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TI-IE trXISTNNCE AND THtr ASYMPTOTIC COMPLETENESS

OF WAVE OPERATORS ASSOCIATED TO SOI4E

'ELLIPTTC PSEUDODTFFERENTIAL OPERATORS

1 .  f n t roduc t i on

L e t  P O  ( D )  b e  a n  e l l i p t i c  o p e r a t o r ,  V S  ( x , n )  a  s h o r t  r a n g . e

a n d  V ,  ( X r D )  a  
' l n n r r  

r ^ n d a  ^ e f t U f b a t i O n "  T h e  n i l r n n s .  n f  t h i s  n ^ n o r
L  

,  t / v r  e u l v q u l v r t .  r t r u  l , u t y u D g  L - / !

i s  to  p rove  the  ex is tence and the  asymoto t i -c  comple teness  o f  the

w a v e  o p e r a t o r s  W t ( P r P t )  =  s ; I i m  e i t P e - i t P  n  / h  \  - - L
t  *+' te6 "ac 

W L) '  wnere

P  =  P . ,  +  V ^  +  V .  a n d  p "  =  p ^  +  V *\ J b f r l U L

These  ope ra to rs  sa t i s f y  t he  fo l l ow ing  assump.L ions :

( A .  I )  P ^  ( D )  i s  a n  e l l i p t i c  p s e u d o d i f f e r e n t i a l  o p e r a t o rU

n
o n  R * ,  o f  o r d e r  m ) 0 ,  f o r m a l l y  s e l f - a d j o i n t  ( i . e .

P n  ( D )  q  r . m  r r : n )  -  t h o r o  A r c ,  t w o  c o n s t a n t s  R r c  ) 0
U  9 ,  ( 0 ,  o o )  t ' t  t  I  u r r e r E  q l s  \

such  rha t  tpn  (E ) l  ) c  f  S l t ,  f o r  l $ l  7n ,  and

( p o u , v ) " e  =  { J , n o r r )  
" * ,  

u , v €  g ( n n )  )  s u c h  t h a t

l im P,,. '  ($) = o€1 .
[5]-+ oo '

( A . 2 )  r f  A  ( P ^ )  =  { p ^ ( \ ) :  R n -  o t ( t )  =  " r
. . c . - 0 ,  L J . 0 \ r / ,  R  ,  P 0 ( 3 )  =  0  j  i s  t h e  s e t  o f

t h e  c r i t i c a l  v a l u e s  o f  p ^ ,  t h e n  f \  t p ^ )  i s  a t  m o s t  au '  c  u

coun tab le  se t .

( B ) V , ( x , o )  e r , f  ,  / n n \  e l r / 2 ,  p > O
!  ) r \ A r t + l L t )  " ' t t  r -  - ' - ' I

se l f -ad jo i i r t  and  i t  has  an  ex tens ion

operator  v-  !  f  ( * t )  *  r ,2  (nt )  "

v . ( x , D )  € L :  t ,  r o f l t  o - L / 2 , 0 ) t ,
S ' - - ' - '  

' - S ,  ( 0 , C )  " '  
t  t  t  '

se l f *ad io in t  and  i t  has  an  ex tens ion

. i ^  c ^ - * ^ 1 1 . ,
t  J J  ! L J r r r l c r . I I y

' l -n  :  r .nmnt  c { -

i  e ,  fo rmn ' l  
' i  

r z

+ n  r  n n m h r n +
v v r { r } / q  v  s

{ r - )
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oPerator V^: Hm (Rn) ----+o t  2 , ' ' ,11 t_ 
b 

,l \.c1 ) ----,_F ! \K ) .

"  The  c rasses  o f  ope ra to rs  tT  , , .  o , ,  (R t t )  w i r l  be  de f i nec l ^  i n
Y ,  t v , v ,
J '  '

t he  ,nex t  sec t i on .  , '

Now, we shal l  make some remarks on these assumr: t ions"

The assumpt ion (a.  t )  impl ies that  p0 (D)  r  ! f  (Rn)  -* : *  f (nn)

, h a s  a  u n i q u e  s e l f - a d j o i n t  e x t e n s i o n  o n  1 , 2  ( n t )  (  o ( p ^ i  =  r f l ( n n )  ) .t l

Moreove r ,  s i -nce  , J i * -  
pn  (3 )  =  co , . t h i s  ope ra to r  i s  bounded-  f rom

b e l o w  a n d  O t e o ,  
' 1 f " = , n 0 ,  

=  f  c ,  € )  ,  w h e r e  c  = [ i n r  p 0 ( E ) , E * * ^ ]

Let  us remark that  the condi t ion r im p0 (S)  = oo is  not  a
l3l-+oo

res t r i c t j - ve  one ,  because  the  e l l i p t i c i t y  and  the  symmet ry  o f  po

assure that  l i l *  tn  (3)  = oa or  . ] lm p0 (S)  -  -  c>o
l3l *roo , lEl-ooq L

T h e  l a s t  c o n d i t i o n  o f  t h e  a s s u m p t i o n  ( a . f  )  i m p l i e s  t h a t  n c ( p 0 )

j - s  c losed  and  sa rd ' s  t heo rem shows  tha t  A " {eo )  has  Lebesgue  measure

ze ra .  r t  i s  known  tha t  i f  p0  i s  a  d i f f e ren t i a l  ope ra to r  w i th

c o n s t a n t  c o e f f i c i e n t s  t h e n  
4 ( " 0 )  i s  a  f i n i t e  s e t .

P rom. the  assumpt i rons  (B )  and  (C)  i t  f o l l ows  tha t  p
I

a n d  F  =  P t  +  V S  a r e  s e l f - a d j o i n t  o p e r a t o r s  t n  f 2  ( R n ) ,

-  o ( P r )  =  D ( p O )  =  u m ( R n )  ,  b o u n d e c l  f r o m  b e l o w  a n d  t h a t

= 0 - ( p ) - t - l h r r
e s s  ' -  l '  u " " =  ( P o  )  =  L c ,  c o )  '

T h e  w a v e  o p e r a t o r s  a r e  g i v e n  b y  W + ( p r p l )  =

=  s - l i m  e i t P e - i t n  n . . ( p l ) ,  i f  t h e  l i m i t s  e x i s t .
t-+ too ctu r

D e f i n i t i o n  1 . 1 .

t i

;
t

= D + \ /
U L

w i t h  D ( P )  =

fr  (P) =
E S S

are complete i f  Ran W*

I f  ,  i n  a d d i t i o n ,  % i r r n  t e  )

asymnto t ica l l y  comple te .

W + ( P , P r  )  e x i s t .  W e  s a y  t h a t  t h e yr l

-  Y  / D \t t a c  t '  '  n

say that  the wave onerators are

Suppose that

= Ran W_

t=  9 ,  w e

The  ma in  resu l t  o f  t h i s  oaper  i s
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r h s - g f g T * ] . . ? *  ( a )  I f  p n ,  V , ,  V . '  s a t i s f v  t h e  a s s u m p t i o n s  ( A . I )  ,
U l . i i f

( B )  ,  ( C )  a n d  i f  P . ,  =  P ^  +  V , ,  P  =  P ^  +  V _  +  \ / ^  ,  t h e n  t h e  w a v et_ u 1,' U l, s

o p e r a t o r s  W t ( P , P r  )  e x i s t  a n d  t h e y  a r e  c o m p l e t e .

( b )  T f  ,  i n  a d d i t i o n ,  P 0  s a t i s f i e s  ( A , 2 ) ,  t h e n  t h e  w a v e  o p e r a * .

to rs  a re  asympto t i ca l l y  comp le te

The  p roo f  o f  t h i s  t heo rem i s  based  on  the  es t ima tes  con ta ined

i n  f h o  n r i n n i n l a  n € ' l i m . i + . i 'r r r  L r r E  y r r r r r - r p t €  o f  l i m i t i n g  a b s o r p t i - o n  a n d  o n  s o m e  r e s u l t s  a b o u t .

smooth opera 'L,ors .

r f  v r  =  0  ,  T h e o r e m  r . 2 "  c a n ' b e  p r o v e d  w i t h  t i m e  d e p e n d e n t
l J r .

methods  ( see  [ r ]  ,  [ 2 ]  )  .

Resu l t s  s im i l a r  t o  t hose  con ta ined  i n  Theorem I .2 .  we re  p roved

b y  L a v j - n e  i n  i 3 ]  f o r  P ^  ( D )  =  - A  a n r l  \ / .  ( x , D )  =  V ^  ( x )  ,  V -  ( x , D )  =b - r  /  @  q r r s  
" s  

D  L

=  V " ( x ) .

r n  t h e  
' l a s t  

s e c t i o n  w e  s h a r r  a p p l y  T h e o r e m  r . 2 .  t o  t h e  p e r t u r -

bed  Hami l t on ian  o f  a  re la t i v i s t i c  pa r t i c l e  w i th  sp in -  ze ro .

2 .  P re l - im ina r ies

fn  th i s  sec t i on  we  l i s t  some resu l t s  wh ich  we  sha l l  use  i n

t h e  p r o o f  o f  T h e o r e m  L . 2 " .

F i r s t  o f  a l l  we  g i ve  some resu l - t s  conce rn ing  the  pseudod i f f e -

ren t i a l  ope ra to rs  used  i n  th i s  paper .  The  n roo fs  a re  s tandard  i n

# h a  # h a n i t r  a €  ^ ' l n } - r ' l  ^ a ^ ' " A .e r r e  e r l s v ! r  v !  g I o b a l  p s e u d o d i f f e r e n t i a l  o p e r a t o r s  ( s e e  f a l  ,  [ S l

and [z] I .

D e l i n i t i g J  2 . . ] , . .  L e t  m ,  Q n S  € R ,  e  < f r ,  0 { 9 <  1 .  W e  s a y  r h a r

A  i s  i n  t T ,  
, 0 , q , )  

( R n )  i f  A  e c * ( R n x R n )  a n d  f o r  e v e r y  d ,  p  € * t  t h e r e

e x i s t s  C  =  C ( o ( , 8 ) > 0  s u c i r  t h a t



l n l n $ a ( x , E l f  4  c t r  +  l x !  ) - p r 0 * l )  1 r  + l x l  , m - s r p * l  ,  v x , E  e R n ,

w h e r e  u ( 0 )  =  8 ,  $ ( k )  = f ,  k € N ,  k ) 1 ." - - - - -  I  ' ,  t

we dcnore  by  r * l , s ,c )  (Rr1)  = { f  rT ,  , * ,c )  
(Rt )  .

:liir;l:i

: . j

n r n n a r # r r  * h a n
v ! v l , u !  e y  e f  { v r .

A rnr l  r^rr i  i .o
4 . ,  ,

. ,

*m 
* ,  (R t )  as  the  l i nea r  spaced e r l - n e  t s ,  ( 6 ' u ' ,

maps  A (x ro )  :  9 (nn )  - -e " .  f ( n t )  g i ven  by

' c
A ( x , D ) u ( x )  =  ( 2 T 0 - n  

\  
. t  ( x ' 5 ) a ( x , Y ) o ( \ ,

) d l

of  the cont inuous

:

,  u € 9 4 ( n t )  ,

a d j o i n t

A* . ( x ,  D )  ,

4

w h e r e  A  E  s T  ( 0 , c )  
( R t )  .

5 r  ( W r u  /

qfsnqp*q1.g",.,_Aj.r. (a) rr A, (x,D) € 
"T1 ,r 'q) 

(Rn), i = r, 2,

t h e n  A ( x , D )  I  A r ( x , D ) A r ( x , D )  €  
" 1 , , 0 , o . )  

( R t ) ,  w h e r e  *  = ,  * 1  *  * 2

0  =  0 1  . +  6 r . , G -  i n f  ( 0 ,  * C Z  , Q Z  +  6 r ) .

Moreover

^ - 
,H*(r/c(r 

I bia'noa' u t[l?t - cr, 6a+q1 (n^) '

( b )  r f  A  =  A ( x r D )  €  L i n  r o r t  r : h e n  h i s  f o r m a lr r  _  A \ z , r L t t  =  - S ,  
( e 1 6 )  , , .  t  I

Al+ belongs to  the same space of  o l :erators and i f  Ar+ =

then

p r o p o s i t i . o n  2 . 2 .  r f  A -  € S l . i  , ^  r \  ( R n )  ,  m * \ -  c o ,  t h e r e  e x i s t s

A  €  S f f i o  , ^  - ,  ( R t )  s u c h  t h a t ,  f o r  a 1 l  k b  1 ,
$ r  ( v r u /  

k - r

e  -  f - .  A .  e ,  smk r^ f l r

j A  
^ ,  q . " s l  

t o , F )  , *  ) .

Moreover ,  i f  B is  another  symbol  wi th  th is

- o o  n
a  -  F {  q  r I ? " ), .  -  - D  o 3 ,  ( o r c )  t ' -  J  '

We say that  A is  the asymptot ic  sum of

A ,-, f] a-
J > f J  3

We

l inea r

; i



The most  impor : tant  facts  we use in  the sequel  are the cont i -

n r r i  f r r  n rono r t i es  o f  t hese  ope ra to rs  "  I n  Orde r  t o  s ta te  them i t  i s

conven ien t  ' t o  i n t roduce  the  fo l l ow ing  we iqh ted  Sobo lev  spaees :

, , S , - I I  ,  f  r s l , * I l  )  € f - / 2  q  n  1
H ; ( R ^ ' )  =  

[ u e  9 ( R ' ^ ) ;  ( 1  + t x l " )  
- ' - u € H " ( R " ) J  

I

which are Hi lbert  spaces under the norms:

r r . . r r  c  .  . z . s / ) A
, u r s , o (  f l g { u l [ =  =  t  \  t t r  +  t s t z r s / 2 ! " . i r c t  l 2 a B  ) r / z ,

w h e r e  $ :  R n  - +  R  ,  ! ( x )  =  ( I  +  [ * t 2 ) L / 2 .

p j o p - o ? i l i g n 2 . 4 .  ( a )  r f  s t > ' s 2 , d r r . o ? ,  t h e n  H l t t n n l

i s  cont inuously  embedded in  ns.*  1nn)o(L

(b )  I f  =1 )  
"  2  ,  q r  ) (Z  ,  t hen  th i s  embedd inq  i s  compac t "

p- fSpgS. i ! ig" -L l :  r r  A = A(x,D)  *  
"1 ,  {e ,c1 

(Rn)  and s ,  o(  e  R,

then A has a unique extension to  a bounded .or :erator

A : ir]{nn) -+ 
"i ;T 

(Rn) .

A c lass  o f  compact  opera tors  i s  g iven  by  the  fo l low ins :

p t . g p j l s * ! * g * - . ? . 0 *  ( a )  L e t  A ( x , D ) € L ?  ( n  n , ( R t )  s u c h  t h a t
5 f  t U r u /

( 2 . 1 )  l i m  A ( x , l )  =  0
lx l+ l l l *b"o

Then  A(x rD)  i nduces  a  compac t  l i nea r  map  ,  1 ,2  (R t )  - -+  r , 2  (n t )  .

( b )  A (x rn \  -  r f f  'Rn )  has  a  comr :ac t  
' ex tens ion  

to  an  ope ra*" 1  =  " s ,  ( g r c )  \

{ -n r  i  -  <p  |  , r s  / pD)  us -m tnn ;  )  j - f  an<1  on l y  i fe v !  + r r  e \  r r $ ( \ r \  I  |  , r O ( + 0 \ . t

g = - * ( o )  S o n e ( x ) A ( x , o ) 3  
o ( " ) g - =  ( o )  h a s  a  c o m n a c t  e x t e n s i o n  o n  r , 2  ( n t ) ,

( c )  L e t  A ( x r D ) C L T  , a ( i \ ( R n ) , 0 < G ,  s u c f r  t h a t'  S r  ( v r u  /
. e - m

l i m  $  ( x ) $  " ' ( E )  A ( x , E )  . =  0
tKt r, lB\..+6

Then A(x ,D)  induces  a  compact  l inear  map ,  Hs  1Rn)  _ -+  
" i ; t (Rn) .

- 6
R g S :  ( a )  I f  s u p p  A (  |  )  i s  c o m p a c t ,  t h e n  A  L - ^ - , .  g 1  ( R n )

g ,  ( d r d J
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fo r  5>0 .  rn  th i s  case  ou r  s ta temen t  f o l l ows  f rom p ropos i t i on

2 . 4 .  a n d  P r o p o s i t i o n  2 . 5 .

I f  s u p p  A (  ,  )  i s  n o t  a  c o m p a c t  s e t ,  w e  c h o o s e  ( o 6 c * r o 2 o rE  
Y * - 0  \ ^  l

s u c h  t h a t  t P  ( x , 3 )  =  0  f o r  l x !  +  l q {  > 2  a n d  q D ( x , & )  =  r  f o r|  |  a r  - /  -

l x l  + l E i  q r .  r f  w e  s e r  a . ( x , B )  =  
f ( e x , € S ) a ( x , . 8 )  ,  i t  f o l l o w s  t h a r

. ) h 1
A  1 v  n \  .  T o  I/ - tE \x ' u l  :  L  (R" )  - *+  t ' (Rn )  i - s  a  compac t  ope ra to r  f o r  eve ry

€  b  0 .  So  i t  su f  f i ces  . t o  p rove  tha t  Aa  ( x ,D )  * -+  A  ( x ,D )  when

t  - r  0  i n  t he  un j - f o rm opera to r . t opo loov  o f  K$2  (Rn)  ) .

rn  order  to  prove th is  r  w€ assume for  a  moment  that  A (  ,  )

s a t i s f i e s :

, - , l 1 f i j j l n$er " ,3 )  I  =  0  , l o (1 ,  tP lq [n /2 ]  +  r .

[ l A  * ( x , D )  
-  A ' ( x , D )  i i  

W & z  ( R " )  )  6  c

(Ca lderon-Va i l lancour t ' s  Theorem [S ]  )  ,

t h a t :

[ r { n ! t r  f (  t ' , r - ) ) ] o . . * *  i s

r i m  l f " h ( x , E ) l  =  o
t r l+lBl-+c,o ' -

T o  c o n c l u d e  t h e  p r o o f  o f  t h e  p r o p o s i t i o n  w e  n o t e  t h a t  ( 2 . 1 ) ,

f o l l ows  f rom (2 .1 )  and  the  fac t  t ha t  f o r  u  eC ,?  (nn )  we  have
.(f

ll orul\fu {. + ltul*tloluttr* ,

(Rn)  =  
t r  e  c2  (Rn)  ;  D (u  €L* (n t )  ,  l ( l  <2  ]  .

ra

-t .'l'j

( 2 . 1 )

S ince

I ^ d ^ F r '

- iT*"  lo ln{" ta -  AE) (x ' ! ) l

l€{1, lF l  g  [ i1 l21]  I
we need only  to  ver l f jz

J i - q  = y e l n l o { , o -  a u ) ( x , } )  l ; 0  , l c , { t , t , p t < [ , l 2 2 ]  +  I  .
e --bO Rl*€€R'- ^ 5

But  th i s  f o l l ows  f rom

ln ln$(A -  A*)  (x ,s) l  <.*u***rn luf ; t r  -  
f (€* ,sE)t t  ro lo{a(x,E) l

{ " { , t  
-  

f  (ex,eE)  )  =  o  rF ' *F"*Pt x t  + t g l  5  d / e  2

bounded and

.i'.:
i;

: 4

!

D
where



P r o p o s i t i o n  2 . 7  "- - - ' l i i ! - t ! . €

s a t j - s f i e s  ( A . 1 )  a n d  V

rator  f rom H*(nt )  to

such  tha t

7 -

( b )  i s  a  c o n s e q u e n c e  o f  p r o p o s i t i o n  2 . 3 .  ( a )  , a n d  ( c )  f o l -

l o w s  f r o m  ( a ) ,  ( b )  ,  P r o p o s i t i o n  2 . 3 . , 2 . 4 ,  a n d "  2 . 5 . ,

I n  o rde r  t o  app ly  the  resu l t s  o f  tZ l  we  need

r f  A ( x , D )  =  P o  ( D )  +  V ( x , D )  ,  w h e r e  p 0  ( D )

( x , D )  u  
" 1 ,  

( g , f )  ( R n )  ,  0  > 0 ,  i s  a  c o m p a c t  o p e *

r ,2  (Rt )  ,  rhen rhere ex i -srs  B (x ,D)  *  t ;1 , (0 ,  $ l  (R

B ( x r o ) a ( x , D )  =  r  +  R l  ( x , D )  |

A ( x r D ) B ( x r D )  =  r  +  R r ( x r D )  ,

w h e r e  R - ,  ( x r D )  .  r - o o  r o n
. l  

t  
" 9 ,  ( 0 , 6 ;  ( R - - )  '  

- i  =  1 '  2 '

I :99f :  As i t ,  is  wel l  known f rom the theory of  pseudodi f feren

t ia l  operators i t  is  enough to prove that  there are R > 0,  c  ' : '  0

such that

( 2 . 2 )  l e o ( E )  +  v ( x , E ) t >  c t € l m  ;  l 3 l  ) R r  x € R n

Because  p0  (D)  i s  an  e l l i p t i c  ope ra to r  o f  o rde r  m ,  the re  a re

R ,  ) 0 ,  c ,  >  0  s u c h  t h a t- r  - '  - l

l r o  tE ) [  ]  . ,  l €  l *  ,

S o  ( 2 . 2 )  f o l l o w s  i f  w e

l im  = rp "  lV  ( x , !  )  I
tll ---+ oo K € trt

s i n c e  v  ( x , D )  €  L T ,  ( 6 , t r )
J - l ^  ^ J -
L I T A  L

l v ( * , E ) \  . - <  c  ( r  +  l x t  ) - o ( r  +  l E l  ) m

B u t  f o r  e v e r y  € > 0  w e  c a n  f i n d  a  c o m p a c t  s e t  K t C R n  s u c h  t h a t

c ( r + l x l  )  
t a a r x € R t . K q .

On the other hand V: r i*(Rn) ---> r ,2 (nt)  is  compact,  hence

l € l  ) R i

show that

( r  + l 5 l ) - m  =  o

( R n ) ,  t h e r e  i s  a  c o n s t a n t  C  > 0 such



' t  * r n / )  ' )  
n  2  n

v ( l  +  l D l - )  
t " /  ' ;  

L ' ( R - ' )  * - * )  L ' ( P . " )  i s  c o m p a c t  t o o .  T h e o r e m  1 . . - t .

-  r- \
chap.  I I  f  : :om L6. l  i . rnp l - ies  tha t

I i m  s u p  l v ( " , T ) l  ( 1  +  l E l ) - *  =  0  ,
lT, l_-_+* *e I{*

r ^ r h ' i  n h  f l n m n l  r : { - a c  l - h a  n r n n f

Th is  p ropos i t i on  pe rm i t s  t o  ge t  t he  l im i t i ng  abso rp t i on

n r i n n - i  n l a  - i  n  ] - l - , n  i . .  F r Tr n e  s a m e  w a y  a s  a n  L / . 1  .

T b q g . r g *  ? : . 9 . . . _  r f  H  =  P 0  +  V ,  w h e r e  P 0  s a t i s f i e s .  ( A . I )  a n d

T 7  c  r + - i  n  F i  ^ n  / ] f  \  + h n nV  D c L L J - b I I g >  \ D l  I  u r r E r r

( a )  A n y  e i g e n v a l u e  o f  H ,  w h i c h  d o e s  n o t  b e l o n g  t o A ^ ( P n ) ,
C U

h a s  f i n i t e  m u l t i p l i c i t y .  T h e  o n l y  p o s s i b l - e  l i m i t  p o i n t s  o f  t h e

n n i  n f  q n e r . t r r r m  O f  H  a f e  i n  A  ( P ^  )  t , l l + . o J- , , r b \ r 0 / \ , / L ,  _ I .

( b )  F o r  e v e r y  c o m p a c t  s e t  K  c  [ c ,  C I d ) \  ( q . , , , ( H )  U A c ( P ^ )  a n d  f o r
I J I ' U U

ever : y  u .> I /2 ,  t he re  ex i s t s  a  cons tan t  C  ) r0  such  tha t

'
i l  n t r  j  r : k ) r l l -

r r r ,  q  -  t * r

- 1

w h e r e  R ( A t  i k )  =  ( H  -  ( A t  i k ) ) - '  .  . : ;
..

A t  t he  end  o f  t h i s  sec t i on  we  $ ta te  some resu l t s  abou t  smoo th
- t

opera to rs .  and  one  conce rn ing  the  absence  o f  t he  s ingu la r  con t i nuous

s p e c t r u m "  T h e s e  r e s u l t s  c a n  b e  f o u n d  i n  t 8 l .
:]

There are a l -o t  o f  equiva lent  def i -n i t ions of  H-smootheness .

I n T a  a i  r z a  { - h a  f n l ' l  n t ^ r i  n a  ^ n a .
t l '  

Y I v v  
l v M v v a l r Y  v r l u .  :

' r +
D e f i n i t i o n  2 . 9 .  L e t  A  b e  a  c l o s e d  o p e r a t o r  a n d  H , =  H  i n  a

separable I { i lber t  sp.ace

(a )  We say  tha t  A  i s  H -smoo th  i f  D  (H)  c  D  (A )  and

a

s u p  l l a n t F ) f l l ' l r m p l  <  c o
5 $rRl rrgu=r 

' ' t

*  (b)  We say that  A is  H-smooth on S- i f  APal is  H-smooth,  where



o -

Psa  i s  t he  spec t ra l  p ro - i ec 'L ion  o f  F I  co r respond ing  to  the  bo re l i an

se t  f L  .

P r o p o s i t i o n  2 , I 0 "  L e t  I {  =  H x  a n d  s L c R  a  b o r e l i a n  s e t .

f f  A is  l { - } :ounded and

- 1  * . .s u p  l l  a ( H - x  i k ) ' a " i l
o < k < t ) a € s L

then A is H-smooth on .f l

P ropos i t - i on  2 .11 "  Le t  [ [  =  i { * ,  H^  =  H I  I  B  a  H , . , -bounded  ope -
\ J U U

ra tor  and A a H-bounded operator  such that

Let S cR with S = 
l f ,  

O, and each 5\  a bounded open interval .

Suppose  tha t :

( i )  A '  is  H-smooth on each f t ,  and B is  H^-smooth on each $L.
l - u l

( i i 1  Bo th  ( i (H ; rg  and  [ (H^ ) \S  have  Lebesgue  measu ] :e  zeyo .
U -

Then the wave operators ex is t  and they are complete

Propg : i _ t i - g .L -3 , . ] 2 r ,  r , e t  H  be  a  se l f -ad jo in t  ope ra to r  and  (a ,  b )

a bouncled in t ,erva l - .  Suppose th4t  there is  a  dense set  D in  ?t  so : '

t h a t ,  f o r  e a c h  f €  D

sup sup I  ( .p ,  R (x  + ie)  f ) l  <  ao '
o < e < i  q < x < b  '

Then Ran P ,- -ll
( a ,  b )  *  d t a c



t. :l
fl I -,i;
i : : _ i

l f f i_Ttreorem I.2"

t r {e  sha l - l  p rove  bh i s  theo rem in  seve ra l  s teps "  Le t  v (x ,D)  be

a  pseudod i f f e ren t i a l  ope ra to . r  t ha t  sa t i s f i es  (B ) .  f t  f o l l ows  tha t

t h e  o p e r a t o : :  p  ( x , D )  =  p o  ( D )  +  v ( x r D )  b e l 0 n g s  t o  t T ,  ( 0 , 6 )  ( R n )  ,
S  > r  .  s o  i t  h a s  e x t e n s i o n s  i n  l f ( H ] ( R n ) ,  I r ? ; * ( n r )  )  ,  & ,  s  e R .

A l l  t hese  ex tens ions  a , re  ob ta ined  f rom the  ope ra to r

P  ( x i n )  :  f '  ( R n )  - - >  ' y ,  
( n t )

In order to avoid any ambigui ty we denote by

s ion  o f  p  (x ,D)  in  S?tg f l  (Rn)  ,  H?-*  (Rn)  )  .  we can now

t h e  f o l l o w i . n q  l e m m a :

P  1 - h a  r : : r # o n -
S ro (

q i : * a  a n r l  n t s n .r )  Lq Ls cr i rcr  1-rr  uV€

L.g.gfg*,3_. }* For each o( € [ - ] /

a r e  i n v e r t i b l e .

:Sgj;f-,  Consider f irsr rhe

We prove that  p  ,^  -  irn/ 2 'c{-
c losed and Ran (p_ r ,  o{  i  )  is

r L t /  L  t w

-  L e r  r ' r e { 2 t n " l  a n d  f  € H

l 4( 3 . 1 )  P ( x , D ) u  i u

L e t  B  ( x  n \  -  ' - f rt u t  e  
" $ ,  ( o r G )

g i v e n  b y  P r o p o s i l - 1 o n  2 . 7  .  .

1l  the ooerator"  p* ,12

case q(  € L0,  -1 ]  .

i s  one - to -one ,  Ran  (P^ r ,  
t a l  

i )  i s
- *  /Z  

(Rn)  .d e n s e  i n  H o . " '
- m / 2  , ^ n ,
c(  (R-- )  be such that

! o

o f  P  ( x , n )  i

1 )  w e  g e t

-fie hu 
"s '- (o 'tr) 

(R")

From the cont inu i ty  proper t ies of  the pseudodi f ferent j -a . l  operators

( P r o p o s i t i o n  2 . 5 . )  i t  f o l l o w s  t h a t

(Rn)  be  the  pa ramet r i x

A p p l y i n g  B  ( x ,  D )  t o  ( 3  ,

On  the  o the r  hand ,  by  i c l en t i f y i ng

space  o f  t { / z  (Rn)  ,  we  have

( 3 " 2 )  u  =  B ( x , D ) f  R ( x , D ) u  ,  R ( x , o )

( 3 " 3 )  l i  u t L  r . ,  . ,  6 c  ( l l u t l ^  ̂  +
r L L / L t U  ' U r U l l r l l  ^ )- m /  z , u '

- m / )  n
r r  + \ \ /  v  / h r .  \H  ( R - - )  w i t h  t h e  d u a l -



:  1 l

( P u ,  u )  i  ( u ,  u )  =  ( f  ,  u )

S ince  P  ( x ,D )  i s  a  fo rma l l y  se l f -ad io in t  ope : :a to r  we  ha r re

that  (Pu,  u)  e  R for  , ,  e  Hnt /2 (Rt)

Hence 
:

) ")l l u [ f r  ,o  
(  l l r l - * /z .o l l r \ l * /z ,s  €  e l lu l l l / r ,o  *  (1 /4€ , )  l l f l l 3 *72 ,s

F r o m  t h i s  a n d  f r o m  ( 3 . 3 )  w e  c o n c l u d e  t h a t

( 3 . 4 )  1 \ " l l * / z , o  { c l l f  l l _ * 7 2 , 6

Let  v  = 
S*r ,  then , ,  6n* /2 1pt )  and ver i f ies

( p  ( x , D )  -  i ) v  =  S * r  +  [ n  t x , o )  ,  3 { ]  u

Because [p  ( * ,D) ,  q t ( ]  e  r , * - t r - * ,1 :o . )  (Rn)  ,  i t  has a bounded extens ior

de f ined  on  H* /2  (n^ )  w i t r ,  va lues  i n  H -m/2  (Rn) .  Hence

and

lls ll_*72 , 0 -{ 1}r ll_*7i ,* * c ll'tl_*72 , s :

Fron i  t h i s  es t ima te  and  f rom (3 .4 )  we  deduce  tha t

t l u l l * 7 r , o  =  l l v l l * 7 r , 0 d c l l  s l l - n / 2 , 0  $ c r ' ( l l f $ f - m /  2 , v *  l l u t i - * r r , o ) ,

which impl ies that

(3 .5 )  l l u l l *7 r ,0< (c  l l f l l _^ / z ,n  =  c  l l ( p  ( x ,D)  -  i )  u l l  -m /2 ,x

for u e H(2 (Rn) .

Th is  l as t  es t j -ma te  assu res  the  fac t  t ha t  P^ /Z ,x  i  i s  a

one- to -one  map  and  tha t  i t  has  c losed  range  i n  , -Y '  (Rn ) .

Now we prove that  Ran (P*r r r  
o(  

i )  is  dense in  H-m/2 (Rn)  .

We  know tha t  P  -  P0  +  V  i s  a  se l f -ad - io in t  ope ra tp : :  on  f , 2  (n t )

w i th  D  (p )  =  Hm (Rn)  .  Hence  (p  ( x ,o )  i )  Hm (nn )  =  r , 2  (nn )  .

Consequen t l y  f o r  eve ry  f  e  l l t nn l  t he re  ex i s t s  u  q  # (nn )  so  tha t .

g = 3*r -f [p f*,D) , S:J ., e i- l-*/2 (Rt)



( P ( x , D )  - .  i ) u  =  f  .  T h e  p r o o f  i s  c o m n l e t e  i f  w e  s h o w  t h a t

m n
u  € H ; ( R - - )  .

As before i t  fo l lov, rs  that  '

(3 .6 ) l lu i l* , . ,  { C l l f  11,..,
i l . l  ,  U  V  I  v

-6< r € Hm (Rn) . we haveSet t ing again v  = 9- 'u ,  we prove that  \

( P ( x , D )  i ) v  =  g  ,  I  =  [ e ,  3 o ] , ,  n  f  .

We knovr g e r,2 (Rn). and that

l l o t l o , o G c l l r l l o , o .

Le t  va  =  fsv ,  where  , l t l x l  =  f (ex) ,  P*c f f tnn) ,  ' f / (x )  =  I  fo r

t x l  S  1 "  s i n c e  v  e H m * { R t )  * n T o " ( R n )  ,  i t  f o l l o w s  t h a t  v a  e  n m l n n )

fo r  every  €  >Cl  .  A lso  v ,  sa t ls f ies

( p  ( x , D )  1 ) v g  =  h E  ,  h e .  =  * e 9  +  [ p ,  V e ] t

B e c a u s e  t * " ? -  ( 0 . 1 )  ( R t )  u n i f o r m l y  w i t h .  r e s p e c t  t o  9 ,  w e  h a v e
\ r  \ v  7  r , 1

m - l  ,  n
tha t  [P ,  V€. ]  e  

"$ ; i ] ,11  
(R" )  un i fo rmrv  w i th  respec t  to  e  .  ] lence

l l  r r u 1 l 0 , 0 € c ( l l v l l * , - 1  +  i l s 1 1 6 , 0 ) < c r  ( l t f  l l o , . *  *  i l u l l * , s )  4 c z l l f  1 1 0 , o .

T h e  e s t i m a t e  ( 3 . 6 )  ,  w i t h  v u  i n s t e c l  o f  u ,  g i v e s

l 1 ' , '  l !  < n l l r l t1 1  v a l t f 0 r  
0  \ -  - t , ' t , 0  

, o (

T h e n  [ v - '  
r ^  ^  L

.  * I 0 < € < l  
- L b  c r  u o u n d € d  s e t  i n  H * ( n t )  .  T h e r e ' f o r e  i t  c o n -

ta ins  a  sequence l t * ,J , ,  . l iT \  
=  0 /  wh ich  is  weak ly  convergent  to

' - J " J  
3 " r o d  

J

a  f u n c t i o n  w  € H m ( R n ) .  B u t  l i m  v "  =  v  i n  o Q ' ( n n )  ,  h e n c e
e-)o

The case c(  €  [ -  t  ,  0  )  fo l lows by dr- ia l i ty .

Remark 3 .2  .  r f  f  €  L2 (nn ) ( - l  n- { /z  (Rn )  ,  then

ii
1.jl

v  =  w  eUmlnn ;  ,  and  the  p roo f  i s  comp le te  i n  t he  case  X  e [0 ,  f l



€

! r

1 3

We prove the ex is tence and completeness of  the wave operators

w ,  ( p - p  )  h v  m e a n s  o f  P r o p o s i t i o n  2 . I 1 . .  L e t  p  =  P n  *  V . .  *  V t  I
. U D f i. U

p  =  p -  *  v -  ,  P ^  , ,  V -  a n d  V ^  b e  a s  i n  T h e o r e m  L " 2 .  ( a )  .  W e  c a n- 1  - 0  - L  
u  !  t i

wr i te

( P u r  v )  -  ( u ,  P l v )  =  ( V S u ,  v )  ,
m n

u ,  v  € I r " ( R " ' )

:  We  in t roduce  the  fo l l ow ing  ope ra to rs l  B  =  B (D)  =  ' r  ;  '  '

?  - m / A  , | t Z=  ( I  +  [ n l ' ) - ! t | / 1 7  a n d  ' A  =  A ( x )  =  
$ ( x )  

- ' "  
T h e n  w e  h a v e

- 1  - 1
(V^u ,  v )  =  (BAV^u ,  B  

-A  - r r )  
|' ! i b

since BAvs -  
" t j i  e/2,  €r)  (* t )  , ,  f i  = int  (Q/2 + l ,  C a/2)  and

e-  ra -  t  n  
"T . /1  

,  
-  

{Rn)  we have tha t  BAV'  ( resp .  B  ta -  1 )  i sD  * " g , ( g / 2 , Q / 2  +  1 ) t "  " , - " s

P  i r e s p .  P f )  b o u n d . e d

Let [a,  nJ c [c,  oo) \  { f , , . . , , . ,  {e)Uffr . , , ,  (Pt  )UAc (Po) )  be a compact
P t J y y r \ / v

interval .  l {ow we can Prove

Hg*j :L The operator BAVS (resp. B to- I  
)  is  P (resp. n r  )

smooth on fu,  b]

Bg,ggfu we prove f i rst  that  B'1A-r i= Pr-smooth on fu,  b l

For  th is  purpose we use the  c r i te r ion  g iven b1z  Propos i t ion  2 '10"

We must show that

s u p  s u p  I t r e - r a - l  { e ,  -  A  - r i : k ) - t  ( " - 1 a - 1 ) x i l  <  *  .
ae Lcr'bl k€ {o,l l

Because A- le - te  (u - la - l ) *  i t  i s  enough to  p rove tha t

-  s g p  g u g .  -  l l e - t + - t , n ,  A  -  i k )  l a - I e - t t l  <  " o  '
1 q f a 1 b l  k G ( o ) I f

We use the ic lent i tY

( P l  *  A  -  i k ) * t  =  ( P f

r n n
u ,  v  € H - " ( R " )



_ 1  _ t  . - 1  - 1  - l
T l : e  d e f i n i t i o n  d o m a i n  o f  t h e  o p e r a t o r  B  

* z \  -  ( P . ,  i - )  
- A  t B

n / )  n
i s  I i " / ' ( R " )  a n d  o n  t h i s  s e t  t h i s  o p e r a t o r  i s  e q u a l  t o

; r  * t  . * l  - l  * l
B * ' A * t  1 P ,  ^ , / .  n  i )  

' A  ' B  ' .  r t  f o l l o w s  t h a t
L  r L l /  L  t V

- - r  * l  , - 1 ^ - 1 - - l  . i _B- - tA* t  qP . ,  *  i t  A  l J  t s  a  bounded  ope ra to r .  f n  t he  same manner

- l  - 1  . - ' ) .  - l  - l

i t  can  be  proved tha t  l3 - '1 t - ' ( t r1  i )  oA *B -  i s  a  bounded opera to : :

A r s o  e - r a - l ( p r  -  i ) - 1 ( p r  -  A -  i k ) : t , n ,  i ) - 1 e - 1 " - 1  i s  e q u a l

t o  e - t a - t  ( p .  . ,  r * 1 ( p .  -  2 1 .  -  i 1 - , - 1 , -  / )  - .  i ) - r A - l e - t
t  m / 2 , - Q / 2  

l - l  \ " 1  / ' \ -  r r l ' /  \ ' I  m 1 2 ' Q / z

f r t f h
- J ! r /  a  / ! \ r r \

o n  H  ( K  l .

We have  the  d iag ram

ui )*-..*;; r'uzrJ**#% n! ap'€-*--"*

where a l l  Lhe operato: :s  are bounded and

(p ,  . . .  A  -  i t < ) - ] :  , ' n / ,  - ; -  nTqZ  i s  un i fo rm ly  bounded  w i th  respec t

t o  A € [ ' a ,  b ]  a n d  k € ( 0 ,  1 l  ( T h e o r e m  2 . 8 " )

r h e r e f o r e  [ e - i a - 1 ( p r  
i ) - r { e ,  A  -  i k )  

t , n ,  i ) - l a - t " - t } a , x

is  a fami ly  of  un i formly bounded operators v l i th  respect  to

A € [ a ,  b l  a n d  k € ( 0 ,  1 ]

In  order  to  prove that  BIVS is  P-smooth on [ t ,  bJ,  we remark

- l  - l  - 1 - . . 1  r ^  ^  1 ^ ^ . . *
t ha t  BAVS =  BAVTABB-1A- ' '  =  V fB 'A - ' ,  v ;he re  V ,  =  BAVTAB j - s  a  boun-

dec l  ope ra to r .  F rom th i s  i t  f o l l ows  tha t

I l eav . (p  -  2  i k )  l t eRv . f t t  < l i v r \ 12 l l e - r o -14e  -  l  -  i k ) - r o - r " - r 11
" S i l

wh ich ,  acco rd ing  to  the  f i r s t  pa r t  o f  t he  n roo f  accomp l i shes  ou r

n r n n f

.?-

g;

: r



r 5

T h e  n r o n f  n f  T r h n n r a m  1  )v !  r t t E v l q : I t t  t . d .
' , % , , , 4 . . -

and wirich
ao

= U sa.
l = t  l

a lso  con ta ined  i n  S .  Lemma 3 .3 .  ensu res  tha t  ( i )  f r om p ropos i t i on

2 ' r r  '  i s  sa t i s f j -ed "  s ince  Q=u  te l  =  
%=*  (n r )  =  f . ,  * )  ,  i t  f o l rows

that  
. the sets  t - (p) rs  and f (Pr  ) \s  have tebesgue measure zera.  F lence

a ' l  I  { - h a  h r r n n . l -q r !  L r r e  r l y l r u u h e s i s  . o f  
p r o p o s i t i o n  2  "  I I .  a . r €  s a t i s f  i e d

( b )  r t  i s  e n o u g h  t o  p r o v e  t h a t  c s i n . , ( p )  =  0 .  T h e o r e m  2 . 8 .

a n d  P r o p o s i r i o n  2 . 1 2 .  . i m p l y  r h a t  % i n n  
( p ) c  f n n  ( n ) U n i  ( p 0 ) .  B u r

f r o m  t h e  a s s u m p t i o n  ( A . 2 )  t h i s  i s  a t  m o s t  a  c o u n t a b l e  s e t ,  s o  t h a t
/ h \ - tU S i n q \ " /  =  

$

s._ *n," e}_a$pls

we are going to  apply  the resul ts  obta ined in  the prev ious

sec t i ons  to  the  pe r tu rbed  Hami l t on ian  o f  a  re la t i v i s t i c  pa r t i c l e

(a)  Let  *  =  fnn (p) r "J f fnn (n t )U\  (p0)  which is  a  c tosed ser

has  Lebesque  measure  ze ro .  We take  g  =  f c ,  oo ) \m  =

,  wnere r \  are bounded open in terva ls  wi th  the c losure
J

{

w i t h  s p i n - 2 e r o .

In  th i s  case operators are

+  l E 1 2 ) r / z  ,Po ( \ )  =

e ,  ( x , E )  =  ( ^ 2  +  l T  - A  ( x )  I

P ( x ' 3 )  =  P l _ ( + , E )  +  w ( x )  ,

where A,  V and t r r r  sat j -s fy  :

( i )  A  € '  c  * ( R t ; R n )  
,  v  €  c  

q ( R n ; R )  
a n d  t h e r e  e x i - s t  c o n s t a n t s

ng ,  C O  ,  C o ( > O  s u c h  t h a t :

the

, Z( m

given lcy the fo l lowing symbols

m > 0  r

a  r  r ^ '
t  

-  \ T t - , l l l / ZI  V  \ A / , I  ,



- 8 . n
t A ( x ) l ,  l V ( x ) l  < C n ( 1  +  l x l  )  

- , v x G R " ,

I n ( n  / - \ l  l n q r r { . r t l  a  r -  . ( J  +  t * r  I  
-  ( 1 + s )  

,  V x €  R n ,  t o < l  I  0
I J J  f r \ 2 1  / [  /  l u  v  \ ^ , ,  I  \  - o (

( i i )  W  € C @ ( R 1 1 ; R )  a n d  t h e r e  e x i s t  c o n s t a n t s  f > I ,  C <  F 0

such that

d  
3 c * ( 1  +  l x l ) - u r V * € R n ,  V o < e n n "i D * W ( x ) l € c , ( ( 1  +  l x l )

' )  , )  ,  . n  n
( i i j - )  , n "  +  l T  -  A ( x ) l '  ' r -  v ( x )  > 0  ,  V  x  € R " ,  V E c . R " .

Remar l<  4  .  1 . .  1 )  Under  the  hypo thes i s  ( i  )  and  ( i i i )  we  have

( i i i )  ,  m 2  +  l E  a ( x )  1 2  +  v ( x )  } . c ( r  +  l E l 2  ) " ' t ,  V x ,  E  *  R t

f o r  a  pos i t i ve  cons ta .n t  C .

2 )  U s i n g  ( i )  a n d  ( i i i )  '  i L  f o l l o w s  t h a t

( * 2 , +  l E  -  a ( x ) 1 2  +  v ( x ) ) L / 2 €  t l ,  ( 0 , r + € )  ( R n )

and that

( p ,  ( x ,  g )  *  pd  (E )  )  
- t  

u  r r l  , o  ,  I +€ )  (Rn )  .

We har;e now that

V " ( x , g )  =  P I ( x , E )  P 0 ( E )  =

=  ( - 2 ( A ( x )  , E )  +  [  a ( x )  l 2  +  v ( x )  )  /  ( r o  ( E )  *  F r  ( x , 3 )  )
A n

^  V  /  n r r  \r - s  l n  t l  
,  ( 0 ,  1 +  s )  \ t t  )  '

I t  i s  easy  now to  see  tha t  a l l  t he  assumpt ions  i n  t he  i n t ro -

duc t i on  a re  fu l l f i l ed  i f  we  take  V ,  ( x ,$ )  =  W(x ) .  (Tha t  V "  and  V ,

are compact  opbrators f rom t -11 (Rn)  to  r ,2  (Rt)  resul ts  f rom Proposi -

t i o n . 2 . 5 . )  S o  w e  c a n  a p p l y  T h e o r e m  L . 2 "  t o  t h e s e  o p e r a t o r s "

Remark  4 .2 .  1 )  These  resu l t . s  a re  va l i d  a l so  when .  t he re  ex i - s t s

a  c o n s t a n t  A  € R n  s u c h  t h a t  a ( x )  A  v e r i f i e s  ( i ) .

2 )  We can  p roceed  in  a  s im i l a r  manner  i f :

P o ( H  =  ( * 2  +  t X I 2 ) 1 / 2  ,  r n ) o  I

'fi



I {ere A (x)

n ,  ( x ,  ! )

P  ( x r g )  =

and  W (x )

I 7

=  ( m ' +  t T -

(m' ,+ lE -

q : f  i  q f r i  1 i  )
\ +  /

a ( x )  1 2  ) L / z  + w ( x )  ,

a ( x )  l 2  +  V i x ) ) L / 2  +  w ( x )

,  V  ( x )  s a t i s f i e s  ( i i )  a n d

( x ) ) 0 ,  V * , 5 e n t

I .  J ; Ginibre . '

z .  b . Simon

R. tav ine

4 .H .  Kumano-Go

Co i fman ,  -
I

Morro  r

Treves

7 \ r I f t im ie  -

P a a r l

Simon

v
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-
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^ 2  +  l T - a ( x ) 1 2 + v
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