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THB LINEARTZED PROBLEM IN ADTABATIC MULTfDIMENSIONAL

GASDYNAMICS ( I )

by

Liv iu DINU

Abstract

F o r  s y s t e m s  o f  c o n s e r v a t i o n  l a w s  [ t . t ) ,  ( 2 - 1 ) ,  ( 3 . 1 ) ,

(4 . f  ) l  one  d . i scusses  the  manner  i n  wh ich  the  number  o f  space'  - J

dj-mensions and,/or the number of equations inf luences the struc-

ture of  the set  o f  concepts/ rest r ic t ions connected wi th  the l i -

nea r i zed  we l l -posedness  ( see  a l so  L l ] ,  [ 3 ] -  [A ] l ;  t he  po in t s  o f

th is  d iscuss ion are gathered up in  the tab le on paqe 27.  Moreover

F q r - 1

( see  La ] ,  LeJ l ,  t he  remarks  o f  63  show tha t  i n  ad iaba t i c  oasdvna-

m ics  2D in  space ,  i t  i s  poss ib le  to  fo rmu la te ,  f o r  ce r ta in  equa-

t i ons  o f  s ta te ,  dD  (exponen t ia l )  c r j - t e r i on  o f  l i nea r i zed  s tab i l i -

t y /we l l -posedness .  Th i s  c r i t e . r i on  doesn ' t  wo rk  ( f o r  i ns tance )  f o r

equa t ion  o f  s ta te  (4 ,3 ) .  I n  such  a  case  the  poss ib i l i t y  o f  l i nea -

r i zed  s tab i l i t y  /we I l -posedness  shou ld  be .s tud ied  by  s ta r t i ng

d i rec t l v  f rom the  so lu t i on .
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1. L:INBARTZED PROBLBM FOR A SINGLE CONSERVATION LAW,

ID TN SPACE

1.1. W,o,{9i*g__*qp of l.Lge'3.f-i.?gd .poJ}lem

Let  us consider  the Riemann problem

(1 .1 )  *+  *  aL ( - " ) -  =  o  -o? (x<s ' ,  r )o
o v  D  x  I

( L  . 2 )
( W  f o r  x ( 0

u ( x , 0 )  = {  &

t o ,  f o r  x p 0

(1.3) f f i r" l l= "Fl

where  uL  and  u ,  a re  cons tan ts ,  u r  #  uL ,  and .  f "  l  0  on  a  ce r ta in

domain in  which u takes va lues.

A  d i scon t i nuous  so lu t i on .  o f  ( f . 1 )  sa t i s f i es ,  a t  t he  po i -n t s

o f  a  d i scon t i nu i t y  l i ne ,  t he  re la t i on

where  [ f  t " l ]  = f  (u r )  - f  ( u4 )  ,  [ r I  
-  u r  -  ug  and  D  deno tes  the  speed

wi th which the d iscont i .nu j - ty  propagates.

A d iscont inuou-s so lut ion of  Ri .emann problem is  ca l led

adnn iss ib le  i f  i t  can  be  reqa rded  as  a  non - ' d i ss ipa t i ve  l im i t  ( f  +01

o f  a  so l i t a ry  wave  so lu t i on  o f  Bu rge rs  equa t i on  Dau  +  2 * f  (u )  =

=rr??, . .u .  rn  th is  case we say that  the d iscont inu i ty  . involved in  th t
xx

sol .u t i -on has a s t ructure.

we  can  show (see ,  f o r  examp l . r [ : J l  t ha t  a  d i scon t i nu i t y  ha :

a s t ructure i f f  the condi - t ions

(r$)

are fuLf i l lec l " .

f ' ( u r )  4 ,  D 4 f ' ( u 4 )



I f  l n .  (1 .1 . )  f  "  >  0  / f "  <  0  then  the  cond i t j - ons  ( * )  demand ,  i n

par t icu lar ,  that  u ,  < uX/u .L1 ut :  in  (  1 .  2  )

We shal l  abbrev iate the adm: i .ss ib i l i ty  concl i t ions (g)  by

CEL (entropy cond.it ions of l ,ax) and assume that r oD t|* afore -

mentj-oned cl iscontinuity, these con<lit ions are f,ulf i l led.In fact CEL arg

conclitione of determinary (through inltj-,at data and jurp r:elation) impsed to the

1 \
piecewi-se constant solution of the Rie-mann problem'/

In  the per turbat ion theory we shal l  present  here inaf ter  in

th is  paragraph,  th ls  so lut ion p lays the par t  o f  the "zeroth order" .

Let  g  be a parameter  of  the problem, smal l  ln  compar ison

wi th the constant  s tates adjacent  to  the d j -scont inu i ty  and a lso

smal l  in  compar ison wi th  the magni tude of  the ' jump throuqh d iscon-

t i nu i t v

( r . 4 )  o  <  e < < l u d  -  o " l

In  a per turbat ion theory,  to  the in i t ia l  data

( 1 .  5 )

( 1 . 6 )

e
u O  ( x )

{ ; : :

< 0

> 0

€
u

[ ; :

( x ) .  f o r

(x )  fo r

1 . 0

> 0

€
f o r  x - D t - Y ( t )

a
fo r  x -D t -  w ( t )

x

x

the hereinbelow solut i -on corresponds

( x , t )

The  da ta  (1 .5 )  evo l ve  acco rd ing  to  the  equa t ionS

( x ,  t )

( x ,  t )

L t  Acco rd inq  to  the  me thod  o f  cha rac te r i s t i cs .
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w h e r e  w e  d e n o t e  a ( u ) = f r ( u ) ,  a n d  o n  a  l i n e  o f  d i s c o n t i n u i t y  t h e

jump re lat ion

f r l t ,  _ , e . D t r r  q
|  ; f -  +  a(uz)  5?-  

= o for  1  = x-Dt-v( t )  <  o
( 1 ' 7 )  ' i  

' s '  ,  - , ! : , ' f i ,
L f  

.  a ( u r )  T *  =  o  r o r  I > o

f -  € . . . - l  E r  e= l D  + y ,  ( r ) l ( u l  _  u
* - 0 -  L  l i = 0 +

n . B )  r r $ t l  - r r , 3 l
l i  =  0 + i - n, (  - u -

ob ta ined  f rom (1 .3 )  i s  sa t i s f i ed .  By  mapo inq

( 1 . 9 )  i = x ? D r - f t . l  ,  i = r

( 1 . 7 )  p a s s e s  i n t o,|
I

".t

( 1 .  1 0  )

where

g c
( 1 . 1 1 )  u  ( i , E )  =  r f  ( x ,  r )

For separat ing the f i rs t  o ider  1n E we shal l  assume that
e 8 E € , e
UL1 ,  U rg ,  UX. ,  U r ,  Y  depend  smoo th l y  on  t  ,  t hen  d i f f e ren t i a te

( f  . f 0 )  a n d  ( 1 . B )  w i t h . r e s r : e c t  t o  e  a n d  t a k e  i n t . o  a c c o u n r



r e  - - 1  [ . i , r , . l  = o
L . u r , t ( l , t U r =  o = u L , ,  

' ;  f - v \ c ' 1 " = o

. ^ 1  t ?  r t  ^ ,  1 1  [ u - f l  -

$r i : ; , l , r ,_ i l ,= o 
= f r ( r , t ) ,  f i "F, . ,J | .= o 

= vt t l ,

g- [3^ ,;;ll = fr^ 1i) .
d 6 L U  J l _

E_0

*g3g,5glg,  in (1.9),  the dependence of  I  on € '  I t  thus resrr l ts

2  y  .  ,  V  x  =  o  ,  i c o
m. uL -r- "2 5fi "L

( 1 . 1 2 )
7 Y r

d T  
r ,  *  A s f f i  r ,  =  0  ,  

- x > O

' --^ 
= Ario + [u] V' f-or x - 0(1 .  r3 ) .  Aru ,  ^ ,  .4_

w h e r e  A  t )  -  =  a  ( u p  * )  D r  a n d
-  L t L  4 - t L

N  h  . . , / n  \( r . r 4 l  l i ( * , 0 )  =  f r o ( * )  ,  
- * e R  ;  Y ( o )  =  o

The equat ions of  the fo l lowinq (a l lowed)  orders are obta i -

ned  s im i l a r lY .

T I E F T N I T I O N  r . 1 .  T h e  p r o b l e m  ( 1 . 1 2 )  -  ( 1 .  r 4 )  i s  c d l l e d  I n g

1*lSgigg,4*p.. l ,qbl# associated with t lre Riemann problem'

1 . 2 .  D e t e r m i n a c y

s ince we have ignored.  -  to  separate the f i rs t  order  in  E -

the dependence of 1 on g in (1."9) n . i-n the solution of the l inearized

problern-depending on the nature of inj-tial data-sesular tenns will anpear'Ttrerefc

f€r  as we shal l  show throuqh the theorem I . I '  the methot l  descr i -

.  b e d  i n  1 . 1 .  " l i n e a r i z e s "  a t  t h e  f i r s t  o r d e r  i n  e  -  t h e  p r o b l e m

( 1 . 7 ) ,  ( f  . 5 )  o n l y  f o r  c e r t a j - n  c l a s s e s  o f  i n i t i a l  d a t a '

- #gFa



7 -

Let  us  thus  cons ider  the  C lass  o f  in i t ia l  da ta

ti,t( r .15)  C. ,  =  { t ' l f ra '  a i rd  u r '  a re  smooth  func t ions  w i th  coml rac tU .

support  ]

and,  cor respond ing ly ,  the  c lass  o f  func t iongU(xr t )  w i th  the  prope

t i e s

(a) for  each IgR, f f  i "  a Laplace or ig inal  (abbreviat .ed fo)

with respect to t  ,

(b) for each ice, ff, ana E-^ are smooth functions with com,.1.- r

pact support  wi th respect to i

Let us denote

( . v  | , r y( r . 16 ) .  C  =  [ f r , * | f r  w i th  the  p roper t i es  (a )  and  (b )  ,  V  i s  {g i .

For  da ta  i n  CO we  sha l l  seek  i n  C . fo r  t he  so lu t i on  o f  t he

l inear ized problem. We shal l  thus suppose a cer ta in  type for  t ime

growing of  t f re  sofut ion,  and the s tudy of  the problem wi l t  show

tha t  t h i s  assumpt ion  i s  j us t i f i ed .

A p p l y i n g  t h e  L a p l a c e  t r a n s f o r m  t o  ( I . 1 2 ) ,  ( 1 . 1 3 )  a n d
* . rtf-r fr -.:t.-

p u t t i n g  f  ( i , q . r )  =  t l f  J  =  J ' t u  c r r ,  w e  r r n d
o

*
d U n  * .

ot # **6L - f ;o = o for r < o
( 1 . 1 7 )  1  A l t

I A, p * *$, - to = o ror i > o
$.e cir >0

*( 1 . 1 8 )  A r f r r =  o r 6 r - * r f i r n $  f o r ! = o

The  so lu t i on  o f  t he  svs tem (1 .17 )  can  be  reo resen ted  as



1 1 .  r e ) 1 [ , a r )  =

where we have put

(ct) (0 , er) ( 0  r t l )

rn  order  to  d iv ide,  formal ly ,  the considerat ions concern ing

the  we l l -posedness  o f  l i nea : : i zed .p rob lem in to '  pa r t s  re f l ec t i ng

the extension corresponding to  the passage f rom $ 1,  thr :ough $ 2,

to  $6 g and 4 ,  we shal l  in t rod.uce here inbelow the concer : ts  of

determinacy ( through the in i t la l  data and junp re la t io*s) ,  evo-

l -u t ionary condi t j -ons and stabi l i ty

rn  Lhe  con tex t  o f  f i ,  t he  expos i t i on  o f  t hese  concep ts  i s

t r i v i a l  and  w i l l  be  used  on l y  to  suppor t  t he  ana logy  cons ide red

at  page 27

Let  us take

( 1 . 2 0 ) A L > o  ,  A r 4  0

i n  (1  .19  )  and  pu t ,  co r respond ing l l i ,  t he  coe f  f  i c i -en ts  o f

exp f- @/Ap i ]  and exp f * (a/A)*.) equal ro zero

fi
'f{.
U

_ (cr) +

, (at) +'r

(,,t/ ADE -1
d t  l e

qw/ A_)V . l
-  . r E lu ) l

$

;
, - r ( *^ !  J  u n

o

, - I  r f r  *r \ t u ^
r "t u

4

( $ )  e

( s l e

- 1a/ Afi*"
,  f o r  X < o

- (e,r/ A.) X
e  -  

,  f o r . X > 0

4t
U

#
UL

t F l p
U+ (6r) = U,

( 1 . 2 1 )

( x
l u _
t *
I u *

(o) - - A,i 
{rr( 

g) 
" 

(*/At'gu 
g

(cu)= -  o; t f  % G) "@/A') 'B ar

We shal l  use the two re lat j -ons thus obta ined,

the  re la t i on  (1 "18 )  t o  de te rm ine  the  th ree  unknowns

toqether  wi th
* +
U  ,  U .  a n d' t



dis  cont inu_i ty
l - ine

JC

f ,  f  ^ l t 1 6  |

Fi-gure 2

cha rac te r i s t i . c

U  - U t

4 : , i 4

+
b

A
I
t . '
I
, l

r l
! l

4 . t

0

(b )

*r lr /

\ 4 . /

q (9, ?)

\1,
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formal  procedure descr ibed here inabove becomes (as we

immed ia te l y )  e f fec t i ve  i f  t he  da ta  a re ,  f o r  i ns tance ,

: ALT)

Art)

F r o m  ( 1 . 1 8 )  w e  f i n d ,  b y  ( 1 . 2 1 ) r "

( r . 2 2 ) --g,,n$rri =flFro, (-AzE) -Aoffo ,-0,{" '*d*

The

sha l l  see

i n  C 0 .

The re la t ions  (1 .2 r )  a re  ca l led  {e la : ! !o lq  o f  de ter rn ingcy_.
:

T h e  c o n d i t i o n s  ( 1 . 2 0 ) ' a r e  c a l l e d  c o n d j - t i o n s  o f  d e t e r m i n a c y .  I f

these condi t ions are fu1f i l led we say that  the l - in iar ized proble

i s  de te rm ina te .

C a r r y i n g  ( 1 . 2 1 )  i n t o ( I . 1 9 )  w e  o b t a j - n

,

put into the form

( 1 . 2 3 )
I < o

i y 0

I n , ; a

t r t ,Er =l  :  : l
L u 0 ( x

a n d  f r o m  ( I . 2 2 )  i t

( r . 24 )  -  [ u ]V t t ) (-Atr)-ArE t-nrrt l  a".

A l s o ,

( 1 . 2 s )

( I . 2 4 )  c a n  b e

( t )  a t

.  
F r o m  ( I . 2 3 )  a n d  ( 1 . 2 5 )  w e  s e e  t h a t . f o r  d a t a  i n  C O  t h e  s o l u

t i on  o f  t he  l i nea r i zed  p rob lem does  no t  con ta in  secu la r i t j - es .  On

the  o the r  hand ,  i f  i l o  { i )= .o "  l ( i  i n  (1 .25 )  t hen  fo r  each  T - .oo  we

have  l im  V(E)  =  i  $  /  Z -  A r )  / [ u ] ]  and  so ,  f o r  IX l r yO,  th9  non l i - -
k  + 0

f  )  In  fact ,  the method of  character . i -s t ics  potnts  that  the c le ter-
minacy considerat ions of  the zeroth order  are complete ly  ana-
logue to those corresponding to  the f j - rs t  order

resu l ts

t,
l r , , u=J l,fzuo
o

Y t E t  = - &
-AJ

( -  t e

l t i ' o



near i ty  s l inks even f rom the f i rs t  order  and the nrocedur :e of

i so la t i ng  the  l i nea r i zed  p rob le rn  i s  no t  i us t i f i ed  any  more  ( i n  t he

absence  o f  i t s  un i fo rm va l i d i t y )  f o r  T^ ,0  (a -1 )  "  Someth inE  s im i l a r

happens where in the data do not  t .enc l  qu i ,ckJ"y enouqh to zero when

l f  l+ 'n ' ,  because in  that  case the Laplace images r l f f0  ( -A2" i l  and, /or
F

r l r u  '  t  . lt L u O  ( . - A r t U  i n  ( I , 2 2 )  h a v e  a  s i n g r : l a r i t y  j - n  e 2  -  0 .

REMARK 1 .1

( i )  F r o n t  ( 1 . 4 )  w e  c a n  s e e  t h a t  t h e  p i c t u r e  o f  f i g . l b  c a n n o t

be obta ined as a l imi t  -  when I  r r - r .L  I  - *  0  -  f rom the p ic ture of

f i g . t . a "  A  re la t i on  can  be  es tab l - i shed  on l y  be tween  the  ze ro th

orders of  the two p ic tures because the smal l  oarameter  of  the

per tu rba t i on  expans ion  wh ich  l eads  to  the  l i nea r i za t i on  i n  f i g .1b

i s  f r e e  o f  r e s t r i c t i o n  ( 1 . 4 )

( f  j -  )  T 'he  de te rm inacy  cond i t i ons  (  I  .  20  )  (assoc ia ted  to  the

f i r s t  o rde r  o f  t he  pe r tu rba t i on  theo ry )  can  be  t ransc r ibed

( r . 2 6  ) a ( u r ) <  o c a ( u 2 )

and so they g,q+,Lq*_qg wi th  CEL (see the foot  note on paqe 9) .  The

res t r i c t i ons  (L .26 )  co r respond  to  the  requ i remen t  t ha t  eve ry  cha -

rac te r i s t i c  t i ne ,  ex tended  in  the  d i rec t i on  o f  i nc res ing  t ime ,

should meet  the d iscont lnu i ty  thereby being cont inued through the

la t te r  one .  F rom (1 .25 )  we  see  tha t  i f  t hese  cond i t i ons  a re  fu l - -

f i l l ed  the  evo lu t i on  o f  d i s fo r " l - i nn  t r r  . l epends  on  the  da ta  on  the

w h o l e  f  a x i s .

1. 3. gqe*ri.Ze-g .s.tep,l

D E F I I { I T T O N  T  . 2 .

the  l j . nea r i zed  p rob lem i s

bounded/qror ,us boundless ly

A  so lu t i on  cons i s t i nq  o f  U  and  V  -  o f

called Slgblg/gffJgllg if it is kept

w h e n  t  * P * o  .  W e . s a y ;  c o r r e s p o n d i n g l y ,
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that  the discont inuous solut ion considered for the Riemann pro-

b lem is  ( l inear ized)  s tab le /uns tab le .  The l inear tzed prob lem wi t t

data in the ctass ^0 ;u ry j . r  the ctass K i f

( i t  at taches to each element in KO a unique and stab. le solut ion

in K, that  is ,  )  i t  is  deter in ine, i  and stable in K

T H E O R E M  1 . I .  I f  t h e  c o n d i t i o n s  ( r . 2 0 )  a r e  f u l f i l l e d  t h e n

the  l j - nea r i zed  p rob lem w i th  .da ta  i n  CO i s  we l l -posed  i n  the  c las l

c .

{  a c c o r d i n g  t o  ( I . 2 3 )  a n d  ( 1 . 2 5 ) .  F

REMARK I .2 .  The  hypo theses  o f  t he  theo rem f . l  do  no t  impose

on the.  va l -ues u2 and u,  but  the order i -ng rest r ic t ion u,  1uL.

' 
2. !iq,g,gJ*rp9*p-r,oblsp. .fo5 ,ajs.y,qte$. o{: go,IrP.qrya*io,L,}9H",,"

.  l D  i n  s p a c e '

2.L. irtqr-4Jlg up_ of .l.ineqri.z"e9 p,LgL_lSS

Let us extend now, in case of  sYF^}e, ,m?- of  conservat ion laws,

the resul ts of  $ t .  
' t f re Riemann problem takes then the form

( 2 . 1 )  * * a . { ( , F )  = o  |  - @ < x 1 e ,  t ) o
a E  a x

( " a  f o r  x

u ( x r o ) = {
L t ,  f o r  x

where u and f are vector functions with n components and

ut,  ur  are constant arbi t rary vectors,  ur luX.

r n  2 . L - 2 . 3  w e  s h a l t  s ' u p p o s e  t h a t  u z r u r  a r e  s u f f i c i e n t l y

close in Rt ancl  so related that the solut ion of  Riemann problem



i . , .  should conta j .n  only  one d iscont inr r i tv  together  wi th  the constant

r e g i o n s  a d j a c e n t  t o  i t ,  W e  a l s o  s u p p o s e  t h a t  t h e  s y s t e m  ( 2 ^ I )

i s  genu ine l y  non l i nea r  v r i t h  
' r : espec t  

t o  ( t he  fam i l y  o f  cha rac te -

r is t j -cs associated wi th)  th is ;  c l j^scont inu i ty  
G

DqqtNt l ro f  J . l  ( [ zJ i .  we $ay  Lh . ; r t  t ] re  d iscont inu i ty - invo l -  ,

ved in the solut lon of  Rj-enrann p: :oblelm -  is  a i  -  shock and cal l

the afore -  ment ioned d iscont i -nuous so lut i "on admiss ib le  i f  the

condi t ions

(#* )  
l j  ( t r )  <  D <  h- t  (u4)

l j - r ( u f l < D < ^ 3 + r ( u r )

ho ld  (  ^  a re  the  e igenva l .ues  o f  ma t r i x  . a  (u )  =  (? f  .  hu )  )  .r r - )

These  cond i t i ons  shou ld  be  abb rev ia ted  cEL ,  t oo .  rn  fac ' t ,
'CEL  

a re  cond i t i ons  o f  de te rm inacy  ( th rouqh  in i t i a l  da ta  and  j ump

r p l  a t i  n n q  )  i  m n n e c , r i  J - n  # h o/  r - r , " ' - - : - *  ,^ . -  p iecev. r j -se constant  so lut ion of  the

Rj-emann probleml) .  rn  the per turbat ion theory we shal r  present

here inaf  ter  j -n  th is  paragraph,  th is  so lut ion prays the parr t  o f

t h e  " z e r o t h  o r d e r " .

Accord ing to  [Z]  ana [Z]  we can formutate

ru-  A1 ,  Given u.g as a s tate on the ie f  t  (o f  a  d iscorr t i -

nu i t y ) ,  t he  se t  o f  vec to rs  u ,  wh ich  can  be  j o ined  (as  s ta tes  on

r - l r o  r i r l r { - \  t , z i l [  q n  b V  a  i - S h O C k  C a n  b e  1 . r r n r e q e n t o r l  a s  
r ? r

t r l e  J . r g l r t . /  W I t t ]  U I _  D y  a  I - S n O C K  C a n  D e  l e y r s p c r r L s u  q ' j  U r = U  ( E /  r

E  <  0  a n d  A  s u f f i c i e n t l y  s m a l l ,  w h e r e  p a r t i c u l a r l y  u ( 0 ) = v . L ,

, i ( O ) = n Z  ( R  i s  a n  e i g e n v e c t o r  o f  m a t r i x  a  ) ,

Tr-L t  Acco rd inq  to  the  rne thod  o f  cha rac te r i s t i cs -



-  t ?
J J  

_

.  In the proof of  th is lemma, the fact  that

when the  res t r i c t ions  (xx )  work .

E <  o resu l ts

We sha l l  f u r the r  assume tha t ,  on  the  cons ide red  d i scon t i -

n u i t y ,  C E L  a r e  f u l f i l l e d .

' Le t  
€ ,  be  a  sma l l  pa ramete r  o f  t he  p rob lem,  cha rac te r i zed

t h e  s a m e  a s  i n  1 . 1 .

T h e  r e l a t i o n  ( 1 . 3 ) ,  t h e  e x p r e s s i - o n s  ( 1 . S )

the not ,a t ions of  $  t  r rave a vector i -a l  anaroque

mot ivat i -ng as in  1.  I  we f ind for  the l inear ized

wi-ng form

a n t l  ( 1 . 6 )  a n d

here .  I n  pa r t i cu l r

problem the fo l lc

( 2  . 3 )
nr f f i r=  a

A t # r = o

^Fr. * [']I v,

i <  0

r o r x = 0( 2 . 4 )

( 2 . 5 )

w i t h  A  ( u ) = a  ( u )  - D I ,

A D

A

r

f a
J  a r
l a
L-58

A u  =r r

U o'<-

Ur ,  r > o

t ( * , 0 ) = r o  ( r ) ,  t  e  R ;  y ( o )  =  o

the uni t  matr ix.

. .o-9.! gLTIi njrsy.,"-, FJo I u t*g,t gJy*sg rylr.t* 9_q s

we suppose that  the matr ices A2 and A,  are nonsingular

a n d  h a v e  d i s t i n c t  e i g e n v a l u e s ,  ) f  a  I  2  <  . . . <  X n .

We sha l l  use  he re  the  c lasses  CO and  C  in t roduced  the  same

a s  i n  I . 2 .

Us ing  the  Lap lace  t rans fo ra r i n  (2 ,3 )  and  (2 .4 )  we , : . f , j - nd

t 1* 0

1 t* r'l

Jf

d U ,
" +

di
,f

dUr

OX

f

4tUL

+
.oU

r

= 0

= 0

for

for

I < 0

i z 0

( 2 . 6 )



( 2 . 7 ) for x =

T h e  s y s t e m s  ( 2 . 6 )  c a n  b e put in the form

rtd

A  r t
11 tJr r

ry
=  A n U ,  +

.{..- L
*,[u]f

( 2 .  B )

Since the matr ices

N

and the e igenvalues I  o f

e i g e n v a l u e s l o f  a  a r e

ef
.1I1 #
* = p U + f ,

- 1
p  =  - r o A  r -  , ' L *

, T = f l . L 1 ^
U

same e igenrzectors

i of P and the

( fo rma l l y )  rep re -

A a n d  P

A ,  t h e

re la ted

have the

eigenvalues

by

( 2 . e )

i t  fo l lows that

sented by

( 2 .  1 2 )

the so lut i .on of

= 1 ,  D
l"

( 2 . 8 ]  c a n  b e

l ( n N. . i  
€ -  ,  l ,

r A i r -

( 2 .  1 o  )
* f I
U ( i ; r o ) = X

i=1

r ,vhere RrL are r ight / le f t

( 2 . 1 r )

i  - i . . l  .  X. ,*
r , . f  1 F ) e  r '  a l f e  {

e i g e n v e c t o r s  o f  A .  T h e n ,  b y  ( 2 . 9 )  w e  g e t

F ar i

i ^-Lf- ,F\ aiT]zTT ..')-4Tql:5L t . l t - l " o ( 5 ) e  -  d s l e  -  
, i . 0

arE, at f t. t {Tu)T ,- a*-G;J:D
* r . o ; t  I  u r ( F ) e ' j - ' * r '  "  a l l e  r ' , x r ,

0

. t f r-  , i  *  |
R t l , . u ( 0 )  + )

0

f n i
l Z  R " i i " . i l  +

r {  l i = l  
L '  '

U  ( i ; . )  = 1
l n i

I A '., ['",,]; .
L I= I

* *
Arfr* = AX.6- +'l[u] fr f o r  i - 0

I ;et  us extend now the formal procedure introduc.ed in I .2

( s e e  ( L . 2 0 ) -  ( r  . 2 5 ) ) .  I t l h e n  l r ( u 2 )  >  D / ^ i ( u r )  1  D  w e  s h a l 1  a n n u l  t h e

coef  f i c ien t  o f  exp  { ,  - la t  x / \L  (u { )  -D) l }  /exp{ - [ rx l  ( r i  (u r )  -o [ ]  in

( 2 . I 1 )  o b t a i n i n g  f o r  a  g i v e n  i

Lrs_

r  1 -4  i  <  n ,  a  re la t i on  o f  de te rm i -

;4



D E F I N I T I O N  2 . 2 .  I { e

termined i f  the number of

and the components of U

consis ts  of  determinacy

equa l  t o  2n+1 .

I f  t h e  s y s t e m  ( 2 . 1 )

to  a g iven label  j . r  I  -<  j  €

condi t ions

1 5

say  tha t  the . l lnear ized  prob lem is  de-

l inear algebraic equat ions havinq f
*

,  !_,  as unknowns of  the system which

re la t ions  and iump re la ! : ' -ons  (2 .12)  i s
D

genul -nely  nonl inear  wi th  respect

then we have

I

l -s

n ,

T H E O R E M  2 . T . The l inear ized problem j -s  determined i - f f  the

( 2 . 1 3 )

a r e  f u l f i l l e d .

{ wrren

(2  .  r4 )

2, (ur)  < D < 1. ,  (ug )

j - 1 ( t z )  <  o c l . + t  ( u r )
I
L )

(
I
I

{

t
2 - '  ( u r )  <  D <

'&

7 i  ( u r ) < o <
. r

^ i r* r  
( t l ' )

l i  * t  
( t " )

t hen  we  ob ta in  n - i L+J ,  de te rm inacy  re la t i ons .  S ince
tf tf tF

n re lat ions for  2n+1 unknowns U_,  U* and Y we have

tha t  n -JL  j r=n+ l .  Deno t inq  j r= j  r  w€  f i nd  )2=J -L  and

b e  r e - a r r a n g e d  a s  ( 2 . 1 3 ) .  &

( 2 . t 2 )  o f f e Y :

f n  1  m n n  c a

( 2 . L 4  )  c a n

W e  c a l l  ( 2 . f 3 )  d e L e r m i n a c y  c o n d i t i o n s .

RE. I14ARK 2. I .  The determinacy condi t ions (associated to  the

f i r s t

order

page 9

o rde r )

of  the

.  A l s o ,

ggin,c i9e_ wi th  CEL (which correspond to the zeroth

pe r tu rba t j -on  theo ry ) ;  see ,  aqa in ,  t he  foo t  no te  on

r -  - r
s e e  L  I J .



( 2 . 1 s )

( 2  .  1 6 )

-  ( u r )  >
- J *

i - r  
(un  )

Usi.ng the

The condi t ions

I f  ( 2 . L 3 )  a r e

at ions

A

l

not

I
I

{
I' l

I
t_

t2 .9)  we can re-wri . te (2 .  L3) as

,^
0 > l * ( u , )

l (
/\

>  o  >  l - , , .  ( u - ^ )
. J T . r  r

' l
' J *

L n . U'{-

a.t l

3 , -r x;6T=D-
_ - - L  r A ] ' [  f r "  ( Y ) *  J  "  d 5

L  L  J  U '
0

.  a tY

d -qFD.e
d 5

ari'
I;Tu-T:D

r  !  
d l

<.tY

ilG:T:D
( E ) e  )  L  

d F

( 2 . 1 3 )  e x t e n d  ( 1 . . 2 6 ) .

sa t i s f i ed  then  we  have  to  pose s e e  ( 2 " 1 I )

up  a  l i nea r  a lgeb ra i c
? v * u
U_,  U*  and  Y  .  A f te r

tha t  ( f  -D )  L=LA ,  we

- I  ( *
n  l U ^

0
@- t  (x

r  J * 0
0

n x n
- l

J J 7 . U  = - l J 0 . A
+ L

1 1
L  . U . = - L  . A

Y + V
!

( E )  e

( $ ) e

-l i

T  T I
" r '  - +=-i,,.o;' T no

0

T h e  r e l a t i o n s  ( 2 . L 2 )  a n d  ( 2 " 1 6 )  m a k e

system of  2n+1 equat ions for  2n+I  unknowns n

an easy re-arrangement ,  tak ing in to account

c a n  g i v e  t o  ( 2 . 1 6 ) ,  ( 2 . I 2 )  t h e  f o r m

( 2 .  1 7  )

l x
L o U  =

4 2 -

; '  ; '  
' ; "

L p U  = L p
L

' l r n 1

L  U . = Lr +  r

: " " . '
] I  J
!  U . = Lr +  r

* r
T r  - l  L A
w . - r 1  n

f r

i  7 - . .  \  _ , . , 7  iLt. 
lnol-[a: 

(u2) -o].] 
"-"a' 

= 6 L
t t * " " q

.T oo[- [0" ru2)-o]c]  "-"d"=&L0

i to{-[4, (ur) -o]'] u- - ' u'=nt, .
0

7- r l-^ -'?' I -4)z- j
'  )  t O t - L n i  ( u l J - D J  r J  e  o " = 9 r

0 "

*  - 1  *

Lu_ +.  Ar*  [u ]  v
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We shal l  use the lemma 2.L in order to prove

ru4--L-3: r f  in the problem (2: r)  ,  (2.2) uL and u, are
.  l i nked  by  a  i - shock  and  a re  conven ien t l y .  . 1o=*1 ) ,  t h .en  fo r  t he

s y s t e m  ( 2 . 1 7  )  t h e r e  e x i s t  a  u n i c l u e  s o l u t i o n .
l

S ey  express ing ,  f rom the  1as t  n  re la t ions  (2  . I7 )  ,  f f *  w i t i
t * n *respect to U_ and V we can f ind U_ and . i ,  f rom the system of

n* l  equat j -ons

( k # k

|  
' L ' u - = g L  '  k = j " " ' n

( 2 . 1 8 )  J  L'  
L 

iru; tar6-*.t"rArt[u] =8, ,  L=L,.. .  , j

The proof  comes to.an end i f  ,  denot ing by 4 tne d i -scr iminant  of

the  sys tem (2 . r9 )  r  w€  show tha t  A l0  when  [ "n  I  0  and  uL ,  u -

are c lose enough

According to leruna 2. I  we wrj-te

and 
[*] =try#llr

A  = d A -' l _
( 2 .  1 e  )

where

(2 ,20)  A1=

j j j
Lx. t  LLz  . . .  Lz r ,  o

. l . a
. a a a

n n n
T r'Lr  uL2. LLn o

,, tlrnr)' tirn;lr r) 2... tl,rn;tnnl,, l;n;r*ui$ei

. i . . - - i . . . . . i . . t . . . + . . . . . ' r ? . . . . .

(t grrnnl, ororto t) z. .. tioa;rl.lr, 
'+n;l . ra .!f

1)  Fo r .  examPle ,  d  i s  sma l l  enough  in  the  pa ramet r i za t i on  o f  remma2 . r .



,  Let  us denote by A,  the

delet ing the last  row and the
I

+  0  ( e )  i t  a p p e a r s ,  s i n c e  L X - ,  .  .

and therefore

determinant obtained from Af by
i {

tast column. From i-=i["  tal-J =i2 +
- n r L -

. , L o  a r e  i n d e p e n d e n t ,  t h a t  l i m  A r l 0' L ? + o z

s

(2.2r)  a2 f  o for u-4 and o, c lose enouqh

Accord ing t o  l e m m a  2 . I ,

l i *  A* l i - ,  1 " -1  u (6 ) - -u (o )
E ' + o  r  - l ' r  

e

t k
and , when r,n = 5. ,,- |l -K

l
= R g

=5.
K l

_ k
l i m l l *  ( u - ) - D l  L - -
E - * g L  J . '  r '  J  r

u (e)-u (0)
(2.22)

- 1

r

From (2 .2L )  and  (2 .22 )  we  f i nd  tha t  f o r  a  i - . shock  we  have

(2.23) Jji l ra, tu,r-o]A, hr*o

The fact  that  -  for  u ,  and t ,  convenient lV c lose -  we have

A f O ,  r e s u l t s  f r o m  ( 2 . I g )  a n d  ( 2 . 2 3 ) .  &

REI{ARK 2.2

( i )  I t  is  easy to formulate an analoque of

r e m a r k  1 . 1  ( i ) .  w h e n  l l u r - u z l l - r 0 ,  t h e  m a t r i c e s  A L  a n d  A ,  b e c o m e

s i n q u l a r  a n d  i n  ( 2 . 4 ) "  w e  h a v e  [ u ] J * O - t h o u g h ,  u s u a l l y ,  l V ' l  d o e s

not t.end to zera and tt U, i l  -> 0 ' l l  6- l l  + O ' The linearj ' 'zed pro-

b lem (2 .  3 ' )  -  (2 .5 )  tends  ,  LT t  th is  case,  

-ao  

an"  zero th  o rder  o f  the

problem whrich cOrresponds to the c i rcumstance ur=uz. This fact

shows that a relat ion can only be establ ished between the zeroth

orders of  the problems which correspond to ur#u2 and ur=uz res-

p e c t i v e l y  ( s e e  r e m a r k  1 . 1  ( i )  ) .

= l im
E'-0
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( i i )  General ly,  the requirement that  up ,  u_- be closedL r

(as  imposed  by  l emma 2 .2 )  mus t  be  added ,  when  the  f i r s t  o rde r

j - s  cons ide red ,  t o  t he  s im i l a r  res t r i c t i on  imposed  bv  l emma 2 .1 .

Th is  fac t  does  no t  appear  i n  t he  con tex t  o f  f f  ( see  remark  L .Z )

D E F I N T T I O N  2 . 3 "  T h e requi rements which quarantee the ex is-

fo r  t he  sys tem (2 .  t 7 )  a re  ca l l "ec l  evo -tence of  a  unique so j - ,u t ion

f:,! j,g|t afy_ .gery}i !i ons*

In  the context  o f  6  Z the set  o f  evolut j -onary condj - t ions

conta ins the determinacy condi t ions together  wi th  the (poss j -b le)

demand .  t ha t  vL  and  u ,  shou ld  be  c lose  ( see  l emma 2 .2 ) .  F rom { I . 2

and  (1 .25 )  i t .  appears  tha t  i n  case  o f  a  s ing le  conse rva t i gn  l aw

lD in  space,  the evolut ionary condl t ions come down to determina-

cy  cond i t i ons .

2 . 3 ,  L i n e a r i z e d  s t a b i l i t v .  L i n e a r i z e d  w e l l - p o s e d n e s s

Acco rd ing  to  l emma 2 "2  we  can  exp ress

l

,t
C . r V =

( 2  . 2 4 )

+

and thus f ind

(2 .2 tV (€)  =

i g @
|  |  *  (  F -  - J  )  - u c -  f I  ( -
bL  )  uo l -L i l  (u2 ) -D fEJe  dz+ .  .  .+b2  J  uo

o ' a
- t r y
, | ^r ( r- -'l ) -c<tE i ?
br J t ' l -L l r  (ur) -o l 'Ju--2 '* . . .n6,  JXoL-

0 0

t t
n k r -

i iu  f  ;o{- lAo ruTr-ol , }  a,*  i i ,  I tot- [oo
k = j  

v L  L  ^  L  1  J  
k = l  

-  

i

( f a r - a
i.- Ll 

" 
(u2 ) *nlrfe

r  -1  \  -6T-
l l _ ,  ( u - - ) - D l r l e  c
E I L d J

(ur )  -d . ]  a"

of

by

r t

We

i s  easy  to  fo rmu la te

shal1 nor.v extend the

an analogue

t h e o r e m  1 . 1

d e f i n i t i o n  L . 2 .

T H E O R B I 4  2 " 2 . I f  the evolut ionary

n r o l - r l r . m  w i f h  d a t a

cond i t i ons  a re  fu l - f i 1 l ed

in  C0  i s  we l l *posed  i . n  t hethen  the  l i nea r i zed



c l a s s  C .

@ e""otd ing to  (2 ,25)  and l laar  est imates (see appendix)  .  F

REMARK 2.3.  Wi th the notat ions (and accord ing to  assumlt ions)

o f  l emma 2 . I ,  f r om lemmas  2 , I  and  2 ,2  i t  appears  ( see  remark

2 .2  ( i i )  )  t ha t  we  can  f i nd  a  conven ien t  ne ighbourhood  i t  R -  o f  E

so that  the so lut ign -  which conta ins only  a j -shock of  Riemann

.  p rob lem shou ld  be  ( l i nea r i zed )  sLab le

In  the  p roo f  o f  t heo rem 2 .1we  have  deno ted  V /J ,  t he  num-

b e r  o f  e i g e n v a l u e s  o f  m a t r i x  a  f o r  w h i c h  w e  h a v e . a >  D / x < D  j - n

the le f t  hancled, / r i ,qht  handed region of  d i -scont inu i ty .

\
I i l  t he  con tex t  o f  F : ,  any  o f  t hese  ( i n tege r )  l abe l s  can

be taken as an index (accord ing to  the theorem 3 .2)  .  I ; 'or  example,

D E F I N I T I O N  2 . 4 . T J h e  ( i n t e g e r )  l a b e l  i ,  w i l l  b e  c a l l e d  t h e

+qAgf p5-_9*.n*tgtllf.I''J"!ty (see remark 2 . I )..

I n  c a s e  o f  a  j - s h o c k  w e  h a v e  j ,  =  j .

3 .  L INEARIZBD PROBLEM FOR A SYSTEM OF CONSERVATION L{ ! r

2D IN SPACE

3: I. WgtA'lg"_up_ 9!_r*np,*f.igg,4 "p'gQr"*

Let  us now extend,  in  case of  two space d imensions,  the

cons ide ra t i ons  o f  $  2 .

I n s t e a d  o f  t h e  p r o b t e m  ( 2 . 1 )  ,  Q . 2 )  w e  h a v e  h e r e

ta. .r \ ?u * ?l$l- * ?g{u)- = o\ J . r /  T E -  T x - - , - 6 y

l " U  f o r  x < o

u ( x , y , o , = 1 r r .  f o r  x > o
t -

( 3 " 2 )



:  ' -  2 r  "
i '

where u I  f  and g are vector  funct ions wi th

v .0 ,  u -  a re  cons tan t  a rb i t ra ry  vec to rs ,  u t#u r '
.(, r

n components and

I n  3 " 1  3 . 3  w e  s h a t l  a s s u m e  t h a t  u 2 r  * ,  a r e  c o n v e n i e n t l y

c lose  i n  R t  and  so  re la ted  tha t  t he  so lu t i on  o f  t he  p rob lem shou l ,

conta in only  one shock together  wi th  the constant  reg ions adla-

cent  to  i t "  On the shock l ine the jump condi - t ions

r  * ? +  t r - ,[" ] fr  + 6rr" ln [g ('i l#. = o

a solut ion / rhe nature of  demands for-

tha t  p resented  in  f2 .  Le t  us  cons ider ,

6 t " l  =

7 4 ,
2 x

a r e  t u J - r r I I e o .

REMARK 3.1.  In  case of  s teady and qqgrnql  shock d j -scont j -nu i*
i"..'#

( 3 . 3 )

( 3 .  1 )  '

t y l  t he  poss ib i l i tY  o f  such

mulatedabove is  s imi lar  to

indeed ,  t he  sys tem

?€*
f  t l r  I

and denote bY D the sPeed, in f

nui ty lgqa! to that  d i rect ion.  In

t i n u i t y , . x =  i -  o t ,  Y  = i , l = 8 ,

f  (u)=f  ( . r ) -Du, g=f,  and on a ggegd.y-

The smal l  Parameter  €.  o f

r i zed  the  same as  i n  $  Z ,

.  Proceeding as .Ln 1.  I  and

mapping

i = x - D t - i , o , . ,

6
, A N

d' " y

d i rec t i on ,  o f  a  P lane  d i scon t i -

the f rame of  ment ioned d iscon-

( 3 . 1 ) ' .  b d c o m e s  ( 3 . 1 )  w i t h

d iscont inu i t lz  the jump condi -

r ions have the form O = [ f  (u)]=[f l t" i l -  D[ 'uX.

the problem has to  be

2 . I  b u t  u s i n g  i n s t e a d

charac te -

o f  ( 1 . 9 )  t h e

.t- - 1-
L - U ,  Y = Y( 3 . 4 )



we f ind for  the L inea r i zed  p rob lem the  fo l l ow inq  fo rm

( 3 . 5 )

( 3 . 6 )

( 3 . 7 )

( 3 . 8 )

Since

t ions of  the

A N
I  v  - -A o  * - U a  +  b ( u r )
" ?*. " .\-

) N
A eA .  - T  U r  +  D ( U' a * .  r  Y

I

I
l
I
I

L

2 y ,
? T - '

? g
5E'r

u L  +  A L

N

U  + At r

ixbfiX =

i*brfi* = 0

1 < o

ob ta in

I <  0

I > 0

0  ,  i > 0

2 A r

5Y u 2=a

, 2 x' w t ' r =

Arfrr = o&r- + [u] [q (u, f  
**  

ror  i  = o!* rrt *
d E

U ( i , g , o )
U

( 1 , f )  ,  v ( 9 , 0 ) = 0

w i t h  n o t a t i o n s  s i m i l a r  t o  t h o s e  o f 9 , 6 t , Z .

3 . 2 .  D e t e r m i n a c y .  E v o l u t i o n a r v  c o n d i t i o n s

W e  a s s u m e . t h a t  t h e  s y s t e m  ( 3 " 1 )  i s  s t r i c t l y  h y p e r b o l i c  w i t h

t  t ime- l i ke  wh ich  means ,  i n  2D ,  impo .s ing  -  i n  e i . t he r  ad lacen t

reg ion  o f  d i scon t i nu i t y  t he  cond i t i on  tha t  f o r  eve ry  l r re f t  we

are  ab le  to  f i nd  n  rea l  d i s t i nc t  roo ts '  e (h , r )  o f  t he  equa t ion

det fc"r l  + aA + b" ]= o

( 3 . e ) - i*? t?: ,- ? .= e  -  
L U  ( x r t . J[fr r",

t he  d i scon t i nu i t y  i s

form

norma l - ,  w€  sha l l  cons ide r  so lu -

Y  ( t U

Carrying (

I  t  L l  t

?  o \

Y ( y , - t ) ]

i n t o  ( 3 . 5 )  a n d  ( 3 . 6 )

,

we

l z
l a E

( 3 . 1 0 ) {
l 7

L;'

? x
? i L

2 x
" t '

d x



Using the Laplace t ransform

s y s t e m  ( 3 . 1 0 )  t h e  f o r m

for

f i n d r  d s  l n  ( 2 . 8 ) , f o r  e i t he

(3. rr) nrff;=,tuffz + funv'

( 3 .  r z )

where

- 2 3

( t ) - i * [ g  ( u I Y

*
P U . I f

X = 0

we

A #
f f i u =

(tx

( 3 . 1 3 )

to which we

-A-1 [4,  r
' ' 1 e= A - u ^

U

t he  j ump  re la t i ons

P = iau] |

a d d ,  a c c o r d i n q t o  ( 3 . I 1 )  ,

:

- l  *
io  J lg  (uUl lY+[- [u]-( 3 . 1 4 )

As in

the remar:k

cond i t i ons

( 3 . l s )

are fu l - f i . l led

,  Let  us

which we have

* *
Aru.=AL\J n-

2 . 2 ,  w e  d e n o t e  b y  I

3  "  1 ,  we can prove an

Re 1-,  (ur)  > 0

R e  )  . - ,  ( u 2 )  >

t he  e iqenva lues

analogue of  the

l - 0

of  mat . r ix  P.  Usin<

t h e o r e m  2 . I .

for

TI]EOTiEIU 3. I  . The  l i nea r i zed  p rob lem i s  de te rm ined  i f f  t he

) R e

0 >

I - ,  (ua  )
_ J *

n e i .  - . ( u  )
J + l - '  T '

[ s e e  ( 2  .  1 s  ) ]  .

cons ide r  t he  number  j ,  o f  t he  e igenva lues  l  f o r
.\

Re l>0  i n  the  r i gh t -handed  reg ion  o f  c l i scon t i nu j - t y .

S ince the e igenvalues l  'depend on oo and < ,  ) ,  might  depen

o n  
?  

a n d <



,  a a

g gp,FrM .3..e ([6]).  The number jr  is independenr on u) and c<,

4 r r  the number j r  depends on e and o(  r  w€ can f ind ( r . roro.<o). , \ , \
s o  t h a t  R e .  h ( * 0 r * 0 ) = 0 .  T h e ' e i n g e v a l u e s  i  c a n  b e  d e t e r m i n e d ,  a c c o r -

d i n g  t o  ( 3 . 1 3 ) ,  b y

( 3 .  1 6  )

wi th  the rest r ic t j -on Re ao> 0 imposed by the Laplaee t ransform.  Tn

( , . r 0 , * O ) ,  ( 3 .  1 6 )  q i v e s

d e t f a a , r  +  t t n i i n  - , , u ] =  o

and ,  s ince  the  sys tem i s  hype rbo l i c ,  v , re  have  (acco rd rng  bo  (3 .g ) )

I * ( i a r )  = R  L a 7 O  f o r  e v e r y  l n r i e  R  a n d  x e  f t ,  F

T l t ] a  ^ a h  h n ! . t  ^ 4v v e  u c t t t  r I U w  g r v e

DEFTNTTION 3 .1 .  We ca l l  t . he  ( i n teqe r )  l abe l  i - -  t he  i nde> :  o ft u @ @  a ) - - t  - - - - . - . . , 1  

f

d iscon t i nu i t v
Rt#

REMARK 3 .2

( i )  An  an 'a logue ,  easy  to  fo rmu la te ,  o f  remark  2 .2  works .

( i i )  r n  case  o f  a  s teady  and  no rma l  shock  l emma.2 " l  keeps

val id  (accord ing to  the remar l< 3.1;  the for .mulat ion of  the analogue

o f  l emma 2 . r  depends  on ry  on  the  na tu . re  o f  f  i n  (3 . r )  ) .  and  l emma

2 "2 .  can  be  eas i l y  ex tended  (however  i t s  f o rmu la t i on  depends  on

t h e  n a t u r e  o f  g  . 1 n  ( : .  r l  l .  T h e  r e m a r k  2 . 3  k e e p s  v a l i d  t o o .

( i i i )  w h e n  d . =  0 ,  t h e  d e f i n i t i o n  3 . 1  c o m e s  d o w n :  i n  v i e w  o f

t h e o r e m  3 , 2  t o  t h e  d e f i n i t i o n  2 . 4 .  T h i s  c i r c u m s t a n c e  q a t h e r s  u p

d e f i n i t i o n  2  .  L . ,  r e m a r k  2 .  L  ,  d e f i n i t i o n  2 . 4  a n d  d e f i n l t i o n  3 .  r .

det fc.rr  + iL - i"rb] = 0



:

.  ( i v )  The  i ndex  o f  a  c i i scon t i nu i t y  i s  re la ted  to  the  fac ts

o f  de te rm inacy  and  (acco rd ing  to  ( i i i )  )  i t  does  no t  depend  on  the

o rde r  (o f  t he  pe r tu r :ba t i on  theo ry )  cons ide red .  Th i s  asse r t i on  i s

t r i v i a l  j - n  lD  bu t  requ i r cs  a  p roo . l '  ( o i ven  by  theo rem '3 .2 )  i n  ZD.

(v)  The condi t ions (3 "  15 )  are deter . rn i j laq: /=. "co,ndj , I io l r :  ;  these

condJ - t i ons ,  t oge the r  w i th  the  (poss ib l . e )  res ' t : : i c t i on  (men t ioned  i l

( i i )  )  t h a t  u r ,  u -  a l : e  c l o s e ,  c o n s t i t u t e  t h e  s e t  o f  e v o l u t j . o n a r y
L I '

c o n d i t i o n s .

3. 3. !.*I'q=3.*?9_a: ,=t*ilily-:= lll?"Ll?_9$ y=qrr;pgug{"_" jg

DEFIN fT ION 3 .2 .  l { e  sav  tha t  t he  d i scon t i nuous  so lu t i on  con -

s ide red  i s  uns tab l .e  i f  we  can . t r . i - , {  - !  1 ^ ^ - .r r r r . L r  r  d L  r c a > t  f o r  a  v a l u e  o f  x e  R ,

o f  U  a n d  Y  *  o f  l i n e a r i z e d  p r o b l e m

- ' ,ao  .  The d iscont inuous  so lu t ion  i -s

(3  .  9  )  o f  the  l i -near i  zed  pro l : lem i -s

k e p t  b o u n d e d ,  f o r  e v e r v  * 6 R ,  w h e n  I  * - o .

a  s o l u t i o n  ( 3 . 1  I  c o n s i s t i n q

v lh ich  grows bound less ly  when

ca l - led  s tab le  i f  the  so lu t i -on

t

To prove the

'bo show a.gain that

we l l -posedness

th i s  p rob lem i s

o f  l - i nea r i . zed

evolut ionary

prob lem we have

a n d  s t a b l e .

t h e  p a s s i n g  f r o m

evo lu t ionary  con-

From theo rems  3 .1  and  3 .2  i t  ap l )ea rs  tha t

l -D to  2D keeps unchanged the form/ the nature of

d i t i o n s .

On  the  o the r  hand ,  t he  s tab i l i t y  resu l t  o f  t heo rem 2 "2  can -

no t  be  ob ta ined  any  more  wh i thouL .  a  new res t * r i c t i on "  I ndeed ,  t -he

Haar  es t ima tes  ( see  append ix )  show tha t  t he  s tab i l i t y  o f  so lu t i on

o f  l i nea r i zed  p rob l  em r l enends  on  the  s tab i l i t y  o f  V  .  I n  2D  the

d i s t r i b u t i o n  o f  s i n g u l a r i t i e s  o f  Y /  d e p e n d s  o n  o ( .  L e t  V = f d  ( - , < )  i
--l

/ L ( - , n ) J  b e  t h e  e x p r e s s i o n  o b b a i n e d  a c c o r d i n q  t o  t h e  a n a l o q u e  o f

,a

l e m m a  2 . 2 .  T h e  f u n c ' t i o n  g  ( s e e  ( 3 . 1 ) )  c o n t r i b u t e s  b y  l  ( a . r , " ? )  ( s e e

-  ̂ . \( 3 . 1 3 ) )  t o  t h e  e v o l u t i o n a r y  c o n d i t i o n s  a n d  b y  L ( q r , o t )  t o  t h e  s t a b i ^



2 6

l i ty  condib ions.  When o = Q th is  cor i t r ibut ior r  vanishes l l toSether

w i t h  t h e  d e p e n d e n ' c e  o n  t  ;  a c c o r c l j - n g  b o  ( 3 " 9 ) J '  L ( u r ' 0 )  h a s  o n r y

one  zeya  i n  0J  =  Q .  Hov , l eve r ,  when  u  f  0 r  i t  i s  poss ib le  8 ' l pend -

inq  on  the  fo rm o f  f  and  g  i n  (3 "1 - )  -  t ha t  some o f  t he  ze ros

o f  L (o rs , )  be  p laced  j n  the  reg ion  Re  6  >  0  thus  j -mp ly i -ng  i ns ta -

bi l i ty 
.evell  

f  or da-ta in C0 .

Fo r  each  o  €  R  \ i 0 ]  t he  so lu t ' i - on  o f  t he  l j - nea r i zeC p ro -

b lem i s .  (exponen t ia l l y )  s t . ab le  v rhen  the  ze tos  o f  L (u r ,o )  a re  a l l

p l a c e d  i n  R z  a  <  0 .

F3MARK 3 .3

( j . )  r n  2 [ r  we  requ i re  s tab i l i t y  f o r  a I I  0  €  R ,  pa r t i -

cu la r l y  f o r  a  =  0 .  Then  we  sha l l  t ake  da ta  i n  C0 '

( i i )  t ihen o *  0  we have to  f ind the condi t ions for  which

the  ze ros  o f  L (6 rs )  a re  a l t  p laced  i n  Rz  u r  <  0 .  Th i s  i s  t he  new

rest r ic t ion we ment ioned here inabove'

In  the context  o f  gasdy4.e$ics i t  ian be shown that  these '

cOndi t lons c lo  not  depend on 0,  and are re la tedr  dS we have a l ready

men t loned ,  on l y  on  the  fo rm o f  f  and  g  i n  (3 '  1 )  '  Th i s  f o rm

depends in  i ts  turn on the equat ion of  s tate considered '  Such

(exponent ia l )  condi t ions/sg i3€5lc  or  s tab i l i t .y  or  instabi t i ty

a re  g . i ven  i n  [ a ]  and  [A ]  ( see  t t ]  f o r  magne todynamics ) .  A  s ta -

bi l i ty cri terion removes th. g5ggSgligl ly unstable evolutions '

we  shou ld  a l so  remark  tha t  L ( r , r r cx )  i s  an  even  func t i on  o f  o '

( i i i )  Fo r  ce r ta in  equa t i ons  o f  s ta te ,  t he  cond i t i on

Re  ru  <  0  canno t  be  fu t f i l l ed  s t r i c t l y runder  s tab i t i t y  requ i remen ts ,

b y  t h e  s e t  o f  z e r o s  o f  L ( u r r o )  o  I n  s u c h  a  c a s e ,  w h e n  ( a  p a r t  o f )

z e r o s  o f  L ( u r , o )  a r e  p l a c e d  o n  t h e  l i n e  R z  0 r  =  0 r v r e  h a v e  e x p l i c i t l y

to  s tudy  the  poss ib i t i t y  o f  (nonexponen t ia l ' )  s tab i l i t y '  such  a

stuc ly  is  Presented in  I  a  '

The  tab l -e  on  page  27  compares  the  fac ts  o f  f  f  I t 2  t 3 ,
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determinary
conditions
(1"  20 )  or  ( l  

"2

' l n  n -o  mr : r J - i r t n
L U  t  . v l L v

lD, systems

de.|-ormi nar-v r-onditi

( 2 . 1 3 )  o r  ( 2 . 1 5 )

(possiJ:Ie) ns,v restriction

the recn:i-rernent of con-

venient nearness of u-,u

r l r l - :  i  n f**"* -" "0conditions

stabili

2D, systems

determinacy conditions (3 " 15 )

data in  CO
the requirerrent of c.onvenien
- o a m o c q  n f  t r  1 1t tedtl .ru:,b ur- uart l2

new restrictron

evolutiona
conditions

stability

well:posedness

d r f a  i n  f**-* -" "0

fsincnrlarities of
0 should be in Res{0



r , .3*:**::j:*ft#_-5*p*l*L"ri,y,T_ {5!L.,{ !.ttrl q9Nbir:;riv_ATt0N LAWS ,
2D TN SPACE OF ADTABATTC GASDYNAMICS.

4 . t. W.grdlng yp 9=r,. riryg"arl_z_e j_prgllgn

Let  us now remake the conside: :a t i :ns of

bat j -c  gasdl rnamlgs (wi th  the usual -  r ro tat ions )  ,

? ^

9 J  s t a r t i n g ,  i n  a d i a .

f rom the pr :Q; l ,em

(4. r.)

A g  ? ( e u )  n ( e v )- i i - f + * _ ; t * ; _ ; = 0
A t  ? x  A y

?!+L ,- -?#-s1)= * ?gr*t n?p = o2 t  ? x  . v y  
' 2 x

ggl * ,$r::J ,. 3k11|) a& = o7 t  ? x  ? y  
' Z y

ktst . +t,,2+,,,2)lI* *[s"F.*t,,2+,,2r]]. #ls"F" *$tuz*uzt]= o

f o r  x <  0

f o r  x > 0

I f z= 
;:T 

- wn:Lcn

(

( 4 . 2 )  ( p , u , v r s ) +  n  = l  
t n t ' ' u l ' V ' '  = l )

L - V  I

L t o '  
'  t 2 '  v 2 '  = 2 )

together  wi th  the equat ion of  s tate e = 
" r rT

sha l l  w r i t e  i n  t he  fo : :m

_ A

w r' a Y )

P 6 v (
-  (  e * p t

q - c
U( 4 . 3 )

( 4 . a 1

3x0

The  jump re la t i ons  on  d i scon t j -nu i t y  l i ne 'have  the  fo rm

6 oo2* , rf- 
-ll ?+ +. il:o.,,ll 3! =' ntL 9ll AE 

*llg 
"_ll t* L> ' lr ?v

[r"] # .Lb + e"2l X "[r"{ # = o

[ s " ]  # . [ s " " i * . [ r +  s " ' l  # =  o
[ -  r  1  .2 , -_2 i l  a+ ,  I I^ . - [  ,  L , . .2 , . .2 ; |1  , f  * t . ,  f ; *J ,  r , ,2__,2 i i l  24 _  n
llsF' + t{u-+y-I_jJ ;i*lF"F * i(u'+v-!-ji # niF"[i+; (u'*"'il_il fi= o

and ,  i n  t he  ad jacen t  reg ions  o f  d j - scon t i nu i t y r  w€  sha l r  use  i n

p l a c e  o f  ( 4 . 1 ) 4  -  t h e  c o n c a v e  e x t e n s i o n  o f  ( 4 . 1 )

( A  r \ t  d
\ = . r / n  #  S  =  0.T CIT

where s= S S is  the entr :opy

G i v e n  ( p t r u l r v l r s 1 )  a s  a  s t a t e  b e f o r e  d i s c o n t i n u i t y r  w €  c a n

r i n A  l n  i r  . ' . , s . )  o n  t h e  c u r i v e  o f  s t a t e s  w h i c h  c a n  b e  r e l a t e dr v 2 r " 2 t  "  2 t * . 2 '

w i t h  ( p r  r u r  r V . ,  r s r  )  b y  a  s t e a d f  d i s c o n t i n u i t y .  I n  c a s e  o f  a  n o r m a l
a ! r I

d iscon t j -nu i t y  f o r  t h i s  cu rve  t -he  l enma 2 . I  i s  va . l i d .

We shall wriL.e the problem in a clirrensionless from by replacing



. t x v (c - + f f i  '  x * T ; J ,  Y - +  T f j  , 9 - f t T  I

u v _E* , "-nSa r\y-+ #lq' * F n  t * f [ 1 ,  P * t p ]  - * J  f x l

[ . ] =  b  
,  [ * l  =  ]  ,  [ g ] =  9 2 ,  [ ' ) =  c 2  ,

[p] = 92"tr , [=]l = .p , ""= I?

and  
' t ak ing

where

( 4  . 7 ' , )

( fur thermore we shal l  j -gnore the labeIs of  per turbat ions which

co r respond  to  the  reg j -on  a f te r  d i scon t i nu i t y ) .

The zeroth order  of  the jump re lat ions g ives

F r o m  ( 4 . 6 )  w e  c a n  o b t a i n ,  i n  p a r t i c u l a r ,

(4 . 6 ) u=-gM, P-F=y (ft-ul , *y=fry , #(l,rp-ilF) 
-ju fnz -t2 ) .

y  ,  9 ' i  ry  u i  v i  P i  s l(t= 
# ' fir-= d , Vi = r,i , Pi =si , *i= &

) -
( Y - l ) M -  1 v + l ) r v t M + / -  0

For a normal  d iscont inu i ty  we have l {U=0 and,  for  a  3-shock

0  <  M  <  1 .

I n  t h i s  c o n t e x t ,  t h e  s y s t e m  ( 3 . 1 0 )  m a y  b e  w r i t t e n



1  , 2
k l r r r F r

_ 2  , ? t

g(*  *

- , 4
3(5E *

, a' 2 L

i*V, = 0

- \ d

' t  d .u .  .
i i  o t ! ,  I -L't 

6;t Pl- 5"T* 
-

'  ^ 3 4
^  0 P .
0  t N  

-  
1

?;) ' r  *  Tf = 0

? ' n . r u
r : : )  v ,  iqD"  =  0
d X  J  - I

2 , *
6 T i = t = u

^ /  - 2 r y  -  - 2 *
P I = c  9 1  +  3 c  s l

M

M

( 4 . 8 )

where

( 4 . e )

and

( 4 . 1 0 )

+ M

+ M

+ M

+ M

U

M

. N

l -o(V = U

f o r  x  < 0

f o r  x >  0

, 2' ? t

r O
' ? t

1 d\67

t 0
' ? t

?fr
t;
.a6
7 x

ao(p

?  . -
i k ' t '

D , *
? x ' *

? . *
c ) \ r
2 x '  '

2 . -
2 x ' "

n

where

( 4 .  1 1 ) p N N= 3 +  s

Al -so ,  t he  re la t i ons  (3 .  11 )  become

( 4  .  L 2 )

N I V N N= a I l s_+a12p_+a I3 [_+a lnv_+u lv '  - i o (c t v

=a2 
tg_+a 22F _+azfi_+a,nl _+n r, .y|  

- i<crV
-  

f o r x = 0
N ' v N N= u 3 I s _ + a 3 2 p- + a 3 3 u_ + a 3 4 V_ +b 

3 V' - io( c a V

= d ,  ,  3  + a  ,  . 6  + a  "  . t  + a  ,  , V  + b  ̂ r l t  - . . < c  , v. t I  + 2 " -  . r J  q +  L t  4 '

where +/ -  labels  t i re  af ter / f ront  s ide of  d iscont inu i ty  and we have

T

p ,- - r

&
1 t

f

\ 7 -r



* r r  =

uLz= - t,, ' )  -  r f i  -  r t 2
a  \  

- r t r t  \ ! r  L ' t
' L )

r ,  ^ , . 2  . ' i r  ?  . 1
I  ( Y - 1 ) M ' + 2 I l Z v M ' -  ( 6  - ' l  )  I
L  J  L  '  - t J

u t 3  =  - b l ,  u I 4 = 0  ,  d . ' =

'  423u2z=
2vyt2 - ( Y - I  )

M ,  d ^ n = 2- J Z

) M
b f  =  -  3 ( 1 - : )  ( 1 - l ' 1 M ) ,  b 2

M
? - V  Mb t = r T T * i l ' b 4  + o

-  r X  / - , \-  \ r ]  l 0  \ 2 r l

(x)  ,So (x)

= -b2, az4=9 = u42

^ v - I  M
, d33=t WT 

- 
f-

a

--.4- urM
v-L l
I  r r

( 4 . r 3 )
\ / - l

^  -  I to3t_ ur_frJ Y - 1
V+T

1
I

M

cr=M'br ,  
"z=Myb2,  

cr=Mrb3,  cn=M-M

The  in i t i a l  cond i t i ons  a re

A= - v r r M ,

Fro  t * )

Uo (x)  ,

[  , t r ,61 , t1  ,v ,  )  .=e
I
i  ,9 ,F, f r ,V) . -o= {30
I
L  v (o )=o

,  t r o  { x )  ,  ? ro ( x ) )  ,  x<o

V o ( x )  ) ,  x > o( 4 . 1 4 )

Taking

( 4 . 1 5 )

we f ind for

correspond

4 .2 .  The  exp ress ion  o f  d i s to r t i on  o f  t he  d i scon t i nu i t y
f f i !

l i ne

Q J = (r-u? tf t /z

the four  e ivenvalues of  matr ix  P (see

to  the  reg ion  a f te r  d i scon t i nu i t y ,  t he

( 3 . 1 3 ) )  ,  w h i c h

fo l lowing



&. rc)  l r*  ( r*u2l  -1[r ' , r2;*  
a(E[ ,  hz=(r-p i2 l  

-1 i_-or2A- 
a(6)J,A3=h4= -  f i

(A t ,h2 ,h3  a re  {LsJ ing !  e i senva rues  o f  reduced  ma t r i x  ob ta ined

from P by delet ing the row ancl  the co lumn corresp.onding to  s  )  .

Fur ther inore we shal l  not .  wr i te  in  order  to  s impl i fy  the nota-

t i on  -  t he  ba r  on  6 .

rn j .s  easy to  ver i fy  that .  the < l iscont inu i ty  is  a  3-shock

because ,  f o r  M  <  I  i t  appears  f r : om (4 .L6 )  t ha t

( 4 . 1 7 ) l r "  o ,  h 2 1 0 ,  1 3 <  o

( s e e  ( 3  "  I 5 ) )  .

Acco rd ing  to  the  remark  3 .1  we  can  ob ta in ,  i n  t he  con tex t

o f  t h i s  pa rag raph ,  w i thou t  t he  res t r . t c t i on  tha t  u_ ,  ux  shou ld  be
T '

c l o s e :

(4.18)  f i r - , r  =, r*1 uo 
ur(3*g

z  b \ 4 )

where

( 4 . 2 0 )

I  (4.21) L (ar)  =2r2w[ct ' l * "1* ( r -u2 I  tx2- i , .?1

For the considerat ionswhich fo l low i t  is  conven- i -ent  to  cut

'  N '  ( t d )

(4.22) =..'+ = I;+-
L (a r )  -  

l l ,  (e r )

(4 .  19 )d . (a r )
. J

= S9- [' r, 3- nu 2 2F -+ a 2ril-] - *b z, 3 - *., 2F- *u 3, fi -]- iorann$-

w

a,@)=f{#;u, Ft - no *1.
*-Fo 

* 
- ffo 

#,j 
icrvo *].-rt 

(a')F 
dq
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where

t { ,  ( o )  =  , 2

N z  ! r )  =  t r

Since 1 <

. ( 4 . 2 3 ) 2 tF  i ( r -n i2 )  '  2M3 >  2M4

*'J

f o r  M  <  t  l ' r e  ob ta in  eas i l y  f rom (4 ,7 )

0

we sha1l remark that

l r* '  p(r-m2)-zm3f + o2(r-u2)-2w2w t

,V* ' -  6 (  r - r , , r2 l ]  
2-a*61 

*  z*2 o2 ( t - t " t2.)  .  
*

"lr*' - i ( r-r'r2 I -zona-l * 
[o,

By  seek ing

d isc r im inan t  A

t - t  , 1 2A  -  l o ' ( r - u ' ) l
. L - J

. . 2
=  1 2 M " o " )  ( r -

f ' 1=  
L o "  

( 4 . 7 ) ) =

o  (u r )

'  t ,-ou'1.'

5
Y t S l

f o r ' t h e  r o o t s  o f  N r ( o )  r

j - s  s t r i c t l y  pos i t i ve  :the

Then we have

( 4  . 2 4 )

where

= x
r , ( r r r )

,n=lzv?-i' ( r-ru2 1 *r*l 
- t

| ,, rr-*2, t'**-'lt1,i;i l 
t/ '11'* 

| L/2
^ r ,z= t= - - .  1

' 3  =  t  [ o2 t r -u ' l 7 tU* ' -  F ( r -p r2 ) - z *3J ] / '

)

tb* ' -  i ' ( r - ru2)  -2 t4- ]2-  
Bznz"  i ' ( r - r " r2)  ) ' -au6]1 =

3 -  )  -  ) ) 2
( p - M - )  =  p  ( 2 M ' a - ) 1lrMz) ( r - r" r f r l  =

^ , - r  - T  ' l - 4

f i+ ; f 'mtr -uzrJ > o

a

M ' )

n

fuz+^lJ - k2r[o (,) - l ' i t ]

,  k= {ztu2 1l r* ' - ; (  1-M2 )  -  2M3] } t  
/ '

( 4 , 2 5 )
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dnd,  accorq ing  to  (4 ,23)  ,

rad ica l  a re  pos i t i ve .

in  (4 ,25)  the  express ions  under  the

REMARK 4.L The gasdynamic c o n t e x t  r e l a t e d  t o  ( 4 . 3 )  h a s

the fo l lowing

we

ror

the line R.e. u)

pecu l ia r i t ies

do not restr ict

e v e r y  s e R  L h e

=  0 .

b

u  and  u ,  t o  be
r L

s ingu la r i t i es  o f

c l o s e
'F

iJ,r are plac.ed on

L E M M A  4 . 1  I f is .  fo  .  and r ( . , r )  =  t  [ f ]  then

( 4 . 2 6 )

( 4 , 2 7 )

2 * t )r' 
[tr* r'

t  
* 3 / 2

- ( 1 - M - )

-urt .r
a  f  - : . -  t r - t ' r'  

I + M  
* t 1 + M '

. 2  2
l E - s \
\. :T ,l

L / 2 1  @

l =  I
J

v

J t

z l
I
I
I

J,
- (

r /

s-Mr) f (ry) ds) dr
1-M-

t
J

Mt

l_-M

- u 2  )  
I

q $ ince

- z
K  { z )

L / 2

L / 2(b) - z
, r  ( z )  = 4 r y ,

L / 2  ( z n z ) ' t  "

we can calculate r)

-urv  - r r ( r2 t  gL/z
{ e  - e

'r T ', I/2
.K  t / 2 { i  "  I u i ' +  

1 )  +

J
V

]=  r  ,yz{$"
.> r/2- +  1 )

-ur 1u2+v
6

[ .

( '2+"

,  r / 2 1
-v- ) _J

J 1 ( u )

,  f  , r .Z
" l  L t '

r , r  l l=  f*J)

. o

- f

v

d u =2  
) L / 2

-trt t
e dt,

( t 2  - v2  ) r / z

X)  Y .S .  Grads te in ,  Y .14 .  R i  j i k  - - f  ab les  o f  i n teg ra l s  I  su lT t r l l s  I
se r j -es  and  p roduc ts .  5L "  ed i t i on ,  Moscoh / r  Nauka ,
1 9 7 I  ( i n  R u s s i a n )  t  p a g .  7 3 3 ,  6 . 6 3 " 7 .
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and further

I  v f ( v )  {  I
9 V

,, I 12-u2,t"1*;r;ryr- "
t  -Ms s-M'r ,---=, V= ---TJ

l -Mz  1 -M '

T

{ /
Mt

co

J g

o

us remarkr accor

I
oo -v 

lut':+ (ol

I  f ( v )  e  L

o

* t i  t

*  f  , r 2 ' r 2  , t / ' 1'r [1ff' I
#(s- t ' i t ) "( t ,  - s  )

. s  1$1a "  ]  d t
l - M o

ding

^ 1' + t )

t9

/ 2

( 4 . 2 7 )  t  t h a t

I
l -

( l v =

r " ,  1 r / 2 1

" ,  L(L"-v" )  I-€Tla4- e

( l t  - " r ' )  t t  '

p

u P.,* '' L / 2 1
) =

I

-vMtrt -vto 6

f ( v ) e  { e
v

. " - t t  d t l d v .

By  l emma 4 .1  i t  f o l l ows  eas i lY  tha t

( 4 . 2 8 )  r - ( t )  =  L
I

. I

du
r  l a -  t -

l | . t---Fi-

l o l t  t  
M '

T h e e x p r e s s i o n o f r p . t h e n c o m e s , u s i n g t h e t a b } e s , f r o m

( 4 .  1 8 )  ,  ( 4 , 2 4 )  , .  ( 4 .  1 9 )  '  ( 4 " 2 0  )  a n d  ( 4  '  2 8 )  '

_ f
M

t  
' 3 / 2

= ( t - M - )

However ,  le t

2 o t )

r  - - - .  r r ( u r ) t , * - l  -  t g  + r t r - s  r r
l I  f ( t ) e  *  d t 1 = - M - ' t - r t - v l
L O

ls  l  t  f .^2 n2. _ ur r t rr 'M r l  l (*- ]
i f f i
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4 . 3 " t*:Le*ti-?eg*_q t-+!*lr.!vJ**e ar* ?9ay,efl:egssgtes :.

I

T I { F i O R A I ' {  4 , l .  T h e  l i n e a r i z e d  p r o b l e m  ( 4 . 8 ) .  ( 4 . L 3 )  w i L h

da ta  f ron t  CO i s  we l l -posed  i n  th .e  c lass  C .

, {  r ' r o m  ( 4 "  B )  i t  a p p e a r s ,  r i s i n g  ( 4 " 2 8 )  ,  t h h t  f o r  d a t a  i n

Cn V and 1L '  are bounded.  The theorem then fo l lows by the Haar

e s t i m a t e s .  F
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+ B , q - 0
l - *

w i t h  A  a n d  B ,  c o n s t a n t  m a t r i c e s  f s e e  ( 2 . 3 )  /  ( 2 " L 0 )  / ( 4 , 8 ) ,  ( 4 . 1 0 ) l

T h e  e i g e n v a l u e s  1 . ,  , . . .  r r -  o f  m a t r i x  . A  a r e  r e a l -  a n d  d i s t i n c t .

Le t  P  be  a  rna t r i x  wh ich  d iagona l i zes  A  :

p - I a p  =  D  =  d i a g { l r r . " . r } r }

( 1 )

( 2 )

and

APPENDTX.
%

The.* I . Iaar  est inates {see for exampl-e

Let  us consider  the system

put  v=P*rq.  t4u l t ip ly ing (1 )  by  P - r  t o  t he  j -e f t  we  f i nd

f r n + a f r u

')

I

( 3 ) o *  
"  

+  B v  =  0 ,
- 1

B=P -BtP

L e t  u s  t a k e  t h e  p o i n t  ( l , r D  ,  n > 0  " . B y  i n t e g r a t i n g  ( 3 )  a l o n g

the  cha rac te r i s t i cs  we  ob ta in

d
* r/ J-
n !
d u

(E,z)  =s i  
fx ,  f  o

( 4 , t

| ' - 1 .Let  now Lx l ,xr j  b .  a  compact

r l a n n f - a  l n t r  n-o  the  c losu re  o f  t he

domain of  th is  in terva l  wi_th the

I V  + \ , Q . r -  -  1  / .  
- ]

\ z \ ,  ,  u 7  u u ,  .  - -  t  (  n ;  g = P  
- e l ^

. f  J  4 U

corresponden-

rea l  ax i s

the determina-

. a n a i  n r r { -

I.
'  8 ,2 ) ]

t
t ' n-  |  F  e .

J : - 1
o  J = a

O  f -  t Auri  l , \ i  \u

a c t e r i s t

where the points

ce  as  be long inq

O( g, z)

to the

and

char

? ) , 0 ]  a r e  i n

*=X i  ( t ;  E ,a )  "

erval  
: f  

the

e rsec t i on  o f

r i p  A  < t  1 q

. V ,
t t

i 5 t

i c

l . n t

i n t

) L

We

cy

H  =  m a x  l v ( Q ) l
QCD,

Let P (xR, tR) € r?

l v i  (  m a x
I<i<n

be a poirr t  at

I r i l

which lv  (e)  | reaches the
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a

value Denot ing

we  ob ta in  f rom (4 )

l v ( P ) l  - < l v  ( n ) l

=  m a x l g .

and fur ther

I t  g l l  _  =  max
Lx1,x27 l(  i -< n

s u p  l g . ,  ( x ) l
x e [ x 1 , x 2 l '  -

K = m a x l e . .'  l _ 1
L r l ,

= H < m a x
ls  i (n

+ n
.  f  v 6

( R j ) - J  ̂ ( Z
-  o  j = l

I tg l l  *n7KH
&t,* i l

|  , - .  I
l v .  ( R )  I  =' L

_  ,  - .  I
B+ _r  v+  )  d t  l_<

J t t l

usT tq) lt s I r** .. -1 , E t"1l = j=fu f or
\ ' >  

L  
I  t L 2 )

, r Jq n K

.  When 2>( I /nX)  the  procedure  has  to -be  repeated .  Le t  us  ad-

vance,  in  th is  case,  by  s t r lps  o f  b readth  L /2nK and para t le l  to

a x i s  t = 0 .  f n  s u c h  a  s t r i p  E Q ) < Z  s o  t h a t

( 5 ) 1 1 4 2  i l g t l < 2  l t g  t 1
f x1 ,  x2J

where  the  cons tan t  I {g l [  ma jo r i zes  the  i n i t i a l  da ta  (on  a  g i ven  i n -

t e r v a l ) .

The ment ioned procedure can be appl ied d i rect ly  to  the pro*

b l e m  ( 4 : B ) ,  ( 4 . 1 4 ) I  b e c a u s e  t h e  d e t e r m i n a c y  d o m a i n  o f  t h e  i n t e r v e

x < 0 ,  t  =  0  i s  t h e  w h o l e  r e g i o n  x < 0 ,  t 7 0 . ' I f  t h e  i n i t i a l  d a t a

a re  bounded ,  t hen  f rom (5 )  t he  so lu t i on  ( co r respond ing  to  then r ,

in  the domain of  determinacy)  j -s  bounded

T o  s t u d y  t h e  m i . x e d  p r g F l g m  ( 4 . 1 0 )  |  ( 4 . L 2 )  ,  ( 4 . L 4 ) . ,  
"  

\ , v e
l r J

n e e d ,  m o r e o v e r ,  t h e  e x p r e s s j - o n  o f  V .  I n  f i g . 2  w e  d e p i c t ,  j - n  s u c h

a case,  the curve which carr ies the in i t ia l  ( f i 'g  )  or  boundary (V)



' , i

t " , keeps  va l i d  . i f  one  makes  ce r ta in  m ino r  and  bbv ious  moc l i f i ca -

t ions reJ-ated to  the est imates correspondinq to  the points  of  d is-

con t i nu i t y .  The  boundedness  o f  so lu t i on  depends  now,  mor f tove r ,  on
s

the boundedness of t /  and ry t .

The  es t ima te  (5 ) ,  and  the  ana loque  es t ima tes  wh ich  co r res -  
'

pond to the mixed problem, have to be regarded as gg?L_Sgg1T3-qgg_

because  they  a l l ow  to  eva lua te  the  so lu t i on  by  means  o f  i n i t i a l

and boundar:y dat,a.

$


