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l "  The purpo$e af this work is to slrow that the resul 'rs obtained in [15.]

concerning certain quite general I- larrkei- l ike kernels also holcl in the rnore refined

sett ing of non-lccally convex Schatten-von Neumann classes Cp , 0( p( l .  1'his

extends the one-dirrrensional rest: i ts for I- iankel operators of ' [10] and l l+]. Cur

methods are clc,ser to those of Peller [10].

Let A be a bouncied measr-rrable function on Rd * Rd; usually A wil l  be

supposed C- outside the or: igin (but see remark 1). Aiso, we have the homogeneity

conclitiorr

A(gx,gy) = A(x,y) for any x,y e [to and I e G ( t )

where G is a f ixed discrete mr-rl t ipi icative subgroup of R ,. We shail  assume in the
T

se quel that G is generi:ted by gO ) l"

we denote, as in It5], by T(A) the operator (on t2(Rd)) wit lr  kernel A(x,y)

ancl rvith T(A,Q) the operator rvith kernel n(x,y) $t* - y), where $ ir t i ' ,* Fourier

trarrsform of 0" Our main purpose is to obtain, under some suitable supplementary

condit ions on A, a precise criterion for t lre belonging of the operator T(A,S) tc t lre

Schatten*von Neumann classes CO, for 0 ( p ( I  (the best reference f or t ire results

we need about these classes is [6]). 
' f  he typical result is: T(A,0) e Co if  and only i f

. .{ /^
O u gl '^p (homogeneous Besov space; see [7] for reference). This result has been' p p

obtained for I SpSZ in [15], rvhere the necesity of condit ion * * bif;  is alscr

o b t a i n e c l f o r 2 ( p < c o .

lr4ore recently, Janson and Peetre f4] have further extencled this hy
'  . A l ^

relaxing t ire hornogeneity corrdlt ion (1) and pro.r irrg also thc': suff iciency of Q t '$;n

tor 2 ( p ( co. (The "Fourier trans{orm" of operators of type T(A,Q) are cal led in [a]

paracornrnutators). For the l) istory of t i ' re subject, which starts with t lre work of

Peller on llarrkel operators (see [S.], [9]]"

The author thanl<s l-tan Voiculescu for rnany r-rseful discussions,



2" "l'he nrain taal which all*lvs us

i. i  the fol lowing (ar!nrost cl; lssical) thelorem

adapt to our case the rnethods of [ i0]

Planc l rere l  and Poiva f  lz l .

f n

of

TllEOEtEid ,q" J-et p,e ) $. {;*r uny a') a/t thers erfst two universcl

constants C,ia',p))Cr(a',p))0, such tlt*f for cny entire fustction F of exponential

type awe hsve

Note

- f n l b  .

I  tXJE

that

CXI

t l u

cr(u',p)*c I F'(x)l Pd* < 
,.J -- 

| rr(rn/a')1. P < cr{a',p{o I tt-ll Pa* (z)

in the sequel we always use the formuia ? ({) =

for the Fcurier transform.

We have to say a fer.v worcis about tire defiirition of the operator T(/\$)"

We wil l  alvrays suppose ttrat0 is locally int*grable on tr{.d\{0}. i f  $ happens to be

locally integrahle on al l  Rd, i t  is clear hori,  to defirre the operator with kernel

Aix,y$(* - r) on C[(Rd); when it  is bouncJeci i t  rnity be extencled to ait lZ(nd] anci

rve denote the e::terrsion by T{A,4l}. trn the general case? take a C- - function 0,

supported in the unit l- lal l  of R.d and equal to I in a neighbourhood of the origin;

therr Q (sXl - 0(s/e i) is locally integrable on Rd, and we denote the corresponding

operator Te. If  al i ' l 'n are br:uncJed, and tend to a l irnit  wheir € + 0" we clenote this

l irnit  by T(A$) ( i t  can then be seen that the definit ion does not depend on the

choice of 0). T'his discussion wit i  be tacit ly assurned in t lre sequel.

We shall  repeatedly use the fact (see [6]] t trat for 0 ( p ( t

(S,T) * l l  S '  Tl l  
3 

is a distance invariant under translaticns on the quasi-Banach

space CO; that is

l l  r ,  *  r . , l l  3s  l l  r , l l  R  -  l l  r " l l  P  (3 )
Y

Finally, the letter C wil l  denote a constant that rna"y not be the sanre in

dif f  erent inequali t ies.

We may state nc'w an analogue of ienrma i of [15].



3 *

I -FMI! ' IA l .  l ,et  0(p< 1,  cnd f  cR.d* Rd b* such thct ,  for  some a)0,

E)r{(x,yi lSOI"S l* -  yl  SgOalr oncl d*note byX(x,y) the.ctwracteristfc funct ian af

E, fhen

l l r (A,q) l l  oSc l l  r {xA) l l  o l lo l l  *uinpp

PRooF.  I -e t r !  e  s (nd)  be  such tna t  supp$C{S" luS l * l  SSou i ,  and

I  0, = I on ndr {0}, whereQut*) =$kikx). Since
m t , Z '  K  ' - '  r K '

A{x,y${* - u) = I 0u(" - y)n(",v$(x - y}

we have, using (3), 
mdz' ^

l l  r(n,4,)i l  [sJuil r(n,$ * tr)l l  ! = 
Cull 

r(x*n,9 ",lu)11 ! 
(4)

where Xi.(x,y; = x{gIlt*,g[ky).

Novr, suppose i is some smooth function with suppclrt in

1 x e  n d  l .  |  * l  5 R ' < R ] .  w e  m a y  w r i t e

i (y) = t/Rcl I 
*on(min)*-2niYm

and

B(x,yfi (* - u) = (t/Rd) I_6n(,n/n)8,.,..,(x,y)
n€ d-

(6)

where

n  - -  . . \  ^ -h i x .  mB(x ,y )e  ?17 iy  .  m
DmXry l  =  e

and i t  is obvious that [ l  T(Bm)l l  
o 

= l l  r(n) l l  
o 

.

Applying these remarks to the terms appearing in (4), we have

(5)

(xkAxx,v)$i} r.x* - v) = - rrlef*Zlor,nl 
*o! 

* 
*rxm/a[-tu,l,.A]*(x,v)
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4 -

and therefcre

l lr(xr,,o Je u,.) ll l < ctrirl 'rr')
r \  F -  

- \ r

obtain

*Juo 
[{4, * l,,.x*ls[-?ol'lr llrtxun) ll [ .

By (2), and ncting that, by hcmogeneity, l lr txonlb = *50 "i lr(xE)l lu **

l l  r(xa,s * ss)l l  Iscsbdllo * +ol l  [  " l i r(xA]l i  i l  .

Therefore, by (r+),

ll r(a,ol ll !s ct, I.,*'Jo ll o . r,o ll F) " l1 rtxn) ll Ir  k s a

and the proof is f inished

Using the preceeding lemma and arguments similar to those in [15], we

can now prove the fol lorving theorem.

TFtEORffr4 n, Suppr:se 6 is C* on RZd \{ 0}, satfsffes {7}, ancl, tagether

wfth fts rJerfrrc0ives o/ orcf*r <N - l ,  uri"rfshes anthedfcgoncl A ={(x,y)eR2dlx=y}.

Suppose clso I ' ,1 )dlp,0(p( L T'hen there is o constnnl Co, depena'f i ig on Ao such

that f or crr3r $ we have

l l r rn ,o) l l  pscp l lo  l l  ga ln
pp

PROCF. Since A vanishes of order N cn the diagonal i t  nray be written as

a sum of terms of the form

t ( ( x . .  -  y ; ; ) . . . ( x ,  - y i  ) ) / ( l  x 1 2  * l r l ' ) N l z l . f t * , y )
L )  r )  , N  , N

where Li ,  C* ancJ sat isf ies ( l ) .  Also, by polar iza' l ion, we may consider only kernels

of the fortn

p(x,v)N( |  *12 *;  r ;  z1-ru/zA(*,v$ (* -  , )

where  pr  i s  a  l inear  func t ion  o , ,  R2N,  van is l r i r rg  on  A.
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1 |  l . \
|  |  L \ ' L l  L
l V l  ]  . I f ) € t l A =
t J l FA,T, is  R ' i  -

4

I f  we clenote by S (x,y i  = p(x,y i ( l  * l  ' *

*homogensor.rs (thereforer G*homogeneous) and

I  i l ( x , y ) l  Sc '  t l *  -  v l  / ( l  x l  2 *  
|  y l2 . t l 21 (7)

We dencte, for * e ?,d,

A A I  1 I
={ (nr ,n )e  z "xH '  I  zdz  5 l  *  -  n l  S f ;s i  +  i )dz}

We have, by t i)

d
Qrn = 

. i l . l * i ,  tn i
l = l

ll rtxarli fis ll p., T(xA)P..., ll P"  v m  V n " P
(8)T

(m,nh f

o*, Pe* ftA)PO', considered

has a C* l<ernel; rnoreover, for lo | 5 Hl -

as an operator.from tZ(en) to t2(e*),

l, using (7) and the G - homogeneity of A

lv l  
2 i t  bounr led

(x,y) e Q* N Qn ,

anrllr we obtain ttrat lDoA(x,y)l is majorized by a surn of terms of the form

c l  *  -  r l  
* - k ( l  * [  2  o  I  v l  2 l - l l z (N+ la l  - l < )

w h e r e 0 < k < l a l .

S i r i ce ,  fo r  (x ,y )e  E ,  l *  -  y l  i s  bounc led ,  wh i le  l *12

from belor,v ancl ,  moreover,  of  the same order as l rn l2 *  In l  
2

we obtain:

l n s R ( x , y ) l  S c t l * 1 2  o  l n l \ - N / 2

f o r  0 (  l o l  S N  -  l  a n d  ( x , y ) r  Q m n  Q n .

' l"he estirnate is actually val id f or al! o,, since for lo I 2 ru i t  is an

immediate consequerlcc of the homogeneity of A, trt  fol lows, by [2"XI"9], that

Pra T(XA)P.. is in C*, and
vm vn p'

l l  ro*r(xn,oonll  r jsc n ( i  ml 2 * |  n1 zy-Nn/a

+

i , t
l 1

!/

. t )
!1  t  f i  -U  - *u

+ tJ  an0 ; ;c : ,& xE;  t  , j ,  =

and

E = 
\-/ Q** Qn. Then E fulf i t is t tre condit ion in Lernma

(m,rrfu'; "'

must the refore seek to estirnare l l f (Xn) jf 
o. Denote by

prcjection (in t-z(nd)) onto i-2(e).

\ 1 / O

l ,  with a

P^ the\2

choose

.!.
= 3d2 f,^i we

orthogonal
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,1

J

.1

t

I

i

i
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whence, by (8),

f allowittg

(ei

l l r (xA) l l  l sc  I  t l  *17 *  I  n [  l l - ruPlz
Y (nr ,nh . :

and, therefore, l i  Tt\A)il 
n 

is f inite (Np > di. Then iemma I yields the resulr of the

t!reorern"

3" The reverse probiem may be treated in a sl ightly more general from.

Before stating the thesrem, let us remarl< the foi lowirrg mult ipl ier-type property:

supps$e T is an operator on lZ(R.d) r,", i th kernel k(x,y) and l l  r [  
o 

r inite;s(x,y) is a

function in C;(Rd). t ' trerr t ire operator S with kernelu(x,y)k(xry) is also of classCO,

and l lS l l  pSCl l  f l l  O,  
rvhere C depends only  r :no.  This  is  eas i ly  proved by us ing (5)

forn = i  ( in  n2d) ;  t i reno(x,y)k( .x ,y)  may be c leveloped s i rn i lar ly  to  formula (6)  and

we have again to apply (3) to obtain the cJesired result.

Tf{F.Ol{.L,e4 2. Suppo"se A is C* in nzdr{ 0}, scftsffes (J) as ruell cs the

properfy

n a

for every ue R", thele fs xe F{.",such thrrt A(x + u,x} I 0.

?'hen there fs o carls'tant C^, dependfng only on A, such that for any Q,
. Y

a ,_l
with S toccliy integrable on R."\ t Cf, we irove

l ls l l  guln scel l  r (Al l ) l l  e
PP

PROOF. The proof is rather intr icate, but the main idea (similar to that in

[ i0] is simpler: certain I 'parts'of T(A$) are r:sed to estimate operators uni ' tari ly

equivalent to periodic convolutions (crn Tdh the Cp*norrns of such convolution

opera.tor$ arc easily calculated, since t l"re exponentials form a complete set of

eigenvectors. Then theorem A is cal led again to estimate the LP-norm of

truncatians of ip .

now to  the  de ta i l s .  Cons ider  the  se t  F  =1ue [ td  I  tSusgd.

: z

Let us pass
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The condition (6) allcuis us to f ind a real number s ) 0 as rvell as nr
"  

,  d  r s d t  n u r n r ) e r  c ,  , 2  U  a S  W e I l  A S  * 1 ,  . . .  * N  ,

rn',  ,  ". .n",h e:2", wi ' th propert ies a), b) l isted be"low" In order to state them (ancJ for

fur ther  usc)  v , ,e  make f i rs t  the fo l low. ing notat ions:  for  any m€?"dre, r ,  
Qr . , ,  Rm,

R-- wil l  dinote th* cubes with centerm

respectively equal to fr € lZ, {+Ai + lF,

foi lcwing assert ions are val id:

o n l l  x

€ m anrd har.'ing the length of the side

(4dz + 2F,  Thcn we mav assume that  the

R  X R
m .  m :

t t
t t

u) q',  .-r.r-rr r '"  ",  
-8* 

-, cover F'r  r r  
l . - u r  I  mN-mi ' '

b) The origirr does not belcng to any fu' m .
)

, fr*t ; moi:eover, A(xry) / o cn
]

such that B. is posit ive, with suppcrt
)

wii l  be the orthoganal projection on

functiorr in ci(n2d..i o1), suppcrted

We chr:ose then functions B 
i€ ^$irRd),

equal *o Qrn,_*,. Also, for any cube Q, PO
I I
J )

r-2tQ) {as in the procf of T}ieorer-rr i).

N o w ,  f c r  a n y  j  =  l ,  " " " , N ,  l e t o ,  l  e

a
\nf ,  and identical l i ,  I  on Rn",.x R

J )

theorem, s ince oi(x,y)  = ( l /A(x,y)Ftr(x,Vt)Sr(x -

ml . By the remark preceeding t lre
J r

c o A
y) is a CO function on R", we have

l l  pn r (1 ,8 .  o  $  )po .  l l  "S 
c  "  l l

m . ' m :
) J

p-
I(.

r (A,+)pR . l l  o "
m .

, )

now the functions $(j) = S ,* B1; ctefine O$ ,r 6fft-l - $(j)(x r, sm),

(r  0)

Consider

un6 g(i)  ny $(j) t*)

rr r=
( j l rp n p

" r )  i l ^ "^ t m l  Y
I
t

= I ,$!lt*l (the sum is tocatty finite)" obviously, $(j) i, s ad -
n€ 3t' 

r '

-periodic. For {x,y)u Qn.,.* Q,r, l  ,  we hal,e
) )

O ( j ) ( x  -  y )  =  .  . 1 , $ ? t *  -  y ;
|  * l ?zo i  *

and, therefore, using {3},

l l p,, r{r,!,(i))R,. ll I s , ,l .,.11 nr-, r(r,$?)p^
' \r"r-t,

) 
u*l

= , ,1.^ , ;  l l  oo r(r,o(j))r, . . ,  l l  I  < c " l i  pn 'r( i ,s
I m l ? e o : "  " * j * *  

t ' r i " P -  "  * * j

( 1 1 )
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' ; 1 i , " ' r i ) " ' ,  
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,T. , .  
' " ( t , ,1  ' '  i . ,  '  '  * r (J  '?g '  l r

j :
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stl, ;  * *z., i ik " (n:.,-nrt){,g, . 'o g"i(. .k1*}

lrr "

' { u

'f 
i.icri:1-i:ri''*

J 1{iir.,1,, -i{ll irl',:ii'; " $ris ,= i
tiu Qs

$ 
( ; ) ' .  

,  . : { ; , )  -  : i , l ) , } r "  
j ( .L  i i l ; ) i<  "

' i

IlLl'c, ::i i i(:t: l lrr silpp,lli: i: cf i hc Frouriqli" tr;]ngf *rrn o.f i:h* f urrt lic,rt

" - i j ' i r  
i : , . ( i i - , : - r , r l ) , ,  r ,  \  : .  - 1 .  J . _  ,  - , .  - r  : .  2 ,Lr i i ({t * [ir} i:; oi-,:.*;:rin*cj 'u. 

Qu , ttris .irri'rctir:n.is; r f exg:rinentis.l i:yi:e s:/."2; ,,r,r:

i ] la; ' '  ap;:!y l i 're*rciit i i  ir i  cir., ' . ir- ice tirat

' i  t { , r .  , .  f t  \ ! i , ! , .  \  i l ' : .  r -  .  i l
1 , , ' ,  l t ( ;  

- '  F r . l \ r ' . /  i : . . ,  1  . , " . . r  "  
l i

l l l : '  , '

Ccrnl" , i i i ing { i0},  {11),  { i2} airr !  { l } }  we o*ia" in t i r ; :  basic e*qi : inrai i :

l i  ; ; - - , ' l  i ; . , , , l l l } l i , - _ ,  I i  l ;' . [ i  - 0  Y l { g + : 3 1P
I

{1  ?)

l i p  "  ( i + )
t t ! \

Y

lXxl 
';)

^ t 1

i . i i : ; f ;

+.  f i j  ! i :

n ' .
I

l i l .

I

( !  3 )

l l* u, I ' j i i i is l it '; i T'(,rr, 'g)Pg li l lI t  I ' r

n'l'"
t l' )

.t
l "  t  l l y t " -
p ' t l ' l i'  r n ,

lf 1 - l[i, , uur, ;3e t

j i \b \  { ,  l i  IS c l i r i i  TiA,4,)tr i i
t\

L

t - , 4

I ' ,Jotr :  i l r l i . i  c*r lJ i t ia ir  a) i iuarai l t**s t i r ; i t  $ ;s;r  pr: i t ive funct ic,r i  suppcrted

t3, - - -  ( i  "j ;- :  C;;(; ' t ' ' \  t0l),  whiclr is "etiJ: iL:t ly p*sit ivc or"r I3" Its cJi iat, ions are therr:fore
i

coi - : ' , , { : t i i i : i i ' i .  j , r : r  t i re  c : r l i :u ja i j *n c j .  i i i *  R*s lv  n, : i "Jr l : i ;  lve dcf jne { , , *  e S( l l " }  t iV

/ ,  , ' ,  . l t
,r 

, .(xi 
.  - , . i  ( i i ' ' 'x), ir ir i l  a1;i ; ly the prcr:r:ccl ing rcsult to thc f t-rnr:t iorr

, r ,  | . : )  ' , ' . i t d  ,  {  - l ; : , ) .' i ' l _ -  . . ,  : , i )  { j ) ' , , 0  "
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(Note thnrl 1;he I'rhole c$nstruction &bo\re ci;pend$

mcgeniiy af A yield:;

o* l<c i ( i ' ' * t i i i , l ,  *  + , .11 l<c '  g ;kdp"  i l  l it ' 0  l l Y " * k l l  p : *  { ) 0  
i l r ' ,

orhere itl' = ntir x l< ktv l r i c tc  t * * j  =  b" iJ ' t in j  t  t t rn l  =  81 , * * l

Sunrming fc,r  l< e f i ,  we obtain

PIIOtrCISITION

thoerem 1", with N ) s -r" t

A(x,v) l  * l  t l  v l  * i  t*  -  v)rs

only  on A, and not 0n 0,) The ho-

Ppk r(A$)prrk , l l  Im. rn'.
l t

, t ,

r l.;Ci,, - rr D - ^ r, hJ
)  s; ;" l ls  u oul l  ls""  I  I ,  l l  p i rk r(A,g)r , i?L, l l  [sc" l l  r (A,sl l  i lW E  "  r \  i / - -  t e u  ; = i  

"  t . * ,  m i  ,  ,
the last inequaiity fr: l lowing tro,t iact ttrat, lor l f. - f, ' l" j lu.g", R[. anO hh. , fr[,

^ .Q .  !  J  l
and R]', ,  arc disjoint" The t ireorem is thus proved.

I)

4. ' fr inatr rcmarlss, l .  in both theorems I ancJ 2 the hypothesis Ae C*{R?d

\{ 0l ) is a ccnvenient one, but irot neccrssary. First, i t  is obvious that only a f ixecJ

finite nunrber of derivatives are necessary. Wirat is nrore important frorn the point

of view of applicatioirs, we rnay al low some lcwer-dimensional sets of rrsn

di fercnt iab i  l i  ty"

Thus, we may prove, by sir l i la.r rnetlrocls, the foltowing two statements,

which extend some previous rvork ([3.J, [ j ] ,  [13], i l4l)"

pRopoglTior{ L $ N ) d/p, cncl Q e uff? *n*" rnu &r-fimes frercred

comrnut:s. tar  ; . . " lv t* ' l ( tJ '  Kzl . . " rc,uJ is rn cp ( t ts fs mrrr t ipr icot ion by 0;

K l, . " . ,l(* ar@ singulor Calcleron* Zygmund trarwf orrns * see [:].)fne converse olso
l\

holds, unrlcrthe wsnctegenerncy corudrtion (9) cppiteci to A(x,y) = l*"1,(R,(*) - R,tVl).

2"If srt)-d12, qn6 A(x,y) satisffes the hypothe-sfs of

r cilp, then, if * n n{i''.t*t, t}ten the aperator wi.th trcnut

fn C O" The canverse olso holds, if A(x,y)roffsffes (g)"

l, rnore general conditions on A are given in [A].For the case p ).
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2. Tl":* fnct that concliricn f'J )ci/p ln ihe statement of theorenr I (oi.

N )s + t + dip in pr*pcsi'tion ?) is sharp c;r.n b* provec-i sirnilarly ta theorern S of [3]"

3" C*rtain tyres *f para-nr*clucts (see, for instanceo It l ])  ar..  al lso ccv*red

by thecirems I anri 2"

4" Since it is knor',,n {lnterpolatiorr t}re*ryr see Il]] that (COO, 
"*r)Uoq 

=Cpq

if  [ ( t  -0) lpo)]  n l0 ip i ) l  = i /p,  i t  fo l low's thart ,  in the hypothesis of  theorem.l ,  i f

d , {$dll 'o . l idl itt }
_  F O p O .  p 1 p 1 d , a  w h e r e  0 < p 0 ( p ( P t ,  a n d  6  =  ( l / P O '  l l f i ) l \ l p ,  -  l / l r ) ,

0 ( q ( 6 , t h e n T ( A $ ) c C n c ,
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