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P O T E N T I A L
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K E R N E L S  O N

F I O [ I O G E N E O U S S P A C E S

by

Luctan Beznea

{ntgo.t*g"t ' ign"The aim of this paper is to present facte of potentlal"

theory( in  I I -cCInes languag";s*u[z ] )  assoclated to  a semigroup of  con-

t inuous invar tant  (under  the act ion of  G)  kernels  on the homogeneous

space X*O/H n where G is a locally compact group with countable base

and iI  is a compact subgroup of G" we start from the wbrks [ l ]r[ . |rJ
r ' l

and [tzJ. Generally speakfng, the program is the same as i.n [ l ] .

Fo} lowlng th ls  way,  we make the connect lon wi th  the eo ca} led

* 'a r i t hme t i cs  o f  convo lu t i on  semig roups*  exposed  in  F1 ]  ( see  
fa ) .

tr ' [ore c}carlyl when iransported on the group G, the convolution seml-

groups on Gfs, ' ( for  var ious compact  subgrou.ps H of  G) ,  which generate
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oilr theory a.ro (fotr-xorvi.ng [raJJ e"aet13" the convo]udLon cei*lgroupc on

G whi.cir  aro ontr.y cont, fnuous (not {e}*cont, inr:s l ls) ,  Thuso by the senl-

group point of  v iew we are st i . l l^  on, t ,he groulp Gu nN!, ,co' t  proporf ies

fo r  t ,he  ass+a ia ted  cor re  o f  excess ive  func t tons  are  ob t ,a i .ned on ly  i . f

we l ,h i .nk  l t  on  the  a .ssoc ia ted  homogenoous $pace (see f  4 ,  $  5 ) .

19e a}so show (su* $ 6) that the d.ual.  potent ial  structre

(which can always be construcied in the H-cones franework) is

generot*do on X=GlUn in the sarne way as ihe lnl t ia l  one"

61,  Pr"c t r i " rn lnar ies and Not ,at ions "

fhe b*leic facts concerntrng lntograt lon theeiry and topology

l . - - 5  P  r  ?  q

on grsups are taken rrorn [8J, f io] ancl [ t 'o]"

Let G he a localtr"y compact topolcgtreal grcup wl"t,h eountatr le

base {with t,he group operatton rvr"i t ten urult ipl lcatlvely and rvtth the

neutral etrement denoted Uy e), K a compaet si. lbgroup of G and Y the

hoqpg,ggg_otls.Jl 'p"pg GIK of l .eft cqsets aKo a€Go The group ltself w111

often he considered as the homcgeneous $jpace co.rrespontl ing to K=/e!"

lTe denelto b;r f, tlro trromogeneor:€; space Gfit , where H ls a compact sub-

group of G o Y=Gy'K wll l" be one of dhe hornogeneoue spaces X (K=II) or

G ( t t * {e i } " ' ,Y Ls endowed wi . th  the quot ient  topologyo We denot ,e by t ry

the topology oh Y. Let i i  tre t,ho natural projeetion a r-r at{ .of G onto

G/I t  "  T l rer  e}eruent  iT(* )  gY 1r , i .11"  be denol iod by 6 ,  for  a1 l l "  eG o

ii  is a contlnuous; proper, open naai: ing , We denote by a.y ttre actlon

o f  a ra  e lemon t  a€G ou  the  e lemen t  y€Y  :  ay= f f i  e  w l th  y * f r  r  b6o  o

Lct f t tv l  ,  C(y) ,  c*(Y) ,  K(Yi  dcnote respect i r re ly t l ie Barol

maasurable ,  cont inuous ,  corat i .nuous v;rnisir ing at inf lnl&y r  cont inuouts
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wj't'h eompact' support rear*va}u*tr func"{,tons on y * T'he f*argebra of

Foncrl.  insasur&ble se0s on y l"e denot,ed ,rV fru o F,err i l*fuU,t ,Jt*
x o  

-  r
and dLu denote respect iver . -v  t , t ro  gros i t lverbounrred e lenencs of  / {  ,
I'ie deno't,e by Trc> ilre eet of, ar.r. Borer measur.able pos$.tive nur'$*

rical. funci:, j"nne on y and by i i l (y) {resp" },L(y} } tne set of al l
positJ.ve (r 'espo trounded posf t i 'e) Rarlon neasur.es on y"

Let tar be a f:'xecl ri*.h*t- i-gvffi ar-r{ I{erar ireaslrre on G and

A tho rnotl.ular funct, ion of G o hence !

( t " t )  a u o ( u a ) . , " - { l c e u ( a )  a  o  b € G  .
a(b  )

f f  g  i s  a  nu f i le r iea l  func t lon  on  G o  &€G r rye  denote  by  s  v
ls  

r ,e r  _J ol l  ,  
ag c g ,

:,,:il ,-:;;:,,-,1,,^T,;":-,": ;"::;-::-j':' ' 
as(b)=g(ab)' e(b)*

lfe denote hy cul' the norruod llaar measure of the compact

subgrc r t t p  I {  o f  G  and .  we  } rave  s  b '€ th (O}  sg r " (C} * t  . I f  X  i s  a  se t ,

of ntmeri"cal functlons on G , we deflne ,

* ) t o =  { r e J (  /  a n - u ,  r o r  a l l  r r r n }  ,

4 t 9  |  * o "
H d L  

= I , e e d {  /  h g = g

and !

nK *uX'nIW
- b

For g €gK'  ,  we def lne the numerJ.ca l  fu*ct ron I  on x  by ,
( l  

" a )  d ( f ; ) = g ( a )  ,  f o r  a  €  G

rf  e  e Etc l  is  bound*d or i  aJ- I  ,  for  every a€G ,  gh denotes

the fnr rc t , icn on G def i .ncd bv

't

,  f o r a L L h € H f  ,

s b ( a ) * J s ( a n l c r l r ( h ) ,  f o r  e v e r y  a € G  .
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fuj-JJq$tfg" a) If  N t* o.ns? of tJ.rer vector: latdieos Sr,,*] ,  C(G] ,

C*{G) , I i{ f i}  ,  the above correnpelnsience g F.-rgq dr:f i"nes a pcait lve

lfnear: . :$$rator fronn W u ,rffk D
l i *

rF
b) 

'Sxt,er ld1rTg 
t lee eiJrove operai ; i  ( )n { :}n f , (Ci ,  we abtain arr addif ive

positf .ve homogeneelu$ oporator fr '*rn ff i t l )  to ,rFhta) i ir  fact ,

t l r is i$ a eont. lnuous leern*l  *n G {se*,  $ a} ,  I . f  g e T&} . is lorver

sermfcotr i" i . r luourl  o t ,hen gh trrrn t i re sa*ie proper"ty .

i-
c)  r f  s  d ,So{c l )  uc(G) U f f i r t }  t i ren r

se(  %b(e lvc(G)  uTv, l  ) * , * rsh *  s  ,
t r ren*e  wo d :an  a lso  deuote  by  f r  (sur r ,  ( l . z l )  t r re  func t , lon  on  x  de f ined

b y 3

f r t 6 l  * i F t i l l ,  f , o r  o v e r y  a € s

d )  r r  g , 6  q ) ( G )  ( r ' e s p "  u  g { t a }  ,  s c  c ( G )  ,  s € c ' ( G )  ,  s € K ( c }  )
^ f tt , r r e n I e f J o t x l  ( r e e p . 6 a f f x i  ,  f r e c ( x )  u & e c * ( x )  ,  E e r ( x ]  )  .

fu.!_k"ry*og* fhe map

.  f  F- r f r  *  fe l i

1s  r i  pas i t , i ve  l i nea r  b f  j ec t i on  he t r v r *en .  t s * t x )  ( respo  c (x )  o  c0 (x )  ,

I ( (x)  )  an, r " ,n3f t * )  ( resF"  
, r ro{o}  ,  , ,c f  tc l  ,  ,onhio l  I  ,  w i ror . : *  inverse

Ls g i r r * t r  by ( t "a)  
"  Analogou.r iy  ,  F(x)  i .s  ln  b i ject : i .cn wi r ,h  

'  Fh{o)  .

F$rr y€I{(G) , $ wf .}. .L be i lre measure on G defined. by

i t * l  =  V ( [ )  ,  f o r  s v e r y  s € K ( G )  .
v

We have , t i t  = A.tp" Then
v

(1"3) f i  =,  g{ur ,  :
whcre f,.ul denotes the l iadon u*as4r"rre ivith density g rvit ,h reepect ta U)"

Fqr  t l  ,  Vg6l l i {G}  wr :  t le f rne ( r r  i t  ex is t ,s}  tn*  nneasur .e

Y 1 # V * o n G b y

y1  s  V r (e )  - f { * r ; r t r ) * y r ( a )ay r t r 1 , }  ,  f o r sd l ( ( c ).  fu 
JJ

and we ctrsorvc that i
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A \ r v
(r .4)  V- *  Vf ;  = V* *  V,

I f  y€[ t {C}  ani l  Aef{A)  n w* l  c , lc f ix rer  the funct lon V* g on G by

. f' / *  g  t " t =  
J  s i n * l a ) *  U  ( a )  ,  f o r  a l t  a d c  &

I f  g1 r &p€ TqO> , rv* denote hy g.,. :16? 6he functl"on i

'  6 , . regn  (a )  *  
. [ * ^ ( t , *1 " ]en  

( i r ]  A  (n ] c rw{h }  u  fo r  a } l  a  €G .
.l

I f  g1 r,,Ef€ Lis (G, ) ( i .e S, o $* n,r:e t*- loe;r$3r i .ntegr.atrtr"e) o g.i  E

gp"Va  v re^  dec lucc  t l y  (1 "1 )  ano  ( t , 4 )  :

{1 "5 }  en .w*  82 ,w  =  ( s1  *  s r } . t e t  ,

( ' i . 6 )  ( * ,  o  e a ) *  =  r ;  "  u ;  o

On lt(T) we can consir lar the i .ntXr.rced vague topol"ogy {defs:r*

mi.nettr  by the eluatr i t ,y iv i th K(Y) )  anr l  the rveak topoLogy (determl.ned hy

t ,he  dua l i " ty  n i th  Cb(Y)  )  .  The sed \ (G)  ts  a  togro logLca l  oen ig raup

( rv i th  nespec t  to  conva lu t tc ,n )  rvJ . th  the  wea le  topo losy  ( *uo*  f t toThcorem

.  ^  ^ ' l r
t c , 4 c d ) i  e

I f  f ,  is a numerica]. frmction on Y ancl a€&n we def{ne thei

funct i "on _f . 'cn Y by
a

* r ( r ) * f , {ay}  for  every yeY"

Let

,#n 
(o1*{uen(G ) /y(eh)*U(e) r for  a lL hel l rgeu{e }}

and

#(c I -n!r.rec ln,.,nrh(c ) "
te-3l$..Tflt*" trf U€&i{G} ,ihe fo}.I*rv$"ng eta'6;ements are equi.va}ento l

.a) tarutt)}* ! (r'esp" V*tIr* y , *rrf!*wH *!).

n )  ye f ru { * }  ( r esp . ! 6 , i } i [ ( c ) , y€nh r i o ) ] "

f 'or )rel t (G) s the.n*a,*?l f f i re Vh{(X) is def i .necl  i :y t

h "? \  $ ( r l * ) l { fo j i }  , f ' o r  a t l  f6 l ( i ; r } .

h e

Frt" l  
-{1tent{v} lru{kf }7(f  }  , for att  k€l{, f€n{r} }  !
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rr l€M(51 , let us defi .n* #?,# (c ) ny i
/ T L

( t , 8 1
P'trY */ t{F"t o ferr:  aL} g€I i( t} i  0

fu-**{:*ggm' {[gu e]r*l / ITr$tJto T]i"E:x",* i"s an acki l t i .ve posi-t i"ve ]romogeneous

hcrm*cruoy:f ir im Ln the va{iue topo}ogy tr* 'd;neen h,t{X} {respu lX(-X) , tpftXl l
h b

anet  
,n i t ' ( f i )  { r *spo #"{ ; (c}  r  # t {c}  i  *  T} : *  cerrcspundence i .s  g iven by ( t  

"?)
a n o  ( 1 " 8 )  a

*qcr.{o Thi.s ts €b eonsequonce of Futrinitgtlr*orem and of tho f,aat t,hat,

re.r .-(( i )* ' l  o [ l
l-x.

ArrpLvinEg (1 '1)  for  a  f r : - * rcd lon g€;xk)  a  g+0 ,  i " [  for lowo

t,hat

A( t  ) * r  u  for  every h €I r  e

and. now agqin by (f n1) we have : r,U€ol, l{G) o

: f . t  
/1,  ,L$emtX) n v,re def i ,ne dtre measur€ 

f l " ln6l , r {X) t ry t

( l . 9 )
@

f f /'e - /i"fi E
u,hen the ao*,voJ.ution *l)* Ul ex:ts*s s

/  |  / 4

By Lenrma to3 v, 'e deduce t l ' !&s ( i .r tne convolution exists) :

( t " ' to)  i l re l l i ta)  ,  $re *mh{ei  
'e}  Vi"Vn€Hht l (s}  "

From (' l  
"9) , (r ' '1CI) and *he ' tu1Je*i i .cn betrveen ir(x) an* 'ptk(c) 

(see

Len' ,s :a '1 ,4)  rve d.eeluco that  ,  t t  
l ro  / feK$|  ,  then 3

( t ,1 t )  l \ *  F t ,  =  (y  f  /  2 |  a
an;r logorrs ty  u i f  V1,  V26I f ik (c)  n  thern

(t , t*, j  Vr* V, * (T.," Ir !  o
I f  prel{(X} n rve defi .ns the msesure y'enr6Xy Uy :t u X

f =  f '  e

and l';e nclt,j.ser thai , lf

( r  . r  3 )

Yer*u(c)  u  then [er ru{c}  ,  hence !

i', = i' erax. fe$itxl c
h

or  
/ r ,  /p ,e  l f \ [ t x i ,  f ro in  (1" / r ]  and ( ' t " t3 )  dhere  nesuLte  3

^ V v

Ff Pt* f*"ft .( r . r & )
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t?e recal"0. n$r,r',;som$ r"s:plrtrts atrlout rsbsol.u{;o eon'i,l.nul.tv anrl

qxao$ *.i.nvar'.damt measut"es "A un*asnx"e A{h{(Y}'1s cnl,trod glqgA:kreg3S*3. tf'
I

4\
fsr rt€4,.c

. !

f l {A}*S.x'r f  {aA}*0 ufor evea"y a€G6

? ^
h)( LSrcbotr'I lo$arn*"Fl) A rueasu.rerl&,\{(Yi i.s quasf*inv'ar*an& tf, and onty

tt fim equi.valexrt, wi'{,h ffi(t"s .y't4<W*t:t6,IIiecy}owlaore 6=,w when YSo

*l t [8, c;h"Yrf , $ a, Proposi.t ion 6J ] ,r,** f *Wx"tothen r

rerlo6;6) {* }r s 6r,; 06c,,} "
If pr'=f.e$ with f€t;o$A) then f'*tu.ut "

t/

,'!.",$jigrr**Hge ilDanqt il5 are qu;rsi*ir:'uarLant &easures slr y,

(pr*e absoSutej,Sr eontJ"nuou.s w:!.t}r r"*speet ta /.nl Sf and on.13o *f p'rcnp),

C*nvpLn*J.c)$ Stl$J.arour.)s on X eirlrl Trrlnsn"r*tfcln to f l t

Mest of t ,he resull t ,s and the terruirrcS.cgSrI th i  e  sec t fqn

g

T3

(  e, ' l  )

(2 " t "1

i.ffiJ*::*m,,*) ( [Srchuvrrr$arcriro*"i.ai.;.e t] ]l,et /trfuew(x) ot']:ren* /$a#*

are arlapt,ed frcm ft ' lJ,

& fr*mtly (Ft)*ro*r}{cl l{} s**h the proper*tee

pu{x }=4 t  e

/ t"*f **f*** ,for ev*r)" trsp

Ls ca3l.t;d oogH3g3lg*_gg*:g{Ltlrg on Y.*i/Kol.n tho seiquel"r'i"he, (sons**

dered convoSue*C.on oemigroups rvi l . l  be non tr i 'yi .al (,1t6,1,**fcr-a3,tr t70)o

/{Y1 bi:3ng the boundeO (*ftrf ,eren'& from zero}eo}ut*on of, t ,h'e funettonal

equatSon u( t+s)=u( t lu(s) r i t  must  hs l r rp  th .e f ,srmr

( a r 3 )
/ / L l = s - c t  , c 7 7 4 o

T t rs  e&31ed (sree

map t;t"+l{, ls contLnunaurst t r

A convotr,ution eeml"gnuup S=fi,{*)rrO ou

) gg*"lsgp'llg ( resp o9:i:g-r&-Lntr$$s) r r the[ r r ,  r  "5"6J
from {$,"*} into \{y}is"oerr. if t i :e t*.rn*t/0,"*.*itA exasr,$ $n [\r(y]]"
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On h{, (Y} rEe eonsidcr the weaic topertrogy n
$

*".t  $ggg&E.s a) ff  Y* & u by the we*rk con&irurity of the con't 'alut ian

on G o 0he l i rui . t ,  uler l$uro 
Pg 

(f , ' roin the def i"n: t t ion above) 1s an

l r lempotent  o f  \ (G)  r rence n by Th**x 'es ' l ' ! ,e"? in  l r r ]  n  * .1 .  i r  o f  t ,he

forrn lAn=Lou, for some compact subgroup K of G (see also Ltz,r lo"ZJ
/ w . L L

r  1 .
ar ie i  113rTh*orenr  3.U )  ,  I l r  th ig  case such a O*cont fnuous co lxvoLut lon

seuigroup i s called -$:qg*g:ElJg33g O

b) Frarn (2"3)  and Ti reorenn ' in1"S tn [ l ' l ]  ,  for .exanrp le o *n the d.ef l *

nit los *f continuous and K*contl.musus convolutian semigr*up on G ,

we can a lso conslc ien the vague topology "

c )  I f  S * (  V  t ) t rO  
i s  a  convo lu t i on  semlg roup  on  0  ,  t y  (a "3 )  t he  fam i l y

n *
Sr=(e"=V *) t )0  1s & c$nvo3u{ ion semi .grorap of ,  probabl l l ty  meaaures on

G o $ anal $n aatl.sfy sfnnultaneously the addltLonal contj.nuity propers

t lee o hence wa can apply  t ,he resuf ts  c t  [ f  l ]  .

, r  " r .
2.2  t l f .+g* 'Jg*  ( l f t r fneorem 1"5"8J)  Le l ,  s=(Vt ) t>O be a  convot ru t . ion

semfgruup on G o. fhe Sol lolv ing sLatenents ars equ!.valent :

a)  $ is  O-eot inuous ,

b)  S i "s  co i l t fnuous o

t r r t  e l ther  ease V,r - I im !*
" d*ro v

(2 'L+ , t>0  0

JE]:con!r-A convolut lon

sat,i" sf i.e s

Va* Vot Vr* V*" Vs , for all

semtrgrerurp ( / l r ) * r '  on Y ls  ca l i -ed

qggss,

( e " 5 )

2"3 IS[iUX*. a) By

( / . ) * r o  ( r e s p o  (

i "u the vague topology .

i . P

tffi8a

Lernma 1,40 ' i t ; t t  )  ant t (1 ie)

D t ) * ro )  i s  a  convo lu t i on

,wa deduae tha t

semi.group on X

t,he family

( r e s p .  o n  G



r , . , i " t t i  V {€  } i i {G }  ,  f o rL 'a l . } .  d }$ }  : i " f  ; n id  on l y  i f  ( / ; ) t ?S  { re$p+  (  V r } t }0 )

lg ib c*mvul"lrt , : l .on semJ-groull  cn 0 {resp" r:n X} p

l : )  Us: l " r rg ;  { t . t rs)  ( resp" i ' f "&}}  an i t  $ l reerv ing that  ' r  U* fu 
( resp"  #r**

tAtII) , :Lt f*i.3orvs :

* 9 *

dhe fa ; i i l t y  {Nt l t ra  e  , }u t t * l  
( respn {  Vr ) r?*dr 'n { (G} )  i .e  an  {6 } *o . rn r i *

nuous (r ' t lsp'  H*ct l r l t . i .nut '"rus) cE-.n'rr*nudion semlgroup on X {reep, on G}.

i - f  a.nr i  *n,try i f  (r tr t  rro (.resp. {  }*}rro} *s an /a}-*rr,r tur.rous (reup"

I t r -ccnt i l luous) convu}ut i*n sc,mj.grotrp on X (respn <ln G) o

?lte fol l .anlng result  i .s thc rrar iant of  Theoreni ?nf,  whtch

appe&.r*r in the *nrlier fj*{p{r}., [ 'tAJ.
r  !  - ? .  f  * !

?*l 'JJ]_l* i ry:*  ( [ l *  ,  ] t0Ji  r r )  Lr t .  l4r l**  b* an {eJ-cor i l , t , ' r rous csn*

vcr].trt i.on *emigri:up on ihe hornogene$us $pace X.O/$ , Then U 
firt,?$ 

i ri

an l j*continuous sonvolut, i .on oo;*$.g;f{* l t tp on &u

b)  Cunverst r .y  |  ' t f ,  (  V*)* r*  $ .s  a cont i " rnuous convolut , *on sem$group an

li  u th*m there exf s{s a, eonpinct, su}rgroup }i  of G suc}r that } lr€ rrU{Ci

fcr i : .Ll t?0 p*nd ( $t l t70 is *t {; , i-conttnusus coi?n*ctuti .cn sori igr,:*p

on X*, G /iI ,

I{"-go{" ffhs$rve 0hat i f  VA*t% ivit ,}r FI a eonipac* subgrorrp cf Grt lren
t

(2,1+\ meiens th&{,  V*6runttG) for.al l .  t2(t  
"  

$eeause f  -" ,rc i '  and i lo ' l= 8_ ,
e e

tho stat ments i ] . re a di .reet con$eqnence of ' lheorelrn ?"3 togedher iv l th

Lennnn;r 'l 
"l+ and Ren,arlc 2,3 o S

f ' o r  e v e r 3 ,  P € n t ( * )  i r e  r l c f f n e  o  f o l l o r s i n s  [ f  f  ,  1 " e , j ]  ,

the {py41i.q11ce e.g&ggq.Uf-*Ag*U- hy t

I ( ! ) =  
{ a e c  /  } / *  f i * t '  V  *  Y "  f  , . }  Q

t r f  ) r€ .  I tb (G)  ,  then I (S)  l s  a  co lupac t  ou t rg r -o r rp  o f  G (se* ,  [ l l rT l rqorem

1"2.11.J  )  e  l f  S = (y  
t ) t>O i "s  a comrolut i .on oern igr*up on f i  o  we denote

by I (S)  the c*mpac'b subgroup of  G I



. '10.-

r( .$) *f i r t  Vr)

Aeg-q,*SS;1t{X.* [,et S*( ]U]rrO brr an 1l-cont.i.nuotts convoLuf,$"r:n semfg .

grouJr on G " Tlten {I*n($} ,

&*gfl*" lJecsuse V*e Urlt{C} 
f*n a}.1. S?0 u n'e have I{c'I(S} * I}ut, t}rte

f mpli.es ( L,emrna 1 .3) t, iurt 3

(a.6)  *s"  %{s}-  
@tr(s}*Wt{- '@r(s}  '

For ev*ry  t lo  I {S}CI(  Vt )  ,  anc l  t , } rerefore ,  hy Lemnra 1"  g,

( 4 " ? )  V r o @ r { s i - V t  a

By hySl*thesis l irn }}**@r, o henee e fa"om (2"?') ancl the eonttrnuity of
tvo 

u r!

t ,he convotrufi .on . i t  resu].ts tha{ 3

{2 "8 )  * *owr (s }=u*  o

From (a"6)  and(* . [1)  1{ ;  fo} . tews @lt*Wr(S}  I  so 11/8 f i -n ls i r i : ' }ae proofo B

The noxt corol larSr doscrfb'ee the continul.ty of the collvo-

lut i .an *em*.grcup sistterrmm eif,  t lee i"nvariance subgroup I(s) of S (***f6,

?
Coro.[ . ] .ary 8"1?J for tho: abe]. i r ]n grouf]  casei .

2u6 CaroJ la ryn  t rc t  S* (  Vr ) . *^  ! . re  a  convo l ,u t ian  secn3group on  G o  Then 3
L  t . t u

a)  S  f  s  cont inucus  { : )  } . ina  V*  *  0 " r * - l  o

f  1  t \ o  
r '  l \ D l

h )  S  1 "  { o {  ' _  c o n t X n * o u s ( * 2 I ( S ) * 1 " }  s * d  S  L e  a  c o n t t n t o u s  e a m i g r o u F e
L J - '

.*S,SS,"a ?his i"s a eonseqlsence of fheorem 2.& and Corotrlary 2.5 ' .O

lfe complete thle sectiolr with the eorrespontlence betrvoon

convoJ"uti-on semigroups anrtr senr!-groupe of continuous lf f irariant kernels.

Wo recal l  thi- . l t  a cont inleclus kernel on Y ls i3 ] . l r rear aJ' !d

r
posltfve marp Tct((Y) -*C(y) o For svery y e'Y , ext,end*ng to l  tYt n

t i r e  l l adon  n reasu re  T - -6 i l { tY }  ue f , j " ned  by  :  T - . ( f )=T ( f ) ( y )  o  f c r  a l l  f  € I ( ( I ) '
v i '

i

we obtatrn a lcernel"

r ,  t  (Y) ---2 /  (Y)
. / d r t '

on tlre rneasuratrt c space (Y , 
' i |y) ( *u,* f? r$ I . lJ ),



- 1  1 -

A contJ.nuoud kern*l T cn Y tre cn,l led lnvnri.ant, i . f ' r

f  ( €L f  i * . rT ( f , )  o  f c r  a l l  f  €  t t (Y )  o  a€&  ,

Let ,  l { {Y}  ( rersp"  iq f  (y) }  deno.Lo the s* t  o f  a l l  cont l .nuous

(resp" ca;ntinuous S,nvariant,) ksrneS.e on Y and ;
(  - - - , ^ .  \

l i i ( s i *  t ? '4N{c }  I  r { s }n * t (e * }=T(e }  e  fo r  a l l  sc I ( (G}?  h€ I rJ ,

HNg 
(G ) "-HN(G ) n t{i (S } o

e"8 ng$|-{b" For a henirel T€N(G) , the fol l"owi.ng statenrends are

ecluivi,rJ"ent l

a )  T € l r N ( G )  .
r . t

b )  t ' ( 6 * ) * T i g ) ' * T ' ( e )  ,  f o n  . e v c r y  g  €  K ( s )  .

I f  [ '€l{(G} , rve ttreftne i lre conti.nuous kernel T gltr{X} ny l

{a.g} Fts}*FTrq e for eve}y f  €K(x) o

I f  t€N(X)  o  we e lenote  by  T t  the  cont inuous  kerne l  on  G

rleffned l.ry g

( e " t 0 )  T ' ( g ) * r ( E ) t  , f o r e v e r y g € K ( G )  ,

and wcy c,l)sel'vs that, T ! 6 ,,},J(G ) ,
t7

?.s.9 Lq.gltp-e. (2"9)antt {e"10} esfabl. ish a bi.Jeet*on between N(X) (respo

Nr (X ) )  and  HN(G)  { r ' espo  # { i {G} }  c

For yefu,trcnil o we deflrrn (*n"[re , An]] {rr* psrlyseu-

t ion oirerator Tr,  af  t l  hv' % ;

(2.1 ' t )  
T, t  f (6)=/  .  t tw)d/ t tv\  ,  for  every a(.G o f  €K(c/K) c' /G/tt /

2" t0. l t .g lBat ' "*  a)  (  f3oloo,o,*  o"t l  )  "  r r  y €M(G) ,  then (e"ro) def ines
L - )

a cont i .nuous kernel  ?y €I . { (G}  "

"a,qlL.']Lffim,g a) If y€hf(G) , r,tren ,

v€r*{(c} ( :7 rv € HN(c}
. b

b)  I f  F ,  
, t f  € ;# (X )  n  then  (e " tO)  de f l nes  a  con t l nuous  ko r .ne t  T r lCN(X)/ [ ' r

aund e

( z , t z l  r u  * 'E ;  ,r f



1 A *

!
(a*t : i }  rF x Tyt  o

( a - l & }  m  '  - - : $ - e r l ' n  s'F*q.  -  * f  "  " \  s

1f t t r+: cr, .utvol tr t" ton exf st$.

r h
c)  t [ l r ,  1"5. . 'J ] .  r r  pe i ; r i , r l , : ; ]  u  l l r r ;n  :  rp  {c*(x} )  4  c ,u t i ' }  '

T4 {Cr, t : {))  C f lb( j i }  zmd oITt i ; r r  6r bf l r i r ; l r ted l . i .nei}r  { ,pe.rat,*r :  r i i ' l  Cb{X) rvi th 
L

llT.f ti ffi,1/ (x) o 
'

:figp-.fu- 
j-,$'g u6 ohserve that rr"*s:r,rs'i;ton a) is a consequextt){} c:f the ctefi- A

n i t lun l+  o

b
h) l ,ea ,{€,} t ix)  ane$ f  € I i {X} n l f 'e s;hal l  sberg that 3'  

I  j L

( i t , ' 1 5 )  2 f  $ )  *  1 ' u ' t i ' t )

Inde*d u t f  a€G * f ; :orn arssn.L-f ie. : :  a)  ,  I temarlr  *"8 n { l t . f t }  "mrl  t1"8}
''-'-?#

I t  f u I i * r vs  r  
' ' r * i l i ' t  

i i , { , 1=  ' x , , a t ( f  ' } ( . r i * ; l t { . , f 1  I - *  F t , f  )=  ? i ^ r  i i i ( : i )  u  E ) "
r ' f" / .a / zt t"

( 'A,15)  and L*nuna ' l  *?  s 'esul t i l  I  fp  6 l t tX)  ,  Fr*nn te . '15)  v ' *su l ts  ta-14) t
!

ui* ln ; ;  (n"9)  u  l iecsnsa 
Pn 

a l j l t { i l i  ,  by asoer t tou a}  ans '  i ' * t 'sna ?og !

(A " r l )  * . s  ec lu i . va len t  r v i t h  ( r : r ' lA )  
"  { . ? "14 }  hae  a  d1 rec t  p ' r ' r r oo fu

- F ' l

Asec*r ' t ,5 rn c) 's 's a conesquen{:e i '1 '  ' !  o5.4 f  n l l lJ u trs ing t  i : . '  1 i : i  e$rd

Lenmgr  " !n t  oS

F r ' f f ' :

3* ,13- . { , , i i : } * j t -  ( f la .  $4 ' l r+ '  I ' } t ' os ros : '1 ; ion . l l  3 '4 } '  Le t  T€ ' l \ i ( x i  ( resp"

T?€ $(G) )  u  T l re  fo l ] " *w i .ng  s ta t *me* ts  a re  equ iva len t  I

a )  t '  € . ] i .  (X)  ( : 'esp"  T  t  e  , ,N ,  i f i  )  )  e-  3 .  
-  J l r

b) ' f l rer ,*  exi .s i t  
l€ i t ' \ { (x)  

(  r*s i r .  
/ { , ( f€,  d l l (c))  such thab' i ' ' *v {respo

1 .
t*'h' j '

In  n,ds l i t l "on pt  ( r .es l .  
l r ' )  

is  un ique rv i th  th is  proper t , i '  o

, f f*ggg,- Irrom Leti lna 2,1'!  a) anrl tr) i"t  eirf f fce$ t,o considol ' ihe case

f  6N{X}  "  I f  T6  N i ( x }  ,  we  do f l "ne  t "he  ruaasu re  /€ \ l ( x )  
l r v  :

( e . t t , j  # - T =r e
' 

One c*{i ea61i y. ve:'if y ttrat, .1,{ 6;Eht(X} ari't 1'='k "[f



jr

*1 ] *

A farniry (St)rr*6ru(x) J,e aa.t"ted €.gs3qLq.u.LS* ggJlr:iJl:3q*g

IrgIfqJ" otr Y. If :

( a , t r j  s r ( 1 )  < 1

(e . t8 )  s t  n  S " *S t ,o . *  ,  f o r  eve ry  sn t70  .

r f  S*( / t ) ro ,  is  a  con-v*o l .u 'c i .an semigroup on Y,  rve def i -ne

the gfflqqj-$tsd-!-e$l$IgjtjL"-A.S--gg1t-aJllqssJgrssf s on Y by l

St-T/t ,  for al l  t)0 o

F rom (a . t )  ana  (2 "2 )  r ve  dedu te  (e . t? )  and  (A "18 )  f s r  t h * . s  f amt l y  "

-fu13-Jtu:jtpg$i. a) Let s*( Vt)t,ro or* a convoluf,lon semigroulr on G 
" 

By

t 'heor :en 2"*  r  Lern iua 2.11 a)  and Rernark ?"8 we obta in that t ;$  ls .

II-continuous if  anrl only i f

( a " t g )  s r e ( a ) : F ; o " t * r r * ( o 1 = g k ( * )  ,  f o r  a 6 G  ,  g d r ( G )

b )  Le t '  r * ( f { t "o  b *  a  convo }u tLon  semig roup  on  x  n  Then ,  f rom (a "5 ) ,

i t  f o ] . l ows  : . $  i s  {6 } - con t tnuous  i f  and  cn l y  i f

(A "ao )  S* f  ( x )  
T f f i * f  

( x )  e  fo r  x€X  an r l  f  € i ( (X )  c

In th i "$ ca$e u by Lernma 2"1.1 c)  ;  the fami ly  ( t * )* rO inc luces an,  inva-

rlant FeLler semigroup on X n

fur.4 ,3 gq*s (br, f 9J ). The corespondence 
/ tnst b,erween rhe

t  - i
{e} -cont inuous ( resp.  H-ccnt inuous}  convolut ion semigror . lps on X ( reep"

on G) and the semigrcups of continuous invariant kernels on X (resp.

on  G)  r+nh ieh  sa t i "o f y  (a .go )  ( resp .  (g . r9 )  )  i s  one - to -one  .  (See  a t r so
F r

Lt t ,  Leinma 4, ' t  . l  )  )

-Pnoof. The .asssrt ions fol lorv frorn l ;enms 2o12 and Rennark A"1 3 nO
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.6. ?g" +!,ji$lrltf Lv- tiwlqruAp$s ,[!i_t,qsf,.ia3 rierne] s on X ,c .s -@*" : - * ,  _* . " * *@. . ; - *_ - - - * - .? . -o%_+: .e . , '_  _

Let (Fr, j{,70 be a c*n?,. i-nu(' t ls convolutl .on senigroup on

Y*{}/K u Ft:tr every d?0 ve etefi"1i* '{:fue rnea$ure }i*e fuf tC/fCl t"r1, :

lVe have *

4

r *  ( Y ) ( E  ,  h e n c e  k *

(3"1 )  "  k€(  *0,*  * (  lg  
-  o( ) . t r "c  skp

'/
* { f  } c l t  ,  f o r  f  d  K ( Y }  o

€ I t ( Y i  .
u

,  f ' o n  & u F 7 0 "

k6( ( f  , -{T- *

fhe faini ly ( tqo Lr ' ,  j .sr  car led t t te rqe*rv*nt,  * f ,  $-*a.cu]:ss
%

qrgsgq+-*giflirJJLlr*1fi9*eig:rvotrr.ilL{iJ1 ,1"(j^:gtgTggg (/r,}rra . For ei f,t"xed
.L

f € t { ' { Y }  ,  l e t  I

f e
k { f } = s t . r p  I i x ( f } *  j  i l n  ( r ) o t , o ( . u * ,

o{70 JO /
?ho semJ"grouf (r{ l*)*r0 tu c;r3tred ..!g+r1s;le"Ir.t" i f  k(f }<+so f,or s.,! /e&y

.1-

f  €i i ' (Y) , and the measuro k i .s catr, led i lre SS

Wtltr {/*)*ro o ! ' l le reruark that, fcr every *za !

(  3 , 4 )

k-koa =4'(ko.k< ) o

kxk* =kuc sk c . .

"tl measure k €finrqcTr] is catLed Lq.:LSALi*at llerlfgl if grere

a trar:s ient  sonvolut ion semigroup (  
/Jrr f  

such. that  k shouldextsts

be  i " t s pot,enfial lcernol . tr9o ryrito :

fe
k= | {rlrdt/ o f

' ' i '  
r @

Let lc.. I  Nrat .bo a potentlaL hernel on y,lVe defJ.no/o / "

R-t*o )*zra by ,  Ro*Tk,n *ou *rtn*o all o( 2 0 and we cal l

er l  kcrnel lc n

the, famfly

9 r,,*
Ilenark

fo r

ttregggqlaegt of kerne1s ns-c:oci : i teel .  lv j . i l r n t e n t

R o ( ( 1 t < #  ,  f o r . . a l t d 2 o

\. *np ' .( p -o( ) ik,Itp , for d , f iZ o

thert r
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F*" Rp *trS"R< e

l?o( f  ) r . r iu [ ]  R," (  ( f  ]
4>0

f,e* ug ilencte !

- ^ f r y

Y ( ' X )  = {  " q € * t y l l  /  d R o . s < s o  f o r  e v e r y  o > O ] ,

f ' t E " , * { * e f t T , l l t '  ' '  )
L 

"1i:*i l '4 
s = *J ,

€ t k l  * f  u e f ' ( f r l t  I s * " o J l s  f r - n e g r . i g i r ] l e ] o
Y[e recnll thert, A eQr ts €*ng#;ffu$]J-g if Ro( ("lo)*o for at.t *(zo .

3eJ-*egg*s&' Le&. s=(ft,)uro *u *, {E}**eint1*uous convorutJ"on semi-.

g r o u p  o n  X  ( t h c r e f o r e  S t = (  f i 1 .  ) .  ^  f  s  a n  l l - c o r

semlgroup on G ,  hy ?heorenr *.4) .

a )  r f  {kd)o(  }0  
i s  the  rsso lvent  o f  measures  as .soc ta ted  rv i t ,h  s  ,  then

(k& )o (pg  i . s  the  aesoo i .a ted  reso lvent  o f  i l re  senn lgroup s r  on  f i  o

n)  $  ts  tnans ien t  i f  and  onJ .y  i f  Sr  j . s  t rans j .en t  and 3

( i .3) k*lnyr.at{*>l l* f*rrrou, c

c)  r f  €*(n*)gyro is  the r3"r"- - ,  'o  u l l l r ]  *"***r* ied wlrh k,  rhen
by Lemma 2"9 ,  (p"t3) and (3,3) n the farrn* ly d=tnr* rnUo rs the

resolvent,  of  herrrei .s;  asaoci.ated wi. t l r  l i r  c

r l )  Let  d7 O ne f i .xed n Then kO ( resF.  hf al kerne} on

y''rut ) '

Tt re  assoc ia ied  reso lvent
al

( respn X**(n 'x  *p lp7o)  "
o )  F r o m  ( a . g o )  ( i . e "  s  i *

4 I l u  f  ( x )

a n c l  f r o m  ( 2 . t 9 )  ( t " o u  S r

ocn l  s (a )

f n  t h e  s e q u e l

for o< , ft7/ A

,  for  every teT$j  .

of lcennels is denoted try i  f t { tnn*iUrr,

{ - l

{  eJ *cont i r ruous} t t  fo l }orvs:

6 $ r ( x )  , f o r  o v e r y  f  6  K ( X )  r  x € X

i s  l { -con t inuous}  i t  ros l r l ie  tha t  ,

h .

e ; ; $ g * { a } .  , f o r  e v e r y  g G K ( G )  ,  a € G

u the  po ten t l a l  l ce r r re l  o= { *4a ,  ( respn
Jo t t

) ia a potent, i
sd

$F"  I i :  = f  * - * t
Jo

x {res,p" or1 Gi rvluu uo=fn**utqyl- (re
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& i
I  a  y ' * t

lct=, | fr|dt, ) c,n ff (.r"or*;p" olr $) j.s ftseosfa{ed ru:i.th the {frJ*uCInt,: i.n*sus,"., ' u2 U '

( r ' *sp"  [1*cont . lnr . : { }Lr$}  q :or ivoJr . t ' i io : l  scnrr .gnoup (  
/ } - t rO ( r :esp,  { ; r t r } r rO)

on X { rcs i ru  or i  &}  q.

trir*: r'e:eall t.tret, a ci:n{.J"nuorrEr lcern+} T€ N(Y} is SlhSgl#.L*lX..

q.illJ$;[_{iii$}:"n. (wi'1}r. noe;pect to thq+ nriri:r$rrro r1e tt(V)) if, I Ti'[h]*0 ,for
' / ,

evsry ! *€f ru" , tv i i ; i r  f t { *1}*0 , ( i "e"  To"d i  r l  tor  ev*} :y  y€Y} *  ?} re f f ieasurar . \ y \

1  
oa r t  b *  cho i i en  t o  l : e  f i n j . t t a  e

+emffi- 
rct T-? € i.tr(Yi *nd '{€}'t(Y} i:e quas$.*inrari*urt. * ftren

the foLtr*wirrg s*atements are oclu*.vi*.].$nt t

a )  T  i s  cb$o lu t ,o }y  cont * .nuous ;  v r i " *h  respec*  Co 4 f  .

b) F<< +t ,

I* l$[u-t ' l r .r trrnpl. ica'ul.on "a]*>lr]t ' f  s ob'-r ' i .ous hry (4.16] .

r 1 , ) * 2 n l r r  .  t r e t  A 6 B y  ,

t f (a*1n)*O n  hr " ,nce  
/ rd t

( r / ,  ) * {A}* f { * (1u}  } *o  c

fu}*&*X**u tr,st, .'r € N j. (Y)

f ( f ) *o  o f f i -
&

Let N €; ' . \ I{G/K} ,/ r \

euch dhat  t (R)*0  emd a6 G o  T leen ;  r

* 4
& 'A i * t ]  by  hyp* thes i .e  h )  and Nhus ?  { l i }=a
0

s f*il agrd f e * {T'} u ?iren t

ff .oon {a}rf los* everywhere} =7 ff i(  f  1."0 .

r s i " t , h  T * t !  
"  f hen  su  { f  ( f  } } -0  lmp t ieeFroot'"

w  ( f ( f  ) ? ) * 0  u  F r o m  ( 4 . 1 3 )  o  r v e  h a v e  T ( f  ) r = T r { f  l } * } r r ( f  , }  { a b v i o u s } y

j . f  Y *G o  i l r en  f , t * f  e  T r *T  ,  / t * f i ) .  So  e *LO(Ty ,
{r

J ) t ' ( e rh laT t r (u law( * ) * /u (cu ( ru  ) )  u  s fnce  
ln * *

hence f f i ( r )*o n o
r & r € ,

Js j - !gg3"  t ,e t  k*  I  / r rUf  
( r 'nsp,  tc t*  /  / ;a t )  t re  a potcnt ia l  kernc l  on

Ja '  u  
o  Jq - t  v

x  ( r e s p *  o n  G i  a n d  A  € ' b ,  ( r c s p "  A € F c )  .

a )  r f  dZ  o  tnen  r

n o { f o } * 0  ( r e s p "  n i C l ^ l * 0 X s 7  P g { 1 u } * 0  ( r e s p u  
{ { r o ) * o }  .

{ f r } ) *  , i  , , , , ' , r ,  . , , - .

,we deduce that  &r( f  r ) *0a



: " !

-*?*

l i )  rf  f i . /" i  (z'*sp" nl) is ai lsoi.nt,ely corr&tnucus rvith respect tu mght(x)u - u (
f

(r 'esl . tn q'  € I , {{C } }  $/e have ;

s '
, 1 1 $ { 1 A i * $  { s " * s p "  } 1 . 0 { 1 U } * C I }  ,  q - n o e *  ( r e c p .  

E L * . e * }  
s 2 R O ( . ! n } = 0  ( r e s p .  

, ,
E ,

E  ( q  1 * n \r E O S  I A t  * \ , / '  6

Sgg3" Assert lon a) is s con$equsilcs of, t ,he reso.!"vont equat, ion..

Fo r  b )  i t  su f f l ces  t c !  no t , f ce  tha t  ro /Ro  n0 (1A) *0  and  no ( to )€  Y l fu  .  t r

3*5-Tilggr.gry " tf ' l o p::otrrosJ"tion 3"fJ), Let k= f*lruo, (resp". L '  
) a r  L

/ *  r  
' u

t  ' * '  
)o/ tdt  )  be ar potent,{atr  kernel  on X (nospo on G} suetr  that  R*

(resr.  R$) is e,bsolutely cernt inuous wJ"th restrrect  uo 
1,eofrqtx)  

( rerspu

+1 €Mr(c ) )  n  T t ren  :

a) U(< fr (resp" tr114ut ) e
t

b)  f tc  ( r 'esp"  ns)  is  absolute ly  cont i .nuous wl th  respect  to  6 ( respu

w) o c lear . ly  ,  i f  A eB* t rcspr  AeBi l  ,  i l ren :

(3" i+)  I to(1o)*0 ( reep.  n i t ln)*6)4*z 6 (a)=o ( respo r r r (A)*0)

l sggg, .  r t  su f fLces  to  p rove  t i le  f i r s t  asser t j .on  o f  b )  ( i .en  the

imp l " i ca t ion  F@ $ o f  (3 "1+)  )  o  Indeed ,  t ,he  asser t ion  a)  ho lds  6y

Lernma 3n3 and the other innpl ieattou of (3"1+) r .esu}ts from Leuiraa 3. i  .

I ly Lcn: lma 3"4 ai  vJe can nepLaee the potent lal  i iernel lc

wi ' th koq r feir  ssn:e6(>0 o The moar?ures r l  .anr l  k* t"reing f in i te o wE

may rvi ihout . l 'oss of generrr lJ"t ,y ,  a.ssume t ,hat there exists the convo-

ln t l c r *  { .  "L  
( resp .  r19u* t r  t }  t lenr : t .ed  on  

t  o  
( resp"  u ( 'o }  .  By  (  a .1 r t }

i t  fotLorvs I  T, 
!

' t**t*u*T4o *k '  hence

(  3 . 5 )

L e t  a € G  a n d

and by Leuna

( 3 . 6 )

, t t  iA )=  q  (Ro i1A ' )  ,  fo r  every  Ae Bx  .
z t  

t g  (

Ae DX rvtr* l i  t ' { r t }*C "  Frcm t3,5} rre i leduce ?f  (n0{1o}}*0

3.1, b) i t  fo l l<nys f , l ra$ t

Ro( 1o)*0

poe L)GCtr
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E,::-qrm {3"5} u t,}r* *nvar: ian*e 0f S* ?lrrt {3r6} E $t resl.t lds t,}t* i{,  t

4 l  t l . ! , J - f t ( ] l , r {  * n t o } i * ? i  - o i i * i ' t  ̂ } } * 0  c
[ 0  t  U  u r * 1  

^  L ' r r - n  Y  ' 1 ]

'Wd h*lrs jtlst cclme to prclv*'fhaN l:lnr 3.n elisr:.!"ur{"ely *t"rnf,inlt'otts' r';it}r

r .eslrr ict  t ,*  4_o trnd t .hn. i  f r  *  
ts qr ins. i .* invariant o tr fe now lutr"c i ;y

Leurma 1.5 b) ; IIO $.r nhruo1u'&*.ly a$n*,1mr{}us rglt,h r$sSloct tcs r.{J o I
i ,
t / ,
lLr
,1.r
iF
t,tti.t'h

{ * \ * N 6

For ttre i l*con€s tersd.n*lergy er:ei r:esults eee [Z] "
i q t . - d t 4 . / \

**J*lsrx$t" *) Ir de ftdr o {irer: tbe fee } i:r,'il i6-t , rvhene

f '=sufdli& t 
"

6 ) { }

-g ,$ o"&
i : ! ;  $ { f l } € i i f  i { } }

cl TnCI css'r"e$F*fi ' :[*noo bet*'eerr ftOi and ,n f tn] fr:<luces a tr: i. i ' lcti.on

bet,rv+sn f  t f r , ,p {r ' rap .  ,g ' t f t }  , f f t f r . l l  o,rd rr f{d}q ( i :*spo f t id l  ,

€tN>l  n  l l *nce ,  : [ . f  e f ,  7 , , * l  o  t , l l r :n  i

ool A

{ i+ , r }  e€ 5 t lF{ . i  { respu *eKt f t l ig r* 'g  f * id}  { respo erc f f t " fc ' ) )  e

{figgjl_oa] Fe*a.us* ie'*nt*l , fer everyd2 O , by Rcrrark I'S we ]:ave 3

{ I r "a )  * r k ( t j  ) * *  F ; (  r . } (  r
t  - . ! '  -  $  " , h -  . h  ,  , h  " $  .  t f  " d ' )and o.gai"n hy l iemark 2"8 I eltr ({E ). '{* l t*({" } } '( ,  t '  eo t '  €'  J {N } n Bv

(&"2}  wo a lso d** iuro"  f i  =  t  "

Asserdl, ly i  t ] )  is tr .u* heoause ofu{ 6rrf f f tr ,}  and t*sup*n}* ,  t t  teCtdl
€t>o

c )  By  (e " ' !S )  ve  have
-?*-

a(ndt s) *el"lq( s r )

hcnce

Fr"om now oEl $r* (*rr,t.!t will be a pctemttral leern*3. *n X
l a ,  ,

l*((

& l i " I I * ,C*n*n  o f  Funet , {c lns  o lx  X  - "
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( 4 " 3 )  u ( I U { s ) ( s  d s u } o ( R l ( u r )  4 , s r

and

- 9( r $ . / { }  € ( q o . s  y ' $ r  ( * * } q f { < ( s t ) , / s c  o

Th<r trr. iercti .o* bet.wesn f tR") (respu Y'tft l l  *** 
"frn'f 

(respa
o f

9 tn) )  resul t ,s  nc$,  by {J+.3}  { resp"  (x+, I r }  n  t , } re  aeser t ion b}  }  and

Reniark 1"1 . The proof ls courpl"ote obsrervi"ng thad i

T . l r e f o 1 1 w J . n g * } r e o r e m i s a g o n e e q u e n c e o f t h o h y p o t h * s : i . e

( , q  9  o , ( , t h e  h e r n e l  R r . ,  r e s u l t s  p r o p e r  )  ,

L( [*= *J)=o (oz n ' (  [s?* 'oJ)=cl  ,  f ,or  s6F(x]  ancl  sr)6 .  o

L"tfle**:gg" ( [t, ?heor*m &,4.6J]. € qft] ana 8d) are srandard

I ' I*CsneS o

lf-sJ J$rylf,$" 83' Reruax'k f "'t h) anrtr l:ecause

s r (  s ; ( * z  s {  . .  su i  r  f o r  s *  ,  na€€ t { l  ,

.  the c$mespcrndence established above be&woenff i$*uf €?fl ' l  is an l{*co}ro

propert i .es Froservel-  e

A**- *o 6r) rf u€ 6* (***n , v€6G) then !

n0(1U)  )$  an  U ( resp*  n iCr*o)  y  0  on  LHlo
-bl([err*enur]& 

1"sJ ] "rf s€Fifr.] (nesp"{€f(R't l** t$wes" senj.eonr*auou.s uthear

"ufitl 
(resp, *'ef'tilll "

Pggg,€"?ho assertlcns (fn tho easo of the spaee X) foj.low by standarci

arguments of  FeLler  reso}ventousLng (g"AOloXf  U€6*r t tn"or  R$(1*) -

*nr(T*r) t *so (xif{ur1 }uii r}'eac* r

n6 {1uH} ) o e:a n'tilt*ul } *LlHu

rf t€ f tfr"lrb], Lenrua t*o'! a) resu!.r* f e"f (tt lh and fron Lemma 4o.! c)

wo.have 6rf$*nTire funoti.on F be*.ng Lower serniconti$uou,s on xr. J.t

rot lows t tratrs€ f '&)"Ry 14"1; t r  norv results,  f  =Fl f ' t f l "s
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fho f t$s$rt i .*n h) of the l* t l rsra ahove impl i .en t 'hnt I

{&,F} f fq$Al r . ,x i ( r  fq f r l  cnnlal i r  l . } r+ p. , :s l t tve c:cnst .a} i t .  fur tct i r :ns n

fh* el*g*::t,".i.mr"ts of t,irc fl*.).i"qrw:i.ng 3,*xmne crn* aclapteti l 'ronl [5J o

lfo c.nr: dn that -'l inearlce thr:J.x'pr**jis rlE"r n*t; x'equi.a'e the {e}*c*ntt.trr'r$,t,y

ef,'&l1e comvee1i"rti.cln mermS-gr:r:rup on {l * 1ffuen o hy (,1*"f } .astr} Remarfu 'fgn} wCI

can tr*risp*r{ t,}rs*n *n X .

*x"Llss:is ai rf s € Fq{t: {::+s.tru *-e Fqfr'lt u r!r*n I

s { r * ,qpu $q}  is  a  l r ,eak un j t  f -n  t r t { t }  { reopo Yt ,d l } { *2s}0 sn x

( r * s p "  s t  >  f , t  i ; n  G )  
"

-a l  * t

b)  r t '  s  G$ ' t f ; )  { . , . "esp"  s is  6  f  f  S l l  '  thcn  s  ( resp .  e t }  *s  lower

n*mi"cont l .nt l rr l r? er.n X (r t lspo on G) u

*) 5f, ne de:-r.*t,e il l." u. {V} *he ei.eur+nts *f frty: nich are b*unrleci and

h"a.ve compac* r.iu.p;rnrt , thnn t 3"€ "4i:c) {:.:espo Y6 vq(*})=rn*{r.} € c{x)n€(k}o

{x"ec'pu n!C:-* : t  €cb{G}49{R' lo l  u tv l i * re KtS}o ctcnct ,es the unJ.v*:rsal}y

ctrn't.: i . irunrrs e3.r::: i l :nts of t.hc l l*coir 
" fftfr,1 o 

'

d) rr s € fft"(t) {g'osrrn sr € fft f l i }  1*ht;r:* oxi.st { l*}rr*r, lG dqxl (respo

t l a  t  f  f l t r , ,{1*ro}rreN G 4 i r i  }  i  su:}r  t l r* t

t ' i , r ( . ! .*)  I  s (nespn nf , { r t r r }  y '  { }  ,  rvherr  n-r 'd ,

e)  nvery *  e f f t f l io {r 'esp" sre€{. f i1* l  ts cont inuous arnd bqunr led o:r  X

( respn  o r r  G)  e

f )  r f  ac CI  t .hcn I

{&."6}  ue KqS.r  ( resp" e 'e€t f i ' } } * r -o * f f t fu  ( : 'e . " ;p"  *u '€ €; i l ,11

(u.?I * 6 { tfr- l  o { res1r, s'e€t$'tr: *) ." efl t  f l l  , ,  (rc,r 'po rr* '€ {t#l ;  .

3*"9Ji:*Sg*g" i[5'?hec::em ant.ttJ]. a] fft&l is a standard l l-ccn€ o'f

funct.i.orrs or! X o

h) Y &l h;r .s al l  t ,h* glropert iss of eta"ndar 'c l  l l "cones except {ho

po l r t t s  ee l l i t ra t i *n  $ne o

**gl* The ;res*rrtLon a) follqrrvs by tire $an$ arf,u*isnts as fn [5J t

us lng  ?hecr :em r ine  !  ( t+ "5)  and Lernma 14"5 .  Not , i ce  t i ra t ,  the  po in ts

r

'.:

a
"1
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E{}par{}t ioff i  prc}p*rty cri  X for ffqg} *s a $j.re*t e*$seqi.re}l*e of the
(  * 1
t  cf*conC:i.nuify of, the convolst*.on seinigrol lp o

fo prove h) u ol:serve that t,he esrrospsndence hetrveen F&.1 and
Qt { f t ' \  - . -
6 \ JL i pl"esretrl'es all" dhe propertfes of stmltieird ll-cone of,' funct$.oms,

except the pointg. *eparatj.on one (see R*r*arlc 4"3) . g
'd@

4.? [Lmp:S" a] Frotn Remank 2"3 t]] , it foltrorvs t.hat il* f..rtrut
.  v  f e  J t J '
(nesp.  l " r t *  

{^  i i , * t i  is  a  potent ia} .  kernel  on x  ( resp,  or i  G}  u Let
v  J 0 ' v -

rh /ml' f t (re sp" fr ) a*tt*te the resoSvent of kernels assoclated wii lr

t !  1 rn"p"  # t  }  '  By  Remark ' r^6  an t t  Lernma ' r "F  b}  f rc rn  k<< 6( resp"

kt((  ( { ,  }  o.  : i t  resul ts t i rat  t (<eF (resp, f r<<* }  o Hence ,  by

fheorem 1ro6 r  we concLude tha t  e

K , X  O
6 ( Jt ) i.s a stffildard Ll-cone of functione on X "

b) For: f t fr ) we can onty prove a srfghter neparation property

on G 
" 

I l Iore prec: i .sely n f , ,on arb €G we have:

(&.g)  b*1a Su <*7 thex 'e  ex is t ,s  s ,  e f f  (d)  * r t r ,  s r  {a i#sr  (b}  .
pi"oul., o.f b.) " 

The condition b-1a { u neans that i*'6 ana we appi,y

the points  separa. t , i .on proper ty  of  f  $)  on x  togei l rer  wt . th  ( t , l )  .a

The fa l3owing  coro l . la ry  i s  a  d i rec t  consequonce o f  (A .B)  o

A " B - Q q t q , l } . r l r y , r ' e t ] {  d e n o i e o n e e i f  t h e s e * s  f t # l  ,  f  t k ' l o ,
R ; ( , 4 i G ) )  o

a) Then t

II is a nonnat. subgroup at s 1*?NArlTtU<*)W G rrT&t "
b) ff  I{*{e} n we have r

G i.s abeLi.an(:)s*r*os , for. every selt a'd a € G 3

Prn-gle :tt srrf f,{ees to make dhe proof, orrry f n the caso lt * { & I

becatrs$ ln  the other  cases X t*  increasingt ry  c lense i .n  { t f l t l  o
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By (4"8) and Remar:t* lr , t  b) j , t  folLorvs that. :

I i  i s  no rn ra r .  ( : } { i i l - =E  fo r  eve ry  a  €G n  r r  €H)< -> (s ( r ,o )=s (a )  f o r

evc,ry e€G , h € rr , s€ft)<:> JrcJ.gw (:> J(enTrc) .D

""6.J-q-Jk
Bgcause hype i thes ls  (  *  )  ie  sa t is f led  ,  i t  resu lds  ,  by

Theorem 4.6 ant l  Remark 4.? a). ,  that  gt f t " l  * ru €t i l l  are standard

H-cones of  funct ions on x .  rve can def ine on x (see b,  t t .3 l )  the

.r:q.t-rlr:,r"1 tonoroef rvith respect to E&l (resp. to €tfl as being

the  coarses t  topo logy  on  X wh ich  makes cont inuous  a l l  the  un iversa l l y

cont i .nuous elenents of  f&) (resp" f th l l  and l t  rv l l l  be denoted
v

t ry  6 r ,  ( resp .  Gn)  o

The eoarses t  topo logy  on  x  whtch  ruakes  cont lnuous  a l1

the  e le rnents  o f  €&" )  ( resp .  
€ th> l  i s  ca l led  the  _ f i .ng lLep"o tosy

on x  wl th  respecr  ro  €  t f r ;  ( resp.  € t i l l l  and wi r t  be denoted by
v

2 r t
6 g  ( r e s P .  6 t )  o

If 6 is a topology on y n we d.enote by t, t  e) t fre neigffuourhoods-  v -
system of  the point  y  € y  and by 6t  t t  *  topology on G i

6'o f r ' t  tG l  o
' v v

0bv loue ly  G^GG,  o  6n€Gt  and 'by  l , € r r t ra  4 ,5  c )  r t  r o t ro1vs  tha t  .
v

6r, r Ttne 6x '

5='t LS,trgX*.s (f+, I-,emma a,1ft. Let a€G .

a) Tt v e Gt (resp. v€ G't)  uren av € Gr

b )  r r  v  ec r ,  ( resp"  v€  6 : r )  rncn  av  €6n

Tt re  asse r t l ons ,ho l t l  i f  we  rep lace  6  f  ,  G
v  v  v r  v t
6 f  ,  6 n  ( r e s p .  6 ;  ,  6 ; )  ,

I53$& ff we consid*r t ire map

. 
(i*(x)*ax

we" ghtatn 
as6s 

o F* ,  hence fuy

(r 'esp"  ̂v e 6'r) ,

( resp"  av  e$ tn}  .

, ,  
( resFo 6 ' r ,  6 t r r )  l r y

F  ; X - y X  d e f i n e d  h y

,  f o r  a l l  x € X  ,

(4"6)  O-  resu l f ,s  Gr -homeomor f ism
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oR X o  Th is  p roves  a)  n  Anat rogous ly  o  f ronn (& .7)  ,  asser t ion  b)

hoLds . f l

l *-?.-pssgl*!" ( [4, Lemnna a.z]) .  r f  v ,6* (respo v e6'x) ,  v+0 there

e x 1 s t s x € v ( r e s p . a € V , ) s u c } r t h a t v € \ t G ' l ( r e s p " v e u e ( 6 ' n ) t r

5.3 3lreoreu. t [ t ,  tno':* , ; t ] r : I t Ic have

6n* 6n- 6*

.  Let us f i ! "st  expose the fol lowlng prel iminary result

o f  g roup topo logy

5"4 .  Legnra" -  ( [16  ,  Theorem 4 .9 ] ) .  Le t  G be  a  t ,opo log lea l  g roup ,

U €4(  6G)  and 1e t  F  be  any  compact  subset  o f  G .  Then there  ex ls t

V  e L e ( ( c l  s u c h  t h a t  a v a - 1 €  u  f o r  a l l  a € F  o

5.5 Qgpl l"+"rv.  Let G be a topological  group r l l  a cortrpact subgroup

o f  G  a n d  u €  4 t G J  .  T h e n  ,  t h e r e  e x i s r s  v  e 4 ( 6 g t  ,  v e r J  ,

V=V-1 ancl IMII QUH .

. g$ By Lenma ).& there eixists V € \rAi 
guch thar hVh"te U

fo r  a l l  h  €H ,  Hence ,  i . f  h r l l s  € . I I  n  thdn :

hVrrr*(hVh-,  )rrn,  € (hvh-1)I i  G I IH .  rr
'  

Proof of Theqrprn-5.3-" i ,et  C:;6 '*  antt  not ic 'e that. . :

o 4  |  - -  I6 c = t v € 6 r  /  v = v H J  .
Because  6naGX ,  i t  su f f i ces  to  p rove  tha t  i

a[ e G'^
or  equ iva lcn t ly  3

( F " 1 )  v e e , Z ,  a € v : 7 v  e V ^ t e ) r r l  ,

.  Let V g 63 antl a 6V " First. ne shatl show that there ls ty € 4( 6f)

such t lrert !

(5"a) alYiYGV , ltl=}tlr1 , tlt*llTl . .
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In t leed,  by t t re  cont inu l ty  of  the mul t j .p l icat ion ln  (are)  €0roG ,  there

ex i s t s  t I  € ' l d (  6C)  euch  tha t

( 5 " 3 ) aUU€V .

Frou Ccrol-l-ary 5.5 , t,here exists lt, U1r.( 6*) *itf,

(5,4) Htflrr 4 irr and If1 € tr .

By (5.3) ano (5"4) J.t results t,hat : al '/rHWrH C 
"ls,m 

GaUUH €VH=V r

thsrefore :

(5 '5)  a\ I {1[1] I  6v .

Again by Corollary 5.1 , applied for ty,, e 4( 6e, , there exlsts

* e € 4t Ail srrch that :

HVZI{ 6 lYlH , WZ e Vt , WZ=IIA-1 .

From (5.5) $e now deduce I alil|/rHWrHev and if we denote lf=HtrVrH we

o b t a i n  ( 5 . 2 )  .

l fe have t al|  €tutcn) hence by Lemma 5"2 there exists bealf such that

. rF  t
a\ l  €  Uo(6n\  .  By  Lemma 5 .1  b )  i t  resu l ts  tha t  i

( 5,6 ) ab-1 1aw) € \t l,'"1 o

fhen b€alv implies b*1a €It-1=if and hy (5,A') rve havo 3

$ , ? )  a e a ( l i l u l W c a w y € V  o

. .  a 9 - _  - l  .B y  ( 5 . 6 )  a n a  ( 5 " ? )  i t  r e s u t r s  t h a t  v  e  U a ( 6 ) ,  s o  r h a t  ( 5 . 1 )  h o l d s  .  t r

6  6 .  Rcso lv in t s  i n  l l ua l l t l ,  on  X  o

I l ypo thes i s  (  x  )  lmp l i es  tha t  t he re  ex ts t s  €  €L ;oc (G)
4 -

a n d  f o ( €  l , ' ( [ 0 )  ( 1 . e ,  f {  l s  6 - t n t e g r a h l c )  ,  f o r  e v e r y  o ( > O  n  s u c h

dhat * k*f.t t ,  ,ko.*&,F ofor al" l  o(> 0, By Lemna 1.5 c) i t  results thatl

k? a f. l ( l ,

k& = f{.tr2 , for all tlt}$

4 4
a n d  f t € t , ; ^ ^ ( ( t r )  ,  f J € L ' ( t e r )  ..  l " o c '

6-11 l  t r  m.?.  Let eeTtc) such that r

( 6 " 1 )  g * {  *  { * g  ,  f o r  a l l  t { 2 0  3
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s €  g ( Q ' )  ( : >  * *  e { t f / l

Pnq t" One can easlly verify that, I

( 6  " 3 \ T ^ ,  ( g )  e  g { + f  r *  .
I ; W

l so  now deduce  f rom (1 .J )  o  (1 "6 )  and  (6 "J )  !
v
n{(e)  *  t * !  (s)  "  Bnt  o  f ,or  a l l  4>0 ,

ql(*")* = &'og
a n d  t r y  ( 6 . 1 )  i t  f o t t o w s  n { ( a * ) o  =  [ e  , ' s o  t h a t

otn"le* y' a* (=) *ile r's e

The proof ls comptrete nsfg6'l-Fg t,hat :

g*( . rO f lJ-o.  e.  (*2 g ( ro ( ) -oo€o .  O

6"?-L!:Eina" (f ln theorem 3.101 ). *) l fe can aosume that

t  eg(d ) u '"un " r1 €€t i l l l  ,

Then !

{  6 ; 2 }

( 6 . 4 )

(6 , r '

( 6 . 6 )
.* .F

. v  v .

\e€(Sj t"""p. t ieffr,f l* l l  n for atl  o()0o

b) f and f*(reap" f $and 
41,)r*20rare lorver eemi.eontinuoue functlons

on  X  ( resp ,on  G)  "

Froof ,  ny (4.1)oLennna &. t  t )  a .nd Lemma 1"5 c)  t t  suf f ices to  prove

the asser t ions for  fc  and {  od20oAs *n [3 ]owe can replace *o ana {
such that

rt"e€rd,l *r* ql*€ 6tQ)l , ror atl st)s
a*d f  t  o  f f  are lower  semlcont , inuous.  By (3o1)  and (3"a;** .dect ruce l

ue lng  ; r l so  ( r . 5 )s  t "%* fds4 l  ,  f  n *#€ { l s f  I  f o r  a l l  dep>o ' . t t r enco  we

can appty (6.4)  anc l  f rom (6,6)  the asser t ions hold.o

Let us d.eflne the fr. lnetione:

G  (aoh )  =gn  1  r , *1b lA  (  a ) ,

Go . (aab  )  * f&  ( * -1 t )d ( . ) ,

f o r  a l l  a rb€Gc  d20 .

sd*Jrg*Hg*. a) If g€K(G ), a€G and dTtQ we have 3
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t6,7',

( 6 " 8 )

I t t  e(a) I

R $  e ( a )  *
! uwc*(a,b)a .r,(t)

J stulc*(n,a)4,{, (b)'

w h e r e  G 0 ( ?  g ' ) * & { '  o '  }  
^ .

h) The resoLvents fit*(ItL tr,on"d fi:fX'* tzo rt* in duality rvtth

respec t .  t o  w  1  t . e .  f c r r  8 ,  ,B2€ ,K (G)  r ve  have  ?

( l v
;  e ,  {a)n; .  er (a}dtu (a)  =  

J  
* i  er . (a}sn(9)a w4.1 e

c) I f  we denote O" d (resp. fu.)  ,  a€G the functLons on G bFtGa((arb)

( resp .  b* rQ lbra) )  ,  t ,hen  fo r  a lL  *? :

ci € €t&it ,
tu.€ (t N^t , where Ro* fr,.

Iggg$.  a)  Let  us ver i fy  (6 .?)  and (6"8) .  Using ( r . t )  rve have !

n1 a(  * ' t *  ! * (a t r ) l  
(u)c t r r ( r , ) * . , ; [u t * ] fu( (a*1e)dw(a-1c)*  '  - '  '  I

$O A (a) t r * ( **1c ldw ( "1=!s(c)ca(a,c)du, (c)  ' r ,o  fus( .1=-luf 
*rl rj tt ) a u, (u, = 

I *( au ) q (rr-1 ) A (n ) a tr, ( b ) =

=J utc) {  ( " -1" )  A (* iA ( ' -1  )a  w1o-1")  =  
/  r rc ) l  ( " -1u}A ( " }aur(c)=

= J  u t c ) G a ( c , a ) d t e , ( c )  e I '  i

The  asse r t i on  b )  i . s  a  d i rec t ' consequence  o f  (6 "7 )  and  (6 "8 )  o

c )  w e  h a v e  * t o ) = L ( * - t * ) A  ( a ) * A ( * )  1 1 * ( 1 3  "  
B y  ( 6 . 4 )  ,  ( 6 " 5 )  a n t l

v a
(4"6) rve deqluee that r  c i  g €t f f " l  ,  fe i r  a l l  et lo

k*=  A{a) ' - r (d )  ,  hence bv  (6 .6 )  and (4 .6 )  Gca g  € t
* 

u*oo,.,ue cf oo4 *€oFero ) ,dzt o , for all

dof ine t ,he furrct , ion !

.  Analogously ,
1fl
Jq, , for: all o(70

a & &  s  w e  c a n

. 0

f u t  X x X - - + R o  b y

6 * { i r 6 ) * G a ( a o b )  ,  f o r a t l a n b € G  .

$s*Sbggtrs" *) If s e li(x) , dhen !
f -

(6 .9)  fue(x)=/e( r ) t+*(x ,v)acu1t }  ,
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(  6 "  1 o )

( 6 , 1  z l

- ) '7  -

i l*e (*)*,,1ftt")o", (yn*)0tr(y) ,
fo r  a l " I  x€  X .

v
h) The resox.vente 4 ano I '  uru tn dual i ty with respeat to 6 

"
c )  F o r  a L L  * ? O  a n r l  x € X  w e  h a v e  3

v
Gf e €(R; '
a *€€ 0*\ ,

r vhe re  f f { . } *6 * {xo . }  and  d * * ( . ) . f , * ( . r * )  ,

EIgg€" a) Obvlously we have :

( 6 . t t )  d . . ( i o . )=  F ( . )
antl

Q t ' , ; ) = q ( . )  .
Let g €I((X) and x=i. o From d6.lt) t t  rottows that 3

fu$fiutx,y)d6 {f l  = 
f  a$l{tr la* t f l  =f e, (b)d(b}dcu(b)=gl (s, } (a}.

=qtre ) ti) c
Th is  p roves  (5 "9 )  n  Ana logous l y  ,  we  de r luce  (6 . t0 )  f rop .  (6 "1a )

Asser t ion b)  1s a consequenee of  the asser t j .on b)  o f  Lenura 6. j  .

Asse r t i - on  c )  rosu l t s  f rom Lemma 6 ,3  c )  ,  ( 6 .11 )  ,  { 6 "1e }  ana  (4 . ,1 )  
"  D

From f?rfn*o**m 1op.e] ive deduce ttre fol lorving l
- v v .

fu . l '  lgg,  ( t& l  ( respn € t fu ' l )  ls  t t re  dual  o f  the s tandard

I l-cone of functions on x €t,9> (respo of the standard l l-cone ff(dll ,

Fi.galgep.ark* Let H be a compact subgroup of a Lie group G.anrl let

D be a seeond order  (s t r ic t ly )e} l1pt ic  t l i i ferent la l  operator  on X=G/I I  !

lnvar iamt by le f t  t rans lat ions ,  wl th  e lements 'or  c  o Then ,  by f rar !e ]
there exists exactly o"* {;}-conti.nuous convolution sennlgroup on x

with the fr inf initeslmal operatortr D e

lVe lvant to poln'L out that ( ln ttre transient case) the poten*
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*J.t:,. i  kcrru;.! l;: *l i iLir. lr: i .aiod. ';vi. {;}l *r. lcl ' l  i l  r ' :{r::t l .r i. l .ut, i.ci"t nermigr-*tsil sat,3 #fies

{ ,hqr ; :L i io- l i i { .1 :  *ern i ; l i r r . r : f . { ; } r  a t , r r , , , : i t . . i . r : , r r  { i "eo t r4( t r )  u  Ind**r } .  u  f ,u .1. . {or ' ' - '$ .ng

f - ' "T  , , , ' , :  f " rT  ,
LrJ ,4. , , i r  lpr -J  u.  " .her  s*r* i6rc l r :p  j t ,s*3" f  J-a e l?rst i l .u tc* . {y"  ${}$-} t , l -nu*ais  vr i . t ' } r

re*i- isct, tn i . lr t  vol;^rn* el{-cir. ic:nL {ru*:*:f9ucn x,r,$rl  } f f ! i .6oci.ated t,o tbe( , '

ca'irl l :f: l  t.: i .-c'rlt.;+ '. ' f lJ n I{*nt:g l?s ciin cup;:}3r '. i 'hesor:em 
3"5 o
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