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TEttIsCIR pRonucrs sF $ul,ircE * r)trp$ENs ALG$BRA$

by

Cornel tr)ASNICIJ

For each posit ive i i r teger n)1, let  C*(S(n)) be the Cr -  algebra ge,nerated
by al l  rveighted shif ts (with respect to sorne f ixed orthonormar basis (*,o)ro>0 of the
I l i lbert  space F.I)  of  per ic 'c l  n.  Given a str ict ly increasing sequence ort ior i t l r r*
integers p = ( f i " i ,  wi th p,-  div iding pknl fo" al l  k)1, the Bunce - Det ld.ens algebra,
denoterl in this paper by A(p), is t t?fffi (see tzl), vuhere' !  

:  BG{)^ar 'B(H)/K(H) is the 
""r ,oni .al lur ject ionLnto 

the calkin algebra.
In this paper we give necessary ancl suf f ic ient condit ions for two

C* - algebras, each of n ' i r ich is the (spat ial)  tensor product of two Bunce - Deddens
algebras, to be stably isomorphic (see Theorem 2.5. below) or r  _ isgrnorphic (see
' Iheorern 2.6"below).

The interest in this probiern is motivated by the stut i .y of  ccrtain induct ive
l i rni t  C* -  algebi.as (see [ i ] ) .

Let p = {psi{resp.q = (Qit)  J:e two str i 'ct ly increasi i rg sequences of posi t ive
in tegers ,  w i th  F , . ( resp .  c1r )  d iv ic l ing  p1* i ( resp .g t * t i  fo r ,a l l  k )1 .  we cons ider :

c('rz)sr,{* - 4t" c(Tz)or,,r 4r" 6 o s
r '1'11 PZTZ

js an isometric :s

&1-  ^  , f €c (Tz )  ( v . , he re
t 'k+ L'l l i-r.1

- ironromorphisrn such

rz* (,r, rrl&Lupxu I lP6,
that

\ .
P , . 9 r - '  

- '
A T \

was shown that

A(p)&A(q).  so
necessary anrl

*  -  isomorphic

where 
"""rr- -/L u

4,,{ t " t f lpf ,$t

O l ^ 1

1/ 
' 'dt'l / 'J gJ € Tt).

Denote by A(p,q,( l tu))  t i t*  correspont i ing induct ive l imit .  in [?]  i t
a(1,1,{ : '3n)) is-* i -  i$morphic to the (sparial)  C) ' .  -  tensor product
that, the thecr-qnriproved in trris paper can be usecr to obtain
suff ic ient c.ndir ions for cx -  algelrers of the type Atg,gk1,.))  to be
or stably isonrorphic.

9 i .

Let p = (prr)  be a str ict ly increasing sequence of str ict ly posir ive integers,
with I t '  d iv iding Fn+1 for al l  n)1. Throughout this paper lve shal l  delote b,/
under l ined  c i ia rac ters  such k ind  o f  sequences  (e .g .  e , r rp1 ,  p2r . . . )

Girren F = ,(prr), rve shal{ introduce the ,,otil i*; 
*

c(p)  =  f ,  in lp jn :  €2 ,  n  =  1 ,2 , .  .  . i



* , t f *

a subgroup o f  the  ra t i  o l :a l$  .
/ r'  For p = {F'^),4 = {q..) we s}reli r,;zrit<+ p/q if for errery k there is a l such that

p, tlivides r-r,.* 
rr' '*-' "i:

- r( ").
Whenever J:/q and e/p l,,re $ilnl.l r.rur tlre notati,rn;

3-g'
Let p denote t i re set oi  pr i rre iniegers" we .shair  n ' te rry f ip) the

general ized natural  nuniber canonicaj  , ,  associated wit l i  p,  i .e, :

f (p)
P gx sesup{ ni(}) i  suctr that :<n divides

I t  is  eas i ly  seen that :

3 LJ i+ **]

fEg) = f(p) * f(g); f(p)<r(q)<=> p/g
In particular:

p*q€*f(p) = f(q)

We shal l  rvr i te:

t(p){.r(q)
I

i f  there are str ictLy posit ive integeis a. and
If f (p)4f 

I a.ri* f irf .(f h) rve str;itl
1(p)n,f iq)

a
D . \' l 6 t

i :  sucir that f (a+)qg(U.$.

use the notation:

niury s*tr: ici ly pasit. ive integ.cr m
ie

m:P- - !10 ,L ,2 , . . )  U  { *  * }  o  c le f i ned  i n
f P * 6 = r ( m . p .

wil.i be also considerecl as a- map

the obr" ious way. I$ote that

sh. s.
i n1n

s ta te  S ,  we sha l l

I f  A and B are C'r  *  algebras, we shal l  denote ASB = A
For a unital  C* -  algebta, A which has an unique trace

use the  no ta t ion :

h / ^ \  
(  '  

' '

t t (A /  =  1 '6  (n ) /n  =  p*  =  p 'ga  J  .
we shal l  denote by K the c* -  algebra of compact operators on a comnlex

separable inf i rr i te -  dimensional Hi lbert  space..

The fol lowing theorem wi l l  be useC in the sequel r , rr i th no reference:
l&e*rern U4l, tsl)

Ko (A (p)))x 619
Kr (a tpy l a2  

$  2 . ,
?.1" trropositicn.

td -. {A {n)fl;iA (q)).* c(p . q)S zu  ' ; *
K1 (A(p)€A(q)).s cg)S c{gl.
Procf:

S i : rce  K0(Ag) rG( r )  and K l (A( r ) )  
"_Z, t  K* (A( r ) )  i s  to rs jon  f ree .
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on the other hand, i t  is eaciiy iern that A(p) (p = (p-)) is * - isomorphic
i l

with the induct ive l i ;n i t  of  a system:

C(:f)fit\t. J:+ C(T)riiri,r jq* * G u
;  Pt  ' -  " ' r r .

rvhere each oo is a certain rui i far isometric * * honromorphism (see
Theoreno 2.)

So that,  using these

[B],  i t  fo l lows that i l re Ki inneth

Ko(A(p)#A(q)? *
* (xs{A Q ) t: K o 

(n (q) ) ) .i:l (x, (s tpl t,;3K, (A (q) )) s c (I . q) {bz
x, (a{i:l,sa(d) x

facts,  by Froposit ion 2.4,a:rd

f,rrmula holds for A(p),SA(q):

[2], proc,fbf

Proposit ion Z" 11, f rorr :

x (t<sfl p ),.ii I( r {a (qt ) t {s (x 1 G (g) ) :p K o (A (qy 1 1 * c (p) e c (q),e" E.D.

state and:

Prsof:

Since'every Bunce - Deddens algebra has an rrr iq, , i f t race state (see [1]) ,  by
a joint  result  of  J 'cuntz and G.K,Pede: 'sen (see [3],  coro] lary 6.13J i t  fo] lows that
the  same is  t rue  fo r  A(p)S-A(q) "

we denote  oo- ,  oo l /p6a i .  =  nkn ,  fo r  k ) l  and p1g1 =  s r .  Us i 'g  a  resu l t  o f
P'G' Ghatage and w.J.Phi l i ips (se'e i5l ,  Lernm a 2.3.) ,one obtains that i l :ere is an
imbeclcling of A{pJr:}A(q) into the U.I-I.F. - algebra ffi 

"^ 
. It tr:rns or.rt that:

n(a(n)eatqlLar if no_ ) = G(p . nln io,ll:t "t
k= 1 ol,

s ince the reverse inequal i ty is ohvious ( for each f  there is an imbeclcl ing
o f  a  u .H. I r . -a lgebra  o f  type . r  i ' ta  A( r )  (sce [z ] ) ) ,  the  proo f  i s  comple te .

2.4. Remark.

Let us observe that:

a( lJOxrxA(q)S K i f f
First  of  al l ,  s ince

2"2. Corollary

A(p) 'sA/,cJ) is not homptopy equivalent with a w* -  algebra or with
A.F. -  algebra.

Proof:

By  Propos i t ion  2 .1 . ,  K l iA( l )eA( , t )  i s  no t  t r i v ia l .

2.3" Proposition

AHeA(g) has an unique trace

R(Ag)isatqlt = cg . q) f l  t0,t l

r(p)"*r(.cl).
K, ,  {A ( i : ) ) *  G  {o ) .

L , l  . : ;  ' i '

I';0fu\ (pJ) xKO (A(t)) if f f (p) *,f (q).
Kn(A(q ) ) sG(q ) ,  r ve  remar l t  t ha tu  *  : 4 .
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Suppose ,t ir)s6*6(q)4gn" Ir. follows that ro(A(gl)*K0(A(g) and, by the
above remark, i(p)*i{q).

I f  f  (p).*"f (q), then there are st:: ict ly posit ive integers m,n such that:
m  ' p r u n .  q .

which is equivaler,* i,lrt.,,

a(nr  .p le*A(n .  q)

using it t l ,  ***Jk 3.3.), i i  easi iy seen ttrat:
A(m ' -d*A{PeM*,A(n .  q)*xa(q)6M'

We cleduce that:  D
A(p)SM# A(q)SMn

which in:pl ies that:

A(p)&KsA(q)Wr<.

2.5. Theorem

We consider ar'= A(pi); Bi = A(q) ( i  = l ,Z). Then, the fol lowing are
equivalent: *

( i) At @Ar@rc": B1 {$BZSK
( i i )  K i  (A1 rgAz)  sKr  (A1{SAZ)

(i i i )  therecrsa permutation c- of . [ t ,2] *a str ict ly posit ive integers mrr
nr( i  =  1,2)  such that :

mi 'P i . ryn i  '  e  Cf i t  
( i  =  1 ,2 ) .

_--.:,
( ivJ there is a permutat ion

A,Er*u, f ( i )&K ( i  =

Proof:

{  o f  { f  ,Z }  such tha t :

1,2)

( i i)+(i i i ) '  u-sing'Prop'sit ion 2.i .  i t  fol lov,rs that there is a group
isomorphis tn $ = ( " , j ) ,1 i r r ,  c(pr)SG(r2)-+G(q. ' )SG(qr) ,  where the a._,s  betong to  e.
we consid e, 6-r = lt;i i;1, ,i l".r* t# n..,, *ron, # a. rt is easiiyt'.; that there
exists a permutation r l  of t i ,Z l  such that:

" f ( i ) i :  
o i  

r ( i )#o'  
I t  fo l lows that:

f  (pi)- f  (q 
r( i ) )

(i = IrZ)

( i  =  1 ,2 )

m' n.( i  = 1rZ) such that:
or, equivatiltty, ihffi exist strictly positive integers

, o i ' P i , - n . ' q C ( i )  ( i  =  1 , 2 )
(ii i)$-fiv) is iGisequence of Remark 2.4.

Since the impl icat ions ( i )A ( i i )  and ( iv)g( i)  are obvious, the proof of
Theorem 2.5. is complete.

?,.6. Theqrenr

The fol lowing are equivalent:

(i)A (py' SA (pz) sA (q1 ) &A (qz)



and.

such

( i i )  p1 'pz*{ t  .  9z
thereorripe'ffiutTtion? of t t,z ) ana
that:

mi 'P i^ 'n iQ. ; - r i t  ( i  -  l r? )

Prooii
( i)4 ( i i)  iotto*,s from proposit io n 2.3. and ' frreorem. z,s.
( i i)S ( i) '  suppose (i i)  is true. Then, there are F, ( i  = 1rZ), f inite subsets of

P, such that:

t ( i l (*)  = f(1{$)(x),  xq ptF. ( i  = I ,Z)
f  (p t ) (x) '  t (o"L, i ) ) (x)  (  + .s ,  *  €Fi  ( i  =  1,2)
Let arr bi( i  = 1,2) be str ict ly posit ive integers such that:

(pt)(x) * f  (r"1ry) (x),* €Fr

f !hL(")_. fjt,rrzr)("), x ( Fr\F1
,  x{Pr(FrUFf* '
(Py'(x) - r(q;r,z))(x),x sF,

r(11(x)-_+ f(q Cr,1)(x),  x €F1\Fz
r xf,pr{i;'rU Ft*,

strict ly posit ive integers ln,r n.( i  = i  ?\-  - ' i ' " i \ '  -  r t o ' '

I t  is

andl

i t"t - il", t"l

iS"t -4r"t

easily seen that:

f(p;) = f(o 61,y)
r y H

n u i - b . ( i = 1 , 2 )

n
f r
I
I

=l
f-
l u

f
I

=.1
t -
I
t9

^r'^z = br'bz.
Replacing each q. ,,vith a subsequence, we may suppose that:

1-r:; kg) 
(i = 1,2)

where tr i t= t ib i  '  ( i  = 1,2),  which impl ies that;

A(pr)Sa br)xa( r. '  .  grrr)) ,gA( r;1 .  Q ,. , . , , )
r,iil uv thElTheore* p"#;o in [?], ;"" #asily obtain:
A(  r ' iq , i (1) )sAt t  r f  

l  .  q  s , (z) )sA(qr)s lA(qz)
In conclusion:

a(n')Sa(pr) sA(qr)5la(qr) r
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