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AN OPERATOR THEORETfC APPROACH TO

ANALYTIC FUNCTIONS INTO A GIIA.SSMANN IVIANIFOLD

Mircea MARTIN

INTRODUCTION

m
Let  D be an open and connected subset  o f  C" ' rand le t  H be a

comp lex ,  sepa rab le ,  f i n i t e  o r  i n f i n i t e  d imens iona l  H i l be r t  space .

Fo r  any  pos i t i ve  i n tege r  n ,  we  1e t  Gr  (n rH)  deno te  the  Grassmann

man i fo ld  assoc j ,a ted  w i th  n  and  H ,  t ha t  i s ,  t he  se t  o f  a l l

n-d imensional  subspaces of  H.  f .n  the main body of  th is  paper  we

s h a l l  b e  c o n c e r n e d  w i t h  t h e  c l a s s  A r r ( D )  o f  a l l  G r ( n r H ) - v a l u e d

ana ly t i c  f unc t i ons  de f i ned  on  D .

Two funct ions f  and F in  A-  (D)  are sa id to  be
t l

there ex is ts  a uni tary  operator  on H which.moves
€-.

f  ( z )  o n t o  f  ( z )  ,  f o r  a l l  p o i n t s  z  L n  D .

r . n n c r r r r a n f  -  i  fv v r r Y & u v r , e t

each subspace

We fo l low Gr i f f i ths (c f  . ,  [0 j  )  in  say ing that  the funct - i -ons
g

f  and  f  haVe  o rde r  o f  con tac t  k ,  where  k  i s  a  pos i t i ve  i n teqe r r

i f  they agree in  an oscul4t ion sense up to  order  k .  Two

congruent  funct j .ons have orc ler  o f  contact  k  for  any k .

A more or less expected converse of this remark is contained

i n  t h e  c o n g r u e n c e  t h e o r e m  ( c f . ,  [ z ]  ,  [ A J  ) ,  w h i c h  a s s e r t s  t h a t ,

under  a non-degeneracy condi t ion,  two funct ions in  An (D)  are

congruenL,  i f  and only  i f  they have order  of  contact  n .

This  theorem or ig inates f rom the a l ready ment ioned work of

Cr i f f i ts  [  6  ]  .  Tn the s tated above form,  the congi ruence theorem

*as proved,  in  the case where I0=l r  by Cowen and Douqlas [Z]

The genera l  case was d iscussed in  [A]  .  A l though the method.s

F  I  -  r ^ 1
u s e d  i n  L B  J  a r e  i n  e s s e n c e  d i f f e : : e n t  f r o m  t h a t  o f  L z l  ,  j u s t  a s

F n f ' l

i n  l " Z l  t h e  p r o o f  g i v e n  i n d B {  h a s  t h e  i n h e r e n t  d e f e c t  t o  b e  a n

j -nd i rect  one.  More prec ise ly ,  the congruence theorem wa.s obta ined



as a consequence of  a  rather  deep understanding of  the local

equiva lence of  hermi t ian hOlomorphic  vector  bundles of  rank n

over D. The trouble with a such approach is that many quali tat ive

s imple proper t ies of  analy t ic  funct ions in to a Grassmann manj- fo ld

a re  i nev i tab l y  no t  used  exp l i c i t e l y .  
,

The a im of  the present  paper  j -s  to  g ive a new and.  s impler

proof  o f  the congruence theorem. The proof  uses cer ta in  operator
' r {

theoret ic  techniques developed in  LtJ  . .  In  fact ,  the main resuf ts

o f t h e p a p e r , T h e o r e m 2 . 4 a n d " T h e o r e m 3 . 7 , c o u I d b e r e g a r d e d a s

essent ia ly  s t rengthened vers ions of  Theorem A and,  respect ive l lT ,

Theorem B  f rom t r l  .  
"

S ign i f i can t  examp les  o f  f unc t i ons  i n  An (D)  a r i se ,  i n  t he  case

w h e r e H i s i n f i n i t e d ' i m e n s i o n a I , i n c o n n e c t i o n w i t h t h e c 1 a s s

B n ( D ) i n t r o d u c e d . b y C o w e n a n d . D o u g 1 a s ( c f . , L z 3 , [ : J , [ a ] ) "

The e lements of  th i ;  c lass are m- tup les of  commut ing operators on

H, and trc any m- t,uple T in Bn(D) corresponds in an obvious fashion 
,,' , ,  l : '

a func t ion  f ,F  f rom D in to  Gr (nrH)  "  Us ing  a  resu l t  p roved by  Cur to  I  
, l

a n d  S a r i n a s  i " e  . ,  f  s J  ,  T h e o r e m  2 . 2 )  o n e  o b t a i n s  t h a t  f r  i s  a n  ' i
, i

analyt ic funct ion.  Moreover,  two m- tuples f rom Bn (D) are 
i

simultaneously unitari ly equivalent if and only if their associated i ' i
i

:
f u n c t i o n s  d r e  c o n g r u e n t .  , i i

This last remark const j tutes a good reason for the study of , :

some pre l iminar ies on smooth and analy t ic  funct ions f rom D in to

G r ( n r H ) .  I n  S e c t i o n  2  w e  a s s o c i a t e  t o  a n y  f u n c t i o n  f  i n  A n ( D )

and any set  f ,  o f  bounded l inear  operators on H'  a  chain of  f ie lds

of  f in i te  d imensional  Cf-a lgebras over  D'  The local  s t ructure of

a  such  ob jec t  i s  p resen ted  i n  Theorem 2 .4 .  The  d i scuss ion  o f

congruent  funct ions in  Ar ,  (D)  is  carr ied out  in  sect ion 3 '  The main

resu l t  o f  t h i s  sec t i on ,  Theorem 3 .7 ,  i s  a  consequence  o f  Theorem

congruent  funct ions in  the c lass An (D)  '

we now g ive a br ie f  out l ine of  th is  Daper .  sect ion I  conta ins
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2 ,4 ,  and the  congruence theorem appears  as  a  par t i cu la r  case.

F ina l l yo  in  Sec t ion  4  we d ig rees  1n  order  to  re la te  the  resu l ts

o f  Sec t ion  3  to  the  Cowen-Doug las  c lass  Bn (D)  .

1. ANALYTTC FUNCTIONS INTO A GRASSSMANN PIANIFOLD

Throughout  the paper  D wi l l  c lenote an open and connected

subse t  o f  Om and  H  w i l l  be  a  comp lex  separab le ,  f i n i t e  o r  i n f i n i t e

d imens iona l  H i l be r t  space .  G iven  a  pos i t i ve  i n tege r  n ,  we  sha l l

deno te  by  Gr  (n rH)  the  se t  o f  a l l  n *d imens iona l  subsnaces  o f  H .

1 . 1 .  I f  K  i s  a  s u b s e t  o f  H r  w €  l e t  s . D a n ' K  d e n c ' t e  t h e  c l o s e d

subspace  o f  H  genera ted  by  K .

Assume tha t  f  i s  a  func t i on  f rom D  in to  Gr  (n rH)  and  l e t  DO

be  an  open  subse t  o f  D .  A  co l t -ec t i on  In .a :  4 (  d . - (  n  l  
" f  

H -va lued

func ' t ions oh DO wi l l  be referred to  as a f rame for  f  over  D0 i f

( 1 . r " . 1  )  f q z l =  s p a n  
{  

n * ( z ) ,  4 ( d  (  n  i  z e o o } "

The  f rame j - s  ca l l ed  smoo th ,  respec t i ve l y  ana ly t i c ,  i f  a l l

f u n c t i o n s  h d  ,  4  (  * l {  n ,  a r e  s m o o t h f  l : e s p e c t i v e l y  a n a l y t i c o

o n D

DBFIN IT ION.  A  f  unc t i on  f  :  D -+  Gr  (n  ,  ! I )  i s  sa id  to  be  smoo th ,

r a q n a n # i r z a 1  r z  n n : ' l  r r # i  a  i  f  f O f  a n y  Z ^ i n  D  t h e . f e  g X i S t  a n  O p e ne +  y  v r J  
. u r v  t

ne i -ghborhood  D^  o f  z^  and  a  smoo th ,  respec t i ve l y  an  ana ly t i c ,
U U

f rame for  f  over  Dn.  The set  o f  a l l  anal -v t ic  funct ions f rom D in tc

Gr ' (n rL I )  v , r i l l  be  de r :o ted  by  A r . (D )  .

1 "2 "  Le t  L (H)  be  the  C* -a lge i : ra  o f  a l l  bounded  l j - nea r  cpe ra to r

on  H  and  l e t  E (n ,  t (H ) )  be  the  space  o f  a l l  s rnoo th  func t i ons  f rom

D into L( l i ) .  ' r l " i i th  po intvr lse sunla product  a lnd l -nvolut ion,  the

space  I l (D ,  L ( I l )  )  becones  a  un i ta l -  l nvo lu t i ve  a lgeb ra .  I den t i f y i ng

each  ope ra to r  i n  t (H )  w i th  a  cons tan t  f u r r c t i on  on  D ,  one  ob ta ins

a  n a t , u r a l  i n c l u s i o n  o f  L ( i { )  i n t o  D ( D o  L ( I i )  ) .  T h e  u n i t  o f  L ( I I )  w l 1 l

be denoted by {[ "



For K a c losed subspace of  Hr  w€ la t  [X]aenote the se l f -

a d j o i n t  p r o j e c t i o n  i n  t ( H )  v i i t h  t h e  r a n c l e  K .  G L v e n  a  G r ( n ,  H ) -

-varued funct io '  f  on D we s;ha} l  denote b)r  [ r l  the funct ion def ined

as fol lowsr'.

[ r ]  :  D - r L ( I { ) ,  f . t " l  ( r )  -  [ f ( z ) ]  i

I t ,  is  p la in  that  f  is  smoot 'h  i f  and only  i f  [ f ]

p ro  j ec t , i on  i n  E  (D  '  L  (11 )  )  .

1.3.  In order to9'bate the next resul t  rve introduce the notat ions

( l , 3 . l t  2 . , = ? / 8 2 . ,r i
5 r =  v  1 b E ;  l (  i S  m  .

PROPOSITIOT' i "  Let  f  :  D-+Gr(nn H)  be a smooth funct ion and 1et '

F - n
u s p u t p = L I J . T h e f o } I o w i n g c o n d . j . t , l o n s a r e e q u i v a ] . e n t :

( t )  f  i s  ana lY t i c

( i i )  ( l - P i  5  i n = o ;

PP'OOF. Assume lhat

t e t ,  { r r - , ,  r  (  o C  {  n  }r" of,

neighborhood DO of  ,0 .

a snooth frame {, 
go( trrt

( 1 . 3 . 2 )  P ( z ) h =  f ,

product on H.

l  (  d .  (  n '  a re  rea l -ana lY t ic t

1 6  i (  m .

f  i s  ana lY t i c  and  l e t  ' 0

be an analYt. ic fr:ame for

F r o r n  ( I . t . l )  o n e  o b t a i n s

€ c ( { n }  f o r f  o v e r D o

( n , n u , ( z ) )  o * ( z ) ;  z t

D N

se l f -ad jo in t

be a  po in t  in  D.

f over an ope+

that there exists

such that

D 0 ,  h € H ,

I i {  m '

z Q

i s a

c{, =l

where  ( r )  deno t ,es  the  i nne r

In fact  t i re  funct ion"  I  d* ,

hence p is  reaL-anal"Yt ic  too '

! ' r o m  ( 1 . 3 . 2 )  w e  h a v e
n

(  ? rn )  ( " ) "=dH ( t t ,  h  r c  ( z )  )  (  ? ,  vo  )  ( z )  ;  I

.hence

( 1 . 3 . 3 )  ( ? r n )  ( 1 - P ) = o ;  r {  i { m '

s r n c e  t  0  r n ) *  
=  i - r R  , a n .  c o n c l i t i o n s  ( i i )  a n d  ( 1 . 3 . 3 )  a r e

equ iva len t .

Assume now that f  is  smooth ancl  p sat isf ies the condi t lon

( i l ) .  r ,e t ,  ,0  be  a  po in t  in  D anc l  le t '  { f toa t  
r  (  d -  !  n }  Ou a  smooth

frame for f  over an open neighborhood D0 of  ,a.  Then we have
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( r . 3 , 4 )  6 r n * *  6 i ( p  h o . ) = ( 6 ' r n ) h *

Since  B rp= f  0 rF ,  we  ob ta in  tha t

f ( e )  f o r  a l }  z  i n  D 0 "  I f  f o l l o w s  t h a t

( r . 3 . s )  a 4 h o =  r  E i r u n p  i+  s  
F * r

'  f  o iw h e r e  t 3 ; p ' l ( i { m ,  1 {  c ( , p 6 n

complex*valuec l  smooth fun* t ions on D0 "

U s i n g  ( 1 . 3 " 5 )  w e  f i n d
6

( r . 3 . 6 )  A - ,  b ' r r t d =  f
[f 

=r

1 S i ,  j . ( m ,  I  (  c q  6  n .

"  Le t  us  de f ine  the  n  x  n  mat r ix  t  =  (

forms on D^ r as follovrsu'  
"S'( r .3 .7 )  $*F  =  
H }Jp  dzr i  I

The exter ior  der ivat ive d act inq on smooth

ts obtain m 
'

( 1 . 3 . 8 )  a =  ?  +  6 ' ,  D  =  . f  ? r a z *
I = I

S i n c e  ? .  a  * =  8 ,  A  . , r  a  s i m p l e
J L T J

us ing  a  n ra t r i x  no ta t i ono  f r cm ( f  "  3 .6 )  we

( 1 . 3 . 9 )  A g  3 n t  = 0 .

( I . 3 . 1 I )  ' y ?  ( z )  i s  a r r  i n v e r t i b l e  m a t r i x ;
L

Thies impl ies that  the co l lect ion {  i .  -L C X

5 * F  )  o f  ( o , t ) -

(  d , ?  (  n .

forms can be decor,,rposeil

m
= f '
d  =  l -  ? . d ; .

i - ' r  r  l -
! - I

computation shows thaL,

have

z t D o .

: 1 ( o ( (  n l

+ p  ? i h

? i h

r  l  d i {  m "

& 
(z )  be longs  to

r ( 1 { m ,  1 <  o C (  n r

i s  a  co l l ec t i on  o fl

, 5 ,  f ; p +
n

C-- .e i

y+t $ xf,
|  . '

B i a  t n a  '
- 0 l Y  t -

Norv,  by the wel l -known general izat ion of  Grothendiek's Theorenr

proved by Malgrange (cf  . ,  I  Z ]  )  ,  i t .  fo l lovis that , r  eventual ly

decreasing DOr there exists a n x n matr ix r t  = (  ryt  *  F 
)  of

complex-valued smooth funct ions on DOr such that

( r " 3 . r o )  ? n  +  r y t A  €  = o  r

de f lned  hy

( 1 . 3 . 1 2 )

n

l r ru '  :Do-+H' o r ,  
=.8 r l  d {a 

np t  I  (  o( {  n



is a smooth franre for f over

( 1 . 3 . 1 0 )  w e  h a v e  s u c c e s i v e l Y
n d

6 . k  -  =  f  (  B . ,  r y t{r i'- O( .r=T 
* ].

I ?  
- r

(  r . 3  . 1 2 )  , ( 1  . 3 . 5 )  a n dD^ " From
U

d P  ) n { a t l totr

=$

?1

* \' t -

f = r
n

^E  
(  7  , \ n {an

n
f,

f ,=r
o i

ex.g-  5 f  P 
'nP

fo r  a l l  r  (  i  . - (  m and r  {  d  - (  i l "  Thus '  
I  

kO : ]  (

an analyt , ic  f rame, hence f  is  .analyt ic '

.  1 "4 .  Our  nex t  task  is  to  g4ve some consequences

c t $  " l  
i s

of Proposi t ion

1 . 3 "

.  L e t ,  ( z + ) m  b e  t h e  s e t  o f  a l ]  m *  . t u p l - e s  t = ( i t  
"  " ,  i * )  o f

nonnegat , ive in tegers.  i , ie  shal l  9se the fo l lowing s tandard notat ions"
-  

i . ,  i -  i '  -  i

( 1 " 4 . r )  D r = (  ? r ) l l " t  ? * ) - * ,  E r = (  E r l . l . t  ? * )  * ,

( I . 4 . 2 )  |  r l  =  i l * . . . * i m .

F o r  a n y  A  i n  $ ( D ,  L ( r i ) )  w e  h a v e

( I . 4 . 3 )  ( n r - n ' r a ) #  = D t 6 l a t  ;  I r ' l  €  ( z * ) * '

r f  r * ( 0  p . . . 1 0 )  t h e n  w e  P u t  D ' A = S ' A = A "

PROPOSITION.  Le t  p .=  [ f  I  U*  the  se l f -ad jo in t  p ro jec t ion  in

E ( D ;  L ( H ) )  a s s o c i a t e d  w i t h  a  f u n c t i o n  f  i n  t h e  c l a s s  A n ( D ) .  T h e n

we have

( r " 4 . 4 )  t 6 r e ) p = 0 ,  b r F = P ( n r r ) l  t r l  \ r r ,

( r  . 4 . 5 )  p  ( D r p )  = o  r  D r P =  ( o r n ) n ;  I  t l  V  t  ,

( 1 . 4 . 6 )  o r 6 " p = { o r n )  ( 6 " n )  { 6 r n )  ( D r r } ;  l r  t  =  I J I  =  r '

PROOF.  For  the  f i rs t  re la t ion  in  (1 .4 .4 )  we sha l l  p roceed

b y  i n d u c t i o n .  r f  t r l  = 1 r  t h e n  w e  o b t a i n

brn=6, (p2 )  = t i rn) p+p (nrn)

By p  ropos j . t ion  1 .3  we have p  (6 rn)  = i l fp ,  thus  (6 - rn )P=0.

For  I  T l  V2  1e t ,  us  pu t  I=J*K w i th  J rK in  (Z+)m and I  J  I  = l  '

Assume that t6*n ) p=0 " Since (6rn ) P=0 r it follows

o= ( i l t  (  (b,rn)p) )p; t6rn) p+ (6xp) ( Irn) p= ( i rF)P.

f o r  t he  second  re la t i on  i n  (1 .4 .4 )  we  p roceed  by  i nduc t ' i on

t.;

. i  i

,ii
1 r i

:
11
il

t

;,
rl
. i
;
i t

;

i !
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.  t oo "  I f  l r l  = ]  t hen  we  a l ready  know tha t  6 rp*p  t rp "  Fo r  l t l  VZI "

we put I*J+K as above and assum? that 6,,p*pil,p. $ince (i l-p)p=Q
. t \ -  -  K -  J *  ' '

i{e nave

Frp=% (n{r) = t{rn)
6

( D x I r ;  + p D r F = p D r p r

a n d  t h e  p r o o f  o f  ( 1 " 4 . 4 )  i s  c o m p l e t e "

T h e  r e l " a t i e i n s  ( I . 4 . 5 )  a r e  o b t a i n e d  f r o m  ( 1 . 4 . 4 . )  u s i n g

( 1 " 4 , 3 ) ,

F ina l l y ,  i f  I  and  J  a re  such  tha t ,  1 .1  I  =  l , J l  =  L ,  t hen  us ing

Erp=p (6 ' ,p)  and p (D. , .p ;  =g we have succesive ly
d -  J - '  J - '

orb'"p= o, (n6"n) = (Drpt (6'rn) + p (nr6'"e) =

= (Drp) t{e) o i l" (pDrp) t i l"n) (Drn) =

* (Drn) tE"rr) tfln) (Drn) .
1 . 5 .  F r o m  ( 1 . 4 . 4 )  a n d  ( 1 . 4 . 5 )  $ / e  o b t a i n  t h a t s

( 1 . s " 1 )  ( D r n )  ( n " n )  = 0  =  { d " n )  ( F r e } ;  t I t  , l J 1 } r r

T h e n ,  b y  a  r e p e a t e d  u s e  o f  ( 1 " 4 . 6 ) ,  c l e a r y  v r e  h a v e

LEMMA. For any I ancl J the derivative nrT"n can be expressed

as a sum of mononr'i als of the following two types

( i )  :  (n ,  n )  t I , ,  n )  " .  o  (Dr -  P)  (b . r -  n )
r  " l  ' k  ' k

( i i ;  :  t5 "  n )  (n ,  p )  , .  "  ( i ' . '  p )  (Dr  p )
" 1  * L  ' k  ' k

w h e r e  k  ) 1  l  a n d  I l * . .  . * I O = I ,  J I * . . . + J O = J .

l . 6 . F o r t i r e r e s t o f t h 1 s a e e t i o n w e a s s u m e t h a t f i s a

func t ion  in  Ar r (D)  anA p= [ tJ  .  bJe  know tha t  p  i s  rea ] -ana ly t ie .

tet  us def ine

( 1 . 6 . 1 )  s ( f ) =  s p a n t p ( z ) t r ;  z ( , D ,  h G H  l  .

Th ls  subspace o f  H w i l " l  be  re fe r red  to  as  the  esent ia l  space o f  f .

For any 
"O 

in D we also introduce

( 1 . 5 , 2 ;  E ( f ; z O )  =  s p a n d  o r n ( z O ) b ;  I  €  ( Z + ) m ,  h  e  l t  l ,

L S M M A .  W e  h a v e  E ( f ; z O ) = E { f ) .

P R O O T .  C o n s l d e r  t h e  p r o j e c t i o n s  r O =  [ E ( f ; z O ) ]  a n d  E =  [ r t f t J  .



We clear ly have EO=BOE and also
+ .  m

o D l F  
(  z o  )  = D r P  t z  o l  ;  r  e "  (  7 ' '  J " "  ,

$ince D..p"pDrp one flnds

n o f f " r t e o ) = i l " n ( z o )  ;  J *  ( e + ) * ,  a n c l  b y  L e m m a  1 " . 5 "

we obtain
+ m

u o D r D ' p { r 0 } *  D : D , : r p ( e u }  i  r , J  €  ( z '  ) " .

Since the funct ion p is real-analyt icr  we conclude that

.  there exists an open subset D0 of  D such that.  .

H o p ( z ) = p ( z ) ;  z  Q D a  ,

Novr,  the real-analyt ic funct j -on

D J g  * >  ( r - u ' i p ( z )  €  t ( H )

van ishes  on  Dnr  hence i t  van ishes  id .en t ica l l y  on  D '  tha t  i s

u o n t  z r * p ( z l i 7  e  D .

Tbt ts  EIOE*l l ,  hence E0=8.

2. THE NJ'IN TECIINICAL RESULT ',
: '  

" l

Throrrghout  th is  sect ion p wt l l  denote the se l f -ad jo in t  
! ,

p r o j e c t i o n  i n  E ( D ,  L ( I { ) }  a s s o c i a t e d  w i t h  a  f u n c t i o n  f  i n  A ^  ( D )  ' ,
n '

and f i  w i l - l  be a f ixed subset  CI f  L(LI )  r  conta in ing the ident , i ty  
i .

i

2o1o For  any l lonnegat ive in teger  ko le t ,  us consider  the : ,

if o l l ow ing  t v , ro  se l f -ad jo in t  subse ts  o f  E  (Dr t  ( i 1 )  )  I
't:i

k  t  E  & .  , . . r r l  
: '
igo= 4 qil,p)vrx(orn) : 0t\r1, l.r lck ; x,ve [ ]

oo: , ,oj^, "or.,.l, : o{ \r l , lJl( 
- " 

'l 
,

f , ^ = { ( D - " n ) Y " x ( D r n )  : 0 { \ r l , l . r l ( k + r ;  t r l +  \ J l 5 2 k + 1 ;  X , Y G X f  ,  :

Given a point z in D we Put

g k i r i = {  s i z ) : s a Y k !  ;  r k ( r ) = { r ( z ) , , e s k }  ;  g * 1 ' l =  
$ l o  

9 k ( = l  r

a n d  1 e t . A k ( " )  , A k k ' l  a n a , 4 * ( * l  d e n o t e  t h e  C *  - a l g e b r a s  q J e n e r a t e d

i n  L ( H )  b y  y k { " ) ,  . f k ( u )  a n d  9 * ( r } ,  r e s p e c t i v e l y .  ,

By Propo$. j - t ion l - .4 one observes that al l  these Cf -algebras

are f in l te dimensional  and. have the common uni t  p(z) .

r !
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Final ly,  for  any open subset Dn of  D let  us introduce the

fo l low ing  invo lu t i ve  suba lgebras  o f  E  (D0,  L  (H)  )  :

Of course we have
D r - 1 ,

t '  ( D . , " [ k  I  c  l ( D o ,  3 o )  c  [ - ( D o ,  A  k * l ]  c  f { n o ,  r t  
*  )

The next  two resul ts  are d i rect  conseguences of  Proposi t ion

L .4  and  Lemma 1 ,5 .  The  p roo fs  a re  s imo le ,  t he re fo re  weS&af l  om i t

ther [ .

2 . 2 .  L E M M A .  F o r  a n y  A  i n  f -  t n o ,  A o )  a n d  l r l  =  ! 1 1 =  4

we have

Q.2. r )  p  (DrA)  €"  f -  tno ,  .6  k )  ;  (E"a  )p  e  [ ' (Do,  iB  k )  
,

( 2 . 2 .2 )  n  ( n r \ a )  n  €  [ -  t no  ,  , 4  
k * t  )  .

2,3.  LEl t t ' {A.  Let  D0 and k be such that p(DrA) belongs to

f '  r n  a k )  f o r  a n v  A  i n  f = r o ^ .  R k )  a n d  l r l =  4 '
|  \ u 6 r  y ' T  I  L v L  q r r J  4 1  r r r  I  \ " 0 ,  . / t

Then

( 2 . 3 . 1 )  f  t o o , - f i k ) =  f  ( D o , /  * )

Now we are readv to  s tate t l re  main tehnica l  resul t  o f  the

paper

2 .4 .  THBOREM.  There  ex i s t  an  open  nonem.p ty  subse t  D0  o f  D

and an in teger  r  (  f<  (  11,  wi th  the proper t ies:

( i )  f l ( o o ,  S o ) =  l - t n o , A *  )  r
( i i )  i f  g  ,  { - ( o o ,  A v  ) . _ >  E t o o ,  . L ( H ) )  

i s  a  m o r p h i s m  o f

.  complex  a lgebras  wh ich  sa t is f ies

(2 .4 .1)  g (p (nr i l "a)  t )  = 9 (p)  (Dr i l r  q (A) )  q (p)

l * ( D o , $ k )  = { A k r ( D 0 , L ( i r ; 1 ,  a ( z ) €  . A k ( . r ) ,  z  € o o  } ,

t * ( D ' , S k )  =  t A  t e ( D 0 , L ( H ) )  z  A ( z ) Q  ; p k i r ) ,  r €  o 6 l  r

{ =  t n o , A € )  =  
{ A & s ( D 0 , L ( H )  ) :  A ( z ) t  $ x  t r ) ,  z e  n o  }  .

f o r  a t t  A  i n  F  { o n ,  S  
k - r )  a n d  0  {  l r  l ,  I  J f  *  r ,  t h e n



(2 .4  "  r )  s  
(p  (n rD"A)  F)  =  f  (n )  (DrD, :  g  (a )  q  (p )

f o r  a l l  A  i n  I '  ( n .  A  
*  

)  a n d  a l l  f ,  J  i n  ( z r - ) m .b  \ u O ,  r t  t

2"5.  This  theorem is  a s t renqLhened vers ion of  Theorem A f rom

I  t  J  A t  t he  p resen t  mornen t ,  us inq  the  resu l t s  o f  Sec t i on  I  I

i ts  proof  j -s  more or  less s imi lar  wi th  the proof  o f  Theorem

A g i ven  i n  I t l  .  However ,  f o r  t he  reader ' s  conven ience '  we

r : refer  t -o  inc lude in  what  fo l lows a complete oroof  .' l - + v . v l

.  We  beg in  w i th  a  we l l - known  resu l t  { see  fo r  i ns tance  iZ \  ,

L e m m a  3 . 4  a n d  [ r l  ) .

2 " 6 .  L E M M A .  L e t  A  b e  a  s e l f - a d j o i n t  e l e m e n t  o f  '  E  ( D ,  L  ( H )  )

such  tha t  A=  pAp .  Then  the re  ex i s t :

( i )  an  open  none  mp ty  subse t  DO o f  D ;

( i i )  a c o l l e c t i o n  l p - , , 1 {  o L <  t }  o f  s e l f - a d j o i n t
f ' v -

o r t h o g o n a l  p r o j e c t i o n  i n  r  ( n O ,  I  ( H )  )  ;

( i i i )  a  co l lec t ion  " l  , , *  - ,  :  1  
' (

( i"" dr
I

s t { t i  o f  r e a l -

P * ( z )  = 1p  r w
( A ( z ) - l t p ( z ) e U ( z ) )  /  ( & a t z l - f . r t z ) )  i  z & D o '

va lued  smoo th  func t i ons  on  oo , ;  w i th  f t a -Q l  #  / * tAQ)  , z  I  D0 ,  u l  P  ,

r :  e la tec l  as fo l lows:  gr
.g.

( 2 . 5 . 1 )  p ( z ) = ,  L  p  o q  
( z ) ;  z  *  D 0

'  , : f  
= ;
r-

( 2 . 6 " 2 )  A ( z ) =  L * ,  l A ^ r ( z ) p  ,  ( z ) i  z  €  D n .
CL=L  

l  d - '  -  os '  u  '

Moreover ,  f rom the preceding re la t ions one obta ins

T T

we' re fu fn  to  the  f in i te  d imens iona l  cx -a lgebras2 . 7  ,  N o w
v  k ,  A  @ ,  \  - - - - - J - i ^ ^ l  - - . ! ! L  

1 l

{  e t  ,  $ "  ( z )  a n d  A  
-  

Q )  a s s o c i a t e d .  w i t h  p  a n d { .  G i v e n

*
a  f i n i t e  d imens iona l  C  -a lgeb ra  rS  we  sha l l  deno te  by  d (n  )  t he

card inal  o f  any maximal  set  o f  m&tua1ly  or : thogonal  se l f -ad jo in t

m ' i  n i m a l  o r o ' i e c t i o n s  i n  A ,  a n d  l e t  u s  p u t

L  k  _ @ _  _  |  n w  ,( 2 . . 7  " L )  d ; =  d ( , 4  
" '  

Q ) ) ;  {  r =  d  (  J t  ( z ) )  .
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of course we have

( 2 . 7 . 2 )  d 9  * a l a  t  ' k  L a w 4 r
z  . .  z  . . .  =  o r =  5  d  , .  n

Lherefore we can f ind an open nonempty subset  Dn of  D ar :d  an

i n t e g e r  1 - 4  k {

Moreover ,  us ing some wel l -knof f in  facts  about  the s t ructure

o f  f i n i t e  d imens iona l  C*  -a lgeb ras  ( see  fo r  i ns tance  l - ro l
I t " J r

C h a p  .  f f $ r r ) ,  b y  a  r e p e a t e d  u s e  o f  L e m m a  2 . 6 .  a n d  e v e n t u a l .

dec reas ing  D0 ,  we  may  suppose  i n  wha t  f o l l ows  tha t  t he re  ex i s t s :

( i )  a  s e q u e n c e  i  
d t r , . . ,  d t  o f  p o s i t i v e  i n t e q e r s ;

( i i )  a  sys tem Q l  r .  " ,  ,Q  g  o f  mu tua l l y  o r thogona l  se l f -  ad jo i r

cen t ra l  p ro jec t i ons  i ' n  [ "  (on ,  
"A  

k - t )  
,

( 2  " 7  . 6 )  u  . r
ct od

n such that

=  d :  i  z Q  D 0 .

( i i i )  a  c o l l e c t i o , t  p l ,  z  t l  L  z  t ,  L 1

m u t u a l l y  o r t h o g o n a l  s e l f - a d i o i n t  o r o j e c t i o n s

l i v )  a  c o l l e c t i o n  u j p ,  1 4  i 4 l ' , 1 1

e l e m e n t s  o f  [ ' r n  R k - 1 r  o r r n ] r  + h 5 +'  t u o r  V 1 , , ,  I  |  - L l u r l  L l r a L

( 2 . 7 . 4 )  d r * . . . * d {  =  u } - t  i  z  (

A* i

\ . - i
( 2 . 7  . 5 )  L  P l ,  =  Q i  r

c(  =]  v \

i  i r  i .' u * F  =  u P *

o f  L  d i ,  o f

i n  t ^ { n r , . A k - t )  i

d ' , P  I  d i  ,  o f

Do

i i
T T T T : N" u p  " F f  * F s ,r i  ,""c{ 6

1
= h *

L'rJ

where h n *  means the Kronecher  symbol .
l r 6

C l e a r l y ,  b y  ( 2 " 7 . 5 )  w e  o b t a i n  t h a t  a l l  Q i , 1  (  i  <  
g  

,

a r e  c e n t r a l  p r o j e c t j - o n s  i n  F ( D o ,  . q  
k - 1 1 "  B y  ( 2 . 7 . 4 )  a n d

( 2 . 7 . 3 )  w e  c o n c l u d . e  t h a t  a l l  n i  t r l ,  r  {  i  <  |  ,  1

are min imal  pro ject ions in  A i ; |  ana a lso i "  r4  t l l  ,  for  any

z  L n  D 0 .  N o w ,  g i v e n  r  j - n  ( z + ) *  w i t h  l i l  - l  a n d  1 {  i  (  f  ,

we know.  f rom Lemma 2 .2  tha t  p  (D rQ i )  i s  j - n  [ ' t no ,  ^3  
k -1 )  and

s ince  e i  i s  a  cen t ra l  p ro jec t i on  i n  f ' (Do ,  Sk - t )  we  have



p ( D r e i ) =  p D r ( . 0 i 0 i ) =  p ( D r Q j l Q i  +  0 i ( D r Q i ) =  & Q i ( D r Q i ) Q i

whence i t  fo l lows

( 2 " 7 . 7 )  P ( D r Q r )  =  0  *  t i l r O r ) r

From th is  la"s t .  re la t ion i t .  is  eaSY to check

( 2 " 7 . 8 )  a i n ( o r { ,  B  ) P  =  P ( D r { :  B  ) n Q r . ;

f o r  a l l  B  j . n  F t o o , S u - t )  a n d  o  *  t r l +

p a r t i c u l a r  o n e  o b t a i n s  t h a t  Q 1 o  t  {  i  (  { ,

in  [ -  ioo,  / }  
u)  .

N o w ,  s i n c e  t h e  p r o j e c t i o n s  n f , ( z l  ,  r ( i (  (

are minimal in' -f f  for any z tn. '  ' r  |  ( z )

remark we have that ,  for  any A in

a uniquelY determined co l lect ion

f u n c t i o n s  c n  D 0 '

p  d .
v l -

T , T
i= l  d ,  p  =r

Z.B .  Le t ,  DO and  k  be  as  above  and  l e t  c . . p  ,  F  (DO ,  A*  )  -+

- . - *_* ,  g  (Do,  L ( i i )  )  be a morph j "sm of  complex a lgebras.

I n o r d e r t o p r o v e T h e o r e r n 2 . 4 , i u s u f f i c i e s t o s h o w t h a t

D^ .  by  (2 .7  .6 )  and  the  P reced lng
t t ,

[ -  {oo ,  $  
k )  

,  there  ex is ts

of  complex-valued smooth

tha-t

r , ( i ( 9 ,

l J { * 4  1 .  r r t

are central projections

'  
r )

,  I  L  d  { 0 i ,

t  A ,  l
)

( 2 " 8 . 3 ) .  L e t

1
i ,

r  l / r j * r o l ' r ( i ( f l  ' 1 t '  o L '  P
L . '  * l

such that

( 2 " 7  " 9 )  A - Jp 'o '  uJp

( 2 . 8 . r )  p D r  u * t o  t  f ( D . , A k )r * y

(2  "8 .2 )  v  (n  (n ,  H f i  t  n l  =  f  (n )  (o t

( 2 " 8 . 3 )  t p ( d r  u i * l n l =  9 ( n ) ( o ,

f o r a l l  l r l  = r ,  r { ' i { t  , 1  4  d '

I nd .eec i - ,  ( i )  o f  Theorem 2 '4  w i l l  be

( 2 " 8 . 1 ) ,  Q . 7 . g )  a n d  L e m m a  2 ' 3 ,  P n d

( 2 . 8 . 2 ) ,  ( 2 . 8 . 3 )  a n d  Q ' 7 " 9 ) '

a (  u ^ j . o ) )  q ( p ) 'r 0r l"t

f  ( u , i n  ) )  q  ( P ) ,
_  '  

l l

S  !  d . 1 .

a consequence of .

( i i )  w i l l  f o l l ow  f rom

our  nex t  task  is  to  p rove  (2  "  B  '  1 )  '  (2  'B  '2 )  and

u s  c o n s i r f e r  t h e  s u b s e f s  o f  l - ( D o ,  S l t - t )  d e f i n e d  b y

$ l =  t n i o ( n o b " e  ) c e r p z r 4  d '  P  4 & t r

A ,  B ,  c  e  f -  t n o ,  4  
o - ' " ) ,  o  g  l r e i  +  l l l  L  1  ; i { tt (
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r f  z  i s  a  po in t  in  D0 then each 
"Jp  

Q)  i s  a  f  in i te

o f  e lements  be long ing  Lo  3  , ,  eva lued in  z ,  There fore ,
+ . i

decreasing D," ,  we may suppose that  any UJa is  a f in i te" u _,,{ 
f"

n r n A  r r  n  l -y ! v u u v  u

eventual ly

product of
i ( o

u l rO"  ' s  be long ing  to  J  i .  Thus  we  a re  a l l owed  toSx rcve  (2 "8 . r ) ,

( 2  . 8  . 2 )  a n d  ( 2  .  B  .  3  )  a s s u m i n  - -  tg  that  
" " fJ  

is  an e lement  of  3  i .

qF =pL A (DK B ).  eA where A, B,

t r l =  1 .

Le t  us  f i r s t  assume tha t

A T A  1 N f  too  ,  A  
o-1)  and

Gi-ven I  in  (z* )m wi th  I  r  I  =L ,  we der ive  eas i l y  tha t

( 2 . s . 4 )  p ( D r  
" J i l ) , ( ; r " + ) p  €  t - ( n o , , Q k )

a n d  u s j - n g  ( 2 . 4 . I )  w e  a l s o  f i n d

(  2 .8 .5 )  q  (e  (o ,  
d , i  , o t  V  (p )  ( n ,  q  (

( 2 . 8 . 6 )  ' ,  ' , =  i  . _
g (n (D, unp ) p) = tp tr) tb-, W

The  res t  o f  t he .p roo f  w i l l  be  based  on

resu l t

""f,,, e (p)
*  u i p  ) )  L f  ( n ) ,

the . fo l lowing s imple

LEIviItA, f ,et 4 be an involutive alqebra and let V, W

he n i rzon sr r r , \  that  VW\, /=V.  Then for  each der ivat iOn S

have

fi, l\r
( 2 . 8 . 7 )  0  V = V (  6  r )  +

where F=WV and E=VW.

n p
6 ( E ) v - v ( d w l v ,

i n R

o n A w e

Proof  of  Lemma. Si -nce

v (  f , r l  +  f , t e l v  =  v (

=  v (  f w l v  +  E t  f v l  +

E V = V w e o b t a i n

f , w l v + v w r f , v l  +  d ( n l v

f  t n ) V = v ( f  w i v +  f v .



Now let us put

C l e a r l y B * P L ; F

( 2 . 8 . 8  )  o r u l i g
L

, , i'*F

r i
d *  D - r  v  =  u *" r' ar,p
f ind

. i i - - i(Drp-g )  +  tnrnou )  uo{p

*  , r i'  ' " * p  '

- r 4 -

i n  ( 2 , 8 . 7 1
'l

= FO anCl we
t .

1
= U-n f?* r

/  h  , r 1 i {, " t ' o (F

d =Dr and

then Il q q

. . ix= ' o p

, L \(Poa )  r

, ! {

s ince n(nrn! ,  )  €

fo lLows that

( 2 " 8 . 9 )  p ( n r u t o ( p )  e  f  t o o ,  I  
o )

O n  t h e  o t h e r  h a n d o  i f  w e  p u t  i n  ( 2 , . 8 . 7 )

g =  g ( u : o p  ) , l . I =  g r u f p  )

r ' = tg (ptg ) and we obtain

( 2 " 8 . e )  
" ;  

g ( u i * p  ) ' s  W t u L p
+  q t n r n l  ) V l u r n c p  ) -

qrukp  ) (n r  g ,u *x . {a

1 ,

t r f n  t l  * l  .  f r o m  ( 2 . 8 . 8 )  a n d  ( 2 . 8 " 4 )  i f,  . " 0  t  t t  , ,

) ( o ,  q ( n ?  ) )  +

A n ( D ) .  W e  s h a l l

i n  E  ( D ,  L  ( H ) )

I

: i

i

:r .
;1t

i ' j

i1

. i i

:
I

i

The functions f and'

a uni tarY oPerator  U

F  a r . o

i n

) )  q $ L * p  )  .

U s l n g  ( 2 . 8 . 5 ) ,  ( 2 . 8 . 8 )  a n d  ( 2 . 4 , L |  ?  f r o m  ( 2 . 8 . 9 )  i t  f o l l o w s

{ 2 . 8 . } 0 )  q ( n ( n r u i o *  ) p )  =  ? ( p ) ( n ,  q t u t p  ) )  V  ( p )

T h u s  ( 2 . 8 . I ) ,  ( 2 , . 8 , 7 )  a n d  ( 2 . 8 " 3 )  a r e  p r o v e d .

For th.e second casen when utp * pL A(6L g )" eb r w€

proceed,  analogo$sly .  The p: :oof  o f  Theorem 2.4 is  cornplete.

3. THE CONGRUENCE THEOREM

Let f  ana F ne two'  funct ions in the c lass

denote by p ana S t f re sel f -ad- io int  project ions

associated wj - th  f  and f  ,  respect ive ly  "

3. 1. DrrrNrr loN (cf  .  to]  ,  lz7 )  '

sa id  to  be  congruen t ,  i f  t he re  ex i s t s

L  (  g  ) " s u c h  t ' h a t
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( 3 " 1 . 1 )  U P ( 3 ) = ' f r ( A  ) U  ;  & , € b "

3 . 2 .  D a I ' I N I T T C N  ( c e . , [ A ]  ,  [ 2 1 1 "  L e t  k  b e  a  n o ] \ n e s a t i v e  i n t e g e r

The funct ior ts  f  and F r r*  sAid to  have order  of  contact  k ,  i f  for

any poi -nt  z  Ln D there ex is t  ;

( i )  an  open  ne ighborhood  D0  o f  z ;

( i i )  t w o  a n a l y t i c  f r a m e s  { n " r . ,  r  < t { - {  " }  
a n a { i f , * . , r  ( H , (  

" i{ L & W
4'

fo r .  f ,  respec t ive ly  f . ,  over  DOi

( i i i )  a  un j - ta ry  opera tor  V  o  in  t  (  H  ) ,  such tha 'L

( 3  
" 2 . I )  

, ,  n  t  t q  
' - -

t J  z  u r  h 6 \ z ) =  D r  h  6 Q )  t  r  e  ( z - ) " ' ,  0  (  I  r  I  {  k ;

1  6 f { ( n "

I t  i s  no t  d i f i cu l t  t o  see  tha t  we  have :

3.3.  LEI{ I '4A.  The funct ions f  ana 7 have ord.er  o f  contact  k ,  i f

and only  i f  for  any point  z  in  D there ex is ts  a 11pi ' l - : r rz  nncsr .a{ -41 '

v z i n  L ( H ) s u c h t h a t

( 3 . 3 . 1 )  u r n r p z ) = o r F t z )  u , ;  I € ( z + ) * , 0 I  l r | ( k

As a consequ.ence,  i f  f  and t  
" ru  

conqruent  then they have

order  of  contact  k  for  any k

3 .4 ,  Be fo re  con t i nu inq  we  make  ano the r  rem8rk .  Le t  U  -  be

as  above  and  cons ide r  V r=  U  ,p  
( z )  .

F r o m  ( 3 . 3 . 1 )  o n e  o b t a i n s
* + * 1 '

( 3 . 4 " 1 )  Y r y ,  =  p ( z ) ,  v r v i  =  o ( z )

hence  V ,  j - s  a  pa r t i a l  . i somet ry  i n  L (H)  .  l . { o reove r ,  f r om (3 .3 .1 )

one f inds

( 3 . 4 . 2 )  v - E - p ( z )  D - p  ( z )  v 1  =  6 5  t i l a - !  t z t i
Z J - l - ' Z L J ' ' " ' l ' '

r ,  J  C  ( z * ) m ,  o  (  l r l  ,  l J {  (  k .

3 .5 .  T 'HE CONGRUENCE THEOREM.  Le t  . f  ,  F  U .  t *o  func t i ons  i n

A  (D)  such  tha tn

( 3 . 5 . 1 )  E ( f )  =  r ( 6  =  H

The fo l lowing condi t ions are equiva lent :

( i  ) f  rr, .1 
'? 

,rr" congruent j

( i i )  f  ana  ?  have  o rde r  o f  con tac t  n l



( i i i )  f o r  any  z  i n  D  the re  ex i s t s  a  pa r t i a l  i somet ry  V ,  i n

l (  H )  s o t h a t
4 ( # ^ ,

( 3 . 5 . 2 )  V * V ,  =  p ( z ) ,  V r Y ,  =  p ( z )

( 3 . 5 . 3 )  v - F - p ( z ) D - p ( z ) v j =  i l ' , i l ( r )  o , ! t z ) ;  o  ( i r l  , l l ! 4 "  n '
z J -

3 , 6 .  C l e a r l y  w e  h a v e  t o  p r o v e  o n l y  t h a t  ( i i i )  i m p t i e s  ( j ) .  T h i s
, !

wi l l  fo l low f rom the next  theorem, which is  a  qenera l isat ion of

Theorem B f rom t  t  ]  .  In  order  to  s tate i t  we need some notat ion.

t\,
Let  f  and f  be as above and le t  X be a subset  o f  L  (H)  conta in inq

the  i den t i t y  ope ra to r  1 .  Assume th ra t  t L re  cond i t i on  (3 .5 "1 )  i s

s a t j - s f i e d . a n c l  c o n s i d e r  a  m a p  V  t  X  * > L (  H  ) ' s u c h  t h a t  V ( r 1  - l

3  "  6  "  THEOREM. T l ' re  fo l lowing condi t ions are equiva lent :

( i )  q i l  i s  t he  res t r i c t i on  o f  an  i nne r  au tomorph ism in  L  (H )

induced  i i y  a  un i ta ry  ope ra to r  U  ,  wh ich  sa t i s f i es

u  p ( z )  u +  = S k | ,  z  € D

( i i )  for  any z  Lrr  D there ex is ts  a par t ia l  isometry  V,  j -n

t  ( H )  s o  t h a t

( 3 . 6 . 1 )  u [ u ,  =  p ( z ) ;  u r u l  = E e )  '

( 3 "6 .2 )  u f t n l z ) f xn re  l i l v f ,  =  {n " t r l  Y (Y )#  Y  ( x )n r f r t z )  ,

f o r  a l l  x ,  Y  j - n  f ,  a n d  0  (  l r t ,  \ J !  (  
"

P R O O F .  I t  i s  c l e a r  t h a t  ( i )  i m p l i e s  ( i i ) '  T h e  c o n v e r s e  i s

based on Theorem 2,4.  We associate wi th  f  and f ,  the open nonem$b;

c r r r . rea . r -  n  n€  D  and  the  i n tege r  1 (  k  (  n  wh ich  appear  i n  Theorem
D L , | ' T J D € u  

" 0  
( J !  U  q I I u  9 l f s  & r r u e Y v !  +  -  i r  \

2 . 4 .  G i v e n A i n  f ( D o , A @  ) ,  l e t u s d e f i n e
K

( 3 . 6 . 3 )  f  ( a )  ( 2 . )  =  Y r A ( z ) v ,  i  z  t  D 0 .

s i n c e  f " ( o o ,  ' 4 F ) =  I ' ( D o , J k  ) ,  f r o m ' ( 3 . 6 . 1 )  a n d  ( 3 ' 6 ' 2 )  w e

. ob.b.ain that  ({2 . i= a wel l -def inecl  morphisrn of  comnlex alcrebras f rom

f  ( o O ,  S  )  i n t o  [ ( n O ,  L  ( H )  )  ,  a n d  t h e  c o n d i t i o n s  ( 2 . 4 .  1 )  i n

Theorem 2 .4  a re  sa t is f ied .  Thuso f : :om Theorem 2 .4  we conc lude by

induct ion that



fo r  a l l  z  in  Do,  X  and

Let  z0  be  a  f j -xed

a s s u m p t i o n  ( 3 .  5 . 1 )  g i v e

( 3 . 6 . 5 )  H  =  s p a n  {  x o r e ( z o ) h :  x € X ,  r  A  ( z + ) m ,  h  e  H  }  =

=  s p a n  {  V  ( x ) D r F ( z o ) h ;  x 6 f ,  ,  r  &  ( z + ) m ,  h  e  H  }  .

Let  U in L(  u )  be def ined by the esuat ions

( 3 . 6 . 6 )  u  ( x D r p  ( t r ) h )  =  Y  ( x ) u r n  ( r 0 ) v  ̂
J m U

r  e  ( z ' ) - " ,  h €  i { .

h ;  x  €  X ,

'  F r o m  ( 3 . 6 . 4 )  a n d .  ( 3 . 6 . 5 )  w e  d e r i v e  t h a t  U  i s  a  u n i t a r y

opera to r  on  H  and  a ' l so
1 C  . r( 3 . 6 . 7 )  Y ( x ) =  u x u "  ; x F X '

( 3 . 6 . 8 )  o - f r ( r ^ )  =  U  D . p ( 2 . , )  U - #  ;  I  L  ( z + ) * .
I - U I - U

Since  p  and  f f  a re  rea l -ana ly t i c ,  us ing  (3 .6 .8 )  and  the  remarks

given at  I  "  5  we conclude that
a\t'  ( 3 . 6 " 8 )  P ( z ) = U P ( z ) U  i z t D

The proof  is  complete"

4.  THE COWEN-DOUGLAS CLASS B n 
(D)  .

Let  us denote as bbove by D an open and connected subset  o f

Cm and by H a separable,  in f in i te  d imensional ,  complex Hi lber t

space .  G j - ven  a  m-  tup le  1= (T l  , . . .  rTm)  o f  commut inc r  bounded  l i nea r

o p e r a t o r s  o n  H ,  a n d  a  p o i n t  z = ( 2 1 r . . .  r z * )  i n  D ,  w €  d e f i n e

K ( T ; 2 1 =  {  f r  I  I i :  ( z t - T t ) h = . . . = ( z * - T m ) h = 0  ]

4 .1 .  DsFr i { I r roN  (c f  .  n  127  ,  [ t  ]  I  "  The  m-  tup le

be  in  the  c lass  Bn  (  D  )  .  where  n  i s  a  pos i t i ve

on ly  i f

( i )  d i r n  K ( T ;  z ) * n  i  z  e  D '

( i i )  s p a n '  [ J x t t i z ) =  I {  |
. z ( D

( i i f  )  r a n g e  ( z r - T r ) = l I ;  I  (  i  (  r t ,  2 . €  D .

L 7
r ty  i n { ,

point  i

r  a n d  J  i n  ( z + ) m .

R  D . , .  S i n c e  1 6 X  ,  t e m m a .  1 . 6  a n d  t h e
U

T i s  sa i c l  t o

i -n teger ,  i f  and
^

)L{'e'L4bbt



4 . 2 "  L e t  T * ( T l r . . . o T l n )  b e  i n  B r , { o )  a n d  c l e n o t e  i : y  f ,  t h e

frurction cl 'ef inecl a6 fol lovrs:

f * , : l ) * r G r ( n u I i )  o  f T ( z ) = K ( T ; z )  .  l

Arguing as in  t ,3  I  or  us inq a resul t . .  o f  Cur to and Sal inas

( c f , n  I S ]  o  T h e c r e m  2 . 2 )  o n e  o b t a i n s  t h a t  f ,  i s  a n a l y t i c .  I r t l o r e o v e r o

v re  have  as  a  d i rec t  cons*quence  o f  t he  de f i n i t i ons :

L H I q l . l A .  L e t  1 = ( i f l r a . . . p T ^ )  a n d  T = ( 6 t r " . . 0 6 * )  b e  t w o  m - t . g g n l e s  i n

the c l -a .ss B , ,  {n)  .  T i re  fo l lowing concl i t ions are ec lu iva lent r

( i )  there ex isLs a uni tary  operator  U on i I  such that

u r r = f f r u ; I ( i { r i l .

( i i )  the funct ions fT an<l  f i f  are congruent .

4.  3 .  ! i le  novr  wish to  obta in an operator  theo: :e t ic  in terpretat . ion

of t lre ora*rdrrtact of the func.t ion* fr ancl f6l.  Be.fore stating

precisely vrhat. vre are a]: le to f ind ou.t, vre shaLl give sorae

p r e l i n r i n a r y  r e s u l t s .

L e t  T = ( T l ,  " . . r * )  b e  a  f i > r e c l  n ' . - t s J . p l e s  i n  B -  { r )  a n d  l e t  p =  [  f r ]  .n '

F o r  a n y  , * ( z L r  o  .  .  r  z n , )  i n  D  w e  h a v e

( 4 . 3 . I )  ( U  u - t .  ) p ( z )  =  0  ;  1  1 j  (  m
t f

L e f  [  =  { i t r . . . i * )  b e  i n  ( r + } r n a n d  f i x  r  {  j (  R r .  r f  i  j > / L ,

t h e n ,  d i f f e r e n t i a t i n g  t h e  e g u a " t i o n  ( 4 . 3 . 1 )  r  o n e  o b t a i n s

( 4 " 3 " 2 J  ( z r - r 5  ) D r p ( z )  - - i g  D r (  
i  1 p ( z ) ,  r ( j i = { i r , . o . , t j - t ,

, .  o .  i i * ) .

I f  i .  =  0 r  t h e n  o n e  f i n d s
J

( 4 . 3 . 3 )  ( r j  T r ) D r n ( z )  =  $

G j - v e n  r  -  ( i r r . . " r i * )  a n c l  J  =  ( j 1 o . . . r j , n )  i n  ( z + ) m ,  l e t  u s  p r r t

r  -  J  s  ( i r  j l r . " . n i *  -  j * ) .  r f  r  J  b e l o n g s  t o  ( z + ) n t  , r *  w r i t e

I  >  J .  I { e  s h a l l  u s e  a l s o  t i r e  n o t a t i o n  I f  -  i r !  . . " i * l  .

N o w ,  t o t  z  a  ( z L ,  . . r r * )  i n  D ,  w e  l e t  t J ( " )  d e n o t e  t h e  o p e r a t o r

in  L t t i l  de f ined by

( 4 . 3 , 4 )  l J { 1 1  =  ( " t  
I  T r ) " . . , ( z m - T m ) J m .

B y  a  r e p e a - t e d  u s e  o f  ( 4  . 3  " A \  a n d  (  4 .  3 .  3 )  v r e  h a v e :



i .

t *
I).

!

.
i

'|

i

i

l

l

l

- 1 9 -

( 4 . 3 . 5 )  ' "  ( r ) D ' . p  ( z )  =  ( * 1 )  t t t  ( r  t  /  ( r - J )  I  ) o r . . r n  ( z )  ;  r - J  e '  ( z * ) m  ,

( 4 . 3 " 6 ) : r J { r )  n r p ( z )  e  o
' - L  

h

t  r - J  d  ( z ' ) " ' .
r

Let  z  be a f i :sed.  pr : in t  i -n  Dr  anc l  le t  tn*  ;  I  $-  d ,  {  n} i .u 'o t t

anaJ-yt ic  f ran;e far  f ,  over  a i1  ope.n neighborhocd nO of  z"  For  any '

notlne€iativc integer k r Let us introduce

' ( 4 " 3 . 7 )  o ( t : ;  $ ; 2 1  =  s p a n  t  o r n  , t r  ( z ) : 0  (  l : t - {  r ,  L  L  a { .  (  , , }  .

t r fe  eers i ly  der ive j
f r - \  t  1

( 4 " 3 " 8 )  H * o r ( T ;  z ) = s p a n  {  o r n ( z ) h : 0 (  [ r l 1 i k ,  h e H f  .

F r o r n  ( 4 . 3 " 5 i  a n d  ( 4 . 3 . 6 )  s n e  s e e s  t h a t

( 4  "  3 " e  )  r '  ( z )  n r h  o (  ( z )  * ( :  !  /  ( r - r ) !  )  D r _ t h  p L  ( z )  t

r (  d " ( n , r - J t ( z * ) * ,

( 4 . 3 . 1 0 )  t ' J ( = ) D r t r o  ( z )  =  0  ;  r  (  c *  !  n ,  r  -  J  {  r r * l ^ .

inese equat ions,  together rv i th

( 4 . 3 " 1 1 )  s p a n  L J  n ( k )  ( T ; z )  =  E  ( f * ; z )  =  H
L )r0

impty that, l

L E I I I ' I A .  { i )  T h e  v e c L o r s  , L  o r n X  ( z )  :  I  t  ( z + ) * , L ( ; 6 f  (  n }

are  independent  in  H,and

s p a n  {  o r n 6 ( z )  :  r  e ( z + ) * ,  r {  o t (  t - t }  = i t ,

( i i 1  d . i m  ! . 1  
( k )  

( T , " )  =  ( l + m " l - . , . m k )  n "

.  4,4.  i , io\ , r  vre introcluce another col lect . ion of  subspa.cess

( 4 . 4 . r )  x ( l t )  $ ; z )  =  
{  h  e n r  t r ( " ) h * 0 ,  f  r  I  =  k + }  }  "

o f  c o u r s e  K { 0 ) ( T ; z )  =  K ( T ; z )  =  t i ( 0 ) ( r i  z ) .

LEMI"IA. For any nonnegative integer k rve have

( 4 , 4 . 2 )  r ' ( L )  ( T ; z )  =  s ( k ) ( r ; " ) .

P R o o F .  B y  ( 4 . 3 , 9 )  a n c i  ( 4 . 3 . 1 0 )  o n e  f i n d s  t h a t

o ( ) < ) 1 r ;  z ) C  x ( l t )  $ ;  z \ "

L e t  h  b e  i n  K ( k )  $ ; z j .  B y  L e m m a  4 . 3 t  t h e r e  e x i s t s  a  u n i q u e

col lect , ion of  complex nu.mbers

t  " r ,oc ,  
:  r  €  (z+)m'  L  4  dv < "  i  such that

(-d

h =  L  F  n h  ( z | .
, ' i o " r r o L  " r ' ^ *  \ h t  '



L e t  J  i n  ( z + ) n  w i t h
q-n

0 r .\/ *- 
L-J /*t "I , d. \t

I h t  o t

By Lemnia  4"3  aga inr  lde  have

* r , d  = 0 ;  r ? ' r o  4 (  e [ ( " .

Since J  i s  an  arb i t ra ry  e lenent  in  {Z+)*  w i th  l J : l  =  k* l r  v re

concl-ude

c r ,  *  
* o t  I t !  1 t  K + 1 ,  I  (  c / -  (  * ,

h e n c o  h  b e l o n g s  t o  l 1 ' o )  , t  i  z ] .

4 " 5 "  L e t  r = ( T l r r r e  o T * ) .  a n o  F = ( f i ' r . . . u 6 * )  b e  L v r o

I  , r {n)"Our 
next task is to gi-ve an al ternate l reans

cont ,ac t "  BxPl " ic i t y ,  we have l

PROPOSITION, The fo l lowing condi t ions are equiva lent ;

r  i  \  f  end  f  -  have  o rde r  o f  con t ,ac t  k .
\ + ,  l m r  4 m

( t i )  ,o t  any  z  Ln  D there  ex is tna  un i ta ry  opera to l :

t J " : K ( k )  1 r  i z l * +  K t k )  ( # ; z )

( 4 . 5 . 1 )  E i  t  * t o !  t i t z ,  =  u r t r u f , l  K ( k )  ( , f f ; z ' t ;  1 {  L  4  I n '

pRoor. Let p= [ fr l  anA fr= [ t , f  l  "  A.$surne that f ,  and fry have

orddr of cont,ar:t k ancl let z l :e a f ixed point in D. Then there

e x i s t  t w o a n a l y t i c  f r a m e s { * * :  r (  x ( n }  u t a { i o :  I (  o r  1  " }

for  fTn respect ivety f6,  over on open neighborhood Dn of .  z,  f f id a

un i ta ry  opera tor  u ,  in  L tH l  so  tha t

( 4 . 5 , 2 )  u r D : h o r - i z ) = n r H o  k I . ; 0 {  l r l { k ,  1 (  a ( <  r .

B y  L e m m a  4 , 4 .  a n d  u s i n g  { : h e  e q u a t i o n s  ( 4 . 3 . 9 ) r  ( 4 . 3 . I 0 ) ,  i t

fo l lov.rs easi ly that  u,  has the required propert ies.

In order to prove the converseo let 'us assune that z ls a f lxed

p o i n t ,  i n  D r  a n d  l e t  U z  b e  a  u n i t a r y  f f o m r ( k )  $ i z )  o n t o  K ( k )  ( { i z )  p

s a t i s f y i n g  t h e  c o n d i t i o n  ( 4 " 5 . 1 ) .  I t  i s  e n o u c f h  t o  s h o w  t h a t

(4 .5 .3 )  n r f r t r l  =  u*Drp(z )  uT,  0  S  l  l  l  (  t< '

we sLral l  proceed by induct ion .  Fj-rst  we remark that

A r  n , ,  * 1 .

s  *  ( z r - i r ) p t z )  =  u r ( % r - r r l u r g ( z ) ,

t  g l  =  k + I '  s i n c e  T u ( " ) h = 0 '  o n e  o b t a i n s

|  /  t r - -d l ! )  Dr_, rh  os (z)  o

a
m-  tup j .es  ] . n

o f  t he  o rde r  o f

so  tha t



L L

hence

(z r - r r r  d? ' t " l  u " *0 ,  r6  i
$ince ctim ::ang* ui$'t ilLl; r,

F
( 4 , 5 , 4 ,  r i $ t r l  I J "  *  p ( z ) .

4.  nu

=  d i m  r a i l q e  p t z j  w e conc lude  tha t

T h u s  { 4 " 5 . 3 )  i s  p r o v e d  f o r  l r

Ass t ine  now tha t  {4  "  5 ,3 )  ho lc ls

=  ( i r r . .  " i * )  b e  s u c h  t h a t  l I [  s  &

t i

'  u- (2. ,* ' . r - , t  u lor t t r l  = (z j - f : t  or f i (z)r* i ;nr( j ) ;  (z)  'z '  I  l
From t' ire induct.ion assumpt.ion one obLains

( 2 . - r . . )  
" :  

o r i l t z ) u r = - i p r  ( i ) p ( z )
J  J  L  L  

"  d  
r \ J , '

vrhence

( 4 . 5 . 5 )  ( z r * t . f  t u l n r $  t z l u . -  -  n r r ( z ) )  *  Q
J  J  ' " L

B y  ( 4 " 3 . 3 )  t h e  e c l u a t l o n  ( 4 " 5 " 5 )  i s  a L s o  t r u e  i f  i * * 0 .  T h e r e f o r e ,
3

; 4

therei6' complex nulnber /e such that

( 4 , 5 . 5 )  u T o # , " ,  v z -  D r R ( z )  =  f r  p ( z ) ,

I t  fo l lo ivs thaL

, d p t z )  *  p ( r J L : X  n r f i t z )  u r * . p ( z ) D r p ( z )
* ^ r N * t

B u t  p ( z l u ' )  =  U z p ( z )  a n c l  p ( z ) D 1 p ( z ) = 0 = p ( z ) D r p ( z )

( c f  . ,  P r o p o s i t i o n  1 . 4 ) ,  h e n c €  ' t  = Q .  T h e  p r o o f  i s  c o n r p l e t e "

4,6 .  l 'Ve are novr  ready to  s tate the ma. in  resul t  o f  th is

I t  could be regarded a"s a g ienera l isat ion of  Theo: :em 1.6 f rom

f -'  n  " J  ,  T h e o r e m  C ) .(see a lso LI , , l

L e t .  t * ( T l 7 . . " r T * )  a n d t = ( f i t r . . " ' i l * )  b e  t v . r o  m - t u p l e s  i n  B r r { o ) "

we  c leno te  by  T t  t he  commutan t  o f  {  
t r r . .  "  r t * }  and  assume tha t  X

is  a subset  o f  r '  conta in ing the ident i ty  operator  I  and a l l

o p e r a t o r *  T l  r .  n . 1 T * .

Let, Y :  X *+ L(i l )  be a map such that,

( 4 . 6 , 1 )  f  ( r )  =  1 ,  Y  ( r j , # :  ;  I  (  j S  r n  /

( 4 . 6 . 2 )  ' { y '  ( X )  e  4 '  ,  X  6 .  X ,

Then we have:

I  =  0 .

for al l  I  r

+ 1 { k " L e t

, a n d l e t f z

j  {  m vr i th

r t 0
l l '  { "

I d .

i '

sec t , i on ,

f t 1
l - "  J

4



ZA

TIIBOREI',I$ The following condltions are equivalent,: 
i

( i )  Y  i s  the  res t r i cL ion  to  K  o f  an  inner  au tornorph ism in  L (H) ;

( i i )  for  any z in D the: ie exj-sts a uni tary operator

u  : K ( * )  r r ; z ) * ) K ( n )  ( F r : . l  s o  t h a t\ r z o : \  \ r t & r - * - l r r  \ 4 r a l

( 4 . 6 . 3 )  ^ r  ( x l  l * ( n )  1 f r ; z )  =  u " x u f  I n ( " )  ( i , " ) ,  x €  x  "
t rR00f ' .  I t  suf f ic ies to  prove * .hat ,  under  our  ass*mpt ionsr  the

p resen t  cond i t i on  ( i i )  imp l i es  the  conc l i t i on  ( i i )  l n  Theorem 3 .6 .

Let  p*  [ r *  J  ana ! *  [16 J  .  t r ron Proposi t ion 4.3"  we obta in

( 4 . 6 , 4 )  t i r n r p ( z )  u |  =  o # (  z \  i z  €  D t  o  (  \ r \ /  , , .  .

N o w  t e t  u s  p u t  V " = U z p ( z ) .  B y  ( 4 , 6 . 3 )  a n d  ( 4 . 6 . 4 )  w e  d e r i v e

e a s i l y  t h e  d e s {  r e d  r e l a t i o n s  ( 3 . 6 . 1 )

the  p roo f "

a n d  ( 3 . 6 , 2 )  .  T h i s  c o n c l u d e s
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