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ON THE ASY}4PTOTTC STABILITY OF' THIRD

ORDER AND THIRD GRADB FLUIDS

by

Victor  T igo iu

O. INTRODUCTION

I n  t h i s  paper  we  con t i nue . the  ana lys i s  conce rn ing

th i rd  order  and th i rd  grade f lu ids which has been star ted

r ' ?
in  I fJ  by some considerat ions on thermodypamics rest r ic t ions

and on the ex is tence of  the f ree eneray.  This  problem has

been  a l reac1y .  cons ide red  by  Fosd ick  and  Ra jaqona f  IZ ]  bu t  i r r

the i r  paper  they have exmployed a par t icu lar  hypothesis  which

f i na l l y  l eads  to  some d i f f e ren t  conc lus ions .  Th i s  hypo thes i s

re lat ive to  the ex is tence of  an absolute min imum for  the f ree

energv  on  equ i l i b r i um s ta tes  p lays ,  €ac i te i v ,  t he  ro le  o f  a  s ta -

b i l i t y  c r i t e r i on  i n  I  Z l  .  I n  ou r  cons ide raL ions  we  sha l l

employ a d i f ferent  and more generat r  s tab i l i ty  cr i ter ion '

r. STABrlf rY CRTTBRTON AND CORR"EjSi]9NDJNS

99ITSPJJ"UJJ V.L EE g.gF I-911 9T{g

The  p rev ious  men t ioned  c r i t e r i on  ( see  fo r  examp le  I "M t i l l e r

|: :1 .
l J t )  r s :
t - . J -
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( 1 . r ) i" 'rdx * o

for  a l f  ?q i ) .  ,  where- f l - is  the f lu id  domain and ^{ '  j -s  the res-

ponse funct ion of  the f ree energy

Genera l ly  the notat j -ons are the same as in  I  t l  '  Employ ino

the balance equat ion of  l inear  momentum and rest r ic t inq the

a n a l y s i s  t o  t h e  c a s e  o f  i s o t h e r m i c  p r o c e s s e s  w e  s e e  t h a t  ( I " I )

is  eQuiva lent  to  the Clausius-Duhem inequ.a l i ty  wr i t ten O'n ho-

mogeneous  and  i so the rm ic  p rocesses .  Tha t  i s ,  we  can  wr i t e  t h i s

condi t ion in  the loca1 form:

( 1 . 2 )
'l

3 *  - i r  A 1  s 0

fu Is'+.
3

Now we

t i o n  ( 4 .  1 8  )

g rade  f l u id '

i den t i ca l lY

sha l1  cons ide r  t he  pa r t i cu la r  case  o f  t he  re la *

f rom I  r l  which g ives the f ree enerqy for  a  th i rd

namely v ,zhen the funct ion g f  rom (4 '2A )  is

n u l :

( A 1 r A 2 , g ) F t  l e  )  A r ' A 2 F :  ( o  )  A i ' A ?  +( r . 3 )

where as we have denoted in I  r ]  ,

energy on viscometr j -c mot ions '

then:

( r . 4 )

i sothermic Processes and

1  )  and  the  cons t i t u t i ve

o ( I  ( 0 ) A r ' A r

where we have emplo ied the re la t ion

rest r ic t ion (3 .  19 )  4  
' f  

rom !  
t l  '

o ^ V
)

a
I
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l

' 'Ai
r a c - U' 5  t . o( o ; o )

An e lementarY ca lcu lus shows u s  t h a t  i f  ( 1 . 2 )  j - s  t r u e

. ) t _

?rAr  'A2-  (  F  r *  P z*  P a)  A i  'Az- iAAr 'Ar  (  u

t
"ir

I
2
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The  inequa l i t v  ( i . 4 )  mus t  be  va l i d  f o r  a l l  A r ,AZ€  S l ' i n f t f IS i '

> t i n q  A - = .  A Y ,  A ^  =  l X ,  w i t h  s r l €  R  a n dSo  by  a  c lass i ca l  \A iay '  deno t i ng  A I= .  AY '  - -Z  - - - .

Y,X e SLin(ng ' , \n  and employ inq the const i tu t ive rest r ic t ions

( 3 . 1 9 )  f r o m  [ f ]  w e  a r r i v e  t o  t h e  f o l l o w i n g :

ggggg-.}.! .  Tn order that a third grade f luid obays the

res t r i c t i on  (L .2 )  on  i so the rm ic  p rocegses  i t  i s  necessa ry

tha t ;

( 1 . 5 )  P r * F z * F t = o F

!E$$$$-IJ.  The restr ict ions ( I .  5 )  atrd (3 '  19 )  t  , ,  
f  rom

I f t r  w i t h  t h e  r e l a t i o n  ( I . 3 )  a r e  a l s o  s u f f i c i e n t  c o n d i t i o n s  f o r

t h e  v a l i d i t y  o f  C l a u s i u s - D u h e m  i n e q u a l i t y  ( 3 . 5 )  f r o m  I f ]

wr i t ten on isothermic and homoqeneous processes6

REYSF{="f-: 3. From the above results we see that t 'he

stress response funct ion for  a th i rd qrad.e f lu id is qiven

wi th  necess i ty  by  the  fo l low ing  re la t ion :  . '

( 1 . 6 )  T ( x r ' g ) = - p r +  F A . , +
/ L

r- F ^ l  A - - (\  J L  J

a( r  (Az-ol l  -  P , [or-  (A2A1+Aror)1

af tar lt r

w i t h f 2 ' 0  a n d  P z * P : l 0 w



2, ASSYl. lPTOll l-C STAJIILITY FlIr A THIRD GRADE ItLLlrD**-.*T

The fact  that  the nul  f low must  be asymr: to t ica l1-y  s table

seems to be a necessi ty  for  t i re  nechanj .ca l  behaviour  of  a  f - l "u id

body .  I n  t he  fo l l ow ing  o f  t h i s  sec t i on  we  t r y  t o  g i ve  Lhe  con*

d i t i ons  i n  wh ic l i  a  t h i rd  g rade  f l u j "d ,  ds  i t  has  been  desc r i ' } : ed

on ly  f rom the  cons t i t u t i ve  po in t  o f  v i ew ,  rea l i zes  th i s  beha-

v iour .  As we have ment ioned in  the in t ror luct ion the subiect '

f i r s .L .  has  been  d i scussed  fo r  t h i rd  g rade  f l u ids  i n  t he  paper

tZ l  and  fo r  second  g rade  f t u ids  i n  t he  paper  o f  Dunn  and  Fosd ick

[41 .  The mathemat ica l  technics which we eurp lo 'y  is  (as in  the

above  c i t ed  papdrs )  a  c lass i ca l "  one '

we consider  a domainJ)-  wi th  f ixe,L boundary occupied b 'y

\
t he  f  l u i , l ,  t he  body  be ing  mechan ica l l y  i so la ted  and i l r su la ted

which impl ies that  the balance equat ion of  l inea: :  rnomentur t '

mul t ip l igd by the ve loc i ty  tF and in teqrated overJL can be

wr i t t en  i n  t he  fo l l ow inq  manner :

l

\  T ' l ,c lv  = o
J

-sL

r e l a t i o n  ( I . 6 ) ,  s o i n e  l e n o t h Y

c J i v e s  u s r  f r o m  ( 2 . 1 ) :

3fg * \ \N',\'* T:t\ *ri \
2- o.i 3 .L

(  , l  " Z
.(Srp,)\ t i l ,  - (Nr'.-r\ ' \r)\ =" s

*>h

where we have used the incompress ib i l i ty  condi t ion and the

adherence of  the f lu ib  to  the bounclary '

( 2 . r )  i l S  v ' v d v  +
rL

ErrrPloYing the const i tu t ive

but  s t ra ight forward comPutat ion

o . i  \  \ A , \ ' -
-SL

{ \ u \ t " r
ov L" _d_( 2 . 2 )

\ 
\ h,\\

l L -

F-'tQ:

We sha l l  deno te
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(2.3) E(r) =!,"f " frlrn,'l-Yf tfo-\'- t"*lr.Hl

and we want  to  th ink the funct ion E as some energet ic  mea'sure

of  the f l -u id .  I tTe sha1l  see at  the end of  th is  sect ion the

condi t ions in  which t ,h is  funct ion can be thouqht  as above.

For  the moment  we observe that  due to  the const i tu t ive rest r ic-

t i ons  l ^  : 0  and  i 3  . *  F  .  >  0  we  have :
/  \  z  \ J

( 2 . 4 )  E ( t )  !  o

f o r  a l l  t  e ( 0 , € ) .  I t  f o l l o w s  t h a t  E ( t )  i s  a  d e c r e a s i n g  f u n c -

t i o n  a n d  r h a t  E  ( t )  (  E  ( 0 )  f o r  a l l  t  q  ( o , F  )  .

I f  we suppose that  the in i t ia l  per turbat ion has been

created wi th  a v iscometr ic  mot ion and that  the mot i -on in
? .

con t i nua t i on  rema ins  v i scomet r i c ,  t han  t rA j=0  and  A r -A t=0

and so

(  n  c ( ,  (  .( 2 . s )  n r r ( r ) =  ) n " t  "  * #  ) l a r i  
'

-l)- u .c7-

which j -s  an energet ic  measure (and is  s imi lar  wi th  those ob*

r- 'l

t a i n e d  i n  L 2 l l .  T h e r e f o r e :

( 2 - 6 )  i , , { t ) : O

'  f o r  a l l  t  e  [ 0 , € )  .

We  cons ide r  a  v i scomet r i c  mo t ion  i n  t he  p resence  o f

a conservat ive body forces f ie ld  j -n  a f ixed r iq id  domain

f i -  ( v l - ^  = 0 ) ,  a n d  w e  w a n t  t o  i n v e s L i g a t e  i f  t h e r e  e x l s t s.  oJL

E € Rn so that
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E v ( r )  +  q  E v ( t ) g  p

&

For th is  we remark f i rs t  that  for  a l l  (  e  R*

- 3a:r-Y-* !t^rt 
n- 

)^l'or' 
'n ,,\ 1"1 '.$ !

- r r  - c L  
' i  " ) s Y

Since v \  -0  there resul t '  (Fr iedr ics inequal i ty)  that
Fo_cu

there is  a  constant  c  € R* such that

T a k i n g i n t o a c c o u n t t h e c o n s t i t u t i v e r e s t r i c t i o n s i t

resul ts  that  the necessary and suf f j  c ient  condi t ior r  for ,  the

r i gh t  hand  s ide  o f  t he  i nequa l i t y  (2 .8 )  be  nonpos i t j ' ve  i s :

( 2 . s )  E  (  ' .  1+  sc )  Lz  s t

T h e r e f o r e w e h a v e p r o v e d t h e f o l l o w i n q t h e o r e m :

:rygRF-lf-}.I '  Let the cannisLer viscometric f low of a

t h i r d g r a d e f l u i d b e - m e c h a n i c a l l y i s o l a t e d f o r a l l t > 0 . T l r e n

there exists 
'6 

e R+ such that:

t  o - r i 2 ]

\ r r r t ' . " \ \ 4 . t 2
J \ ' ,  : * J  ' - ' I r

d . c t -

a n d  f r o m  ( 2 . 7 )  w e  h a v e :
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( 2 . I 0 )  n _ _ ( t )  +  E  l l  { t ) a  0
V '  

'  a  - - V ' * r +  
Y  '

w h e r e  E  i s  d e t e r m i n e d  b y  ( 2 . 9 ) W

We shal1 prove that  th is  theorem te l ls  us t -hat  the c&nnj -s-

te r  v i scomet r i c  f l ows  o f  a  th i rd  q rade  f l u id ,  w i th  d r )  0  {wh ich

is  an usual  hypothesis  based on the exper imenta l  data g iven

.  f o r  examp le  i n  [ s  ,  6J  a re  asympto t i ca r l v  a t  res t  ( t ha t  i s

the  nuL l  f l ow  i s  asympto t i ca l l y  s tab le ) .  Fo r  t h i s  we  obse rve

t h a t  ( 2 .  1 0  )  i m p l i e s  :

( 2 . r r )  E v ( t )  {  E v ( o ) e -  E  t

a n d  i f  d r  )  0 ,  t h e  d e f f i n i t i o n  ( 2 . 5 )  g j - v e s  b c t h

and

( 2 . 1 3 )  o  - . ( l a . l 2 a v < ? t , u  ( o ) e - E t
) '  j '  \  c { . ,  v '

JL

As in  [21 rn can obta i -n ,  by means of  the same knowrr

technique,  the lower bound of  the posi t ive def in i te  funct ion

E  ( t )  .  Fo r  t h i s  we  cons ide r  a  pos i t i ve  func t i on  X  t t l  and

we  eva lua te :

( 2 . r 2 )  o  S  I t r r l  
z a v { E v ( o ) e - E t

-CL

(2.14)  ; rv(r )+ , , \ ( r )E,r ( r )= -  
tLf  

-  I f rgt l  
\  fo , f i - r  x t r r  i  tu i .  *

B , t B " f  . :  t .  

*  
* . r

- W \ rl,-twAr-AN)f- q+ \ tul*
5 ; i  L : i L
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On the other hand we observe that on Viscometr ic f lows

\ir- (wAr*Arw,\1 * lorl 
n

and so we have

zPi -{tvt ' ')
( 2 . I s )  B - , ( t ) + A ( t ) E , , ( t ) z -  - - : s  

) l o , t 'v .  v  4 \  
_ e L

N o w r  w € , c h o o s e

( 2 . r i l  x t t l = * ; Q f *  t ( t ) )  ,

where ' )  ,R+ -R* is  def ined.  bY

( 2 . r 7 ) \ l o r t  
* = l u ,  ( x r , t , \  '  

1  l a r \ 2  ,
r . ' c t

$  ( L )  = $ o \  a ,  { * * ,  t )  \

x*  wh ich  appears  i n  Q .17 )  i s  a  po in t  i nSL 'whose  ex i s tence

is  guaranted by the v i r tue of  the mean value theorem for

in tegra ls ,  and ' . )  
oG R*  is  such tha t  i  o -  

(  t  z *  P  3)  
I  O '

Now we are ready to state the fo l lowinq:

f ,Hqg"RFyl *L-a. Let the 
'cannister 

viscometric f low of a

th i rd  grac le f  lu id  wi th  d t  )  0  be mechanica l ly  iso lat 'ed for  a l l

t  : 0 .  T h e n

( 2 .  1 8 )  E v  ( t )  l o  ;

f c r  a l l  t  and  the re  ex i s t s  X ( t )  c  R*  such  t ' ha t :



( 2  .  1 9 )

Proo f .  W i th  the

b e c a u s e  Q . f 9 )  r e s u l t s

cho ise  fo r  - J  
o .  

F rom

( 2 . 2 0 )

and  so  f r

fo l lowing

i ,
Er,  ( t )  2  Ev (o l  * ' -  ) .^  (s  )  ds

I f  w e  o b s e r v e  t h a t  f r o m  ( 2 . L 7 ) ,  a n d  ( 2 . f 3 )  w e  h a v e

precedinn remarks the

f r o m  ( 2 " 1 5 ) ,  ( 2 . 1 . 6 ) ,

( 2 . L 9 )  b y  i n t e q r a t i o n

s

proo f_1s  immed ia te

( 2 . I 7  )  a n d  t h e

we have

obta in the

2 q  J . ^  - Y .  +
n  ( t ) ( t * u " ( o ) e  a e

a s imple ca lcu lus led us to  the fo l lowing conclus ion

H: E.,to) 
*- t *

( 2  , 2 r )

f o r  a l l  t  e  ( 0 ,  * )  ,  w h i c h  i n  p a r t i c u l a r ,  g i v e s  ( 2 . 1 8 )  
E g

RBMARK 2.L.  Usj -nq the Fr iedr ics inequal i ty  we have

e . ) z t Ev (t) r r.+ftr t iarr 2
s-

o m  ( 2 . 2 2 )  a n d  t h e  T h e o r e m  2 . 2  w e  c a n

gru:*. bounds for v and Ar:
- $*E*..e.)- lAt ( ,

+ E.\e) e- 
('- o n "r' '(. \ t n,tt (

d,t25c c)

t +
\  

-  
\ !

\'v\'-{ L,"f"l e

* E**, JE*

o ( \
-Sl-

( 2 . 2 3 )
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These resul ts  a l lor^r  u .s  ta  conclude that  in i t ia l  d is tur*

bances cannot  d isapear  at  any f in i te  instant  o f  t ime i r . r  such

flows *

Now we star t  the analys is  of  the crenera l  case of  i i r terest '

wh ich  means  tha t  we  sha l l  cons i f , e r  t he  genera l  exp ress ion  (2 '3 )

f o r  E ( t )  a n d  f o r  ( )  0  w e  s h a l l  e v a l u a t e :

b t t l  + 6 8 ( r )

Wi thou t  t he  use  o f  t he  res t r i c t i on  (1 "5 )  bu t  t ak inc r  i n to

accoun t  t he  cons t i t u t i ve  res t r i - c t i ons  (3 .19 )  f rom I r l  a f t e r

some st ra ight . forward computat ion we obta in:

(2.24) b rt l+ q n (r) = 
i l t , \  

*[+-, ttr,rf,-\rh.f -uH*'\rn.tq -i t \r*,t ' ]
'$- JL "-cL

* q\ rvir - 
trlton- t 5[lA1\L* =- €IkR I

t - rs I r- 1t*'.s*)]:\A.\L* H ry'ria 
1L:1Y'$r,.1

and  where  we  have  a l so  used  the  F r ied r i cs  i nequa l i t y '  We  sha l l

r ea r range  the  te rms  in  (2 .24 )  and  we  sha l l  i n t roduce  the  new

funct ion

r D .  f  . :
( 2 . 2 s )  F ( t ) = n ( t )  

* \ r u . i '

i n  t e r m s  o f  w h i c h  ( 2 . 2 4 )  b e c o m e s :



' 4

( 2 .2q  r ( t )+ ' aF ( t )  E  - ' * L r -p  -e , (a .+3c ) *a ' p .1  
\ f + " i o *r - s * t  

- o
' 3Q , tL13z  

(  ,  r 3 .+ E _-^ -*-- \ +.Ni
5 Q J' -sI-

'  f f  we  res t r i c t  t he  ana lys i s  t o  the  c lass  o f  t h i rd '  g rade

f tu ids  fo r  wh ich  3  P r+2 [u2=0  
(wh ich  i s  a  su f f i c i en t l y  genera l

one )  we  See  tha t  a  necessa ry  and  su f f i c i en t  cond i t i on  fo r  t he

e x i s t a n c e  o f  a n  u p p e r  n u l  b o u n d  f o r  t h e  f i r s t  t e r m  i n  ( 2 ' 2 6 )  i s :

. ( 2 . 2 7 )  & , e  ( o r @ l
4F,

-  1 1

w i th  th i s  cho i ce  fo r  4  the '  f o t l ow ing  i nequa l i t v  ho lds :

( 2 . 2 8 r  i ' ( t ) + a F ( t ) !  o

and  so ,  i t  i s  an  ev idence  Lha t :

- ' F  I
( 2 . 2 9 )  r ( t ) - 4 r ( 0 ) e  

r e

and  we  have  es tab l i shed  the  fo l l ow ing :

T H E o R B M 2 . 3 . L e t t h e c a n n i s t , e r f l o w o f a t h i r d g r a d e

f tu id  be .mechan ica l l y  i so la ted  fo r  a l l  t  2  0 .  I f  t he  consL l tu -

t i v e  m o d u l i  P  i  ,  F  Z  s a t i s f y  t h e  r e l a t i o n  3 F  1 + 2  P 2 = 0 '

t h e n  t h e r e  e x i s t s  
' { € R *  

,  s a t i s f y i n g  ( 2 ' 2 7  )  s u c h  t h a t :

_ t

( 2 . 3 0 )  r ( t ) + E r ( t ) 5 0  6

on  .he  o the r  hand  we  obse rve  tha t  i f  q ( t )  =  
! \ 4 , ( * , t ) \ ' e -E to \o_0-

i c  n  r i o r . rpAs ino  func t i on  o f  t  f o r  su f f i c i en t l y  l a rqe  t  t hen
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the fo l lowing Lemma is  t rue:

I gS$3-3iJ'

i s  such that  3  P

of  t .  for  large t

t ,  a n d :

( 2  .  3 1 ) r ' ( r /

I f  t he  th i rd  g rade  f l u id  under  cons ide ra t i on

- + 2  P ^ = 0 , d " >  0  a n d  q  i s  a  d e c r e a s i n q  f u n c t i o n
L  ' Z  I

then F is  non-nega' t ive for  suf f ic ient ly  large

c t 1
x*
2 1 3 \ \ o , t  

'  
*

_s-
a  \ t " \ '  *

9 .

" ftLtn*'

ru55-3:3" The hypothesis concerning the monotonicity
(  , 2 . .

o f  t he  func t i on  g  i s  qu i te  gener .a l "  Fo r  examp le  i f  \  \ a t l  
- c i x

*sL

i s  a  pe r iod i c  f unc t i on  o f  t ,  t h i s  cond i t i on  canno t  be  t rue "

We sha l1  cons ide r  t he  i nequa l i t y  Q .29 )  wh ich  can  be  exp l i c i t e l y

wr i t ten

\ t ' 'r '
-3l-

. Rr jt {( ( rur;u:} ( trs,r;tt
" { 

* dr'-d-( 2 . 3 2 )

fo r  a l l  t>O.  However  L to r t  
2  b . ino  a  per iod ic  func t ion  o f  t |

i t  resu l ts  tha t  \ tOr t  
2 " - '4  t  hu"  a  per iod ica l ty  decreas ing  max ima

-sL
and  pe r iod i ca l l y  i nc reas ing  m in ima .  so  i f  we  deno te  by  T  the

per iod  and  i f  we  i n teg ra te  (2 .32 )  on  a  pe r iod  we  iEha l l  have :

t;.r$*\T 4,".t(brr)f - ,+ot'i(h"{Jf"i 
\'..*. { i \\+','* * f-J ! S(\tr('e-Et*')*t '

(2 .33 ) a'..us ia -i"'*or ir- 
*) 

Lottf 'sL

r ( -. qtt\Q"\Y\ -Efu"*ur! 1
S " ; s ( ' r l o  - e  5q L

where for  the th i rd  term on the le f t  we have used a mean value
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theorem fo r  in tegra ls ,  a i l  g  ( to+)cT, t "on  (k+1. )T)  .  Now i f  we

o b s e r v e  t h e  t h i r d  t e r m  o f  t h e  l e f t  p a r t  o f  ( 2 . 3 3 )  w e  s h a l l  s e e

that
1^4ttt\r 

.r -Et. \  r ( . .  -E\t".r$-rr\r\

\  fr (\ t  *"t*.n:ttn-"-a*)dt = \ t [ ,(x,r.*(h_*1fr);- 
' 'e'y'  

d.x *
:-borh-l "sL

- 
! 

t N, (*,, rotur; ta(* 
'tur\^ 

( o

due to  the  fac t  tha t  the  max ima o f  the  fu r ic t ion  
I \o ,  

(x , t ) \  2 " -E td*

-'g\-

a r e  d e c r e a s i n g  v a l u e g o f  t .  S o  ( 2 . 3 3 )  i m p l i e s  w i t h  n e c e s s i t y

tha t  the  fo l low ing  inequa l i t y  must  ho ld :

t'"tQ"*\{

(2.3q + \  \ \u. . ,o* l \ tJ*.Jr .  i  *_&"r)*-uo'* ;a(* ' t \ ) t . t*
L g )  )  E  L

*.tUT I

f o r  a1 t  k>0 .  Then  tak ing  i n to  accoun t  t ha t  t he  i n te rva l s  o f

in tegrat ion are of  equal  lenqth and that  for  k->octhe le f t  hand

side converges to  zero the fo l , lowinq re la t ion must  ho lds:

( 2 . 3 s )  r i m  \ \ o ,  
( x , r ) f  2 d x = o

t * "o ;  -

which is  not  t rue due to  the fact  that  the funct ion
( r r 1 . ,

t r - -+  \  \ a . ,  ( x r t ) \  ' dx  
have  been  supnosed  to  be .pe r iod i c .

J I
rL

Then i t  resul ts  that  no g lobal ly  per iod ica l ly  mot ion can

appear  in  a th i rd  qrade f lu id  under  above ment ioned condi t ions

(wh ich  means  essen t i a l l y  t ha t  we  have  adherence  cond i t i on  on

the  boundary  fo r  t he  ve loc i t y ) .
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F inat ly  we see that  in  f l , 'e  condi t ions of  the Lemma'  2 ' I

we  have  the  fo l l ow ing :  s

**?, f .  The cannis ter  f lows of  a  th i rd '  grade 
' f lu id

wi th  e{  "  >  0 and 3 P . ,  +2 F,  ,=0 are asymptot ica l ly  a t  rest
r  \ l  I

P r o o f . T h e p r o o f i s i m m e d i a t e b e c a u s e o f t h e r e l a t i o n

(2 .2g)  wh ich  imp l i ,es ,  i f  d  
, )  0 ,  3  

t  r *2  \u  Z=0 '  the  de f f in i t ions

( 2 . 3 ) ,  ( 2 . 2 5 )  a n d  t h e ' r e l a t i o n  ( 2 ' 3 r ) , t h a t

v

(2 .38 )  
* r  

(0 )  
" -2  

E  ta  
foA{  a ,  ( x , t ) \2e - 'E  ta *  I  o

f o r  t  s u f f i c i e n t l Y  l a r q e *
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