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TENSOR PRODUCTS OF BUNCE ~ DEDDENS ALGEBRAS -
by
Cornel PASNICU

For each positive integer n>1, let C*(S(n)) be the C* - algebra generated
by all weighted shifts (with respect to some fixed orthonormal basis (9 ) >0 of the
Hilbert space H) of period n. Given a strictly increasing sequence of positive

integers p = (p‘{}, with p,. dividing kar1 for all k>1, the Bunce - Deddens algebra,

ey

denoted in this paper by Alp), is \J ¥ (C*(S:(pk)‘)r} (see [2]), where
Y : B(H)~+B(H)/K (H) is the canohicalturjectionkonto the Calkin algebra.

In this paper we give ﬁecessary and sufficient conditions for two
c* - algebras, each of which is the (spatial) tensor product of two Bunce - Deddens
algebras, to be stably isomorphic (see Theorem 2.5. below) or * - isomorphic (see
Theorem 2.6,below). '

The interest in this problem is motivated by the study of certain inductive
limit C* - algebras (see: [7]).

Let p = (pﬁ)(resp,@g__: (%4} be two strictly increasing sequences of positive

integers, with pk{resp. q,x) dividing P, (reqp Ty 1, for all A>1 We consider:

i Aiﬁ
C(TZ) QZI\/L M:i?a' C(TZ)Q{‘: M 5 "““"""33‘ @ o 9
plql & ZQZ
where each S\ . is an isometric * o homomorphism el
/l k fo 2 G "jlp e = q ; f@C(TZ) (where '}‘Ze?y (u,v)g'.;:;z(ur Fode /'pg.;’
k*k Pre1Pxq41

: Vq* it/ xmrTZ

).
Denote by Alp,q,( / )) the corresponding inductive limit. In [7] it was shown that
A(ng‘.,(z’gk)} is * - zsomorphic to the (spatial) C* - tensor product A(p)f‘lf,»A(q). So
that, the thecremgproved in this paper can be used to obtain necess sary  and
sufficient conditions for C¥* - algebras of the type A p,q,( 3] )) to be * - isomorphic

or stably isomorphic.

§1;

Let p= '(pn) be a strictly increasing sequence of strictly positive integers,

with P, dividing p for all n>1. Throughout this paper we shall denote by

n+1
underlined characters such kind of sequences (e.g. s ,pl, p?, )

s

Given p = r(pn), we shald introduce the notation

Glp) = i:"z.n/pnlm £7 0 - o }3



a subgroup of the rationals,

For i (pn)ac; = lg ) we shall write p/q if for every k there is a | such that
e 19 e i e

Py divides Gy

thnov 1 p/q and q/p we shall use the notatinn:

Sl -
Perqe
s
Let P denote the sei of prime integers. We shall note hy fip) the

generalized natural number canonicaly associated with p, i.e.:

ompos

f(p) _ :
P!;-)x{:.“éa.sup{n/(_g)i such that x divides piz € {0,1,2, b EU %’+ @«:’95 :

It is easily seen that:
f{gﬂ) = f(p) + f(_ﬁ) f(x )/:f(q)< > p/q

In particular:

PNq@%f( p) = flq)

We shall wutc.
£(p) £ f(q)
if there are strictly positive integers a and b such that fa.p)<f(b.q).

If (p)&i,f(q) and .‘f{si) ‘gf(};) we shall use the notations

£ )Nf\q) " ;

F.\-; ery strictly positive integer m will be alsg considered as a map
%:P««}{O,I,Z, =) §+ ooy | defined‘ in the obvious way. Note that
Bl S ) ‘
= If A a;:ci B are C* -~ algebras, we shall denote A®RB = A ‘\;«}?mﬂ

For'a unital ¥ - algebra A which has an unique trace state ¥, we shall
use the notation:

R(A) = { % (pl/p=p* =pPea]. _

We shall denote by K the C* - algebra of compact operators on a complex
separable infinite - dimensional Hilbert space..

The following theorem will be used in the sequel with no reference:

Theorem ([4], [5])

KoAp))= G(p)

K, (Alp)=Z § 2.

2.1. Proposition.

1«’0(15-,(}:’){};}[-\ (ﬂ)):ﬁ Glp-ql®zZ

K, (A()DA(Q)= Gp)H Glg).
Proof:

Since I{O(A(r))ﬁ G(r) and Kl(A(r))i?»’Z, K4 (A(r)) is torsion free.
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On the other hand, it is easily seen that A(}z) p= (pn)) is * - isomorphic

with the inductive li; mit of a system:
C(T) WMM“{’% (")\JM ;’;,_"w@ e

where each S‘“/k is a certain umfa] isometric * - homomorphism (see [2], prosfof
Theorem 2.)

So that, using these facts, by Proposition 2 4 and Proposition 2.11, from
(8], it follows that the Kiinneth formula holds for A @»;:;A(gm):

KoAp)@Alg) =
=~ (KO‘jA(D))QlPioxf&(il) JBE ADIEK, (AlQ)=Chp - Jpz

l(A-\lJ)u/A(C})) = ;

ARNEK, (A K, (Ap) @K (4()=G(p)&G(g),0.E.D.

2.2. Corollary

A(P)TA(g) is not homotopy equivalent with a W* - algebra or with an
A= alge{);a. 2

roof:

By Proposition 2.1., KI(A ’p)muA(i]h); is not trivial,

2.3. Proposition

A(p) @ Alg) has an unique trace state and:

R(A(.Ii) .MAEI{-)) = G(E : 2) 110,1]

Proof: _

Since every Bunce - Deddens algebra has an uniquétrace state (see [1]),‘ by
a joint result of J.Cuntz and G.K.Pedersen (see [3], Corollary 6.13) it follows that:
the same is true for A(p} &A(Q).

We denote pl\; q (;/pl\ ISy for k>1 and P19y = s;. Using a result of
P.G. Ghatage and W.J -Phillips (see [5], Lemma 2. 3(.}2mone obtains that there is an
imbedding of Am) A‘(.S. into the U.H.F. - algebra & Ms . It turns out that:

R(A(p) 8A(Q)R( 1::3;1 M, ) =Gl gino, e

Since the reverse inequality is obvious (for each 47 there is an imbedding

of a U.H.F.~algebra of type I into A(r) (see[2])), the proof is complete.

2.4. Remark.‘

Let us observe that:
ADICKFA(): K iff f(p)-~£lq).
First of all, since K -’.-%(p})'m"f(}(@), I(O(A(ﬂ))z(}(ﬂ), we remark that

I*‘ZTO(A (3)) ::'KO(A(S;]")) iff fgz)Wf'(ﬂ). <



Suppose A{p)EK=A ()& XK. It follows that I{O(A(p))s‘:’KO(A(q)) and, by the

o oy uren

above remark, I(B)f'*’}_ 1&).
If f(g).m-f:‘(g}, then there are strictly positive integers m,n such that:
m* pem - q.
which is equivaient.;ith:
Alm « pleAfn - g)
Using ([7], Re ;w:k 3.3.), it easily seen that:
Alm - p)= AIBEM _, Aln - D=EAQEM
We deduce that: ; %
A(p)ﬁgM = A(q)'r?

e m

which implies that;

AP)WK=AlQEK.

2.5. Theorem

We consider Ai‘zA(pi)', B, = Afq,) (i=1,2). Then, the following are

i
equivalent: B
(i) AW/AZJZK--«Bl&m BK
oo &
() Ky (A} DA =K, (A, 84,)

(iii) there ¢i¢a permutation ¢ of {1,2?;‘ and strictly positive integers .y
ni(i = 1,2) such that: '
m'P"‘ q(d()(i—»lz)
(iv) thme is a permutation G of {.1,23 such that:
DKERB o T i o= 2
Aig.,yK «C?’(i)g* K =12
Proof:
(if)=p (iii). Using Proposition 2.1. it follows that there is a group
isomorphism ff = a..).z. :
g Arnipl el z
= (b..).". 1 where the bij’s belong to Q. It is easily seen that there
b

Tl =
exists a permutation ¢ of {1,23}’ such thats

G(pl){f‘ng(p,)o«:;xG(q])@G(q?), where the aij's belong to Q.
-t —i ebde

We consider §

)i % gm0 =
It follows that:
f(Pi)"’f(q {,"”(i)) (X = 1,2)

or, equlvalcntlv, there exist strictly posmve integers m;, 1, Ge=1.2) such that:
" Py, qg() =] e
(111)-;}(iv) is a consequence of Remark 2.4.
Since the implications (i)=3 3 (ii) and (iv):_.;",v;‘(i) are obvious, the proof of
Theorem 2.5. is complete.
2.6. Theorem

The following are equivalent:

@A lp,) "‘.,,A(ZZ) =A wh ) &A (12“)

o,



T H

o &:} <
O el ¢ .
and-therediea permutation ¢ of {1,279 and strictly positive integers m,, ni(i =1,2)

such that:

THurese P TYIC i i = .024
i 1?‘-.;’_‘;1; { 1,2)
Proof:

(i)= (i1) follows from Proposition 2.3. and Theorem 24
(ii),;;;, (i). Suppose (ii) is true. Then, there are .t:‘i (i =1,2), finite subsets of

P, such that:

fdgi)(x), (g )0 € 400, x ¢ 3 ii=1,2)

Py e

Let ay, bi (i = 1,2) be strictly poultlve integers such that:

e— wl

i i x)gxé;F\F
OX)P(F UF’Q‘ o

(pz)( %) ~ f( 4}'{2))“{)’}{ éF,

T ) +

)x), x € F \F
L? \c;QP\’P “’“‘711 12

It is easily seen that:

. f(Pi) = f(q C"’(i)) + ai = bi (= 1,2) :
ands = ' :
o b

Replacmg each g with a subsequencé, we may suppose that:

£
1

i I (:w(]) (i = 1.,2)
where i‘ = a b (i = 1,2), which implies tlut
: A&v\ ot - .
MP1) Waln) = A, capg @Al . Le)
But, by the Theorem proved in [7], one can easﬂy obtain:
1 Ca .

ey

In conclusion:

Alp) S AD,) TAl)) IA(,)

o
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