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I rrf ipal pggg*rt or s jrl dj"u a] {!! 9 s }S ! ye.g q qgnrll g t g;_lqt t i.c e"s.

by
Ivan Sinner

$0. ln.trprlucti  o,n

This paper is a continuation of our papers [Zo] -LZZJ, and it ,
is  para l te l  t .o  [ f f ] "  fn  [ZO] ,  among other  resul ts ,  vre have g iven.

some nevr examples of inf imal generators ( in the sense of l fzJ ) of
sone coxiplete Latt ices, occurring in the stucly of general ized eon-

vexity ancl functional hullsr 'with appl"ications to the theory of

optirnization problemsl in LZf], we have sfar:ted an axiorqatie stucly

of the theory of Fenchel-lrioreau conjugations feEX-)tcir)apvi (where

X and Vf are two sets and qrX[Vt-+F=l-*rodis a coupling funct. ional
in [ee], vre have sho.vnr some re]ations between duali t ies Ar2X--2W
(where X and W are tvro sets), in the sense of Evers and van Maaren

[6 ] ,  po la r i t i es  i r (g ) : zX-a l {  (where  
3<XXW is  a  b ina ry  re la t i . on ) ,

in  the sense of  B i rkhof f  [1 ] r  Ch" IV,  $ .5 (see a lso. t11] ) ,  coupl ing
funct ionals  and conjugat ions l  f ina l ly ,  in  [13] ,  there are g iven so
ne applications of inf inal generators to charaeterizations and re-
presentations of, duali t ies AIE-+Fr where E Td F are two cornplete
Iat t ices and,  in  par t icu lar ,  o f  dual i t iesA:AX-- 'BW, where (ar<) ,
(Br<) c 6r<) are such that AX and BW are complete latt ices.

the air:n of the present. paper is to give some eppl"ications of
in f imal  generators to  the s tudy of  dual i t ies between'complete la t t
ees, both in the genera1 and in some, part ieular caseso ALso, we
sha1l introduce and study the quasi-complement of an element of a
complete latt i ,ce, with respec't to a fami, ly of inf imaL generators.

The main resul-t of $1 of the present paper is a theorenn on th
extension of an antitone napping A.!Y--'F' where Y is, a farnily of
inf j-rnal generators of a complete latt ice E and I is a eonplete 1at
t ice,  to  a dual i ty  A:E-+F.

In $Z we shal1 use infiinal generators to give some formulae
for Ax(z)rnra(x) and ufu 1fa), where A*:F-+E is the dual of the
dual i ty  A:E-rF,  ana dArE-r !  is  the associated hu1l  operator ,  $dth
i.nvariancy class f ix (da). Also, rve shall  show'that, for the ele*
ments x of a complete latt ice Erthe t,heories of AxA-hulls and

. f t -convex hul ls  ( in  the sense or  [ re ] ] ,  where&gn,  are equiva lent .
l-n $5 lqe shalI consider the set D=D(EIF) of al l  duali t , ies

A:E--rF, endowed rvith the natural part ial order, and we shall  use
infinal generators to study the latt iee operations generated by

,,"rffi
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this par-bial  o: :der.  Al .so, wo shal l  inbrociuce, for any element x of

a complote lat t ice Ll ,  the concept of the quasi-cornplernent x=f (Y) o' f

xr v l i th respect to a farni ly t  of  inf i isal  generators of E'  wit ich.o,*, , t

wi l l  permit  us t0,  def i r le,  for any dua}i ty AlI t+F, the quaqi*eornp-Le-!

X=A(yo t )  o f  a ,  w i th  respec t  to  two fomi l . ios  o f  in f imaL ge .nera tc r rs

Y€D and TGF; t . i re quasi*coinplenents T=f (Y) may also have interest

for other '  apP1"i-cat ions*

fn  $41 cors ic le r ing  the  par . t i cu la r  ca$e when D={ZXr r ) t  -  , - -

F=(2Wet )  and Yc  n ,  f  GI  a : re  the  fami . I j .es  o f  a l1  s ing le tons i  in  X  and

W respec t ive l ; r ,  we sha l l  show tha t ,  eve l l  in  th is  par t ieu la r  caset

. the results of the preceding seet ions yj .el-r l  solne new results.  Alsoo

.se shal l .  obtej .n r :orne lat t ice- 'bhe oret ic,r ,propert ies of the relat ions

of ,  LZZ)  be twe$r  duaL i t ie :s  A l  (2 r '12) -+  (2"  , r )  o  b inary  re la t ions  3  e

Gx.Xw, pc.r lar : i t ie,s ( [3]r lu. l ]  and coupl ing funct ionals o*x1:$.

In $5, we shalL consider the part i  cular case when E=R""r F=R"

(where X an<l l,{ are two sets), Y is the farniLy of infinal- generators

o f  E=FX,  g iven tn  [a f ] ,  l f f ] ,  cous is t ing  o f  a l l  f \ :nc t iona ls  o f  t i i e

forrn 1r-, , id,  where i  c lenotee the'  "upper addi 'bion" ' ,  in the sense of

tto""r,it?tr-f l, ir-6] ) rl. lxr denote:s the indicator functionel of' the 'g:i-n-

gleton .{x} (xeX}, *"ti'-,ieii.,. iclentified vrith the eonstant' functional

* r . to)=A (xeX),  i :nd ' ICP=n{ i  is  def i r ied s i rn i lar ly"  We shal l  show that ,

even in thie po.rt icular casel the, resul-te of the preceding sections

yierd some new results on dualitie,s A:,.*-"frlt urrd conju.gations

c:f iX*oHV *rr l ,  again, we shal"l  give some related 1at' t ice-t 'heoretic'

proper t ies "
Finally, in $6 (AppendS-x), : :etu::ning to the generai casen rvs

ehall  give some relations between duali t ies AIE-+ll  and carpl ing f i :nc'

t ional .s  r :YXr*rF,  where Ycf i  and Te F are fami l ies of  in f j 'na l  '  8e-

nerators of the compl'ete latt ices 5 and I" respectively.

the notio;rs and notations which vre shal1 use, wil l  be explained

in the subsecluent sections"

$L " !gg^}f!-i35- Qe!.gg-en qiinpletg I'e'$ics:tu Fanilies, sf-ilgiIg"l

We recal l  that  i f  E=(Er( )  and F=(Fr<)  are tvo conple ie la t t ice 's t

a mapping A:]t-+F is cal led a dg-AU-!X (l '"61r iL'} i)r orI a !ol.a,r.;1gy

( l f l r t i l i r L s - S l ) i f f o r e v e r T r i n d e x s e t L ( i r r c l u d i n g t h e e n c p ' b y s e t

I=0) I we have

o,llf "r,=i:f A(x1) ( { x i } i e r  ( f i ) ; ( L .  t )

we eha1l use here the tera' "dua1ity" (rese.: 'ving "polarity" for

(4 . r4 \  be low)  "
I n a r l y c o u p l e . o , e ] . a t + " i c e , w e s h a 3 - ] . d e n o t e b y + o o ( - o o ) t h e g r e o t e s t



Examnle 1." f " ,  For  any sets  X and W, le t  E=(2Xr,  ) ,  the ' la t t ice
of al l  subsets of X, orclered by containment ( i .e., CL.G2 if  and on*
l y  i f  G t tGZ l  hencen  sup=Ar . . , i n f= l ) r+a=6r -a9=X and ,  by  (1 .2 ) ,
V/s=br ,  hOlXl ,  and le t  F=(ZW': ) .  Then,  a mapping a:E- . rF is  a  dua-
lity if and on\r if it is a "duaiity between the sets X and" irtr", in
the sense of  [6 ] ,  i .e .1 for  every index aet  I  we have

a( \Jc . '  )=  Aa(c i )
ief * iel

({ei} ier Ef), ( 1 . 6 )

Exampl-e l ,L For aryr sets X and W, 1et E=(#r*), F*tHwr<)rwith
the usua,l pointwise order (where [=[-oor+coJ) "
ping c,HX*FIV i$ ealted [21] a ,.conjugation,,,

set I  we have (aenoting c(f) uy rei

(inf fi)"=itf t;

(f+d)e=fct-e

where i and t denote the "upper,' and "lorirer', addition on F, respee-,
t ivery, i .e "  

(  [15] ,  [16J )r+*i--  =+@o,+o+-oo=-*.8; i"  (1.?) ,  every conjuga-
t ion  e :E*F ie  a  dua l i t y  (bu t ,  c1 ,ear \ r ,  the  converse  is  no t ,  t rue) .

. - - . .  n  t -  Thus ,  c rs  shown by  exarnp les  1 .1  and 1 .2 ,  the  dua l i t ies  be tweenC c.e,rtet!

f tbtt ices yield a unif ied point of view, both for the usual dual- i t ies
A:  (2Xr1 ; - ' (2Wr : )  and fo r  the  dua l i t ies  A IFX- 'RW and coq jugat ions

c:R'--*R". Dloreover,  they also errcompass the cases i .nvolving two

plete lat t iees E and F "of di f ferent types",  such as in

Examn- le  1 .? .  a )  Le t  E  be  a  cono le te  la t t i cer {e  E  and
$ u

f=(Z". i  )  ) ,  and def ine a rnapping Ao, lE- 'F=(A"tr :)by
.-

- 5 *

(sinal lest) elenent and we shall  adopt the usual

inf' (ti:+oo 1 sup 0=-oo;

thus l "L? l ,  a  dual i ty  A:E-+F is  noth ing e lse than
-anti-hornomorphism s,atisffing (by (1"1) for f=6)

A( *oo) =-oo .

I t  is vsell-known that (Uy (1..1) applied to
inf-anti-homonorphisu A:E-+F is Antitonge i.B. I

x1rx2€Ee xl(x' =+ A(x1) >b(x.\

whence, for x2=+0o., we obtain

A(+oo)=pin{A(dl x e E};

hence LL3J, a conplete inf-anti-honomorphism A
f ies  (1 .3 ) r  md  thus  i t  i s  a  dua l i t y .

Let ue give now some examples, which wil l
sequel,

eonventions

(1 ,a )

a complete inf-

(1 .3  )

x tn% ) ,  each

( t . 4 )

( 1 " 5 )

o f E o q l g F s a t i s -

be eonsidered in the

TIe reea1l that

if for every

a map-

index

( 1 . 7 )

(1 .8 )

( { r r } iErsFx} ,
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t

atnt(x)={me,[tfro<x] (xcl],  (r.9)

l lhen A* i-s a duali ty, in the sense (1.1), eince fon any

{*i}:ur cs rvb hanre.

A. .  ( in f  xo )={ne. t l lm<inf '  * .n}= A {neJ ' t ! , i tgxo] '=supA.^(x*  ) ;
J{  ie t  t r  u  

ier  r -  i€r '  
'  r ' -  ie i  . [  '  '

in  I12JrA.o ln : [o*+F,  rv ] :ere Eo*{xe l l f  x*supA#") ]  ( the complete la t t i -
y 'y { -  o

ce of alL '114,-convex" eLements of E),  is cal le.d " the ldinkowski dua-

f- i ty" (however,  in l12J the rvord "c1ua1-i ty ' r  is not used in the sense

(1.1),  b,ut merely in t l :e senso of "simultaneoue study of a pair  of

o b j e c t s t ' )  .

b )  rn  the  par t i cu la r  case when n={zXr : )  and , l ' t .<2x ,  (1 .9 )  beeo, -

mes the dual i ty

416;={iireJ4le e u1 , (1 ,10 )

ca l l -ed '  [6 ]  " the  dua l i t y  assoc ia ted  to  the  fa rn i l y  o f  se ts  J ' f "n

c)  rn  t . i re  par t i cu l -a r  case when g=(Fxr<)  andJ tcRx,  ( i "9 )  u* -

comes the cluality

o l+1f1={me&lncf }  ( reF^) ;  (L .11)

in  [6 ] ,  a  "dual i ty"  A: f tX-(z{ r : )p i * i lar  to  (1"11}-e is  a lso considered,

via (1.6) and identif ication of functionals fet^ with their Wpo-
v \ / 1 )

graphs in 2on " (see [6 ]  ,  $B] .

We reea l - l -  tha t  i f  YcDo€8,  rvhere ,  E  is  a  eomple te  la t t i ce ,  Y  is

cal l -ed [12J a fani- ly of ,-M Eor i f  for each xeEo

there exists Yx cY sr-rch that

---. :  *s v
a - I I I I  ^ X  .

A famil.y o4_suergqal ,qeqeratolrjt-El E. is defined L12l-- si-

uilarly, wit,h inf replaced by srrp.

I.xan,ple J.4* If  E is a coatomic (respeciively, an atonie) latt i-

e e r  i , € .  ( s e e  e . g .  l f ] ,  [ 9 ] ) ,  e a c h  x e E  i s  a n  i n f i n u m  o f  e o a t o n s ' o f

E (respectivelJr a supremum of atoms of Eln then t le fani lv .qj l  -al i
coatoins Jatg.r:is-). of E is a faeily of infimal (suprernal) generaiars

o f  n u

Sfample=,1g2g. For the complete latt ice g=(2Xr2i, where X is s

setr,[_te ' t(sZ^) is a far:r iJy of inf i i i rat (suprernaL)generaiors of g- i f

and only  i f  i t  is  a  unional  ( in tersect ional )  bas is  of  *  .  3he coa-

tome (ato ine}  of  the la t t ice g=(2Xr a )  are the s ing letons {x}  ( res-

pec t i veJg ,  t he  se ts  X \ { x } ) ,  w i re re  xeX ,  so  they  fo rm e  fam i l y  Y ,o f

inf imat (sup:'e.roa1) generators of E (see examnle 1.4).

Exanp te  1 "Fq  a )  Fo r  a r l y  se t  X ,  i f  E= (F  r< ) ,  t hen ,  by ' [ 21 ] ,  l en -

ma 7"1 and renark 3.1 b) ,  we have

Irr
l i  l

'
. i

.;

i i
i i

{



; '
i " .

e,seL
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f = inf 7Xr-ri f (xll
' x e X L " )

f=sup.J*r r_-.+f (x)1
XET, 

L /LT;LJ

r r r h o n o  f  n r  n n r r  G  €  N "  1 ^  d e n O t e sI  r v *

l . € e 1

.  ( 1 .1 "1 )

( 1 "  1 4 )

functionaL'n of G,

{re F.x),

(re Fx),

the "indicator

I ,6(x)=c i{ "99'+oo i f  x(G;

h.ence, the famiU.es
. -1 -lfv - I ̂ ' 

r-.idl xex, deFlcRA,r1=.i 11.o.r

Ye={-,[+*nfdl xexr eeF] c #,

are famil ies of inf inal, respective\rr. supremal. generators of
E=(F^r( ) .  Note t i ra t  E=( f r^r<)  has no coatoms and no atoms.

b)  Si la i lar \ r ,  us ing [21] ,  for inu la (5.V1,  i t  fo l lows that

f 'r=fr\{-0., +*}={[1o]iOl*uX, de R] c (t l U t+*])X ( 1 . 1 8 )

(.where R=(-oor+oo)) is a famiJlr  of  inf inal  generators of {FXrs}.

For further exarnple,s of inf irnal (supreinal) generators, see

[12 ]  and 120] ;  see  a lso  the  " f i rs t  p roo f ' !  and .  "second proo f " ,  B i -
ven a;t ,  the end of $2 belowl

Propgsi l io.n 1.1. I  is-a family.  of  inf inal  generatgrs of E^sE

i.f_ and onlr' il

=  in f  {ye  y  l xcy}  (xeEo)  .  ( I . l -9 )

Proof .  ! 'or E.,=Erthis has been prove.d in LtZl ,  proposit ion

1.1.,  fn the general  case, the proo,f  is the .same.
RgpgrE_l"t: a) lf Y is .a fargi ly_.-of infi_ni-ql eeneratg.re.-g:i_C

eo.g;-r lete latSiee E, tngn qo_is Y\{+ar},  s ince by ( tr .19) and (} .2)

we have

x  =  i :1 f  { feX lx (y<+oo}  (xeE} ;  (1 .20)

siuilarly, if I is a family of supremal generators, then so is

x\{--} .
b) If Y is a fanily of infiraal generators of E, then* by

( 1 . 1 9 ) ,  ( 1 . 2 0 ) ,

-oo =inf y= inf 1y1{+oo}).
'  ( l _ ,21 )

fanily of infinal generators of a/ a ^ n ^ l 1 n n r r  1  " l  T - l ' Y  i o  ^
W U r U l t d f , ' , y  l - . ! .  a l  I  : D  d

comrrleie l -nt ice E, then

(i." ri )

(1 .16 )

(1 "17 )

{ye$l x5y<+co}10<+x(*oo . (xeE} .

Remark  lo2 ,  I f ,  in  ac la i i ionr+m$In  then

( t "22)



{ver l  x<YYff re+ x(*co (xe[ )  '

Proposi t ion Io l  nug6:ests  to  g i r re

egjgilign J=1"r. Let E be a coripletc labtice ancl

family o:f inf inal generntors of I l '  We shall  say t irat

ufipgr gggicgl.ggFqel of T, if 'h'here exis*ts xell such

g={yeT I x<y} "

I?glrglr l t  1u7. By (1"19) (with lo=S), the element x in clef ini t ion

I.1 is uniquely deterrninecS by LI,  namely, x=inf I '1 '

.Plopoqllj,o+ 1.2o- 4o:l l ite-Yr the fo!-lqj!-:.ryr sta!9m-qnts-' -

valent I

l o .  n "  Y '

2 o . t v e b @

YGY' inf M<Y=+Yel{" (1.2'5 )

5o. vie ha.qe

x1 ={yeYl lnr  mr}  (L '26}

Ilggf"J-a.+3o. rf 10 holds, the'n, b'y (L'24I snd renark 1'5t vre

have  ( I "26 )  3
The equivalense 2a*93o and the implication 1o=+f'o are' obvious'

C.qroltary I_,,3. Lqt n ber,-a cornpJele 19!!i99@! Y'be .q fq:

niilg-of jlnfl-inal eellq,gtgls.-of A' W

(1 ,23)

l e t Y b e a

1 1 9 I  i s  a n

that

(1 . .24)

(1 .27)
u) ix '+{YeYlxsY}

i.s!-a gne-to-one ryappins q{ u Sg!-q-3}9--fqgiJf,

1(T)=t{y€vlx<y] lxe n}ezr (1.28)

of al l  upper co4ical-subselSi! Y'

Renar \  1 .4.  a)  f f 'E=(2xna)  (where X ie  a set )  and Y is  the

faaily of alL singletoras {x}, where x€xf and if  we identify'eaeh

collection of singletons M€Y with .\r.{x}e E,thea (1'2?} is +"he

{x} e nt

identicsl napping of $ onto i tself '

b) I f  E=tn*].) (.where X is a set) and Y=Y/i of (t , ta), then,

sincetr{*} ia-r(xrd) is a one-to-o:re mapping of Y onto XXR' we can

ident i fy  Y wi th  XXR; wi th  th is  ident i f icat ion,  (1 .27)- is  noth ing

el -eo t i rsn the mapping f  -Epi  f={ (xrd)e XXnl f  (x)<d}  of  R^ onto the

fani ly  to  or  a lL  "epigraphic  subsetg"  ( [ ]6 ] ,1r2] i  o f  xXR (by

(1.35)  be lorv)  .

c) The urapping (I.27) is a latt ice isomorphisn and a coraplete

sup-honornorphisn of (11r<) onto (u(Y) t?) "

. l€t r$ rec:&ll  now the fol lowing result of [ f f1l

Thgqrg- :n 1rL ( [11] ,  theorem 1.r ) "  I$ t  E,  F be tuo ccmplete
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]gg-Ll*S_g"_-r+Il r e*_fil.i1]ll-]Il.ojl, ipfimat-Jiene-rgtons pI E. To.r g rqapp.ins
A : E -+F, tl}g f o l 1 o'"ri &i_ s! a !g$e ltj;_ qr.e_e qu ijf a lont :

- .of  - o A  r s  a  d u a " l r ! X .

e", rillililclex set r (i.ilglu.dine r =6) rvg_bry

( {y i }  .€r  cv) .A(inf '  J. )= surr A(y., )
i e r  "  i e l  

- ' L

Tllq_sS statenre4t s implrr
1o. r l /e havs

mark L.l  a), vre have

[.(x) =sup {a(V) I yeY, x<y<+oo}

A(x)*sup {nk)l  yer, x<y} (x€D) 
"

0f course, the impli.cation 1o=75o fol lows imrnediately fron
(1 " "19 )  and  (1 '1 ) , '  As  has  been  obse rved  i n  [ r : ] ,  r ena rk  1 "2  a ) ,  any
constant napping A(x)=yoeir\{-*} (xeE) satisf ies 3oo but not 10;
further exampl-es that 5o+to fol low from.proposit ion r-.5 below.

Cgrollary_1"5" L9,!. Eo F be t:wa coqr: lete Latt ices. gnd Ye E g
fqql1r o{ ing.inal een,elator5 of D. If, A.,o A,,l$+F efe twe drtal;L-
tie.q-puctl -Llrat ̂f y =U y , ilrs Ar=6" 

'

&eqlark 1"2".a) tf  AaE-*F is a duatity, then, by ( l" l)  and re-

(xe$) .

( f€Rx).

(1 , .29  )

(1" )o)

f i-,5L)

( r . iz )

(L .73,

ca,34)

b)  For  X=(2^r : ) ,  wi th  Y = the fan i ly  o f  a l " l  s ingLetons {x . t ,
where xex {eee exampnes 1.5 and r..r.) and for any conplete latt iee
fornula (1.50)  becones

A(G)=sup A( ix])
x e G

( c  e  x ) ,

and the-_irnplication 7'o*z'o in theorem 1"1 is also validl indeed,
if Ar (2xr:)*otr' satisfies (t-.72), then for ariy {*iJ i., e 2X we have

A(L-/c i )= sup A({r})=sup sup A( {x}  i=prp A(ci) ,
iet '  x e .VGi iei xe b1 i. i. l .er  4

e) For,E=(frXr<), with Y=ya of (1"1-d),, mg for argr eonpLete 1at
t ice F, theore.n tr.1 yields thai a mapping a:f,_+F is a du.sl i . ly i f
anct -onlv if &r a,tl {"ir.i.l GX and {di}i€IEF we. hqE

ti3f ,xt"rriar)la=pif (lr*rt i ar)a

an{. j-f .!,his hoJ.gs .., thBq

t*;:ff (tr,",iri*t )a

Indeed,  i f  A  i s  a  dua l - i t y ,  then,  by  (1 .?O)r  ( l .Ld)  and t .he
obvious equivalence

fu t r1*1 iao f , (x )<d  ( feFX,  xex ,  aeF) , ( r .55)
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by  (1 "4 ) ,  wo  ob ta in

ra= fuf *= (1r"n'&a)a*
'  xeXrdc l? .

f  < v .  .  i a^IX J

= 
;;g 

rllxrir(x))a

sup *(1. r* r id)a=
x e X "  d e l i  

' ' " )

r (x )<c

For rnu lae  (1 " )4 ) , (1 "?5 !  have
*V

A: iL ' " -+ I r  i -sby  [L ]J r  thecu: 'em 2o1,

xeX and  {a ,1 .  - - - c -H  v re.  I " : L €
have  ( I "5n )

(reHx) "

been obser'ved in Ltl j ;
a duali ty i f  an.d only i f

&olet}ver!.

f o r  a l l

We recall- that i f  X anrl W aro lwo sets, thon any functionaL

f :XXW-r f r  is  ca l led ( [15]  o [16] )  a , . . "coupr i .ng funct ional" .  For  .ar1y
.g;xXw-*F,  bhe mapping * (v ! r f fx-FT{ ,  def ined ( [ tF] , l ra l  ]  uy

te 
(v)  ( rv)*eup {v(x,w}1-r(x)} tre f;Xn w<li l), ( r " )? )

is a conjugati<ln (soe example 1,2)u cal led "the Fenehe,l-Moreatr esn-
jugation with respect to the eoupling functional 9"; note that, in

par t icu iar ,

( I t rot  I  c (r)  (w)* r(xrw) ( x e  X ,  w e  W ) . .  ( 1 " 5 8 )

Conversely, by [af],  theoren ?.1, for eve]y conjugation
*frW, ttrere exists a nnique c,oupling: funetional 9*:XXW-.F- sucfiC:i }t''

that

( I l*r i  i ! {  di)o= gTF ( l l* l . i  ai}o
L  ' ,  l - e l  t e l

\ , , i t b  x i=x  ( i e  I ) ,  i . e . ,

(xexr{ar!,reF)" (r.56>

(xeX, vreW) ; (.11"T9)

funeti-onal associated to cf ' ' .  For

to arbitrar.y duali t ies A:R{--*FW,

c=c (9*) ,  namelYu

e* (xrw) *(X{rr} ) c (vr)

?o is  ea l led L2f l  " the coupl ing

extensions of  [21]  I  theorem 5.1,
s€e.  [ i - ]1 ,  $ ] ,

Renark J..5 e ) above suggest-s to give. the follovring ehar'acteri-
.-' 

TYf rzations of conjugations c:ff '*I

Pror:os.ilign -L.). F.gr a*parrpiilg c:FX-.'RY{, tte rol.roying q!{!g-

ment s .aLq _e quiqalegl; :

io- c iq ,a. S:-on*jugatlggL"
20. lrle -hg:ls (1"]4) (gi.!h a=e) Sr{

(1r*ria)c=(tr{x}) '*t-a (xex, de6) '  (1'40}

t la-a{. 1o+2o" If  Lo holds, then, by 
'(1.1}) 

and (r.?}, we .have
(1 " ]4 ) .  Fu r the rmore ,  by  ( r .B ) ,  we  have  (1 .40 ) .

2o=r lo .  r f  2o  ho ld " ,  t hen

t'=;:fi (11*1ir t",,*=i:l ((tri*3) e1-r(x) )

i

.\
't

,{.
::r
t r t :
, I

i

'i
,i'.
t
i

t
' !

I

t

( f€#) ,
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whence ,c=1c 
(f ) (tci lXl ,  lr i t ;  y=?^lXX l, f  -,rT of (1..3g),

The fol lowing "extension t irJorem" vrirt  be usetlr l  i -n tho se-
c1uel "

g.trgslgxn_&3r !e_! EuF be two-glqlile.tg tgt[_j.gee-gng. y q_tru+.."l:
of j,Irfi,na]"&en-er.qtQrs*"{oI E. For a,napni4f; Ao:X:-rF, t,Fq-IoL1orv:'.r}q
stal,ements are eou"j"val.cnt:

ttaS

.l-o. flp{q,.eEiqtq s._ggeljjg A;S-+F qgqh Xi?eg
, o  n  . : ^I o ^o * ,rs qnti.tgne an4 fo!. eag4-,feJ[j_Lv

sup {ao(v) lyer, }nf }i<y}=iEf oo(yi)

( x e E l ,

At"=Ao,

{yi}ie T eY sle*-he*

q o  A/  " u o ___ip__e!titone and the mappins A;tr-+I' An' l " i  nad  h t r

A(x)*sup {a"tv) l  } r€r ,  x<y}
. i ^  n  , { - . ^ 1 i + - -
I D  q  l l u d - L ! U . y e

In Lhis caqe" the. rlgg]:lW A q{ 10 is  un ic ru .e l .y  CeternnnecJ^  na*
r€Jg* it is gi.rr_cn, b{ (1.4?) 

"
troqf.r" lo=+2.o* tf Lo irold,s, then A is anti-tone, vchence so is

Ao=Alr. Furthermore, si.nce A is a duaJ,ity, by'theoren l* l  we heve
(1 "1O) ,  whence ,  us ing  a l so  (1 .?9 )n  we  ob ta in

sup iAo(v)l  ycY, inf y1<y]=sup {n(y1lr. t , l?f v1<y}=

=A(inf y; ) =sup A(y; )=srip A^(y; ) .
ie l  -  i€ I  *  i -e l  v  r

a o  + 5 o
.P]"t}s A;E--+F

!e)

. Observe that !f AorY--+F ]*s*_At!il.glgr theu for the m," ln-
def i .ned b.y (7"42) we have {e.ren vrhen

A(y t)=sup 
{aotrt  I  ver, v '< r}=4o1n' I

that  isn Aly=Ao. l lence, by {1,41),  fcr  any {y i i 'eteY we g*t

A( in5 y i )=sup {aCv) lycY, inr  y i<y}=
ie l  4 

iel-
=sup {ao{,y)lvry, in! yi(yi=it i  oo,"u}=i:I A(yr),

and therefore, by theore:n l"trrA is a duali ty.

3o=+1o, &n the observation made in the abor,'e nroof of the im-
p l icat ion 2o=+5o,  the dual i ty  A of  3e sat is f ies Alg=Ao.

Einal\y! i"f  A is as in lor thenr by (t*30) anA air=aqr vr€

{  1 . 4 1 )

(1 "42 )

A is  ne t  a  d i :a l i *

( v t  s Y \\ d  * + r t

ob ta in  (1 "42 ) .

Sgnafb_J.afu a) I"f +oo{Y"

f or I=-S (by {1"2 ) ) "
b) It+oo€Y1 !!g!

efid o.nly if

then co_ndi- t ion (1"41) is sa.t , isf ied

cond i t i .on (t-.4t) is sglier{igF. fot T=fi if
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Ao(+oo)F*@ r

c) For l*fi anci for every inappi.n:g Ao:Y-*If, we have the inequa-

l i ty 2 i .n (1.4L) I indeed", sinee inf rtcvo (ter) o ne hava

a,,(rp)e {no (y) |  yeY, inf y1<y} ( k e  f  ) ,

whence the assert ion fol lows,

9p:g$gJf.-l-s-4.s" !g! B= (2o r2), ylrg.l:e X fS**-qS3"--19! r be !&.

!amily..oAirlL siJrsletong {x} (xeX), -qu{*k"L F b.q tucoJrpl-ets ],a!!;Lqe.

Then ew:r.y na'Ji l ins A-:Y-+F is antitone and can be extended to a

,(W+qge.)- O.l.g: t"t:i A: E +F, ne{ne-1.il,

A(G)*sr l .p  Ao({x}  } ( G c x )  "  ( 1 . 4 4 )

Ff_o-€e 0bviouslgr, everJr AorY+F ie; antitone (since distinct,

singletons are not cornparable)" Also, +oo{Y, Fi-na11y, let {{x1}}tut ef t
116,  and le t  xeX be su.ch that .  in f  l " i l<  l * l  '  i leer  x€{" i } i .1"  Then

Ao( {x i  } ( sup  n , r ( ' [ x1 ]  ] ,  whence  we  ob ta in  the  i nequa l i t y  5  i n  (1 "41 ) ,
v  - : / a :  v

whichu together  vr i th  renark 3- .6  * ) ,  a) ,  y ie lds {L.4t ) '  I {ence,  by

theorem 1.2,  the conclus ion fo l lowse
--v

For E=(fr.\r<) one obtaine, nit.h the inethod of [15] nentioned

in remark L"5 e labove (or ,  us ing d i rect ty  Lf f l r  theorem 2.1-) ,  the

fol lowing result:  . ,
. Propo$iLlo+--Lnll"" {re-t [*(fror<) r Sh9-I9 X Ae*e--gsL-1e-t Y=Y1 "hg

the ferU=Ig ('1"1.6), 3g$*let F. be {.co.q1r1.e!q }-A!tisq- Iror q

A^ r Y-'F, !_he f,qU,o,iiuig-sla!"enq*F -q{S*,e sslY,a }q4} 3
( ) ' r t

' f.o" g-rg,Ig Sjl,qtq ?..dpair.Sy A:F^*+F fl{ch trhe! Aly*Ao'

2'o: Iqt-grry iqLer', s !. r we bqge

( t r  i  . i -1 ,  d i  )ao=sup ( t r , r . r id ,  )oo (xeXr. [d i ] in IgR]  ,  (L , /+5]*,1{x} '  i l t  
-* '  

I l i  
-nt*} *} '

A o€ 10 is p-.lxisl]191v- deteFd.ne-S-- nqrlr,e-

I y "  i t  j . s  n i ven  by  (L "34 ) .

$2, DygJ"g-pJ*$tq1i.-tj,ee" I{q1qg."-.Sgl9qgliz*: }y.

Y.le rec,al l  that i f  B ancl.  I 'are two complete lat t ices, the "dual"

A * : S + $  o f  a n y  u r a p p i n g A : [ * + F  i s  d e f i n e d  ( s e e  e . g " l f 8 ] )  t y

ax (z ) =inf {xen I A (x )<z} ( z e  F ) ; ( 2  . 1 )

n o t e  t h a t ,  b y  ( 1 , 5 ) ,  v r e  h a v e + - e { x e n l A ( x ) < z } 1 6  ( z e F ) .

In the sequel ye sh.al=l  qssgngthi \ , t  A is a dual i ty.  fn this

ease,  Ax  is  a  dua l i t y ,  too ,  and we have the  equ iva lence '  (see  e .g .

lm l )

f "t / x )
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a(x)<zerA*(a)(x

whence ds=A.Thus,  each resu- l - t

interciranging the roles of Xr F

z a t i o n "  o f  ( 2 , 1 )  i s

a(x)=inr Senln*(zl<x!

(xe$, zeF) n (2 ,2>

on ciual i t ios cart  be "duaLizecl"

and &oA*o Fsr exauPle, the "clu

( x e E ) ; Q . 5 )

: . : , . ' i

,6d
h
s
li.

$
I
fi
f

t l

a1i*  [

I
I

I
I

C1ear ly ,  A&A:E* , .S  is  a  "hu l l  opera tor "  ( " f ro i4  be low") ,  io€ .e

^ 4x'<xz .=rz:-Fa(x1)<Snt"r) (xlrxi€0) , (2"4>

C;rfx)<x (xe$) r (a1"5)

afa(x)=da#.r(*) (xeE) '  (2'6)

and hence A*ais  a lso a "hul l  operator"  in  the sense of  L fq lo  i 'eon '

fn(*)aoax {x'e Fi 'x (a\[x '5xi (xes],  (a'?]

r^rhere, by definit ion (and by (2'6) ) r 
:{ '

nix (a%)*{xenlFnC*l=rc}='[n+n(x] lxen]; (2"8]

indeed,  by (z .e)  and (2"5)n vre have da{" le1x '6-F ix  (a*n) lxkx} '  qrhen"

ce  the  i nequa l i t s ( i n  t 2 ,7 )  and ,  on  the^o then  hanc l ,  by  (2 "4 )e  fo r

each x'€nir. C4fal wi.th x/<x we have x'=a*a(x7)<6fa(x)'

We shall  now give some formulae for a*(r), n*nix) end Fix fdal

using inf irnal generators. In- thq.*sg0lJe1, J'e slal1 deqote.]I I  Y an4 T

two faqtlries,-af iililig,ql. S9. E arrd F {g€pecJr$Jg''

Note f i rs t ,  that ,  dual - iz ing (1 '30) ,  we obta in

the r ight  hand s ide of  Q"1 l  is  noth ing e lse then A**(x) .

( z e F ) .

a* (z) =inf {yeY I n(v ) sz}
'  (zetr ' ) .

Srogf  Lr5] .  ny (1 '19)  and (2,2\ ,  v ' re  have

a*(*)=inf tver lA*tr )<v]=inr{ver la(v)<z} tzet} '

Rgmql l<  3 .1 . ,  The dua l iza t ion  o f  (2 "10)  i s

a*(z )=sup {a* { t )  l te r ,  r< t }

tr\:rthermore, let us recall

frg5lj.g*i-qg-e-at ([15]r ProPosition 1'2)" I/.e] Y be--e {-eg}-}f,--g{

in:filnal gg:rerators of il ancl leL A:tr.--*F bq a pue1}ij,yr--lben

(2 
"10)

(xcE ) t

t 2 , g>

(2 , l_1)- , J =

a ( x ) = i n f  { t e r  l f  ( t ) < x 1

where T is a far:rily of infirnal generators of F"

App ly ing  (2 . .1 ) r  (2 "10)  to  z=A(x)  and dua l iz ing '  we ob ta in

n*a(x )= j -n r  [ * , .n la (x , )<A(x) r !=1nf {veT lAfy tcAtx }  
(xeE) ,  (2 .L2}

AL*e)=inf  {z,e1l1} (* ,  )<a*(z)}=inrt tet lA4(t)sa*(z)}  (ze F) "  (2,1:7l l

w
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ISga1S_?..2..:  a) t tre expreonions in (2"1-2) contai.n explicit ly
on\r n, Y aitd A, bul:, not F*

*) l le shall  not state separa' l ,ely the ob.rious dualizstions of
t . h o  n r r h c o . r ' i . t r ) r : . f  r . r \ q l r ' i  j -  q  h r r . f  r v a  g f  6 ' l  I  U s e  S U c h  d U a l i z e r t i O n s  f f e C l ; f  ,V I f U  U L T L J U V  T ! U I ] T U U '

v,rhenevor neccssS?$o

Sglpi;Llru"l'.l' vi*e*h'?ry.

'ix (41',il:ll:,*:;;'ij:x 
;:ll: (2.14j

1'Igg€" 1te have x(J' fqr all- yeT with A(y)<A(x) if and only if

xc j -n f  {v 'ex la(y}<A(x)}*da(*)  (by (2 '12 i ) ,  so i t  remains to  apply
( 2 . 9 \ c  .

fn orrler to exprese asn(x) ,t  6 pi l  6lh) in terms of separation,

l-et us f irst. give t lre fol lowing useful property of inf imal genera-

tors 1;of a c,omple te . l-att ice F (ruhrch also fol lows frotn remark 1.4 c)):

Leqga.2"1.*- !g-i@

.  z s a ' 4 * p t t { t l a ' < t }  e  { t e t l z < t }  ( n r z ' e t ' } .  ( 2 " 1 5 }

Pggpf  "  T. f  z5a ' ,  teT and z '< ' [u  then z< 'a '<t .  Converse1y,  j - f

{ t e t f  a ' < t }  e  { ' u e t l u < t . ] ,  t h e n ,  t r y  ( 1 . 1 9 } ,  w e  o b t a i n  z < z ' n
'Xheqf _e:l ?."Jq, l,'R.bavg

n*n(x)=inr iyeYl$tet,  x7n*(t  ) ,  v{a*(t)}=

.  * ln f  {yer lyTae( t }  ( te  rn  x2A*( t ) ) }  (xen)  '  (2*16)

n ix  ( fa)={ , ' :4ElTyet ,  v /x ,3 te r rxTd( t  )  ,v?#( t ) .1 t "  (2 .1?}

?Jigqi* Applyiqq (2 .12 ) i  (2 
"15) 

(witn z*A(y ) * &'=A(x) ) and {2 .2))

vre obta in (2,1"6)  *  Fur t .hermore,  by (2,1"5) '  r  (2 ,2) ,  for  xeE and ye l

t lrere exis;ts teT with x7e*&), ylt f  f t \  i f  ancl only i f  A(y)f,A(x)"

I lence, (z"LT) fot lcws fron the ri-ght hand side of (2. '14)"

BSngIjc*-?J' a) If x7n#{t) and. y/zft(t), ttren one can say that

the set  { :dr j l l : l7a*( t ) }  n  or ,  s i rnp\ r ,  the e lement  AY' ( t ) ,  "separates"
v  € * ^ m  t r
&  r r v s r  J a

b) one can also express A$A(x) as a $upremums Indeed' by (?.9}

for  z=A(x)  and Q"zI ,  we have

a*a (x )= "op  { f  ( t )  |  t e  r s  A (x )q t r r=  .
'  =sup td( t t  I  te  t rz${ t )gx}  (xeu)  .  (?"18}

1,/e recal l  (see [ f2]  n i ] :  )  thert  for aqy"{e S, the r l f l -cooVex hu}l"

o f  an  e len :en t  x€E is ,  by  de f in i t i -on ,  the  e lenent

€("r1.) (x ) =6up fn6.l4ln<x] e r * (2 
")*gl

and x is sai .d to be nYt-convex" i f  x*€(. t l { . )  (x);  c lear ly }  g.Q'L) lE *rB is
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a "hul l  opera 'Lor"  ,  i .n  t l :e  sense that  (2  -4 ) -  (2 ,7)
-lit

instead of A' i \ ,  vrhere

Fix c€{lt}*{xeE l,4A,q (xi=x}={((J"1.) (x} |  xe E}. (2 
"2AI

Renrark 2 "5 bj, sholve that if A:S+F is a dualityr t,hen for

. f i1={a*( t ) l te tJ .en (e ,21)

vre have

Aea(xi={(J'L) (x} ( xes ) . (2'.22')
*-

Moreover. let us show now that every_Iggg-l!--gg A*An where

[;S-*F is a-dua]-itf, is eqgjJ:aJent Lo a. res.u]t on eG\) r l,lher-q J%g

EB ?g{* in-par! . iculal ."  theoren 2"L is eQui.val9qt to

Theore.m ?r2-.. [qr any,J'te &r We-jB.Y.g

9(J4) (v1*inf {ye rl Sm.eJ4, x>m, y}m} (xeE} t
fix ((l't)=lxeHlfyeYo yN.x, 3meJrX, x>w", yftmlt 

"

Indeed, we have shovrn above that fg:r' aJrv cl.ual"itg A:'E*+F there

exis ts  . f f tc$ such that  (2"22)  hotas,  namelyrJ4 af  Q.21-) ;  in  pa: : t i -

cu lar ,  forJ"L of  (2"21) ,  theorem 2.2 y ie lds theorem ?ot-u Let  us pro-

ve now ti le converser i .e", that fgr- eash.' f{gE thgre-exist q co,$p1ete

lglt,ic"g F qg{Jtj}uallty A:E-+Fr su"eh Jhat (2.22) h-oLls' V'le sha1l gi-

ve two diff lerent proofs, since both are revealing.
k1

Flggt proof" Given JteE, let F=(zu' 'r l) ,  LeL A-:E-}F be the dua-

l i ty (t"9) of exanple 1o9, and let T€F be tho fanily of inf inaL ge*

nerators of F, c,onsist ing of al l  singletone {m}, where *d{1'Then,

by (2" t0 ; ,  (1 .9)  and (1.19) !  we have

nfrt1m1 I =inf {re Y I aO(r lt *1=inf {veY I t<v} =* (neJ'l-) ,

whence ,  by  (2 .9 )e  (1 .9 )  and  (2 .L9 ) i  we  ob ta in

afit1f "l ) 
=sup t$.rtrl, I ne !1.,A- (x)>n!=
= sup f,re,tln <x] = r-{.Y;(x ) ( xeE) . (2 .26 )

Note also that, applying theorem 2"I Ia F, I  and An,. above, and

taking into account (2,25\, rve cbtain theorem 2'2'
'  Segond proof.* Given J{e nn for any {" i} iur€E we have, by

(2 . r9)  ,

€(t4) (inf xi )=sup{neJ'l-ln<inrf xi}=sup{meJ'tln<xi - tie rt1=
ier  i€r

noa. ,o, rg(Jrr)

( ,2,27)
(2 

"241

=inf sup {meJ'tlrn<x1} =i"{ {(.lul) txl ) ,
i e r  i € r

whence, i f  {(. l t)(xr}=rt ( ier), then

€(J{) ( inf x. ) =inf g0{) (x. ) =inf x,.
i€r  i  ie l  r -  ier  1

(2 .25 )

(z  "?T)

(2 .?8)
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tdow, ]e1 l '=:(I ' ix {(Jt))-, i"co", the set F|x {(.$) of (2.20i endovrecl

with the ro\reune order >o (tnat. i .s, x.,.<ox, i f  and or:Ly i1'xr>uxr)"

fhon,  by (2.?S) ,  l ' ie  a  cr :mplete seai* la t t iceu and hence a complete

la t . t i ce  ( see  e "g " f l l e  Ch ' IV r  t heo : ' em 2 ) "  Fu r the rmore ,  b3 '  (? .27 ) r

9, (&) t l i . l - *F is  a  dual i tyn rvhcnceo by (2.1 '2) ,  v ;e  ob 'La in

-g(S)* rc$A (x) )* inf {x 'e I  l ,e$U (x')z.u€(Jt) (x}}*€(S) (x) (xeE) ,  (2"29}

Indeed, the, laot aqual i ty in (?.29) i iotds, s i .nce, on the'  o:re

handn by V.(J'LI rcU,Lt (x) ) =9(ff) (x) vre Tia,ce V(JL.) (x)e {x'efr | '/(J0 (x'}>,

>r&V(t{} (x)}o rr.rhence the inequal"i-[y dg in Q.29) anrlo on the other

nina, for each x'eg 'r i th €0't){x')7tq(J' l}  (x) rve irave x/>*'(.(J4I ;y- '}>e

>r&vtL)(>r) ,  whence . [he inequal i ts  ?g in  (?.19] ;  for  some more genera] .

resu l to ,  see  l 4T ,  $1 .  F ina l . l so 'by  (2 ,19 ) ,  (2 "20 ) ,  t= " f t i s  a  fan r - i l y  o f

inf imal genera'bors of F=(Fix ((,14) )*lhenceu applying theorem 2'1' to

1 , f and tite duag.ty €fft) above, and iaking int,o account that

qp4)e'(m)=m for al l  me.$4, (by Q-,29> for x=m ancl (2,19))n we obtaj-1

aga in  theo ren  2 '2 "

Remor5- .2 ,"{-r a ) One oan also give a simple direct proof of theo-

r e m  ? * 2 o

b) From the above: obscrvation that T="&f is a farnily of

genera tors  o f  F=(F j "x  {0a , } ) -GD*  snd, f rom ( t " '12} r  i t  fo l - lows

rix €(il-)={xenf:,t-eJ{,, x=supu{!*}'

i.nfima1

that

("2 
"7Q,

$ 5 "

L e t E a n d F b e

generators Y and t

.  We recal l  t l tat

lat t ices,.  with fani l ies of inf jmal-

Tt

order on F , the fanil$ of al1 naP-

two cornplete

respec t ive  lY .

the natural

a I 1 . l 1

p ings  a :S** f  r  i s  de f j -ned "po in tw ise" ,  i ' enr fo : '  \ tA* tn ' rF  
we rv r i te

fa2,  i r
ar(x)<A, (x) {xeE ) , (T .1 )

Norv we slral l  consider the set D=D(E'F) of al l

A:O-+F, endo,ued vr i th the part ial  order i r : -c lueed by

D=(Sr ( ) ) rand we sha l l  s tudy  the  la t t j ' ce  opera t ions

this part ial  order"

R.enark 5-.L ! has a sniallest elenent 0 ' and

f ) ,  i .ec1  lTc  l lave

0<a <, f )

where 0e D and f )e l  are

0 (x)=-  *
,Cl(x) =+oo,

" -w,

the dual i t ies def ined bY

( x e E )  t

i f  x<+oo ,

i f  X=+6a.

dual i t i .es

the above (i 
"e. r.

generated bY

a greatest elonent

(ae  D)  ,  (3  "2 )

(7  
"5 )

( 7  . 4 )
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-  T q  -

Lq'9ppg;t-ti_qg_ful" 1*/e havq 46A2 if eqd, o_.nbr. i{

a,  (v)<42 k) { ye$ ) . $ , 5 )

hq.gi* I f  ("t"5) holds, t .hen, by (1.30),

A1 (x)=gu*1^1(r)f  yer, x<$E sup ia, (y) l  yerrx<r]=A, (x) (xen),

For the suprernum,lr**p"*t iveJ-y, the inf innum, of a family

{43} ; . . :e  D,  rve  s } ra l l  uso  the  no ta t ions  )1_au,  AA;  , ins tead o f

eup Ai and inr A; , i* o::rler to avoi. J;f; ffi rine*l) andj e i  j . i . r  r '  -  - - .  
j ; 5  

' - J ' - - '

i : f  4(x)) ,  in the r igtr t  hancl  s ides of  (9. ,8)  ,  (3"9),  etcn below.
l , /e recal l  that,  by clef ini t ion,

, \ jAr= in in{aenlar<a( je . r } }  
(4} in"c} } ,  (y .6)

AA*=max{aenla.<*, ( j€, i i }  ( toj} jn, i  €D), (5,.7,}jeu '

provi<1ed that they exis.t in D.
th.golg:n 1,J.. a) D=(0,() is a cor,rptete latt ice. agd jf lot gpg

AleD. (je.l) we .baw.
( Vnr l  (x)=sup A,(x)  (xeE) ,j e J  u  j € J  d -

(Aaol  (x)(sup{ lnf  a i (y) lyer,  xtry}s inf  A;(x)  (xeE}.
j e J  u  ' j e J  ) -  '  - " ) - j E . ; r - . 1 ' - -

b) Fqf Alen (jeJ), the fo.llorv.lne s!-?tl{qentl, ,.Sre eqqiyal_e,r:t":
l-o" lTe hlve

r{4.;l b)=in{ alk}
j e . l  u  j€J

2o* TheT.e- ej<ie!s- a- gqjlrity

afv)=i$ 
$v)

",n ti?5 ar{vt I o.t'l:f y1(v}*sup 
!$ 

o;t",I .

z o

(ge Yl *

A€D sugh 3h.at,
( i .vr
\ ,  

* 4 ,  t

( 3 , B )

( 3 - g )

(3  -10)

( r .11)

(?. t-a)

(? .L5  )

.u*  (7 .14)

Lat t i ce ,  we

$,
in..
F.l

* , .
$,

n
*.,

$
t
$:
fl
7j.

tr
i
3:t
q

I,{..
f;
*,'
i:,

$
i ,

ii:

,$,.
"tr .
Si'
;$
ri;:.
1:
n

sis
,{l
T ' :
i.'
,r'
;.*,.
i&.:.

{i

* , ,' ! : :

J"

a;
li

' s.i

For eqch fam{]ff "[Vi]i.1e I we, hayg

40.The map.pins A:O+tr' ggfi-re-.l _UX
A(x) =sup 

fll{ a.1(r) | yer, x<;i}
'j€.I 'J '

is a dua]ilf*

50. lvq tr.qve

(  A^r) (x)=sup { inr ark) lyey, xry}
iEJ u t j .J  'J  -

Progfn a)  Let ,  a1 e D q;cJ) .  S ince F

(xe  E ) ,

i - (1eE) "  
I

io a connpJ.ete



. t  *
can define A rlD.-+F b5t

d(x)=:lS a;(x) (xen). (7.15,

Then A'eD, sj-nce for any {*i} ir lGa we have, btr AreD (i€J}t

3r$ 
oi(llf *i)";:5 #i t("r'-i[f 3E$ 

o;ktr" 
,

Fxrtheruore,  ar(x)<A'(xt  (xe[ ,  ieJ] ,  so a;<a/ ( ie 'J]*  Final \ r '

i f  aeDrar .6  ( je . r ) ,  then a ' (x ) -38$^ i r " r<a(x )  (xeE) ,  so  a '4a  '  thuso

Yqi=* i"  {aeDlar<a ( je. I l }=a'<n, and (1.8) holds.
je 'J "

B y t h e g b q v e l ( D ' < } i s a c c r m p l e t e s e m i - ] . a . b t i c e f o r

ee a coutp lete la t t ise (see e.g.  [L ]  r  Ch ' IV,  theorem ?) '

Novr, since F i-s a coinplete latt ice, we can define

N'{ix)*int alx) (xeCI).
j e J  !  .

Then,  for  eashAeD zuch that  A(x)<A;{x}  {xeF,  i€J}r  we have

.A_.A/r*  whence by (7.?)r  Aqa6' /  6 in  u$) .  gurr"e,  bS (1"5o)  (appl ied
j€J "

to  A a. .U)  o w* obta in,  for  eaeh xe$t
je,J u

(n a*) (xl=sup {inr t,/rn;) (v)lyeY, x(l;}r<sup "[a"(v)l veTo x(f,]r
je.l . i  

- L je,f u

i " ;",  the f i .nst inequali ty in (3.9| '  Final"\r,  since eaeh 45 is an*

t i tone,  we have

(yef, x<g) r

whence we obta in the second inequal i ty  in  ( i "g | '

b) She equivalences2o++1o++4o fol]-ow from theoredr 1.2, applied

to the anl i tone napping Ao*A" l r rY '*F,  i " 'e '1  to

- - L O -

i:.: ,i
*!i{
lr4
*r,,4
i r " : i

V, and hen-

ArllE-+F by

(5 .16 )

$ , L 7 )ao k) =i?$ q,",

ti '!;:i
r  ,  i .

i ^il
, 1 ,
; .
:..
'i i'
$i i:
, I .
i ,
:i
.1

i
; .'il r
t',t
! :
J  : ,

t .
{ i

: : i ,
;. b:

:
ii

t : :

i

inf A*(x)>inf Atfu)
j€J u j<J r '

(ye l ) .

The inrptication 1o.=*2o is obvious (vf i th a= AAi).
j€J 'r

Zo=*o"  I f  AeD. is  as  in  20 ,  then.  a (y , l<A j (y ) ' (yeY,  j (J ) ,  whence,

by proposi t ion ?"L1a(A; 65eJ) and hence, bv I5.7lrA=Sa; '  Thus,

w (3.1-1),l,

in f  Ar(y)<(n a i )  ( r )
j eJ  I  jeJ  u

( y e Y ) , (5 . te)

vrhence,  by (7,91,  we obta in (3. : 'O) .

1o,+5o" Lf 10 ho1ds, then by the last statement of theorem
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1o2 !  app t i ed  to  An r t8 *+p  and  to  Ao ly -+F  o f  (1 "1? ) ,  we  have  (5 " t4

5o*pto" rf tl 'Tlrlru*, then, uir,lu ao of (1,1?) ie antitorieo b;s
the obscr"vntion marle j .n the proof of t ireorem 1,2, irnpl- ica.t, ion
20 =+'5o (rvi f  h l .* z \ ai ) ,  we irave (7.10) 

"i , : . f  d

Bg1g{,k l -sd-"1 Let  E={zxra) ,  F=(ZvJua) .  I f  r re  take y=8,  theno
in generar. l .u "Lhe f i : ,st  i r requal- i ty in $"9, is Ertr j "ct ,  even when J is
f in i te;  i f  we take Y='t ,he family of al l  s inglet.ons {x},  where xeX
(see exanp le  1"9)e  then,  in  genera l ,  the  second inequa l i t y  in  (7 ,g )

is s'brict, gven"rull.x;ri J is finite

bl If 5*{?'"r:)n T.: the &Ugil:r -of al-l si]rgle-t_ong ixJ. (xeX} a.S<l.
F j - ,q.  qrtrr- . l i .onp1?le. l 'c i t t ice. th-c4, ye-.-balre (1"10),  (3"t4)1 indeedr con
d i t lon  20  o f  theor :e in  i " l  l r )  i s  sa t is f ie  d  (by  coro l la ry  1"4) "

.  ^ ? E  .Ttrco: 'en 3.2, The ;rapnj- lrsA-+A* is q complete l_atl ice isqrornl i i : I :
gf D=D (li,*$) -gryLq p:e*{as:lncn}=n (tr. rn} , tlre "-cqnplete lgttise _eJ. -s}}
d u a l i t i e s  f r o n  F  i n t  o  E "** 

, t ]1gg; i " -  t too"f fn*€ n(r , I )  "  Converse}yu i f  { -eD(F,S),  then for
A=f*e D 're have Af*f$:*=l'o so D*=I(I,*E) and a-*A,s rnapo D aqt{i Ll** lel-u v  #  * r  \ .  f , u 2

sorA-+Af is or:e-to-one',  s j  nce z:f , - l*  i ,l-,.r$ i'',.,ri e s nr=.:fs=a$*=.ra.
Thus,  i t  re ina ins  to  ehovr  tha ' t ,  i ' o r  a ry r  fan j . l y {n* } . - rc I ) ,  we

h a v e  
'  J ' J c u

( V&)** Vat ,
j e . r  u  j e J , l

(3  ,19  )

( i ,zoj

sy (2. i )  !  (5 .8)  anc l

C \{aol#e z)=j,nr {xe n i (
je..T u

. =inf lr"uP lAl (x) <z

(2 ,21u we. obt ain

Vn* )  ( x )<z )=
je, l  ,

( j e l ) j =

( A A;)s=A at .
jeJ u je,l .i

=inr lxeelx>a}(z) ( i€r) ]=iFS 
4f")=(Ya}t  C"l  (zeF),

i . €  "  3  ( i  
"19  )  .  l l ence  ( see  e .g "  I  t ;  ,  cn . r t ,  $ I )  ,

Ar<AreoT*ot

Fina l l y ,  by  (2  .Z  )  !  (7  .T )  ?

( A a r ) x ( r ) < x  G + ( A a r )  ( x ) < z  + - r l
J C J  

'  
f C J  

J

<=+a*  (z  ) (x  (a*<o* ,  o**o j  ( j  6J )  )e+ tAaf  I  (z  )<  x
. , L r ^ L  i * * r i ^ ^  r j . 2 0 ) .
w l l t 9 l r  r r u F J r r g D  \  -

(A l raten)  o

(i,zil. ancl A**=A o

( x ) < z  ( A € D ,  a < A j

. 
(ot 

"27)

we have

( j  €r)  )  ++

( x e  E ,  z e F )  ,

)"r&L\ 6+c
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Yl-qIgg-h{?n l.?-l ror IreD (-ie'r), sq*Bg"lk

( V arlx{ V e, } {:*)*inf {veYl su-p a.1(r)squv a..u(x}} ='
j€J . t  ieJ '  .J  "  juJ ! r  jeJ ' r

*sup A?(nup a"(x)  )
, r

J c u  ^ ( ?

( x e l l ) ,
'  

( .5 ,22\

f;ggfl.  By (2.L?-) a.nd (3 
"EI, vre irnve the f irs.b equali t$ in

(7 
"22) * /r1. so , b5r (7 .?r) an<l (9 .19 ) r

(V  A r ) * (  w  a ; )  ( x )= (V  A* ) * ( sup  a r ( x )  )  =s r rp  a l i ( s r :p
jeJ J je,J "r jeJ , l ;eJ {r je.T d lrrJ n(x) )  (xeE) 

"

.DSfi,nit j .ga ?,Ls f. 'or oach xeE, rve r ief ine the @
of x in E (Idj$-qge-nS"tlg Y) n bY

*=f (Y ) =inf {ve r I xdv} (xe $ i  - ( ,7.23)

( c s x ) , (3 
"24)

l3ggetg-1"*fu a) {fg suegl;q-g$pier1.qn! * terren''1q=;op thF f;:gj".LY,.-*3

i:.nfj rygl. ilg;tej:*.!"oi.tq Y' Incleecl, for examl:let , if ji= (2'"r':) arid Y' is the

feur-i ly of al. l" si.ngletons txl,  r 'rhe::e xeX (see exa:nple 1.9), then for-

m: . r la  (3  *27)  becomec

fr*d {y '} =S{1*,J*o.'- *

where v,le u.,se tl:e nota'tion 6 instead of do in order to avoj-cl confn'*

eio-n &"j-th the cl*slrre of G (l';hen X is a topologieal space). 0n the

otJrc:r 'hancl,  j - f  we tal<e (for the salne I l i  y"=2X or Y"=2X\{0},  t l ren :

forn:nl .a (3,25 ) y ie}ds

&&(v")* \*J G',=x if $lx 2
t t ,  , - .  v
v  = { L

s' \ clCI 
' {7 '25)

. =Ufr*fi if G*X.

lrlote that (2X, =, c --rd(V' ) l iS-- e*qpJQlelS--ql1gr-e9q--fl1$gbl:a .ql$q

rvhile (2Xr;, G-',d(T") is..rr-oL' er'34*+-Sg:pl-ei:g-!igg--1e!li!9-, in the

sense of $, '57j bei.ovr (since cnf;(x")*G#fi for Sfsl l t)"

In. t,4e -fq-g1i.gl*Jg9,*.8"m-l"L;grj'ts. x rqs.!s-S--qf E(r)' qqa (n nx+*)

inst.g-Aq-S{ ( i io<rx--n3{f)), lvhene'rer this tr i l l  lead to no confusi-on.

b) I iy (1"?t) s,nel (1'?) r v,Ie hRVe

T6=inf 1Ve:ll+cofV j=inf (f \{""caJ'}*-oo,
:ffi=in,f .{ye Yl-m *y} =j"nf fi=*@,

' 
Iroj,-upr1 i-og.-l*fu Lq i:+g?,--jJie .].mpl]d.\ogs

x1r{2e l ls xtSXA =+ Xt>X, r (1"28}

xrx'e n, inf, (xrL)7x' *f lVx' t  (9.29>

xnx"€a, sup (xr*]<y' '4d'>73 o (5"]o]

Prgof . If x1(x2 , then {3"e t' I xr{ r} c -[ve Yl xr* v] , whence (5 .28\

(3 .26 \

c3 ,271
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fol-Lcrv.rs" Furthernore F if sup (x.rX)<x//, then *(x/' ano Ylx"r whencer.

f ry  (3"2s)  ,  x"z iv i ' ,  The prooi .  c f  ( ] "29)  is  s imi lar '

Iq,rpSg*-!iql-J-L*"* ggt x€its !-bg*gglJ'a:{iq&SgelqqgLtg-qJ'e, q-qr.L/g-

-Lelk"
10"  x (S.

?o* { yeYl :r,fr] '*S,
10" {re r lx<3r}=Y'
40"  x= -co

5( to ; ; :+oo.

Sgggf-s lo*2o* If  ?o doee not hol"d, say yoeY, x{}or then 10

cRnnot hoJ.d, sj-nr:e o| ircrvrise :c1ft=inf {veXlxfrJ<fo.
The equivalen*e 2o<*To is obvious.

5a*4o ' ,  r f  5a holder then,  by (1.19)  and (1"41) ,  we obta in

x=inf Y=,-oo.
The. impl-ications 40*10 and 5o=+1o u"" obviouso

Final\r,  i f  20 holdsn then f=inf fr=+oo.Thue, 2o-+5on

UeoJru_ZJ" I'ie"layg

1

inf {xr?.}=-0" {xa6}  * ( 5 . 3 1 )

erc-A€'" If xeE, inf (xr*)=x', then,

whenceo by proposi t ioa 3.4r impi icat ion

Bepatk...7--efu By (3"5L) r olle can sqy

ment is a "semi-complement for inf"n

ln order to consider sup f tr*) ,  1 'et

Itoj,ps"U..j.tjgn,J,oj-* fo,q xe E n the-,f qllgqlps -qtai.gl+gptrl. qqgilgi-

valent  l

1o  o  *<xo ,

eo* {veYlE<v}=}"
1o' {yeYl**Y}*6.,
4o. *=*oo o

f: lqqfg 1o=+2o. rf *6x=i"nf tre:1x(slr
that x<yo 0n the ot,her hand, by (5,2"s) t

x{s.
The equivalence 2a+>Joand t ,he inpl icat ion

2o=+4o"  f f  ao  ho lds ,  then,  by  (1 .19)  anc l

by  (7 ,291,  we have x '7 ,K '  s

1o=r4*, lve oltai-n x'=-co"

that every pseudo-comPle-

us glve

then x<y for aIl" YeY such

Rcy for al l  YeY such that

+oJro are obvious"
(1.21^) ,  we obtain

k=inf Y= -oo.

Theoten, ?lL The f,ofioqi4s Ftq!?,4 :

1 o ' M

sup (xrf )*+m

20* Ue h-a-vg

r{x

30.  we have

(xeEi 
"

(3."s2)

( x e E ,  x ( + c o  ) . ( 3 . 3 3 )



*  / , v  -

4 0 .  w e

' fyevl l<yl#v

have

(xeE ,  xq+oo  )  "

( xgE ,  x<+cd '  )  '

( x s , I l  ,  x < + c * ) .

not  hold o sf rY * ;xq*c"r  ,

( 3 . 3 4  )

r ?  2 q , \
\ r . J 1 '

( 3 . 3 6 )

t h e n  s u p  ( x ,  * ) =

.  X :_rc

Proof .  1o=t2o .  r f  20  does
nry

=94 *oo "

.  2o= '1o .  r f  lo  c loes  no t  ho ld ,  say  x (Er  sup (x ,  * )=v t t l+x"  then '  by

(3 .30)  ,  we Ytave x t />#

F ina l l y ,  the  equ iva lences  2o t+ . . .  €+50 fo t lo r^ r  f rom prop .s i t i ' n

3 . 5 .

We reca l l  fha t  ( r rx - *C (x )  )  i s  ca l led  a  "complement 'ed  laL t ice"  '

l f  C : E - + E  i s  s u c h  t h a b

( 3 .  3 7  )

, is a _c_orr1:

qo IaTa

tyev l  "+v l lg
have

{ye vl t lyl={ve vl xcy<+oo}

3:gg,g" e,) clearlY, +fr4{Yevl I ' tv] '

then  x (y  (s ince  o therw ise  f r= in f  l y '€Y l

b) I f  (Erx-rfr)  i -s a comPlemented

(s ince  o thorw ise  sup (x r I ) {Y<+c, . l  )  '

sup  (x ,C (x )  )  -+oo ,  ln f  (x rC (x )  )  = -oo  (xe  E)  '

Frcm theor:ems 3. 3 and 3 " 4 we obtain

Sglgl!3g*-fu.i'" (E,x*x)' g$*.e x *,1;$!3-13gp-1 (3'23)

p 1 sTe q!g.S*J"sli ! 1 c-fjf *9s**"*ty**l,l1l9JeJg 2 o - 5 o 
e.Likglg$

Pronos i . t ion  3 .6  .  v /e  have
@#

{ve  v lxdv}  s  {vev lx<1 '<+oo}  
(xe  E)  '

b) Jg (Eox -r*) h? " e-9?f-Pls*gil-qg4-k*L*g'*.:Im
( x e  I t )  .  ( 3 . 3 9  )

( x e  n )  .  I f  Y e  v \ { + c o ]  a n d  * { Y ,

x g y ' ! < v )  "
l -a t t ice x<y<+oo ,  then igY

x€E by

( 3 . 4 r )

( 3 . 4 2 1

( 3 . 4 3 )

( 3 . 4 4 )

and

of.

i

i  =GJ=tnr- [y€Ylf*y.1" ( 3 . 4 0  )

Rgfgff : ,*-L- From prciposl t ion 3'4 (appl ied to I  instead-of x) i t

follows thaL for an element x€E ge--h3:g 1=-oo !9*-*9-91j;1--{-{ *=*oo '

Hence,  cond i . t ion  (3 .36)  o f  theorem 3 '4  i s  equ iva len t  to

Let us def lne the M

X<*m

pr$lq,siJi-p-l-L" 7r. a.) gLlgvg

x<x / v a f , ' \

b) r[ (E,x*+f) lq a. gglp'kLelleq*Jsgt:*r*:heg

:ii

x=f

I "  9y .49x . ,7 * , ,
l z L a

P r o o f .  a )  B Y  ( 1 . 2 0 ) f  ( 3 ' 3 8 )

( x € E ,  x < + o o  ) ,

( x e H )  ,

( xeE)  .

a n d  ( 3 " 4 0 ) ,  w e  h a v e

fue vl x4Yi =i (xe E) '
x= in f  {ye  V lx<y< +0" }  <  in f
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b )  T h e  p r o o f  o f  ( 3 . 4 3 )  i s  s l m i l a r ,  u s i n g

f o l l o w s  f r o m  ( 3 . 2 8 )  a n d  ( 3 , 4 3 ) .

SgSglh*L5. Frorn (3.28) i* fCIl lows that

x I  I  x2€E,  .  -  *1 (  > : ,  "+ I r<  x ,  "

Furtheirnore, by (3 .  42) ancl  (3.  28 )  f  or
( x e  E ) ,  v r h e n c e ,  b y  ( 3 . 4 2 )  f o r  X  i n s t o a c i  o f

( 3 .  3 9  )  .  F i n a l l y ,  ( 3  .  4 4 )

( 3 . 4 s  )

rore have *;rfix r  = X ,  X . = r ,
L L

x, we obtain

f v c F \ .
\ ^ ! ! l  ,

( 3 . 4 2 )  a n d  ( 3 . 4 s ) ,

* = f r
t h u s ,  b y  ( 3 . 4 6  )  ( f o r :  i  i n s t e a d  o f  x )  ,
x - + i  i s  a "  h u l . l  o p e r a L o r  o n  E  = ( E r Z ) .

r*"@

P r o p o s i , t i o n  3 .  B .  a )  W e  h a v e

( 3 . 4 e )

f h o  m a n n i  n n

s u p  x ,  =  L n t  x .
i € i  

t  
i e r  I

b) Jg (E,x-+F) ::.. g*ggplqqenleg*\tj:{ge N :.iren

sup ;;" = ;m*q
t e r  -  i e r  - ( { " r } r e r s E ) . ( 3 . 4 8 )

P j e q f " -  a )  r f  { * i } i u r € E ,  t h e n ,  b y  ( 3 . 2 3 ) '

sup  x {  = in f  {ye  y l  sup  x i {vJ= in f  \J {ve  v l * i *y }=
i €  I  i € r  i € r  

-

=  i n f  i n f  { y e y l x . , < v } =  i n f  { .
i € I  *  i € r

b )  I f  ( E r x * ' X 1  i s  a  c o m p l e m e n t e d  l a t t i c e ,  t h e n ,  b y  ( 3 . 4 3 )  a n d
( 3 . 4 7  )  ( f o r  I ' i  i n s t e a d  o f  x ,  )  ,  w e  o b t a i nr t - '

:ffi

. sup X; = 
"up 

tr: = inf *; * Ifr|il
i e l  

*  
i € r  

'  i e r  '  
i e r  

r

Fn r  t ho  n rno f  O f  t he  nex t  t heo rem.  we  sha l l  a l so  need

luryL3. l, I€ (8, x *+ fr (Y) ) i s _a co{plgrl,gllqsg_la"lt:lssj_,9}_eL.lgl
a n y  l f f l ,  " l x . ]  t . , e E  a n c l  y € Y  w i l h  i n f  x . < y  ' L h e r e  e x i s t s  t ( y ) € I  s u c l r

r  r c +  - * -  
i € I  

-

that x. ,-_.<1r.
r t J " . /  -

Yqqg5. rf y=46o , this is obviousiy true. rf y<+oo , then, by
(3 .39 ; ,  f f rF { ' {V ,  and  hence ,  by  (3 .48 ) ,  sup  4 *y .  The re fo re ,  { J I f {Vi e l  -  i € r  *  ' ' t '

f o r  s o m e  i ( y ) e I ,  w h e n c e ,  b y  ( 3 . 3 8 ) ,  x i ( l r ) ( y .

I,"ryq-3.3: -{{ (E,x+* (v) ) il g.lom!-1e-msSfgd .L#|ce ' thJ:g

{vevl yo<y<+"c} ={yo} (Voe v1 1+oo] ) . ( 3 . 4 9 )

Pfoo{ " . .  I f  there  ex is t  yo ,y€Y\ {+* }  such tha t  yo(y , then y {yo ,  v rhen

c e ,  b y  ( 3 . 2 3 )  ,

V =  l n f  { v ' e  v l y {y ' }<yo (y<+oo  ,
f t  r n \

so sup (y rJ )=y<+oo,  in  cont rad ic t ion  w i th  t t re  assumpt ion  (3"32) .

rbe?genl LL Eg E be .e--c-o.mle!A.lx.!lig?_Sq*19! v le_g_gss.}ly

( { x * t r , ,  G  E ) .
I  I W  I C I

( 3 . 4 7 )

t
I
I

i
q:t:

o f  l n f l m a l  g e n e r a t , o r s  o f  E ,  w i t h  + a $ Y  a n d  s u c h , ! h 4 !  ( E , x - ' I ( Y )  )  i - t
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A r!.lmr,rom6nt-6rd lattice. l 'hen l]:S**Sgpi11g ," .*p-frlrcA*by (I.27)
:-:Y::.Y-*-".: : l--.1'" ::- :** *

is a conrplF..fe ii:t.ticc j.r;o'rornhi.S-Il--g-q*q*:j-*g (zY,;i , Sgll:fy$.g*;tu***i** 6.*d,&..".-.&-s

c o , , r ;  = '  { v }  i Y e Y )  .  ( 3  '  5 1 )

p,{gg{_. By corollary 1 "2 o ut ls; a one*to-one mapplng of E cnto the
v

fami ly  ? / (y )6  Zx  a f .  (1 "2e) .  Fur thermore  ,  by  +do*Y and l .emma 3 .2 ,  we ha-*

v e  ( 3 . 5 1 ) .

Assur re  now t l ra t  r r : (n )=U(Y)*2Y,  sa1,  t4 t21 f \? ( (v )  ,  and le t  xo= l -n f  M.

Then we lrave the st .r ict  *nclusion

I " 1 c { y € Y l x o c r . } ,  ( 3 . 5 2 \

i .e . ,  there  ex is ts  yo€Y\M such t l ra t  *o (Yo.  V [e  c1a{ .m tha t

xo(Yo i  (3 '  5 .3 )

indeed,  i f  xo=yoeYr  then,  by  + f f i sY,  (3 .49)  and the  s t r l c t  inc lus ion

(3 .52) ,  we wou l ,d  ob ta ln  t1* f r ,  in  cont ra r l j . c t ion  r ' r i . th  I i {$U(Y)  (s ince  by

+oof Y vre have S={ycYl +co..< yl"e t / : (Y) )  "
N o w ,  b y  M c Y o  y ^ € ! l r  * c o ( Y  a n d  ( 3 " 4 9 ) ,  u e  h a v e

" o o .  
,  \ . { y o } * { y e  Y l y o g y }  ,  ( 3 . 5 4  )

w h e n c e ,  b y  ( 3 . 5 3 )  a n d  ( 3 . 2 3 ) ,  w e  o b t a J - n

y o > x o - i n f  M  )  i n f { v e v l v o 6 v } =  % ,

$c, s i tp ( :*o.,  
[ )*yo(*oo, ln contradlct j"on.with t"he assumpti"on (3.32).

Thus ,  U(Y)=2Y,  anc l  hence aJ  maDs S on to  2 r .

F l n a l j - i ' .  b y  ( 3 . 5 1 )  a n c l  l e m m a  3 . 3 " 0  f o r  a n v  t " f l f n r g E  v l i t h  r # g '

there holCs

c p ( i n f  x 1 ) = i y c v i l n f  x r c v l = i V c v l . l i  ( y ) € Y ,  x i  ( y ) < Y ] =
l e  I  i . 6 I

= LJ{ve vl*+(Yj-= \* , / ,u(x i  )  ,
i 6 r '  i € r

and fo r  1= f i  v ;e  have,  by  (1 .2 )  and +oc(Yr

s ; ( in f  f l )  =cu(+  o .  )  - {yey l  +*<  y !=V=\ }6 ,

which, together wlth rerna::k 1.4 c),  proves that ru ls a complete lat t ' i -

ce  i somorph ism.

*SgIS*Lk a) The assumptlon +orS Y is not an essentlal rest::ic-

t j -on of the general l ty.  fndeed, l f  +oo€Y, then the above results remaln

va l id  fo r  Y \ { * * }  ins teac l  o f  Y .

b)  Theorern  3 .5  shows tha t ,  essent ia l l y  (up  to  a  cornp le te  la t t i ce

lsomorph ism)  ,  the  on ly  E  and YgE such 
:ha t  

(E ,x - rX(Y) )  i s  a  complemen-

ted  la t t l ce ,  a re  those o f  the  fo rm H*  (Zo ,a)  (where  X l -s  a  se t ) ,  and

Y=the family of al l  s inqletons {x},  t there x€X, for vrhlch i (Y) is nobhlng

e lse  than the  usua l  se t  compl .e rnent  (3 .24) .  For  any  fami ly  o f  in f l rna l
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generators on an arbl tr :ary colnplete lat t ice E, t i re quasl-cornplements
X(Y)  (xc i i )  a re  we l l  de f tned by  (3"23) ,  anc l  the  car rd . lna l l t y  o f  the  se i

{xe EII  (V; **,1,1 mey ser\re as a measure of the ' ,d.evj-at ion" of (8,  y)

f rom the  above par { : i cu la r  case (by  co : :o l la ry  3 .1  and theo, . :em 3 .s }  "
c) From theorem 3"5 t t ,  foLloi , is that our results on E- (2X,2) ancl

Y  =  t h e  f a m l l y  o f  a l l  s i n s l e L o n s  " { x } o  w h e r e  x € X  ( e . g . ,  c o r o l l a r y  L " 4 ,
propos l t l cn  3 .12  be lo l ,7 ,  e tc . )  remain  va l td  fo r  any  pa i r  (E ,  y )  such
tha t  (Enx ' - * i  (y )  )  t s  a  complemented la t t , i ce .  rn  $94,5  we sha l l  cons lder
s e v e r a l  s u c h  p a i r s  ( 8 ,  y )  ( s e e  e . g .  ( 4 . 9 e ) ,  e t c . ) .

rn order to def ine the "quasr-complement" of  a dual l ty a, we sha1l
need

L e m m a  3 . 3 .  L e t  E ,  F  b e bwo complete la t t ices,  vr l th  famiLies of
i ' n f i m r l  a a n o r r + . r* - J r s  Y ( 8 ,  T s F ,  a n d  l e t ,  A : E - F  b e  a  d u a l i t t ' .  T h e  m a r : p i n o

A ^ : Y + F ,  d e f i n e d  b y
u ._+.-*- .*_6

0'bere f,ffi =lffi (r) ) , l$jglr-!*g*_r an4"-cql_y .i.{
^ T o r t = ^ d t  ( y 1 , y 2 € Y ,  y ] < y 2 ) .  ( 3 . s 6 )

l l oo f .  Assume tha t  Ao ls  an t i tone and le t  y ,  t y2ey ,  y t {y2 .  Then,

s ince  Ao is  an t i tone,  Tq=ao(y t )v lo (y2)= ; f t t .  bn  the  orher  hand,  s in -
c e A  i s  a  d u a l - t t y ,  w e  h a v e  A  ( y ) r , t t ( V r ) ,  w h e n c e ,  b y  ( 3 , 2 8 )  ( 1 n  F )  ,  w e-;_-
o b r a i n  a ( v r ) < a  ( v 2 )  i  r h u s '  ( 3 . 5 6 )  h o l d s .

Converse ly ,  i f  (3 .56)  ho lds ,  then Ao is  obv ious ly  an t l tone.
De€ i t lg ion  1 .2 : .  Le t ,  E ,  F  be  two compre te  ta t t l ces ,  w i rh  fami l ies

o f  in f ima l  genera tors  YqE,  T€F,  and assume tha t  th ,e  mapp ing
A o : Y - > F  d e f i n e d  b y  ( 3 . 5 5 )  i s  a n t i t o n e .  I f  t h e r e  e x i s t s  a  d u a l i t v
f = [ ( y ,  T )  : E  * +  F  s u c h  t h a t  A l v = A o ,  1 . e . ,  t h a t

x ty) -i-ff i  (yeY) (3. s7 )
(where I 'T i l=m(T)) ,  then, by theorem I .2,  i t . is  (unlque and) glven

by

[ (x)  =sup 
{o lyT lyaY,  x<y} ( x e E )  , ( 3 .  5 8  )

and we shall calr ir rhe. Au*;i-ggplgnrg}'!_pji_Lbe cuality a (wirh res-
pec t  to  Y  and T) .  V fe  sha l l  wr i te  t r  ins tead o f  [ (y ,  T )  n  whenever  Lh is
w i l l  l .ead  to  no  confus j .on ;a1so, in -
/f'

.;
s tead o f  wr i t ing  "  T  ex is ts  t ' ,

v
R e m a r k  3 . 8 .  T f  E = ( 2 n , 2 ) ,  Y  =  t h e  f a m i l v  o f  a l l  s i n q l e t o n s  i x l  ( x e X )

and F iq  any cornplete la t t ice,  wi t l r  a  farn i lv  of  in f l rnal  cenerators T€ F.

then we have

(yeY) ( 3 .  5 5  )

r+e shal l  s imoly wrl te;  Ie D.

( A e  D ) , ( 3 .  s e  )
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r y -  c # x ) i  ( 3 " 6 0 )
T  (c )  *  sup  A t ' { . " }  )  (AcD,

x e G

(exc l q<11 ng;g!53:*:JeJ'-(":3::-iL9*| ]r 1:*i;1i*sfg!91.'1"'
P r a a f .  f f  + o r € Y '  t h e n ,  b y  l e m m a  3 ' 3 '  ( 1 " 3 )  a n d \ J " z t t ,

lndr*ecl  r  this fot lows from corol- larY 1"4 airr :} leci  to Ao

Fropo s i t j,. on 3 " 9 " -l{--!.!}':-{q'-S*:;?g A 6 D r'; u eJr'-tlf*5
5"lJJJY.:ii.**;:;;;-:* .*--"*:***ws

o f  ( 3 " s s )  "
Xe n, tggg +c" { v

( 3 . 6 1 )

t j  , a \  / ?  1 l  -  ( 3 . 2 1 ) ,  ( 3 . 4 )  a n d
\ L . L a l  |  \ J . J /  f  \

( 3 . 6 3 )

xl?T=If;;;t *lF *4or ( y € Y )  ,

anc1,  on  the  o ther  hand,  by  lemma 3 '3 '  (3 '57)  a r rc t  ( f  '  3 )  ( fo r  Te  D)  '

;1p =FkE) =X 1+ oo ; *-* (Y€Y) ,

whence  +u r  = -x )  c  so  F  1S  a  s l ug leLOn '

g.Igfg*ggrg*.*-Ig. I! +*dy, sl-,erl_igg 0e n asl J2e o of (3.3), (3'4),

we have*Y-

6 =- f t6D, f f i=0  e  n .

( l  " 3 0 )  ,  ( 3  "  5 7 )  '  + o . 1 +  Y ,
SggS: nv

( 3 . 2 6 ) ,

ft7

b )  f f  F =  ( 2 "  ' 2 )

+ h o n

6(x)=sup {6ml  yeY,  xcy}=86'  =+vr ' " (J(x)  i f  x<+c ' r '

= s l lF  Q- . -@ =f ) (x )  i f  x=+co I

S.(x) =sup {nffi [ ye Y o x<y]*itr *-oc = 0 ()<) if x(+oor

=sup fl=-'(J = O (x) l.f x=*oo .

M.AgeW- - ! *3 (3 "5e ) f f i
a) lgg*IaYg

.  A A f  * 0  ( A e D )  '  ( 3 ' 6 2 )

g3g r = tr:g eamily g{. all "sltgle$l {tr} (we w)

aV[=,f1, (Ae D)  ,

so in rhis case (D,A-'X) lF".g--gqmelgs-!9tr3391Se':
P r o o f .  a )  B ) '  ( 3 . 9 ) ,  ( 3 ' 5 7 ) ,  ( 3 ' 3 1 )  a n d  ( 3 ' 3 )  '  w e  h a v e

(aAT) (y)< rnr (a (v)  ,T (v)  )  =tnr (a (v)  ' f f i  )  =-co = 0 (v)  (ve Y) I

w h e n c e ,  b y  c o r o l l a r y  1 ' 3 ,  w e  o b t a l n  ( 3 ' 6 2 ) '

T h e  p r o o f  o f  b )  l s  s i m i l a r '  u s i n e  ( 3 ' 8 )  '  ( 3 ' 5 7 )  a n d  t h a t  A ( y ) A

" ' fVl  
=g=-. fr ty) for al l  ye Y (since +co{ Y'  by p:oposit ton 3'  9) '

I f  (3 .59)  ho lds ,  we s i ra l l  denote  ( -d )  by  X '

Er-qRgF5ig-3:}3. tg. (3 ' se) !*1q- qqg F= (2IV'r) ' r = IELISS:X'

or-elfji*gJ939g: J"l (wew), !I.e?
f = n

3 I# .  sV  (3 .57 )  and  (3 '43 )  ( i n  F )  '
d:

(AeD)  .

we have

( 3 , 6 4 )

( 3 . 6 s )' 
X tvt =d (v) =ffi=A (v)

w h e n c e ,  b y  c o r o l 1 ' a r y  1 ' 3 ' ' r v e  o b t a l n  ( 3 ' 6 4 ) '

( y € Y )  r
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By example  1 .1 ,  A :E* IF  is  a*dua l i tY  i f  
3nd  

on ly  l f

( i . 6 ) .  T h e  d e f i n t t l o n  ( 2 . 1 )  o f  A x :  ( 2 ' n , ; ) - > ( 2 " " : )  b e c o m e s

.  - 2 5 - .

v f t T

Q 4 .  n u a l l t i e s  A ' .  ( 2 n  P ) - - - + 1 2 ' " , : ) '

Let us consid&r n')vr the pa'rticular

(whe: :e  X  and W are  tv ro  se ts )  anr l  Ycur

singletons in X and W respect lvely '

A *  ( Q )  = { x ' € x l  0  s  A  ( { x ' }  ) }

a (G) ={w'e I{ i l  c € a* t{w'rz l}

case when E= (2X,  ? )  r  F=  (z I {  ra )

T.c F are t ] :e farnl l ies of al l

1 9 g W ) ,

I t  s a t i s f i e s

now

{ 4 " r )

of  dua l tza t ion '

( 4  " 2 \
h  a r r a

a n d  1 .  1 3 .

case'  the known fomulae

a5 (Q)= \-*_.,-./ o
r . r v
g = r !

Q e A ( c )

1. .e .  r  the  one o f  t6 l .  The equ l "va lence Q '2)  becomes now

Q  g  A ( G ) € + G  €  A *  ( Q )  ( G 6  X ,  Q  C W )  O

which, together vl i th A*r=A and the pr lnclple

been observed in  L6 lo  FrgPos1t ions  1 '12  (v1 i )

Formulae  (2 .5 )  and Q '7)  become'  in  th i ' s

( s e e  [ 6 ] )

G G A*A (G)

a*a(c)=/T o'
G,e F ix  (A^A)
^ / f I
\ r = u

I

the fact that ada ls a hul1 operator

r e m a r k  4 . 1 .  F o r m u l a e  ( 2 . f 0 ) ,  ( 2 ' 1 f )

on  {24 , r ) ,  has  been no ted  in  { -6 i

become now

( c G x ) ,

( c s x ) ;

( Q c W ) ,

( G €  X )  .

( xe  X )  ,

(r+ew) .

( 4 . 3 )

( 4 . 4 )

( 4 . 5 )

( 4 : 6 )

The results of $2, expressl i rg a*a(x) and Flx (a*a) wtt t1 the aid

of inf lmal gene: lators, y ieldu even ln our pait icular case'  some new

r e s u l t s "  T h u s ,  f o r m u l a e  ( 2 . r 2 )  a n d  ( 2 ' 1 3 )  y i e l d  n o w

I t a ( c ) = \ - - - , /  G ' = 4 * ' € x l A ( G )  e  a ( { x ' }  ) }  ( G e  x )  ,  $ ' 1 )
.  G r g x

A ( c )  < a ( G ' )

aa* (e) = \* .* . , - /  p '={w'ewlA* (Q) s Ax t{w'}  ) }  (g sw} t

,  Q ' g W
A *  ( Q )  s  a *  ( Q ' )

!n part lcular,  for the hul ls of s lngLetons'  they become

a * a  t 1 x ]  1  = { x ' € x l  I  ( { x }  t  g  n  ( { x ' }  ) }

AAf  ( {w}  1=Jw'ewlar  t iw? )  -=  a*  ( tw ' }  ) }

Slnce Af  B  ts  egu iva len t  to  A \B lg '  fo rmula  (2 'LA)  y le l "ds

( 4 . 8 )

( 4 . e )

( 4 . 1 0 )

Fix (a*a) ={c s x la (c)  \  A({x ' i }#0 (x '€ x \  G} "

Hence, ln Particular, SJ1gSgg3ll$!e:

( 4 . 1 1 )

'fi
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aha  t { x }  )  = {x }  ( xe  x )  (4 . r2 )

Iio {31*e}q-"$Jy l, L"*.egglt. pgII *, x'e X, x*x' , r{g hqyg
a ( " [ x ] ) \ A ( [ x ' ] ) t ' l t  ( 4 . 1 3 )

Theoren'. 2. I savs now that.

a*a(c )  = . i x 'eX l f r^ rew,  G 6  A*  ( { r+ } ) ,  x 'ex  \a*  t iw l  11=

(  -  ,  +  - .  -  * , ,  -  r  r )= { x ' e x l * ' e a = ( j w } )  ( w e w ,  c  s a ? c t { . * } )  ) i  ( G s x ) ,  ( 4 . L 4 )

F i x  ( a * l ) = { c c x l f r x , * G , 3 w e w ,  c  e  n f  ( { v r 1 ) , x , € x \ A * f { w } ) } ,  ( 4 . 1 5 )

where ,  acco rd lnq  to  re rna rk  Z . :  a )  ,  t he  cond i t i ons  G  GA* t1w1) ,  x ' eX \
.  t i F  . . 8 , ,
\ a ^ ( { w } ) ,  c a n  b e  e x p : : e s s e d  b y  s a y i n g  t h a ' t  A ^ ( { w } )  , s e p a r a t e s  G  f r o m  x ' i

t h e  p a r t  I  o f  ( 4 . 1 5 )  h a s  b e e n  g l v e n  i n  l O . J ,  p r o p o s l t i o n  f . 1 2 ( v ) ,  w h e r e

i t s ' l s e p a r a t . i o n "  a s p e c t  h a s  b e e n  a l s o  n o t e d .  F r o m  ( 4 " 1 5 )  i t  f o l l o w s ,

in partlcular, that K_beyg G.r2) lt_elg jgly_.l*foq *SL !gi{ x,x,6X,
x*x', tls'g_SJ_+""H w€w:gg[j!*! a*({'}) esH*:ekg x {IS *'.

Renark  2 .3  b )  says  now tha t

a* r ( c )=a \  a * t { * } , =  / -  }  ^ * ( tw } )  r csx l l -  ; t  G .161
we A (G) 

[To* r+*t l

e le 'a r l3 ; the  las t  Lerm o f  (4 .16)  co lnc ides  w i th  the  las t  te rm o f  (4 .14) .  .

F o r m u l a e  ( 2 , L g ) ,  ( 2 . 2 0 )  b e c o m e  n o v r ,  f o r  a n y  J L q Z x ,

e6,1-) (Q= /-\ M 6 2x
M 6"1'"1.
G g M

( c g x ) ,  ( 4 . L 7 )

F i x , g ( , f ' t 1 = l l c s x l  g ( . t t )  ( G ) = 6 ] = { ( W )  ( c ) l  c e x } r  ( 4 . 1 8 ) .

fn lzo' l  ,  ( ( . ! . ' i , )  (c) has been cal led "theJuL-convex hul l  of  the set G" and

rix €(, t )  has been denoted by g.( t ' ! , ) .  The theory of " .J ' ,L-convex sets" ( i .e.

o f  the  se ts  in  n ix  € (J" [ )  ) ,  o r ig tna tes  in  [2 ] .
Theorem 2 ,2  and fo rmula  (2 .30)  mean now tha t ,  fe r  any  . fLqZX,

g(.r'r) (c) ={x,€ Xl/M€J-t, c e r{, x,e x \mJ. (Ge X) ,

Flx ,g1f" i )={ce xlYx,{c,1y1€.,1\ t , ,  c gM, x 'eX\M},

rlx ,/("rt)*{c € xlI"t\tcq",vl,c= /-\ u).
MeJ.t6

In [20],  an eguivalent v iay has been fol lowed: Flx €(. f / r)  has been

def ined by  (4 .20) , thon 'e (M-)  (c )  by  (4 .4 )  (w l th  a ra  rep laced by  'd ( . i t ) )  and

t h e n  ( 4 . 2 L ) ,  ( 4 . 1 8 ) ,  ( 4 , I 7  )  a n d  ( 4 . 1 9 )  h a v e  b e e n  d e d u c e d  f r o m  t h e s e

d e f i n i t l o n s  (  [ 2 0 ]  ,  p r o p o s l t i o n s  1 . 3  -  r . 6 )  .

The observat ion made before theorem 2,2, says now that *. . t_"!4pg-

( 4 . 1 9  )

( 4 , 2 0 t

(4.2] - ] ,

r lqs of, arA-hulls-, qhgle a: (2X,2\->(zw,p) ls e ql:q$t, gtd ,I4-convq,T
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$.$3j*ykfs. .l;,{,e zx, gIg-S.gJfiJn}gt3, via (2.21), whlch becones now 
I
t
I

.M ={A*  ( . t v r i ' )  |  r , r ; ro r  i -  c  2X -  (  4 .22}  i
i

L I ' r / ; ; 1 / l  \ ' i . i & " : - l i w c t t J  b a  I  

I

respec t . l ve ly ,  v la  uhe dua l i t ies  (1 . lC)  o r  g ( ' l ' t )  '  F lenqe,  s l 'nce  by  L20J  t  i'1

! lothe theories of l t . -convex hr.r l ls.  where JL;ZL, and " l {-convex hul ls" iI
whcre  w( f rx  (31  ,  I .201 ) ,a re  equ iva len t ,  l t  fo l - lows t t r .a t  i '**

so are the th*ories of A*A*irull.s a.ri,1 W-convex 1:u11s (og-,gq,l€ G C >i) , I;*;,.-;^.*;;,-
whe::e \ ' I t : I t " i  \ {e recal l  t 'hai ;  the I ' l -convex hul l  of  G€X 1s def lned by i- t

€{1 ,1)  (G}=4( } ' t ,  )  (C)  ,  w t t t r

{rtr*tsu (w) | tw,d)€t'IXR} s zx,

vlhere

( 4 , 2 3 )

( 4 . 2 4 )

def ined

( 4  . 2 7  )

( 4 , 2 8 )

( 4 " 3 0 )

( 4  "  3 1 )

( 4 , 3 2 1

bv

V  = { - y . , .  ^ s  r  r - - }  ,  i  w e  w }  V . 2 5 t
1 2 " ; 1  \ A  ( t \ . J . I ' '  J

and  fo r { ,  o f  (4 "22 )  we  have ,  by  (2 "22 )  and  and  1201 ,  t heo rem 1 .1 ,

a$a (e ) ='(.(t1:| (c) * ' ' f  (v) (G) (c g x) . (4 . 25 )
-*Y Y

Conver- 'sely,  glven any family WGH^, for the dual i ty h 'z (2" r?)-+
T^lVD

*> (2 ' " " " r> )  de fJ -ned  by

a ( c ) = { ( w , d ) e r ' r X R l s u p  r , r ( G ) ( d }  ( G € x )

w e  h a v e ,  b y  ( 4  .  5  )  a n d  ( 4  , 2 4 )  '

A * ( { w , a } 1 = { x f e x I w ( x o ) q d ] = S U ( w )  ( w e W , d € R ) ,

whence,  by  (4 .16)  and Lza l  ,  fo r r i iu la  (1 .52) ,  we ob ta in

a*a (c) $u  (w)=€ (w)  (G) ( G c  X ) ;  ( 4 . 2 9 )
( w , d ) a A ( c )

SU (w)  = {xex l v r  ( x )<d }

Indeetlo given anY dualitY

A r  ( G )  :  A 2  ( G )

a n d  t h e  d u a l l t , i e s  O , C I  o f  ( 3 . 3 ) ,  ( 3 . 4 )

O(G) = l r f

"t"'=fl: :i:::;.
Propos i t ion  3 .1  means now tha t

(weHX, dr 'n)

l :  ( 2 X , 2 J - - - + ( 2 w , : ) ,  f o r  v s E x

( G G X ) ,

are now

( G c x ) ,

ey r  al ternat ively,  for J4.,  ! r- ,  of  (4,22) ,  (4 .23) ,  we have J\=&l (by

( 4 . 2 8 )  )  ,  w h e n c e ,  b y  ( 2 . 2 2 )  ,  A K A  ( G ) =  g ( . l t r )  1 5 1 = { ( W )  i G )  ( G  c  X )  .

s im i la r ty ,  the  resu l ts  o f  $g  y ie ld ,  even In  our  par tJ -cu la r  case '

some new resu l ts .  Formula  (3"1) ,  de f in " lng  the  parL ia l  o rder  A1 'A2 ,  be-

cQmes

' q *
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a r ( a r c r a ,  ( { x i ) , 4  a ,  ( { x 3  )  ( x e  x )  '  ( 4 "  3 3 )

For  any  dua l f " t les  a1ra2,nr :  (2x , ; ) *+(21{o ; r }  ( iEJ)  '  one  can denCI te

the  ln*qua l l t y  A l (A2 Uy Ata  Ae and ca l l -  the  dua l l t les  o f  (3 '6 )  anc l

(3"2) ,  tho  o , in te i * * * t io r r "  an<1 the  "un ion"  o f  the  A j ' s ,  respec t lve ly t

in sYrnbols t

f ' l au  =V A+ ,  LJA i  =4 ,_Ar '  (4 .34)
j e t  I  j e J  r  j E . r '  j e J  r

T h e n ,  f o r m u l a e r  ( 3 " 8 ) ,  ( 3 " r 0 )  a n d  ( 3 ' 1 4 )  b e c o m e

( \ , / a . , x G ) * ( / f  A . r )  ( G ) = 1 1 a i  ( c )  ( G q X ) ' ,  ( 4 ' 3 5 )

j € J  r  i e J  
'  j € J  '

,Aor) r{xi) = (!{ar) ({x}, =rYo, ( ' lxt l

( n  a * )  ( G ) = ( L J A + )  ( c ) = f i  L - J A i  ( ' { x } l
j e J  J  i e J  

'  x € G  j e J  ' '

( x e X )  , ( 4 . 3 6 )

( G c x )  r  ( 4 . 3 7 )

b ) .
note that (4 .  36 )  ancl  (4,37 ) al l rays hold, by remark 3 '  2

Formula  (3 .23)  means nor+  (3 '24)  o f  rema: : l<  3 '3  a )  '

'  f  ( - [ x ]  )  =q11 6  ( {x }  )

[ ( c ) = [ )  t w \  A  ( { . x i )  )
xEG

( x e  X )  o

1 6 c x ) .

( x € x t  ,

and the sub-

propert ies of

c0mplete Boo-

( 4 . 3 8 )

( 4 . 3 9 )

( 4 . 4 0 )

sequenL results of ! '3,  on XeE, reduce nol{  to wel l -known

complemantary  se ts  (3 .24)  .  Note  tha t "  (2x ,2 '  e  -o t )  i s  a

lean a lgebra .

B y r e m a r k 3 . B , w e h a v e n o w ( 3 " 5 9 ) ,  a n d f o r m u ] - a e ( 3 . 5 7 ) a n d ( 3 . 5 0 )

become now, resPect lvelY,

A l s o r b y p r o p o s i t t o n 3 " l l b ) r ( D ' A - + T ) L s n o w a b o m p l e m e n t e d c o m -

p le te  la tL ice .  Moreover ,  we have

ghggs*-*i} S* mnq|:F 1 : A +x r*-sss$.r_9.LeLle5:.l.e.9jffi
m o r p h i s m  o f  D = D  ( ( 2 n , 2 )  t  1 Z " r : )  ) .
* f f i ;  

"o  
(3.64) ,1 ls  a one- to-one mapplng of  D onto l tse l f ' * - -

F u r t h e r m o r e ,  b y  ( 3 . 5 7 ) ,  ( 4 ' 3 6 )  r  ( 3 ' 4 8 )  ' a n d  ( 4 ' 3 5 )  '

( 7M] I ( ixl ) =?;{,o';ilffii =U;Im =6ilffii =
' j e t l  

j e J J  j e J '  j e J

= r l 1 ; ( t x ] ) = ( \ / E )  t { x L )
j e J  t  j c J  ' '

whence ,  bY  co ro  L la rY  1  .  3 ,  we  ob l -a in

;m--=V\'
i e l  

'  
J e J  

'

F i n a I I y ,  b y  ( 3 . 6 4 )  a n t i  ( 4 ' 4 0 )  ( f o r  [ '

:ffi

\ , /  \=\/ lT=,/\4=n q.
i e t  

J  i € J  
'  

i e J  
'  

) e J  
'

i n s t e a d  o f  A 5  )  '

( 4 . 4 1 )
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Sgggfh-j* l :  From theorem 4.1 i t ,  fol lows (e.g., by i t ]  ,  cir.  rr ,

that

We  sha l1  deno te

D r n h n c i { .  i n v r  4  I

=x\A* tir] I =ffi)
Thus,  for  each A*€o* there ex is ts

( 2 X , a )  ,  n a m e l y ,  f * ,  s a t i s f y i n g  ( 4 , 4 4 )  ,

o b t a i n  ( 4 . 4 3 ) .

At(rr <=+al;/$. (4 , 42)

( [ ) x  t r y  [ x  ( r e c a l t  t h a t  w e  ] r a v e  n o w  ( 3 . 5 9 )  ) .

We have

^* -7I t  -  ^* (axen*) . ( 4 . 4 3 )

P r o o f  .  B y  ( 4 . 5  )  /  ( 4 .  3 8 )  ,  ( 4 , 2 )  a n c i  ( 3  . 2 4 )  ,  w e  h a v e
ry

* *  , .  !  - - t  y ,  (  r  r " l  (  . . . t  r t r l \  A  l j v l ) I =A -  ( t w i  )  = J . x e X l w € A  ( t x j ) j ' =  i x € x l  w c . .  . - ,  _ - - r , J

Comb in ing  theo : :emr  3  .  2  ,  4 .  I  and  p r :opos i t i on  4 .  1 ,  we  ob ta in

9o ry].r *f t1 :-J .- ThS.",$ I pp * + g a *+ Ix* ax i*:q-Sqw I gtS,. l * l',. g:. "g*:i--- - Y - .  " -  
W  ^ *  r , *  '  I r T  v

- : : _ g g I p L i : I - _ g I  D = D ( ( 2 n , ; z ) ,  ( 2 ' " , = ) )  o n t o  D ^ = { a ^ J n e o 1 = D ( ( 2 " ' > ) ,  ( 2 " , ) )

I l e n c e ,  f e r  a n y  A " € D  (  j e  J )  w e  h a v e*-":-"'-* J - ..-.-__
(VE)x= \ . /aT  =  ,4 [ ;x ,
j e t  I  j e t  I  j u j  r

'  (Zia;)*=7W= Vq*.
j e . r '  j e . r '  j . g '

l:e$*Ugr- -4... ?.:" g9-=!3:9

;  q6y =. [we w; c nax (1,w] )  =/ ]

( w e W )  .  ( 4 . 4 4 )

a  d u a l i t y  f r o m  ( 2 W  , z )  i n t o

w h e n c e ,  b y  d e f i n i t i o n  3 . 2 ,  w e

( 4 . 4 s )

( 4 .  4 6  )

( G  e . X )  , ( 4 . 4 7 )

( G  g X } ( 4 . 4 8 )

( c e x ) .

I*^ (c)= /-1--*\ (x r ax ({w} ))-
w€W
G s x \ A x ( { w } )

={x '€  x  la  ( i x ' }  )  q  \ * /a  t i x } ) }
Atr .U

q l g o f r .  B y  ( 4 . 6 )  a n d  ( 4 . 4 4 ) ,  w e  h a r z e

f  (G)  ={w€wl  c  s  a*  t r .w i ) }  = {wewl  cn  (x t  [ x  t lw i  )  = f r ]=

={we wl c /f  ̂ * (iwi ) =0ru

F u r t h e r m o r e ,  b y  ( 4 . 1 6 )  a n d  ( 4 . 4 4 ) ,

r * r tc t=, / " - ]  axt l '1 )=r41- \  (x \^x{ iw})  (G ax) .
wew . "  wgw
c s A * ( j w ! )  G s x \ a x ( { w i )

F i n a l l y ,  b y  ( 4 . 7 )  a n d  ( 4 . 3 9 ) ,  w e  o b l a i n

'"'e
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aua tc l  =- fx , r :x f  f \  (w ' ,
-  

X € G

= J s t r  x l n  ( ' { x t }  )- L ^  .

A  ( { x } )  )  g w  r , ' ,  (  { x ' , }  )  l ' =

}Sn*5 [ ; | * ] :  By  (4 .48)  we have,  in  nar t i cu la r  '

f * f  r i * l  ) = { x ' € x l l t l x ' i  )  E .  a ( { x } ) ' i  ( x e X ) ,
' , - r t , , J  . - r _ \ \ - -  )  _ -  J . - )

w h e n c e ,  b y  ( 4  . 9  )  ,

a x a t { x } ) n l * f  t 1 " i ; = { x ' e x l a  ( { x ' }  ) - a t { x i l }  ( x c x ) '  ( 4 ' s 0 )

Let  us g ive now some examples of  complementarV dual i t ies I  and

r r r . nmn l  omen f .a rv  hu11  ope ra to rs  "  f * f  .
v v l l L ' J ! v r r r v r .  v g + - l

E x a m r : l e  4 . I .  L e t  X  b e  a  s e t  a n c l  W e  H ^ '  T h e n  f o r

A :  ( 2 X , ? ) - ' - +  ( z w X R , p )  
o f  ( 4 , 2 1 )  w e  h a r z e .  b y  ( 4 . 4 1 )  t  ( 4

( 4 .  4 8 )  ,

G LJ^  t {x l  ) }
x e G

i 4 .  4 e  )

the dual i t lz

. 2 8 )  ,  t 4 . 4 4 )  a n d

( 4 .  s } )

( 4  " 5 2 )

( 4  .  5 3  )

I  ( c )  = " [ t * ' , d '  ) € w X n l r '  ( x ) > d '  k € G ) ] ,

T x t { w , d } ) = { x ' e  x l w ( x ' ) > d }  ( w E w ,  d € R ) ,

X x f t e l = / - * " * : \  { - x , e x l w ( x , ) . d }  ( c q x )  .

( J .
't

w e W ,  d € R
w  ( x ) >  d  ( x e  G )  

.  . -  - . *
In the parLicular  case when X j .s  a local lv  convex space and lN=X ,

t h e  f a m i l y  o f  a l l  c o n t i n u o u s  l i n e a r  f u n c t i o n a l s  o n  X ,  b Y  ( 4 . 2 9 )  w e

f , u r r .  l * n t C l = e O  C ,  t h e  c l o s e d  c o n v e x  h u l l  o f  G ,  a n d ,  b y  ( 4 . 5 3 ) ,  I x [ ( C ) =

= e c o  G r  t h e  " e v e n l - y  c o n v e x  h u l - I "  t 8 l  o f  G ,  i . e .  ,  t h e  i n t e r s e c t i o n  o f

a l l  o p e n  h a l f - s p a c e s  c o n t a i n i n g  G  ( s e e  e . g .  i 2 0 ]  ) .  " T h u s ,  t h e  c o n p i e n e n -

: t a r y  hu I I  ope ra to r  t o  t he  c l osed  convex  hu l l  i s  t he  even l y  convex  hu l l '

I#SP]9AL- By in terchanqing A andf  j -n  example 4 ' I  and using

64) ,  i t  fo l lows that  the complementary hul l  operator  to  the evenly con-

hu l l  i s  t he  c l osed  convex  hu l1 .

.  ( 4 . s s )

a  dua l i t y  and ,  conve rse l l ' ,  f o r

We recal l  . that  i f  qcXXW is 
"  h:3g5y.- :g]g!p3 

(where (x 'w)e 
9 

is

a l s o  d e n o t e d  b y  x q w ) ,  t h e n ,  f o l l o w i n g  B i r k h o f f  l f i ,  C h . I V ,  $ 5  ( s e e  a l s o

t l l l ) ,  t h e  " Q - p o 1 a r "  o f  a n y  s e t  G € X  i s  d e f i n e d  b y
L j ' ) -

c T r ( q ) = { w e w l  ( x , w ) e q  ( x e c ) } { 4 .  s 4  )

and the mapping n ' (q) :2x-+2W is  cal led the "99IC:1}X between subsets of  X

a n d  s u b s e t s  o f  W  d e f i n e d  b y g " .  I n  i . 2 2 7 ,  t h e o r e m  1 . 1  a n d  i t s  p r o o f ,  w e  h a -

ve  shown  tha t  t he  t heo r i es  o f  b i na ry  re la t i ons ,  po ta r i t i es  and  dua i i i i es

a re  equ i va len t ,  s i nce  a )  eve ry  po ta r i tV  r ( j )  de te rm ines  un ique l y  t he  b ina r l

r e l a t i on  j  r  name lY ,

q  =  { ( x ,w )e  xXw l  we  {x }  
t t ' ( s  ) }  ;

b )  eve ry  po la r i t y  r r ' ( q ) :2X- -2 I {  i s



l s g m - . 1 - . . ] " : ! 9 . ! A ! s * g ' . q o j P ] g ! e - P g g Y : 1 . * ' " + . i g e ! - , B d - . ' . - i ' +
l3]:ti:?*ala u at o:{el*1!9g9lgUli1-€ A 9*!o B' :Ign' B 1.*?-'**ci$Plg'ge 9oo-

lsgl"-s l qsQ'," *Ig u :g**-sgIPJe! 9--H o". 1 9 e L3l-esglg**:-9s9:En:elt"
g :99g.  Let  u(xr )e  B,  where x '€A ( ie t f f i )  '  rhen xocsHl  

; . t l i i l ,
whence  . t  ( * x )  <u  ( suP  xa  )  ( l ( e  J  )  "

' -  
i c r

h a n d ,  i f  u ( x ) € B /  w h e r e  x e A ,  a n d  i f  , r ( * i ) < u ( x )  ( i { I ) ,  t h e n  x r < x '  ( i e  f  )  '  w h e -

l r c e  s u p  x i t x r  a n c l  h e n c e  
" ( ? Y B  

x r ) 1 u ( x )  '  T h i s  p r o v e s  t h a t  s u p  u  ( * i ) =

: z r  1 c r  i e l

= r ( ; ; ;  x , , ) € B ,  a n d  t h e  p r o o f  o f  t h e  c o r r e s p o n d l n q  f a c t  f o r  i n f  i s  s i m i l a r '

i € r  

u r r Y  ' " v - -  

.  
L e r

H e n c e ,  l f  s u p  ( x , f r ) = * a c ,  i n f  ( x l l ) = - c ' r ,  v r h e r e  x e A ,  t h e n  s u p  ( u ( x )  '  u ( X ) ) =

-u  ( sup  ( x ,3 )  )  =s  ( * * ,  )  = *oo  and ,  s im i l a r l y ,  i n f  ( u  ( x )  ,  u  ( x )  )= -oo  '  F ina l l y '  s i nce

u i s a l a t t i c e i s o m o r p h i s m r i t p r e s e r v e s t h e d i s t r i b u t i v i t y o f A '

Ti,gg:glr*3,=?-.D=(D,g,A:-'I) 
is--a.-co.rp]etg-.e*gofsg*"ar!te!'fari 'ql.Fliw

T.app+.ng 3.:A + qr as-,?-ggTpl-*9j991sgl-3lqM D 9g:9 (2 -' 

"
: , s  * ( ) ,  w i t h  i l y " r : - q  ( ? . )  

- l = i r :  
o r - - *  i i ( 3 ) '- ' )  )  '

P roo f .  By  the  above,  3 . '4*+ !A 
is  a  one- to -one mapp lng

2 x X w .  M o r e o v e r ,  b Y  ( 4 . 3 3 ) ,  G ' 5 7  )  a n c l  e x a m p l e  1 " 1 '

a1< A2 <-+ 3I, = Soro 3or"' to, .

- 3 1  -

every  dua l i t y  n t i z l * iT ; i there  ex is ts  a  un ique se t  9AG

A = r ( g O )  t

11.*I9JXr

t a =  { ( * , v , ' ) €  x { l ' i l  r v  e  a  ( { > r i  ) } '

Le t  us  g ive  norv  a r  s l ighL  genera l i za t ion  o f  
'a

[ r g ] ,  c h . r r ,  $ t B ,  f o r m u l a e  ( 6 ) ,  ( 6 ' )  a n d  [ 2 0 ) '  w h i c h

ly  in  the  seque l :

X X W  s u c h  t h a t

( 4 , 5 6  )

( 4 . s 7 )

.  known l .emma (see e.gJ

wi  11  be  used rePeated

I A  K Q \

H e n c e ,  s i n c e  ( Z X X W , ? , 8 * {  )  i s  a  c o m p l e t e  B o o l e a n  a l g e b r a ,  f r o m

lemma 4 .1  iw i t r r  o=  (q .  ) - t )  i t  f o l l ows  tha t  D  i s  a

complete Boofean a lgebra and 
$.  ]?  

u .o*p]-ete Boolean a lgebra isomorphism.

F i n a l l y ,  b Y  ( 4 . 5 6  )  ,  w e  h a v e  (  g .  )  
* = ? r '

Sq.ry* t \  *3:  - )  By the usua]  c lef in i t ion bf  " inc lus ion"  for  b inarv

r e r a t i o n s  ( s e e  e . s .  [ r i , ]  )  ,  w e  h a v e  "  i r g  3 2 "  i f  a n d .  o n l y  i f  ( x ' w ) € { 1  l m o l i e s

( x , w ) e  g 2 ,  o t ,  e q u i v a l e n t r y  t  - q t g  !  2  a s  s u b s e t s  o f  
.  

X X \ ^ l '  i ' e '  '  3 z ( q r  i '

t z x X T , r l .  r - r e n c e ,  t h e  u s u a l  o p e r a t i o n s  ( s e e  e ' o '  l r ; ] ' l l t r '  ; * ! i  " " d  3

a re ,  respec t i ve l y ,  t he  ope ra t i ons  V  ! l '  A ! . ,  andq t i ' " 12xXw ' r ) '  Fu r the r : '
i e J ' l  1 e J ' t

m o r e ,  b y  ( 4 - 5 4 )  ( f o r  q - t ) ,  w e  h a v e

n ' ( \ - t )  = ' n ( q )  *  (  3 6  x x ! ' r )  '  ( 4  '  5 9 )

w h e r e  \ - ' . W X X  
i S  t h e  , , i n v e r s e ' ,  b i n a r y  r e l a t i o n ,  d . e f i n e d  ( s e e  e . s .  i L . 7 3 )

by

vi:
t '
a ! :

t - r = { t w , x ) e w X  
x  I  t x , w ) e g  }

( 4 . 6 0  )



* 3 2 -

a n d  i r ( e , ) * , 2 w - o 2 X  j - s  b h e  p o l a r i t v  d e f i n e d  ( [ f  1 ]  '
. ) +

Qr(q  )  
^= { " r x  

|  ( x  iw )cq  (w*Q) }

f  o r n t u . l - a  ( 2 . 2 )  )  b Y

1 9 g w )  ;  ( 4 ' 6 l i

n o L e  a l s o  t h a t  r r ( g ) *  o f  ( 4 . 6 1 )  c o i n c j - d e s  w i t - i - r  A #  o f  ( 4 ' 5 )  ' t o r  A = n ( ( )  o f  ( 4 ' 5 $ '

b ) F r o n t h e a b o v e , r v e o } : t a i r r L h e f o l . l . o w i n g s i n p l e p r : o o f o f t h e o _

r :em 3 . .2  f o r  t h i s  case :  The  mapp lng  a  - *a *  co inc :Ldes  w i t i r  t he  compos ; i t i on

o f  t he  comp le te  l a t t i ce  i somorph i sms  "on to "

a  +  ga  * *  (  qA)  
-1 * ' rn (  

{  qo )  
*1 )  =n* , ( 4  . 6 2 ' , t

w h e r e  t h e  l a s t  e q u a l i L y  f o l l o w s  f r o m  ( 4 ' 5 9 )  a n d  ( 4 ' 5 5 )  '

U s i n g t h e r e l a t i o n s b e t r v e e n c o u p l i n ( ' f u n c t i o n a l s g : x x w * H a n d

d u a l i t i e s  A ,  ( ; x , i )  - * +  ( 2 w , ; )  ,  g i v e n  t n  l . z 2  i '  w e  s h a l l  s h o v ;  n o w  s o m e  r e l a -

; ; ; ; ,  be t v reen  the  na tu ra t  pa r t i a r  o r c l e r  and  l - a t t i ce  ope ra t i ons  f o r  coun l i ng

func t i ona l s  t , € l pxXWrg )  and  the  pa r t i a l  o rde r  and  l a t t - i ce  oDera t i ons  f o r

d u a l i t i e s  a :  ( 2 X , ? )  . - * >  ( 2 w , a )  '

we  reca l l  t ha t  f o r  anY  couP l i nq

' ^ X  '  ' ? w r 2 )  a s s o c i a t e d  t o  9 "  i st y  A g : ( z  r 2 ) * s \ z

a y  ( G )  = { w ' e  w  I  q ( x , w  ' ) > , ' I

In  par t i cu la r ,  fo r  c i * -o :and '

A  - .  = f l  , o * * = 0 ,

w h e r ' e  f I  a n d  g  a r e  t h e  d u a l i L i e s  ( 4 ' 3 i )  '  ( 4 ' 3 r ) '  F u r t h e r m o r e '  i ' / e  r e c a l l  [ 2 2 ]

tha t  a  coupr ing  func t ionar  y :X{w-*F  is  sa id  to  be  "g ! - ! rpg  {0 , - * }  " ,  i f

g ( x X w )  g  [ 0 , - * ]  ,  i . e . ,  i f  g c a n  a s s L l m e  o n l y  t h e  v a l u e s  0  a n d  - o o  c ' l e a r l y '

f o r  a n y  c o u p l i n g  f u n c t i o n a l  q : X [ W - * F  o f  t v p e ' 1 0 ' - * ] ' w e  h a v e

.  
A q ( G ) = ' l w ' € w l ' r ( x , w ' ) = [  ( x e c ) ]  ( G c x )  '  ( 4 ' 6 5 )

w \ A r ( G ) = { w ' e  w l f  x ' G ,  ? ( x , w ' ) = - {  ( c E x )  
"  

( 4 ' 6 6 )

According to izz) ,  Lheorem 2 '  I  ,  f9f  e-*€'  dual. i . ly o '  
! j "  

'  a)--+(2w '= )

!hs'Lq-g.:*=!:..3, u,llqss,,9ssplr,ls,-*!g199+.o.lt] '+',=eo gf-lYtr9 {o'-*i ', :S9gilg:

A=A, , !3Tgly_,

9o  (x ,w)  =-10

t h i s  9 o  i s  c a l l e d  l z z ) "

anti-homomorE! r i s rn
! , f f i

rr,eqr=*_|3: Tge*IgIPJng a. :rng A": f - ,dq1 : :  a  la . t ! i99 115i -homom-o-rqArs*'  
-  ; X X W  ^ - - ^  n - n / / l I  : \  l ? " . : ) ) .

.aq9i. ggllP]gtg +$:*t-::lgr9*9re$:s*'d n S  D = D  (  ( 2 " , ? )  ,  ( 2 " , ; )  )  '

wi-"h kernel
Tff

K e r  a . = { c e F x X w  I  q ( x , w ) > - t  ' (  ( x , w ) € x { t v ) !  ' ( 4 . 6 8 )

Proof  .  By the above ment ionecl  resul t  o f  l -22:  on ' fa  '  the mapping

- f f i -  . '  ^  n_ - - -a l  i f  i c  e  l a tL i ce  anL i -homomorph i s r ,  and
A .  m a p s  R - - '  o n t o  D '  F u r t h e r l n o r e '  i L  i s  a  i a t L :

a  con tp le te  i n f -an t i homomorph i sm '  i ' e "

t 1x1 l  
(w )o - fA*  ( -1 , r1 )  ( " )  ( x€X '  wew)  ;

f r - rnc t iona l  I : xXW- 'F '  " the  dua l i -

de f ined l -22)  bY

( x e c ) i l  ( G < x ) .  ( 4 . 6 3 )

g q * o o ,  w e  o b t a i n

( 4 . 6 4 )

( 4  . 6 ' t  )
:
I

the coupl in f uncti onar eE! eSi*99J9 t he  dua l i t



*  3 3  -

Arna* ($r, { '2) 
=afr-o A' i ' '  {vt 

"r 'eExXl{ ' '

a i . , r , r * ' =  ) / -Au .  t 1 '+33 je . r cFxX In ' )  ;
- r - r  J  i e J  

' j

J ( ; U

i ndeec1,  fc r  any  gro , r r r ' i l x ) (h r ,  {u : j } : . r  rF*X*  and G e  X we have

{ w ' c w l m a x  ( ' + i ,  f r )  ( x , w '  ) ' 2 * I  ( x e c ) i =

( 4 . 6 s  )

( 4 . 7 0  )

- f i ( { r ' e l ^ t l 1 " r ( x , w ' ) 7 - : - i U r { w ' e w f  r r ( x ,  w ' ) z - l } ) ,  ( 4 ' 7 l - )

x c G

and  the  (wc11  c le f i ned )  maPP ing

1} , i . , f j  
={ ,9 'eBxXWl q, '=?(r ) }  *Ay

i > q I a t t i ce  an t . i - i somorph i sm o f l l s

o;:g o,"()o',

- 1p- '  r r )  =  [ea]

f o r  a  s h a r P e n i n g ,  s e e

ar \,/ r.r
,  |  -  )  -  F A , ^ \ V Y \( tY-i  :r  i  ; .r ' !  ^ t  '

J  - J  * "

( 4  . 7  4 )

I  A  
' 7 4  

\
\ : .  t  v  /

a n { - n  F )
v ' ' 9 9  9 ,

( 4 . " t e )

Tire eguivalence

w i th

.  ( A € D  )

t h e o r e m  4 . 4  b e l o w .

"sv
:

{ w ' e  w l i ? 5  * ,  ( x , w ' ) v - r  ( x e c ) } = d - } { w ' e  w l  e i  ( x , w ' ) z ' L \  '  ( 4 ' 7 2 )

w e  o b t a i n  ( 4 . 6 9 ) ,  ( 4 . 7 0 ) .

9 G , w ) v ' l  ( ( x , w ) e  x { w )  i f  a n d  o n l Y

( G q x )  '  ( 4 ' 7 3 )

w h e n c e ,  b y  ( 4 , 6 3 )  '  ( 4 . 3 7  )  a n d  ( 4 ' 3 5 ) ,

F i n a l I Y ,  b Y  ( 4 . 6 3 ) ,  w e  h a v e

A , ^  ( G )  - w

i . e . , 4 , ^ = $  o f  ( 4 " 2 g ) ;  h e n c e ,  b y  r e m a r k  3 ' 1 ,  w e  o b t a i n  ( 4 ' 5 8 ) "
. Y

BgSgI \*J- :* -  a)  F i :om theorem 4 '3 (or ,  d i rect ly  f rom the c lef  in i t ion

( 4 . 6 3 )  o f  A * )  i t  f o l l o ' z s  t h a t  A " , F . X X \ { - " D  i s  a n t i t o n e ,  a n c l  h e n c e

b ) T h e r n a p p i n g A " o f t h e o r e m 4 . 3 i s n o t a c o m p l e t e t a t t . i c e a n t i *

-homomorph i sm,  s i nce  (4 .71 )  does  no t  ex tend  to  i n f i n i t e  f am i l i es  {e i } j . , :  C

g -FXXw (w i th  max  rep laced  by  sup )  .  Howeve r ,  ( 4 .71 )  ex tends  to  i n f  i n i t e

f a r n i l - i e s . { f * ! - * - , g - 1 0 , - * } " X t ,  a n d  h e n c e  A f = 4 " 1 , , .  ^  x x w  i s  a  c o m p l e t e' r ' " ' : : - : - . . . ' *  
^ . : - :  

r L ' i : T ] ' ; ^ " - - r X X w  
o r  E x x w ,

l a t t i c e a n t i - i s o m o r p h i s m o f t h e c o n r p l g t e s u b l a t t i c e t 0 / _ 6 0 J

on to  D ,  w i t h  i nve rse  a * ' { 1 ra  (o f  (  4 .67 ) ) ;  f o r  a  sha rpen ing r  s€€  theo rem

4 . 4  b e f o v r .  T h u s ,  w e  h a v e

f  
: / _o ,= ] ; : t _  

*o .  1  {A  j  }  i 63 ,  
6  D )  ,  ( 4  ' 15 )

J E . J  J  . J C . . ,  . l

f , ^ . o * = 1 ) ? * o .  ( t ^ j ] j e ' € D )  '  ( 4 ' 7 d )

J .  a  J  - J - "  J
t q u

c ) n y t t ' , e o r e m 4 . 3 a n d e ' - q ' [ 9 ] , c h " r r - E 3 ' L h e o r e m l l ' o n e c a n c l e ' -

f it* g..SgIgIg*,,St t g! FxXw , bY

{ 4 . 7 7 )4 . = Q ,  ( f )  €  A @  =  A , o  I
' L  L  ' l  ' 2

( 9 ' e  I r J ,  g c F x X w )  ,

u o t i e n t  l a L t i c e  F x X w / t

( s e e  1 + . 6 7 ) ) ;
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h".= r, . ; ;  ; j ; , ' j , l ' ,  
of (4.77) (n

Ji;JJl.;",; jf ;i ;";lJ;ii;"'l;i.J":;';;: ;:J 
la'L'fice c'nsruence)

. rrurr.re'nore, ;:";::: 
-'unt'n'':H":#;;'";:.it;: 

-"-
? r . n n i 2 ( r ) 6 . y { { x , v r ; 6 " " " ; ; . : " ; _ '  

: '  ] : 2 } .  
i t  h a s  b e e n  a r s o  s h o w n  t h a r

and hence -*  i : l : l ] .  
. l  v '  (x 'w)a" .11 '= i { " ,00;6xx,  

rv  r r r , " - , r  - ; :  
t  

(4 .  8a)o.n** r;ffir*; (s!s.s qc*xXw) Es**irao,

Moreove.r .

epo=- y'  A { ( x , w ) e  
x X w l c ( x , w ) > _ i  t - .* .1

+ s ' -  u : j  o b s e r v e  t h a t  t h e  I n a D n . i  n _
'r' , [qJ ** go (.rcFXX W)

( 4 .  s l )

( 4  . 8 2 )
.n o. i " r r ]*"a" 

" '  

/ r  9g!g lo,-* I*Xt,  for  a r
,  ( 4 . 8 0 )  o n o  * r , 1  

t h a t '  b v  , n . u i , ,  , n u  ; : ; ; : t " r p e n j n s ': derj.ni.r"" 1'n3'jl '_::'*:"j,jiT:,,' 
-.'*"''

K o r  a  t -  bK e r  a .  = [ + c - , T  r , ^ . _  
-  '  v v s  l t d r / L

D e f i n i f . i o .  A  1  
* " J  r  i l e r  r  =  - o o

--::+*g!*1: l* a) Given a L__,1h.r i  *.  -  
(4. g3 )

d e f i n e  t h e  c o m r > r : * .  

'  " -  v u r r  c r  c o u p l i n g  f  u n c t i o n a l  
f €  { 0  ,  _ M  r  x X I . I- - ' "  - y j , , q + e T , ? ? , ! ? f y * . c o u p f i n c r  

f r n n + i ^ _ . _ "  ,  

-  ' -  L w - r  
. - c { t "

T= -y ,,- 
:*:+*s9:ggff'-g9lgt*9lgl 

4e {0, -*} 
"x* r 

r w€

b) Given'"1"#:XwI 
q(x ' r t )=-t+ 

!
.77),," u"rrn"-J,lj '::;",^:::-l**R'xX */r., ,hu,e ? is .Ji :i]^-ff 

(4' 77), we derine il,-**i-*[il_ft_.i"rdr r-.:tr;?fl;"".

where @o e.[n - -- r xX w . 
i?J =[trJ ,

.  
-  - -  ' r '  *  L r ,  - c o  

f  
. ' / \ , ' t  

i  o  * "  ^ ,  _  ( 4 . 9 i  )n.,ruri +. J ur ""'ininjJ"ij,Jr;jjj;r.

+S..L k:"gtice iqomor?bign 
g! HxX w / ,-  nnu^ i

A  1  Y  v r r L v  a
. {  n A l ^ r . ,  f

see  theo rem 4
(4  .7  8 )  

" r  f , f  J

we have

Q=- ' v'  / t  ] (x,w) €xxrvJ r(x,w) =oj ( r e  1 0 ,  - o . J " x X w )  
,  ( 4 . 8 6 )

m i n  ( f r F )  = - o c  
r  m a : t  / @ ; 1 _ ^

q-0 ,  -a t j xxw,a ,  
*  * r r , "  r  -  

' nax  (9 'P)=0 
{ve{0 ,  - * i  xx* ) ,  (n .  g r )

grea tes t  e ' emen t )  .  
'  '  ' o  ' 1  co f tPLemen ted  

ra t t i ce  ( s i nce  0  i s  i t sb) ev lq l  =[e oJ 
"no 

(4 .  ss )
min ( [ , r ] ,  r . ;T  ,  , * '  

(q '87)  I  w€ ]13vg
ri ) =min tlvoj ,l r"j l = [*i. n (yo ,Ftr* -* (9e R.xx w; 

, (4 . 88 )
max ([rrJ, TF , r ^

so (FxXw,z, ,s , , ; ; : ' . ;  
: " , , " - : '=roJ=[+cvJ 

(ee FxXrv; ,  (4 .8e)
. o  o  comp lemen ted  

l a t t i ce .3!"e9{sg*4i-{: (Io, -*}xx*,.. ,o *;, 
": 

l '- ']uo,,.,*"u***nn 
"d-", ;--; lil-t ,ffiFxXw,2",<.I*J*IFT ]



,#a
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HxXw -S*n px"Y. w /r -,-t+Jo , -^i * X*

\n" ln aru/ l, 
"

\  l { -  l '
o(  (2* ,  t ) ,  (zw, ; )  )& : tzx  \ to ,  r )

i  ^  - i ^ ' - s , a i -  - , -  i  r , / \  w 5 e r e  o -  ( o f  r : e m a r k  4 .  3  c )  )  a n d  q -  ( o f  t h e o r c . n r  4 .  2  )  a r : (a >  u u l r r r r l ( . l L G u l - v s : ,  
_ : : : - :  

v  \ v r  - - r . s r r e I n  
a .  J  v t  J  

: : :  ) .  . ' . " - _ . * . * * - ' r ' * _

( 3 e x X w ) ,

( 4 . 9 0 )

( 4 . 9 1 )

( 4 . 9 2 )

( 4 . 9 3 )

n n m n l  a f

and

\  ,  v  -n l ( x ,w )c  xXw I  r ( x ,w )  =0 )  t soe  i 0  , -o ' l xX I ^ I )

are  comp le te  Boo l can  a lgeb ra  an t i - i somorph i sms  o l " t t o .  w i t h

e  Boo lean a  l  r r a h t  r  i  c n m n r n |  i  a n n  n n # n  1 1  A -o '::1-* 3--'---Yl''--!H:l::il5 ...Y".:Yt i- | u. ( o f  r e r n a r k  4 . 3  c )  ,  I

A  i s  as  i n  t heo rem

\  ( q ) = - N -, - \

q I q *>'t.vJ

4. 3, "q""**t. _g.Lo_r, +.9.19*Ig!pllg
(  q e F x X W )

j -s a lat t ice homomorphism anC a comofete in-!-hoggmlqLig*_.ol !o".

3 IggJ .  The s taLen l .en ts  on  t0 ,  - *_ f  ^ ' (  w  and (  a re

i .mmedia te  ,  wh- i .  ]e  those on  RXX*  / r ,  r '  and  $  fo l lov r  s in r i la r l y  to  theo '

r e m  4  " 2 ;  u s i n g  t h e o r e n :  4 . 2 a n d  l e m n a  4 . 1 . .  F u r t h e r m o r e ,  b y  ( 4 . 5 1 ) ,

( 4 . 6 5 )  r  ( 4 . g I )  ,  ( 4 . 8 2 )  ,  ( 4 .  8 1 )  ,  ( 4 .  B 0  )  ,  ( 4 . 7 8 )  a n d  ( 4 . g 3 ) ,  t o e  h . a v e

g l {  = { ( x , w ) e x X W l w c A u ( l r x } ) 1 1 = ! ( r )  ( f € { 0 , - c o } X X w ) ,
-i?

nr  =A  , .  =  L , ,= t ) (L !4  )  ( y .EXX* )  ,^a ( l r - l  )  - q "  - *

l 3 q  ( v ) = p ( i v J  ) = a o  @ c F X X W )  ,

s o  t h e  d i a g r a m  ( 4 . 9 0 )  i s  c o m m u t a t i v e .  P i n a I I v ,  t h e  s t a t e m e ] l ' t  o n  q  f o
- ' t

r  ^ , . , a  f  * ^ , -  ^ - A  a  A
I U W r  r ! u r L r  ! j - l /

R e m a r k  4 . 5 .  a )  e y  f  = f  o  ( r )

, .  and  theo rem 4 .  3 .
v V r . r

( f e F ^ " " ) ,  t h e o r e m  4 . 4 ,  ( 4 . 3 9 )  ( f o r

A = A r )  a n d  ( 4 . 6 3 ) ,  v r e  h a v e

I f , tc t= I l  (c )  =Ao(G)=C ,*  r  a*  t {x}  I  )  =

= A t r , e  w i  r ( x , w , ) < - $
x € G

( q e E x X w ,  c € x ) ; ( 4 . 9  4 )

o n  t h e  o b h e r  h a n d , u s i n g  a l - s o  ( 4 . 6 7 )  a n d  ( 4 . 2 ) ,  w e  o b t a i n

{ { * , r ) = f ;  
( x , w )  = - , L w  

\  n  ( { x i ,  ( w ) = - f , x t n * f 1 w 1 l  ( x )  ( A c D , x c X , w e w ) .  ( 4 . 9 5 )

h )  Q i  n n a  j - h o  f  : m i I i e Sp l

!  =  { i t x , w l i  I  x e  x ,  w e w } c  2 x X l ' r  ,

v , = t x X ! , r  \ { ( x , w ) }  |  x e  x , w e  w f  C  2 X X W ,
v \1 I^t

: r e  i n f i m : l  r c q n e c i ' i v e l v .  s r r n r e m a l  q e n e r a t o r s  o f  1 Z ^ . 4 " r : )  ( s e e
+ r ' r q r t  ,  u u r 4 \

e x a m p 1 e  1 . 5 ) ,  f r o m  t h e o r e m  4 . 4  w e  o b t a i n  t h e  f o l l o v r i n g  f a m i l i e s  o f  i

( 4 . e 6 )

, ( 4 . 9 7 )

t 'w'i,,
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f  im r l  . r on . . rA fc r r s  O f  t he  o the r  comp le te  Boo lean  a l - cJeb l : as  o f  ( 4 .90 )  :
: ; " " - - - - - " = ; ; , r ; . _ ; ; ,  ; . _ ,  

'  
) , 1 2 w , ; ) ) ,  ( 4 . e 8 )( t .  ) - '  ( v ) = r r ' ( Y ) = { i r ( 1 x , w , r ) l  x c x ,  w e l ^ l }  i n  D (  ( ' ) " , : :

r - 1 ( y , ) = { - } - , . , . , r 1 1 - , . , \ l l x c x , w e t n {  i n  t o , - * } x X \ v ,  
( 4 . g g )

\  ' -  '  L ' ' , ' ' X X t ' l 1 1 1 * r v / ) J t - - -

- 1 . - l  ( -
o - t ! - t  ( y ' ) = { [ - r , " > ( w \ { ( x , w ) j . ]  |  x e  x , w i w }  i n  F X t " \ r  2 ,  ( 4 '  1 0 0 )

w h e r e ,  b y  ( 4 '  5 4 )  '

. r r ( { x ' w } ) = { w }  i f  c = . [ x i  ,  ( 4 . 1 0 r )
=  g  i r  c l { x } .

Also ,  t he  co rnp lemenLs  i n  (4 .  39  )  anc l  de f  i n i t i on  4 .  I  a )  ,  b )  
"o i - r1 -

c ' i  de wi th the,?b"Shnfements wi th respect  to  tJrese fami l ies of  in f imal
u t r L r s  Y v  r  u r r  u r . e  i  \ / v r L r l /  +

^ ^ * a v r r - n r a  i n  + - h e  s e n s e  o f  d e f i n i t i o n  3 . I  ( b y  t h e  u n i q u e n e s s  o f  t h e
v g l r g ! q L U l r ,  r r r

e n m n l e n r e n t  j n  3  R n n l o a n  A l r l o h r a ) .  T h u s ,  w e  o b t a i n
u u l t l l / J c r l t s r r  u  r i r  q

I = ,-,'4\ n ("1x,w} ) =/'/ '\\ tr({x ,w} )
x € X r w e W  

'  x e X r w t t r " I
A{ f t - (  . [ x ,w] )  w(W \ r  n  ( {x i  )

? =  i n f  ( - I x X w  
\  { ( * , * ) }  

)  (  v c { 0 , - . o }  x

x € X , w € W  \  L '

g ( x , w ) = 0

One can a lso q. ive s imi lar  formulae for  the other  complements

occu r r i r l g  i n  t h i s  pape r ,  buL  we  om i t  i hem.

c )  B y  t h e o r e m s  4 . 3 ,  4 . 4 , ' a n d  t h e  : : e m a r k  m a d e  a f t e r  ( I ' 5 ) ,  A '  a n d

A 5  a r e  d r , r a l i t i e s ,  w h e n c e ,  b y  ( 1 . 3 0 )  a p p l i e d  t o  Y ,  o f  ( 1 . 1 6 )  i n  R X X I v
- ' l  ( ^  . .  Y Y I a T

a n d  t o  q - l t v ' )  o f  ( 4 . 9 9 )  i n  { 0 , - . . ,  } ^ ^ ' n ,  
a n d  b y  ( 1 . 3 5 ) ,  w Q  o b t a r n ,

r a c n o c f i r r a l r l -
l v U F v v v l ' 9 & J I

A,^=\ . - - -1 a-  {ge FXXW) ,  (4 .  104 )
Y  x e X , w c w , d € F  ^ { k , * ) 1 * d

9 ( x , w ) ( d

A r = - \ - /  A - "  ( e e  { 0 , - * }  
* X * )  .  ( q .  1 0 5 )

,  x€X,we I \ r  ,UXXW 
\  { (xrvr) }

9 ( x ' w ) = - o o

.  one  can  a l so  g i ve  s im i l a r  f o rn ru lae  fo r  t he  o the r  comp le te  i n f -

*ant i -homomorphisms onlo and eomplete ant i - isomorphisms onto occurr ing

in th is  paper,  br . r t  w.e omit  Lhem.

d)  rn general ,  q  and oq:  Y - -> '1 'o ut t  not  complete sup-homomorphisms'

Let  us cons ider  now the mapp j - r rg I .  :  . r  * "X;  .  I  iv  en by (4 .9 4 )  .  .

( A 6 D )  ,  ( 4  . I 0 2 )

xw) ( 4 . 1 0 3 )

a laLt i .ce hontotnorohismC o r o l l a r v  4 . 2 .  a )  T h e  m a P P i n c l

and a qoqplete ll{:l?rl,?il

A  : q - z A . ^ r S
J  7 * .

\t \/ f^T

F 
t r ' t  ' "  

on to D ,



*&ro,
t
$
?

-  J I  _

,  - -XX l ^ I ,
K e r  A . = 1 t ? r  l R  |  

' i ' ( x , w J <  - - L

b) Jhe-gg17g33g r: = r"l io.*o.1rX1-,i

i sonrorph is f i l  on to  D,  
: -  '  ' ^ ' J

-..rd<,+-'.'.-'*ry**

( ( x , w ) € x \ 1 ' l ) i . i 4 .  1 S 5  )

i s  a  comt : l e t c  Boo lean  a l c l eb ra

LLAgg. a) The f i rsL stalenent '  fol l 'ows from theorems

s ince  6  -= lA^  .  Note  tha t  here ,  fo r  each AeD,  we have
q t

A=A* -ff=ry.
' A  ' A  ' A

F i n a i . l y ,  b y  ( 3 . 6 4 )  a n c l  ( 3 ' 6 f ) ,  w e  h a v e  I ; = O  i f  a n d

, r  - o .  . i . e -  h v  ( 4 " . 3 2 ) ,u v - . n r r  r  r . v .  |  " J

a  . ( G ) = 0  i f  G f g  ,
Y  = W  i f  G = V i

b u t ,  b y  ( 4 . 6 3 ) ,  t h i s  h a p p e n s  i f  a n d  o n l v  i f

T h u s ,  t h e r e  h o l d s  ( 4 . 1 0 6 )  .

y ( x , w ) < - 1  (  ( x , w ) e x ! 1 { )

' 1  . 3  a n d  4 . 1 '

( 4 . 1 0 7 )

^ n  r \ t  I  tv  - .  - . J

t ,  r n a \
\:f I Iut"rrt

( 4  .  1 . 0 9  )

'  
{ a . 1 1 0 )

,  ( 4 .  r l r )

i n  t 4 . 1 1 1 )  f o r

( 4 . r 1 2 )

I  A  l  1 ? )

b)  By  coro l la r :1 '  4  .2  b ) ,  we have the  equa l i t y  s ign

a l t  { f i i i e  . l  6  { 0 , - o o  i  
x X 6 ,  a n d

, f  KZq  
=  

: :3  
-6T  ( { ^ l } j ( r :D ) ,

J E U

(P -. = inf t';i-'  
/ \  a . i  i6 . r  ^ - i
: .  a  )  J
J E U

T h e  p r o o f  o f  b )  1 s  s i m i l a r ,

R e m a r k  4 . 6 .  a )  B Y  c o r o l l a r Y

u s i n g  t h e o r e m  4 . 4 .

4 . 2  a ) ,  w e  h a v e

I  to  *  
"FXX 

Wt
\  I f  , I 2 L J \  ,  '

*x X. W\
t t ' r i i j E t e n - - '  i t

t { r - }  : .  r e F x X w ) ..  J " . J C U

*X -[t'

$s.  Duar i r ies  a :R^* '8 "  and .gon. iYqqt - i9 ls

Let  us consi -der  now the

v Trl
:A =Yl

C : K  - + s -  .

. - =X --;W
wnen b:r .  r  r  -A (where X

T={  r '  , - - ,  i a l  w - .1^ I  ,  i ' lR ; .  Fo r
- , _ { L w - :

. ' i ? ' ) ,  i n s t e a c i  o ;  A ( f j  ,

{ x ' € X \ 1 - x } )

d ' z  d .

( s . 1 )

r C ,  ? \

_,  case

and w are two sets )  ancl  Y= j  1 ,*r .  +d I  xe X, de R | ,

a ,Fx* rFwr ; ' reg l r faFx ,  we sha l i  wr i te  fA ,  fAAo,

n* l  ( f  )  ,  ( ( l ' " )  ( f  )  .

Le t  us  f i r s t  no te  t he

( 1 . 3 5 ) ,  w h i c h  a r e  i m m e d i a t e

' t .  .  i a t Y ,  w e  h a v e
/ l l .X j

complements to the equival  ence
-V

qgt -ag:z f e R" a!-g
fo  I  lowing

f { ) , . . ,  i a  e +  f  ( x ) > d ,
'  / r  I A I

fz r t { * j ia  <=+ f  (x)z>d

€> t= ,L{xi

a n d  f  ( x t ) = + o o

id ' e  Y  fo r  some
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The c le f in i t io t :  Q, r )  o f  A l r , f r I { - *EX bccomes now

o o  -  . .  - - - X r '  I
.  g  

'  =  in f  i r ' te  Hxl  r 'A<gl  t  (5  '  3)

i . e . ,  t he  one  q i " ven  i p  L2L ' :  ,  f o rmu l -a  (4 .  t )  ,  f o r :  a l y  mapp i .nq  A ,RX* tH I t i

( no t  l ecessa r : i .  l y  a  dqa l i i : y )  .  1 ' he  equ i va l -enco  (2 .2 )  beco rnes  nov r

.  rA.g *- rgo* ' . f  ( f  e f ix  '  geFI{ )  '  (5  '  4  )

wh i c i r ,  f o r  a  con juga t i on  A=c , i IX *oEW,  has  been  ohse rved  i n  I z r ]  ,  p ropo -

s i t i o n  4 . 1 ;  a l s o ,  b y  [ . 2 I J , . b _ ] r e o r e m  4 . 1 . ,  i f  A = c , i i X - - o i [ l {  i =  a  c o n j u g a t i . n ,

t l ien so is  c f  ,LW- 'F.X ancl  we h.r re c**-c,  rvhence a nr : inc ip le of  dual izat

t i on  f - o r  con  j uga t i o r i s .

F o r m u l a  ( 2 . 3 )  b e c o m e s  n o v r

and formulae

n o w ,  b y  ( 1 . 3 5

:k
n -

g =sup

L  .  - - T a I .  n *

f a =  i n f  . { . g c H " l g ^  < f J

( 2 . 4 )  -  ( 2 .  B )  r e m a i n  u n c h a n g e d .

)  a n d  ( 1 . 1 5 ) ,

{ t / , " . 1 r 1  i  e ) ^  | w e w ,  e q q ,  e

( f  €  n x ) ,  ( 5 . 5 )

F o r m u l a e  ( 2 . 9 ) -  Q . t 3 )  Y i e l d

so*  (* )= inr  {aeF I  ( / " t * i ;a t  ̂ss i

rA (,0) =inr ideF I ( l t* i  +al  ̂--<r] t

rAA* (* )  = in f  - lh  rx l l  r reRx,  t - ,4<f  A)=

( 5 . e )( .  <  r / -  i - . r l  
A t  . - 1 r

*  
= in f  i ae  n  1 ( t r r . * i+a l  

^ ; r i l o  ( f  e  n " , xcX)  ,

go^o { * )= in f  {s  (w)  I  s r .F t { ,  sa^-<  gA- - }=

= i n f  { d € F  l ( t r : r i i a ) o n a n o * }  ( s : F w ,  w e  w )  -

r n  p a r : t i c u r a r ,  i f  A = c , R X * F w  i s  a  c o n j u g a t i o n ,  t h e n '

a n a  [ f e ] ,  p r o p o s i t i o n  3  c ) ,  f r o m  ( 5 ' 7 )  a b o v e  v r e  o b t a i n

= in r  {d€F  |  ( / , { * i  ) c l - sga }  =

= s u P  ( ( x { * } ) c t - g )  ( w ) ( s . F w ,  x e X ) ,

( s .  l 0  )

, , ^ . i - ^  t 1  a \u D r r r 9  \ f  . v /

( s  .  1 1 )

B ) -  ( s . 1 0 )

( 5 . 1 2 )

[ 1 6 ] ,  p r o -

( 5 . 1 3 )

t,

;
;1,

wh ich  has  been  g i ven  i n  l . 2 I ]  ,  f o rmu la  14 .22 )  i  s im i l a r l y ,  ( 5 .

y i e l d  t he  rema in ing  fo rmu lae  o f  [ - 2 I i  ,  co ro l l a r v  4  '  4  '

F o r m u l a  Q . 1 4 )  y i e l d s  n o v r .  u s i n g  ( 1 ' 3 5 ) ,

* - " A A *  , *  €  ( v \ <  r l  ( x e x  
'  A a r A )  

,r = r  < = : f ( x ) < d  ( x e X ,  d e F ,  ( , { { x ' 1 . 1 - d ) -

h e n c e ,  i f  A = c t F X * F I {  i "  a  c o n i u g a t l o n ,  i r t e n ,  t r y  ( r ' 8 )  a n d

p o s i t i o n  3  c ) ,  w e  o b L a i n
+

f = f c c ^ e +  f  ( x ) < d  ( x c X , d e  n ,  1 1  1 - ,  ) c j - e t c a )  '

T h e o r e m  2 . I  y i e l c l s  n o w ,  u s i n g  ( 5 ' l ) ,  t h a t



*iinit

wj re re /  acco rd - i ng  t o  l : emark  2 .3a ) r t he  cond i t i ons
. ^ t  ^ *'  f  > ( y  , . . ,  i e ) "  ,  ( l  , . . ,  i e ) ^  ( x )  >  d  ( 5 . 1 6 )

. i l v r l  / ! I w J  
. *

c a n  b e  e x p r e s s e d  b y  s a y i n g  t h a t  ( t :  r . . ' ,  i e ) ^  s e p a r a f e s  f  f  r o m  v  i  a .

rn pa:: t icular,  i f  A=c,HX*oFl{ ' r"  o'" l l l l "r" . t . ; l - ; ; ;  ; r ; ; ;  iTl l ,  ,  .n
e q u i v a l e n c e  a * - e > d + + a * - d > e  ( a , d , e e R )  a n d  [ 1 6 : ]  ,  p r o p o s i t i o n  3  c )  ,  i t

f  o l . lows that  (5 ,  16 )  is  ecru ival -ent ,  to

( r  ) c ' E '  ) " * * - f .  ( 5 . 1 ? )( l i  
1w l  

J  ( x /  + -o>e  7  \ , , " iw j  i  T - !  .

R e m a r k  2 . 3  b )  y i e l d s  n o w ,  u s i n q  ( 1 . 3 5 ) ,
& *

- A A  t t  : . , A  I  A  .  - 1
f  - -  = s u p  i ( I { r i  + d )  -  

i w e  w ,  d € R ,  f  "  ( w ) < d } =

*  . *t ,  
i , . , 1 . i a )  

A  - l w , : r v ,  
d e  F ,  ( ; . 1 , . , ,  i d ) A - - <  f l  ( r e F x )  .  ( 5 . 1 s )=sup ,,:()" 

twi
f n  p a r t i c u l a r ,  i f  A = c : R " - + R "  i s  a  c o n j u g a t i o n ,  t h e n ,  b y  ( 1 . 8 ) .

f  orrnula (5 .  1B ) becomes

* - *
f  c c  = s u p  {  ( y  , -  - ,  ) '  + - d  l w c l { ,-  L  A t w i '  '

*
= s u p  t ( ) r , ^ , ,  ) "  i - a I w e w ,/L' iw J

F o r m u l - a  ( 2 . L 9  )  b e c o m e s  n o w ,

f  {(}1) =sup {me.l i lm<r! (f  . i trxi .  (5.

'  r t  ^ !1 . e . ,  c n e  " J ' t - c o n v e x  h u l i "  o i  f ,  i n  t h e  s e n s e  o f  i S ] "
Theorem 2 ,2 and formula (2 .  30 )  mean now, b-",2 (5 .  1) ,  that

r9 ( ia )  - in r  
i i - . , " r ia  !xe  x ,  de  F ,  f  m<, , i ,  f> ,m,  in {x }>d- i  ( f  <Rx;  ,

F ix ' f ( ry l )  =  " i f  a  n*  i  f * . * ,Y , i :R ,  f  {x  )  >  d ,3 rne" l l ,  f  ;m, in  i x }  >  d  ! ,  (  s .

-  3 9  -

f " t t  - i n t  
{ , t ' * . . j , 1 l x e - x ,  a c I ,  . $' "  

i x j  

^ ' E
f  2 ( 1 r , ^ , r . + e ) -  |, "  

L ' '  J

n  A ^  L l

f = f  - -  
e ) ,  Y x 6 x , T c t ' R ,  f  ( x ) > d ,

^ *
f  > ( X  , - . , - i e )  

^  
,' " 1 w . I

W e h 7 ,  e € R ,

il

,  ;  , / f  - 1
\ l  , . . ,  f e )  ( x J > o i

/ ' j w J

3 w e l v , 3  e e F ,

rL
e A

1 t  , - - ,  i e )  ^  ( x ) > d ,
' - tw  - f

( r c R x )  ,  . ( 5 .  t 4  )

( 5 .  t 5  )

( s . l e  )

20)

d e R ,  f "  ( w ) < d J =

* *Y
A 4 D  t v  \ "  + - / r < f l  ( f ' " R " ) .s _ r \ ,  \ ^ { W } /  I

fo r  any  4*F* ,

Fix { (JL)  = 
i f  cEx l=. } i r r , 'n , , .  f  =sup h} .

. he J4.,

Aga in ,  i n  iZ0 l  an  equ i r ra len t  wa l z  has

m a r k  m a c r . e  a f i e r  ( 4 " 1 9 ) -  ( 4 . 2 1 )  a b o v e ) ;  l e t

t 5 "22 )  has  been  g i ven  i n  i . 5 ;  ,  p ropos i t i on

The observat ion nacle before theorem

been  fo l  l oweC (see  the

us  mE: r t i on  f , na t ,  f o r

r . 6  ( i .  )  .
2 .2  sa1 /s  now

( 5  . 2

z 4  j

, ? ]

re *
t . ,1 r  D'

r-hat !.f9.._tFe.gr
,*|- -convex hulof the hul ls f  - ' fAAx, ylglg a,Hx-"FI :"- r i r r : l i l - r r  a n r : ls Y . - r -  + I  t

=:\wher :e  J ' :  q  R ' ' ,  a re  eq ' - i i ' . :a1e4t ,  v ia  (2 .2 I )  ,  i vh ich  ceccmes now

-ss
! : 1
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, ,  t ,  , - , A - ,  . .  " ; : t r i 5 XJ {  = [ { v ' r r , i a ) "  l v r c w , d c } l } G f t  ,  ( 5 ' 2 4 )

respec t ive ly ,  v ia  t i re  dua l i t ies  ( I .  1 .1 )  o r  E( .1 ' t )  .  i -n  par t i cu la r ,  i f
*x -iv

A = c : ^  - . - + F "  i s  a  c o n j - u g a t i o n ,  t h e n .  b y  ( 1 . 8 ) ,  f o r m u l a  ( 5 . 2 4 )  b e c o m e s
:{

, l ' 1 . = { ( t . , . . ,  ) c ' - t - d l w e w , o . , t i } c F x ;  ( 5 ' 2 5 )
.:.-. r{./,, twj 

. .

s i nce  ( . I . . , * l  ) c  =9c  ( '  ,w )  ( r ve  W)  ,  whe re  'P .  i s  t he  coup i ' i ng  f unc t i ona l

( 1 . 3 9 )  ( s e e  L 2 f J  ,  t h e o r : e m  4 . 2 )  ,  t h i s  J ; !  i s  n o t h i n q  e l s e  t h a n

j,{.={ ,r" ( " ,w ) td I w*w , de,tr} , ( s . 2 6  )

i  .  p .  J . h o  J = a m i ' l  v  o f  a l l  " e l e m e t r t a r y  f u n c t i e n g l g "  ( a s s o c i a t e d  t q  { " )  ,r ' e ' / : - : % * _ - - - * # . * #

1l Jh.e-. sqnae- j-! [.]6.1 .

F o r m u l a  ( 3 . 1 ) ,  d e f i n i n g  t h e  p a r t i a l  o r d e r  A t < A z ,  b e c o m e s  n o w

n n* a
^ L

T  5 - I

a n d  t h e  d u a l i t i e s  $ , - 0 .  o f  ( 3 . 3 ) ,  ( 3 . 4 )

, -  = X ,( r € K  ) ,

are .novi
_Y

( r € K  , ,

( 5  . 2 7  )

( s . 2 8 )

( 5  . 2 e  )

ft
L  E . - E

f 9  = + u ,  i f  f  d + , r c l

* - s { r  1 f  f s+ea  "

P r o p o s i t i o n  3 . I  m e a n s  n o w  t h a t  ,  f o r  A ' A , € D = D ( F X T F W ) ,
a l  '  a ' )

A t < 4 2 t r > t X { " 1 i u )  
' < ( } , 1 * 1 i a )  "  ( x e  X , d e  n )  '  '  ( 5 '  3 0 )

We sha l t  deno te  by  C=C1HX,  nW)  the  se t  o f  a l l  con juga t i ons

c , E X * r F W .  S i n c e  C c D = D ( F X ,  F W ) ,  w e  h a v e  a  n a t u r a l  p a r t i a l  o r d e r  o n  C ,

i n d u c e d  b y  t h e  o n e  o f  D ,  i . e . ,  b Y  ( 5 . 2 1 ) .

Theorem 5 .  I  .  For anv'  , , , - ,  e FX Xw ( j : .1) yq*hqyg fqhe{e---j--:::J- '_t-"

." -* Ac (,e.i ) gIg_:ehgLig D)
) € J

\ 1 " c ( f :  )  c ( f . )  c ( s u g . i ; )  _ v
g J € " r  J  = s u P  f  r  = t  j € J  J  ( f e R ^ )  ,

j € J

i l c ( v . )  .  c t . o . )  c ( i n f  u ' )

t r  .  -  i c t l  j e  l - '  ' '  = i l l  i , t t x ]  +d )  
-  " j ' = ( , t r * ) i o f  

' 54 ;  J '  1 ; r x ,de  Ru{+ 'o ; ) '  i 5 ' 32 ). / " { x }  '  * ,  
j €  J

Ac (r-, ) c (v. )
S i e J ' " ' '  

j ' = s u p  
f  : . n f  t , i . r * r i A l  J ' l x : x , d e R u i + r p j ,  f  ( x ) < a ] =

: r ' ( i l 5  
o : )  

( r c t r x ) .  ( s . 33 )

.Hence- ,  c  rq  -q  -cgTp ie te  su .bra t , t i c9 .9L  f=e  1Hx,nw)  (an4 th r :s

Vc= VD,. ' \c=l f l  ,  ar!3- j : . [e,  : .n-e.*, to.  t : '3e."T'-qirni?g c( ' ) :  Q *c (*)  '  9qf- int
j € J  j e J  j e  J  j u J

!X  (1 .37)  (g* I * l *L ig  c* *9c  ,  9 f -  ( r .39) )  ia  9 ! .  cgqp le te  la t t : i , ce  i -1o-

mg.fph.iqp- o: FxXw ol!9 c.

Proo f .  Leb  us  reca l l  t ha t  i f  Z

\ . / c ( 9 r ) ,
J E J  

J

{ 5 .  3 t )

i s  a n y  s e t  a n d  h : Z * F ,  t h e n ,  b Y



,Sa-,

-  4 1  *

L , f . o J ,  f o r m r . r l a  ( 4 . S )  a n d  1 . 2 3 : l  ,  l e m n i a  2 . . i . ,  w e  h a v e

s u p  i . t r t z ) t a ] *  s u p  h ( z ) 1 a  ( a E F )  ,  ( 5 " 3 4 )
- / A  - , - r y
1 ,  I L  t \ : b .

.  i n f  - i h ( z ) j - a i =  i n r  h ( z ) + a  ( a c n U i - c o )  ) "  ( 5 . 3 5 )
z ( "2  z t  i I

F r o n  ( 3 " 8 ) ,  ( f  . 3 7 )  a n c l  ( 5 . 3 4 ) ,  w e  o b t a j - n

) . . . ' j c ( f + )  c ( v . )
f  - l k  r  ' )  

( w ) = s u p  f  )  ( w ) , = s u p  s u p  { , , f n  ( * , w ) t - f  ( x ) }  =

J € J  j {  J  x e X  r

.  c  (sup . i+  )  . .
, - s g p  j  s u p  \ " i  ( x , w ) + - f  ( x ) )  = 1  i { J  '  ( f e  F ^ ,  w r w )  .

x e X  ' j e , I

F u : : t h e r m o r : e ,  b y  ( 1 " 8 ) ,  ( r . 3 8 )  a n d  ( 5 . 3 5 )  ( w i t h  a = - d )  ,  w e  h a v e

g  ( j - n f  f .  )  c  ( i n f  . y+  )
r - \  j * J  )  ,  j € J  r

( ; i _ . + a )  -  = ( i { r - r )  "  t - d =, -  t x  I  / t t x t

= in f  ' l t .  t * , .  ) f - d r t=1n f  ( ) , -1 * r  ru , t  
t * j '  

( xe 'X ,deRu{+o ' } )  .
j € J  ' r  

i 6 J  
' - ' - -

T h u s ,  s i n c e  Y i  o f  ( 1 . f 8 )  i s  a  f a m i l y  o f  i n f i m a l  g e n e r a t o r s  o f  F

c o n d i l - i o n  2 0  o f  t h e o r e m  3 . 1  b )  f o : :  A j = "  ( ' P j )  ( j € J )  j - s  s a t i s f i e d

f t i r i f  h  A = c ( i n f  v . ) ) .  H e n c e ,  b y  t h e o r e m  3 . 1  b )  a n d  c o r o l l a r y  1 . 3 ,  w e  h a, ]

( 5 . 3 2 )  a n d  ( 5 . 3 3 ) .  T h u s ,  b y  ( 5 . 3 1 )  a n d  ( 5 " 3 3 ) '

\ - , '  c  ( ' f i  )  =c  ( sup  f .  ) c  c  ( ' { t r - ,  }  u .  , sFXXw)  ,  ( 5 .  36  )
j € J  J  

S e l  
J  J - ' J c ' r

, ' \  c  ( e . ' ) = c  ( i n f  . r , - . , ) e  c  t { + r } i 6 s . e R x X W )  ,  ( 5 . 3 7 )
j € J  '  j e J  r  J

whence  the  o the r  s ta temen ts  (o f  t heo rem 5 .1 )  f o l l ow .

n " f ? f l . * l , l -  
" )  

B ) '  t h e o r e m  5 " 1  ( o r ,  b y  ( 1 . 8 )  a n d  ( 1 . 3 9 )  )  '  w e , h a v

c r < c r x + 9 " l a  { . 2  .  ( c y c 2 < c )  .  ( 5 .  3 8 )

b )  B y  L h e o r e m  5 .  I  ( o r ,  b y  ( 1 . 3 7  )  )  ,  t h e  s m a l l e s t  ( g r e e t t e s t )  e l e -

men ts  i n  C  and  D  co inc ide ,  name ly  I

c ( - o o ) = O ,  c ( + c o ) = ' f l .  ( 5 . 3 9 )

c )  S i n c e

. -  ( -  :  -  1  r c

is a ramily or,"il11t:;:::1.:riJ'"i'iiJ;::: .."-ple 1 ,, j';lll
t heo rem 5 .1  i t .  f o l Lows  tha t

(  ,  
"  

- F l  I cc  ( Y ,  )  = t .  (  
, t { t * , * ) }  i u  ) l  ( x , w )  e  x X w , d e  F }  ( 5 .  4 1 )

i s  a  f a m i l y  o f  i n f i m a l  q e n e r a t o r s  o f  C ( F x ,  F w ) ,  w h e r e ,  b y  ( r . 3 7 )  a n i

( 1 . . 1 5 )  ,  f o r  e a c h  f ( F X  w e  h a v e

" =tc
! . .



-  f  ( x ' ) )  =

+l?.,

( 5 . 4 2 )

llao-lg:l*L,''3: T"lg:ell*s-Ugt-91-99-s9i!.J g tc :l' a t t i c e i s omo:ph i s m
*y -r:./ u' i' -r,\'i "*X. 

*. 
' 

=--'_ - 
-:_l - 

-*'*:Y'*-1'7* -*

afD (F^ , I 'u )  - '  a* t l ) ) :=D (R^ ,n* )  (s -cc : -  L - l rc?- lq l  3 .2 )  Jo ,  c=c  (R" ,R" )  ' l :9 - : r lh9

*-"- .-- i - . -  ^ "^* / .vher:e . ,*  iu clcf jned bv ( ! : .3)) ,  . ! .1*.1-.sg1algJg*]gt! !gp:j5ll1!j'a-V " 
*'" \JI::-::-:., 

__1,,--';-.'-- --*;.--;*;, '._"in 
__.X.

isouor r rh ism o f  c -c  (Rx ,R" )  on to  c ' *=- {c ' ' l ccc ;=c  (R" ,  i l ^ )  ,  ! l l e - rgmPlgg9_k l -
i . - . ' , . . -_ - *_+! * - '1 -*X
t i ce  o f  a l l  con juga t i ons  f : : . q1  Fn '  i l ! 9  R ' " .

: . fggt" By the remarks made afte: :  formula

c * g c t n  
* l  .  c o ' v e r s e l y ,  i f  c ' e c ( i i w , t i x ) ,  t h e n

"*=  
( .  , ) * *=c '  ,  so  c*=c  (RVJ,FX)  and c - - "c*  maps c

t h e o r e m s  3 . 2  a n d  5 . I ,  t h e  c o n c l u s i o n  f o l l o w s '

n"Ig*q!*l:.],- One can also gi-ve the fol ' lowinq proof of theorem

5 . 2 ,  s i m i l a r  t o  L h e  a r g l r m e n t  o f  r e m a r k  4 . 2  b ) :  s i n c e  t h e  m a p p i n q

f  -  r  g -  ( qc i i xXW)  ,  c l e f i ned  by

f -  ( w , x )  = 9 ( x , r v ) (xeX,we In i l )  , ( s . 4 3 )

L e t  u s  r e c a l l  t h a t '

t r a ^ n  . i  r r a r  { -  i  n r r  n  F  l - \ / n a  T . a  l lv v r r J  u Y  q  
" - I  l : \ -  - *  *

d e f i n i t i o n  3 . 2 )  b Y

( 5 . 4 6 )

i q  a  c . m n t o t t  l a F f  i r : a  i s o m o r n h i s r n  o f  F X X W  o n t o  F W X X ,  t h e  m a p p i n q
I D  s  v v r r r t /

" - * . *  
i s  the  compos i t ion  o f  the  comple te  ta t t i ' ce  j , somorph lsms"  "on to"

c  - + g . - * r { v . f * r c ( ( v . ) - ) = c * ;  ( 5 ' , 4 4 )

i n d e e d ,  b y  ( 5 . 1 1 ) ,  ( 1 . 3 9 ) ,  ( 5 . 4 3 )  a n d  ( 1 . 3 7 )  ( a p p l i e d  t o  ( % ) - : w I x - +

---* F) , we have

g c  ( x ) - s u p  (  ( X r . r ) " 1 - s )  ( w ) = s u p  { t r " t -  ( r v , x ) t - 9  ( w ) }  =- /LtxJ' we w
c ( ( f c ) - )  

t _ _ . \ ,  _ _ r w ,= g  ( x )  ( x c x ,  g e  F w )  .  ( 5 '  4 5 )

f o r  e a c h  c o u p l i n q  f u n c t i o n a l  g : X X w * F ,  t h e

t  ( e ) : E X - + F w  a s s o c i a t e d  t o  f " i s  d e f i n e d  (  L 2 2 ) ,

rL  
( 'P  )  (w)  =- in f  f  (x )

x € X
f ( x , w ) z - 1

*Y
( f e  n ' ^ ,  w e W )  ;

( 5 " 4 ) ,  w e  h a v e .

f  o r '  c . ,  1c ,  )  
*  r ve  have

o n t o  C * .  H e n c e ,  b Y

a l l  con juga t i ons  o f  tYPe

fo r  each  g€RxXw the re

( 4 . 8 1 )  '  s u c h  t h a t

( 5 .  4 7  )

( s  .  4  8  )

w e  s h a f l

Lau f rom

We

e x i s t s  a

*Y * Id .
d e n o t e  b y  C L = C L ( R ^ , R " )  t h e  s e L  o f

Fx irlto ltw.

r e c a l l  t h a t ,  b y  | , z z : ,  c o r o l l a r Y  3 . 2 '

un ique roe  {o  ,  -  oo}  xXw,  namely  ,  fo  o f

L  ( r ) = c  ( r o )  ;

h e n c e ,  i n  p a r t i c u l a r  ( f " 2 2 3  '  c o r o l l a r y  3 ' 1 )  ,

L  ( w ) = c  ( f  ) ( ? € 1 - 0 , - * ] X X * l  .
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F r o m  ( 5 . 4 7 )  a n < l  I - Z : 1 ,  t h e o r e m  3 " 1 ,  i t  t o t t o w s  t h a t  c : R X

t"s_q"}ljisI!i.or_i.j*_9y-ps__!33*i{3:r.l*gll}-J*:g_i"3-g:i.9"t}s-:. (I. 7 ) ,

. C  ( ^ .  ' l {, . t { " 1  )  ( ' L a t * " r , i '  ( x € X )  ,

o r  r  equ iva l .en t ly  (v r i re re  .1 " "  i s  the  f  unc t , iona l  (1 .  39  )  )  ,
.  V \ 1 T r l

f . € 1 0 , - d o j L

h o w e v e r ,  i f  c  s a t i s f i e s  t h c : s e  c o n d i t i o n s ,  t h e n  t h e r e  a r e
-V \/ Irl

t i o n a I s . F e R " ' \ "  s a t i s f y i n g  L ( t , ) = c  ( s e e  ( 5 . 6 0 )  b e l o w )  .

Theo ren  5 . , 1  .  CL ,=CL( r i x ,F i ' l )  i s  a  como l .e te  sub la t t i ce

*lntr..4 l( l-s

( 1 . 8 )  ; ;

( s .  4 9  )
I

( s . 5 0  )

m l r r r r  f r r n n -

* v *
o f  C = C  ( R " ,  I

and  thetlls q*e.e*:g r, : T'--r L (<r ) is .g-lg!l+ge -.lLqryqryqrphism and a compl-ete j -

-homol i rorphism of  Rl r v l l L U r l r u . L  g r l . L > t ! t  u l .
;;rll'\ lY

_"-.-..**.**
on to  C l , ,  r v i t . h  ke rne l

n . r  1 = { r e F x X w  l E ( x , w ) < - t  ( ( x , v r ) e x X w ) } "  . l c : ,  ( 1  \
\ J  .  J  L  J

FX )ttw o'toB1-qo,!. By the de f i n i t i o r r  o f  CL ,  t he  mapp ing "  L  maps

C L .  F u r t h e r m o r e ,  b y  ( 5 ' . 4 7 ) ,  ( 5 . 3 6 )  a i r d  ( 5 . 3 1 ) ,  f o r  a n y  { y , , } i u ; y
we have (where  \ , /  t ( f . . , ) ,  , ,4  t (q j )  a : :e  taken in  C,  ana 

S= i f i ): j € ' j .  
'  j € J  r

so CL is  a  comple te  sub la t t l ce  o f  C

= , 2 \ " 1  .  A l s o ,  b y  ( 5 . 4 1 )  |  ( 5 . 3 6  )  ,  ( 5 .
j € J

(and thus V 
cL=Vc 

, .  Ac!=
j c J  J € J  j e J

37 )  and  us ing  tha t  o ' q :  V . - - . t yo

and hence

( s . 5 6  )

----+v
r ii^ ''\

o ) ,

/ q  q ? \V r (
j € J

j € J

r - , )=\ ,2_ c ( ' r?)  =c (sup v!)=l  (sur ,e!)e ct  ,'  j e . J  ,  j e . t  J  j e J

( . r i ) = A  c t , i ! ) = c ( i n J :  r ! ) = l ( i n f  r J ) e  c r , ,
'  j e . r  r  j € J  J  " j 6 J

-Y V I^l
( q g R " / \ " )  i s  a  l a t t i c e

( s e e  ( 4 . 9 0 ) ) ,  w e  o b t a i n

L(max (ya, f2) )=c((max t r , r , r i ) )o)=c(max (v ! , * ' ! ly=.11, ! ) \ ic (9; )=r(y t )VL( tz) ,  (5 .54)

L( in f  { i )=c(( in f  f . , )o)=c( in f  e?)=Actr ! l= f i r , t , r * ) ,  (5 .55)
j € J ' j t J ' ) e J t j e J r j e t

and thus L is  a la t t ice homomorphism and a complete in f -homomorphis

I ' i n a 1 l y ,  i f  f ( x , w ) < - 1  ( { x , w ) € X X I ^ i ) ,  t h e n ,  b y  ( 5 . 4 6 )  a n d  ( 5 . 2 8 ) ,

'  f r '  
( 9 )  

1 w )  = - i n f  V = - x t  = r  o  ( v r )  ( r  e  F x ,  w e  w )  i

c o n v e r s e l y ,  j f  f L ( v ) - r 0  ( f € R x ) ,  t h e n ,  b y  ( 5 . 4 6 )  a n o  ( 5 . 2 8 ) ,  w e  o b t a j .

homomorphisnr  and a cornplete i .n f -hoqromorphism

v ,. r u i x e X  l v ( x , w ) > - l j
(we W)  ,- i n f

x € X
9 ( x

w h e n c e  q ( x , w ) g - 1

Remark  5  "  3 .

( x e  X ,  w c l ^ t ) .

n )  R r r  j - h o n r o m  (  ?  T .  i e  i c n + n n a4 l  e l  L l r e v r v r r r  J . J ,  u  r J  r J v L v r r g t

L ( s u p  f i ) > V  L ( c r )
j e J  '  j € J  )

b )  In  genera l ,  the  nrapp ing

t ( ^ 1  - i = X X W '
\ 1 Y ; l - i " r E l \  l .

\  
J - , t  ! u

L o f  theorem 5 .  3 is  no t  a  comple te  su
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homonro rph i s i t t .  i l o i ' r . i ' r e r : ,  l ) y  (5 .48 )  ,  t , t = - t ,  L^  ,  x ) i l , t =c  |  , ' ^  , x .X Id  
i s  a

' , | 0 , - c o . i ' ^ ' '  "  i . 0  r - i u ) i - - ' '

cor ; lp lete iaLtrcei  iso:ncrp l - r is)n of  the corc i : l t :Le sui : Ia t t ice j -0, -* }X)<l ' /  o f

"ftX;v.'rJ 
, ont* CL , wi t.h

( l r ) - 1  ( r , ( r ) ) = ' r o  1 ' s e f l x x l d ;  ( 5 ' 5 7 )

( s e e  ( 5 . 6 3 )  b e 1 . r : w ) ;  f c r :  a  s i l a r p e t : i , n g ,  s e e  t h e o r e m  5 ' 4  b e l o w '  I { e n c e /  s i l l -

ce -a:g 9E 0 (y€ i0  ,^  o; IX){ :  I " l )  
,  the sr .nal .  l .cs i ;  anC greatesL e}ements of  CL

a r e /  r e s p c c l - i v e l Y '

L ( - o + ) = c ( * o o ) = 0 ,  l , ( 0 ) = c ( 0 ) , / c ,  q R ' r

( s . 6 0  )

( s . 6 1 )

. . i  ! Lu L r  w r  u l r

" l s r o z /

where

f L  
( 0  )  ( r ^ r ) ' = 1 c  

( 0  )  1 r u )  = - i n f  f  ( X )  ( f  s E x  ,  ! / c W ) ,  i s .  s c  I

c )  B y  t h e o r e m  5 . 3  a n d  e . g .  l 9 t ,  c h . r ,  5 3 ,  t h e o r e m  1 1 ,  o n e ' c a n

define ?-ggSISglSgt.gg 
-frxX*, 

oy

ti 'r=*, ( ' l ') i ' . i  L (ff ) =L ('r '2) '

and  the  (we l1  de f i ned )  maPP ing

f ,  L . i ' "1  ={ ' r 'cRX t  t t l  u , ' -v ,  ( t ) l  -+  L (v"  )  ( r 'e  { -v1,n 'pxXiv ,

le$i.se-i:?J9r!!,i:r- 9 t :le*ssegsf'g*rjg:i :e F X X w / s  o n t o

.rr - 
'l

L  *  ( L  ( v ) )  =  L Y I

( t h e  f a c t  t h a t  L  i s  v r e 1 l  C e f i n e d ,  o n e - t o - o n e ,  s a t l s f y i n g  ( 5 . 6 2 ) ,  h a s

been  obse rved  i . n  l - 22 .1  ,  r emark  3 .3  c ) ) ;  f o r  a  sha rpen in l ; f f t "  t heo rem

5 " 4  b e l o w .  I r l o r e o v e r ,  b y  f - z z l  ,  c o r o l l a y  3 . 3 ,  f o r  ? l - , r r e R " " "  w e  h a v e

L (Y1 ) -1 ' ( ' e2 )  i f  a r : d  on l y  i f  As .=A*^ ;  t hus ,  l bs :Sg lg ]1gg tg "9 . r "€  
(5 ' 60 )

' l  ' 2

anc l  ( 4 .77 )  Sg*g jgg .  I n  pa r t i cu la r ,  f o r  f o  o f  ( 1 ' 81 )  we  ob ta in

L  ( , r ) = L  ( v o )  ( r o R x X w )  ( s . 6 3 )

( t h i s  a l s o  f o l t o w s  f r o m  ( 5 . 4 7 )  a n d  ( 5 . 4 8 ) ) .  N o t e  a l s o  t h a t ,  b y  ( 5 . 5 1 ) ,

( 5 . 6 1 )  a n d  ( 4 . 8 0 ) ,  w e  h a v e

K e r L = [ - * ]  = K e r : ? .  ( 5 . 6 4 )

w ,v r^l

PeJinitioi, 1..:.. a) For each *1.R^"", w€ define tht g*P]gryg[g"ry.
-ltr

c o n j u g a @  L ( Y )  : R , . - - r  R "  t o  L l ' f ) ,  b Y
t t r ,

f i - G i l  ( w ) = - i n f  f  ( x ) = f L ( t " ) , t ,  ( f  e  F x , w e i r l )  ,  ( 5 ' ' 6 5 )
.  x € x

f  ( x , w )  <  - 1

w i t h  f o  o f  ( 4 . 8 1 )  a n d ? 6 ' o f  d e f i n i t i o n  4 ' 1  a ) '

b )  we  de f i ne  a  conq rL rence  f  on  c  (FX ,  Fw) ,  bY

c l p  ) s c ( f n ) ( l . r ) e = * 9 , = f " ( ? )  ,  ( 5 ' 6 6 )
- . , 1 r * " . .  

,  I  L

w i t h  c ( r . )  o f  ( I . 3 7 )  a n c l  s  o f  ( 5 . 5 0 ) = ( 4 " 1 1 )  "  F u r t h e r n t o r e ,  f o r  e a c h

Ic  ( f  ) ]  i n  Lhe  quo t i enL  l a t t i ce  C  (FX ,F i l l  t  y  ,  we  c le f i ne  t he  99 lP l -emen tan r

(*uFx X I{.)

i i l

I

-t

t ;

{'

t

i

. l

i
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.sls.s-: fTilj gg l" (r')l , bv

lJTlrJ=i ."  ( , ip)J "={c 'cc ( f rx,J l l { ) l  c 'xc (r t r ) rp l i .

I g U g . l L " j : _ 1 ,  a )  B l z  ( 5 . 6 3 ) ,  ( 5 . 6 5 ) ,  ( 5 . 5 5 ) ,  ( 5 " 5 4 ) ,

( 5 . 5 8 ) ,  v r e  h a v e

-r,(+,).r l f , I i) '=.f l(qo).ni-(,rd)-,-1,(mrn { ' io,F))-r l ,{*c. ' ;=rOi(r.Fx,r€CXw), (5.68)
n r*Fi i  rn 

-?i .

-L (q )VL ( r )  . - L ( * " ) \ ' L ( r " i  . . L (nux  t t " , r ' ' ) )  - L (0 )  - c (0 )  , -  r<X  =XXI { ,
I  "  . . = L  . .  . = l :  '  .  = f  . = l _  

( f  ( H  , g 6 K  ) . r

so (CL,  5 ,  L  (u, ' )  - * I l - tT )  1s a complenented lat t ice.

b )  S i n c e  t h e  q u o t . i e n L  m a i r p i n g

s :  c  (q)  * - -+ '  [c  t f  ) ]  tvcFIX wl

i s  a  l a t t i ce  ho incmo i :ph i sm o f  c  (Rx ,  R ! t ' )  on to  c  t nx ,Fw) /p  ( see

v ; e  o b t a j . n ,  b y  g =  g n ( r ' ) ,  ( 5 . 6 6 ) ,  ( 5 . ( , 7 ) ,  ( 5 , + 8 5  a n d  5 . 6 8 ) ,

inr ( [c t* i j  ,  f"  i7[)=inr([e(*2, t .(F)])=[c {ro), ,r  
"(F)] 

=

1 ,1 reHxxw) ,

{euFxX I { )  
,

( s . 6 7 )

( 4 . 8 7 )  a n d

( s . 6 9  )

( 5 . 7 0 )

e . s . [ e ]  )

(s .  7:r_ )

( 5  . 7  2 )

=lL(, i /o)nff i l  =' i0l

a n d  c i m i  I r r ] r rq . r u  
t

s u p  ( l c  ( e ) 1 ,  i E t * [  ) = l - c  ( o ) j
r^ ,=X =IV, , Y:*:@T

s o  ( L  ( r <  r  K  )  / t t  t { t  l c g > l - +  l t { f  l l  )  i s  a  c o m p l e m e n t e d  l a t L i c e '
" *Y -Td

.Tlgglgjt^: j l j -  gtr= (CL,<,L(v) -*r, (y) ) and (C (R^,F")// . ,  <, [c (v[ *+

-' I c (w)j ) ar_? cqryprste" _Bo.o.l9g!_-e_1-ctel.l 11s Snd p.]e.-q+?grem
-RxX w *g* px,\w 1.y s_ato,-* j x Xw

( s . ? 3 )

i s  c o r n m u t a t i v e ,  w h e r e  c  a n d  g  a r e  t h e  c o n g r u e n c e s  ( 5 . 6 0 ) = ( 4 . 7 1 )  a n d
-.::.-=-'.--.''.- -* i

( 5 . 5 6 )  r e s p e c t - i v e l y . q  a n d  ( r  a r c  a s  i n  t h e o r e m  4 . 4 ,  c ( " )  i s  t h e  c o m p l e -

Llugli* tT r, i:*ee-.it.ll." u
m r n h i  h f i

p :  c  ( t r )  *> l ,  (c) 1ee FxXI{y ( 5  . ' 7  4 )

and  the  c l l r o t i en t  mapp inq  s  o f  ( 5 .70 )  a re  l a t t i ce  
' homomornh i sms  and  com-

.:;;-";-*-;;;.".k*-#f,,* -

p l e t e  i n f - h o m o r n o : : o h i s m s  o n t o ,  a n d  i ,  L r  ( o f  r e m a r k . 5 . 3  c ) ,  b ) ) ,  t t = u l . ' .

err f l  t -*s*(.  )1,-  ,  X><I4t a] :e=-soole1j:r  a]qebra i - ! -ol lorPbisms-JI*e, glbl l
|  

{ 0 , _ c " l  I , ' ,  
t ' .

( " t ) - 1 ( [ c ( . 1 ) l ) = L ( ? ) = 1 , ( v o )  ( s e F x X W )  ;  ( 5 . 7 5 )

- 1  n

T  
-  (  i c  ( v ) j  )  = v " ( s . 7 6 )

where yo i .=  qgl i r ]gg_ly  (4.81)  .

! - fggg.  T i re  proofs  of  the s tatemenLs on CL and i ,  L t ,  are s imi lar
n r n n . :  ^ €  r h o n r o m  u l  ?  r r c i n ^  + h -  

- x x  I ^ l  -  ' ) . - - l X X W  
u t u  

" o * -; l ! v u !  u r  L r r s u ! v I l l  ' 1  . 1 1  L t s r r t g  u r r a L  R - " ' "  / f  a n d  J U t - u v  5  o L E  u

r { o n l o a n  a l c r o h r a e i  ( t h e o r e n r  4 . 4 )  a n d  u s i n g  r e m a r k  5 . 3  c ) ,  b )  a u d

( . ruFXXw) ,

to  the

n l  o i - a



- 4 6 *

L e r n m a  4 . 1 .  F r . r t : L h e r m o r e ,  b y  ( 5 . 1 4 )  w e  h a v e  1 ' c ( . ) = L ,  r . e [ s p g .  p = L ( c ( . ) ) - l  i ,

a  l a tL i cc  homor r i o rph  j . s rn  and  a  co rn r r l  cL .e  i n f -homo ino rph i s r r  on to  (by  t i t eo ren l s

5 . t  a n d  5 . 3 ) . '  F l e i ' r c e ,  e . ! i .  b y  l 9 l ,  C h "  r ,  ! : ,  t h e o r e n r  1 1 . ,  o n e  c a n  c l e f i n e
^ ,-X =.1{,a congruei lce J.p ot )  u t l (  ,  J{  )  ,  I )y

c 1 - . : c 2 ( 1 n ) < . ' r p ( c l . ) " p ( c 2 ) ,  ( 5 . 1 1 )

wh ich  i nduces  a  l - a t t i ce  i so rno i : ph i sm o - f  C  (Fx rRW)  , / 1 i -  on to  CL .  Bu t ,  by
r

= r = o l  . t r t J a ) ,  $ , 4 1 ) ,  ( 5 . 6 6 ) ,  ( S . 6 0 )  a n d  ( 5 . 6 3 j ,  w e  h a v e

=t {L {,r, ) ) =sr (r, .rr) ),+'> ir- t r, )l= i.r (,r2 ),c=.> [ c tv!l J = [c t. !l] <=-+

@??=e7(d++r,(rr)=L(rr)  ( ,F1,rreFxxw1. (s.7s)

u o  n t  i r  o r . " - t o * o n e .  A l s o ,  b y  ( 5 . 7 0 ) , , . t r = f o ( ' r )  ,  ( 5 . 6 6  ) ,  , ( s . 4 7 )  a n d  ( 5  . 7 4 ) ,

s (c (v)1=fc{{ ' )J =lc tvo).J=lr , (v)J ==t (L(y))=sr 1p (c (*))  , { , r*Fxxw1 ,  (s.79)

so s=srp ,  and hence s r  maps c l ,  gg- !g  c  {nx ,H l { )  /p  and there  ho l .ds  (5 .75) .

M o r e o v e r ,  b 1 '  ( 5 . 7 7  )  ,  ( 5 . 1 4 )  ,  ( 5 . 6 0  )  a n d  ( 5 . 6 6  )  ,  v r e  h a v e

c  ( v r ) + c  ( t r )  ( ; i n )  e >  p  ( c  ( v l )  )  = p  ( c  ( , r ' z )  ) + . + L ( r , r )  = L ( r r )

4*a f  , : r ' f r (T )< : * .>c(v r )=c  ( , r r )  ( , s )  i v r r ,  t s reFxXlv ,  ,

*n l? . . , r ,  Fp=f  .  t l l u : ' 'OY (5 .77 ' )  ,  (5 .7  4 )  and (5 .  75  )  ,  the  la t t i ce  j -somorph is rn  o f

C (R" , l i "  )  /pO=Q (R '^ ,  i1 "  )  /7 r  on to  CL,  i  nduced by  up=/ . ,  .  i s  the  mapp ing  .

f c  t v ) J  * *  p  ( c  ( s )  )  = : ,  1 * 1 =  1 s r ) - 1  ( [ .  ( t l ]  I  ( r e p x X  w 1  ,  ( s .  B 0  )  '

i . e . ,  t h e  m a p p i n g  ( r t ) - 1 .  I { e n c e ,  s i n c e  C L  i s  a  c o m p l e t e  B o o l e a n  a l g e b r a

(see  the  beg inn tno  o f  t h i s  p roo f  )  ,  so  i s  c  iRx ,nw)  / 1 i ,  and  s r  i - s  a  comp le t -e

B o o l e a n  a l g e b r a  i s o m o r p h i s m  ( b y  l e m m a  4 . 1 ) ;  a l s o ,  s = s r p  i s  a  l a t t i c e  h c m o -
* - ' ^ * L l ^ *  ^ * J  ^  - n m n l o f a  i r r f - h n m n m n r n h i c mr r l u I P t r J D l l l  d l l u  a  u v r L ( I r I \ ;  L c  r l t I - l t u t L l u l r r v !  l r r t r ; t l t r

N o w ,  f o r ; = s c ( . ) 1 , ^  - , r , X X ' , f  w e  h a v e ,  b y  ( 5 . 4 8 )  ,
l {  U 7  - c t 1 ^ "  - '

'  
T  g )=sc  ( ,e )= " t  ( r , t  ( ? )  )  ( ve f .o  , - * ]  "X t )  ,  ( 5 .  B r )

a n d  h e n r : o  y ' i  s  a  c o n r p f e t e  B o o l - e a n  a l q e b r a  i s o m o r n h i s m  o n f o  ( s i n c e  s O  a r e  L r- a - " \ \ J J r r !

^ * ,  ^ f r  ^ ^ ! { ^ € . . i * -  L - -  r t r  ? t r \q r r q  D  ) r  > a u . " r r y ' i n g ,  b y  ( 5 . 7 5 )  a n d  ( 5 . 5 7 ) ,

- - 1 , .  . - r , - l  r  - ' l  r  - ' l  ^  
, . E X X W '

u ( ! - c ( 9 ) . ] ) = ( L - ) . ( s - ) - ( j . c ( t r ) j ) = ( t . . ) * ( L ( f ) ) = * " J . r F R . . , . . . ) ,

i . e . ,  { 5 . 7 6 )  .  F i n a l l y ,  b y  G . 8 2 )  ,  ? o =  9 ( ' ( ) ,  ( 5 . 6 f  )  a n d  ( 4 . 9 3 ) ,  w e  h a v e

r . ro, . ( [ .e]  )=r,  ( ro)  =i  ( i . . ,  J)  (ee FxXI{)  ,

t q t ' e l = i t L * l ) = L ( , i )  ( v c F x X W )  ,

s o  t h e  c l i a g r a n  ( 5 . 7 3 )  i s  c o m m u f a t i v e .

I e [q f l r -  1 r5 - .  a )  The  equ i va lencc  re ] -a t i on  (5 .66 )  (no t : : ega rded  as  a  l a t -

t i ce  cong l : ucnce )  ] r as  been  i n i : r oduced  i n  t 22 ) ,  t ocJe the l :  w i t l r  t he  map l> ing

/ - ,  ,  =XX l { ,  -  - - x  - I ^? .' c ( . ) : R " " "  
/ :  - ,  C ( R " , n " )  / y  d e f i n e d  b y

 ,  r  ^ r \  f  / - . \ i  ,  ; X X W 'i t l e l l = f c ( t ) J  ( e e t {  ) r  ( 5 . 8 2 )

where  i t  has  been  obse r : ved  tha t  6 ( . )  i s  one - to -one  and  on to .F rom the  above
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i t  fo l lor ,vs that  6 ( .  )  is  a compleLe Boolean a lgebra isono: :p l t is : : "

c a n  h c :  i n s c r t e c l  i n  t h e  d i . a q l a - m  ( 5 . 1 J ) ,  s o  t h a t  L h e  n e r v  d i a g r a :

nrr . i ta t  j . r re.  fhe f  act  that  sr  j ,s  One*t ,O-One al )d Onto /  sa i - is f1: ing

b e e n  o b s e r : \ , e d ,  e s $ e r r t i a l l y ,  i n  i . Z Z ) , : : e t n a r l t  3 . 3  d ) ;  f o l i  ( 5 ' 7 6 )

o f  ( 5  , 7  B )  ,  ( 5  .  79  )  ,  anc l  sc rne  re la ted  p l : ope rL i . es  '  see  \ -Z -Z ' ,  .

b )  F r o m  ( 4 . 9 9  )  ,  ( 5 .  8 1 )  ,  ( 5 . 7 0  )  ,  ( 5 . 4 8 )  a n d  t h e o r e i n  5 . ' 1 ,  - * e  o b t a i n  i h e

foJ. lov, , inq farn j - l j -cs of  in f imal  generato. rs  of  C l t lx ,FWi /p ana CL respect ive-

y to, r tv' ) ) - t ic (axxr^i 
\*(",rn)i I l"ex, welr'} in c rnx,Rwl 1rr,

a L l a - - I 1 \ / r \ \ -
t  t \  \ L  t  ) -

. - L ^ - ^  L , .  l 1
w r r e r s .  u y  \ r o

1{(x,w)} 
)l xex' wei'* jn cL'

)  t .

\ - A x K  w  \  { { * , ' n r ) J '  ( w ,  )  = _ j ' f
- - f ' r f

. 1 n f  ^  l r h i , - r -

- , - * . '  , l
!  g l r ! * ; : : l  9 ( r :

i 5 . 7 5 ) ,  h a s
c n n o  Y r 2 r l  q

( * r' &xxlv'In] "

t ,

u^

i i(x)
f (X\{x})

w ' * w ,

1 t r  i a \

IE .Q,1 \

E

i F

r +

4 { " r i ! -

A 1 s o ,  t h e  c o m p l e m e n t s  ( 5 . 6 7 )  |  ( 5 . 5 5 )  c o i - n c i d e  r , v j - t i r  t h e Y c c m p l e r n e i l t s

v r i t h  r r r c n o c t .  t - o  ( 5 . 8 3 ) ,  ( 5 . 8 4 ) ,  i n  t h e  s e n s e  o f  d e f i n r L i o n  3 ' i '

ges931..?5y..*5_._L a) 3f9_Ig,"_r:*gq t : s-rl,.(f)..i.e "3-]a"tJigq el]=1?PT9Ig]f-.r
and a conrpl-eLc ili gn!t-,rg.ggrng.r:PlilIl-9f F''\ \w gilg CL, Il::-'<:rlE.i
**--*-#

K e r  I  = { r e  n x X *  I  * ( *  , w ) v - l  ( ( x , w ) e  x } , w ) }  . { 5 . 8 6 )

r) jhg_sgepg]:t 
"'=i L. --; x X,., lS. * .9,?m,pf?!g-3g?L931- f :.

-]lgrgrpliEll-grUg Cr.. 
' {u 7 -cv}r z' 'v

p roo f .  a )  The f i rs t  s ta tement  fo l lows f rom theo: :ems5,4  ard  4-4  and

c o r o l l a r y  4 . 2  a ) ,  s i n c e  w e  c a n  w r i t e  t . ^ , -  ,  "  "

mappings

tnr)  
- l  -6  r . r  , -z i ,  ry

q'**:-r{=AO- O-a--* v"-:-5+ r. iy" J =1, (r)

as the  ccrpos i t ion  o f  the

, . - - { 3 ) ! I ' J ,\ t : n  , ,

i 5 . 8 7 )

v , ,he re  t he  equa l i t i es  ho ld  by  (4  , 94 )  and  (5 .  65  )  .  The  p roo f  o f  i 5  "  E6  )  : - s

s i r n i l a r  t o  t h a t  o f  ( 5 . 5 1 ) ,  u s i n g  t h e  f i r s t  e q u a l i t y  o f  ( 5 ' 6 5 1 '

T h e  p r o o f  o f  b )  i s  s i m i l a r ,  u s i n q  t h e o r e m  5 ' 4 '

Sgmgf l - f f - :  Corresponding to remark 4 '6,  le t  us note '  fcr  exai i rp le '

thal-

,^ -<XX. w,
,  Y 2 e ! \  t  t

- ; X X  W 1
= I \

L (max (V, Vr) ) = L ( f i ) , / \ L ( \ ' 2 )  , ! f r

=iffq=y"ry (ie:]:u'

Theorem 5 .5 .  The  res t r i c t i on  o f  t he  comp le te  l a t l i ce  i s : ! i 1c rc i l i - sn '
;_..T;.------:I*--*ffi ff

c€c  (Rx ,F l { ) - . *  e  c *=c  ( I i i ! ,R^ )  ( : ' ' -ES : : ' I  s ' z )  ! o  c :=c l  (E - " I "  '  : ' - 3 - : - r . *  l hg

q3pp-11.s. r, (e)-'L (f ) x, 
5. -a "sompig!9-*9q*9-e+,elgg@ 

ct=
- _ y . - i . 7  ' i .  + ,  6 . . \ ) ' r i . / L : , ^ r . t E l  F . \ )  : l : i C e  o i= C l ( Q ^ , ' X t u )  o n t o  ( C L ) ' " = r L ( v ) - " ! V e  ^  : - u ! \ j \  , ( \  /  '  i - l - r e  - c q r : - - : : :  

- i

: r  r  - n r . i r . a a F i ^ , 1  q  ^ F  + \ 7 n , -  t  ^ r :  ' . c " r  F I {  i n t o  F X .  a n d  i i e  : a ' : € -  l j ! : : ' { e  : -  i s  r i -
d I l  u \ J r r _ J L r l J o L l - u r r r  u r  : _ v l ' u  

! r t  u _ - ' ' . .

v g l -  g g  ( s . 4 3 )  )

t
t t ,
t
]' t
t

, - j
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.  L ( 9 ) x = r , ( f - ) = t ' ( ( r o ) * )

! : S n l :  e V  ( 4 ' 8 f )  a n d  ( 5 . 4 3 ) ,  v r e  h a v e

( q O ) - : - i . ,  - . = ( q " ) O\ . f  )  " - l *  
i ( v r , x ) € W X  x  l y ( x , w ) z * 1 !  

\  '

w h c n c e ,  l : y  ( 5  ,  4 7  )  ,  ( 5  , 4 4  )  ( a p p l i e d  t o  c = c

ob ta ln

(re Ex x I17) 
"

(ee Rx X in') 
,

( f o ) ) ,  ( 5 . 4 8 )  a n d

( s .  B e  )

( 5 . e 0 )

( 5 . 6 3 ) .  w e

(s.  e l )

( 5 . e 2 )

(s .  e  3 )

l e te  i n f -an t i *homo*

( 5 . 9 : 6 )

( 5 . e 7 )

a n d  ( 5 . 4 7 ] ,  '

, ( q ) * = c  ( , r o ) x = "  (  ( t ' o ) - ) ' " c (  ( f  ) o ) = L (  ( q - ) o ) - L ( f  )  ( v * F x X I { ) ,

w h i c h  p r o v e s  ( 5 . 8 9 )  a n d  t h a t  ( c L ) x  g c l ( I I ' J , A X )  .  H e n c e ,  i f  L ( y )  e  c r , 1 I w ' F x )  ,

w i r e r e  y o o R W X X ,  t h e n  L ( t ) x e C : , { t r x , H W 1 = C L  a t r d  L ( ^ r ) = L ( y ) t k * e ( C L ) * ,  s o  ( C l , ) * =

= C t  ( F w , E " l .  T h u s ,  b y  t h e o r e m  q . 2 ,  t h d  c o n c l u s i o n  f o l l o w s

C n m t r i n i n o  f L ^  z r i  r * r . : m c  t A  9 0 )  a n d  ( 5 . 7 3 )  ,  o n e  o b t a i n s  f u r t h e r  r e s u l t s t
L u r t u r r r ! l r 9  u l l E  q l a 9 I a r t t D  \ = . / v /  a r r u  \ J t  I  J t  t

for  ex i l *nple,  the fo l lowinq

Hgg{ug.J= 6' $g---A.ieg:gr

Fx>iw- 9A- , .10,-*yxX t^r
r  \ - = - *  ,  l ^ r ' \ r . lct.,l \.Rjl_-\I \ l --------s

c tnx,il *L+*D ( (zx, i, 1zw,z) )5?r, tRX,n{{l

i s  conunu ta t r - vc ,  whe re  ,  fQ r  each  c€C 1nx ,nw)  and  Ae  D  (  ( 2X , > 1  ,  1 2 w  , ? - )  )  ,

$"  ( c )= {we  w  |  ( , \ t * }  ) c  (w ) } * t  ( xe  G) } ( c e X )  ,

, \ (A) 1w)=-. inf  f  (x)=- inf  f  (a*(- f ,w.,L))  ( feFX, wew).
x€X
w e A ( { x } )

I J 6 n  ^ 6 I  i .  a  I  r { - t i  c a". -" ..-_:::::-:; ant i -homomorph j -sm and"

c  (Rx ,Rw)  on lq D (  ( 2 x , 2 ) ,  ( 2 w , 2 )  ) ,  w i t hm n r n h i  q m  n f
r L r v J -  Y r r * v . 1 .  

v  +

( s e e  ( 4 . 6 8 ) )
v T^1

n  / 4 4  * \  / a Y l
U \ Z  i t - l  t  \ L

Ker  $ .=c6er  A , )

. - ' l  - r  r  I\ - -=6: =b,1."  (Fx,Rvr)

P f g g l .  B y  ( s . 9 2 )  ,  ( 1 . 3 8 )  ,  ( 4 - 5 3 )  ,  ( s . 9 3 )  a n d

- - l
f  

q l l u tr is a complg!:elqgleaq.-gl99l?f-1,.
-  \  \  ^ h + ^

, d l  I  v r r L v
^ '  r ; X  j - W r  ^ r + i a € r r i n a
u !  \ l (  r n  , /  r  > q L r > ! y r r r v

( s .  e 4  )

( s .  e 5  )

( 5 . 4 6 ) ,  r v e  h a v e

$c  (? )  ( c )  = {we  w  |  ? (x ,w)> - t  ( xe  c ) }  =Ar (G) 19uFxX 
w ,  c  <  x )  ,

X ( A , e )  r . ( d \  . v V r n r  - X
f  

t  ( w ) = - i n f  f  ( x ) = f ! t t ' ( * )  ( f r F " ' t " , f  € R " ,  w c w ) ,

A E N

, p { x , w ) v  - I

t h e  d i a g r a r n  ( 5 . 9 f  )  i s  c o m m u t a t i v e .  l l e n c e ,  u s i n g  a l s o  ( 5  '  6 3 )

ob ta in

? j

D U

we

(veFxXI { ) ,
I-1 (r, (ro) ) =\-r (r,  (, to) ) =Afo E. ,*o) 

=Er, (,e)



- 4 9 . -

s o ( 5 . 9 5 ) h o l d s . T h e o t h e r S ' t a t e m e n t s f o l l o w f : : o m t h e o r : e r n s . l . 4 . ; . n c l 5 . 1

- tg{ ,qf ] : * - ! : }  6 .  ancl  I (A)  have bcei l  in t ro<Juced i t ' t  i '22 ' "  ie f in i i :cn 4 ' l

and rernark 4.2 a)  I r r r " r 'e  they i rave been d.enoted bY Ac ancl  L t ; )  ani  ca i le ' j

, , i : he  Cua l . i t y  assoc ia ted  to  t he  con  j uga t i on  c " .  add ,  respec t i - "e l y  '  " Lhe  con -

j u g a t i o n  o f  t y p e  L a u  a s s o c i a t e d  t o  a  " ) .  ] l o r m u l a e  ( 5 ' 9 5  j *  i }  ' 9  ' " i  a n d  s c n ' e

I

I
I'

t
ir
I

i

re l s r t ed  resu l t s ,  ha t ' s  been  p roved  i n  i . 221  '

9ol9"Ll3rv*-La:..:U9-ilef-Hi f : a -"XTXT

i s o r n o r r ; h i s m  o f  D  ( ( 2 ^ , - ) ,  ( 2 " , ; ' ) )  o n L o  c L ( F x

(2w, ; ) )  gg_ lg - - ie -

i.t s-sgryelsls* I o"clsgl* 3f"1s!:e
,F t r { )  ,  and  foq -  sagn  acD  i  ( 2 " ,?  )  ,

ylgg T; g$ I atg-: f9:?pSgtiJ*vr-Jh-e c?mPleT.er !3rJ.ggyp]i:-l {*u!g!}Slg:

(4. e5) 3!g-I&9-S9ggle-n9l-!ery-.gge};|tJ 
(4 ' 3e ) '

| f p : I .  B y  A = A u , ^  ,  ( 5 . 9 1 ) ,  ( 5 " 6 5 )  '  ( 5 ' 4 8 )  a n d  ( 4 ' 9 5 ) '  w e  h a v e  ( 5 ' 9 8 )  '

a  _  - -

g n 9 . o l l  .  i j y  a = ^ t ^  1  \ r t ) r ) 1  \ J ' v J t '  

,  i:-
Hence , ; , ,= ) . r ,  (where  l ta t=A l  ,  and thus  the  f i rs t  s ta tement  fo l io rn rs  f rom thec{

i

r e r n s  5  . a  u n a  a . i ,  r " i n a l l v ,  b y  ( 5 ' 9 8 ) ,  ( 5 ' 9 3 )  ( a p p l i e d  t o  f )  '  ( 4 ' 3 8 )  a : i d  Il
( 4 . 2 )  ,  w e  o b t a i n  ( 5  "  9 9 )  '  t

F r o m  t h e o r e m s  5 . 6  a n d  5 ' 5  t h e r e  f o l l o w s  I

coror I a^r 5 . 3 . The mapping x(a) --' \(a) 
* 

i* g-goJ?L?i-e .:9"1?**:319e.!l.t i
YY*51:::r-::-:-:---:::::-;-:L-r-& .E T^7 --v ^ ' '^X -, IYi/**i:*-r*::*:-:x=5f|l*1n, r *-nr rrw 6Xr and for eacl neD { (2X,:) ,

i s o r n o r p h i s m  o f  C L ( R ' - ' R  )  9 l : 9  ( u r ' ' ]  = u ! \ 1 1  t K  )  r

( 2 w  , J )  )  w e  h a v e

> ta l  =Xn l=L  (%)  =c  ( { )  =L  ( ' i [ )  =  \  ( 6 )  ,

f  i .(A) (w)=- j .nf f  (x)=- inf f  (x\ax ({w}) )
xeX
we w\a ({xf )

) . (a )  x= t  (go* )  =c{ t  * )  
=L  (  (vo)

r  r a r *
o A \ o . /  ( x ) = - i r r . f  q ( w ) = - i n f  g ( A ( { x } ) )
Y  \ r r l

w€W
xe lx t{w})

f r(A) ), (A) ̂ 
1x1=sup inf f (Ax ({wi) )

we A ({x} )

Prco f  .  s /e  p rove on ly  (5 '  I02)  '  By  (5 '  l0 l )

-  
1 = ; 1 l x )  r

_lt
( fe  R ' ,wcw)  ,

(gefl,  xex),

*Y
( f  e K ' ,  x E X ) .

for  n=;  
) i {A)  a i ,3

i q  q R i

/ c  q q \

( ,s.  t .0o )

is.101)

i 5 .  i02)

( 5 . 9 3 ) ,  w e

L  - . . ^
l l d v g

f \ (A)X(A)* ( * )=-  in r  t \ (A)  (a ( j . x ] ) )=  sup 1- * t r (A)  1wi )=
vrea({xi)  _,

- suP inf f (A* (iw] ) ) (f eR^' xtx)

vreA ({xi)

Us j - r rg a lso coro l l ; r ry  5 '  2 ,  one obta ins

ryo'nn6Eil6;l4+*r* (cr') t=cr' tnw'Fx)'
we_ hay.e 

*

i (a)  *=Xi l*=L(G)=ci i*)  =r '  (  ( { ) - )  =tr  ( [ ' " )  '
A^ A"

co I g I lsrrr !:-t-.. IlS*-ryepgl-gg*o *'frF 
l-.:

i  ^ ^ r ! n l  F l - F  B o . i e a no  u v r t :  J r \ -  ' a : _ a laeb ra  i so -

{ t  r n 1 \



. i ^ r  f  t r . \  n * / . r , . r 1 \ \ -J - I ] L  r  \ . \  \ o  \ L w j /  / -

i  (5 .  104 )

( 5 . 1 0 5 )

' v I { T

, x=ca (A )  ; f r ^ *F " '  de -

( s . 1 1 r )

(5. .  1 12 )

and (5 ,105 i  ,

I I 3 )

from

welv \ A (.{xi)

Rerma. rk  5"  B .  l { . vo l te  has  cons  j -dered  the  "con iuqat ion"

f  i nec l  ( 1 .24 i  ,  f o rmu la  (17 )  )  bY

f  
o ( r ) = - i n f  f  ( x \  n x  1 { r v } ) )

and  has  obse rved  tha t  x *c  ( v )  ( i n

i  e  d a f i  n a r l  1 ^ r r r
! v  e v !  * . . v 9  v . J

v ( x ,  w )  = - , [ x  
\  o *  ( t * ]  ) ( * )  

( x e  X ,  w e w )  i  ( 5  '  r 0 7  )

a lso ,  he  has  observed Lzs)  tha t

, '=w
g (  ( x ) = - i n f  g ( w \ A ( t x i  ) )  ( g e - t l . ' ,  x e X ) .  ( 5 ' 1 0 8 )

N o t e  t h a t ,  b y  ( 5 . 1 0 6 ) ,  ( 5 , 9 9 ) ,  ( 5 . 1 0 7 )  a n d  ( 4 ' 9 5 ) ,  w e  h a v e

" r=, \  
(a)  =f  ( i l ,  u  = 16={  .  (5  .  109 )

s o  ( 5 "  1 0 8 )  i - s  a  p a r L  o f  ( 5 . 1 0 4 ) .

L e t  u s  o b s e r v e  n o w  t h a t  i f  A e D  ( ( 2 X , t )  ,  ( z W  r ? )  )  ,  t h e n  f o r  t h e  f a m i l y
v

$ , l . g z x  d e f  i n e d  b y  ( 4 . 2 2 . )  w e  h a v e ,  b y  ( 2 . 2 2 )  a p p l i e d '  t o  s u  ( h )  ( h e  F ^ ,  d e  R )  o f

( 4 . 2 4 )  ( i n  E = ( 2 x , J )  ,  i . e . ;  w i t h  f ( j t )  ( S d ( h ) )  o f  ( 4 ' 1 7 ) ) ,

F  +  = r  ( r e F x )  t  ( 5 .  l r o  )-Q (^^^)  -q 
[ r ' i . )

w h e r e  f e ( a * a )  ( r e s p e c t i v e l y ,  t e ( n r )  )  d e n o t e s  t h e  g r e a t e s t  f u n c t i o n a l  h : X + F

such  tha t  sd  (h )  =axa  ( su { r , )  )  f o r  a l l  de  R  ( respec t i veJ -y ,  such  tha t  sd  (h )=

=y " ( , , 4 )  ( sd  (h )  )  f o r  a l l  de  R )  i  ma io r i zed  by  f  ;  i n  [ zo ]  '  tC  
t , { . 1  

i s  ca l }ed  " t he

S-guas i - convex  hu11"  o f  f .

N o w  w e  c a n  e x p r e s s  f  ̂ ,  n * n , ,  a s  f o l f  c w s :
! I  \ A  A , '

1Z ltl

T h e b r e m  5 . 7 .  F o r  e a c h  A € D ( ( 2 ^ , 2 ) , ( 2 " , ? ) )  '  q g  h S v q

( f r i 1 x ,  v r * w ) ,  ( 5 . 1 0 6 )

t h e  s e n s e  o f  ( 1 . 3 7 )  ) ,  w h e r e  ' ) ) = v . e { 0 , - * } * " t t

( reFx)  .

l :ggl :  By lz0l  r  theorem 2.2, for anv ,v ' ;zx we have

f  n , , n ,  ( x )  =  s u p  i n f  f  ( X \ M )
14 \!."/ M€.J4-

*Y
( f e n " , x € X )

X € X\M.

H e n c e ,  b y  ( 5 . 1 1 0 )  ,  ( 5 . 1 1 2 )  ( a p p l i e d  t o  ' l i t  o f  ( 4 ' 2 2 ) )  ,  ( 4 ' 2 )

we  ob ta in

fq  
1a* l )  

(x )  = f  
n  1g ;  

(x )  =suP

X:Ir^x ({w} )
= r 1 ' { l ) X { a ) x , * , _Y

( f e  R ' - , x e X ) .

Remark  5 .9 . ,a )  A l te rna t ive ly ,  one can a lso  deduce theorem
. * * * ' . * . . : - -

L Z o ]  ,  t h e o r e m  4 . 2 ,  a p p l i e c l  t o . ' l l s  2 ^  o f  ( 4 , ' 2 2 )  '

( s .



h \  r F l - r o  a a r r a l  i  l - r r
L, l

I  ' u  1 v \ -  c r rf n  / n I A \  \ ^ J  -  ) L i P
v  1 ! - r  o /  

w € I | {

x e x  \

. . 5 1  *

*'
i r r f  f  ( x r a ^ ( l w j ) )

( t iv i  )

$
$

I
f
}

$
t. A""

( w h i c h  i s  p a r t -  o f  ( 5 .  f . l - 3 ) )  h a i s  b e e n  a l s c >

r e m  J :  , 1 . ' :  a n c i . f o r m l t l a  ( 1 . 8 ) ) ,  w h o  h a s  b e e n

a  n r imber  o f  o the r  resu l t s  o f  i . Z ' t )  can  be

case  . i ' i . =  (4  . 22 )  o f  some  r :es ' J l t s  o f  i . ZO1  .

C o r o l .  I a r y  5 . 5 .  F o r  e a c h  A  d D  ( ( 2 x , a ) ,
*_-...*.*.....#

where

( s . 1 1 0 ) , G . 4 + ) .

np.n*"lF "e.r l !-.  By i-221 , remark 2. '3

v e  d e f i n i t i o n  ( 4 . 6 3 )  o f  A ,  ( a n d  t h e n

fo r  va r i ous  pu rposes .  Now,  t he  above
v V t ^ t

e a c h  q ' e f i ^ ^ " ,  b Y

l t c l  
= { w ' E  6 r  |  9 ( x , w '  ) 5 ' - 1

cor respond ing ly ,  fo r  each Aeo (  (2X, : )  ,

na l  , * , '=911 o f  type  tO, - *1  ,  sa t is ; fy ing

_Y
( f i - I t ' - , x € X )

n h { - r . i  r r o r i  l ^ , r r  M  \ J - ]  1 -  t  f r . ,  I  + ! r a n -
L r . U u G J l r u u  u J  I ' I .  v U l l e -  \  t 4 l  ]  t  L : l e u

u n a v r a r e  o f  L z o ] -  |  z z ) ;  i n .  f a c t ,

a l so  o l : t a i ned  as  t he  pa rL i cu la r :

(2 "  ,> - )  )  r+e  have

c ) ,  j - t  i s  poss ib le  t o  mod i f y  t h .e  a l : o -

t o  c h a n s e  9 A  o f  ( 4 . 6 7 )  a c c o r d i n g l y ) ,

r e s u l - t s  s u c { g e s t  t o  r e p l  a c e  ( 1  . 6 3  )  ,  f  c : - ,

( x e c ) ]  ( G e x ) i  ( s . 1 1 6 )

(21{, :  )  )  ,  the unique cout: l -  j .ng funct io*

A= l ' f .  w i l l  be

(x€X,we t r t l )  , ( s . 1 1 7 )

( 5 .  i  1 B )

d e f l n e

( s .  1 1 9  )

( 5 .  1 2 0  )

f  o (I*x) =, \(a) r 1z\) 
- '=f 

p (,f i-)
--x.

( f  e  R ' - ;  , ( 5 .  1 1 4  )

f i = { x \ a * ( { - w } ) l w e w } .  ( 5 " r . 1 s )

I _ {gg l .  Th i , s  f o l f ows  f rom theo rem 5 .7  and  fo rmu}ae  (5 .98 )  ,  ( 3 .64 )  anc l

v l  ( x ,w )=* l "w \  a  ( { x }  ;  
( v i )  = - ; * f  

a *  . 1 r3 )  
( * )

v r l r e n c e ,  b y  G  . 9 5  )  ( s e e  a l s o  ( 5  .  I 0 9  )  )  '  '

ri=qr=%' '

I ndeed ,  1e t  us  men t i on  sone  advan tages  o f  f ,  ,

a )  I f  X  i s  a  l oca l l y  convex  space  and  w=x* ,  and  i f  we

v t ( x , 0 ) = S ( x ) * z  ( x c X , 4 e x t * 1  ,

t h e n ,  f o r  a n Y  s e t  G  c X ,

f q  ( c ) - { ? ' u x * l  { '  ( x ) ( 1 .  ( x e G ) r r  = 5 o ,

1
the  usua l  po la r  o f  G .

b )  I f  X  i s  a  s e t  a n d  W e  
' R X  

a n d  i f  w e  d e f i n e  9 r : X \  ( l " l X R ) - " F  b v

9 2 t x ,  ( v r , d )  )  = - ' , T { y e  
x i r " .  ( y ) r a }  

( * )  ( : < e  x ,  r ' v e w , d e  R )  ,  { 5 '  1 2 L )

t h e n ,  b y  ( 5 . 1 1 6  )  ,

l o ^  ( c 1 = i ( i o i ' , d ' ) e  w X  R i - X 1 y e  x l w , ( y ) > . , 1 , 1 ( x ) E * 1  
( x e  c ) j =

, 2

= { 1 v : ' , d ' ) € h r X R l s u p  w ' ( G ) i d ' l = a ( G )  { G ' * X ) r



- 5 2 ^

Y I^?
w h e r e  A e D  (  ( 2 "  , z )  ,  ( 2 "  , z )  )  i s  t h e  d u a l i t y  d e f  i n e c i  b y  ( 4 . 2 1 )  .

.  c )  " ' I ' i r c  hu l l  ope ra to r  I I v  r2X- r  2X  assoc ia te< l  t o  a  coup l i ng  f unc t i ona l "

f  :X \W*o f  can  now be  de f i ned  (mod i . f y i nS  i 221  ,  f o rmu la  (2 .L7 ) )  by

H* (G)= {x ' ex l r f  ( x ' ,w )Ed  ( (w ,d )ewXR,sup  q (x ,w )<d ) }  ( ccx )  ,  ( 5 .122 )
xeG

w h i c h  g e n e r a l i z e s  ( 4 . 2 9  )  a b o v e

d )  B y  ( 5 . 9 8 )  a n d  ( 5 . 1 1 8 ) ,  w e  h a v e

T .  Y  I ^ 7  i

\ ( A ) = c  ( { ) = c  ( r , i )  ( a e  p  (  ( 2 n , r )  ,  ( 2 " , a  ) )  ,  , :  ( 5 . 1 2 3 )

s o  \  w i l l  n o w  b e  r e p l a c e d  b y  I '  o f  c o r o l l a r y  5 . 2 ,  w h i c h  h a s  t h e  a d v a n t a g e

t h a t  ( 5 . 1 1 1 )  a n d  ( 5 . I 1 0 )  c o n t a i n  e x p l i c i t l y  o n l y  A  ( w h i l e  ( 5 . I 1 4 )  c o n t a i n s

s i m u l t a n e o u s l y  a  a n o  A ) .

.  e )  B y  ( 5 . 9 9 )  a n d  ( 5 . 1 1 6 ) ,  w e  h a v e
\ / r t  \
A \ r . " . /  I  r r

f  
'  ( r ) = - i n f  f  ( x ) = - 1 r r g  f  ( x )  l ( r . F ^ , w 6 w )  , -  : , +  ( 5 , r 2 4 )

x € X  x € X  I

w e W \ l - n ( { x l )  C ( x , w ) > - t

w h i c h  a f s o  c o n t a i n s  ( a s  d o e s  ^ ( A g ) , . t o o ) ,  a s  a  p a r t i c u l a r  c a s e ,  t h e  u s u a 1

G r e e n b e r g - P i e r s k a l l a  q u a s i - c o n j u g a t e  L f O ]  d e f i n e d  ,  f o r  a  l o c a l i y  c o n v e x

space  X ,  by

f c ( ( o , d ) , = - i : I f ( x ) | t ' : I - . t i , d ) € W = ; x x n l ,

4  ( x ) >  d

i n d e e d  -  i  f  w e  d e f i n e  g r i { 0 , - o o } * 1 W  b y, J _  t " ,  _ _ J

.  r n  t . ,  / / i  ^ \  ) = - y .  _  I  ( x )  ( x € X ,  ( { , a ) e  W )  |  -  ,  ( 5 . 1 2 6 )1 3  \ ^ ,  \ :  ' u , /  , '  -  
A i V e  X  |  0 t V l T a y

t h e n ,  b y  ( 5  . I 2 4 )  f  o r  9 = f e  a n d  (  5  .  I 2  5  )  ,
x ( l @  /

f  
" " v r  

( &  d ) ) = f "  ( ( 9 , d ) )  ( f e  R x ,  ( 9 , d ) € I , ^ 7 ) .  ( 5 ' . 1 2 7 )

Tlsgf"q",?..9...  a) s4g-Ieppilg I l :r+tl  is a latt ice homomornhism and a

comprete r,rp-noJ*oroilili'lfE* * o',.o* t G-;;ffi

K e r  f  =  l c r F x x  
*  

|  * ( * , w ) < - 1  (  ( x , w ) € x x  w ) ] .  ( 5 :  i 2 8 )

b)  We  have

r - A
Y Y

(e< {o , - *  1  
xx lv)  , ( s . 1 2 9 )

and hence f . t=[  I  . -  y \1 r , r  is  a comp].ete Roolean a loebra isomorphis. {1. .o{Fg'  '  |  { 0  . - m H " \ w  . . -
n  L "  - - J

P r o o f .  T h e  p r o o f  o f  a )  i s  s i m i l a r  t o  t h a t  o f  t h e o r e m  4 . 3  o n  A .  r m u t a -

t i s  m u t a n d i s .

b )  r f  . r € { 0 , - * } x X w ,  t h e n ,  b y  ( 5 . 1 1 6 )  a n d  ( 4 . g 4 )  ,  w e  h a v e

[ r t c )= {w 'e  w  I  r , ( x ,w ' )= - , r i  ( xeG) }  =a f , t c l ( G g X ) ,

s o  ( 5 . 1 2 9 )  h o l d s  .  H e n c e ,  b y  c o r o l l a r v  4 . 2  b ) ,  w e  o b t a i n  t h e

las t  s ta temen t .

'!

*
' 1:'

R e m a r k  5 . I 2 .  I n  t h e  q e n e r a l  c a s e  ( i . e ' ,  w i t h  g  n o t  n e c e s s a r i l v  o f
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t y p e  , r o , - * ]  ) ,  b y  ( 5 .  r I 6 )  a n d  ( 4 . 9 4 )  w e  h a v e  f  . f q ;  l ' r o w e v e r ,  { = { , r o ' r . l d  n o tY  t  
, r o l  

-  Y  {  
- - "

l - a  r  a n n A  r a n l : ^ a m a n *  f n r  A  n f  ( 4 . t , 3 ) ,  S i n C C  i t -  i S Y O f  " C l o s e 3 S e t "  t v n r -  a n . l\ r . v J l ,  r L  a e r u f  l . v J c q - s u  U J I / U  u l l J

i t  d o e s  n o L  c o n t a i n  t h e  u s u a l  p o l a r  s e t  ( 5 . 1 2 0 )  o f  G  a s  a  p a r t i c u l a r  c a s e .

' h A  ^ ^ ^ " r - n i - '  r ) ^ 1 e { : i o n s  l : e t - v r c e n  d u a } i t i e s .  A : E - > l l '  a n d  c o u p l i n q

f u n c t i o n a l s  f : Y X f + R

We sha l l -  now  show,  b r i e f l y ,  a  poss ib le  wav  o f  ex tend ing  some o f ' Lhe
n r a n n d i n a  r a c r r l i c  t - n  J - h a  ^ ^ - ^ - - : l  C a S e .

9p.[ .+l l ] iqn .0. . ." f  ,  Let E, F be two complete fat t ices, rv i th famil ies of

i n f j . m a l  g e n e r a t o r s  Y € : 8 ,  T G F ,  l e t  f  : Y X T - - ' F  b e  a  c o u p l i n g  f u n c t i o n a l  a n d

assume tha t  the  mapp ing  Af ; :Y+I .  de f i r red  by

, r O  t . , t : i  - r  J +  r r t  l  t o l , ,  + \ > - 1  tA * r ; r - - , , '  l u c r l y \ ! r v t - ? /  L )  ( y g V )  ( 6 . 1 )

i s  a n t i t o n e .  I f  t h e r e  e x i s t s  a  d u a l i t y  A . ^ : E + F  c r r n r - ,  + L r = +  n  |  - A q  . i  - e ._  y  D u v r r  u r r a u  o < 7  l y - u r ?  , I . s .  t

! L  ^  !
L I I q  L

a r ( v ) = i n f  { t e r  I  v ( v ,  t ) > . - r }  t y ( v )  ,  ( 6 . 2 )

t h e n ,  b y  t h e o r e m  1 . 2 ,  i t  i s  ( u n i q u e  a n d )  g i v e n  b y

A e ( x )  = s u p  { i n f  { t e  r l  q ( y  , I : ) Z  - r } l  y e  v ,  x < y }  ( x e  E )  ,  . - - - -  -  -  . , i  ( 6 . 3 )

and we shal l -  caf l -  i t  the dual i t l  _ass.qcigteg= Jg. t t le,  gg.upl_lnq_fungt igggl f  -
y ' t lse, instead

l o f  w r i t i n c  r r n  e x i S i s "  . w e  s h a l l  s i m n l V  W r i t e :  A  e D .r  u 4 r l Y  
" v  E n  l J  u J  I  

u  
w c  o r f  u r r  r r r i l y - f  - ?  - - .

ne*glt_j}* a) I€ E=(2^,:), Y=!L9_Eeg*y*-gt*elr_gigg.L"l"tt t*i (xe X)

.alg r j:S_+?y.*camplete lgtti.cer_wjth e.{gmiry,,of . +l,f-iTg*1j{gneIj:gl: re F,

G" r... .l-r.3".
n  < f )- 9 *  " {9eFYx r)  ,

^ ? ( c ) = l | 5  o l t { " i l  ( s . R Y X r ,  G s X ) ;

t - : ^ ^ l  + L i ^  € ^ 1 1 ^ , . , ^  € - ^ , -  ^ ^ - ^ 1 1 - - . .  1  A  - * * r i ^ ir r r u E s u ,  L r r r D  . - . J - o v / s  f r o m  c o r o l l a r y  I . 4  a p p l i e d  t o  A ^ = A I  o f  ( 6 . 1 ) .  f n

t h e  p a r t i c u l a r  c a s e  w h e n  E = ( 2 x , f  ) ,  F =  ( z w , z l  ( w h e r e  x ' u r , 5  W  a r e  t w o  s e t s )

and  Yc  E r  TqF  a re  t he  fam i l y  o f  a l l  s i ng le tons  i n  X  and  \ , J  respec t i ve l y ,

A a f i n i r i n n  4  r  v i e l d s  t h e  d u a l i t y  A ( 9  o f  ( 4 . 6 3 ) .

b)  I f  E=FX, F=Fw (where X and W- are two sets)  and

"={ I1*1+d I  
xe x ,  d6 R. ,1,  t={ I  

{ * }  
ie  I  we w,  e6 R}

( 6 . 4 )

( 6 . s )

( 6 . 6 )

( s e e  e x a m p l e  1 . 6  b )  ) ,  a n d  i f  c P : Y X t - > R  s a t i s f i e s

f  .  I  \  ^ / ^ ,  \
* ( I  

{ * i  
i u , I  

{ r }  
i e  )  =g ( f , { x }  ,X { * }  )  +d+e  ( xe  X ,  r vew ;  d ,  e€R)  ,  ( 6  .  7  )

t h e n  ( 6 . 1 )  b e c o m e s
A o

. V
( } . . . , - i a )  ' ( r ) = i n f  

| y , . . , ,  ( w ) i e l w ' r W , e 6 R , f ( 7 r - .  ' '  '  - \  1 '
/ v  t ^ J  ! , v  rw  J  t "  l ^ . } *o 'X i t ]  

+e  t> '  -  r J  =

= i n f  
{ e € R l  f  l X , * ,  , X l r t  )  + d + 1 ) - e } =

= - f ( X { x } r X { w l , ) - d - 1  ( x e x ,  w € w ,  d e R ) ,  ( 6 " 8 )
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s o  a : : y ' * > F  i s  a n t i t o n e ,  s i n c e  f , { ^ , } i u r * X , [ * " l . i d ,  
i m p l ; ' ' € ' s  x 1 = x 2  a n d  d 1 < d r '

Y

I f  w e  i c l e n t . i f y  y  w i t h  X X R  a s  i n  i e m a r k  L " . 4  b ) ,  a n d ,  s i m i l a r l y ,  T  w i t h

w X R ,  t h e n ,  b y  ( 6 . 1 ) ,  g  i s  a n  e x t e n s i o n  o f  v l x X r r : X X w - + R  ( h e r e  w e  h a v e

a l s o  j - d e n t i f j . e d  ( x X  l 0 ! ) X  ( W X t 0 ] )  w i i : h  X X W ) .  C o n v e r s e l y ,  g i v e n ' a n y  c o u *

p l i ng  f unc t i o r ra l  7 :X ) (W 
* *+R ,  one  can  d "e f i ne  an  ex tens ion  t / ' :  ( xxR)  x  (wXR) * r

+R of  y ,  by

Y (  ( x r d )  ,  ( w r e )  ) = Y ( x r w )  + d + e  ( x e X , w € w ;  d r e e  R )  ;  ( 6  ' 9 )

t h e n ,  w i t h  t h e  a b o v e  i d e n t i f i c a t i o n s r g  s a t i s f i e s  ( 6 . 7 ) .  F u r t h e r m o r e ,  i f

we  i denL i f y  FX  w iL i r  t he  f an i i l y  ' t o  o t  a t l  ep ig raph i c  subse ts  o f  XXR '  as  i n

r e m a r k  1 . 4  b )  ,  t h . t l { * } i a = { i x , d ) i  i s  i d e n t i ' f i e d  w i t h  E p i  ( f , t * i + d ) = { ( x ' d ' ) [

d , € R , d < d ' 1 ,  a n d  
"  

o f  l O . e )  i s  n o t  o n l y  a  f a m i l y  o f  i n f i m a l  g e n e r a t o r s

o f  * o ,  b u t  a r s o  o f  ( z X X R , " ) .

c ) . S i m i l a r l y  t o  r e m a r k  5 . I 0 f  o n e  c a n  r e p l a c e  t h e  m a p n i n g s  l f r A g  o f

de f i n i t i on  6 .1  by  t he  mapp ings  f  
:Y ->F  ,  l o :E - *F  de f i ned  by

n o  1 , ,  r
r r ^  \ ) , , '

Y

I l-(x)

=j -n f  { te r  |  .p (y ,  t ) ( - l J '  (ye  Y)  ,

= s u p  { i n f  { t e  r  I  v ( y , t ) < - r } [ v e  v , x < y ]

( 6 . 1 0  )

( x e E )  .  ( 6 . 1 1 )

Then ,  f o r  E ,  I . ,  Y  and  T  as  a t  t he  end  o f  a )  above ,  we  ob ta in  t he  dua -

l i t y  
Q : E + F  

o f  ( 5 . 1 1 6 )  .  O n  t h e  o t h e r  h a n d ,  f o r  B ,  F ,  Y  a n d  T  a s  i n  b )  a b o -

v e ,  a n d  f o r  ? : Y X T  - + R  s a t i s f Y i n g

g ( y  
" - - , i d ,  

y , - .  i e ) = c P  ( v  -  . 1  ' ,  '  ) - d - e  ( x € X , w € W ; d , e e  R )  ,  ( 6 '  1 2 )
/ u i ^ J , - l d ) ' " '  " r l { x i ' l L l w }

( 6 . 1 0 )  b e c o m e s  ( u s i n g  ( 1 . 3 8 )  a n d  ( 1 ' 8 ) )
v Q

t r . i l * l iu)  
Ie (w) =inf  {ee R I  "(1r.1* i  ,X {*}  )  -d+t<e}=

.  = f  ( f , 1 x i , i t 1 r 1 ) - d + r = ( f , { * i i d ) c  
( r )  

1 w ) + 1  i i * e  x , t u w , d e  R ) , 1  "  t e  ' r : l

-.)
so  t ;  can  be  excended  to  t he  dua l i t y  f tFx - 'Fw  

g i ven  bv

t f q  = 1 c ( e ) * t  ( t e F x )  .  ( 6 . 1 4 )

N o t e  a t s o  t h a t  i f  w e  r e p l a c e  s - l  b y  ( 0  i n  ( 6 . 1 0 )  a n < l  ( 6 . 1 1 ) ,  t h e n  t h e

t e r m  + 1  i n  ( 6 . 1 3 )  a n c l  ( 6 . 1 . 4 )  d i s a p p e a r s ,  s o  f = c ( V ) ;  
t h u s '  o n e  o b t a i n s

a g a i n  a  r e s u l t  o f  M . V o l l e  ( L 2 4 1  '  t h e o r e m  I ' 2 ' 4 )  '

OS{ : " * i } l qn  6 *? ,  Te t  E  be  a  comp le te  l a t t i ce  ano  Y  a  f am i l y  o f  i n f ima l

generatorsof  E.  For  any xeE,  the generel iz .eg i ld l9.* !9, r . , . ' fu-nc! !9 l995 x is

t h e  f u n c t i o n a l  Z * : v - ' { 0 , + o o }  d e f i n e d  b y
f 0  i f  x 1 Y

Z*  ( v )  = / " l y  , ey  
I  x<y  , ,  

( x )  = i  
* , o  i f  *1y  

(6  '  15  )

Iggp*_9r?-. .) If E and Y are as in remark 1' 4 a) , then Z6=lc (G g x) '

b )  I f  E  a n d  Y  a r e  a s  i n  r e m a r k  I . 4  b ) ,  t h e n ,  w i t h  t h e  i d e n t i f i c a t i o n s

o f  t ha t  r emark ,  Z t=Xnp i  r  
( r eF^ )  '

N o w  w e  c a n  g e n e r a l i z e  f o  o f  ( 4 ' 6 7 )  a s  f o l l o w s :

1L
ji

i
1

t
i



$99lgll.-6-:?_, lgl tr, n p3 trvo-. co-qpretg. le!.llgqFr.yi.ll ftrilles.-.il-1"1:

fimal qe*eraror:s y .-D, T (;F. r:glL-.lgr-3g1y.*.qy*iH. A:E -'F *-h"-ere gici.qt-s-q
---#

$ESt ;,,* ^,r".tonul f = .7n : y{ r -"n gj*!yj:e- {0 , --i ,:iq.gll *:}-el*:ri ggj:.

* y , o = { t ' e  r :  | ' ' ' ( v '  t '  ) 7  - l }

g5g*gPPeL.q?nl9gl-gv!:-ej;-'of r axl !ha! A

1 y e  v )  I

=A.^ ,  namel lT ,
Y

\ J  \  r  ,  t

( 6 .  1 6  )

. : j  ( 6 .  f  7 )
( a ( y , t ) = * & ( y )  ( t ) = - I t . , e r l  n ( y ) < r , !  

( t ) , ( v e Y ' t e r ) '

P r o o f .  B y  ( 6 . 1 6 )  a n d  ( 6 ' 1 7 ) ,  w e  h a v e

ur, 
di.. t  

|  ' ro (v, t ) > / - L \ = { t e r l . a  t v l < t }  ( v € Y )  ,  i 6 '  1 8 )

an  uppe r  con i ca l  subse t '  o f  T  ( see  c le f i n i t i on  1 ' 1 )
and  thus  each  MO,gA  t "

F u r t h e r m o r e ,  b Y  ( 6 . 1 )  ,

a,o" tv )  =inf
ta

whence ,  by  de f i n i t i on  6 ' I  ,  we  ob ta in  o *o=o '

Assume '  now t r ra t  f e {0 , - * }YXT  uu t i s f i es  A=A*  and  tha t  a l l  se t s

a r e  u p p e r  c o n i c a l -  s u b s e t s  o f  T '  T h e n '  b y  A = A n  '  r c ' 2 )  a n d  ( 6 ' 1 6 )  '  w e

= i n f  { t r e 1 . l V ( V , + ' ) > - l l . = i n f  } 4  ,  l { V u V ) ,  
!

A  ( Y )  = A r ( y ) = i n f  { t ' e r  I  f  ( y  '  L  t  '  L )  - " -  " y , ' f

whence ,  by  ou r  assumpt ion  on  the  se l - s  (6 .16 )  d .nd  by  p ropos i t i on  1 ' 2 '

obLain

( 6  .  1 8 )  a n d  ( 1 . 1 9  )  ,

{ t e r l A ( v ) < t } = A ( v )

( b .  r o /

have

{ t e r  I  g ( y , t )  > , - L t 5 = M r , " = { t e t l  i r , f  * y , * * . } = { t e t l a  ( V ) < t } '

H e n c e ,  b y  f € { 0 , - " . } v X T ,  i t  f o l l o w s  t h a t  f = f o  o f  ( 6 ' 1 7 ) '

ReT.$k .611 .  *  u=  ( ' * , t )  and  T  i s  t he  f am i l y  o f  a l l  s i ng le to r ' s  {w } '

whe re  weW,  then  eve ry  se t  MgT  i s  an  uppe r  con i ca l  subse t  o f  T '

The  fu r the r  ex tens ion  o f  t he  p reced ing  resu l t s '  a l ong  these  l i nes '

rema ins  s t i l l  open '
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