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OPTIMAL COF{TIdO!- T$R SEMILIhJtrAR I.{YPERSOLIC

B0U${DARY VALUI PRCI$Lrf!{S

by

DANI TISA

INTRODUCTIO$$. $/e cons!der the unconstraihed distr ibuted control

problem:

(P)  Min imize.  t * (y ,u)

subject  to

(1 .1 )  Vr ,  -  l y  +  f (y ,  vy ,  y1)  =  u

(1.2) y(o,x) = yo(x), y1(o,x) = vo(x)

( t . l )  y( t ,x)  = o

Here f l  is a bounded cjomain in the Euelidean space Rn, G = Jlx]o,T[, I

= )f lxlo,T[ and u eL2(c), voe H[(r1;, vo e t-2{rD. Function f :  Rn( q

sat is f ies the growth condi t . ion

(1.4) \r/>o I c>or

l f ( y )  -  f ( z ) l l c ( l  + l f ( y p '  l y  -  z l  f o r  l v  -  z l  ( / w h e r e  v , z * R n n z  a n d

I  " I  stands for t lre modulus or the Euclidean norm, as appropriate. Similar

condi t ions were used by F.H.CIarke [7 ] ,  V"Barbu [2 ] ,  V.Komornik  and D.Tiba [9 ]

prev ious ly .  They a l low a large c lass of  examples inc lud ing polynomia ls  and

exponent i  a ls .

'We assume that  t -  :  t2(C)  
"  

f -Z(O)+R is  convex,  cont inuous and

continuously differentiable wiLh respect to u.

The main resul t  o f  th is  paper  g ives f i rs t  order  opt imal i ty  condi t ions for

problern (P) and wil l  be stated and proved in section 2. I t  extends some results of

r ioa [12]  {+,V.Komornik  and D.Tiba [9 ] ,  J .F.Bonnans [4 ]  Ch. l l l '  In  one space

dimension,  by the method of  character is t ics  M.Brokate t5 l  obta ins necessary

in  G ,

in fL

i n E



condi t ions for  a  more qenera i  problem.

Flowevr:r, crJr appronch is different and rnay be applied fo a large class of

problenrs.

It  is basec.l on argrinreri l-s both from the thcory of optirnal conLrol for

var ia t , ional  inequal i t ies V.Barbu [ ] .1 ,  D"Tiba h2]  anO the theory of  s ingular  cc. rnt ro l

probierns as develo;:rped by J.l-" l ions [Bl,

As a genera l  rernark,  we don' l  need imbeddinq theorems of  Sobolev type

and therefore we have no condi t ions on the cJ imension of  f l .  We use only  the

s implesL e:< is tence and regular i ty  resul ts  for  the l inear  hyperbol ic  equaLlons and

th is  expla ins the many poss ib i l i t ies of  ap l icat ion of  the method.

By ( i .4)  f  is  local ly  L ipschi tz  on Rnn2 and we express the opt i rna l i ty

condi t ions for  (P)  by nreans of  the Clar l<e [6 ]  genera l ized qradient  o f  f ,  c lencted Df .

In  t t re  lasL sect ion we col lect  severa l  techn!ca l  resul ts  used throuqhout  Lhe

r:roof.

2" TF.{T MAIN RT$L}LT

As it  is r.vel lknown, the stat"e system (1.1)-(1"]) rnay be not v,rel l  posed for

such a genera l  nonl inear  [erm.  See L ions [B] ,  Cn"2,  { : . .4  tor  a  Lhorough d iscuss ion

of  an exarnple when f (y ,  vy,y1)  = f (y) .

We def ine the pair [y,u] tr:  be admissible for (P) i f  u * L2(G),
c

f (y ,  vy,y , )  6  L ' (G)  anc l  y  is  a  so lut ion of  ( i . .1) - ( t " l ) .

The ex isLence of  admiss ib le  pai rs  may be just i f ied in  specia l  cases anrJ in

th is  respecL we quote T iba [10]  {a ,  l tZ l }4 ,  Brokate [5 ]  f  5  ( rve l l  posed problems)

and l - ions [B]  Ch.2,  Bonnans [4 : l  Ch. ] ,  T iba [11]  (unstable systems).

We assume the e><is tence of  an opt imgl  pa i r  [y* ,  uo]  which achieves the

/^ \l n r rmum ln  (HJ .

T l - " tEoREM z"L.  T l rerc  i -s  p*GL2(n)  qnct  ye L-zfc l t  f *e  Df(yo,vyn,  y , { )

suc h t.l-r a L th e f ol I o.rvi nq op,Li-rl! e,!]Jy Jlo!9 i tj o nq a rq- sat i gf i e d:

(z. r ;  -o* = ar l (yx,  u*)

(z .z )  (p* ,  {  , ,  -  * {n  +  [1 r " , ( l ,uX,  Xr ) ]  =  <  ] r l (y * ,u ' * ' ) , { )  fo r  a i l



, . i
' .  
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-  2 -
q € Cr(6), { ,  (0,x) = {r(0,x) = 0ln f igld q(t ,x) = 0 orl  f  .

Above  we  deno te  hy  (  . , . )  t he  i nne r  p roduc t  i n  tZ (O)  ancJ  by  [ .  r .  ]  t f ' e

inner  produci  in  Rnn2.

" r  t  / . . *  ,1r+) ,  br l (y* ,u{" )g l2(o)  are the two componenl -s  of  AL(yx,ut ) ,o l . t t y  r L  , ,  *  . l * \ r  z 4  ,  -

the  subd i f fe ren t ia l  o f  L .

In  order  to  prorre Theorem 2"1.  we consider  the approx imete opt imizat ior r

problern (P1 ), € )0:

(n6  )  v in imize

1 , ( y , u )  + r l z l  t u  ( u , v y : y r l  -  f ( y * , v y " , y f ) l l t , n ,  + r l z l , -  u * | i r f n l -

t l z l v - v " l ? t z t n ; + 1 / 2 {  J  u r r - r r y + f  
e  ( y ,  v y , y r ) - u l l z C o )

Here  L ,  and f  
t  

a r "  regu la r izaL ions  o f  func t ions  L , f  g iven  by :

r c  ) f  ( e  ) o r  ,  z 6 R n o 2
a

s (0 ,1 ) ,  Jg ( r , )dE  =  r ,
*  4 i Z
i \

* t r ) l

,  {y*, t i l  t  )
j  ( c ) d  r

(2"3) Lq (y,u) = intf(z,v) - (y,u)l lzrn lz, + L(z,v) ) ,

( 2 . 4 ) r t o r =  j ^ r r * _

rarirh g€co(Rn+z), *rfpg c

j ) 0 , f ( - 6 1 = y ( 6 ) .

This is  a  var iant  o f  the so ca l led I 'adapted penal izat iont '  method;  the idea

to penal ize the nonl inear  term or ig inates f rom the theory of  s ingular  contro l

problems,  L ior rs  [8 . ] ,  whi le  l .he penal izat ion of  y  -  y*  in  h igher  order  Sobolev spaces

was prev lous ly  used by tsarbu [2 ] "

A pai r  [y ,u ]  is  ca l led [ -admiss ib le  i f  u  e L2(c) ,  y  -  y*e uz(n) ,

fL  (y ,  vy,y t )e L2(o) ,  y(0,x)  = yo(x)  anct  yr (0,x)  = vo(x)  in fL,  y( t ,x)  = 0 on I .

PRSpCI$ITiON 2.?" Thq pqlr [y* * z, vJ iq*j -adnlissible-for qty v e L2(O),

z  € c ' (o) ,  z(0,x)  = z t (O,x)  = 0.1!  f7 ,  z( t ,x)  = 0 on f  .

PROCIF"

We have  to  show tha t  f  
n ( r *  

*  z ,  vyx  +  vz ,V {  *  z r ) c l z (A )  f o r  a l l  z  w i th

the above propert iess

I  t {  (y*  + z ,  t ry# o v  z ,y{
{

S.J  l . t (w  -  r ' r ,  ) l g  t c  )d t  <  [ t 1y "-  
5 { s ' c )

-  
- i f i i * -e  

c  ) - r ( yo ,vy* ,  t i l l
9{o , t }

where rar denotes (y* * z, vyx, + vz, V[ n zr),



4 -

By ( l .a )  we in fe r
(.

l f  
- ( y "  

+ z r v y x  +  \ t z t

v i  +  z r ) l  <  t t ( y ' * , vy " , y i ) l  n  c - l , l  -  l t ( y * , v -yn ,y t ) !  )  l ( r ,  vz ,z r ) -  r r !  g  ( c  ) . j 6

since the terrn {., ,, r,rr) I e r ,Jlin$"r.ly bounded on G.

l -  inal ly,  we cyet

l  rn ( r*  *  zt  vy* *  vr ,  y f ,  *  zr) f  !Cr( l  n l f (y* ,  vy" ,yf  ) i  )

and the proof  is  f in ishedi

. PROPOSITION 2"3" @t ) has a!. le.asb _one o.ptimal pair [y, ,  ug i

PR.OOF.

Let  [yo,  uu l  ue a rn in imiz ing sequence for  (P,  ) :  Then {  ,p  }  ,  { t  
t  (vu,

v  yp,yps)  ]  " . "  
bounded in  t2(c)  and t  vp -  v"  1  is  bounded in  uZ(o) .  on

subsequence,  we have:

? -
u*+i l  weakly in L ' (G),

yt*! tronqly in L2(c),
t u  ' ) ,

vyO-+ vy strongly in L'(Q),
,

y t t *Vt  s t rongly  in  Lr (G),

f  e  ( y , . ,  ?Y , . ,Y ,  ' ) *?wea l< lY  i n  t 2 (c ) ., k '  , K " k t

To identify f rve reason as fol iov,rs. For any t )0, there is CfG

measurab le ,  meas  (C  -  OrX l  and  ( yk ,oyp ,v , . r )+ f i  o *y , i t )  un i fo rm ly  on  Qn  ,  by

the Egorov theorem. Next  (2 .4)  g ives f  t  (yk, ; ru , ru, )* t iCy,oY, [ )  un i tor . ( ty  on

G 
1,  

that  is

Y  . L r F  - & N rf  =  f  
- (y ,  

oV, i r )  a .e.CJ.

.Obviously i f , i l l  is an 6 - admissible pair and, by the weak lower

semicontinr.r i ty of Lhe norm, i t  is t  - optimal. We denote i t  lya ,u r ] .

LEMMA 2"1+" fgf . €.40 we have

(2.5) Lr r*?u* slrolqly in 121Q),

(2.6)  v .  -  y*-+ 0 s t rgngly  i l  H2(c) ,, L

(2 "7)  y ,  r *?y i  s t ronq ly  in  L2(o) ,

(z.B) Fys -$ v yr liryi1glyl! L2(o)n,
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G
(2 . i l  tL  U"  ,vy .  ,y ,  * )+ f (y*  ,vyx ,y l )  s t ronqty  in  t2 (c ) .

9  L  t L

PFtOOr.

Let J, be the cost functional assaciated v.i i th (pe ).

. j  ̂  ( v  - r r  ) ( l  / * r *  . . * \  t  t . . * . o . ,  *  I  / f l  f  t  ( , r * -  o . r r * ^ v f  )r L \ Y { r u g . / . \ . " r 1 \ }  r U , / = L E \ y  r u  ) + I l  t l T  \ Y , y Y ' , , * .

- f(y*, r 'y"rY.f )

- u" ! 1.2(nl = L
l r t* ,  -r  r lzt  I  *  "  a y*" + f t  (y*,vyo' ,yt)

I  (y'*,u*) t" r lz(r + r l t  I  I  tu (yo, sy*,yt )
-  f (y 'o ,oy* ,y [ )  l l_ r in f t r  (y * ,u* )  +  c r ( t  +  J . l t_ )  tz ( t *  l f (y * ,oy" ,y i ) i  l r fn l  )

by Lernn'ra ].1 fronr the Appendix.

Thereforet

(2 . . i0 )  l in r  sup  J ,  (y r ,  ,up  )  (  L (y* ,u* ) .
e -+o !  -

We obta in  the  es t , imates :

( 2 . 1 1 )  t u ,  )  b o u n d e d  i n  L 2 ( o ) ,

(2.r2) tu, 
- ,"1 bounded in H2(o),

(2. \ t )  l t t  tv ,  tv  ys ;yEr)  )  uounaeo in LZ(G),

(z.ts) lr- I  (vr ,re ) 1 bounded,

(2 '16)  Yr t t  *  a  Ye *  1 [  (v  L ,  vyE, t t )  -  u r - r0  s t rong ly  in  L2(o) .

By the properties of Lg anc1 (2.-15) v,/e see:

t lz l r t ,  (ys ,ua )  |  lz ,n,  x r_2(c)  + L((r  + € ) r - ) -1(v 'u6 )Xc.

since L is bounded from below by an af f ine funct ion and ty,  ]  ,  tue !
are  bounded,  i t  y ie lds

Lr l? l  3  L  e (y r , ra  )  |  r_2(n)  *  l2 (o )SC
and we conclude that 

i i /  x L \ t ru -

[ V 1 , u s ]  -  ( i  o  e  a t - ) - l ( y s  , u 1 )  =  f  b L L  ( v a  , u " ) + 0

strongly in t2(o) *  t -z(o).

Denote by [[,U] tt. le I inrit of [y a,u g 1. Tnen

(Z. I7 ) l im( t  +  s  aL) - i (ye ,ur  )  =  tV , I l
L*, o

irr the san-re topology (strong - weak) of l2(O)2.
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By an argument *qimilar to the proof of P2.]. We see that
. 8 ,  \  r / v  F ' u \  ? .t  (yt  tvys,yat)** f ( t ,  vy,y l )  weakly in L ' (G).  Therefore [ i , i i ]  is  an admissi t r le

pair  for  (p)  and by (2. I7)  lvve . infer (2.18) l im inf

JE(y 'us  DL( ! ; ; I )+ r l z l  i l -  uo l  l r f n l  + r l z lV -  v * l  i r f n l .
Tal< ing in ta account  (2 .10)  and the opt imal i ty  o f  [yo,  u* ] ,  we get  y= y* ,

T= u* .  From (2.10) ,  (2 .18)  we remark that

L a  ( y ' o ,  u ' F )  +  c  . t  > J t ( y E ,  u u  ) ) L ( ( I  +  € $  t * ) - r  ( y a ,  u *  ) )  +

+ r lz  1 t r  (vu  rvy t  #e  r )  -  f (yx ,v r " ,v { ) l  l r fn l  *

+ r/2 i u, - ," I lr,n, +. rlz I r, - v*l izCnt.
Then:

i l z l r  ' ( r r . ,  r ,y€ ,ye r )  -  f (y* ' ,  uv* ,v{ )  I  l . r fn l  .

+  r l2 l  , ,  -  u" l  l2 fn ;  +  r lz  lys  -  y" l  f .z ,n ;c . r  +  Ls (y* ,u*)  -

-  L ( ( I  +  t  ?  f - ) - l ( y g  , u g  ) )

and the Lemma 2./+. is proved.

I-EMMA 2"5" _Il'gg_.lg pg € L4(G) egqlr_. thar lhe ?U)rgximate opLiTatity

lvslsnis ssllrlieg:
( n . 9 )  - p f  = $ Z L t " ( y s , u 6 ) + u a  - u *

( z . Z a ) ( p s ,  
l f t  - a {  n [ s  t a  ( l q  r t l y t  i l  e r ) ,  

( 1 ,  r l , ! r ) ]  =

=  ( f  t ( r ,  
,  v y t  , y  r  r )  -  f ( y o ,  r y * , y l ) , I r f  t  ( y  t , u y s , y  6  y ) ,

( 1 ,  r ! , f  t ) l >  +  ( O r L e  ( y E , u s . ) , $ > *  < y s  -  y J 6 , E > H z ,

fo r  a t i  q€C2(6) ,  ! (0 ,x )  =  g  r (o ,x )  =  0  s I  f land  { r ( r ,x )  =  0  on  I .

Here we use the notaLions of  Theorern 2. I " We denote by (  .  ,  . ) r2  the

inner  product  in  F lz(c)  and by v f  
s  

the grac i ient  o f  f  s  ( . )  as a funct ion on Rn*2.

PRCIilF'.

.  We take

p f  =  -  r l e  ( y  a  r t  
-  & Y e  o  1 u { v r .  ' v y t , y g  1 )  

-  u g  ) .

To obtain (2.19) one has to r:ompute the subrj i f ferential of J 
, 

with

respect to u and to use the mir"r imum property of u a 
.

?
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By lfgugglifryL2.?. the pairs [y;,-t '  A {,u[ ] are f -r:dmissih:le for all s *R

and we in ier  (2"?0) f lom

o =  l lm J r . (Vs  +  s \ ,uc_  )  -  Jg_  (y*  ,us  ) /s
A e p  i

peqc#r ctr l-Ft[{}r}-rf..{ ?"]..

By the as isumpt ion orr  L  and (2.19)  we see that  p ,  is  s t rongly  converqent
2 .

irr L-^({l) to p'". On the other hand !.g:1a11g_-1"). from Appenclix shorvs that
,  ,  I  n , n

I  o  t ' (yr , ' tyL ,y ,  , . )  )  is  bounded in  L/ - (511"* ' ' - .  Then,  t .  emnla I  f rorn Barbu [ ] - l

slrows that on a subsequence

o  f  
E (yE  

: vy *y  v r ) * r y t { .  i : f ( y * ,  ' y * , y . { )  u reak i y  i n  L2 (c )no2"  H* r *  r ru

use (2"6)  -  (2 .8) .

One can pass to  the l i rn i t  in  (2 .1.9)r  (2 .2O) Lo obta in (2. I ) ,  (2 .2) .

REMARK 2,1. When f is differe; ' l t iable, vve can assume only that L is

conLinuc;us, Then, the arqr:ment is a cornbination of bhe above proof ancl of t .he

prr:of of V. Kornornik and t l .-t iba [9].

RfMl\fEK 2.?" This met. i iod io derive the opt!rrral i ty coridit ions is, in a

cer ta in  sense,  independent  of  Lhe lor rn of  the s tate system and nray be appl ied in

var ious s i tuat ior rs"  l i -or  instance,  s imi lar  resul t ,s  may be obta ined for  unconstra ined

contr r : l  probler ls  q ;overned by parabol ic  sern i l inuar  er ;ua l ions:

Y t - & Y + g ( Y r v y ) = u  i n Q ,

y(o,x) - y'(x) in Jl,y(t,y) = 0 on I

unc jer  concJi t ion (1.4)  for  g .  This  can be cornparec l  rv i th  the v , ,ork  o iV.Barbu t ] ]  {5 . i .- ' ]

]" APPTNDtrX

In th is  sect ion we pfove some technica l  lemmas on the behaviour  of  f  L .

LEMMA 1.1. rg"L-el l  [€ [0,1]eld ve Rn*2, yte have

'  ( t "1) l r t  (v) -  r(v) l  <ce (.r  + l r(y) I  )

tyj!! C inc"lrp$dett _9J € .

Ffit"cloF-.
c f

l f  
' ( y ) - t ( v ) l  

5  i l t ( v - € ? i ) - f ( v ) l  p ( c ) o r <
,  

. '  ,  -  s iu, i ) ' ,  
' " '  .  r

{ c r {  J ( :  *  |  r ( v l  l ) l s l  f  ( f r )  < c  r ( 1  *  l t ( y ) l )
c;{  *  , ,11



: , 1

by hypothesis ( t . / r ) .

LIMMA ].2" For f suf.iicir,:._l.llyjq*lL;gg llgV*t
, .  f  t  n r r )(3.2.)  l r (v l i  Sr * z l f  '  (v) l  ,  yf  R"* ' .

PRGCF'.

I  r ( v ) i  S  i r r  ( v )J  n  l t c (y )  -  r ( y ) l  S  l t  
t ( v )  J

. r c t ( I +  l t ( v ) l ) "

L-EMMA f,,]. For g guff igl*ently gfl{ll, we h*,e:

( i . i )  l o r * ( v ) l  5 c f r *  l t t ( v ) f  )

tyjtl! cjntlge$e"n-l_o'| 6 .

PRCSF-.

It is enouqh to show (].3) for a component i ,
g L

f  f  
' "  

W e  d e n o t e  i t  f i

l ( i (n  + 2 of  the oradient

I t f t v l l S r i , n r / t h f  _ l , l  l l v - e s  ) -
L + 0  g l d , { )

f ( y f  - e r ,  
I , . i . r y i + h  

-  € . 7 " i , , . . , y n + Z  -  t G n + Z ) i  f

S i j f ^ c l l n t  . { ( 1  . l r ( y - { e  ) l ) l h l  f  ( € ) d c s
1..->0 9tu, i )

Sc_J(1. .  l t (y ) i  o  l t (y  -  rc  )  -  r (v )$  )1( r , )d6K
5 { ' r r r )

5 i C i . * ' ! r ( y ) i  ) * c z j t t *  t t ( v ) !  ) r l e l f  ( G ) o r (

sc..Q+ [ f(y)t ,s.jii'l'! f r (y)I ).

( 6 ) d 6 <

Here,  we have used severa l  t imes assumpt ion (1.4)  and (1"2) .

E F r o : * c E s
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