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GSI{HRATTZEN A,NJUI{CSIO$ A}SS APPTTCAIIONS

by

settin rCIN"fi$cu

ffi She linear systen ln+e I 
ouadSoint" to &

eurve C oil & projerctS-ve surfaee w&a studi.ed by the eLaeeieal.

*tai.*.sn geemeters* the adjoint system to a tlyperplane eeetior

$ of a smosth pnoject"$.ve surfaee wss inveotlgated eyoternatice

lyu tn modcrn terrnon by $oruneoe, ses Fal and Varr de Ven, se€

F6lo fhe mep, es$ee{sted to t tro Linear syetem If*(o*:,)*},  whs

ne FI is a hyperplane eeetion of a sroooth variety of arbi"trary

dimension r vras u.sed ta elacsi.fy eubmenifolds CIf,8n with "smq

lnvarlants" (e.g, deqtrreeo neetlona3. genuss etc), so6 lfol . On

the other hand, Sorniaeseo oee [af] ,  F4] r  Ft l ,  otudied adjoin' i ;

eystems to a snootlr aurple divi"sor H on a snoot,h threefol.d X

and obtainedr 6s uppl icat ionsr meny interest ing re,suLts abourt

the paj.r  (XrH). As noticed independently by eeveral authore

{see $.geF7JrUl  ,1r t1  }  tne sppaersnes of  ldar ise d*ep e<lntp i . t :

tir"on [e0] (nee a]so Wf] I put the subject e.f, edjunetisn in s

new perspective, Aecor"dingffi, the pnesent pe,per * which reLf.e

heavily on btoriss reeulte and on the contractj.on the*rern due

Kawanata*$holturorr (e,ee \}nlt - eontains a eJrstemat,ics,l study"

of varieus aeljoint sSra'bems to arr ampLe (possibly non*effeet$^v

divisor CIn a msnifol"d of arb'i"trary r3irnension* klore preeise}"y,

the main result (rryhieh ie eontained fn seetion ].) gives tho

precise deseri-pt ion of po}arr iaed pains (X!Hln where X ie a cour

plex projecti.ve sl€inifoi.d of diurension r snd !I an amplo cliv{CIa

pn i t  (nat r iesessarlS-y offeet ive)reueh that fu*ig i"e not seiai

.  ample (respectivel"y amplta) fer L( i ,sr"+!s Frs*l ,  r*2 (respe*t iw

36r i*p+3rrur*}).  f i r i*  t i recreru was f i rst preved, for niarface*n

by tenteri-Pal}CIec:hi, srs$ fli-J, usin6 Mor$,gs re*ulte, anc) by



B , e l . t r a m e t t i - F a t l e s c i l L ,  s e e  * .  
I  J  a n c l  J J d l r L e I I - r o r r s o v r r !  t  v v v  

L .  
- J

for  threefo ld,s ,  us ing both .n tor i 's  resul ts  and the Kawamata-sho-

Lrr rnr r  .nnt - rhr ' : t ion theorem. Our apnroach does not  maj{e use of  the
n L { M  v v r r

prec i se  desc r ip t i on  o f  va r i e t i es  whose  canon ica l  bund les  a re  no t

numer i ca l l y  e f fec t i ve ,  wh ich  i s  ava j - I ab Ie  on l y  fo r  d imens ions - (3

' i

Insprreo ny Ltg- i  ,  
T ,heorem 4,  v /e prove in  sect ion 0 a usefu l  est j -ma-

t ion fo : :  the s ize of  the locus of ,curves belonging to  an ext remal

r a y  ( T h e o r : e m  0 . 4 ) .  T h i s  i s  u s e < l  a t  a  c r i t i c a l  s t e p  i n  t h e  p r o o f  o f

the main resul t "  The fo l lowing apnj - icat ions of  the maintheorem

given in  sect ion 2.  F i rs t  we ysss l ref  and somet imes s l iqht ly  improve

t h e  m a i n  r e s u l t s  i n  S o m m e s e ' s  p a g e r  A l ) t  
( o r  [ 2 5 ] ) ;  w e  a l s o  g i v e  a n

a l te rna t i ve  p roo f  o f  a  theo rem c lue  to  L .Bddescu ,  see  [ { ,  L21  ,  L3 l  ,

c l ass i f y i ng  smoo th  p ro jec t i ve  th ree fo lds  wh ich  . suooor t  a  g :eomet r i -

ca l I y  ru led  su r face  as  an  amp le  d i v i so r ;  more  qenera l lYn  we  desc r ibb

a l l  ( smoo th ,  p ro jec t i ve )  t h ree fo l c l s  con ta in inq  a  smoo th .su r face  wh ich

i s  no t  o f  genera l  t ype  as  an  amp le  d i v i so r .  F ina l l y ,  t r s i -nq  the ' i dea

n f  l - a - l  wc  r : l ass i f y  t he  po la r i zed  pa i r s  (X rH)  o f  a rb i t ra ry  d imens ion
u !  L = J ,

r  whose  sec t i ona l  genus  i s  " sma l l "  w iLh  respec t  t o  t he  "deg ree"

(Hr)  (see atso [ l0 l  ,  [_{ . i l  ,  where we considered the case when H is  a

very ample d. iv isor)

W e w o u ] . d l i k e t o t } r a n k M . B e l t r a m e t t i f o r p o i n t i n g o u t a g a p

in  an  e r l i e r  ve rs ion  o f  t h i s  paper .  wo rk ing  i ndependeh t l y ,  M '

Be l t ramet t i  and  M.pa I Iesch i  a l so  ob ta ined  pa r t i a l  r esu l t s  o f  t he

same k ind

when  wr i t i ng  down  the  p resen t  ve rs ion  o f  t h i s  paper ,  w€  rece i -

ved  a  no te  by  T . ru j i ba  en t i t l ed  "Genera l i zed  ad - iunc t i on  mapp inc i s "

announcing,  wi thout  proofs ,  resul ts  s . tmi ] .ar  to  our :s .  However '  Some

o f  t he  excep t i ona l  va r i e t i es  a re  m iss ing  i n  h i s  l i s t '  we  a l so  rece i -

ved  a  manusc r ip t  by  A .J .Sommese  e r : t i t l ed  "on  the  ad junc t i on  theo re -

.  t i c  s t ruc tu re  o f  p ro jec t j . ve  Va r ie t i es " ,  c l ea l i ng  w i th  s im l l a r  ques t i ons

abou t  va r i e t i es  admi t i ng  ce r ta in  k ind  o f  s ingu la r i t i es  '  bu t  work ing

w i th  spannec  amp le  l i ne  bund les .  H is  techn iques  a re  qu i te  d i f f e ren t

ili



(0.3) c-P:gllS,ry.' 19! x ' 31*JSI

9:l*sr*L.rry:, .ThSl'lhs:

,*jl=.v*g-ggg:,-jfg 
f =conto : X-zY gith' c9:Iq,9g!'e"q'-fi*I9g \

R b e a n
#*

Y *lg-g

that  for

su l l l  e

aqy.-i|',..!sqr.?,1. 9 c 93 x' dim f (c)=o M Lc)eR'o e n

The next  theorem'  which seems

ptay a keY ro le in  the Proof  o f  the

insp i red  by  Mor i ' s  p roo f  o f  Theorem

to  be  i n te res t i nq

ma in  resu l t .  I t s

'-- ^1
I  i n  I  l 9 \  -
a  L ' L  

\ j - - J  
-

i n  i t se l f  ,  wJ : l I

proof  was larqelY

(0.4) rheoS.em* lg! x ?c*e-T,s*+1,fg]*.=q{ .air-".IF.*-gn r *u{i'=g'94*9""=e5 gly-

l x k @ x M
i n tnts  o f  cu@

!q n.  3g! '  b=minL- (*" 'c) \  
- [cJe R'  c

Then  we  have :  2k ( r+ l -b  '

a  ra t i ona l  cu rve ] '

BIg--9-€.. Let co be a rational curve in R such that 5=- (x"'co) and

t  ' :  f  i  - s { - i  nn  mor r ,h i sm '  Le t  Hom ( t r r  'X )  deno te  the

le t  f  zp - " - ; zco  be  the  no rma l i za t iOn  morph ism '  Le t  Hom(p1 ' x )  deno te

1

scheme represent ing the functor  o f  morphisms f rom Fr  to  X and le . t  u

b.e an i r reducib le  component  of  maximal  d imension conta in ing t fJ '  
g i "

ven  the  reduced  s t ruc tu re .  The  un i ve rsa l  f am i rv  ove r  Hom(p l ,X )  i nduces

the commutat ive d iagram:

Jo > xxu

-  -^  r  " r  'mmers ion '  consr-

where  m and  n  a re  the  p ro iec t i ons  and  i  i s  a  c losed  i

de r  t he  c losed  ( reduced)  subscheme z t  o f  XxU g i ven  by  z t=m( i  ( z )  )  "  By

g e n e r i c f l a t n e s s w e g e t a n o p e n n o n e m p t v s u b s e t U o o f U s u c h t h a t t h e
- - - . 1  . , ^ r c a l  n f a ) -

res t r i c t i on  o f  z t .  l a  xxuo  i s  f t a t  ove r  uo '  Thus '  bY  the  un i ve rsa l  1J r -

per ty  o f  the Hi lber t  scheme of  x '  we qet ' *o 'n11"-  
1 .  

t ] : : , - ' l l : ' " -

.5 r,

u \

1
I x U

't'v

xX

t
I
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A n  r n  t h i s  s e c t i o n  w e  f i x  o u r  t e r m i n o l o q y  a n d  n o t a t i o n ,  r e c a lf l r

some resu l t s  needed  in  the  seque l  and  p rove  a  use fu l  es t ima t ion  fo r

the d imension of  the l -ocus of  curves belonging to  an ext remal  ray.

We shal l  work over  the f ie ld  of  Sggpk5 numbers unless other-

w ise  spec i f i ed . .  A  smoo th ,  connec ted  a lgeb ra i c  va r ie t y  i s  ca l l ed  s im-

ply a ngl*Jgld. Al l  manifolds are assumed to be p5gtggliJg, unless

oth.r*ilI.*"u . a po],qli.rs-g,=.pg*: , denoted (x, H) , means a (pro j ecr j

ve )  man i fo ld  X  toge the r  w i th  an  g$p l .g  d i v i so r  I J  no t  necessa r i l y  e f fe

t i ve .  A  d i v i so r  D  on  X  i s  sa id  to  be  JLe f  i f  (D ,C) ' )70  fo r  any  e f fec t i r ,

c u r v e  C .  A  n e f  d i v j - s o r  D  i s  " b i g " i f  t n r ) 7 0 ,  r = d i m  X .  A  d i v i s o r  D  i s

s a i d  s e m i - a m p i e  i f  t h e  l i n e a r s y s t e m  i  m n i  i s  b a s e - p o i n t s  f r e e ,  f o r
t -

m>70 .  KX  w i l l  deno te  a  canon ica l  d i v i so r  o f  t he  man i fo ld  X .  I tTe  wr i t e

I t . v  r r  ( respec t i ve l y  "  g  " )  f o r  t he  l i nea r  ( respec t i ve l y  numer i ca l )

equ iva lence  o f  d i v i so rs .  I f  Z  i s  a  c losed  subscheme o f  X  and  D  j - s  a

d i v i s o r  ( c l a s s )  o n  X  w e  d e n o t e  b y  D l o  i t s  r e s t r i c t i o n  t o  Z .  A  r a t i o n'  t L  

r

cu rve  i s  an  i r reduc ib le  reduced  cu rve  whose  no rma l i za t i on  i s  -F r ,

We re fe r  t he  reader  to  [ZO]  fo r  de f i n i t i ons  and  p rope r t i e , s  o f

ex t rema l  rays ,  ex t rema l  ra t i ona l  cu rves re tc .  Th i s  Daper  re l i es  on  th

fo l lowing two fundamenta l  resul ts :

( 0 -  1 )  M n r i  ' s  ( l o n e  T h e o r e m  ( s e e  f - Z O - 1  T h e o r e m  1 . 5 ) .  L e t  X  b e  a  m a n i f o l\ v . 4 /  ,  
_

Then  the  c lose . f  cone  o f  e f  f  ec t i ve  cu rves ,  deno ted  f rE  ( x )  ,  i s  t he  sma l

]S:t_ glsr,sgd Solvsx_ co]rq:co.t laj=ning tJre,=set_ NE_txl =[ceNE (x) I  (C.Kx)>/0J

u ggnlalrni*lg r

f f i ( x ) - i 0 1  t h e r e  a r e  o n l y  f i n i t e l y  m a n y  e x t r e m a l  r a v s  t h a t  d c  n o t  l i e
;  \  J  a '  i , q ! : ! -  d ! ' !  # -

{  .  f  ^ 1i n  U  U ,0 \ .  Eve rv  ex t rema l -  rav  i s  span r :ed  bv  an  ex t rema l  ra t i ona l  cu r
\ - J

(0 .  2 )  Kawamata -Shokurov Con t rac t i on  Theorem T h e o r e m  2 . 6 ) '  .

Le t  X  be  a  man i fo ld  and I g- *9.[* 9i"-v*,egt .g-1"".+t :- .*::gr.e-.fb.qF aD-Ky

- ^ F  ^ ^ , i  1 ^ i a  . { : n r  c n m ^  r \ ' l  T h e n  D  i S  S e m i - a m n l e "J . l c I  o . l l u  u r Y  r . v !  . ) u l t t q ;  q  f t L .

" " , . " "  t r r l  "  - ; " : . t ;  " f f i ro l 'ows r rom (0.2) .

/ . oo  i ?  a l
\-



'l

t ak ing  the  common image  o f  t he  maps  assoc ia ted  to  po in t s  i n  . f r ( t ) .

Denote by T the c l -osure of  d- (Uo)  and le t  C be any curve correspondin

t o ' s o m e  c l o s e d  p o i n t  i n  T .  W e  c l a i m :

( f  )  C f i C ,  ; r n d  m r r r a n r z a r  -  f  . i  q  ' i  r r a r d r r r . i  h 1  o  n a n a r i g g f  f y  f  e d U C e d  "
, .  

o  
u r l e ,  r ( r v & u v v u * ,  v  r s  r ! { v u u v * v ! v f  y g r r \ = t

I ndeed ,  t o  p l : ove  the  f i r s t  pa r t ,  we  may  assume tha t  C  co r respo

to  a  po in t  i - n  , ; c (uo )  assoc ia ted  Lo  some maprsay  g : rp l *ox .  Then ,  f o r

a n y  L € P i c  ( X )  w e  g e t :  r

l ( -  T \ - i ^ ^  E * ' -  
' l '

(uo . r , )=c1eg  t - - - | , =deg  g^L=d(C" t )  ,  r uhe re  d  i s  t he  deg ree  o f  ! J "  Th i s  show

tha t  C  tdC .  Bu t  t hen  lC len  s ince  R  i s  an  ex t rema l  ray .  As  C  i s  a  ra ro -  L - J - - -

nar  cu rve ,  t he  m in imarJ - t y  o f  co  q i - ves  d=1 .  on  the  o the r  hand ,  i t  i s

not  d i f f icu. l t  to  see that  any i r reducib le  component  of  a  curve C cor

pond ing  to  a  c losed  po in t  i n  T  i s  ra t i ona l .  S ince  c :F ,c ,  c  mus t  be  i r .

r educ ib le  and  gener i ca l l y  reduced  aga in  by  m in ima l i t y  o f  Co .

Retu.::nino now lo thr. map cC r we' remark that the above argiument

s h o w s  t h a t  f o r  a n y  c l o s e d  p o i n t  t 6 d ( U o ) ,  * - 1 ( t )  . i d e n t i f i e s  t o  a  p a r t
'1

o f  Au t  ( iP - )  "  The re fo re  we  se r :

( 2 )  d i m  T l d i m  U ^ - 3  .

By  l 19 l  ,  P ropos i t i on  3  and  R iemann-Roch  theo rem,  we  ge t :* L )

1 +(3 )  d im  Uo=d i * . r . ,  Hom (P -  ,X ) ' ) r  'X . ( f ^TX)  =b+r  (where  T*  i s  t he  tangen t  bund .
L-'j ' /\

O I  X J .

Consider  now the commutat ive d i "aqram:

.:
k(:-"

? # \

D
XxT --t-+ X

I
i a
l t u

{
T

i nduced by

be ing  the

V E :

h a q c , - r . h A n . r p  f r O m

p r o j e c t - i o n s  a n c l  j

t he  un i ve rsa l  f am i l y  ove r  H i IbX ,  p  and  q

a  c l o s e d  i m m e r s i o n .  B v  ( 2 )  a n d  ( 3 )  w e  h a -



( 4 )  d L m  Y l D f r - 4 .

ny  (1 )  i t  f o l l ows  tha t ,  p  (Y )  i s  con ta ined  i n  the  l ocus  o f  po in t s  o f

curves belonc l ing to  R.  Therefore we get :

(5  )  d im  p  (Y ) * ( r - k  "

. t s

, - I  ( * )  f l  Y ,  T *=w (Yx ) ' l rYx  r  w€  qe t  by  (4 )  and  (5 )  :

(6 )  d im T*=d im Ypb+k-Z,  fo r  any  xep(Y)  '  We get  f rom (6) :

- ' l

d j - m  w - '  ( T x ) ) b + k - I .  :

:

S ince we have a for t ior i  d im p (*"1 ( t * )  ) * ( r -k ,  we may apply  once agai 'n
:

t he  same reason ing  w i th  * -1  ( r * )  rep lac ing  Y .  Thus  ,  L f  we .  l e t  Tx r * r=
;

= w ( y " ) n w ( Y * , )  f o r  x € p ( Y ) ,  x ' € p t w - I t r * ) ) ,  w e  g e t :  i  ,
i  i i  ;
l r  ' '  l

(7  )  d im T. .  . .  r7b-r*2k-1.
X r X ' '  "  l

N e x t ' w e  c l a i m :

L,i .li
r,]. t:1

. l

The conclus ion of  the theorem fo l lows f rom (7)  and (8)  '  
i

Assume that  (B)  would be fa lse '  T 'hen we may f ind a complete curve D 
; .  

'

conta ined in  T,  such that  the corresponding curves in  X a l l  pass t .

t h rough  the  po in t s  X rX ' .  Moreove r ,  we  may  ch 'ose  x rX '  t o  be  smoo th  d i s -  r

a<

t i n c t p o i n t s o f s o m e c u r v e o f t h e f a m i l - r r p a r a m e t r i z e d b y D . L e t ' D b e t h e

normal izat ion of  D.  Let  s  be the reduced scheme st ructure of  the sur fa-

.ce got  by base-change over  6 f rom the map w:Y*- tT and le t  f  be the

norma l l za t i on  o f  S .  By  (1 )  a l l  t he  f i b res  o f  t he  map  f i 'S * - r6  deduced

f rom w  a re  i r reduc ib le  ra t i ona l  cu rves .  r t  f o l ] ows  eas i l y  t ha t  t he  sa -



v \ / r q l y v D . f _ l I L l  w

with the normal izat ion morphism. T i :erefore f (  Is  a  lp l -bundle and. ,  in
- .1/n r r { - i n r r r r r  c  i s  s m o o t h .  B u t  w e  h a v e  a t  l e a s t  t w o  d i s i o i n t  s e c t i o n sy q !  u r v u l q L ,  I

ErE '  f . o r  ? (  ,  wh ich  a re  mapped  to  the  po in t s  x  and  x ,  respec t i ve l y .  w

g e t :

( n 2 ) < o  ,  ( n ' 2  ) < 0  ,  ( 8 .  E ,  ;  = 6  a n d  ( E - 8 ,  ) 2 = 0  ,

b

wh ich  i s  absu rd .  Th i s  con t rad i c t j - on  s i ves  (g )  anc l  t he reby  comp le tes

the proof  o f  the theorem

we a l so .need  the  fo l l ow ing  s ta temen t ,  wh ich  fo l l ows  f rom the  exp l i c i l

d a c n r ^ i  n . t - i  n nuebur rpL ro r r  o f  ex t rema l  rays  i n  case  o f  t h ree fo lds ,  see  [ zo l  o r  r z rJ
T h e o r e m  2 . 3  a n d  T h e o r e m  2 . 5 .

(0.s) 
"9.q{r,refy. J: c *S*Sl=-glfem?tr_f_qlig.nat_curve on a (smooth,

n r ^ - i  ^ n * ' . i  - - ^  \  r lp r J e c r r v e , r  t h r e e f o l d  X  s u q ! _ _ ! h a t  ( K _ " C ) = - 4 ,  i t  f o l l o w s  t h a t  X  i s  ax - -
Fano threefo ld v ,z i th  p ic  (X)  c :  g .

We sha l l  a l so  use  the  fo l l ow ing  s imp le  l emma.

(0 . 6 ) . rsn.,n.*:. -Le! (x, H) p*q Kx+iHf;O gel

Fg-qg il}.e.ge{ i}0. Th.u-t K"+lH^O

P. . rggF . :  We  have  f  (P r . (K  * i r - r \  \ : v r&  r  .  see  t - . i s l  -  r -h .  r
^ ' o x * t n )  ) = / - \ v X )  |  - . - -  L * - J  {  - , , . I f  ,  3  2 ,  T h e o r e m

The  hypo thes i s  imp l i es  tha t  -Kx  i s  amp le .  The re fo re  X . t# r . t r r .+ iH ) ) { i 9 ,d i , .
. f \ , n , e - - " X

+ iH)  )  and  p (L r * )=h "  (u " )= t  ny  Koda i ra  van ish ing .  Thus  we  ge t  ho  {0 *  t x *+

+ iH)  )  = l  wh ich  g i ves  K* * iF I -O

The  fo l l ow ing  use fu l  cha rac te r i za t i ons  o f  p ro jec t i ve  spaces  and  hype r

quadr i r s ;  w i l l  be  needed  seve ra l  t imes .

Tl9o j ,q I :  (see  
l tu l  and [6 ] ) .  Le t  X  ] :e  an  j ,n teqra t  p ro iecr ive  scheme o f

d i m e n s i o n  r  a n d  I l  a n  a m p l e  d i v i s o r  o n  i t .
a_-- 

'''...:+

( 0 . 7 )  ! f  ( t t ' ) = 1  a n d  h o l C , . t t i ) ) ) r + r ,  i q _ f g r l o l l v s  x ' p r ,  H € l e t r l i  t
( 0 . 8 )  

J :  
( l l r ) = 2  

: , 1 ]  n " t { t r ,  ) ) ' 7 r + 2 ,  U g : " r r " - =  
"  

i s  i s o m o r p h i c  r o  a*ITr A 
'', 

-- E@.*



eec* ion (vre
-  f \ l

sha l . l  v r r i te  H€I t r ( l ) l  )  "

Assume moreqgqr"llel x i s  a  man{ fo ld "

( 0 . 9 ) ffi

T f

KX *  ( r " l - 1 . ) l I - 0e i t  fo l lor^rs  X* f r '  H€lSt f t l  ;

( 0 .loi KX o rH-O u i t  f * l lo r*s  xserr  l {e lP(r ) l  .

( 0 " l t ' ) L e t . ( X f I I ) b e a p o l a r l z e d p a i r w l t h d j . m X = r . A n e f f e c -

rive d{vj"sor Ecx is catted ffisgglg*g.! 1f n'lPt-l ' &x(H)6%*

o  1 \ , -

o(f(r) and 0" tnSD"*$'(- '; '  Note that the set of excepti-onal

c l iv lsors coneelnecl  ln x is f in l te,  and' ,  i f  t '7t3t  any two such

e x c e p t , f o n a l d l v i s o r s a r e d i s j o l n t ' I f ( X ' H ) l s a p o l a r i z e d

p a l r a . n d E a n e x c e p t | o n a l d i v i s o r o n X ' c o n s i d e r t h e m o r p h i s m

6:X"--rXr whl ,ch contraets E ( to a smooth potnt)  anC the unlque

d iv isor  i r r  on  th re  man i fo ld  X '  such tha t  0* t *o t t f * t&* '  tH ' ) )CD

@ { t - n t l .  B y  L ? l  L e m m a  5 ' 7 0  i t  f o l l o w s  t h a t '  H ' i s  a m p l e  o n

Xr" Cont. inuing in th ls waY, we f lnd a new polar i 'zed pair

(Xt r l l t )  sueh that '  o '1-- . ->X'  ls  the blowing-up of  n dLst inct

po tn ts  P1r  .  "  .  ,Pr re '  x t  ;  
" -1  

{n r )  =u ,  i s  an  except lona l  d iv isor  f  o r

l = 1 r . . . 0 i ,  8 " ( H ) ' v u *  t Q ,  t u ' ) ) 6 8 * t - n r - " ' - E n )  t  ( x " H ' )  d o e s

not  contaLn except iona l  .d iv isors .  such a  pa l r  (x t ;u ' )  w i l l  be

c a ] . 1 e d a [ M * o f ( x , H } , s e e t z a ] . I n c a s e r } 3 , t h e c o n -

t r a c t ' i o n u l s u n i q u e l y d e t e r m l n e d b y ( X , H ) . T h i s l s n o l o n g e r

t r u e L f t = \ b u t a l l v l e s h a l l n e e d l s t h e e x l s t e n c e o f a r e d u c -

t lon "

Let,  (XrI I )  be a polar LzeC pair  wi t t r  d im X=r)z 2 '

ls called a 9359!! if there is a morphisnr f:X---+Y onto

nranj . fo lc l  y wl th dim Y*s)0r whlch ls t f  " -*  
-  bundle '  such

It  induces &tf  t  on each f ibre '

is  cal ' led 
there ls a *1"-

( x , H )

some

that

(x , f l )



t
I

phienr f tX-* e c'nto ssm@ emosth cnrve C stech thst eash {eloee'

fibr* of f ie isomorph$$ ts a hyperquadxrte and II induces

0rrl on ir "
Ar,r Kre ehall seo f,n seet$on J"u any fibre of f ie nedmeed and,

Lt r>/5u i f t  $^s aleo ix 'reclucible'

We mhnll :.ntrsduee mow creveral notations fsr the i"oomgrrphi.sm

el"aasss of polariaed pa*ro whiehs wi,}l eppe&x" frequenttry $.n

wtrnt f'o]-Xov'rBe

(0,1P) (xsit) e,"4. wLLl naan xelf,r IIetO{}.}l i

(O.13)'  (XrH) e S wi lJ, mean KtQrr He {f f(} .} l  er (X,H} ie & serol}

Ovep a eurvei

(0" ta ;  (Xs l l )  € :C wi l l  aesn (XeHle 'Boi r  X* [ f2 ,  ge l8(at ]  ;

(0"Ls)  (HlH)  €  b wi l l  nean that  e i ther :

1) K**{**r)H'-0 {* im X*r};  t}reoe arg cal3ed Del Femr&.J&ff i

-{gfulfl, €ee [al * and their eJ-assificetS"on $"s ecmp]ete]"y knowr

see Fr] a-'ro fa] ;

2,, (X'I I)  te a \yperquadric f ibrat isn;

5) (Xrm) is & eerol l  olrer & surfaee"

(0.10) (xrn1'e l0 wt l1 nesn that  e i therr

x"84,  I {6 l0ta l l  c i r  x ' f }o He i8(r l l  o  or  x  } 'e5,  Hdt8qal  i  ,  or

X is *8?-u*netrle over & smsotlr curvs snd II induces SCal sn

eaeh  f i b re6



- I U * rt
FinallYs ' 're shall need the f,CIl}o-rr5-ng oinPlo' faet o

+ ' s 1w r'r\ hr: ppi'r 'rvU[q re"4uq!]'-qn
(s.rl) krurus-e kg (x'li)^*

A n' sn tbFn (xrl'I)€cnuwuv '
(X*  ,Hu ) , *  i f  (K0  r I I?  )64 ' r t rJ i t ) "uUt  & ! IsJ ' r  $dLed 's - !

I

-  r . f  xu. i?ru i€B€\€J ( t)  iob 'x '*gQr'  ! r '€ iSqrl l  '  or
fM t  

* ' ; * *n  
o - .0  " r r \ ' { a  .  hwr }€ } t r f l uad r&c  f r -

(1r '  ulre ) is a serolI ,  on r7"5 rand (xr tHt )  ie a hvPerQ

brationu it forrows easiw tlrat sre rsnst have x*xe '. rf (xr r*t )

i e a D e } P . C I r g o m a n i f o s . d g t h e g a m e h o l d g f , o r ( N ' I { } " I f ( X ' ' H | }

is a two*dimensional Wperqr:'ncir'lc 
fibration' the same troXds

*f f?,  ss€l&(a)\  $ (x 'H) hes to be a

for (X,r'H)'' FinalSYt if X8'

scrot l  n t r "P l  (o f  degree $) '  un l "ess X=Xf  n

. : i

,,ii :,

i,,
l i
, , t '

., il
t

, i '
' 'ii

I t.l
: ; l
. 1l'
' t l
:i

,d:

ili f
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1 $L, thip section is clevoted to thE stetennerut snd prsCIl

in  (o . l . r ) * (S.10) ,  our  ma{ ,n theorem is  the fo} }owingn

Shg"qlrgm" _&9.! (Xsi$) $e .e ppJamAefl.,p ry dim X*r).

fhen vrre h*ve s"

(1.1") Kx * (r+3)$1 ag*-qgd:e$elei

(["4] H (xri{hl ..#" ru'* (r+}.in iq, eqlal"e;

(1"3) m (xrs)l &r K***It ee*-qeg$-.*ssple,l

(1"4) Lf ffi,!Lrl4b4,-S,E*t"H a.a-ss!:e;

4:tsugre r7r2'.,

(1,5) tg (xoHidi*u,fi' * KXo(ir-l)H i-g,"qesr*:egpl.g,i

.  / r  / " \ l  ; h

( 1.6) [g &rUfiJtu'J1 r]V, }}eg,e qs a,Jpqlucl;gae (Xu ,H'] eucb tb:

K I + (r-l)it0 S$.*u}lell:,*[gg$. K'*rl{x, } i

AF'?pne .flt$.he.rnqffi rlzS i

(1"?) {- $.entd\fuf u6, 3}eJ.e-, ig--$. qgdp-c-*o$. {x* rH, ) sggh-g&:

q.l lheg (x' rH, )eff i  qI Ku+(n-2)H0 tq*sj$A;ej4Dle,

BgUSff i  1. ClearJ.y (L"t)  md (^1"2) fc ' l low from (1.3) i

we stated them sepanateiy since we shall prsve therr in thj"s

. o:rdern and moreoverr this wey the resul-t Looks more synunetri '

c a l n

?"  f f  l I { l  is  moreover  assumed' te l  bo bas€-points  f ree,

(1 ,2)  r , ras provod(even i f  not  s ta ted)  by t .E in  in  [s ] .

5 .  Us ing (0 .2) ,  wa may restate,  (L ,3)  as foJ- lovrsc i f



i .  
L6vJ  

O

4* fhe above reeul-ts wers first proved by leirteni-

Pal leschl,  seo FtJ, in c&se of surfaces, and by Beltranett i . -

FalLoe*hi"s soe [4],  end Lanteri*Fal les*lr i ,  $e@ F ] ,  in case

of threef*li lss

5* lu ease I{ *m Y$ry arup3.o (}"9} can be nnado rnors pre-
i h f1 r

e$"se: i f  {HsH}$/tuJ'$}l l i*r+go**r*, f  s bese*points fres (eee [AaJ,
Propr:sition 1"5 r [afJ Thecren IT for r*?'r end ffol Uneoren .;

1",4 for r)3) * Ie f" t ,  tn:.* thatu wi 'bh the hypothesee.of ( i1.?)

and assurui"n& noreover I I  ta b* veqlr amp}eu lKt+(r*Z)Hsl is base- ?

pointe f roe l f  (X ' rH , ) * f f i?  .

the proof of the Theorem ie based on e Lemmg which wiJ.l" be,

steted below"

L€t (SrH} be a polarised pair wi. th din X*r) lr .Let i ,>r l  be

on integer and essu&e tha"L KX+Lllie' semi-ample. Shereforerif

rn} }O,  the nnorphisrn tp+=3( f t * .  - ,  ' * *oP$huu connected fLbres

nnd naps x -J;-;;t;.Hl-f;lfil;**.'Keepins these assumpti.ona
ancl notations' we heve the foll.cwins!'

I*rulg a) S.ng. -h.9fi*$,.ilf9g rl,im Y*ro -c-t dim y4r+1*i;

b) ACSg.W-Ebeg cin T=r and ilr*i}l" &[ Y1 e€"-8e3.

a :f-Lui.t,e *rr*,lULfiru&*3hg3 i.*r*l "ge{ X -

- * - - 0 . 1 $ ) ;  

@ a

c) ses*Rg-ieqt dim T<r;
- .ig i*r+l, (XeI{}€c4: t

 
*  t [  i * r  ,  (XsH]( :b;

{ / }
*  j l  i=r - Io  (Xel i lc  6  e

Assuming for the mouxent this Le.mma we shall" prove the, ThsoFoltle

Proof of thel Thsore:n

(1"1i I f  V i"s an effect ive curve pn K-such that (V.K'g))rQ



l

it follows (KX*(r+3)i{-V}>$ by anpl.ensss of F[. Aanume ttrst

KX+(r+lllt i"s not nef. qr (0"3,) ws nay find en elrLremal rntiCI:

elrr$"€ fl such that (KX*(r+].)H"S)<0. But" (trtr,G)71 by arnplenese

of II and (KX.C))*r*3 sinee 0 is, an extremal ratlonel cwFVB*

We reached €{ contredict$.on, wtrtch ehols thqt K*+(rr+}}H $"e ne{

By (0"AlIrX"(r+1)II  ie, eemi-ample.

(I"A) $sing (1,L) R'e netr epply the l*emm& with i*x"rl"e

$inse (XrHld(4u Vr** i*  genericsl1y f ini te by elu heaee i t  *a

f ini te, by b)" Therefore K*+(r+1)H f,s aropls,

(1,3)r By (o"e) it Is enough to prov€ that K*+rlI is nef

Assuming the eontrarlr and using (0"L) an above, ws may f5"nfr s

extremsl ra'i;ional cu,rve C sueh that:

(1) {K**rH.cXs"

I f  wCI  le t  a*e( I { .C}s b*e*(KX"C}*  w€ have d} l r  b( r+ l t  by {L"?}

lvs get r

(a)  (x*+(n+1)H.c)>0"

Comparing (1) snd' (2) i t  fol lowsg

(5)  ra(bd(r+3)s*

flrue. we muet have a)2 mnd we get I

2r-(arcb(r+1s

${hich is impossib}e fclr r)1"

(1,4) fhis is,  ae in the proof of (1.2),  a consequ*nce

(1.5) and assert ions b) an& c) of the I 'enme*

(L"5)  Assum.e,  &s in  the proof  o f  (1 .3) '  that  (Xr i I ) (L4U

and ifu't'(r*l)n is not nef . $Ie ehaLl prove that xoP2, H€lSf z I I .

$sing (0,1) $'e nay" find an extremal rational curvo C sueh the

i " f  wo le t  a=(H"C),  b*(Kn"c) l  i . t  foLLows ae abovo



ib z. fherefore a)2 and we gets

f ;  (r*3 F+ (r-3.Fe(b(r+3'

f i r : !"e impl ies r*?o &**, b*5* l{ow, uoing the expl ici t ,

dc**ri.pt:-*n sf e:r'brem*} ratte',nn1 ourv*e in s&ss of surfece+sn
'-{t

sse [e*J n B]reer*m fr"3"0 i . t  f*13*ws H*i i .  Alternati .r 'e].yu c*nside;:

*hs dfvi-*s*r I{O,!a,K*rr,-?FI* it1 $.n, aenip}eu, by (1.4}, Sinee {XXu:l'tn*C}+

*0s i r  f * t te$-s ,  by (1"?)  t { * f  Pn r { r$ l ry{ t } !  ,  mo H€l f fqAl l  .

{3,S} Ena proef f ,e, *r imi.3ar" to t}rmt of (1""4}r msing

(1.5), parts b) ancl c) of the Lemma and (CJ.17)' .

(1,?) Assuine tl:at (Xri{)+r,4uBtr8an* coneid,er t;l l.,e redc:E:*

t ion (X1 uH$ )  *  T l ren (K ' r l {o  } tu tu$u8,  set r  (0" }Z} .  $uppnno that

K'+(r-* l i l l t  i*  not nef .  Ueingi {0"1i rqe f ind an extrcinrsl  rat*onal

*mrve S $ueh fhsta

( 4 ) (K *+ (;.r-2 ) I1' "tr ){ S.

r f  we }et,  n*($i "e ) e b**{Ku uff}  r  sCI that s}}n bgr+l,  { , t

fol lowe by (1'6,)

(s)  (K*+{ , r *3. } t { !  "s}>f f *
fher:eforen r ' ;*$"n54 (4) unel (9i ,  we get:,

(6 )  ( r *2 )e (b ( (x " *1 )e r .

Thts giv*n a>2 and: .

{7i  2 (r*8 }{(r*E )a4ir6r"rt .

Thu$, orre *f  the fol lo ' . t i r :g held*, by (6) nnd (Zl l

i )  s * }c  &*5 r  b *4 . ;

j. j" ) 1'63 r s*? r b*9,$

+iq l  s*4r  aa?, r  b*5 '

In cese [) ,  i t  fol lot io t iy (CI"s) tnet pi .1t ' ; : r ' '71"" r f

w e  c o n s L d e r  t h e  d i v l s o r  l l r + :  * K t  -  H t r  W €  h a v e t H t " C ) = 1 r

so tt1 is nrnple eince p*0(Xt:Sr?ln We h,sve' (Ke+4HX,C)'rpn there-

fore by ( I ,e) e x 's ' f l5,  I i l t l { ' ( l } l  n hsn*e H'g6[0ff l l  .

I f  we &re in case f l .$.)s w& 1"et I{r*rK0+?IIr.  ErS {1"6} Hl



l s  anp le  and we i ra r re  iK '+3H1 "c i  
=9 ,  sd  (x '  ,H l )€d&63 by  (1 .4 )  ,

c l e a r ) . y  w e  e a n o t  h a v e  x ' s i P 3 ,  H r e . l S ( 1 ) 1 .  I , f e  a r e  l e f t  w t t h  t w o

p o s $ i l : i l t t i e s :  e i t h e r  x o t e 3 ,  
" r * l f f t r l l  

,  s o  I { ' e  l f f f  z ) l  ,  o r  ( x r , } I ,

is  a scrol . l  over & cusven $o Xs ls a f l2-bundl .e and Hr lncluces

9t : t  on  each f fb re .  F lna l . I yo  assume tha t  we are  in  case i i l ) .

T h e n  I I r * : K ' - F 3 t I s  i s  a n r p l e  b y  ( 1 . 6 )  "  s i n c e  ( K r + S H l . C ) = 0 n  l t  f o l -

l o w s  b y  ( t " e 1  r i r a r  x r : 8 4 ,  H I e l g ( 1 ) l  ,  h e n c e  H r c l r y ( 2 ) l  .

T h u s  w e  p r o v e d  t h a t  e i t h e r  ( X n r H o l * S o r  K t + ( r - 2 ) t i d

is  ne f  ,  hence sern l *ample  by  (0 .2 ) .  T 'he  proo f  o f  the  Theorem is

complete modulo the key lemma 
.above. 

.

Proof of  the Lemma

a)  Assurne that  d lm Y(r  and denote by F a genera l

(hence  smoo th )  f  i b re  o f  9 " , .  We  have :
' n

m (KX+IH)  I  g  O ,  hence :

(s ) KF+IH I OrO .

Kodalra vanishtng theorem gives:

( 9 )  n j t & u ( K F + n H l r ) ) = o  f o r  j > o  a n d .  n ) 0 .

U s i n g  ( B )  w e  g e t :

' (  r0) *o t  0n (KF+nr{ lg,) )  =0 1f n( i-r  "

Conslder the polynomlal P (n) =X,( BF (Ka+nl l  lp) )  .

B y  ( 9 )  a n d  ( 1 0 )  l t  f o l l o w s  t h a t  P ( n ) = 6  f o r  1 ( n ( 1 - 1 .  W e  g e t :

d l m n = d e g P ) 1 - 1 .

Slnce d im F=r-d lm Y,  i t  fo l lo 'nrs  d im Y(r - i+ l .

b)  I f  V6NE (X)  r  (Kx+lH.v)7t0 s ince we assumed Kx+1H nef  .

Moreove r ,  (KX+ iH .V) ' )0  l f  (KX .V)70 ,  by  amp leness  o f  l I .  As  we  suF

posei  that  f ,  is  not  f ln l te ,  there ls  an ef fect lve curve V such

t , h a t  ( K X + i H . V ) = 0 .  T h e r e f o r e ,  b y  ( 0 . 1 ) .  w e  m a y  f l n d  a n  e x t r e m a l

r a t l o n a l  c u r v e  C  s u c h  t h a t  ( K x + i l i . C ) = 0 .  I f  v r e  l e t  a = ( H . C )  ,

b = -  ( K X . C  )  r  w e  g e t :

a i=b-4r+1 :

S ince,  by hypothesis  L/ r r -L ,  one of  the fo l lowing holds:



i i i )  T l t 3 ,  a = l ,

f n  case  i " )  t he  conc lus i . on  fo ] . l ov , i s  eas i l y  f rom the  exp l i c i t  des -

r - r ' i  n r ' i  nn  n f  ax t rema l  ra t i on . r l  cu rves  j -n  case  o f  su r f  aces ,  see  [ZO lu t v r r  v - L

C a s e  i i )  d o e s  n o t  o c c u r "  T n d e e d ,  w e  w o u l d  h a v e  b = ; ,  s o' I h e o r e m  2 , L .  C a g e  i i )  d o e s  n o L  o c c u r "  T n d e e d n  w €  w o u l *  r r q v . ;  p - a ,

P i c (X ) ; * l&  by  (0 "5 )  and  i n  ' bh i r l  casc  l i r ,  v , rou ld  be  f i n i t e .  I n  whra t  f oL lows

vJe shal l  be cor lc*rned wi th  tJ :e r** . , i i i r rg  case r23 ,  &=1,  h,ence b=1.  I f

a t l  i  ^  ^ . t r t\ -  r>  cr r rJ  er r$( ; t -LV€ curve belong- i . r rg  to  R,  we may wr i te  C'FrutC for  some

pos i t i ve  ra t j "ona l  number  < {  "  S ince  we  have  a= l ,  i t  f o l l ows  tha t  cc  i s .  a

na tu ra l  nu rn ]ce r ,  The re fo re  we  have  b=n i -n t -  (Kx "C ' )  [C '  an  e f fec t l ve  cu r -

.  * ?ve  o f  R t .  Denc ' te  by  ECX the  l ocus  r : f  po in 'bs  o f  e f fec t i r re  cu rves  be -

long ing  to  R ,  S j .nce  b= i7 r -1 ,  i t  f o l l ov rs  f rom (0 ,4 )  t ha t  we  have

d im E l r - l .  A "  t { ' , i .  i s  gener i ca l l y  f i n i t e r ,  w€  mus t  have  E lX ,  hence

d i m  E = r - l . . I t  f o l l o v ; s  t h a t  E  i s  a n  i r r e d u c i - b t e  d i v i s o r ,  s e e  [ f n ]  P r o -
t

n n q . ' i  1 - i r - r n  5  5  l r { o r a c l w e r -  t h r .  A r . r r l m F n t  i n  t - Z f l  .  L e m m a  3 . 3 " s h o w s  t h a t  w e
L -  ) i  

. - _ ) _  : _ _ _ _ _

ha ize  c= : -  (E .C) i  0 .  The  morph is in  f - con to  ( s .ee  0  "  3 )  i s  an  i somorph ism ou t

s i d e  E  a n d  s = : d i . r n . f  ( E ) ( r - I ,  O u r  u : - *  i =  t o  p r o v e  t h a t  E  i s  a n  e x c e p t i o -

n ; r l  d i r z i q o r -  s e e  ( 0 . 1 1 ) .  W e  f - | r s t  s h o w  t h a t  S = 0 ,  s o  E  i s  c o n t r a c t e c l

h w  f  1 - r r  a  n n i r r l - -  S r r n n o q o  { - h o  m n r n l r i q m  f  i - S  o : L V e n  b v  l l r a  n n m n ] o f a ' 1 - i -u I  J .  L V  q  y v r r r L o  u u p y v , > s  u l r r  r r a v . r - y r r r J r r r  !  r D  Y r v u . J r  u J  v v r r l t / r v u u

n e a r  s y s t e m  I  D i  .  D e n o t e  b y  B  t h e  : - n t e r s e c t i o n  o f  s  q e n e r i c  m e m b e r s  o f

l n ,  / c n  R = y  i  f  S = 0 )  ,  B y  B e r t i n i r s  t i r e o r e m ,  B  i s  s m o o b h  a n c l  c o n n e c t e d "I  "  i  \ u v

Le t  f t  deno te  the  res t r i c t i on  o f  f  t o  E  and  l e t  F  be  a  senera l  f i b re

o f  f  t .  No te  tha t  F  i s  a  ( reducec l )  connec ted  componen t  o f  G= :B f lE .  We

want ,  f i r s t  to  p rove  tha t :
-{ r\-

( 1 1 )  H r  ( U ^  ( - n F I  i  - )  )  = 0  f o r  i z  d i  m  G = r - s - ]  a n d  n > c ..  
G . , , , .  | G / i  

-  - - / / - -

To  p rove  (11 ) ,  cons i c le r  t he  exac t  sequence :

0 *q ( -c*nH ls)*+0" { - r ,Hl" )  - -+ 
f t  t - "u16) ' - -+ o.

By  Koda i ra  van ish in l J  we  have :
'a I-r'

(12 )  H" j  (U /B  ( -n l l  18 )  =0  f . o r  j qd im  B=r -s  and  n )0  "
On  the  o the r  t rand r  w€  c la im  tha t  t he  d j . v i so r  G+nH lg  on  B  i s  ne f

a n d  b i g  i f  n ' 7 c .  I n d e e d ,  b y  a m p l e n e s s  o f  
" l u j  

w e  h a v e  ( G + n n l s . V ) > 0  f o r

any  e f fec t i ve  cu rve  yC*B  wh ich  i s  no t  con ta ined  i n  Gu  I f  VCG'

i  i :  fo ]  lows i - r , ' l  c  R s incc V is  contrarc tcd brz f  .  Re-



a

i

caLl ing that.  (H.Cl**er wo Bet (&+nlt lg.C))0 [ f  n,]cc so

(G+nHl*.Vl i l iCI i f  Lvleno fherefore (G+nIt lg"V)720 for any effeetf

v& cr.arve VcB" Hor*overu G+nHlg is el.so bi6, since Hl B f.-s 6rmp

and S ie effe*"b$,ve, I{enee we deduse, ueing Kevramata*V$"ehweg

vaniohinse s*s []4 *r LefJ t

(15) *de%(*c*nr i lg) l*o fCII .  i<r*s and n7c*

By (m)e (15) ancl t i ie exect seq{lence we get ( tr}}" $henc ws

also have (sinee F i .s a redueed, aonnested aomponent of Gla

(14) nif%C-nmlx"))'*o fop J<r*e*l and n7c e
' On th.e other iran<31

(15) K$''-(SX+n) l ffr (*b**)u ls."

IncSeedu by the properties of f, ong effective surve oIT

3 'be longs t r l ,R,  Therefores i f  D l  and DU are two.d iv isors  enX

su,eh that (P1*c)*(.St"c; we get nd f '*  Dglp and the rel"at ion (15
t

fol lows.

Using $erre duaS-ity and (15) vrs obtaima

{16} nr-s*}1&*tr*n:l lp) }*no{ 8rtrr+ne I r) l*o 
ro* n(b+e*1.

Considen novr the po).ynorniaL P (n ) *;Xq$ (nlt lF) ) , By ( f 4)'

and (16) it foLl0vrs t,hat3

(L?Ii F(*n)*O for c(m.(b+e-la

Thia g ives;

rr-s*f.sdim F*Seg F)bailr*lr henee s=ft and b*lsn*}"*

therefors ws have F*E and moreoversj

(1S) l . i8*{-nnlg} )*0 for e(n(c+b*3*s+d$.m $-1.

I f  we le t  6x l (F l lp) r* '170u the re la t ion (18)  gJ.ves l

(19) *(%(nl{f u) l*f;frm(n+c) (n+e+L)' n. . (n+c+r*a') "

I{ext tro want to prove that X(0n}*1.

Incleed, siRce Kg.E(-a-r+1"!Hlm Uy (f f  lc w€ get using [ fs]

Ch. I I ,  $2,  Theorem 1:

(?o)  xC0s)*X(%(ru+(e+r-1)Hln)  )  "
Bnt^ bv dual i t r r  *nd (14). 'Et  fo l lows,  PwI lzt | l I
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U*ing (20) end (At) ws getr

Qil r(S*)*ho(%(i(B*(q+r*r,)rr lp) ),  sCI f  r0[ l*o or ] .
eince Ko+ (e+r*i")I{ | *t0 e

{. '  l&

By (L$) 'Xe&"lgn* Tt foLl,ows rhats

(?5I ?qCi,*) *:.,

Using t l : i"e relationr(193 given ds*sl and;
t - \  \ i  1 ?(?4) r,(th(rd{ is) }* 6foT(n+rXn+r). *. (n+r*t},

I fovr,  by serre dual i ty,  the relat ions (\4| i  and (?4l gi .ve! -
t

Qil nue%(xu+(::"r 'x; l t  ln) )*6r*) 'C%e -(r+L)ri [s) )*

* (*tlr*lXC9; f* i:"r3; II lu) ) * (-t) **3 (*L )**3e=-r.

Sj"nce **3r (15) giv"as KgV*rl I l* ,  so KU+(r"+f)Hi&ft Hl&"

fherefars ,  KSs(p* I )Hlg is  ar r rp le ,  {Kn*( r+1}$ lp) r - l * ( I {1E}F- I=

*d*1" end no(%(mU*(r+1;gl6) ; )*r  bf  (eg).  I r  fo l lows by (O.7 )

that  gvsr*k,  Hl  s€l9fr l l .$ i r ,*e 0 is  a l ine an,s (s"c)****-Le ws

get %eu1'*&o"96*r1o eo E is, $n exceptional" divisorr &s ws wsrr-

t e d ,

. c ) Assune that din T{r a

If isr*lr Y is a point by the fipst, assertion of the

temma and wo get K*+(y+1.)IITVO* Sy (0,4 ) and (O"o; we, get (XrlflerQ,

If f*lo dim Y(I by staLenent a) of the Lemrrr&.

tr f  Y is & point,  uoing (0.6) and (0.r0) ss above we get

XeQrr Fl6f0r t r l l  .  I f  Y ie.a (smooth) eurve,  tp* is  f tat .  f f  t r "  de*

r . r o t e e e g n o o L i r f i b r e o f Y r l w e g e t s " f r - } , f i | r ( [ s t r l l u s a b c r r e

$owo i"f  B, is: an arbitraqr (closed), f i t l reo i t  fol lows (HF-1,p1=1
'ny 

f latness or tPr. rn parbicular E ie imeduclbLe and generlcal.

\r  reduced, hence reduced becauee i t  is Cohen-L{aeau1ny, By ss-

micontinr.rity rve get.:
^ - f , !  n  & '

h" (Lh (H 1u))7h" ( (+ (it lFi ) *r,

.  r t  fo l l -owr :  a . f r ' l }  .  Ht - "€ | f f ( l )1"  b : r  (0 ,2)"  .$o Y*  is  a



: /

$cro l l  over  .s ,eurveo Thus (Xnmle S i r  is re

Asnunrc ncw thet i*1"*1." Again by the firet part of tho

$*exlm.s $;,e fist Cir* Y6ff, Tf, Y im & pr:,infiuu,sing (0-O; \.Je get t,}:n

{grH} f .s, u r}*1 Fesm* mnnif,*}eiu, s€s (s,}5}, .  vJe sre left  wit tr

t,he csssis wlren x,{.s a eurve sr & surfaq'&* Fi.rst of al}-o if n

r"snd S Sel & slrrve' (x'i{} fs, e$si3;g neen to ber o \yperqusdr:le

fi"brationu, vrifh necllreecl, pclsmihly :reducible fi"bres" $ssume tl

wV?" In orrJt*r ts hetve bctter aontr,pl on the opecial fibres Tst
-  : {replaee Yn_f by s contrse'Lton of an extrernal nay" Inaleedo rnsi

(0"t) * w€ rnqr find en ext,relsaL rational- ci:rlre C sri.t,h (K*+

+(r*1)H"Si*S" loJe let agn*"n e*( l{*c},  b**{KK"C} end we gets

a (r.-1) *b*{tr4"}*

Therefore, ei th.er &*1c *x. r* '3r &*?, b*4" Shi.s lset pocsibi i . !1

is absund since by (S.5) ws v,rould have pie(Kl lZs *u' fe wCIuJ.t

be esngtantu $s we irave P-*Iu b*r-}" Ccrnsi"der the extx"ersttl ra;

R generateql l:y fi* If ft, is not nefo reassning exmctly &s i"n t]

proof of pnrt b) of the LcffiEr&lr w€ mny find {m exeeptional dir

p*r on X* Therefor"o e after r*pt*cing {Xr:l} by its ret}u.eti*n

(XerFIo)e Ers m&#" essume that R is nef,, SCInsider the norpl:,$.srx

f*leotrt** For a g€sneral fibrs F of fu v,,-e ge* an in the proof

o f  ( 1 5 ) :

Kr*Kx-lsF(L*1}nin"

Ueing thi"s and Kodnira vanishing ft follows as before:

r(&f {n * ' t t l tn{p})*0 for 16rr*4y*2; hence dim F.}r-?*

$ince K s + (r-I)  l . i ' t 'O, dim F(r,  CIr eqwlvalent$, dim f (X t  )>0,

Assurne thet dim 1r*r* lr  hsnce f ' (Xt) ie a (smooth)curve" Then {

ie flat snd a simpLe argunent shows that it, hee reclucecin irre

dueibl"e f ibres, $ee ki l ,  p*tr8$u ft  fCI,Llows by (O"rd that vss

lrsve l"*Qr*Iu Ht{s,6i0'( .r l l  roo. a smonth (eLssed} r inre * '  of f*

f'or an arbitrarXr fibre S we get (Hrr-I"g1sfr by fl,atness and



.&t .r ' . l ]4.. '  c.: .t 
---- -s - -

t {

is al"so ar iqyporguadr$.e by (S,8 ) end' (Xgrl{t} is a }qyg:arquadiric

fibratl*n. Actutol|y, t l in*e r..1go lvar must hsver x*X! l see i,ho .

proei f  of  {* .1-?} "
F*"ri'nlJ"yp &s*rufiie t.h"st d*,m lr*r*? and denotr by $ t,he image

of fo ur' l: icl.: ' is re nrl: i: 'mal. sur{'*rce* SJo *Lenirc thst f is: equidinren-

si"onal" nnd S i"s mnc)clth* lnelr:edo .!..*t eg,$ be* e cLose* peii-nt end

denCIt* t:"Ir $ i;he fi"br,* o?er s* *oru$ider the enbedd.iryq of xr gi-

vem b;'/ l mI{Q l f,:;= ffi}? Sn E*t S l'* 'tt're euooth surfeca fffl,t by in-

tersecting r*2 general menil:sr"s of lmi{o1" Vie first pr.{} 'rs that.

clim s*r*?* Assume that rltn s*u,*J-; sincer (fi.R)*O, it forl.oers,

&s $.n th*r proof of (lgls:

(At)  )  I :  r -  t i  nn l S -  - r - ' *

rf we deno'fe uy F th,: restr.i-etf.on of f ts dr w8 see that f

contra*t$ the curue V=aHnS te & p*lnto Therefcre w{} Set using
( 2 5 ) g

0>{?'?}fi, ****a{H' *sff }**sr*a (I{j**n'.u I g}o*0.

Thie ccR{raclicti.erri shacFrs that dim }:i*r-Zs hence f ie elquidimen*

sionalo fhsrefsree b3r construction of 
'Su 

we mfiy essteme that
'Sngs 

is a*c'o*dim*nnional anrt r*clcreeS, wher* ECI deri* ' t ,es S with

n'edueed stnucture.0n the oth'*x'hmnil1 for e general fsbno F, we

get, uning (0"9) F*08*30 II t ls-€.[&(r l l -  therefore, 
'F 

rr** degree
f *?  :  ? -J  a -5

m* *; sin*e t l :e number of pei"rut.* inHnno is mr-2(F**H'r*2))z
p*?

)rm' & anil fI is nr:rmalo it fcll-l"ovrs by a wsLl*knom'l eriterion

that S ** dtale, CIlrer so Thsrefsre $ ie smooth at s eince S, t",*

sm$oth" I{orv, since both S ancl Xr &re smooth and f Xn equidimen-

sionatr,  i t  fol lows thet f  l "s f lst" fherefore lgrr*2,S)*1 g*r.

any fibre l 'o It fol,lor,rys thst F S.s iruedueible and generieaLly

red.ucerSr hclnce reclucecl since i.t is Q'ohen*&lacsnrlayo Wo mey no$

dedu.ee exirct ly as beforen using eemieontinuity and (0"2) t trat





$ft" iftrr*c$ secti"ern ter de's'mtsEd to n eotrple of eppJ"ie&tion&

cf ths m*in resu.l-t, Tn the f*L].*r"nnr, fsmr e*rotlsni-ee we conel*

d.er 1:olani.**sd peiro (.\(si.{} rrhq::rs }i. $"s a thrsefold Etncl Ii f"s' an

g{SS:;Jij"gg-s,"*xjii$S*,}"i, nrnp}"e r}ivi. soa' sn S *

'il]:ti:: ;1"irn'e cl.;c,Lltri*.t't,ifin :!.S sn i.n3'lrOvelrren* of, n r"fistrJ-t dUe

tm,$et.mmem*n {!${s L?qJ -f'}:eorem A*4 ,, 3n e&$e }I *.s serp amp}e ig

w,nm Fr*vr:S i,n L3*, Hl:.*errem 3-T*

frtn-s&.kffi 1. [t-*:n;&s-s"*kij*1trfu g*gsetr (xFI3] $ssh*-eh$ '
n .,n in

ri j,#*sx:rig gd*"fl*ffi*"e. ffij'ffi (xnHle'tu-buE

*r f.i:sii*- ,t E--tL if Qg4tg.Si$.l3li (X o , H u ) cS '

Ser3u KF,tru henee srs* I{x*'r:* is not Refn'}he resuLt f,oi}srvs from

( 1 " 7 ) .

fhe se*ond r:esl-lIt

try cli.r 'eet nrp;untettts, ses

r*rs 5, nruc} [Pl'

Stgpf,g Ay adjunction f*r:rnixJ.n 66+Ii)l#1fu'S1r1ee H is ru*

!s *l.rre to L*Bfrdeseffir whc pnoved i-t

iJl ltussrsm $6 [a] tneorem ] ernd theo*

SSf"s3}ef*Y 2 (Bltcnt: sem)" JSi*" (X!ni kg-SJg;.9g;#-qLpgig

-€g*,h.--$At$ I{ Mu:tJ$.cs*hlx*Jx,t-e#{,ss-{t"c.*#Jffi
e H',t?3xP 1,

r,ni( | /\ V"

.g1*;iq1*r,g*$#pJses.rl,fle*ng-agaJ5!'La&Sesr x*UJ, He{ir(? } l rt'r's xxQ'r''

H e t 0 ( t )  I  .

gfie-Sg. iiy ecrollargr ls ()tuII)€9aiJ% er there i.m a redue-
t^r. a? n?

t ion (Xu,oltul€,$" We shal l  px"e1\re t ,hnt ei t l rer (Xof,I le l? er EC(/,

I{e tC)iA}l  .  As,s11u* t l i .q.t  ( : lnn}e kl  "  f f  (XrI i)  is a Dc} Psrzo t l rree-

fcl lc l ,  i t  fol lniys thet H is n $eL Pesa* su,r ' fsce" Butn ne $' t  is

wel1*1rn$!{tr}F t}rs r:r;r.l-f fielornetbicnlJ.$t nuled I]el Pezzo sllrfacee ar(
't ^'t

#*.f" al}d the projeetir-ve plane h3"ov*rrr*up et a point o denoted Fl'

Usinrr tiret cfansif"i.eation of Sel. Felrno t,hreef*l-dso {$es lfzl c]r

(x, H) as*-g-rl#$,



[gl " 
ft f$l,lowe that the case H*F] f o imposeible'u w]ril-e for

n"f lxPl wa eet XoFS:u fie | &q g ) | " Next wo prove that (X $ II) ssn n

be e* }rypa::quarclrtc fitrraticn" Tndeedn in this e&$eo as in

fiHdcsct.t$s mriginn)" epproucl"i, by l,qlfm*h*ts0s ti:eorem on lq,rparp

ns se*t ions ws wouLel have f ie (X)*Fie (I I)  vis nestr iet j-on, Ther

fore, if Q elenotcs a g*nereL fibre of tho lgrperqu,edric fibret

end, F=rQff i lu r/o ney f , ia$ &Fx invertfbLe sheaf om Kr seff  8;enl,

sueh t,hst (Sf 
*"tr)* l"  this teade to & oontradict i .on, ej .nce ws

ha.re !

3* (s t 3tr*F}g* (a "$"QlX* {s I q-}I I q}q

and the last, integen has to be EVBns

Assluite now thst (XrH) is a seroll CIvCItr a snmfaec, lf{e

shal l  f i ret pFo're that t , l : is ie possible only i f  H*Fgo rnseed

reesLl that e gaometrioally puled surfaee is a minimaL inodetr

uniese i t  is isomorplele to F3. i terv, i f  f ,?:x--+s is a morphi"sm:

king x & scrol} $lrer the sr:rfaee se the restriction of f to H
^11

birat ionelrhonee en ieomorphisnro unLess HoFl qnd S:Ktr when

it.is tSre blowing*up of a pointn As beforer w6 mlet have

Pic(X)*Fie (I{) :rFic(.s}r i f  H+F}* But this ie eJ-eanly absurd si .nr

X ie uPn-u,rn<lle cver S, Assum.e now that frX-**R? givee ttrre

ecroll structure and, f restricted to H ie ttre, bi.owing*rxp of a

point. i lonot,e by ecl{ t,he exeoptionaJ. divisor of the bJ"owing*u1

rn this oese we shaLt see that x' iPlx8a, $el fr61rll l  * so x is a
scro}l .  o***f i lu tooo rf  F denotes a f ibre of the ru]"t ing of H,
t u / }ou(O) and UH($') fonm a basis fs 'n F{c(H}! se,e f  o} Ch.v, $?.

lsr i te I{ f  rO-aC+}:Fu with a)Or b)a, ses [g] Loe.ci t .  I f  p=lPl is

a fibre of f, r?e may vrritei

*A* (KX*Flg* {H*lH,,0 }H* (Ie**gl$,e }r'*a*b*l"n



(gTl*.r*'is+f ] * (I'{&} -};}*p.+3.u {lI*.ri?'}*3* (ffi5}*0*

S:in*'s pj"*{}i}.s}li'ti}n}e v'.t{i :e*ir '".i..nrt .rrxl tnr'*rtibl.e *helaf r:ii Kn,
/.'s n - ,

r: j&3r L'lr{l i}* su.eh th,*t Sf un*F* 'Ji* 6iet *asil i ;y S*H*aE"
. $ "  f  , f ;

e *rlLr:i.ii,tr n*vr tl'r* r.:xncfi gsfiH63$csi

s*>&*{**n} *?t,ni --ttdrer'} *?s"

$incs vre h.&ve l t l (x*&r.{** .n}}* l :1{ t??u01**}}*s,  u,e-  get  thst  ls l

ie a p*r:ci .}* Since twr: dis[ in*t,  mnmbers of lpt e&T] ins;eb an]y

ci:tsiei,* i{u, thoir inters*ctici: ie finiie'u hr:nee enptg* trt foL*
'4 ?i

lows (S"t'*{li*{:."U)/*t} il"n.J t,}rf"s give* &*}" I.fosr it is ve'r.y eesy
^ T  - ,

t ,o s*e thrrt ; i i t- '*xi i l '$ I{eit}(:"s:} l"

As,$r-r*e n*is thrai rve have a r.erluction {}:u oHt }'.iS. t{e shall

provs that titit l is in1:oeluibler* $:[nee it J.e miniraal un]-ese i{:F3r

it f,:l-lewes th.at ei.ti:.*r" X*Xt c:* Iiur=fi2*This l-ust e&ffs i.e ai:*:ur*

n*nce (se it is well"-knorrne r$ee for inmt{ince [7:] , Corm.l-lary

5 *Xi l)  n ws wouL<l l :arr* X*=r13, Hu{-{0{1"} I  r lnd thim forces l{sXs o

fhereforeo w$ irarrs (Xrl"I}r=ff" T}re ea$es X=83, HelS-453f and

ffT82s II€ltitall are neit ponsib"i.ei since I{ is ge*rnetricel}y ruJ.,nd"

It remairrs to e:rehrde *l:e c&se vrhe* X is a -P ?-Uunate snd H in*
Q \ /

duces Ci(Z) cn each fibrei* Tiris is done by the same kind of argtr*

ment, nn *n the *ase of hyperqu*d::ic: .f:!"bratj.onso The pruof of

Soroller:y 2. is e*mpl-eteo

The noxt ap1:liccition i"e ths main resul"t fircn tff4]

S.gg,qllgiltr 5 (Sr:mnes*) " ].t'rt$- (X,,H) h,e.g.-$jLL'"1nl4"qi,i." patg

g*s"U*l&*g x i;;*s*rxs$}**-q*:l (x'$)

im' n m*r'ol} $vor fl .sr:rrfaer:* *Il 'b}:*r.p i"* a redunt,- 'r-on (Xt -IIs)

K6v *3t*53r, s&s f I :] lcl* n*i"fi *xi

inr,ocr:,tc in+r".cqc !:y f r.lf a line

It :fol"}$rv,s h*e+3" If S detncites the
ft

-  t l F

in 111 *, 
i 'J* 61et I

,.



"t$$i{-JLt3" ri 
- aq qx:*i.p*iieL:rxH}*e.

frlXt"e* Asriirbl* II to he nulL*ndnim*1. $fnct) f,Ji,,;*+14) { g.- fiiis

j^ 'h J 'oJ-1r: l ' rs ' [ , i :u" i ; : , i , ' t ] i  f ,s  noi l  nef ,  Bgr (1.?]$ rEj . thsr (Xrn] t r4uir ]u i i

$r t ir*i.ei i* $ r.,*cl 'rJr.: '6:;,*f i. {Xn r}f*} -sueh t}rat {Xr ul.tr*3*,S sn I{ 's ie

sij.r:i-.:l{r}.1-o $inr:.* r:te s'}r::e+iri:ied H t,* bet nosr*ru3ed, {X'}I}€t/lUSU?,

."-i,er p**:ri i"ble,;;: l-.y i.f {"xr3:},i.e $ sern3.3 *v*}: fr c'mrfacffi. F$.rr*:},};r
/ * i_  I

(X* ulitle:l 't) ,1*, irup*;;s:i.b)",e si-rn*e IIi i.s nsn*ruled*

fiur me;i.n api>I-$.eei1i;i*n i"n di.rnension three

r*s'al"tu vrhS"eh c""rpled '+it}: fforcllery 3 deserrib*s

ti:rsefol,els sr:l:p*rt,j.ng, e "smoe*h staBfece wbich ie

t,ypa ris &n nmpl* d:!..rri"$0ro

ie the follotrir

c*np}.ete}"y ths

net of gen*rer3.

g-trs.J.3:::*x 4, -J.,r":L ixrH) bs*;_;ra}s.*"[aed-pM ff

;i:- *,_s;:aat&*{",:1:.i;:s:ti.-'i:n*_*,;grr;3g*by K (ti } *.i_s_,g_tindrilca -$ur:ngi-afu

J,$' k{;I)**'p {X$m} i***qA:-t*1,*e*^e--elffi&}3*s.rra$ ,a fiL{ffi.qs-r.-qfr*[he*%J.

_*-J:q-*igftJ;:* {X s F}5 * i Sgqii_*!}S$ I{ e t_q*S* KT r""g:

J"tr, Xu *i^ir***:k***gf*if*1.S.*::;;:$ IIsa*Kc " Jf, K ilJ)*t* ..*iJ,ist3 iXsfi*!

-t:?*q-,.iill,galA,gIgu*$ qnfdsjllrr*ers.-&hs"qs- i"{3-$L-er$rj*-ba*p (xo nH'} *rru;

a#*s*}'};#,$ gtxt'-+ tr s"*lp *.g..*g;.pu-r,gqh,-$rmyg trn "sh:ieh-J"g-$*neJ

t,t*;gg-fl*hrei*l!.&u*L,9" I{nll"'-Kr {str-ff:JM F sf s"

*gS-gf*- Assu:,re that (X'FI) is no* & scroLl ove.r & surface*

If l{(H}s0s b;g Coroi. l-ary 3r wo may f ind a reduction (XnoHo} sue}:

tha* Iit i ,s m'inii: isl-* H,J,r e lassificatton of .minin.al sunfaces of K*

clair 'a dj.ruensi"$Ir f i*:r(i, I{? mny be abelian, K5u }inriqr:es or }:yper-

e3.3.ipt,i*o Bnt ono il ls,3r 1)r:CIv* (see for instsnee[2'] ) using

l,r:f,scirstads th.*c:!s:a 'r, i:at *n nbel-ian, Fitriquss or lryperel3"iptlc

surf*c.,* c"*rurot tre {lyr omp}t clivisan on & sri}ooth tilr*efclcl*

Thus r,;e &r*i) -Lefi; tr ith'Lhe c{}{ie tyileri IIs is K5. It fs}]"*ws

II0"t 'I i t-C l-ri lr Llg'$*h+]tzls t,heor*rno, A*sune thet K(H)*3-, Using (1.?)



[ ,st  g bo *he mnp assoeiated to fm(K*+H') l  for u>)Q"$incc I I t  i8 '

an el l ipt io sl l r f ,&es, the restyict ion sf S to Ht gives a (plu-

r*cl*noni"cal.) a,{ip *nto some curve and the rest is cJ-eer'

fo put the preced.ing e$rall"ary into psrspeetivet w€ msn4:

tion the fol}cwing rather gieneral- (end not diffieuLt') faqt'

Re*ss$1!istr*5-3 J,fi"g (KtI{} }e-s*us}# f,n

str)z?. Ag"€sw*-gbry&, H aa*csg&h*ssg rc('Hxr*l* !$gg K, (S):*-oo"

Pfq,"gf,e Assume that f mfOl fS for soae rn)O and Let

s€lrtrxl o lryrj.te s.*al{+Ss s with a'70 end Hs supp(ao } n since n3I ie

vsry ample for n))Or, vle nay find n>)O end Defn$f such that

lld,*upp(S), Since we hsve (B+nrnl'i l lff *]igo it follows that

I*f f iHl is very arnple ouLeide i{  f}oupp{D}r sor K(II}sr:} '  This

contradict ion proves the proposit ion'

n thc sequelr w0 consider polarized paire (xtH) wJ' l th

dim X*r)3. Write the }Iilbert polynomiaL of the pair (X'Ii) as;

r(8;(nll) ) -**r(*oi-})' i

,{

we define the .Eg!r.g.ml-I5Rs&g ff

gsi * *f_Lo

It ie not' difficult to prove that the

true 3

of the pair (X rH) byc

t

(??) ?g-2* ffiXo (r*1) 1I*Hr-1) .

t*,pPla 6,. $-g,ffig-ll$,

Then the -tM

(x,  H)

(x, rI)

following relation is r'

e g g , @ c .



1 s

*aduva*g .a.rl# u ,t r11. / \a Lrr; vLJ.i7 .$IJ"L. l..rrrJ,6:rr,{* r}rH.&J.r,r.a5 \A 5l'rl. c[. fp\]'r* t,

As it ie weLl-knoumo we rmy fincl a v6rXf empLs div$,sor If orx X
. n

su.sh that II lro',*,lu{l} I fcx' sr{y fibrs F sfF f,s It, fo}.}ows e&$i:$

by intlucti on- cn dim K*r tleat tlre sesti#nffil gsrnts of {he iieir
r - -  ? i r  !(Hrl{} is eq*a& i* th* gerffis of C" t'h*refCIre$ $,t vril} be effis$S:

uf,rir lg (e7),u ts pr':CIve tl ie fallowing:

" t r

(?s) (Iio't" (r*1)I{"Ht'*}} * ik* {r-}}F.llr-}),
Cr

$ines Elunl0erl t  end Hlx,€lf i tnl l  ror eny f i trre

ti:ere tn s&me *iv$.scx. F on CI sueh tkrstt

(zg) fr '{,$ o r* (D} *

Moreovero by. & v,reJ"l"*kn*sm forniula* wo have:

(Tc} Kx& -rH + rsesl , fcr soms hivisor E on C*

Uuing (?9) and (30) we get efter some computat ione:

F o f  fo

"l/

(x*+(n*liF *fr **3) *- (gr)"$r(Hf=l.f (m) ) *(&+ (r*L)fi,Hr*l) "

Thes (eS) is prowed. and we are done.

The next reeuJ-'Le w6re p::oved by **3tr.amett,i"*Pallee*ir5. i

case of threefaLds, see [nl" Usin6 thein iclear we extend theu

to arb.itrary diuension (seo als.o LfE , Ft] for the cass whera

$ ie  very  ample) .

I'"gggga*? " Fgq*-esw--gg&"4{tgqg--Ugtg {X r Hi' 9}fg:s-se3"}oqe}

gs*ss e is*$qn$],esesi"qpe

Pgg,gf* By ('1"5) we may essume that either (&o



when the previoun J.enmEl appS"ieso

$-eqg}legm s (compare with [nJ* Propoaitien ].1 ans L]tJ
propon*ti.or.r ?-5)* IS3 (xrrl) kq,s*n*,lgi,ge$-gtr#*etts s*0. g&e

- es}*-al
x*f, sei,;{r}l e sC x*QF'e i ic ILY(L}t u gg x-trZ, H€lSCa'l l ,, -qg

(xsL{} eg S*-SSm}.&--agCg FI'

.sHggffi. We ergtre

I"em&n 6.

as icr the proof of X,eqfiqa ?r us[ng a3.eo

Sng.e$*ffi g (compare vrith [nj, Fropooiti-on ].2 and U"ol

Propos i t i cn  2 '5 )

&eg (XlH) hg-.s es;g$es.d,rmq,"giilh 6=r* E-USA {X'Hi le

ni tFq&JL*&eLP$J#a-ry.3BiJ"p-SgS*e .Sp;"q}& - f ty .e{se-e-}1is$i '

pr:ecedtng coro}lary, i t  fol lorvs that (xl i t) ie, a scro] ' l  over

sn el l ipt ie ournv&o If K**(r*rlH ie nef i t  has ts be tr ivial

si,nee (X*+{s"*}}rlf"H**t)xfr (eee LiUl 
gh"Io $4, Propositicn }l and

(o "o  )  ) .

eefql;.gllf 10 (eornpare with [nJ, Theoren ]'5 and F{ '

fheoren I)  e

1.,*3 (X'H) FS-e pqJ*fe-S*,d*.nqlr.Wt"Sb s72 e&g zs-?-({Hr}"

E}}eI} ffi?II) i * of one of -!hs. f,-CIfls!&.ag--tg,Pg$t

(A-1) r*A epL_q-!*.bgp x $"e b*ge.t3-qaq]"Sf rul'ed ge KXFCIt

r)3, gnfi*gflbgg,i ,
(2 "2) (x,$) .t g-tu jP-r.q";Lq'ygL-e*cHSge*S*S*SP.{999;

(?,7) ff io$) Se-&,&gag.@;

(2 "4), Tle.te . }.s*g*W$tls#ta* (xi'HE ) g-ttcl*tlra$ (xn oH' leff;

t

(A 
"5) Kn+ (r*3 )Itn"0*



a
- l

?

t '

fff$e$- Assu&e tli*t r*3o Sinee ?g*2*{na}*{}l"K*}* the hy

peth.csi* gtvec: (ff -fui*t"t* Thr:e, either lffixl *# for nw rn?3 aTt

X is rul*cl b)' Srrri,qd*i,{,rss ec"iterion, s:rr *f }mKK\ d{$, f*r some m

i,t, f*l}eiws KX'VO* frsstilse r,p}"

UninE4 (1,"?) we deduss$ thrgt ei ther (Xsi13 fs as stut,ecl i"n (:2"?!

(2 .4) r  oF 5 i t+( r*Al i {s  is  n* f .  CIn th .e  other  i :ando b} 'd . i reet  eom

tat$"or1, w* f*-n* thmt (X$H) and (XurFtr') trave t?:s salss eeetiona

gen,&s; yror.**ver, {lir}{i:iu*} * sfith *"quetrity on}y if X*Xs u U'ein

thi-qr snd the Wpoilie*im Jg*'P:i(;f) we ge{;l .

.  
(51); pg*** (Ku* (r-1)Hr "Hur-*11-<{}f l )<{Htr} *

ghi* i rnpl. ins;

(K' + (r*3 ) I.i r "Hrr*3"6CI 6

Aserr.r.d.ng n*',ri Ks'*(r*e)ii* to b* nef, by F5] CIh*f, $4, Fnerpce**

t ion 3 snd (CI.6 lF ' ; ' ts g*t;

ge+ {r*f f  }Hs^,S*

{isingl ('5}} $^f' fo}J"al,;s {,iS'}*(H'r)r so X*Xo ancl we &re in ease

( 2 . 5 )  *

The fi-nel- applicati.on i.s due to Lsnteri*Fal"l"eschiu

riee L18] s

Sp;;,e-lJ+Xg :1 (co:apere vcith{5]}" I.e'L f*x'4'Qr b**g-gisg

rrr*pJl**aJs {s*E*e*Erua{g}s x M r-s1l*:qsqtrLss-qlttreg#-

-qHiligtge*$$psa-ftgilss f .e,s

€i*q$,!,Lffi*$j-s.tg"eg n "AS*-A-,ga}s-**:rS1'S.S"*l rp2 * X te-*e-gqruJ-L**n$ R

i.r a .tlrm of -:,tffige.
i f u ' | d d 6 A r - . = # G

X*g$$-*. tet H bs s divs.eor in 1 **C&n(1)') | erncl *tss$ne th

R i-s not ample, $inc'e R€l Ku+rH[o i t  fol ] 'ows by (]"4) l  that

(X,I{}{ ,(4L, ' iR.,  $inr:e (nr)*?.cleg fr  ws I f teJr assume that (XiH} i"e

a screi].l o\rsr & curve, Si:e rr:r*'Lriction of f *o a fibre of the

serol.l i l ives aifr*l enbedded in Qr as & linesr speee, This

v
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