )  - - - - - * Q ( a c , b d )

is Z*ccn'biirr"iotls

Le t  e  be  a  Z*cont inuous  T- rnod^u le  v r i th  i te ra te .  le t  u -s  c lenote

b y  I n t ( t o t , q 1  t h e  s e - b  o f  a l l t h e  i n t e r p r e t a t i o r : . s  o f ,  l \ 1  i n  Q "  i { e  o r d e r

1 n 1 ( l ; . r Q )  c o i t i p o j l e n ' i ; t ' ; i - s e ,  i o e ,  1 { I r  i f  f o : :  e v c r y , r a g i i ,  I ( n i ) { I ' ( r n )

i n  Q ( r ( m ) , r ' ( n ) ) .  T i r e  s e " b  i " n t ( f t i ' Q )  j - s  Z - c o n p l e t e  i a n c t  f o r  e v e r y

A.€-n[rntq i { i , ,Qi ]  and rn € i i . i ,  (V*)  {ur)  *Vl t (n)  [ r  *^ j  "  the t* t  Int ( ] : i ' i ] )

has a  s rna l les t  e le inent  L  c te f lned ny  -L ( rn )  *  I { ( } *qn)  
r r ' ( * )  

)  fo r

every nt  € l$

3,3, I igrl*:u,:"ISn. l,e'b ,l l  r, ind c)t be z-con-i; j,ntiotts T-modr.:1er-r lvj-th

i terate" Arr  orc lered , l*uior lu l .e wi t t r  i tera, te morptr ism p ;  Q - :$ Q'

is ' sa i .c l  to , i :e  n  nor .nh ism o f  Z-cont i : ru .ous  i f *mod.u l -es  w i t t r  i te ra te

i f  f o r  e v e 1 1 ,  a . r " n  i n  i i ' t i t h e  r e , s ' i ; r i c t l o n  o f  . l l  t o  q ( l r . , b )  i s  a  Z * c o n -

tinuorts fr-incti-orr "



!'-)

?lre composi . i ; ion of  tv ' , ro ;norpnians of  Z*earr l , : .nrroLlc i  l l - rnodule; l

rv i th i terate is a mornhi , rm of  Z*cont l r luous U*moclu"Ies wrth i " terrate.

r*e supposs in thc sec:uel  t i rat  Z i .sr  union*courpleto,  crossecl*

ctov;n ancl croJ$ocl.*r,rrr; mor:(]over td g" Z IPJ J]or ever]r poset I i"

3 .4 . "  Theo: 'cm.  T ,e 'b  1 {  ;  T  - * r  ( )  be  an  or t le red .  (comu 'ua t ive)

' I -mod.rr l -e vr l "bh i ter iete.  Uhere exists a Z*cont inu-ous (comutat ive)

T*nrodu-le rvit lr. i 'b erate

r [ ] { ]  3  g  * - ' t  I [a l

and. an oraered T*nrod"ule v'i j-th iterate morphism

F [ a ] r Q * * * * r l a l

such thu.t I

for  every ?,-cont in l loLrs T*module wj . th i terate I { r  I  f  - -*-} .Qr and

for  every  o r t le red  T-modu les  w i th  i te ra te  morph ism G :  Q * -+  Q '  there

exi .sts one u.ncl  only one %-can*inuous T-mod-uLe with j - terr , r . te morphi"sna
?*b

G : f  [4. ]  
*-+ Q'  such 'Lhat i r  [q lG"= G.

?r:oof . rhe fol-l-ovrin$ di^a.eram may hel-p the read.eri

"tL-{,t-

ii

\ ;  r

L e t  f  i . , ' J ( a r h i  ' *  I [ q ( i ' r r b [  f ' o r  e v e r y  i ; r b  i n  S * ,  i . t : n  e v e r y  n i o r -

ph i sm o f  I [C l l  l ] r o r  ! 4 .  t o  b  1s  a  Z - i c l . ea ]  a f  Q(aub) .  As  7 "  i s  un ion  co ]u . -

p le te  ,  f  [ ( i ]  ( e rh )  o r " i Je red .  b , " i t  i nc lus ion  i $  a  Z*co rnp l -e te  pose to  ,

{ fhe opere. t ions of  I  [Ql  &] 'e  c tef inec i  e ; ' r ;  fo^L lov;s t

1) co:rtposit3 on: Jl.n s ({ri |"3 [' i. e* , Ii €B] l

f o r  e v e r y  r \ 6 t [ l i ] ( a , b )  i . n c 1  B € I f Q l ( i - , n c )  ,

I"l t
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2)  tup l i n f ; :  (A rB !  *  (L {d -  ,  F ,  i c ' (  a  A r  l g *u }J

f .or every A 6I [{} ; l  (a, *) and" .B a:[ t ] . ] (  u, c) ]
J - r  \  5

3)  i te : :a te r  f , f  : :  (  { " r " f  l *  €  ^  }  I

fo r  ever l r  A  a1 t+J(* ,ab)  .

; t r "s V, is eroseed.-d"cwri  t l rese *perat iens ere Z*qont inuol ls*

Ire-'c r,rs rernark that the it iontit;1 norpl:. ism of a€fi*r in I [{ i l

i s  ( I * J .

l l l re functor T [f{] ;  T *** I[(}] is d.eflned fo:: every f eT{e"ob)

b y  r [ r i l ( r )  *  ( H ( f ) l o

As the axioms lvhich d"ef lne the con.cept of  (eomnrutat ive) t* i lo*

d .u1e r ry i th  i te ra te  a re  s imp le  equat icns  i t  fo l lows tha ' t  1 [A ]  i s  6 '

Z*cont j .nuous (  cornnrutat ive) T-module wi th j - terate 
"

The norph ism FtA j  :  Q : -a  I [Q]  i s  de f ined fo r  every  d"€q(a ,b)

b y  F t A l ( " ( )  *  ( o ( J .

r tet  I { r :  T -*"+ Qt be a Z-con.t inuous T*moclutre wi th i terate.  The

- { *  t  - t ^  }  -  \ - i

morch j  sm f i lo r  T [q ]  - *+  Q i rs  de f ined.  fo r  every  k  € .7 ' [O(a ' f  ) l  by

^# ' ,  x71  =  V { * (o1} ' r "ea  }\ r  \ \ r ' ! J /  = :  v  ( \ r \ * / 1 .

ancl  fu l f i l ls  the conf , i t ior rs  of  our  t t reorem"s

1,et  ' i , ' f ; , , ,  
r r r  =  I l -?Ff , , ,  ^ , f  aLnd-  le t  Zou :  I , i  - r  ZT?-y;  ,y  be the Stan*.' l Y , r T  ' l i i r i j l  J Y I  i l i e - | . '

r irrr.r l  i  n' l ;nrnr"etiLt iot 'L of i ' ;  in i f  i l1,,. ,  . ' ,  dcfi-nerL by 2", ": 
p,,3r IFF{r, ,nf, r .ur , . . r  s  r *  u  \ .+  -  

j  
,  

. ; j  f , ,  I i ' :  I  l , , , , , I  "

l ' e t z i i j ; : T - * - + z F g i ' ' . : ' i l b e t h e s i r u - c t r l r n l f u i : c t o r o f ' z F 0 ! i ' : ' r 1 't ; i  9  J "

3"5. g-gg$]g,.{X. nn* comnruts.iive. Z-continu.ou"g T*rnodule vrith

i terate Ul i ' f l . , , .  *  is freely genera.ted" b3t I .{ .
n . r
:.rj. j} -L

I l n ' F t : r - n r r n o ! ;

1 ,  A I J  { J . i t - G o g u e n ,  J . \ S . f h n , t C h e r ,  I l , G , ' i t i a g p e r ,  J . S , W r i S h t ) ,  I n i t i a l -

Algerbra Sexrr :n-bics nnd" Con.t inuou,s f i l6ebran; Journal  of  the

r c r ; ,  2 4 ( 1 q ' f ? ) ,  ) 1 o . 1 ,  P R . 6 8 - 9 5 "
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2.  A,nJ (J" \ l : - l l " thatcho:ru H, f i " , i ' ' i , : r ,g ; r . r , : re  i "T l , " ' ,T : r ig ;h 'b)  o  i i 'o ' t :er i  en A) .gel : ra ic

l:'u.nd"ant,rllii:..1.s .i:'clr Theo.re trc*i i,)c,npur.i;e i." fic-r-encel o jriii:r,'[]r.enra,'i;ica,"l-

r l r : i : i ' i : r 'c  I l :y ;n .c ts  l . i l i l ,  , l t i rs ' f  er t l i . r i i r .  1"97! l r  r :  D" fJ3* .1.64.

:1" \I" i ; .Uiizi i , i :Le*er-1, C.1)irg;u..r{ i ien1r, i i ,Ea"in on;t i l"vj-ce orr $'Lru-cturi:rg f iorn-.

p:i-.Ler* and- . i?rsvi"n{d ' t}r 'nrr: *ar'-r '*c'1, 11-' iCi l i j j : jT - i ircprj.nt i . ieries in

l ,a . -bher i i i r ; ' l , ics ,  l , {o  " 'J !u  t ! ' } i j2

4"  \ r  " . i . i , t ; l j . r : l ino$cu. ,  lJ , i l l " r ' , l .ma,  f ln  ' fhe i le f i . r : i i io r :  o f  l . i i * l : ' lonchnr- -bs,

l - l i f ; . i : t l i$ : i l  f : repr i -n t  Se: i : ' ies  j -n  $,s , thcnrr . t j -cr i?  I io ,56,  1"984,

5 "  11 " .1 ' ) "  CI  zdnoscl . le  r11 gebr , ' .L ic  t l r .eo: r ' i -es vr i th  i terete.

'  6 .  Y. l l .Cazr i .nescu, ,  C.Un.Cl : re{anu,  T} :e  f rce u. }gc"nra ic  s t ruetu"re of

f lowc" l ie . : r ts .

e l  i I  1 l  { t i i , r } i ' n a c r n r r  ] ) : . a r ^ * i  l - 1  
' l r t l  

n r r r n l r l r , ' - l : < :
, .  I  a ! t Q V { ) , / r ( i I a L . - \ / v - t  f  ( & . L  U - L s - L  , l  } V r Y \ / f , a s }  U U o
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1 i

liAt l: fl iv..& l, 1"10\1#I{ART $

Yfe introclu.ce t l ie concept of  sy*tem of equa,t ions vr i th f l r :wchart .s

and" we show thet 'bhe metkrodology of  ou.r  previous pf i " .per nl l "berat : lve

$ystems of  ]k;ua,t ionslr  inay be use* io solve thern.  i l  compor:ent of  t t re

smu.} le$t  scl- 'utron of  a f ln i te sys"bern of  ecuet ie]1s.$: i th f tn i te f l *w*

charLs  is  sa id .  to  be  s  p ; : t j -on i l l -  f lo i ' ; char t . ' ' ; ' , i e  p rove  t i :  r t  the  un fo lc t *

ment  o f  a  ra t iona l  f lov rchar t  cons is i ts  o f  con tox t * f re i :  t rees .

l-" fystsg" gl eeuations wi-th- f lowche.rt r;

r{ ! If i  ----* f ie be two rnonoicl lnorphisrns.

iret X be & se'b" Lot rX r X *-e Sx arrd rdX r X *-+ Ss l:e -bwo

funct ioni i ,  In prac-hj-ce every x eX j .s the name of a recursive l?rCIcs*

du::e vr i th<lu"t  'pn,rameter$;  rX(x) and. r 'X(x) show the numher and the

sorts of  the entr ies of  x and- the number an.cl  the sorts of  the exi ts

o f  x r  r e s p e c * i v e l y . . r l e  e n d o w  t h e  m o n a i d  H [ X ] ,  t h e  c o p r o a u c t  o f  i t i

an.d- Xx, ro;ith the monoj.cl . i lorph.isns <r,r:"> : ]JILXJ ***-+ Sr' and'

1Tr.rr tX. \  I  I { fXl  *-*  $e ,  t } r .eref 'ore rNe In&y work wi th T* j t - . [ ,v ' ]* f low-

char ts .

1"1"  le f i .n i t i c rn"  l te  sa ,y  tha t

s i  X *_+ ur Sf l1,, ; lXl,T

is n. SJej"gll*p1[*3g$glfSeg yj.jl.i gls,.sgbruSg if s(x)a',Ft'*,Or,*(rx(x),r'x(x))

fo r  eve i .y  x€"X"  The s ; rs te r l ' s  i s ,#1 . ! t tg l l * I  j , f  X  i s  f in i te  and f 'a r

e v e r y  x  i n  X r s ( x )  i s  t i r e  i m a " q e  o f  a u  e l e n e n t  f r o n  F f l r , , f  y J  - q , n &i { i L . { \ . 1  ,  r

Yfe shall shopi th.ai $;e r$s"y llsie "bire metir.ocl in-i;rociuced in the

pr*v:i.o'us sfi lpor :for solvin,r,. + system of eqr:-*tions lv:lth flowcha.rts"



:

I ,et  us not ice f j " rst  that  Lhe 'b: : . i .p l .e (Xrr"{or. tX.)  mn"trr  fos t } r"oul l l : t

ns rr .n ob je ct  f rorur  t i *1, . .* - . . , *  :  -bher **#f f* ,  is  ( r l i (x) , r ,X(x)  )  "$"xf i

lrct l lTod. be the crr."i;u,r ';o::y o.f ui*.continu.ous eornniuta.ti.ve T-moorr*

Les v, i i th i ters." i :e "

I . ,et  In-u*( i r ,*T) ne 'bhe category r ihase oh je cts are interpx'e ' ta 'h j .ons

af i, l  irr ei: arbi-[r*ry oi: iect of i i iod* ancl r,vhose nrorp]i isms from

, I t i  *+ t  to J- ! :  i f i  * - -& Qr &re the morplr i -srr :s F f rom l i lofu(( iut) ' )  wi th

t l i e  p r o p c r b y  f l r  =  l s .

I ,et  0 he a l l . -n ' rodtr , l -e" le- f ;  us remark thnt  the set of  a l l  morr :h ism

of Q becones in a.  natural-  \ , , ray a.r- I  $sNSs*sorted, set :  the sort  of

d € Q ( a . , b )  i s  ( a , b )

Iet  U g Intr( i i , , i ' )  **+ $et , -  be the forgetful  functor,  : t
s*xli*

assigns .No each oti ject I a lvl -----+ q of Int-(ltrq) the s*X$*u*sor,-bee1 set

of  a l l  the mr. i r"ph. isms of  g.  r , fe proye"bhat f l re fu-r :c ' tor  u fu l f i } l .s  eon*

d i t l o n s  (  3 " t )  ,  (  3 . e ) ,  (  3 , 3 )  a n c l  (  3 " 4 )  f r o r n  t t " i e  p r : e v i o u s  p & p e r .

l le' i; .: i  he an [ixx;js*,ro::tcrl $et" ] i.,et r/X : ],{ *-*r*Ff 
,, l j i l  ,T] 

be the

restr ict ion of  the s"Land.ard interpre"bat ion dt i  
[X, ]  

to l , r1,  let  u$ de-

note Uy f , . , , :  x *-a u(v-d) he t?re s%str '*sorted functton def ined by"  _ i t

t . , (x )  =  u r , r . r - - . , r (e r .xer " )  fo r  evcry  x  in  X ,
j t .  l i j  1 . " .  J  l ,  J , ,

' i , e t  
T  .  I , i  - >  { i  b e  a . n  o b j e c - b  o f  . I n t * ( l : r t )  a n d  l e t  f : K  * - +  U ( I )

be an S%$x**orted func'bion. \ . {e not ice that  d lef}  I  I ' i i lX]  *}  Q is

a.n inter i r ret i i  b iorr  of  i .  [ ] i - j  iu Q, ' i i rerrefore thcre e x ists a unir4ue

Ql -cont i -nu- r :us  T-modu. le  v ; i ' bh  i 'bera te  morph i r ;m <1nf )# ' :w I 'P , * ,  t v . i  m- - - - *  ( i
J i l  L ^ "1 ,  r

such  thn . ' b  4T r f  )=  oJ r , r i . r , . - l  ( 1 r f>41 ' .  1#e  dec luce  the . t

*F 
r;: L A"l

4+
{ I , f } " € T n t * ( i , , , ' . j l ) ( v : t , r )  a n d  t h a r t  f , . . . u i < I , f > t t )  =  f .  r f

g  € I n t " . , ( ; -  r l i )  ( V ; ; , f  )  i - L n d "  S , - U ( g )  : :  f  t l T e n  w n , , r . , r $  *  < , I r f  ) ,  t h e : r : e f o : : e
c $ '  L  l i i l , \ . i -

cf,
l :  =  ( f  , f  ) ' "  "  3 o  c i : : r * j - t i o n  ( 3 . 1 )  " i s  f u L f j , - l . l " e c i .

i i l e  s le i l :  the  ens) r  p : roo fn  oJ '  (3 .a )  e rnd  (3 ,3 ) ,  l i e  s t l .L }  have to

p r o v c  ( 3 r 4 ) .



Let  t )  anEl  Qs be  cb jec t ,s  o f  & ' iod* .  The se t  l t io r l * (Q. rQt  )  i s  ond"e*

red by I '6 G i f  and, on. l-y i f  i i {r(}  $ S't .(}  for every morphism d" of 8.

I f  { r - } - . " . ,  i s  a .n  i ne rcas ing  sequence  o f  morph isms  f rmn  l J iod* (Q ,Q,  ) ,L nJ fie.UJ

i f  4i  is *" morphisnr frorn Q ar:d. t f  vre d"ef j .ne.F(aL)*V{F*U ) l  n€rult tren

p is  i ln  ob iect  f ronr  f fod*( tJrQ' ) .  fherefore t r to fu( r ) ,Qo )  ord.ered L ls

above is i ln ci l*complete poe et and. (  V Fn) (o{) = V frrr toc)l  "e 
,u ]  for

n 'e to  "  b  - -

every increasinct  sequence {r*}*  '  f rom s' iod,^,(Q,Qt )  and every mor-(  n J n 6 . g . 1  4 r ' " ' "  '  v  ' -

phtsm o(  o f  {1 .

I' *
J

j
J
I: ;
,:

let  F r" i l0tr*r$ * Q (Ft:uer,rr t  *---+ 8) 'oe. the unique ?-mad.ule

wi th  i terate n:orphisn such that  InuF = 1. ( i l f rFo = I ' )

lIni
FF8"" ,n

li-r t a

**-***-#r"o.l pf-
" T.l rlt

,/

W e  r e c a l l -  t h a t  F ( i , t , m )  =  1 { ( i )  d  ( r ( m ) H ( t )  ) f  , l b  >  f o v '

( i , t o n ) s F € . ,  n . , ( a r b ) ,  A s  r ( m )  €  I ' ( r n )  i t  f o l l o r v s  t h a i

F ( i r r r n )  4  I j "  (  j , r ' ! r m )  f o : :  € v e r y  { i r t r m ) €  F 0 i , , , * ( a , b )  "

3

r l

l e t  Q  6 l l t o d * l ' .  L e t  u s  r e c a l l ,  t h r * . t  t h e  s e t  I n t ( I l i r Q ) is an
-&

-  -  t t

Dy I  t nesd *co i$Olet  e  pos et  s  "

rrniclue nornl: isn from

L o 2 ,  L e m m a ,  I f

funct ion

is in.cres,s i .ng.

P r o o f .  l e t  1 {  f  i n  I n t ( U t , q ; "

For  ever f  I  €  ln t ( l , i rQ)  le t  ue denote

I , iod*(*  F0r , , rT,Q)  such that  u1, ,1#=

H I 'I *** r,J is a$ object in $od"*

:  fnt{ iv i ,Q) -+ } t locl , ( t r , t  F8} i i , , i l ,Q)

?|lr
1;i

i
I

I
I

i
I
I
I

I
I

I
I+

rg1rJ

T

then the

I

rn
, L



+

let  s  :  PFfu, , , , *  * *  q(Gt ;P l l { ' . ,11 * -?  Q' )  be.  the u: i icu-e morphisrn

of o::de.rsd corninu.tR.l;iv'* 'Jl*rirodr.lle s v':111:. iteriate sri,ch. .thrlt l l*.}'G( F! *?Gr ) .

.{ ts CIvery r lnorph*"*m of "PF{yrE isthe : i .mage by F cf a, rnorp}r ism forn

F{,,u; ,p i t  fol.--Lo+vs tha.t $("{) g Gt (o() for every rnorp}ri .srn q" of PI '0l i i i  r i l }
i i f  -, i i t i  1 . , ,

r l lo f inish 1; ire proof vre note thr*t  for etrery A€' uJI i , t r ' {pr.T(*r 'b) J

f f t tn : l  *  V i rqxy!* .er , , ]  t  V io, (* { . ) lean}  = f r ,At ) .e
I. 3, tlg lg.r*:_!-t_gg. J,et Q e,I ::;ioe*| " 

rlhe fu.nct lon

4F ,  rn t ( l i i ,Q)  * : *+  l i l o r l . * , ( ru r f l ,u ,T ,Q)

' . .
t" g uJ -c on1;l]ru.olr"$

3M{ .  I , e t  } ,  c  o ,  L : . r i t ( l l ,Q ) ] .

As  #  i s  i nc rea r , s ing  { t?u l r  €A}  i e  * .n  u r *se t  o f

,  S t t f r r€ .A l  and
l ' t  L

{V l r+1 Ja A} l t ' i l  =  V{r#(* r )  i r€a}  ror  every  nrorp} r i .sm oc of  *Fe ' i ,T .

I f  m € i j  t h e n

( V  t : # l r € A ] ) { . d w t m ) )  *  V l : s t * u ( * ) ) l T € . A J  *  ( V A ) ( m )  c
-.f.f- 

, #;. 1
r t  f o t - l o r n i s  t h a t  ( V A ) " * V { j * t  r e A i  . a

i ie pl"cvc ( : i  
"  
t  )  -  Lc ' [  { f r r } , .u* 1ro a.n incrcn.slng s ieouencc fvcrn

S e t  r .  o , ( X ,  U ( I ) ) "  r , r i e  c l e d u c e  t h a t  4 i ,  V  f r r ,  *  V  c  T , f  
' >  

.  I t
nGgJ n6cusoxlJ* 

+F ++
fo l lovgs  f rom propos i t ion  1"J  t ;h t+ t  {  I ,  \ /  f r r>  n  V  (  Ie fn }  '

116r,,J tLS; ftJ

' t he rc fo r . e  u (  < r ,Mr r r : # )  =  
X " i " r , r , . > f f i ) .

lYe  need j .n  the  seque l  sCIme re$u l ts  c f  th ;  p rev ious  peper r t l te -

r a , b j . l r e $ } ' s t e m s o f E q u a t i o n s ! ' . l e t u s r e c a 1 1 t h e m "

lret  s :  X -+u)Fe1*J. ,11 rrr  be a,  system of equat ions wi th f loul*

char ts .  

I ' '  L r ' J  t  - r

I ro 'b T :  1 i4 *-+ tJ bc+ e.n ohject  of  fntr(HrT) "  The -smal lest  solu-

tion *T of ri ir: I rnijr.)r be eontputecl h-rr sr-:: Vtnl-Lf) v'rhere l- is
n € u '

t } :e  srnr . l lcs t  e l r : rnerr t  o f  l je t  _(1"r ) )  r . inc l  the funct j -crn
s*x si*
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t ' )  :  s jet  . " (x,c;  * - -+ set  " , (x,Q,)L - 
sf ix: jn 

'  
s*x i l* 

'

i -s  c ie f i .ner l  fc r r  er rcrJr  h  g $e"b . . ! r  - * ( l l , ( ) )  by
; )  , r \ )

{ ^ 4 ( h )  *  s d " r , h } # .

: I f  I {  I  l i i i  * - *b  Qt  in  another  o i r jec t  o f  In t " . , ( I { ,T )  and F  is  &

morphism : f ' rorn I  to K then UTF * oK.

let  us remark ths, i t  r .A)t"  is  e.n in i t ia l  o l icbt  of  int  ( r*rT),

I f  s  i s  a . ra , t iona l  sya tem o f  eeua. "b ions ' t i ren  every  component  o f  the

smal lest  solut ion of  s in 
" ,b 

j -s said -bo be a ra,t i onatl il *lfi*f]owclit*,x"'l .

2. 34g* q.g:lgflg qe!- g r - t he -::jjgs -X* r"1 ggs j'gr! E

le"b Lls tnent ion that the category of  d 'J* 'cont i -nuous $*sorted al-

gebra ic  theor ies  may be  F ioen E.s  a .  subca.begory  o f  the  ca tegor ; '  o f

{p -cont i i luou .$  connuta t ive  FSt r ' * ; lpodu les  w i th  i te ra ' te .  Indeed '  i f  t

is  an u)-cont in,uous S*sorted algebraic theory then there is a.  u-nique

rr, *continuous th.eory rnorphism I'*: ?StrU **$. T and" 'this functor mtr"y

'CIe 
taiteg i iu 'uire r [::uc'i; i-rr:a] fu,ric'[o;' r:f "f i ir ]$tro*moclul-c viith :.tera-be

D

T.  i r ioreovero j . f  G :  f  " - ! '  T !  is  an {D*corr t inuous theory morphiem

the i r  G  i s  a i  l lS t r * - rnodu . l e  w : i t } :  i t e r i l ' t e  morn i r i sm. f , rom T  to  i f  ' .

\oie etud.v in ' [ i : is *]{ jg{ion a. nart i-cular cs.,$e. 
" l ! 'e 

l"teirk on}y 'r ' ; i t i r

f lovEckrar . ts  ovel '  1 :Srr* ,  i i rerefore we shal i  on i t  'Nhe inq lex F$tro f ron ' r

our  no ta , ' i i ons l  e .s ,  ; -  sha l l  r ru r i te  F0ro  ins tearL  o f  u9r* rp$ t r * "  \ ' i e

assi , r -He t i :at  the monolcr } f j  is  f reel ; r  E;enera. ted by the'set  X ,  there-

fore \ r re shal l  replerce tr i  by X i .n our standarcl  notat ionsr 8.S. we

shal l  v l r i  l ,e I 'P o J ,  dd instca"cl  of  $t-" . - ,  Jn, ,  U r ,  l "e$pcc'bi  vel l r '
J t  l .  l l j. E  

H  X

Ire' l r * X=u-*+ 5;{ ap6 3'u, X*-*-, 5# be, i i ls ul ';ual, t}tc inr:ui

r 'rnd. the cutpu-t nLono j.cI morphisims.

: ' l r :  cl.af i .rc thc '*; i . ,5ratr:-re n t f  
-**+ 5xl i f f  by
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X '  : : c  [ t c , t l l ne5  o  k  € [ r * ( f i 1 ] ]

p ( f , , t )  s  ( r ( t r ' ) p , r ' ( S ) )  f o r  s v C I r v  ( f r , k ) e X ' .

1,e'b Ct ,  l :e the qu*cor: t i r iucu$ t ;heory f reely generater i  by X'  and
x;

'  
* t

let  J ;  [ ' ** ]  CTI_**.  be i ts l  s ' [anf lard,  interpr*"ba,t ion.  Let
xl'

i i  '  f f -n 'C?N

i

j

-  be the interpretat ion of f ,  in t fre ?$tf**ruoclule !*X' def inerl  for

ir every 6efr ly
r r f f \  t  r f  / ?  ' r \  r ll ' \ v  /  =  (  J ( 6 0 1 ) , J ( G  r 2 )  r . . '  1 J ( r r l r ( f ) l > '

*ffe define the i 'rnfolr}nent &s the unique t"r-continuou$ commuta'-

t ive FStrU-nrodir le wi th i terate rnorphism

1l : wF[* ---+ CT I
X F

such tha t  w l l  =  K .  f f  F  i s  a  X  - f fowchar r t  then D(F)  i s  t lg
:3

unfolclrnent of iI '

2.1. Fronosit j -on'" I let I  be an interpreta.t ion of . f ,  in t i re

u) *cont l r rusus i i -sorte* a. lgebraic theory T.  I f  .G I  CT*,--+ f  is  th 'e
x

uiriquc tu*ca;rt j-n. ioui i  t1:eor;y r:o:: l :h: i-nin suclt tha't

c(J ( f i , I c ) )  -  * i l ( s ) r (s )

f or everlr (0-, k) €Xt 'then D{i = rqF "

T'Loj3" ' ' ,Te recn.lL that J.#: i l 'F8.cr:--+ T is the unique ul-con-
; - i  *b

t inuous comnunita. t ive nstr*-modulc l . r i th.  i 'berate srrch thsLt 1. ! . ) .  I -=T'x
As ll$ is &n ru-continuous comriutative F$trU*rnodule wi'bh iterate rflor*

phism rre have cnly -bo shor'v tirert s($(ftJ*tfl ) ) - I (g') for ev€ry 6 eN '

I ndee{  i f  deX  then

G ( n ( i l  ( t r ) ) )  =  G ( } ( ( t r ) )  =
x

*  c ( < J ( s , 1 )  u J ( t r , 2 ) , . o . e J { f , l r ( 5 ) l ) >  )  *



'l

. s  d  r i ( J ( f f u : " ) ) , c ( J { f i , 2 ) ) , . .  "  e r } ( J { f f n l  r ( f )  I  ) )  >  =

. . . , ' f f  \  ' . / f i "  \  -n l f  \
*  4 .  * 1 - \ i r  

/ I ( f f )  - . , r  \ t i '  l ' T  { t f \  - ' r  \ u  l r  / f f - \  ' t  *  I ( f f )  .  #- - 1 "  - - , - " , r ; . 2  . r . \ \ J / t o . c t " " f . ( f " ) r \ u l  "  " -  r \ \ r l . w

J,ts"ono$i"i :roi: l  2,1 sh.svrr$ ' i ;h:a.t in ardCIl: tCI sompri ' l je the be ha,rr icur

.  n  ^  T i * ' "  F . ,  -  t - , . , . - !  , . 1  - - - -  - r ,  - - -  j - - l -  ^  ! *  |  '  ^  t - * t  '  J - ;of a )*r- f fov:cha' : i : t  t r  r rndcr an interyrretn. t ion of  )*  in an ru-conr:L*

riuoLr.s theory it su,ff ice* to im.oli i  the u,nfoldment eif F.

le t  l ! '  *  ( i r to in )  €  ]J f l - - - - (a rh) -  f f  H  I  i? f i t ro  * *+  f ; ' I * ,  i s  the
x i l x '

unique ur**on' t j "nrroug theory ncrphism thei l

' { r )  *  } r ( i }  <  ( i i { m ) ; { (  t )  ) t  , l . h t  o

As the  cor , rpon*n ts  o f  the  urorph ism X(m)H( t )  a re  f in i te  par t ia , l  t rees

i t  foLlc, i . ;s t l : "a-b t i r .e ccruponen.t l ;  of  (  i l (n)  ! { (  t )  ) t  are rat ional  "hroE;s. .

fherefore the con.Fcns]: ts of  the unfoldnent of  a f j -n i te f ,* f fovtchart

a l ie  r i+ t io i ' l a1  t rces .

2"2. ifS^p:l.U.tj.qn. The coml:otrents of the unfoldme:r'b of a va*

t j .onal  ?$'br:r*  ) j  
- f f  or i "cha.r ' ts are c 'ontex"b-free trees"

.  ) i  -+tuFf* be a rat ional  $)r$tem of eou.a-
a-'Uli

^lry 's,3f.  
l - 'e 'b t l

t ione: v,r i th 1] l5tr . .*  f f  - f : . .owcha.r ts.  Jret  s*be the smal lest  $CI lL1t ion

of rr  in &J._ I  f l  -FrUtU* and. let  s*D= s",  be i ts unfoldnien-b"
\-
d"t a

There fC : re  14 re  have  to  sho \o r  t ha t  f o r ' € l "e r l r  X€ ,X  ?nd , fo r  eve ry

i  6 -  f l r l l ( ; : ) 1 1  t l r *  r r n r - r r i l i  s i r  , , f ] ; ( t t ) s - . {  x } A  C ' :  ,  ( r I ( r : ) .  , r t } i ( > ; )  )  i s  d e f i -j  \ ;  U ] - -  \  / L /  l . J  u i r \ .  r j r v r  j r l r r u r r r  , " i

ner .L by a can t  e>;  ' ; * f  re  e t re  e "

t

:

l ,et rrs reca.lJ- ' i ihat sy. = V q"(Ile )ii n Hrs

les t  e l -en ien i ,  o f  I ie t  3 :  * ( : inCT* ,  )  and,  the
soxs* X

v r h e r e  1 , , -  i s  t h e  s m a l -

+ r 1 $ n  f  1 n h
J  U l r v  v  !  \ / t l

n i *  i j e t  , * :  , * - ( l , r ' J i '  - )  l l c L  i ; ' C f^" '  
$+ :X$,K ' -  . t  

"  t5 ; t  l  - ' -F  * ' "  "U-J - * * i {  - 'N t

is d-ef inei l  . f . 'o; '  every h € i je i ,  r r  :$i  ( l f  F iJ i i l  r  )  
'by

Il"'x $-" a*;

#
e q ( t r )  l s  s 4 K , h " ) .



' a
. * ( J

"dt#- *- " " i UJI'fl, **p UT ,wr }e l ] e  ( . i ' ' 1 I I )  . * r -_ r ,_  q t r%.
.d--:" V.tr dl-->

muta"Live ?;J ' [ r**modr. i . le Y, i i . th i tern, te

4h
4r:f h.F" (*u*ur(tr) ) * }i(f i ')

+&
a.nct  (  H,h. in^ { t$*rr* ,o.(  x)  )  *  h(  x)

is the unique sr l*continuou.s com*

molphi.sm such that

f or every S-q" X

for every x € - X .

I.
u,rifolil

be the

q ( x , i )

t h e  o y s t e m  $ ,

L; c t  - ; ,  =  l i * , i ) l
exten"Li .on of  p

s  ( r : X { x i ) - , , r t X (, L '

x sv" ;  r  L I lr ;1 ") l l  ]
def ined.  for  every x

x )  ) .  l e t

T ' t r , , , r T i r s  * $  c T] )  * w r  t - - p r t v
.d.J \"/ ir

rx(x) [ . j  h 'y

i?e are ioolcing f 'or anotlrer v;;ly to cornpute sK' let us first

n.nd. l-e t c{ifi't;x r*-$ $xs'lr

€x and.  i c [ l

X'UKN

be "bbre unique o.r -coirtlnuCIus coramutat:i,rre 
'F3"br*-modrrle lvith iteratc

morphism suclrhhat for every 66 XUH.

n ' ( u  . " - ( 0 * )  )  *  4 J ' ( f r , 1 ) , . . . , J ' ( f i , 1 .  " , r X ) ( S ) 1  
)  s

Y*U l t

r v i re r .e  J t  ,  F j ,U '  o  * *+  ( ]T - *n  , . , . i $  t he  * ta ,nd* . r t l  i n te rp re ta - { : i . on  o f

rrrn 
X'd X '

V r  t

f I - u l l '  .
i : ? e  f o r n  a  t t c o i l t e x . t * f r e e ' t  s y s ' b e m

; t l l l t  * - - r  C T  r . - * -{  
N 'uH I

de  f  i nec i  i ' o r  eve ry  (  x ,  i  )  €  X '  bY

s r { x , i }  =  
" f t { x } n ' i  

s { x )  ) .

f i . s .  every  morph ls r r r  so  (x r i )  i s  de f ined by  a  ra t iona l  t ree ,  i t  fo lLo ' r ' i s

tha t  the  sa lub1on * f l  o f  s r  in  J  j -s  c i "e f ined by  contex t  f ree  t rees .

T o . f i n i s h  t h - e  p t o o f l  w e  s h o w  ' b 5 a . t  f o r  e \ r e r y  ( x r i )  €  X l

* , r i ' l ( x ) -  l , , r '  
' t  

t  ' \
x i  ' s O t x )  t r  s 6 t x r ) . l  c

' Io comput* * . |  **  need the fu: :ct ion

{  e  J r r L ( ; i t , c ' 1 . . - . " * )  * * * * } I r r t ( x t , c T  " )
i *  X '



I

def inecl  for  cvqry in 'berpretat ion g of  Xr i .n Cl l l  . * - t  by
'F*?'

"d.- ! '

#
f  ( g , )  : : :  a ,  {  J r S  } , ,  o

|  \  r  f , ,
T *  { ' r ' - l  l , r r v  i : } r r p h  ! ' r  =  \ /  t ' " (  f  } ._ L  U  . r - v * _ L V t {  v ) . L a , v  * . T  

V  e  . ' . & . r  .

m  f i c " r  dr t b u u t

T r , " i .  1 1  *  1 . * r r . r -  { ' ,  r 1 r i l  \  r  T " ^ - L l a r l  f i f i l  \  u ^  + h _ g  f U f i C . b i O n
1  

. t t t r ; t ,  L l "  I  J U t r  
* -  - o \ J " t \ , J k  i t  / ' * * ' - - ? . . L 1 l t r \ . , 1  T u r T _ t  /  u u  u i

5- XS"'  . } ;  ? ;

' y  h€ ,  Se-b  - . (y ; ,C l t .  ,  )  a "nd  (x r i )  € .X '  byi .  de f ined fo r  * \ re  rF  h4 ,  $e 'b  4 , .  * {Xr f r i l * ,  )  a .nd  (x r  i )  €Xt  U;
CxtV <r*' Y--t

: J ,4 i) ':'.*

u ( h )  ( x , i ) * " 1 * { * ) i r ( r r )  " '

I e t  h€  Se tO*VSr , ( , - { ,C i f  . tX ,  ) .  As  n t  4  J 'u (h ) f f  t u  an  aJ -con t inuous

aommu.tai; ive FS'i;r.**r*odule vrith j.terate inorphlsm Ernd. for every tr€XUX

( D , 4 J , u ( h ) r { h ) ( ,  - - ( f ) )  =
X d x

. 4 -
4'h

e  (  J u u - ( h ) > - t ( < J ' { t r , 1 . ) o , " . e J ' ( f i - , 1 (  r , r x } ( f , ) l  ) >  *

F  < d J , u ( n ) >  ( f f , 1 )  , . . * , {  J o u t h ) >  ( 6 u 1 { r , r X }  ( t r ) }  ) }  s

* j.f fg X ti:en ;{^(g} el-ee h{tr)

i t  f o l . l . o w s  t h a *  l ) e d  J , u ( h ) 5 # * { i { r h ' r # '  .

t re t  us  p ro \ re  "bhat  t *  =  u"$  .  3 f  h€Set . *  ^ * (XrC lL 'n=- r  )  and
$'"X$"' l]*

(  x , 1 )  € y , '  t h e n

iYe cle;duc* q\  *  *T'n for  every noruLe$at ive l r r tekEer n" As

"(1*r) 
* 1*"r it fa t-lows that 'S,n{1*J) * 

"tf 
( _j K) ) , Therefov'e fcr

rt

:

x r  V  d t t ( l . r ) { : ; , i - )  = ,  s r ( x , j " ) " s
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