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CHARACTERIZATION OF SPECTRAL TUNCTIONS

OF DEFTNITIZABLE OPERATORS

A. Gheondea and  P .Jonas

INTRODUCTfON

Le t  (N  ,  [ .  , . ]  )  t r e  a  K re in  space  and  l e t  A  be  a  de f i n i t i -

z a b l e  b o u n d e d  s e l f a d j o i n t  o p e r a t o r  t n  K ,  i . e .  a  b o u n d e d  s e l f -

ad jo in t  operator  such that  there ex j -s ts  a polynomia l  p  wi th

tp (a)  x ,  x l  ) ' ,  0  ,  x  eXt  .  such a polynomia l  is  ca l led a def  in i t iz ing

polynomia l  for  A.  F ix  a def in i t iz ing polynomia l  p '  for  A and

ret  Y! - '  denote the Boorean a lgebra of  subsets of  .R generated by

the in terva ls  whose endpoints  are d j - f ferent  f rom the zeros of

p ' .  The operator  A has a spectra l  funct ion (see l l7  ,  [g ]  ,  [g ]  ,

ta l  I  .  Th is  is  a  cer ta in  homomorphism E of  g  inLo a Boolean

a l g e b r a  o f  s e l f a d j o i n t  p r o j e c t i o n s  i n X { .  T h e  p r o j e c t i o n s  E ( A )

correspondlng to  in terva ls  A ly ing between two neighbour ing

ze ros  o f  p '  a re  nonnega t i ve  o r  nonpos i t j - ve ,  i . e . ,  i t  ho lds

[ n t A ) x , x ]  )  0  f o r  a l l  x e l L  o r  L n ( A ) x , x l r (  0  f o r  a l L  x e l ( . .  A  r e a l

po in t  t o  i s  ca l l ed  c r i t j - ca l  po in t  o f  E  i f  E  (A )  i s  i nde f i n i t e

for  every open Ae I ! . '  w i th  toeA

fn [B]  H.Langer  consldered the problem whether  a g iven

homomorphj -sm of  the above k ind is  the spectra l  funct ion of  a

A



de f in i t i zab le  ope ra to r .  Th i s  p rob lem was  so l ved  i n  t8 ]  f o r  t he

subclass of  homomorphisms E wi th  the proper ty  that  every cr i t i -

ca I  po in t  t ^  o f  E  sa t i s f i es  one  o f  t he  fo r row ing  cond i t i ons :- o J -

( i )  The in tegra l  
J ten t t l  over  some neighbourhood of  to

conve rges  j -n  the . ;  s t ronq . : sense . r  s ' j  . ; : r : , : , .

( i i )  The re  i s  an  open  in te rva l  A  con ta in ing  to  such  tha t

E  ( A )  i s  a  P o n t r j a g i n  s p a c e .

Fo r  a  f i xed  spec t ra l  f unc t j -on  E  o f  t h i s  t ype  H .Langer  a l so

desc r ibed  the  se t  o f  a l l  de f i n i t i zab le  ope ra to rs  whose  spec t ra l

f unc t i ons  co inc ide  w i th  E .

'  fn  th is  note the character i -zat ion of  snect ra l  funct i -ons

i s  ex tended  to  a  g rea te r  c lass  o f  homomorph ism (sec t i ons  2 .L

and  2 .2 )  .  The  co r respond ing  c lass  o f  de f i n i t i zab le  ope ra to rs

conta j -ns those whose root  spaces belonglng to  the cr i t ica l  po ints

a re  pseudo-Kre in  spaces  bu t  no t  a l l  de f i n i t i zab le  ope ra to rs .  We

remark that  the example g iven in  connect ion wi th  the la t ter  fact

( sec t i on  3 )  shows  tha t  even  i f  t he  roo t  space  be long ing  to  a

c r l t i ca l  po in t  i s  non -degenera te  the  spec t ra l  f unc t j -on  can  have

an arb i - t rary  f in i te  order  of  growth near  th is  cr i t ica l  po int .

In  th is  note we make use of  the main too l  f rom t81 that

i s  t o  say  o f  a  ce r ta in  decompos i t i on  o t ' l t  assoc ia ted  w i th  the

spec t ra l  f unc t i on .  We cha rac te r i ze  those  de f i n i t i zab le  ope ra to rs

whose spectra l  funct ions generate a f ixed decomposj - t ion ot  " lL  .

Th i s  can  be  use fu l  f o r  t he  cons t ruc t i on  o f  de f i n i t i zab le  ope ra -

t o r s  w i t h  s p e c i a l  p r o p e r t i e s  ( s e c t i o n  2 . 3 )  .

Throughout  th is  paper  we shal l  conf ine ourselves to

bounded  de f i n i t i zab le  se l fad jo in t  ope r :a to rs  such  tha t

[anx ,x l  ) r0 ,  x€X t - ,  where  n  i s  seme nonnega t i ve  i n tege r .  Th i s  i s

no  res t r i c t i on .  The  c lass  o f  t hese  ope ra to rs  i s  deno ted  by

0  ( o , n ) .  w e  s e t  p i o l , = L /  f l  1 o , n ) .  T h e  s p e c t r u m  o f  a n  o p e r a t o r
n€M
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b e l o n g i n g  t o  0  t O )  i s  r e a t  ( s e e  [ l ]  ,  t 4 l  ) .

For basic facts on Krein spaces and operators in these

spaces  we re fe r  to  l t l  and  l i l .

We would l ike to thank Professor H.Langer for  reading the

manuscr ipt  and several  valuable comments.

1. NOTATTON AND PRELIMINARY RESULTS

1 .1 .  rn  the  fo l l ow ing  a l r  t opo log i - ca l  no t i ons  a re  under -

s tood wi th  respect  to  some Hi l -ber t  norm l l  .  l l  on the Kre in

s p a c e  J e  s u c h  t h a t  [ . , . ]  i s  [ . | |  - c o n t i n u o u s .  F o r  e v e r y  s u b s p a c e

{  o f  ? {  w e  p u t '  X t , = { x e L : [ x , f  I  = { o J  J  a n d  X o =  X n  X t .  X o  i s

ca l red  the  i so t rop i c  pa r t  o f  X .  A  subspace  ,LLo f  - t ( -  i s  ca l l ed

a pggggg--Xsgig subspace if  i t  is the direct sum of i ts isotropj-c

pa r t  J f  and  a  K re in  subspace  o fK .

L e t  X  b e  a  f i x e d  c l o s e d  n e u t r a l  s u b s p a c e  o f  U  ( i . e .  X  =  # o )

A c losed neutra l  subspace , , | {o f  7e such that  K= X+; ,C '  f ,o f  as ( i .  e .

X- is the direct sum of X, and. ot{t) is cdrled a c.}gFeg neg!_rar jJra}

g _ g . U p a l l a q  ( c . n . d . c . )  o f  *  .  I f  J L  t s  a  c . n . d . c .  o f  X  w e  h a v e  a t s o

xt= { t+, t l - .  r f  J  is  an arb i - t rary  fundamentar  symmetry  of  x t then,

f o r  e x a m p l e ,  J *  i s  a  c . n . d . c .  o f  X .  I n  w h a t  f o l l o w s ,  f o r  a

bounded operator  T e i ther  in  X(  or  between subspaces of  t t  L ]ne

a d j o i n t  w i t h  r e s p e c t  t o  t h e  d u a l i t y  [ . , . ]  i s  d e n o t e d  b y  T + .  r n

th is  connect ion for  a  c losed neutra l  subspace X a cer ta i -n

c . n . d . c .  o f  {  ( w h i c h  r e s u l t s  f r o m  t h e  c o n t e x t )  i s  r e q a r d e d  a s

the  dua l  space  o f  X

Let  P be the pro ject i -on on X a long J{ ' .  Then p+ is  the

p ro jec t l on  an , i l , a1ong  X t  .  S ince  by  . t he  neu t ra l j - t y  o f  X  and

,CL we have P*P=PP*=O the operator  F:=r-p-p+ i -s  a se l fad jo in t

p ro jec t i on .  Hence  i t s  range  f , t n ,4 ' i s  a  K re in  subspace  o f  ?C
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and we have the fo l lowing d i rect  decomposi t ion of .  K :

(1 .  1 )  # .  =  X ,  i  (  X '  ^ , i lL  )  +J t

It is calIed the (N,,A) -4qco$po-gitiog of "lt . A decomposition of

th is  fo rm wi th  a rb i t ra ry  c .n .d .c .  
" tLo t  

t  i s  ca l led  an  X-d .ecom-

pos i t ion .  Obv ious ly ,  we have

X t = { i ( X t n , , l t r t  ) . ,

L .2,  d- l l0  ) :hpmom-orpFisms .  Let  &to 
I  

denote the Boolean aI -

gebra of  subsets of  lR generated by the in terva ls  Ac IR whose

endpoints  are d i f fere 'n t  f rom 0.  A homomorphism E of  &t ' l  j -n to

a  Boo lean  a lgeb ra  o f  se l f ad jo in t  p ro jec t i ons  i n  J t  i s  ca l l ed  a

d (0 ) -homomorph ism i f  t he  fo l l ow ing  ho ld : ' i

( i )  T h e r e  e x i s t  a , b €  J R ,  a  (  0  (  b ,  s u c h  t h a t  E ( [ a r b ] ) = t .

( i i1  E (A)  is  nonnegat ive for  every rea l  in terva l  A wi th

E c (0 r* )  .  E (A)  is  e i ther  nonnegat ive or  nonposi t ive

for every real j-nterval A with I c (-oo, O ) .

( i i i )  The re  ex i s t s  k€M such  tha t  t he  ope ra to rs  \ t kau  ta )  ,- J

i A

A  € & ( o )  ,  o /  A ,  a r e ' u n i f o r m l y  b o u n d e d .

We remark that by ( i i )  the homomorphism E can be extended

to an operator measure (general ly unbounded) on lRr{OJ .  This

measure  w i l l  a lso  be-denoted  by  E.  In  the  case when E(^A )  i s

nonnegat ive  fo r  every  in te rva l  A€&(O)  ,  o /A  r  w€ sha l I  say

that E is of .  gyg"g, !ypg. Otherwise E is said to be of  o4d type.

Now fo r  a  f i xed  d(0) -homomorph ism E we def ine  the  fo l low ing

l i n e a r  s p a c e s  ( c f .  t s l  ) .

x t o , =  U [ n t n ) ? | ,  A n * , 0 ,  ,  o / A i ,
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*  . -  Y tt u ( O ) ' -  e ( O )  |

X o ' =  f i  l u ( a ) ; e .  :  A € S t o l , o €  A J ,

J o o t =  X ( o l n  f f o

I t  fo l lows that

Io= X,i and Xoo= x3= {?o ) .

Bv .J .  taut t l  we denore '  rhe l inear  mapping of  I io l *  do in  l t( 0 )

w h i c h  m a p s  * i o ) * * o  '  * i o ) €  E  o . ) a ( ,  4  e  " & 1 0  )  ,  T F A  ,  x ' e  J o

in ro  J  .au ( t )  x  io ,  .a  \ v , r

Denote the corresponding pro ject j -ons by p,  S and p*  as in  sec-

t i on  I . 1 .  We  cons ide r  t he  mapp i "g  6_ i , *40 )  - - -+X t * l  de f i ned  by

L e t  u s  f i x  a  c . n . d . c .  , ' l {  o f  X O O .  W e  c o n s i d e r  t h e  ( % 0 , , / L ) -

-decomposi t ion of  K z

 , a

& = t6o+*-+"11, where Xi r= f j. 
" 

,rlLt.

/ a ^   

u ( A ) : = P E ( A ) l ? C  , A €J9,(o ) -

Let

Proo f .Us inq  the  re la t i on

A ,  I  t  r l . - . 1

X t o l , = U  t i u ^ ) K ,  a t S ( o )  ,  o E A 3 ,
  -7i-

\ P  . -  \ 4 ,
a ( O )  ' -  " ^ - ( 0  )  '

.  f o i = f l  l f i t a l f i '  d € X l ( o ) ,  o € A ] "

,\
Lemma 1 .1 .  i  i "  a  d (0) -homomorph ism on the  Kre in  =pu. *  j i "

The subspace= f ,o ,  and XO o f  Kare  non-degenera te .

(1 .  2  )  E  (A1)  E . (A2 )  =E (Ar  )  i?E (A2 )
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for '  A,  ,  Az €&fo l  ,  o  f  Lrv  A2,  one eas i ly  ver i f ies  that  f i  is

a d(o) -homomorph ism.  To prove tha t  J to ,  and Xo are  non-dege-

nera te  we f i rs t  observe  tha t  fo r  every  A  €A i . (g ) ,  0  / l  ,  we have

/a

E (A) l (c  E (a) t (  =E (d l  $n ta  )K.c  n(A)X?

hence

( 1 .3 )  E  (A ) f  =E  (a )? t

^ l A / l
T h i s  i m p l i e s  n  * , O l c  X t O l  a n d  F  X O c  I O .  T h e n  w e  h a v e

* .= i  x ;= f i ,  x ,o) ;xo)c  f  t ; ; t " r r . f , ,o l * fo . * . .

Hence frn,  and f^ are non-degenerate.t u l  u

As a consequence of  Lemma 1.  I  we f ind

A . a . \' l L=  { , ^ ,  +  X( u ,  
' 0

' I

I,emga J.2. Let x belong to ?(,r$,",-n . then there exists no-  U U
,\

y A X L  s u c h  t h a t

, \ A
( 1 . 4 )  P B ( A ) x = P E ( A ) y ,

f o r  a l l  A € { t O l  ,  o { . A

Frgo{. . .  Suppose that there exists such an y.  Then the

r e l a t i o n s  ( 1 . . 4 )  a n d  ( 1 . 3 )  i m p l y  f x - y  , 2 7 = 0  f o r  a l l  z e . i f  '  r +' r ( o )  .  ! e

f o l l o w s  x  ( y + I O  ,  a  c o n t r a d i c t i o n  t o  * r  4 0  '  t p re / t \ d 0 0  g

T
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I  .  3.  A.  g lags,.  sf  dqf  in i t igable,*o_geralcrF .  Let  E be the spec-

t r a l  f u n c t i o n  o f  a n  o p e r a t o r  A g O t o l .  o b v i o u s r y ,  t h e  s p a c e s

Xrn , , ,  f ,n  and X. , . ,  de f ined above s ta r t ing  f rom the  specLra l
I U i  U  U  

- I

functj-on E are invariant for A and f 0 is t ire 155333' 
"r 

A corres-

pond ing  to  0 .

Let som 
\P

e  4 'O-decompos i t i on  be  g i ven .  Then  i t  i s  easy  to

see that  E is  the spectra l  funct i -on of  the operator  A aer inea

by

A:  =Fa  l&  ,

which belongs to  2 to l  ,  and A can be wr i t ten in  the matr ix

form

n*

At A3 Aa
-l-

0 A z A i
.L

0 0 A i

w. r. t. X =I^ ̂ +1t+,,{L IU U

where Az=i,  AA=Ai

In  the fo l lowing proposi t ion we complete a resul t  f rom

t 8 l  ( s e e  a l s o  1 4 ,  I  r . : 1  I  .

-ps-qpo-q i t ion 1.  3 .  Let  E be the spectra l  funct i -on of  an ope-
# . ! .

r a t o r  A e 0 ( 0 )  a n d  l e t  J / b e  a  c . n . d . c .  o f  X ^ ^ .  T h e n  t h e  f o l t . o w i n g
U U

asse r t i ons  (w i th  respec t  t o  t he  (  XOO , ,& )=d" "ompos i t i on )  a re

equ iva len t :

(c ,  )  The operator  . l  td ;  ( t )  ,  which is  def ined on f r  
" f

. - I '  - . . s  v y s r q u v !  ( l / |  
.  

L u !  \ L , f  '  w r r r u r r  r D  u E r r r t s u  v l l  * ( 0  
)  

, * 0  t

( 0 )  , \
is  cont inuous in J{ ,  .

.  (c r )  There  is  a  n i lpo ten t  se l fad jo in t  opera tor  f i  in  f t ,z

wi th  the  p rope r t i es ;

(1) fr  commutes with i , .

(2 )  g_r f r tc% .
(3) The root space oe i , - f r  corresponding to 0 is egual
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t o  t he  ke rne l  o f  A -N .

T f  ,  moreove r ,  A  €J (Or t )  f o r  some odd  n€  M,  then  these  asse r t i ons

a re  a l so  equ iva len t  t o  t he  fo l l ow ing :

( c " )  T h e  i n t e g r a l s  J t a i t t l  ,  A € & 1 ^ , ,  ,  o d A ,  a r e  u n i f o r m -' r '  
a i  ( 0 )  - . - - - .

ly  bounded.

I f  o n e  o f  t h e  a s s e r t i o n s  ( c r ) ,  ( c r )  ,  ( c r )  h o l d s  w i t h  r e s p e c t

to  the  ( IOO,J l ) -d " .ompos i t j - on ,  i t  i s  a l so  t rue  fo r  any  o the r
\p
oL OO-decompos i t ion .

P r o o f .  ( c r )  = )  ( c r ) .  A s s u m e  t h a t  ( c r )  h o l d s .  L e t  i , o l  b e

the extension by cont i  nui ty of  J td;  ( t )  to i t  .  i .  , . . , , ,  i= sel f -
( 0 )  t u /

ad jo in t  and  e i t he r :4 , . , , ,  o r  6 , ] ^ , ,  i s  pos i t i ve .  Obv ious l y ,  t he
\ v /  ( u /

^ 7 4

opera to rs  A r^ ,  and  A  commute  and  co inc i -de  on  X ,^ r .  Hence-  ( u i  ( u )
.  -r I  , \

fr:=A-A 
1o) 

commutes -with i. and we have Q tr,i)cfifrltc X'," = J0

There  i s  an  in teger  k  such  tha t  Ak l f ' =0 .  There fo re  i r  v t  t 9 '!  ^ ( o ) ' * d ( ' f o '

- \ ,
x o €  & 9  w e  f i n d

^ L k L
N ' -  ( x i o ) * * o ) =  ( A - A ( o )  ) " x i o l *  1 a - 4 1 0 1  ) " x  = 0 ,

^ L

hence ,  N"=Q

Making use of  the fact  that  the spectra l  funct ions of

bounded def in i t izable operators can be approx imated in  
:hu

s t rong  sense  by  po l ynomia ts  o f  t he  ope ra to rs  one  eas i l y  ve r i f i es

tha t  t he  spec t ra l  f unc t i ons  o f  A  and  A tO l  co inc ide .  Hence  the

re la t i on  A to l  f  o=  
0  i hp l i es  (3 )  and  the  cond i t i on  ( c r )  ho lds

( c r )  = )  ( c r ) .  A s s u m e  t h a t  ( c r )  h o 1 d s .  L e t  m  b e  a n  i n -

teger  such that  the re la t ion= i *  l f r . ,=g and f rm=O ho1d.  Then us ing'  - u

( 1 )  a n d  ( 2 )  w e  f  i n d



ta- l l l t=At-  t f  lAt- t f t * .  .  .+-(- l )m-t  ,* I r )Ar- tn+t6m-r-6r  ,

r  ) .2m- I

Hence i- fr  netongs to 0 tOl and, by the same argument as above,

the spectral funct ions of fr ,  and fr ,- fr  coincide. Consequently,

the algebraic eigenspace or A-fr i"  fo. By (3) the operator . fr ,- fr

rest r ic ted to  f  ' , ' ^ , , *  f^  co inc ides wi th  J  td f r  ( t ) .
\ u /  ( 0 )

( c . , )  : )  ( c " ) .  N o w  w e  a s s u m e  t h a t  A e " ? ( 0 r n )  ' f o r  s o m e  o d d. I J

n € M. Then we have

t  J td; (t) 
", *] >,

( 0 )

f o r  e v e r y  A € S t o l  ,  o f n " ,  a n d  e v e r y  
" e * i g ) * J o  

r h u s  ( c r )

imp l i es  ( c ,  )  .

( . : )  : )  ( c r ) .  I f  ( c r )  h o l d s  t h e n  t h e  s t r o n g  l i m i t  o f  t h e

i - n teg ra l=  I  t d i ( t ) ,  Au4o l ,  0#A  ,  where  A  tends  mono ton ica l r y
A  \ V , I  

, \  A

t o  A \  {  0 J  e x i s t s .  T h i s  l i m i t  r e s t r i c t e d  a o  * i O ) + . X O  c o i n c i d e s

w i t h  J  t a E  t t l  .  H e n c e  ( . r  )  h o l d s .
( 0 )

To prove the  las t  asser t ion  assume t .ha t  c /dL l  i s  a  c .n .d .c .

- \ P t t +o f  Joo  d i f f e ren t  f rom c / ,L ,  and  P ,  r  P t  and  e ]  a re  Lhe  p ro jec t j - ons

correspond. ing to the ( f , '  o,A) 
-decomposi t ion and J{r ,=Fr?0 .  r t  is

easy to see that Pr l t r {  is  an isometr ic isomorphism of the Krein

space f ,g  on to  the  Kre in  space '& , r . r ,a  tF r t f r ,  ) - r=F l f i r .  we have

Frp l  X ;0=Fr " l  { i o  and  pp r t  X to=F  l { to .  rh i s  imp l ies  F r r  ta )F r=

=Frf r  (a)  ppr .  Hence the above isomorphism maps x  io ,  ,  f  ,o  I  ,  fo

on to  the  co r respond ing  spaces  w i th  respec t  t o  t he  (X  
OO ,o l , L ) -

-Cecompos i t i on .  Th i s  fac ts  imp ly  the  l as t  asse r t i on .  E !

tJ tan
A

( t )  x , x ]  '
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f n  wha t  f o l l ows  we  sha } l  say  tha t  a  d (0 ) -homomorph ism

E sa t i s f j - es  cond i t i on  ( c r )  o r  has  the  p rope r t y  ( c r )  i f  E  fu l -

f i ls  the condi t ion (cr )  f rom the preceding proposi - t ion for

some (o r ,  equ iva len t l y ,  f o r  eve ry )  XO ' -decompos i t i on "  I n  the
i l

same way  an  ope ra to r  A€0(0 )  i s  ca l l ed  to  fu l f i l  cond i t i on

( c )  .

2 .  A CHARACTER]ZATION OF SPECTRAL FUNCTIONS

9PEqAr9tsg

2 . L .  I n  w h a t  f o l l o w s  w e  r e s t r i c t  o u r s e l v e s  t o  d ( 0 ) - h o m o -

morph isms  w i th  p rope r t y  ( c r ) .  Theorem 2 .1  be low  cha rac te r i zes

the spectra l  funct ions of  operators f rom 0 tO)  wi th in  the c lass

o f  t hese  d (0 ) -homomorph isms .  obv ious ry  the  cond i t i on  ( i )  ( see

rn t roduc t i on )  f rom t8 l  imp l i es  ( c r ) .  A t  t he  end  o f  t h i s  sec -

t lon rve shal l  show how , the corresponding resul t  f rom t8]  is

i onnec ted  w i th  ou r  more  genera l  cons ide ra t i ons .

In  the  fo l i - ow ing  sec t i on  2 .2  we  sha l1  dea l  w i th  a  more

res t r i c ted  c lass  o f  d (0 ) -homomorphJ -sms .  The  resu l t s  f rom Ls l

conce rn ing  the  case  o f  a  Pon t r j ag in  space  a re  con ta ined  i n  the

r e s u l t s  o f  s e c t i o n  2 . 2 .

Fo r .a  g i ven  d (0 ) -homomorph j - sm E  we  use  the  no ta t i on

{ 0 ,  { 0 0 r . . .  f r o m  s e c t i o n  I .  r f  s o m e  c . n . d . c .  , , t t  o f  I O O  i s

f ixed we a lso use the notat ion for  the spaces and the pro jec-

t j -ons corresponding to  the (XOO ,JL)-d.ecomposi t ion of  ?{ .  f rom

s e c t i o n  1 .
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gggfgn_?J.  Let  E be a d(0)-homomorphism wi th  proper ty

(c . , )  "  Then  E  i s  t he  spec t ra l  f unc t i on  o f  an  ope ra to r  be long ing'  - t '

t o  C I tO l  i f  and  on l y  i f  t he  fo l l ow ing  cond i t i on  ho lds  fo r  some

o r ,  e q u i v a l e n t t y ,  f o r  e v e r y  c . n . d . c .  J l  o f  { O O t

(x)  For  every x  €, iA.  there ex is ts  y  g 
" l { t  

such that  for  a l l

A  r  Y  ,  o d \ ,  w e  h a v e^ . * ( O )  r

P  J  t d E  ( t ) x = P E  ( [ ) y
A

Proo f .  ( r )  Assume f i r s t  t ha t  E  i s  t he  spec t ra l  f unc t i on

o f  a n  o p e r a t o r  A € 0 @ ) .  l f  &  i s  a  f i x e d  c . n . i d . c .  o f  X O O  a n d

xeJL  then  we  s ,e t  y=  ( f -P )Ax .  S ince

f o r  e v e r y  A € . 6 . ( 0 )  , o f L  ,  t h e  c o n d i t i o n  ( x )  f o l l o w s .

(2 )  Le t  us  assume now tha t  (x )  ho lds  fo t  some c .n .  d "c .  " - lL

o f  X^^ .  We f i rs t  no te  tha t  th is  cond i t ion  can be  equ iva len t ly
U U

f o rmu la ted  thus : ;

For every xoeJlthere exis t xrt JL and ye it t= Xio n ,&Lt )

such that  for  a l l  Ag"$, (o)  ,  o{  A ,  w€ have

^ f
P \  rdE ( r )  xo-PE (A )  x r=ee 1A 1y

i

Moreover ,  Lf i i ,  denotes the quot ient  space * l i "  then by means

of Lemma L.2 i t  foLlows that the vectors xr(olLand y+ XOefr  are

un ique ly  de termined by  *o  ,  hence one can.de f ine ' the  l inear

mappings Crz JL )*ots) xreJL and d, . JL )xor*+ y+ X oef-. we

^ f
p \  tan 11)  x=Fn (a)  Ax=Fu (d)  ( r -p)  Ax ,

J
A
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f m \
c l a i m  t h a t  C t  a n d  C ,  a r e  b o u n c l e d .  I n d e e d ,  l e t  ( " j  ) * e l U  b "  a

seguence of  vectors f rom o{ i ,su.ch that  f im x jm) =x^,  I im C. ,* j * } :=

="r€ J{ and" }:Ldr*J*)= Fe fr . rhen ,'T?"lo ^ia,}iT ;;^ ,
m->

we have

tdE ( t )  x -  -Fe  (21)  x ,  =Fn (A)  v  ,( ) r -

where 5 =y*  f f0 .  By the c losed graph theorem the c la im is  proved.
A / \   

\pLet t r t  be a c losed subspace of  1{  such that ?t  = Joi  J,

and j  the cont inuous l inear mapping of  f r ,  onto f , ra&" such that

j  ( y+ f , ' )=v  fo r  a l l  y f  X t .  Def ine  c r := jd ,  e  * t " l t , f r , l  -  se t  Ar ,=c i  '
+ n ^

Ar :=Cl  and A,  the  cont inuous  ex tens j -on  o f  J  tan t t )  to  K
( 0 )

(wh ich  ex is ts  due to  the  cond i t ion  (c r )  ) .  Def in ing

^ { '
"  P \

J

A

A : =

a st ra ight forward ca lcu lat ion proves

operator in 
-10

We c la im Lhat

w " r. t. ,t =too*fr, *Jd r

Ar A3

o A z a l
.L

0 0 A i

t h a t A i s a s e l f a d - i o i n t

( 2 . 1 ) o*= StdE ( t )  x ,  *  € Xio I

A s s u m e  t h a t  x  €  E ( A ) ? ( .  ,  A t S t o l  ,  o / A .  r f  u  € { 6 0 '  t h e n

( 2 2  2 ) L A x , u l =  t x , A u l = g =  t  \ t A n  ( t ) x , u l

I f  v ( X C  w e  g e t

LAx,, r1= l l i+e) E (a)  x,AFvl  =fx,  i tan ( t )  v l  =
A

= [  . l  tdf i  ( t )  Fx,v]  = t  Stdu (t)  x,v]
A A

( 2 . 3 )
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Ler w erlL. Then

( 2 . 4 )  [  A x , w ]  = i E  ( A )  x r  c r w + c r w f  = [ x , i n  ( a ) c r w + F B  ( a )  c r w . ]  =

-  ^ f=[* ,  i5  rdE (r )w]= t  J tar  ( t )  ix ,w. l= t  J tar  ( r )  x ,wJ
Aa  . L

T h e  r e l a t i o n s  ( 2  . 2 ) -  ( 2 . 3 )  i m p l y  ( 2 . 1 )

By assumpt ion there ex is ts  an in teger  k  ) t  L  such that  the

o p e r a t o r =  t t k a u ( t ) ,  A  € & 1 0 )  ,  o f  L ,  a r e  u n i f o r m t y  b o u n d e d .
A

We asse r t  t ha t

t ^  F \  * K( 2 . 5 )  A i = o

rndeed, let vice,&. sett ing *n,=Alt*o=clwoeJl-,  n€Nr, i t  fol lows'  '  
- r  t r ,e ie  . - r=a"  x  e* ,  such that  fort h a t  f o r  e v e r y  n = 0  , I | . . .  , k - I  t h e r e  e x i s t  n

a1r  A€S(o )  ,  o /A  ,  i r  ho lds

^ f
P ) tdE ( t )  wrr-er (A) wrr*r=PE ([  )  x '  r

i
0  L - - - t  ^

and  app ly ing  
) t "  

"  ^dn ( t )  
on  bo th  s ides  o f  t hese  equa l i t y

we obtai-n

^  C  k  ^  C  k - t  ^  f  k - ]
P J  r "dE  ( t )wo- r  J  t "  ' dE  ( r )  w r=PE (a )  

J  
t "  t dE  ( t )  xo  ,

A A

^  c  k - l  ^  f  v - 2  i  r . - ? - ^ .
n  

)  
a^  ' dE  ( t )w r -e  

J  t ^  -dn  ( t )w r=Pn  (d )  
)  

t ' , '  ' dn  ( t )  x ,  ,
A A

:
^ f
p  

J  
rdE  ( r )w t_ r -pE  (A )wo=PE (a )xo_ ,

A

By summj-ng these equali t ies term by term we get

- r  k  L : r ce J t"an ( t)wo-Fn (A )wo=Fr (a) ( t  
J . t  *  ( t )  xo- r-5 )  ,

A  J - V

w h e n c e  a p p l y i n g  E ( A )  ,  n  e f p / n ,  O F A ,  A c A ,  t o  t h i s  e q u a l i t y
t u /  

f  r .
a n d  t a k i n g  a c c o u n t  o f  ( r . 2 )  a n d  t h a t  J t " d E ( t ) w o  c o n v e r g e s

A
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for n -rgr\ {0} , we get

Fu ta l  *o=ir  (d )  x '  '  l

A  

' ; j  j

f o r  s o m e  x ' € K  a n d  a l l  A a & t ' l  ,  O f A .  T h e n  L e m m a  L . 2  i m p l i e s  i
*k=0. This proves ^ iO=O n";" .  o l=o

Now le t  x€ to .  S ince  a fnx=O and ArFx=O we have Ak+ lx=O.

Th is  fac t  and 
' (2 . t )  

imp ly

.'AEx = t.."a" t.l * , x€ il1To ,

for  r )zk* l ,  and moreover

(2 .6) Ar*k*=AtAk*= Jttan (t)  Akx=l i* - l  . t rdn (t  )  Akx
,._>* 

6(n)

. f r * k f r + L= I i T  J - ! - , , ' d E ( t ) x =  ) t - ' ^ d n ( t ) x ,  x € K ,
n+oo Atnt

(a l - so  fo r  r ) zk+ t )  where  4 (n )  .=JR\ ( -  I / n ,  L /n )  i  neM.

I f  E  i s  o f  odd  t ype  th i s  re la t i on  imp l i es

L A 2 k + l x , x J ) . 0 ,  x € 7 [ .

I f  E is  o f  even type then

gg2k+2* ,x f  ) .  o ,  x&X,

p a r t i c u l a r l y  i n  b o t h  c a s e s  A  i s  d e f i n i t i z a b l e .  A l s o  b y '  ( 2 . 6 )

i t .  fo l lows that  for  every polynomia l  p  we have

p  (A )  o2k+ t *=  J  p  ( t )  t 2k+ tdE  ( r )  x ,  x  €  K  ,
( 0 )

whence tak ing account  of  the fact  that  the s i2ect ra l  pro ject ions

of  A can be approx imalea in  the s t rong operator  topology by
,  a l ;  r  l

opera tors  o f  the  fo rm p  (A)A2 l i+ l  (see  e .g .  L4 ,  Theorem 4 ] )  i t

fo l lows that the spectral  funct ion of  A coincj-des with E. n

"="w
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R e m a r k "  B y  m e a n s  o f  ( f . 2 )  i t  c a n  b e  e a s i l y  p r o v e d r ' a  p r i o r i

to  the preceding theorem, that  the condi t ion (x)  is  equiva lent

to  the fo l lowinq

For  every  x€r lL there  ex is ts  yeJL"such tha t  fo r  a l l

A€ S.(o)  ,  odA ,  we have

I

J  tdE ( t )  x=E (A )  Y
A

I)

9g:p, l l * fy .?.?. .  Let  E be a d(0)-homomorphism and :-eL J4'

b e  a  c . n . d . c .  o f  X o o .  r f  ; J t a n t t ) .  A a S ( ' )  ,  o f  A , c o n v e r g e s

s t rong ly  in  X  fo r  A  -+n \ {0 }  then E has  proper ty  (c r )  ,  ( * )  ho lds

a n d ,  h e n c e ,  E  i s  t h e  s p e c t r a l  f u n c t i o n  o f  a n  o p e r a t o r  A € O ( 0 ) .

Fq*p fk .  Under  the  assumpt ions  o f  Coro l la ry  2 .2  the

opera tor "  A t  and AU def ined in  the  proo f  o f  Theorem 2 .1  fu l f i l

the relations Ar=0 , ,tf le; f fo ana 3-(al) . f,f o I

A long the  l j -nes  o f  the  proo f  o f  Theorem 2 . I  one eas i l y

ver i f ies the fo l lowing descr ipt ion of  a l l  operators h 'aving

a g iven d(0) -homomorph ism as  i t s  spec t ra l  func t ion .

Theorem 2 .3 .  Le t  E  be  the  spec t ra l  f unc t i on  w i th  p rope r t y

( r r )  o f  a n .  o p e r a t o r  b e l o n g i n g  t o  0  t O l .  r e t  c l L b e  a  c . n . d . c .

- \ po I  e  0 0 .

Then  E  i s  t he  spec t r i a l  f unc t i on  o f  an  ope ra to r  BeOtO l

i f  and  on l v  i f  B  has  a  ma t r i x  f o rm

A t  8 3  B 4

o A2+N nl
' a +

o o " r

where

B,= w.r . t .  f l  = foo iJ ( iJ t ,
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( i ) A r a n d A , a r e t h e o p e r a t o r s d e f i n e d b y E a s i n p a r t

( 2 )  o f  t h e  P r o o f  o f  T h e o r e m  2 ' L '

( i i )  N is  an arb i t rary  n i lpotent  se l fad jo in t  operator  j -n

 
f r  .o*ut ing with A, such that 3. tNl.  f ,o '

. ^  , \
( i i i )  83€  t r (# , fOO)  is  an  arb l t ra ry  opera tor  sa t is fy ing

the relat ions

s ta I  u l= i  (4 )41 for  ar t  A e &10 )  ,  o/A ,
J  J  \ V /

where A,  j -s  d .ef ind by E as in  par t  (2)  o f  the proof

o f  T h e o r e m  2 . 1 . .
J

( iv)  B4e X(J, t ,XoO) is an arbi t rary operator wi th B4=B4

Qong]-lefy- ?:4. Let E be

c . n . d . c .  J t o t  J o o .  T h e n  a r n o n g

with spectral  funct ion E there

- , ,.o'
to  the (  Joo ,  , / { . ) 'd 'ecomPosi t ion:

wherre A, ,and A, are defined in

the  remark  a f te r  Coro l l a rY  2 .2 )

asse r t i ons  a re  equ iva len t :

C o r o l l a r y  2 . 2 .  F i x

operators belonging

as r-n

f h o

l-s

some

r o  0 ( 0 )

respect

f o  Ag

At:= 
L: : ,

o l
o + l" 3 |

o J

the

. M o

a "s imp les t "  one w i th

proo f  o f  Theorem 2 .  I  ( see

reover ,  the fo l lowing

( i )  B  €  0 (0 )  has  E  as  i t s  spec t ra l  f unc t i on

( i i )  B=A,+N '  ,  where  N '  i s  a  n i l po ten t  se l f ad jo in t  ope ra to r

c6mmut ing wi th  A '  such that  ?- (N' )  c  X0 '  
'

( i i i )  I f  A4€J ( " / { ,Y00 )  i s  an  a rb i t ra ry  ope ra to r  w i th  A+=Ol

and
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( 2  " l  )  A " =

then  B=A"+N"  ,  where  N"  i s  a  n i l po ten t  se l f ad jo inL  ope ra to r

commut ing  w i th  A "  such  tha t  ?  (n " ) cXO

One of  the resu]  ts  o f  tg l  (which has a s imple d i rect

p r o o f )  i s  c o n t a i n e d  i n  t h e  C o r o l l a r i e s  2 . 2  a n d  2 . 4 : .  I f
f  . _

J tan ( t ) ,  A€e to l  ,  0 f  A  ,  converges  s t rong lv  i n  7 {  fo r  4  ->R\ {0 j  ,
A

t hen  
!h .  assumpt ions  o f  t hese  co ro l l a r i es  a re  fu l f i l l ed  and

r
s - 1 i m  \  t d E  ( r )  i s  o f  t h e  f o r m  ( 2 . 7 )  .

a+R\ { 0i  i
Hence  in  th i s  case  an  ope ra to r  B€"0 (0 )  has  E  as  i t s  spec -

t ra l  f unc t i on  i f  and  on l y  i f

B=s- r im  [ .a "  ( r )  +N
a-+nr {oJ i

w h e r e  N  i s  a  n i l p o t e n t  s e l f a d j o j - n t  o p e r a t o r  w i t h  N E ( A ) = B ( [ ) N = 0

f o r  e v e r y  A e - & ( ' )  ,  o { L .

2 . 2 .  N o w  w e  a s s u m e  a d d i t i o n a l l y  t h a t  f o r  t h e  g i v e n  d ( 0 ) -

-homomorphism E the space Jf , .  is  a  pseudo-Kre in space"  Then for
A  A

an arbi t rary X'o-Aecomposi t ion of  l t  as above we have 10=4+ f t . l  ,

where  X  , . . ,  and  J , . , ,  a re  K re in  subspaces  ( see  t2 l ) .  The  co r res -
U  ( U )

'  
pond ing  se l fad jo in t  p ro jec t i ons  ( i nJ { )  a re  deno ted  by  P^  and- U

p  r o q n a r r f  i r r o l r r  . t  h r r q  t h e  f o l l O w i n g  d e c O m p O s i t i O n  A f  l t  h o l d s :' ( 0 )  '  r ' q r

xt= itoo+ fo* f,o )+Jt-.

I f ,  i n  add i t i on ,  E  i s  o f  even  t ype  the  cond i t i on  
. ( c r )  

i s  au to -

ma t i ca t l y  f u l f i l l ed .  rndeed ,  i n  t h i s  case  f , , n , ,  i s  a  H i l be r t
( u i

s p a c e !  a n d  w e  h a v e  l l f i  ( A ) l l  $  <  I  f o r  a r l  A € J F / ^ \  ,  0 g A .  T h i s
4 t o )  \ u  /

imp l i es  tha t  E  has  the  p rope r t y  ( c . ,  ) .  Consequen t l y ,  i f  f o r
4 t /  - o t - P  r

0  A :  on l
o  h ,  " A t l  ,

* - l

I
0  0  0 l
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s o m e  A ' € J & , / ^ \  ,  0 € r 1 ' ,  t h e  r e s t r i c t i o n  o f  E  t o  n ( A , ) K  i s  o f  l
t \ J  /

A \ / 6 r r  { ' r r n a  # h  never r  Lype  E r ren  a l so  ( . r )  i s  f u f  t f l - f ea .

' f  f  E is  an arb i t rary  d (0 )  -homomorphism wi th  va lues in

; t , ( r { )  and  ? t ,  i s  a  Pon t r j ag in  space  t  o r r  more  genera l l y ,  E (A , )?e

i s  a  Pon t r j ag in  space  fo r  some in te rva l  4 ' e  } ! 1O)  ,  0€  & ,  ,

' l - l r a n  f  i a  -  r r q a r r | n - 1 4 r a i nl nen  a0  l - s  d  1 :ovuuv  r \ l = r r r  space  and ,  acco rd ing  to  t he  above

cons j -de ra t i ons ,  E  has  the  p rope r t y  ( c r ) .  The  same ho lds  fo r  t he

pseudo- regu la r  d (0 ) -homomorph isms  cons ide red  i n  f3 l .

!:g.Bgg!!lgt z ' ?. Let E

V  . i ^
d.0 r -s  a pseud.o-Kre in space.

sary for  the fact  that  E is

/i\

be long ing  to  J /  (0 )  .

P r o o f  .  L e t  E  b e  t h e  s p e c t r a l  f u n c t i o n  o f  A  e A ( O ) .  f f  E

i s  o f  e v e n  t v n e  ' l - h o n  h r z  { - h e  n r e r ^ p d i  n c r  n k r q o r r z : 1 - i  c r n q  t ' r .  
' l  

h a l  A c- J I - *  9 I . v r I  v J

I f  E  i s  o f  odd  t ype  the  ope ra to r  F  r " , , ,AF , . , , ,  i s  non -nega t i ve  and( u )  t u /

t h i s  f a c t  i m p l i e s  ( c r )  ( e . 9 .  b y .  [ S ,  T h e o r e m  2 7 ) .  f f i

r + Y  . ir r  c40 r -s  a pseudo-Ki :e in  space thenr  or )  account  of  propo-

s i t j - o n  2 . 5 ,  w e  c a n  r e s t r i c t  o u r s e l v e s  t o  d ( 0 ) - h o m o m o r p h i s m s

w i t h  p r o p e r t y  ( c r ) .  F r o m  T h e o r e m s  2 . I  a n d  2 . 3  w e  o b t a i n  t h e

fo l l ow inq  resu l . t s

T h e o r e m  2 . I ' .  A s s u m e ,  i n  a d d i t i o n  t o  t h e  c o n d l t i o n s  o f

m L ^ a * ^ -  . 1  1  , t - - '  \ P' r nec - l ren r  z . r ,  t ha t  "L0  i s  a  pseudo-Kre in  space .

spec t ra l  f unc t i on  o f  an  ope ra to r  be long ing  to

i f  t he  fo l l ow ing  cond i t i on  ho lds  fo r  some o r  r

f o r  e v e r y  c . n . d . c .  J l o t  X ,-  * 0 0 '

be  a  d (O) -homomorph ism such  tha t

Then  the  cond i t i on  ( c r )  i s  neces -

the  spec t ra l  f unc t i on  o f  an  ope ra to r

Then E is the

0 f  o l  i f  a n d  o n t y

equ iva len t ly ,
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1 9

For every x e. / . {  there exj-sts yer l l+ *- ,^,  such that( u /
( *x )  fo r  a l l  A€S, . . , . ,  I  o f  A  ,  we have( u  )

( 2 . 8 )  p , ^ .  \ . u u ( r ) x = i , . , , , 8 ( a ) y'  ( 0 )  i  - - -  ' - ' - -  -  ( 0 )  -
. A

Remark.  ,  r f  the d (0)  *homomorphism E is  pseud.o-regular  in

the  = " ;  t 3 l  (e .g .  i f  E  i s  o f  even  t ype  o r  ] t  i s  a  pon t r j ag in

space , , . f l : : .  u  i s  bounded  (c f  .  [ 3 ,  Lemma 3 .4h  and  the  cond i t i on

(xx)  .p .an.  be. replaced by the fo l lowing one (which appear .s  in  [g ] ) :

For every x^€. l . there exists xrevl t  such that thereo  t  ' - "

ex is ts

w h e r e  A ( * ) , = R \ ( - L / n , r / n )  ,  n  e M .

Theorem 2 .3 ' .  Assume,  i n  add i t i on  to  the  cond i t l ons  o f

T h e o r e m  2 . 3  t h a t  J O  i s  a  p s e u d o - K r e i n  s p a c e .  T h e n  B e J ( 0 )  h a s

the spectra. l  funct ion E i f  and only  i f  i t  has a matr j -x  form

I t  
(F ro I J_., .uu (r) xo-i (0 ) E ( A(t) I "r l  ,

n - > o o  . " ,  
A ( r )  

"  \ v /

!,=

where
.L

( f )  A i ,  co inc ides  w i th  the  ope ra to r  *o  *  
" t  

de f i ned  by

( 2 . 8 )

+
( i i )  O i ,  co inc ides  w i th  the  opera tor  *o  *  y  de f ined by

( 2 . 8 ) .

A t t  
" t z  

A t :  B r a

o Bz2 o r i ,

0  0 Al :  o i ,

o o o o t ,

w. r .  t .  At=Ioo*/o*Jto )  I  J{ ,
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( i i i )  A 3 3 =  ! t a r  ( o  )  B  ( t , i  
, o  )

( i v )  BZZ  i s  an  a rb i t ra ry  n i J -po ten t  bounded  se l fad jo in t

operator t"  4
(v )  B rz  €X(Jo ,Joo)  i s  a rb i t ra ry .

(v i )  Bra € XG,t l ,Joo)  is  arb i t rary  wi th  B ia=Bra

Remafk .  Theorem 2 .3 t  shows  tha t  j - f  f n  i s  a  pseudo-Kre in
U -

space then among the operators which have the same spectra l

funct ion there is  a  "s implest"  one wi th  respect  to  the g iven

.+
I ,OO-decompos i t i on ,  name ly

7 . r . -n -

A r r  o  A r 3  o

0 0 0 0

o o A l l  o i ,

o o o o i ,

( c o m p a r e  C o r o l l a r y  2 . 4 )  .

As  an  app l i ca t i on  o f  t he .  p reced ing  resu l t s  we  cons ide r  a

d (0 ) -homomorph ism E  w i th  the  fo l l ow ing  p rope i t i es :  ( i )  The re ' i s

an  l n te rva l  6e  &10)  ,  0  €  A ' ,  such  tha t  E  res t r i c ted  to

E(A ' )?g  i s  o f  even  t ype .  ( i i l  f fO  i s  a  pseudo-Kre in  space .

,  ( i i i )  s - l i m  \ a ' d E ( t )  e x i s t s .  S u c h  a  d ( 0 ) - h o m o m o r p h i s m  w a s
6 -.+Rr { 0} I

a l so  cons ide red  i n  i 8 l  ( i n  t he  case  o f  aPon t r j ag j -n  space_ f i  ,

.  where  ( i )  and  ( i i )  a re  fu l f  i 1 l ed  au tomat j - ca l t y )  .

We  f i x  some I 'O -aecompos i t i on .  E  has  p rope r t y  ( c r )  and

by the re la t ion

t d E  ( t )  x ,

aeS(o) ,

i +  n f  ;& L  v !  ' ( 0the str

i , o ,  
I

ong l im

i , n ,  \ . u u  ( t )  x l =  r t t ? a n  ( t )  x , x l  ,( u ,  i  a

o { , 8 c  E '  ,  x € ? 0  t

c
1 J  tan t t l  f  or  [ -+1Rr{0}  ex is ts .  rhen,

&
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acco rd ing  to  Coro l l a r : y  ? . "2  E  i s  t he  spec t ra l

o p e r a t o r  b e l o n g - t n g  t o  ! J ( O ) .  B y  C o r o l 1 a r y  2 . 4

E  i s  1 -hc ,  sne r - - t ra l  f unc t iOn  o f  t he  one ra t -Or  A 'v t / u r  q  I

o f  an

Am ) 1, 1

by

f +
\ tds ( t )p '  ,

I

A

funct ion

and Theor

def ined

n  t  l i *
1 L  . - > - J - l _ r i l .

4-+tR* {03
{ - q - l  i m  D/ n \  -  ( 0 )\w '/ 4 -+ntr {01

/ 1 ) + D  \
\ r  ' r  / n  \  /

\ u  i

c ^
\  +.1n"  /+ \  r r

A

An opera . to r  B€S(0 )  has  E  as  i t s  spec t ra l  f unc t i on  i f  and  on l y

i f  B=A ' *N ' ,  where  N '  i s  a  n i l po te r : t  se l f ad jo . i n t  ope ra to r  w i , ch

E ( A ) N ' = N ' l l ( A )  f o r  e v e r v  a e  & 1 0 )  ,  A # 0 .  T h i s  r e s u l t  c o n t a i n s

tha t  f rom tg l .

.  
2 . 3 .  f n  t h i s  s e c ' t i o n  1 e t  X  b e  a  c l o s e d  n e u t r a l  s u b s p a c e

of  K and *{  a  c .  n .  d .  c .  o f  X .  Assume that  j -n  the ( ; f  ,J { )  -decompo-

s i t ion oe ?t  t f re  i -n tersect ion f , *nJ{ . t  is  the c l i rect  sum of  two

Kre j -n  subspaces  X { ,  and  N l ,

( 2 . e ) * l  =X+ K2+;{ '3+ "t f  .

We sha l l  say  tha t  an  ope ra to r  A  € ,3  (0  )  i s

$SSgSpSE*|gI (2 "9) i f  for the spectral function E of A we have
A / \ A A

\f, rtr ,f 4p + "4P \P - \p
{  o o =  X ,  . L o =  t t 2  ,  &  ( o ) =  f f i 3  ,  w h e r e  { 0  a n d  X  ( o )  a r e  d e f j - n e d

w i th  respec t  t o  t he  (X  , " t t ) - c lecompos i t i on .

Le t  t he  ope ra to r  A  E0(0 )  be  assoc ia ted  w l th  the  decompo-

s i t i o n  ( 2 . g ) .  A s s u m e  t h a t  J l . ,  i s  a  c . n . d .  c .  o f  X .  d i f  f e r e n t

t ron J l  .  Denote bv ;  the pro:ect ion on X, tnr l t i  corresponding' r  j

-  \ p  t l

t o  t he  ( J :  , J l " r ) -decomoos i t i on .  Then  as  i n  t he  p roo f  o f  P ropos i -

t i on  1 .3  one  can  show tha t  A  i s  a l so  assoc ia tea  w i t f r  t he  de -

composi t lon

? t  =J+ ; ] t z  +  ; rX {3

a s s o c i a t e d  w i t h  t h e

a r,l\
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We sha l l  f ind  necessary  and su f f i c ien t  cond i t ions  in

te rms o f  the  e lements  o f  the  mat r ix  representa t ion  o f  A  w. r . t .

(Zg)  fo r  the  fac t  tha t  A  is  assoc ia ted  w i th  the  decompos i t ion

( 2 . 9 )  .

P r o p o s i t i o n  2 . 6 .  L e t  A g J t O )  h a v e  t h e  m a t r i x  f o r m

7 \ -
n -

A - .  A - ^  A . ^  A r a
I L . . . L Z  . L J

o Azz o oi,
. +

0  0  A : :  A r 3

o o o o l , .

w .  r .  t .  ( 2 . 9 )

v, ' i th 
lzz=o|, 

,  A3:=Al: ,  Ara=Ata ,  oi lPotent An and A22 and

a f @ t r ) = t o J

Then A is  assoc ia ted  w i th  the  decompos i t ion  (2 -9)  i f  and

on ly  i f  there  is  a  k€  M such tha t  the  re la t iongof r=0  '

.  k - r
(2.  10 )  Ata!r  l  n R tHalroi :  (Air  )  k-  1- ol  ={oJ

'  and

(2.  rr)  , t f  t !^1.o1. (Air  )k-1-t l= loJ
! = 0

h o l d .

Then

B{og f  .  Le t  A  be  assoc ia ted  w i th  the  decompos i t i on  (2 .9 ) .

A r r  o  A t 3  o

0 0 0 0
+

0  , 0  A l :  A i s
J.

0  0  0  A r l

' t \  r -
n -
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is  a lso  assoc ia t .ed  w iLh

arbitrary k e IS such that

t h e  d e c o m p o s i t i o n  ( 2 . 9 )

v
A"- ' ,  =0 

" Then
.  I I

We choose an

d k =
0

^ k^ 3 3

0

k - l  r r
\ - ^ K - r - Y r  t  J
{ t^nt l  ^13^3 3y = u

x

0
L - 1

Q - - ' ^ V  ^ *  , , n *  \ k - I - t
Z - ^ a ? ^ ' r ? \ ^ r l /
V = 0

0

0

S u p p o s e  t h a t  a t  l e a s t  o n e  o f  t h e  r e l a t i o n s  ( 2 . 1 0 )  a n d  ( 2 . 1 1 )

does  no t .  ho ld .  Then we f ind  an  xe&f  J l ,  x lA ,  such tha t

v
a ,ox€X.  Th i s  con t rad i c t s  t he  fac t  t ha t  A '  i s  assoc iaLed  w l th

( 2 . e )

C o n v e r s e l y ,  a s s u m e  t h a t  t h e  c o n d i t i o n s  o t f = 0 ,  ( 2 . r 0 )  a n d

(2 .11)  ho td  fo r  some ke  NI .  I t  i s  easy  to  see tha t  the  roo t  space

of  A t  cor respond ing  to  0  i s  X*KZ .  Hence A '  i s  assoc ia ted

w i t h  ( 2 . 9 ) .  B y  T h e o r e m  2 . 2  a l s o  A  i s  a s s o c i a t e d  w i t h  t h e  d e c o m -

posi t ion tz.g) 
f f i l

gqrq] larv ?. . .2.  I f  under the assumptions of  Proposi t ion 2.6

we have

R (A33) n 3, talr) = [01

t hen  A  i s  assoc ' i a ted  w i th  the  deco rnpos i t i on  (2 .9 ) .
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3. A"-PggryIIIgaP{g '9FgBATgry._ryHr Es Nor sArrsFy

SSA'IgIpI"*(c2l-

rn  th is  sect ion we g ive an example of  a  compact  operator
g  gC I to )  l n  ; i .  K re in  space  {  w i th^  r (B )c  [0  , *& )  ,  wh ich  does  no t
sa t i s f y  t he  cond i t i on  ( c r ) . .  Mo : :e  p rec i se l y ,  f o r  an  i n tege r

N >2 the operator  B wi l l  have the fo l l0wing proper t ies

( i )  [ u z f x , X ] > o  ,  " N € K .
c

( i i )  r h e  i n t e g r a l =  J  t 2 X - 2 a e  ( r )  _  n = . r  )
f r / n ' e o )  B \ " /  |  r t - ' L t z t "  ' t ' a r e

not  un i formly boundecl .  Her .e Eg is  the spectra l

f unc t i on  o f  B

( i i i - )  The root  space of  B corresponding to  0 is  non-c legene_

rate and not  or thocomplemented.

Le t  n t  be  a  pon t r j ag i -n  space  o f  i ndex  { ,  l e t  v  ne  a

d -d imens iona . l  neu t ra l  subspace  o f  J {  and  l e t  c "d l  be  a  c .n . c l . c .  o f

X .  t r {e  se t  } t r ,= {o ! ,  f t 3 ,=X 'nJ t t  and  cons ide r  the  decompos i - -
t ion

( 3 . r ) X { =  X + X . 2  n X t  + . / { .

*% is  a Hl lber t  space.  Fuqther ,  we consj -d.er  an operator

n -

A t t  A t :  o

o Ars A l l

o o o i ,
w . r . r .  X { =  X i  f i :  + A t  ,

with the fo l lowing propert ies,  A33 is a compact posi t ive operator

'  i n  t h e  l i i l b e r t  s p a c e  l e  ,  w i t h  0  a  % ( A r s ) .  A 1 r  i s  a . b o u n d e d  o p e -

rator in X with
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(3 .2)  o f r=o anc l  u f ; t  l  o

f l  €  4  (  e t3 ,  A -  )  sa t i s f i es  the  cond i t i on

r  .  ?  (A:3)  n q.  raf  , l  = { .0}

Then ,  by  co ro l l a : : y  2 .7 ,  A  i s  assoc ia ted  w i th  the  decompos i t i on

( 3 . 1 )  .  r t  i s  e a s y  t o  s e e  t h a t  r ( A )  i s  c o n t a i n e g  i r  f O ,  " o )

and  a l l  e igenva lues  l  l o  o f  A  a re  a lgeb ra i ca l l y  s imp le .  s ince  X

is  an A- j -nvar iant  maximal  nonposi t ive subspace of  x(  we f ind (see

[ g ,  r . 3 .  ( b ) ] )

; a2x; ,x3 2r o , x etr(. .

L e t  X r t  ) r ,  b e  t h e  e i g e n v a l u e s  o f  A "  B y  E i  ,  i = l  t T t . , .  I

we  deno te  the  se l fad jo in t  p ro jec t i on  on  the  e igenspace  co r res -

pond ing  to  l i  .  X  =  X0  co inc ides  w i th  the  roo t  space  o f  A

corresponding ro 0.  Then the re la t ion oT; i  f  0  lmpl ies that

the operators

*^  a 2N-2-  - :_r  .
Z - - r A L  t i  r  J = L t z t . . . ,

I - I

a r e  n o t  u n i f o r m l y  b o u n d e d  ( [ 7 J ,  [ 5 ,  T h e o r e m  S ] 1 .  L e t  ( € - )  a n d

r f  r  .(d i  )  be two monotonica l ly  decreasing sequences converg ing to  0

w i th  the  fo l l ow ing  p rope r t i es :

( i )  T h e  i n t e r v a l s  ( X r - e ,  ,  I r + € r )  ,  i = I r 2 , . . . ,  a r e  p a i r -

w i s e  d i s j o i n t .

( i i )  T h e  r e l a t i o n s  l f i -  I r l  <  e  ,  ,  i = r  , 2 1 . . , 1  a n d

f [ n { - n r l l  <  d i  ,  i = l  t 2 t . . . ,  w h e r e  E i  a r e  p o s i - t i v e

pro jec t ions  o f  rank  L ,  imp ly  tha t  the  opera tors
i

*  r  , 2 X - )/ - '  A :  
'  - E i  

,  j = I  t 2 , .  . .  I  a r e  n o t  u n i f o r m l y  b o u n d e d .
i = t  t
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1 > oFor  a l l

Now

W e s

we se t

r f t l
J \(
I

L t

i f r < l } l !.

E  / L \  _r r { \ L r -

A

t

a f

de f ine

i f

sequence (aj  )

< t  .

se l fad jo in t  opera tors

rl

o f i n X t .

l

[ ] r r a r l -  I r l  < { i  ,

A--1 t

0

0

A r g

f t  (A33)  o l '

0 0i,

where  n l  ' i s  chosen  sma l l  enough  such  tha t
t

l l r ,  {a . ) -E r l l  <  f , i  f
J . J L

i = l r  . .  -  r j  ,

where I ,  ta,  )  is  the i - th eigenvalue of  A,  and Et (A, )  is  the

cor respond ing  spec t ra l  p ro jec t ion .  As  above we f ind

( 3 . 3 ) _ _ 2 r 1  1 \
L ^ j  x , x ) y '  u  , x € " i { .

S i n c e  0  i s  a n  i s o l a t e d  e i g e n v a l u e  o f  A *  ,  j = l  t 2 ,  . .  .  I

space of  A,  correspondingi  to 0 is , rorr- i "n*nerate '  we

a ( A r )  c  L 0 , * ) .

Now we choose a compat ib le  Hi lber t  norm l l ' l l

'Obv ious l y ,  t he  l i nea r  space

, o O a o

X r = t , " j ,  - , _ . '  z .  x r € K  ,  [  [ x * l l  ' a  * \
J - L  J  i = I  . r

the root

have

in 10

prov ided  w i th  the  i nde f i n i t e  f o rm [ . , . ] fC  de f i ned  by
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I s , Y J  = F | y 3 ] ,  X : = ( x i ) ,  Y , = ( y j )  ,

i s  a  K . r e i n  s p a c e .  B y  P j  ,  j = l  , 2 , . . .  I  w e  d e n o t e  t h e  p r o j e c t i o n s

d e f i n e d  b y  p *  ( ( x r  ) . , - 4 ) = x . ,  .  L e t  B  d e n o t e  t h e  b o u n d e d  s e l f a d j o i n t
J J I : } J

operator ir, ff defined i:y

P r B P r = A ,  r  P 1 B P , = 0  ,  l r j = 1  1 2  1 . .  .  1  L f l

B y  ( 3 . 3 )  w e  h a v e

( 3 . 4 ) [ u 2 x s  , s ]  >  o ,  K  € T  .

T h e  r e l a t i o n s  g ( A i ) C  t 0 , o o ) ,  j = l  , 2 , . . . ,  i m p l y  s ' ( e ) C  t O r * ) .

s ince the root  
"n" l *= 

of  A- ,  corresponding to  0 are non-degene* I

ra te  the  roo t  space  o f  B  co r respond ing  to  0  i s  a l so  non -dege-

n e r a t e .  L e t  E o  b e  t h e  s p e c t r a l  f u n c t i o n  o f  B .  F r o m  ( 3 . 4 )  w e

f ind that  J t2Kanr t t )  converges.  we c ta im rhar  
tuzx-2an" t r )

does  no t  conve rge .  I ndeed ,  choose  zQ| (  so  tha t  t he  sequence

j  
-  ) v _ )( 3 . 5 )  ( t t  X r i a * ) ' x - ' E * { A * ) z , z J ) ,  ) = r , 2 , . . . 1- I I  I I

t - r

i s  n o t  b o u n d e d .  D e f i n e  e l e m e n t s  7 ( j ) 6  3 1  ,  J = 7 , 2 t " . . ,  b y

p . T i ( J ) = z  a n d  p r z ( j ) = 0 ,  I f j .  T h e  s e q u e n c e  ( 3 . 5 )  c o i n c i d e s
J

wi th

( L ^  5  ̂  . t 2 x - t u u u  r c ) n 1 ) ,  ̂ f i ) ) ) ,  i = 1 ,  2 , . . .  .
t l j - t j , * )  "

S i n c e  t h e  s e q u e n c e  (  t t  z ( j ) t t  ) ,  J = L , 2 t . . . ,  i s  b o u n d e d  i n  K

the operator= S
tx j -  t " j ,  * ,

+ 2 f r - 2  ̂ o  / +  \u  u l B \ u l ,  j = { r 2 r . . . ,  a r e  n o t

un i fo r rn ly  bounded.  Th is  fac t ,  the  re la t ions  (3 .4 )  and

$.  (B)G t0 ,m)  imp ly  tha t  the  roo t  space o f  B  cor respond i r rg  to

0 is not orthocomplemented
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