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1 IHNTROD

In this paper we are concerned with a discrete time Stationary

e ; e nEd - Ede
process, namely a eauoace of operators U ~1\n3nz~¢w ,ti € o, (H K

Vg P 3

where ¢ and &4 are compiex hilbert spaces. Togetner with this

process, a unique semispectral measure F on the unit circle ig

associated end let W be the unitary operator ( fthe Neimark dilation

«

determining tne minimal spectral dilation of F.
The operator i can be also viewed ag tne evolution operator of
& discrete time dinamyésl system ( generally of infinite order).

Wnen the obtained system is of first oroer, & transfer functio:

(‘,\i

is associated to it and this function charscterizes the given
system. Tnese asoeots constitute tnc conteint of the Sz.~lagy-ifolias
theory ( for wzf1r1»e~SLuLe systehs)

The aim of this paper is to notice severasl siuilar aSpeéts ki
the general case of infinite order gystﬁmé;‘as the nuain <hechnhaical
point we note the comnection vetween thne representation. (1.14) of
tne Naimark d.lation and tae dusl representation (1.23). Then we
will minuteiy eiploit the energy éonservatioﬁ law in tae dontext of
tue ‘Scaur amélysis of . the process. :

We will eventualy continue this péper witn several aspects
regarding the details in the third section and several kinds of

"inverse p10ulexﬁ".
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In this section we recall the way W was described in\J} and
then we will get thorougly into the considerations made in .the
introduction,

e {9 9 .,[ fa ™ . y : o] T {:‘n ) K
Let & and X be two zilbert spaces and Te€X (; xp;) a contrac-
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tion ¢ Wolel ), As usually, Dp=(I- TM%)d and §5’T p  are,
espectively, the defect operator and bhe defect space of T. liore-

over, with T we associate the uanitar operator:
&

b B S e »%3fw‘9>
i J(D) : H D d fF T PR DL, @
t f
i1 :
(1.1) [ ; D,Ea'q\
i SRS i
= g6m= | :
§ (L) \ § \3}‘2
NG ‘\ Dm s i

“ {J}

As a generalization of a contraction on a Hilbert space o,
we will congider in this paper & semlspectral measure B oL the unit
TR

circlerm s l.e. & linear positive map e WMW —f (QL), wnere
c(T) weans the set of the continuous functions on” I ; we will
suppose '(1l)=I. The Fourier coefficients of P are Sn=3(>§n), waere

/ i iy : 1 S
>U11(e t):e ‘t. In L8} & one-to-one cor regpondence vetween the se

: 1 . ! . < — ~ ~ ~
of the semispectral measureson | with #(1)=T7 ond the set of tie

e s T i
sequences of contractions el 0 (“ ) SV ﬂw,“~&3;
is establisuned. Such kind of parameter appears in the study of some
classical extrapolation problems and, in general form ( operators

in Hilbert spaces) it appears under the name of choice sequence in
il
In order to point out the above mentioned connection we need

more notation. Pirst, for simplifying the writing of some foruulas

5 4p & - 7 - n . B X =T )
we take T' — 0 TO_O, the wero 0p§1at01, S0 bnguiégfurgx ;
wnere.jiﬁa is tie identity on the corresponding space. We define

the spaces:

w(p)n1p~1§bnn. bl ok
(p) =
‘f hL:’IS) Sl Pzl
and the contractions (see Lemmai.2 and Lemma 1.3 (fll):
§ Xl(lp): :_f:’\’(lli) e ek :ﬁi s P}l, n>k
(102) \ %
4\'}:]29)3( r‘f> DT;‘ r‘f(‘*‘r},) ov @ ?’—X)rg;;% = ‘:ﬁ V
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ﬂp)iép)m;mqjh o

(103) 6%3,!
% (}‘));f‘mll“lj\’(lt))l)(p
\ OO A o5 oy 1L n
: : o ; 5 = (1 - )
where Uép) is the orthogonal projection of iL(P) onto /!&?

and let us remark that in order not to complicate the formulas,

JL&f) will be viewed as ewbedded in.?i( ). In a similar way, we
consider the spaces:
end
i&f§)=m;§11@§r%f B2 i
rw(p) % .
2V o 2
: \i{i o 111"‘(.;;- P > 1
and the contractions:
k¢ 0 (.J {
(1.4) | Yﬁf” e o p @) Dol m
</
el - x
n F })‘f\ t) 2 e ~> \ '\%”T,) (:\-Lo..mbr \)

("t" standing for the matrix transpose),

= :
(v(P) e 0 BAE) .
(5] 5
L Y(p>"°»11nY<p>
oo =Y sl
Then we consider the . unitery oper ors used in &h\ : n}'l,

1€k<n, kpp2 1,

e oln) 8 % <
g‘ dniz Jr’?' ® .. @%rkéw)(y?)q{\ﬁ{ M«‘)J“»?)Q,“@ ("\C;}” e

e M“@&h i @ikﬁm(amﬁ@%&y%m-@ © S
Jé£)=B¥J(x L.

Now , we define Vozlgg :

(1)

) )f,vn: *';”‘ ::?f{sr- @ ... ng ?ﬂﬁ @Jénﬂ-lv 0l >/l
el () '

L V wdrl ...Jnn
olp 5 e Ay

L 1 v

D Up* &Lu+l e &“ni¢
(1.8) l -

anvn<Un~l+i)
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n the fourier

sio 2

the connection vetw
the following one (Theorem 1.2 1n(9ﬁ )
L]
in

€l

e

N\

)

and the algoritim establisaln
coefficients of I and ‘ﬁ
{M t ok S
2 il
(1‘9) } S __"-/‘ T' ’\s'\ g Sy
Lo Up-2Tn- 13'~i : ”ﬁg%‘miﬂ‘s~fth
The next step is to describe tue Nalmark dilation of #
terms of the parameter 9 .For this reason, we first lQGnLL[J the
i J 3y : : O
defect spaces of the operators A<§' ( Propositions 1.4 and 1.6 lntwf
We nauc the unitary operator :
( LAJ(P). yixf?)wwww“ (pel)
- e A- -
. : k- “Fe v \
v : bf = “Vﬁ1>‘i?¥%' Piz i .
\ R 22
X (1 e lo) (p) £ = ? s,
A DXQ)) =] O S5 ‘-""( ® & i
_(f;l:} 5\ il _"‘/r?.nﬂ n F“‘.Z, ) ‘
\ @)Y @ ﬁbf%wma /
“l \\ ¢ ‘1 ?l /
¢ N
Tk /
In-order 1o 1deubliy ~»J>(® we define
(=)
(alP). g —g
: n Cha
o e
: \ Gn - ﬁ%f°~ YT
and according to Lemmal.5 in- fﬂ}- « tetbe
(a2 1¢P) _gm1inc{Plp)
e Il
then there exists the unLtary onerator- :
( (?) Q&WYW~~mwwfv Ranﬂ(p) (Ren means the r
Glats < ;; 1
2
\ e >u(}1(p>3~~ n=s(P) "5 ne &k .
iie define the spaces f%)(p>~ianh(p) and
- & (R
; , e Q’”%y)ﬁ““K“ & K
and the operator -
C 4 -~ ok s L o~ £
\‘ W b Q:“ (\ & w:;;f:“)(?:;(x\:a;q} xﬂ; ) —> I:LQ (
) 4 SR
%\ .i“l@k{red
Ny
SOBY Ry ey e
Wiere W, .t AxB Ry > Ky is defined by
: o ) Ty ‘fﬁv
Vi T 1/ £ \\‘ S ( X\“\ / 2
e o SO DN AN ) A
N& e : N

(") \
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According to Theorem 2.5 EQQ, W defined by (1.14) is the

Neimark dilation of F. We can write W in a matricial form as

follows: L 5 - f
/ ] 4 5
- t— »”h! S
{ 5 iw} O o e 0 i
L 0%, S :
(1.16) ”22 o e
1 ‘ Loy SN I ¥
Y GasEs bn sl
&" C:j) b Q‘Z:Z ) O ) Pbrg)ovn
where e g :
i:_\'? (;9:\ ) 9~!‘
Ll e i Sz

%17 4 )
L o CF G
VD i =y WN*"“‘:"*’"’ C:/:T-;:f: s02 2
(1.18) e w :
D%r H C‘u 10207 .
o Here, Cn are the unitary operators;
o™  Ona)
jcn: :w%‘_' e = \39]”#\ 9n>/ l

k Cn(H(n))%z(H(nTl>)%D¢£%

and let us also define the unitary operators:
= % £;3 o S

S'Rn: oy —3 B

(1e20) L

.}er:cn_l. © ccl ©

A similar construction can be made starting with Y(l) instead
of X(l). In tuis respect , we have:
-
(@ :
~ -b 7
IR o—> &
i Il

e I G Dr D,

and
x
(1.22) Y o150
: () ey I 18
Lnen, ) =—‘namil 3 ul:fil and
o (AL W)
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If we define the unitary operator:

T

L) ‘.‘ \ ".
//..,‘3’;\, & . '

d [V

& ™ 2 g
6“"‘} “LJ .}L 4..’!: A " o ?;« oy o

s, O

(1.23) W - \ o
\\; . 0,‘%&%@,“r~ D

~ : Sen - ! .
wihere Zn hag analogous delinition as An’ then W also realizes fhe

Naimark dilation of P. We call this reprezentaticn of the Laimark
dilation of P the dual reprezentation and from the general dilation
theory -we know tunat tuere exists a unitary operator Su: & —
s SR e e ] =N o Q
suen that ) kb for HE 30 and - 2S3 WoN2 ol
Now, we pass further on and we consider & discrete time
@)

. i - = e "\ = oo
stationary process ﬁr :{L'n{n~—m witn m, cﬁL . We this
process we have the covariance matrix( consequently, a semispectral
measure on}j\ , and we will suppose in the Iollow1ng that Bl
and W beeing the Neimark dilation of F, then }3 may be identified
with the space of the dilation and the process itself may be realli-

5 WT S Ry e : e e
zed as e, D=V S o QwA, ( for all these classicel facts see
sl

Choosing the realization (l.14) of W , this operator can be

viewed as the evolution operestor of a certain dinamycal system in

the following sense: let us cor er the quted‘
: Wﬂ & :
y(n) D%l 1(1’1) \:::mi Uk Mot l(n)
(1<24) | xk(n+l):Y;:bﬁﬁ\m"bv34xﬁm§+u—+—jbn&“xwmﬁﬁ5 1 E=1,00

ymedy xmed, xn@edy k22

K

then tue positive powers of W describe the evolution of this
systeiu.

If we Testrict to tihe ”ve("%ﬁl ?)tnen (1.14) becomgs the
Schéffer reprezentation of the minimal unitary dilation of tue

contraction 3& end the system becowmes



\,o

(L.25) A Xl(Ibfl):-.tjxj(il) i) Xz(]l)
| .
i Xk(nal) hh%iku’ o

or : » .
( 3 / TN ~t ’
3 vl )= Xﬁ“ﬂ ()~ fg’ u(n)

~—

Dentny o

xﬁﬁknrl) ;»z(u)v :

This system is described by tne transfer function (the input/
output wap) and by tne'zero state input/output ﬁap ( for system
theory see T‘{\ ) .The- energ y conservation law.( the unitarity of W)
sssures that the evolution of (1.26) is described only by the
transfer function (wihich is the characteristic function of Fg ) and
tuisvis one of the wain points in SZ.?Nagw ~-Foias tieory of
contractions E}Xﬁ ( and in the realization theory of linear
systems ngl ) |

Generally, we cannot expect such kind of results. We will show
that on the basis of the energy conserva vtion low the state sgpace

0 still plays a privileged..: role.

TII THE DESCRIPTION OF (L

In this section we describe the operator Closin terms of the
QO
; LY e ; 5 : ; i :
parameter o sior tnls aim we need some of the consideratlions
regarding t.e structure of the block-contractions ag tiey were
made in VQj . In tnis last mentioned paper it wes rewarked that
to every plock-contraction & double indexed seguence of parameters
can be assoclated in an algoritomnic way ( for other remarks on this
problem see also EQ} )
g 3
() ye - - o
Let K be the contraction acting between v,  and “n ,Hsp

associated by the algoritim S h\ to the following sequence of

- e ) Ap - p)
palc‘,\]uetﬁ,lu. Ull 2otk | p, .)_L = 12 % p*é‘l g 60 00 ’(Jl‘l“‘_}_,lmu_[l""Z’Z”. [ A
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an(:)mu

=,.,=G§pg_ =" end zero in rest. It eésy to-gee that
5 o) a3 ter v) (p) .
(2.1) =( ¢ >”n L1 l< @ ) f 112 dn ne 1\L4£?)4..

(p) Gy e
'G‘JLL,I_)O'.'J]:J. T l(iq‘!n)
(p)

In this form, the cperators K “: &pp

€
&

ear in (b] and- tiey have

e

a technical role. In the following we also consider the operators

PRk ﬁ:{(;“ - i : : s
(p).w_i? Wﬁ>ggi’ obtained by means of the algoritnm in [JﬁE
starting from the sequence of parameters: G <D) ?v Giﬁ> Cégi 5T e e
{ IRy
Zee e <°) =1 m2 2 It is not difbienit to;see that
111 p+m-1 - : : %
. anl-tpl)  (p)
(2.2) Selami Rk

~v R o

Then, denoting the uatrlce“ in the right side of (1.10) by D (P)

and those corresponding to Y(p)uy D(f) , We have the equalities
G0 KS;):(;';EE;) "(PJ“U Sﬁ),.,.,&(tj{;)fl"l"'l)...,u&g),...)t

and‘ A

. k2ol Bl p) "y (p+1) ,.,;“<p>*,_eucm«l> )L,

C"'.)

According to (2.3) and (2.4) we can obtain Agg) in the form of

(1.3) and (1.5) for certain parameters and then we can obtain

i
identifications for the defect spaces of Eig). Braus, (2.3) shows

)

tnat the first parsmeter for writing {(p) e dn (1.5 ig X
P oo 3

(2 (0) 2Pl Plpsen

«(p+1) (p)
oD

then,

consequently, the second parameter is X ; we ovtain by

induction that the seguence of paru“ener“ cho ‘sen in order that

Kig) has the reprezentation (ko) ds S X(p+m—l)j (p+m—2).;' wbipjﬁq‘

We define now Gl—a( yoeey b =X (9+P-L) 5,(p+n"2) .,..bbip)

Y

and using the dual foru of (L.lC) we obtain the unitary operator:

: : Q
( <“”\j(g\'\“\ . o \\i\ﬂ’i& RS S oL G‘(%G* ®© -

' ¥
: o - G 4\’ i I‘WCP \
*Z\ i .XD@;‘ - L:f“ . G, 6; 3 . \
3 kS 2 - O ‘ : BQ;‘; - 6. 63} - )
',* (
i' C') ’\ O ) ND()“}) »‘ Q@ ¢ o /
i b e " /

&
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and using

;but %611

®
P Dy s AP (g

(1.13) we have the unitary operator:

(
\ v, (5) : a o
s 4 Ay - ‘3*@«'?' L
P p Sl (%) o P '
-’ \'g s \NQ)" \"31 : + ) C),) ‘C)(:,i;_)...
% : egmes . & . S
Q
o Q
In a

unitary operator:

gimilar way we obtain the identification oi‘C1‘W by the

‘ b i 657\,) U@ B 2(‘3’ @ 2 (‘?ﬂﬁw .
A O ™ e K
: = ey o
- (2.6) 9 o B, -GrGa, %NE‘ELQ”‘“
< ; "('). & (08 = -
S - B\gf»@ = O \Sb,fh - O, e
= - o o o \5%)
> o«
=) (B ) =
wiere ibf are tne dual$Sof @45' and Glzng)l
- .
e s_) e ey oo : (v)
bn ( ) .....3£p+n e/ Y££+ﬂ L) ,J5§§bee1ny the dual ofaL§ o
Now , we define
o L edVea)e \;4 ® d; Od B-... — ‘
o) : m’\ ‘? L (50N (5 e TR g
S EBQ%LQQBQ%“a®§§F9C“E§€”&Q7gy*
by the formula
\! & (N B .‘ 1\
\ a1 \/(7:;‘ Q’('l{k ; : «,gui\ )] rﬁ
» A , =0 | 8] O
% ) b D Eﬁg\ & S8
| - el Ll . .
; $ : [N f\!():)‘k W K(_l:\
, : : . _
~ SDkgi R é)
N
woere """ means that we applied one more rotation to the operator
et B e n order: Ghal it achs between the corregponding spacess
'Finally-, let us define the unitary operator:
f
el o > & .
(R VE'S
% - 3
(2.9 S L =
s 2 ) e
<y = ing@ oy \_:;\ 5
B O l\»
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-0
o v : s
where Hn lg the dvel of (1,200,

2.1 THEOREM The operator S1. defined by (2.7) is the coupling
o . : :
operator of W and W in the sense that _S) h=h

_— s o et
» RE I and WS =S,

PROOF We have to prove that

)(\}
Sesdy :

: AN u
ax‘)“ ”‘” (ﬂ

~J : s/ =0 0\ : L 5‘

(2.8) wfl;&lﬁ:%

e e )N
twqg‘g ) o

. : ' 7 et e
For this eim, we eventually use (2.2) and Lemma 4.1 1nLHj :

Actually, (2.8) mainly explains the definition and the desired

propevtiecs of KL W

2.2 REmARK wsiay be useful to point out the following simple cases:
(&)sty =07,k 2, consequently, W is the  SehEiier reprezeritotion

of the Sz.-llagy dilation of T}

9
OT} . f—\ \ 5
‘h'l-:( 3 / \(

‘\,{A\b(ﬁ. /\l : '
S e

T : 7 N
\ ) o Y)(,\ ‘; V;\ : \ ) i__,}m l b '\\
) o : T\ \
e (SM,BK,C‘ 0\1}D \
el - 1 o N2l o e 3 (\T\' = T A
jmoreover, we pave W =\ ol and Sk=\ - & /
: N : NS

; in this context ). consists of a single elementary rotation.

(b) Ymﬁ.zO s K23 ; in a certain sense , this case is generic for

our considerations. ‘iWe havef with an obvious change in the defini-

: : -
tions)s . ! :
Jh :
// 50 8 o B
0 0 e r‘;\:.”‘\ e 7y 4 2%
| i L b 1
y Q5 e 8 i
\:LX ,i\ O ) —Fn S(f ’QCM =105 O S c \
o P
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racberistic operatolr of tue

In this section we define tne cha
4
system (1. 24) and we describe with its aid the structure of taoe IV
iy the same W&y the characteristic function 18 dsed in Bz.-Nagy=
"\\/ {;L \1"‘13 s
ang-o

JPoias theory. He consider & station&ry.proce&s v =2§“A%~w
) :

F(l):l- M 48
D

The Cpaces~ \E

newsure with the sequence of par“meter

o, b AW
2/1 \/W *%
- s :

spectral
by (o o

its
are ti

£
\/$J H and-*

associated o
past and the future of the process. foxr describing the evolutioin J
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1

the future we use the reprezentation (1.14) and for describing the

"evolution in the past" it is more convenient the reprezentation

(1.23). In order to connect the two parts of the evolution of the
system we have at hand the descriptiom of L2 given in Section III
= \v.:tl ) 4) ~- ~tl
Let us define w+ = /¢V¥ and W+ =W /i&m : where

Z)*z\JQU'*x; taese operators are isometries and let beﬁj NHQ 3&)&¥

the Wold decomposition of&ﬁ+, then , sccording to Cokpllary 2.6-1in
(3.1) L =8 (v@@wk o\Qje 00--)

;analogously, Eimt:ﬁi¥gk )1ﬁ@

(2.2 - §J=%? @Q@mﬁﬁﬂgﬁ0® o

Now, we define the following spaces:
j\)iu- & Q(";\(“\Qu\sg-@&r&@..
i qz.rg(ofl d’:)‘!/‘—/ ("*.')bonn)

JZj_= ili— \lei+

2
:Q 0.1‘-: C 4 +‘d‘fz/ ‘){' +¢’[ ﬁ/ +@0 ¢ o :
2= (- © 000D A kOB 2D )

A
.ff
-3)\ O: ‘fquO,_ \'/ j*zv O+

and the following operator will be called the characteristic operato

of the process :
A e -\? -
: e :Q % J& o
(3.3) 2
; . Q:P ¢ x{_
Ry

The"first problewm is wnether ﬁi = i&f\szy . Lt is well-known
(see for inStanoe(ﬁSl ) that for a semispectral measure F oun I

: 3 % 0 ; s, : e
there exists a maximal subspace é{c‘oi & reducing F to a spec-
s :
o

tral measure. For the case \ k=’U , k22, it ig also well-known
i : ") rw\‘ \t
(see (k'«ll ) that X o (I \/ﬂg\ Q. OHR :Zf(,s ( (3{ E on

But for the general case the last equalities fail. Regarding tb

el

-3 ; : : S : : 5
space ‘jv EQ\/ij(X , let us begin by considering k=( ...,d} ‘,dy

=) ,k; 5

’Egdl:dﬁ"") inthis space and as kj;®i+ , we have dk
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. Then, k..,,LZfZJO; Soeon

S -~ o~ 'r‘*\“l e
(KQ "": m.-(ooug(Jg\(’tg «11 yo‘-gyone))—'@ ] }iém{lrl?‘ﬂ 9 k//)l
or
(3.4) Q) &, 4 e D% o
® B A ) ( 6 ¢ 0(1 Q§5 &l—u v Q.a, e @ & / ) O ’d:b:é’ ?'Jr‘ ,-L{ 2’ Soe
2 .9
) 2 = EL ST i ok abs e o o d rﬂ-“
But 5 taking into eccount the form of L4,
& e \
i/ \
.s \k| .
- , -
..f..‘:. [ ¥ 1
“x W \‘ o ; d(i) }
\\ D WD ¥ *( e ) ' il
Ve e e \dx |/
and returning in (3.4), we have ‘
: 7 ; o~
' / \s \\ L\
= 2 5 \,‘ o £y oy “ : % ] : : i g ¢
( ) ( X..)' LO* (“:’? " { i, i i\ Zf}" \ =0 ,d, €o \ * T
% “w o b { SIS { 1 % ) \ I r! ¥
e x‘\ 193 AW o e
: y A :

Lagy
\

From (3.5) we remerk tnat when kerD z+ =0, we have dgf>:og k2

g =0
e =
consequently ¥ & (& M Hy)C&K,

2)

SO , we have to consider the purity of hﬁum + Hiore precisely,

Y g P
take T 8 conliraction inm didl &

/ ’i‘u kerDTr;r.
i {i ; ®
\ 0 "f'\;mr’k

where Tu is unitary and

3.1 FROPOSITICN Let I be such that ?‘l is a cowpletely non-unitary

(2)

-

: : 1) — ) ot
contraction and K LS pure. fnen Lo iy

ERUOE We sew tnat wne ’( >1u pure , then &Jﬂ(ﬁ)\/h\hik. Let
e

~ A~ DN/ ) 3 \ i ”"“7 :
k & Koo Loy e o li:( S g»‘-i‘s Usgooo ) 3 LlSlIlg‘,' (3 l) we write thet
S AN
- . ot
k_l—- ";\} 9 L)O, (k,l!(oooo C (O Q,.‘.)L’):O Lor ‘LZ\/ ) CLnd- U 11]/1
+ SR 2

(2

(1.14) we obtain that D( >u O3 -but the purity ol K implies tne
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