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I :iii iil.liCrtiClI i. CJli

1n'Li i is  l , 'aper tve are cot lcerner i  v.r l th a c i iscrete t i tne staf ionary

process, nerrr iely e sequcnee of operators f  =S*i ;-  --  , f*  e, t( . l r , ic;
- *i'o -f .. :i 'vhere. i -L ernd i ' ' l  are cot ; ipJex i : i i l " rer t  spaces" Todetner wi th t i t is

prooessr a uri ique seuiispectreul f, i.eiisure -1,' oil 'bi ie unit ei::cl-e is

associa'beci i:nd l-et rl, Lre tne uriitary operator ( t ire lvaj-nark cii lu.i lonl
' .cici;erri i i .ning the i l i :: i i i i ial spectral dilation of r, ' .

the operator rr  can be also v ier i recj .  as t r ie evolut ion operaior of '

a uiscrete t j -sre aini : - ' ryeal  systel i  (  5enereiJ- ly of  :Lnf  in i te orcl .er) .

r i }9f l  the ootainer i .  sys 'be,, i  is  of  r ' i rst  oro"er,  a t ra l r is fer funct icr

j -s assooj-ated to i t  s ind" t i r is  r 'ur : .c ' [ j .oa c j :Laracter izes t f re given

systen. Tirese a.spects cons'Li tute 
. 'b i ru conts; i r t  of '  the Sz.- i iagy- lo ia,s

theory  (  fo : r  rn f in i te -s ta te  sys terus)  "

Tce a. i r : i  of  'b i . r . is  paper is bo :rot ice severaL si , . i iJa.r '  crspec' i ;c i : . r

the g;enerai csise of infj-nite oroer systerjrs; as tne, ,p.i1jn,,"te.chjricel

po i r r t  v /e  no ie  t i ie  connect ion  ue t rveen t r ie  represer : . 'ba t ion  (1 .14)  o f

trie i iairri-trf o-leit ion trrrd. t i i€ c.ual represei.t i;r i,. i io;i (1.2a). Tiien we

lv i l l -  i ; r i i :utc ly c:cploi t  ' l , r ie cnelgy conser 'vu'uion larr  in tne coi i te: l i  or '

t i ie Scaur err ia lysis of  .  t i re process.

l ie rv i l l  eventuer ly cont j -nue ' i ;h is peper ry i tn several  e ispec'bs

regarc i i r :3 'b ] : .e  de ta iLs  in  tne  t i r r ld .  oec i ion  a ld  severa j - . i i i n t l . s  o f

I t inverse  pror le ; l s t r  I

$_s$L*:ir=r..,.'liii}s

In t ir is seci lon lre recalL 'Lire lvir.y iY r,ve'.s clescribed. in Ul] and.

t i ien i ' ie: vri l l .  i jc- i ,  t i :or 'ou;ly into the colis; i-rt t :rat io;re i iu:, i ie in ' i ;ne

].nr 1'o (ruc 1, t on .

1 3  ' '  )  r  ^  o 1 .
Let JL ar: .d I l - '  be t ivo; : i l r ;cr t  r ;paces r . ;nci  te { t . : t ,SL' . ;  a oo; l ' i ; rar :*
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* ' . .  j i  _ c\ .  T-f f i -1 ) .  As usual ly, D[= ( I-T' ] ;  z and. &] 1,=D1& are ,
' i ; i re u.efect operator and the defect space of fc uore-

we assoc is te  the un" i tary  operator :
r . / m \  - p , 1  - . L ?  _  o 1 . . q v
J ( T ) r h., '-? { ,fS 6,i.'tp gJ ,r, s

As a gcneraLizat ion of  a contreict ion on a l l i lbert

v.re wi lL consj . ier  in th is paper a sernispectral  measure
flrlc i rcLe t l  ,  i .e .  a  l inear  pos i 'b ive  nap I ' : 'C( ' l i " )  * , *

C(-[ ' )  neans the set of t ]re cor:t i 'uous funct ions ot 
- l i '

*fn
spac e f,i\* r

F on the uni.t
, , $ . n ,
( d t i r  l i / " i i e r e

; we vri i l

suppose J (1)= I .  The t rour ie ; '  coe f f i c ien ts  o f  g  a re  $n=t i (  Y) ,  \ ' / - je re
-i .r- i -.t r $"1

fu o(e* ")=e*" ' .  In L dl  a otre-to-one col ' -L?espond.ence be-by,reen t i re se

of the seur ispectral  measulegon 
- l i -  

lv i t i r  . r ( f  )=I  and the set of  t rue

sequences o..r ' contr' lactions I =lt"i l , , f i€u3t&),11..,.€ R,tfrr^-r,S,;I)

is  establ isr l€d.  Suci t  k i r :d of  .paraineter appears in the s-budy of  sone

classical  extrapolat j .orr  problerus and.,  in general  form (  operators

in Hj- lbert  spaces) i t  appears und.er tae'neinre of  choice sequelrce i i . r

t d ,
In oz'c ier  to point  out  tne above ment ione<l cor inect ion rve need"

more notation" Firsto for sir,rplif ir ing the l 'rrit lng of sojrre fori; iuLas
, r -4r ' 4'rt C-we ta i ie  \  ^ :4 i *+34 ,  \  o=0,  the  : :eTo opera tor r  so  Dr  = I fp  =Dr :F  ,u  u  .  t o  d (  t p ,

wnere  . I ,m 1s  t i ie  iden t i t y  on  the  cor respond. ing  space"  !?e  de f ine&<-

t h e  s n a c e s I

* ( p ) _* \ n

v ' ( p ) -
d w a

and t t re con'Lract ions

, D )  I o  n )  k

' P V  L

and. Lelurra 1.3 [qJ I t

r,i=trT-1
tb<t

\
'rQr

t trYL

o,$:-r S6-

( see ieuuurl. ?

f  * ( n ) ,  J d g ) - - " - * 3 4  , p l l , n l k
( 1 . 2 ; ' 1

L" ln) . , ( ' r f  ,  Drp t for ,  . .  .  r l r '6 . . .DrJ,  r* ) '

i  r  u Drx
J ( ' I ) =  \  _

\  Dr  ,  - rF
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*g)'ft(l)*-:--; fg , P ) . I

/ ^ \  / n ) o ( n )xx'?*1ff; *n

P;" '  is the ort l rogonal proiect ion of

remark tirat in orci.er not to conrplicate

P.*,(f l) wil l  be vier, 'red as ei irbed.ded. irrft t f).  rn a

eons ider  the

1 r . J /

'  
\ A t l  )  a t s a
r t r r v 4  v

ancl let us

s p a c e s :

3_,fl,=
?,1,=

,-S*red

'=6-tQri

fi,{nl ontc Sdtg:

the forniuleis,

siririlar lvay, lve

z  n 4  t ,

,P . } ,  1 rn27

, 9 7 1

and the contract ions

( r .4)  v l r I ' f {*-* f i ( f l )  'P7'r ' r t } ,k

Tln)=( rF, h'bro ) ...)r*ln-r-.trrf
( r t t t r  stand. ing for  the uratr lx t rernspose),

(1. 5) {'g) 
'{L --o T*'f'l ' P?' r

L Y(P)=Tl1rln)

Then we considrer the.unitary operators used. i"  [h\
t ( t < ( n ,  k ) p } ,  r ,

f rlfl) ' obryro... o"bfroo (Sq..GSr,l)OO e*, 0,..
1

( t. o) i 
***-rlS 

h"o... a)Aq,-r,O (.er*fr o$rs) O*br*,,O.
t '
L rlil)=r6r( rn)si,

I, low , tve ciefine Vo=Ife ,

i 1 ry \ f "rr' Rf) mno . -. s&r.".€s&*--* /{,lil' ,n}L
1rn,  

L v"=J l l )  " ' t l l )
uo=r 

ft-

( 1 " 8 )
t u,,, "?,[i] --- itil

I

I
t urr=vr.(urr-iQr )



' - .

ancl the a1.,;oi.i-tiun estab.l.isnin6 t.Lre conneqtj-on uei;v,reen tne I'ourier
f ' n1

coef f ic ients  o f  i r  a t rA S is  t i : re  fo l lowing one (Theore l i t  L ,2  inLPJ )  I

f  a  * i *i  - l * .  t"('( 1 '9 ) j $'=ln'r.*run-2Yn-l+t't-i"""b, X['].o..'-'*bT:r 'n? 2 ,

, i i re next step is to descr ibe t . l . : 'e i ' ic i i inai" i t  d i lat ion of  I ' i r r

ter , t rs of  t i ra p&rinueta" '*1 . r , lor  t i r is  reasor l r  we ; ' i rst  ioen'bi . i ' ; ' t i re
/ . r \

defect  spaoes oI  t i re ope; 'ators f i ) r . [ '  (  Proposi t ions 1",4 arud 1,6 i "Fj

' ' ie I I i l \ 'e the uni tarY oPerator :
/  / , . \  \  r  / * + 1 )

f c* tl" 'x x:B *:' .lc $1 * ' o / l { * ) $ - \' l  I  / "o . - . - r l rp ' ; , - r { l r5 rp* r ) - ' . "  \(1.1o) 
1 "<u 

(l)n-,(p) ={ 
-;\ '  

.{._t ' '  .  
t . . '? 

r,.
I  

- r  
" oo  i  

*  )  
" ? * ' ,  

- t 1 t \P t ' r -  :  " '  
,

1 \  c t ,  CI  ,  T1*: ,  
il \

L  \ :  
'  ,  I

In ord-er to icle,i-bify .h 
XiR^ 

'r'/e d.efrne

(  r ' !o) , t t  - - -*k  ^

( l . l l )  
1  

"  
^ ( p ) _ -t, ,n - Dfrf .. ,-Dr{

ancl accorain6 to ierui ial .5 in f tJ ,  let be

g ( n ) = s - t i r i i G ( n ) o ( n )(1 '12 )  
r r_ r# - r r  

- -n

; then there exists the unitary operatoj ' ;
/ - \

( ft(l), ,bf,.,glp -:*--* 1raru(p) (ii.a,r neilns tire range
( 1 . 1 3 )  1  j *  r , . r  

t  
/ ^ \ z  -  r h

I  " - , f ' o t " !p ) f  
i r=6 tv r  h  ,  ne  At .  .

t '-a 
r,.r --7-

i i e clef';ne the spaces "Sfn 
) -t -tu*( I ) and

Jd = ... s Apo A'i\o Jt!\

1 "  i ,  /  /

\ ,/r rdt= q..r$sl*:)e,(*!.)q) $#)) -'- *+ Ak (' ,o'htl)c,$fi)
.al

t 
i+=I -lr"*6

,", : +$.,"t it)**,{i i  is der' ined byur 
r e (: 

. "'" .X ..:., .:* lr , ,.)-t - .r )

i'Jreo= (:', .,i') r (xil ) (*i , ;) 
.

and the  opera tor

(  1 .  f 4 )

Wr i€ I€

( 1 , 1 5 )



.  Accord. ing to

i' iairnark ailation

fo]l-oirrs I

/  1  1  /  \  r : ,

\ J . . J O '  U t =

where

( 1 . 1 7 )

-5*

Theoren z" l  fQJ, i l

of .]lt. r'ie can v,rrite 
'i[

l -de f ined  by  (1 .14 )  I s  t r re

in a matriclal forur as

l ) e-  r a  
)  

e  t

t

:

\ -
t T L / z  L

, n 7 .  2

, n 2  L

start ing ivi th Y(3

' . .  \ j , i
I  I  t 4

a n d .  D , , r = 1 { \ r /  ,'f .L

(  1 . 1 8 )

.  l lere,

(  1 . 1 9  )

and 1et  us

( 1 . 2 C )

A silni

r ' l  \
o f  X . \ - /  .  I r r

^t\
w

( 1,. 2t- )

and

( 1 . 2 2 )

tnen ,

J t

.,$<. =

Y

f

4 / &

t ' E z  r  ( J  
)

I  t .

t

\c\ a-sd n 
-..--+ o(Jf

' \  

- *  

' 11 '

o t n

"n- ' n"* n+l

o ( \  c.' 
"Yx T*t;j

r.r .-r. ( n) 2 
r-- * n - r .  . f t - l  . . . C 1

e uni tary operators:
q$\ n C"'"+{

"{Ja --*"-+ 
"ffX

cr,( i" i( n) 
) 
-nt= 

1 g ( n-l ), t

ne 'biie unitary opera

eP* *eY '
$ * = ( r *  1 . .  o U - 1  .

IJ. l.t-J. J_

ruct ion can be urad.e

p e c t  r  w e  h a v e l

t *t ---- $(

t ln l=\ i - , , , - . . \

-T

{ l

. , o

,
I

O  
, 1 S  )  0  1  . .

, ,(i)? iF-.l
,  H  , f " L \ r D t ^ * f * ,  i ' .

t - V t  , \ t u ,  
- r r t f * r . . ,

[ ' " '

D r ) b

t o r s :

I 
ouo

t

L

0o are th

Itr. '
I. L

a,l so der' i

I oo'
I

-Lar const

t t i is  re .

f tSut
L

insteacl

^ t  /  r A y  , $ f
, i ; k P / r : ( P )H ^ =  S - l i , ; r G  X . P ' G t  l ' l  .

-L/ 1! -nno Ll II
\(i*4 

rw -nd) n rI

s{.J =Rani:a r r, $+ andi l  - i, i  ..
t  Y l - I r ' 1,1

.. s'$^to $""\g e esr^xesq. s--



I f  we ciefine t

*6-

unitary opera. tor :lr r:

!

(v

l ias analogous clei ' in i t ion a$ Zn, then -" /  a lso real izes the

ct i lat ion of  F.  l l re cal l  t i r is  rcprezentat icn of  t f re i ra i r i rark

of  i r  t l re i .ual  reprezentat ion and fron the , ;ener i l l  C. i lat ion

I

I

d\, I
W = 1

! r

\
\ "

a\\\\\

I

J 1

f"\

r t

I

f\
\ J r

I

I

:

. l

() .t- h u r  * Z a  
,

[ro , \ ro*,
Lbr", - Qf *,

J - 1  * .  .  .

\ _ / . - .

* r &  
) . .

:

G,  "2 ) )

X*
wlrere Zn

llai-lnark

di l -at ion

theory .we know ttnL tr,ere exists a uni.tary operator -fi-t ${, *+ fu

such that -fJ- h=ir for h € *{.
rt rw

.  P \ ^  - "

anci *5)- r[ -]L =ttr/.

I iow, \ ' /e pass further on and. we consider a discrete t lme

stationary process 1"f =[at*l:-* r,vitrt fI* e {cff, #) . uuq th1'q
/

Drocess tve n&ve t i re coveir la i lc€ l i re. t r i : t (  consequent ly,  a seut ispectral

* ."urr"  o*Ti l  ,  and. vre ' ,v i l l  suppose i t :  tne fo i lovr ing ihat  1rr( l )=I)

and if beeing tl ie i iairira.rk cii lation of -ts', t iren K Il€ry be identif ied.

w i th  t l ro  snar le  o j '  t i re  d l la t ion  e ,nd  t i re  p rocess  i t se l f  may be . : :ea l i *I r r  v 4 a  v f r u

(  fo r  a l l  these c lass ica l  fe ic 'us  seeT*n=','y**1l ,h e d(

po lvers  o f  ! ' lXu"scr ibe  t i re  evo l .u t ion  o f

case ["O,f '22,  then ( f  .1+) beconres ' t , i r ,e

tire rtri ir iural unj-tary <ii lation of i, le

^ - -  ^  +  ^ " , .S y S I e i i i  D e ( , O $ e S

zed.  as

firfl t
L J J  t '

Ctroo

v iewed as

the  fo l lo

( r , 2 + )

then t i ie

systeu.

t i ve

sLnS

tire

r " r i ' , - ,  - 'vv  & [6

t

I
)

I

I
I
l
I

p o s i

t h e  r e a t i z a t i o n  ( 1 . 1 4 )

evo lu t ion  opere" to r  o f  a

sense:  le t  us  cor is ic le r

of  ! {  ,  t } r is  operator can be

certair: di.natrgrctrl systern in

trr.e syster.ir:

*  bf la x*to{

y( n) =D'"1*t ( n) - F- 
,f"o*, ( n)

* t -fn(n+l1= ffbqt, *.Tf,f En(r\+--.

y (n )€&x  , x . ( n )u  & , x*(n) e *$qnr

, k=l rtg

, k b  2

tii is

I f  l ve  res t r i c t  to  -bne

Snh! i f { 'e r^  renr "eze i i ' be i t iOn o fV V I ] S J  J  V J

cor:-bract ion q arrc i  tue
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Y(n. )  = x r (n )

('r ",?-5) xr(nr l  )  = \ i**r(rr)-r-bs xr(n)

, Y \ / /  I

or

( 1 . 2 6 )

This syster i i  i ;3 r lescr ioe<i  r . ry tne t rausfer funct ion ( t i ie inpu"b/

ou.tput r , i t rp)  anci  by tne zero state input/oubput rnap (  f 'or  systeru

t l ieory see i lCIJ ) .The'energy conservat ion 13w ( tne uni tar i iy  of  lT)

€issures tnat t r re evotrui ; ion of  (L"26) is d.escr ibeo only by t i le

trar isfer rulct ion (rvnic i r  !s t i re c i iaracter ist ic funct ion of  f i  )  ancl

t , t is  is  one of  t i r .e i t : : . i r t  poin-Ls in $2.- i r iagy - io ias t i ieory of

con.brerct ions U:t i  (  and. in the real izat ion t$eory of  l lnear

e  ^ r

s y s t e i a s  U l i  ) .

General ly,  we cannot expect sucr l  k ind of  resul ts '  *Te vr i l l  snolv

on ihe basis of  tne energy cor iservat ion lo lv the state ppace

s i ; i l }  p la iys  a  p r iv i teg 'ec} "  '  ro le '

IlI TiiE*I'l.LS{l.i!{ilJ.' Oir-. 0I' i!1- -

In tnis sec'Lion we o.escribe the opera:bor .- fL in tert i ts of ihe

para; leter
lr1

*:d4
EJ .J, ,Or t . r r is  a in i  l re need sol i le of  the consid.erat ions

regarding t , re struciure of  ine bloci t -cout i 'act ions &s t j iey lvere

niacre in [l i . In ti i is last iaeniioned 1:aper i 'b lvas reruarlceu tirat

to every ulocn-contrerctron a dour: le l r lc lexeo sequence ot '  paru"tne'Lers

can be associated. in an algor i t ru, i ic  lv . ry (  for  ot i ier  rernarks oi l 'b i i is

-  r r }  \
probleir  see . l rso L! ,  J )

r * l
Let  i \ \p /  be  t i re  cor r t racr , ion  uc t i t :g

f  r l . . \

associa, t*U'OU the al .3or i t iu i t  in 'L {  t l i  to

. ,  .  . , * l t l ,1=*, \ l )  tz=o,.  
-

{

t
-ar ,. \
i ) f+  -K- l  t l t i . *  \ r r

I  u t i r ;= ' ]p ] '  x (n) -  f t  u(n)

L r ; (n+t )= L lx(n)+ 
'$ fa  

u(n)  .

ttrat
{ 0
dL

+r (!) . ir,tt .\
i ie t lvcen JvyL &l lc l  &w ;  I r  /7  ! ;

t i re fo l lov,r j "ng sequenoe of '

parar;ieters: *l l  ) = f o, *l l '=*i. i) = [r*, ,



* $ *

/ ^ \
3r  r  r=G. . , l .p j  r=f  *  and.  

'nero 
i r r  re f ; , t ,  I t  easy to  see that- l r r ] - i  "  n

/ ' ^ \  / ^ \  , ^ r r r ( . i ) )  . , ( P )  1 , r r r - \ . .(  2 .1 )  i i ; t ' r = (  r ' $  f u )J ; f  i r - 1 (1 . " , , r i / " , r r  . ^Ty1unrn -1 ' . J -$ l  .  
/ ' +  '  .

. . .rlfi " . .rll)-r (rtrf(,)'

In tr i is forr in the ci : 'cratoro } ' ( l ) ,  e,ppear j-n 
L5l and. 'Liiey iia,ve

a teclnical  ro le" I r r  the fo l lowing vi ie ar lso cor is ider t i te operartors

,.!.B),*Lt-"i3,obtairre.:':.::":-::^l, ' l.;}:: ' ' ,",.i l],:i '; i
start ing frorn tne sequence of pareneters: GiI '= t  p ' .  t  rni '  

=t ' ,a-- i ,  2=.o .  n

3o o r=u i f l )= f  pn*- i  , ' ;122 .  I t  is  not  d i f ' f icu l - t  to  see thet

( z . z )  1 . l * , ( n )o (n )=K !3 ) .  .
Tiien, cienoting tne r:ratr ices in the r i ,gnt sid.e of (1.10) by ,g)

and tr iose ccrrespoi ici i i ig to YS)OO'i ! ! '  ,  Y/e have tne equal i t ies:

/ ' " \  
r ( t )  - ; 1 ( P + i ) u ( r ) .  -  -  - . ; ( i : ' )  i , ( t l - l )  - .  ̂ , , ( r ) . . . .  ) t( 2 " 3 )  t t $ ' * ( , r o O  , , ' c r , J  - e , ; ' r .  c .  r . i e e ' u k )  . .  o u o b  t

ano,
:&.

/ ^ \  /  \  / - v /  \ ' -  ,  _ l  \/    , r  r  r ' \  P , /  r 1 ' \ P /  l ) \ P /  y \ P r - 7
1 2 , 4 )  I v ; - = t r * " :  t r " d  r c > C

^ r ^ r *  - , r  - r r X  r , , n \
r r \ P /  i  f i \ l - i - r /  1 ; \ r t r l  \ -

, n o r i u * r 4 1 1  r o o L ' , O O  , C O  , . . o 1 .

Accora i lg  to  (  2 .3 )  tu rd .  (? . i l  i ve  c i l l ]  ob ta in  i ' k )  
' r ,  

tne  fo r rn  o f

(1 .3 )  anc l  ( i .5 )  fo r  cer ta in  para j j ie te rs  a rnd  then we can o i ; ta i i r r

ioen t i f i ca t ions  f 'o r  the  oe fec t  spaces  o f  l ;$ ) .  Thus ,  (2 .3 )  sho 'v - , ' s

tnat  tne f i rst  p*r i ; ; , reter for  wr i t in5 t ' , ig)  as in (1.5) is 
" [g)  

I  then,

"stl 's) 
="gnl l"t ln'' is

consequently, t f ie eeconi.  pa; 'ar leter is i i (Sl l* l t ' )  '  v/e oir tain by

irrcluction t?ia'b trre sequence of parar;ieLers cho'sen j-n ord.er trrat 
"!cas

/ - \
K:l '  i ius t i ie reprezenttr t ion (  1.5) is 1- . ""o --+ '  .  .  .  t : { ,  

u '  \ , ; , ' .1 '
OQ

- ( n )  r ' . ' ' r - i ) v ( p + n - Z )  - - - - " o , ( t r )l Je  ue f ine  t i ov l  G t= ) iS ' r . .  "  rGr r=X l f '  * *  *  
'  . . .  o . c : !  "  '

arnu us j - r ig  t i ie  d .u; l  for r i i  o f  ( r . }C)  l re  ob 'ba in the uui iary  opt ) i 'a tor ' :

)

( R"Y' : S ptqlx *---) &
|  

' - o . ]

t c.,r(?)t /nu1
\  t  

' ' D o t q l t  =  (  n
i  

*oA 
\  

t ' ,

I  \ c
] .
i t
!

^ * C*Soi S

^  " fb ^  Q *  )

\ r,&*L ')

L J )

F \ /"la- bn LI5"VU

z -  r ' R

CIr al,

\ ,  Y r- s 3

I

)  
- .  r

' )  ' " ,

J  o ' "



j

; but .g

\ 2 , 2 )

fn

unitary

, :  / \
\ t . o  )

, .tt)
Vfrief e -i, +

fv cY (., )$
Gn=Jb i ' '  '

l \ow t

, - a \  '
-Ft d..

*9 -

6X. 
= S XH"')* and' rising

( t.tt, $,r rE\* ...*^--*.+
| 

'-c,t

| /';*,:?)

\ 1'$ bucq)+ = i o' ,

i  
*  

\ t i
t

(1 ,13)  v r te  harve

^g,(9) *^ ̂ fr (F'n)""
rJ. i : ,1_ €l  .F* '  \s  .  .  .

tne uni 'bary operator:

n r ' ! i- $+ o*-

\ ^  d .
"se

!{Lt)
{r'o

;
.
I

i

r '
I

i 4 .

I

I

I

:

{
!

i

)

/  \ a t
I  " n t
I  o *
l /

c r  c ' ' i  r t t i  I  g r  r

o p e r a  t o r ;

\*\
c,1lr , (n\ ?rrr * i,r c,-  " K  V  i / d '  v r r v' ia

way ive obtair . r  t i re ident i f ' j -cat ion of

{ cO, .$

6 
(F 

b*cql :
eo

rydx
t ) - Q t Q a ,

\ts"
'  l t

{  J } ! q ' , o  ,  \
1 c , JrlQnt ., -- \

\ :  )
\ /

' h r r  
* h  a  f  ^ - r , , r t l  , ,t, V t/II( i J- \./J- l l lLalq

are tr:.e dual$ of JP

? ( p+n-2 )4 .r ( p+n-l )' o ' { 5  
+  

* o $

we def ine

ai;d. ?r=t$ ) ,

,}P beeing tne o,uaL orcrrf "

t' "'sto ) *3

Q  r  c ) ,  - . .

k- (')
t)4.Jb,,tr)

ob

I

o
\  \ t

c
,A
\J

:

A\

It

operator :

c)
I r r

l R

\. 1 \

\

)

nc,
O  a \

6 €?) CI "qtt CI ffi O 4t^ €Jq"CI---. -**D

6 us(l) 0 -gt'r ffiCIcsrn* cidrf 0"'

^x( &.{ '

a"()") U(D t(n'-u  *o6  o

LJ ,

x dtr')*

wgere tr: tr rr€&ils tbat lve applied one ri iore

in t r  t r  i r : .  orc ler  t i ia t  i t  e ic ts  between tne

'  - r t  - l ^ +  
J ^ - 6 . - ii ' inal ly r r.cU r.rs ucr.r-r le trte uniter,ry

ro 'ba t ion  to  the  opera tor

corre spondiir.g spaces {.

n / d  r v  
t a

- 6ilt4oor"-
ryth"x

.  - s t  o o r " '

\8,, .

u ( 5

LJ

(",0)
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where' f r .*  is  tne d.ual  of  ( ] .29; t .
i l

D 'l rnl;I.niT",,: ^\
a  .  J  t r . ' . r . J J  v f  l ! / r , ' the operator 5L def ined. by

? itr tne sense ,that *rr

prove that

/ $
t
I
I
I

:
t
t
I

operator of f{  and

PR0C,1' !;e have to

. " r *  - * .  l l

_l5, . rKu tq . )
t \  *x  / " . , , . *  \ l

lJ , , t t '1 
'o\ t t

lda. \r 
')

Dro ; 
[n

$, \ , "  c
o  X -

( 2 . 7  )  i s  t h e

h=h , in€- &

&

n n r r ^ ' 1  i  n  nvu  By r r r r €5

aird IVJL =JLi/.

u

n'q )K$

r,, ( i)
F " a

sin61e elexientary rotei t j "on.

.  ,  th is case i -s gener ic for"

obvious cirange in the oefini.-

eque

n €
-L t  v t

( a )  f K  = Q

cr f  tne  Sz ,

r .  -1'  
For th is aim, y{e eventual ly use (2.2) and Leruira 4.1 inf fJ ,

/  ̂  . , \Actual ly,  (2.8) iaainly explains t i re def in i t ion a.nd the d.esired

proper t ies  o f  5L  .  @

2.2 R-lilqliRK lr&)r be useful.  to point out the fo l lovr ing s i inple ca$es:

is the Schbffer reprez.err tut ionr r  U I J  t  I I

r. L  ,

,t

P

iuloreover, vfe i.rave Vi

;  in tnis context - fL

( b )  \ b '  = Q  ,  k > 3 ;  i n
h

o u r  c o n s i d . e r a t i - o n s . '  l i e

( 2 " 8 ) T,t-ft=SaW=

a* )

o
)

0
)

o
o

,  k 2  2 r ' c o n s

- i ta$y 0.aJ.a;r;Lo

. /
f
It c .r'.\

,. I crrl l\I!\
ur=\ -[.,1*. \c^ C

\  o T .

\ { o
I  n[ f \r - J

i ^ t c A
a n d  . \ L .  

\ , . "

1
)

t i o n s )  :

c o n s i s t s  o f  a

a certair :  sense

have( witir an

{/1

L.

n
" t .

\
I
I
I

\

\
I

/
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n,r n ^ riqa.,..' 'rcnr-rt i.?UiL4,9S-iC.LJ!
V T I 1 E C I i + r : W

l.[A}*u"::'f: 
,"*'ri'TrOfi 

,.^,-^ui cri c o'elrcitor of tire

fine trie characteristic oP 
$l_,

s y s t - : : . : T , " : : : ' : : . " - ' ; ; - v r i i ; . l r i t s a i d . t h e s t r u c t u r e o f . b i . 1 0

i* t i ie sa*e way tire charaqteristic fu'ctiorl 
:: To.ti i i '--.:*

Foias t l reory. \ te co*sid.er a. s-batj-one'ry process $ = fu" ' l*--* 
a*u F

its spectral ureasure wit n 
::l':::^l ;,:"*-"T;; S"U'il-T:

as*]oc iated to  ' ! '  bY (1 '9)  '  The spaces -K+: \Y-oYr vr

p a s t a n r J . t h e f u t u r e c l f . t h e p r o c e s s . , , o " a . , c r i b i n g t | r e e v o . L u " i , i o r r j
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the future v{e use t}re reprezentat ion (1.14) and for d.escrlbing the

t tevo lut ion i -n  the past r r  i t  is  t , iore convenient  the reprezentat ion

(L, '23) .  I r . r  order  to  connect 'b i re  two par ts  o f  t i :e  evo lut ion of  t lee

systera we iiaive at hand. tne clescription of JZ given in Section ItrI.
+l -i c,!L , NLet us d.efine lY* =l' i t*/ft+ anA !,* =iy / e- where

ry ]€. c- ln ^^
St+=VV*"lft ;  these operators are j-soruetries and let u. i l l+= M*d;e

the \ lo lo c i .ecouiposi t ion of ' ,  tT*,  then ,  t rc,corcl ing to Corol lary 2"6 in

( 3 . r ;

;  analogously,

\ ) . 1 1

i\ ort'i, !'f e

4t
rA n-r-

4.{. O-

= * . w 4

d,n=l1,(..se s*&? opio ce.'- )
A-= 14*&-) f f iH-
g -$ut,, .  soo.s'ro[Q*oo ,")

def ine lhe fo l lowin6g spelces:

f ln -= ' -  'o o oS]614, '^os60- '
€;-= -slt( ? -e 

''; -e -G) . . . )
-fr 41
r X - ; =  " K - ; Y J d ; ,

*u,Z-p /R
, ' r t t {  #v  , ( f l c  o  o

"l- 1-

= -s f  ( . . .  o  CoBOgr^noos[ iO-  )

f lo= A,o- v &o*

and the fol lo l ing operator u ' i l l  be cal l "ed t i r .e charac'ber ist ic opera' i ;cr

o f  t h e  p r o c e s s  I

(  
"  

? \
f t ' & ,  

{ o

t ;=rf;n zd{
The 'f irst probleru is whettrer t = J1V ilo . It is wel-i*trnov-,m

(see for lnstorr."* f ,{sJ ) tr iat for a sei; i ispeciral  neasure ir  on T

there exists & maxj-nal subspace f,t * of &' reciucing I to & $-pec-

traL rre. isure .  i for t t ie case f U=U , k2 2, i t  ig also rnre1l-kgovun

(see [r.l ) tnat {.e t&v!"i ' s.* oq- -dts ( Q,- = -sf G--) .
But for  t i te 6eneral  ca,se t t ie Last equer l i t ies fa i l .  I legarci ing t i :

space  C ioCCqV l / , )  ,  l e t  us  beg in  by  cons ide r i ng  k= (  . n , , d l i ) , u11 )

,W ur,  d2,  . . .  )  in  L lus spr lce &no as rc l t ;o ,  we hrrve uo=u ,k> L,



t

r ro i i i  . (3,5) we r€r i ra.rk t r rat  lvhen kerDoi4*

corlsequerrtl;" i'* e> ( 'il ; v "fil * .rf . 
'o

So ,  we have to  corrs j -c le l '  t i ie  pL i r i ty  o f

te ike f  a  cor i t racb ion in  { rk , ! t i ,  t i ren

=0r  \ " i g

1 . ( z J' * o 0  '

l ra.ve u! ')=0, k 4.

r , rotre precisely,

rn_
trerDrF

*--*+ S)
s-r*

rvhere T.,* is unit i :r 'y ano. tn ts pure t l \rnnll  "\ inl\ ,n+o) ( see Ll) l  ).

l-.-] i'i'WOiJ'$-?[ ].,et ii' be suc]r iirai f 
,- is a coriiple.[ely nori-unitary

contraction ri ,nu tt, ! t) 1s pure. lnen k = *;v J{+ .

PR9,gl' lie sii\r tnal, w'nen lrS)in pure , tiren tet'rf;V!*1c{C. Let
J .  . . - 1 . '  ; J .  r  r * ' l

r e  J . * ,  1 i i , V J i o )  ,  k = ( . n . c , H , 0 , . . . )  ;  u s i n g  ( 3 . 1 )  l v e  w r i t e  t i r a t
.  I  

" . t  / j ,  . . 1 /  / ,  
- ' - '  

,  ^  t r . ( \ )k  I ' : J : +  r  s o ,  ( k , i u (  
" . . 0 r d * , \ 9 i r o ,  .  .  .  )  

u ) = 0  
r f o r  .  c i u € " s n '  e r n c l  u s i n g

(1.14) rve obtr i ln tnai  O(*) l r=C; but tne pur i ' ;1,  of  r i ( j ]  i - i , rp l ie; :  'b i re

n r r r r . ' i t r r  ^ + '  
- l ( 2 )  -  -  - - - ' - ' - -  c ,  r , r o . . r a c  * . . o { -  

( 2 \

1 ,6 - *v r r  , . , { _ / .  . , cce r r i i i r g  i o  (1 . } l )  t i . i s  l r ea r i s  t r ra t  ke rD_ \ , l / = \ J .  b t i t

r ,  t 2  (  ? \ 2
Dto"  =Dr^+,  Dt ; '  Df*  r  so ,  i t  resul - ts  t i icLt  Dro i t=O.  Cor , rput i r t€ i  l ro \y

J .he  pov {e rs  o f  ' r ' l  on  t i r e  e l -e rnen t  ( . ' , . 0 rd . * r i q l rO . .o )  we  ob ta in  by  i nduc*

t ion t i rat
- ] : , r rq^" 'h=Orn7 

o;  i lnu lo3ously ,  i t  resu l 'Ls  inatbrn i - f *h=uo

nZ O,  Consei luerr t ly r  w€ obia inec l  t i ra t  k  € , i . .e f "& ive; )  i f  t r r ic l  on-Ly i r



hG & . r ( f  r )  ,  w i i e re

cing t- 1 to a uiritary

Ior the spa,ce it

l ' )  l : ' \

a.nd

( 3 . 7  )

-14*

&rr(f r) is tire naxir,,ra] subspace or f{- red.u-

op cr-'€rt O.i- '-

^ 
'L.irere are t 'rvo kr:.ovm descr.iptions ( ,.:ee fcrii

ins'bi.i-ric* U5J ) t
- * ,  ( .  r 1 - :  t i , . . . i l  l i  , \ '  ' )  C"? i ' -*=rhe ,L / i \s , r i :1\=\ l ; r l f  u n€'L, j  = in € i i  /y , (  [ r r )h€ L,  ,n€ Z.  ;  .

i iut r  (using i -or  insta.nce'rne $ct iur  e lnalysis of  $rr")  i t  i r :  easy

!o €ree that j ' i  

"  
c i -epends orr ly cn t i ie f i rst  r rourr ler  coeff ic ient  of  I ,

Nariirely, ?'1'L".r $t..rtf ,). 
' ,r{itr i tr.r. is rer,iark, lve can end. tn.e prooJ:r

A senispectral  i i ieasure qn' . - l f  wi l l  be cal led.  pure i f  f1 is a

eopletely non-u-ni tary co: , i t ract ion ano t<(.3J i .s.  pure.

3.2 frl l lOi.Fr.. let I '  be pure seinispectral  measure onTf .  then
-J. -{ r
.,l,{ : ,"-i{v l r - c a ) j i ;

jL * {r e (;ll h_ V "t",*)
Pi l  f ) r ' i l if ,  r t v  \ / r  i  1 !

€3

,3 ,J . ; i+A l_ t j i  i l ner i  tO=U,  k7  2 ,  tnen a  is  a  [c lep l i t z  opera tor  k i .av ing  a f j

syrabol  t i re c i ra: :acter ist ic funct ion of  f  
l .  r i (31=O ,  t r reo.  I r  is  pure

if and only if i  f r is & coilpletely nop.-u.nitary contrac'bion. -b.inall; ir

( 3 . 6 )  a a c  ( 3 . 7 )  * " u ' b l v o  o f  t n e  m a i n  r e s u l t s  i n  t h e  s t r u c t u r e  o f  t n e

92

r--L)

unitary diLat ion of f*1. f f i

l,-*--EJiJ/t&i! iet us consicier tire sj-tuation rviren
'  ( '  ^  " - )  X ( t 'o r  s i rnn l ic i ty  v*e take I i=3) .t r i a t  t  

k = u t ^  - ,  - t t
operators: nr-=#/ cl;o , +r=njii* / LL- , nr=rfr_
. . o  - ' i l  r f i  i - - . - &  t ' { }  .. J  = X 1 t  / , J - . ; . -  , <  = t 4 t .  / J a " -  .

JCt+- .r! r*

Having ttre fonnula for d. 
* r w€ consicler

, roperator Qr' -t^ *Yf;
..r r: l)f.,. -F,ot

j o O
Y f '  p A f x  $ r r t,84

: i
r y  / v f l o  .O \d r = f  c ' . * l * - :  \ ' l l

[  
- \  )  I

\ t

there exists l ie.  [ : l  su.c l

\ i{e a}so define tire

1k;.r , un=p.fi -t ft-;- ,

instead of  Ql  t l re



* sirtple

S o  ,  t h e

f i rst  col tur in

func'i;iori

{Oq  r ;=

where

r , 'orr rq-r- lz

order  s

t
t
i
I
t

I
I

,)
k6l "-

e) rJ Qra

aracter is t

t i on  i s  th

-  lan

t.ne cn

s fi-rnc

(n+r I
I(n+ t )  
f

i . -

a '  / !  I

/ ^ 1

I
l _

\,, - '/

{ H . }
' 4

+ L -  { -
U I I € A  U

r t  c  *  c r l ,

{
I

i
I

i
i
I
I

I
l

coinputatio

iL"Dr} fr
T &
I

l a l

i  ' n
{
1 r.:r
\ *.'
\\ , 4
\ \-.,

\ l. \
\ r

* 1  t r *

l .n ( using Rernark 2,2) snows:

s*br;)b"^*rrt{0t' Lfru., n " .

e -, t r; f^'hr,

" . r 1 \ .
e .  &  

*  t l p a t t  u F a  )
2

3  
^ ' d "

i

, s J  -

operator 'Q-, t ,^r j  oi l tainecl by the el- irrr ina,t ion of t irc:
& 9 r v u

' t r  
3f  is  a To epl , r tz operator having as syrnbol  tne

, , * il.*. S. *_-* *!l_tt") ( lL - at ' '  Grn tz)) Prr, ,a \a

lc  funct ion of  i *& .  lYe inune,;eately

e transfer function of t-i. ie f irst

r- . .  l a
4J

o
t

' I

/tl, 
-0., 

\1"r("\ i o\
1giof,.t'tl[-rt"r j .F" 

J
u(  n )

connect ion wi t i r  t i re Schur

B.s ctescr ibed int?- l  ) .  t r iursn for

y(n)=(Trp,r lo*  , - )q+ I -n ,  ( " ' : " ] \  -  f *  u(n)
\  x2 (n l  I

r : .ofeovef 2 v{e can establ ish tne

algcr i i iua (  t t re operator ia l  versj-or i
! \  ^  

"  
I

a contract ior: .  T C.{t . l i , r ' " .)  we uefj-ne

{ t  ,  2D,,,+\
U " ( z ) = l  . ' ;  \'  r  

\ D r  , - z ' r ' '  ]
\ r  /

and for an arieilytie contractive i 'unc'bion ln tire unit disc 11) nnd

havfu:.g values in ,.f11i,.;"); lve cet' ine trie Linear fractloni:. l nap

cu*( f  )  (z )= ' r l \ r  +zDr*r (z)  ( r+zt* t ' ( " ) ) - lD, r /$ , -  ,  '$ r  - - * r , i :T+
I

Then,  .  j - s  oo ta inea by  two succes ive  app l ica t ions  o f

'Lransf 'or ; : rut ions of  type CU ( t r r is  is  in essence t*e Scnur al . ;or i t : i l ,

for  c letal ls *"" [+]  ; for  oth.er i 'acts abou'b Sclrur ei l5or i t run anci
. 1 ' i !

systen t l€ory  see L l l l  )  "
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Siuri lar consid.erat ions can be r i iade for t tre ottrers operutors t) i

one rnore ret, tark oI1 iJ? is t i rat cotrsid"erir ig instead. of i t  t i re operato::

r{
{ ' r  !

oltr
s

**fa.
p

st-{..,

$_i1 .-dt." " r A
A
.\r' ns'q;
S,t-,"

i
' 

Ffl

ff tr1 n.u3- * . f  ' *3,

7"J (

u/e  have u .^=Kt2)  -  rB-) 
cCI 

r ir':',

I rl+iJ*'i+-tkrljliTS-

3y ou.r  conslCerat ions in i r re prececient sect io i ls  v/e t ryed to

exteno several-  fac-bs in Sz,- l ragy-Ioi- i ls  t i reory f rorn a systel l

t l reory  po in t  o f  v ie rv ,  i t rv in . ,  t i re  rea l i za t ions  (1 .14)  and.  (L"z j )  o f

tne i ' ,r*iniark C,ilation in ternis of the Scirur a-r:i*lysis of Sn" tl ius, v/e

fol- lo l , reci  the t tdynai : r j -crr  of  t i re systeur (L,24) but we Lost the

funct ionei l  utodeL ioea. Actul , l ly ,  t l is  last  pro 'n leui  const i tute the

sub jec t  o f  i :u*ny  a t te iap ts  on  ex tend ing  52 . - i ' l a . ;y - i rc r ias  t r ieory  (see Io t
r " . - 1  ,- i . ' r c f r ; r ' r r . a  i  l h l  " , \ "  " b ,Or  OU1"  Co l i ex t  W 'e  CA l  COI .L inUe  { tS  fO} -LOVTS:  }e tL , " J , . j .  

v J r r v v A u  v r v  ( J e r r  v v l r u r [ w v  q D  I \ / J - L v v v D ,  . l . ( : v

IL+ =lvr+ l/1lefrr be tne \ ' /o ld c iecolnposi 'c ion of  v ' i_
.:

and

i le re: , :a: 'ked in , iec 'L ion

not d.epend,: ,  on tne space k

j ' . ,o 1/r:Plr " l  n'r .rrp+ w 4 t ) v

! 're are forced

*i,* (Mr&)vr4ll-i @ q.

3 t,.)at €" uay

s .  T i re re fo re ,

QL =Or &r unplearsant condi t i -on.  ' i lnen, \ve consider tne operator. :

? . - d f  . , \ r , . / \+=rfr*)i l'4t{)

ano.  we i rave ' l ( r r l , , , ( { ,  - l  )=( ; i / ' }1(  ' {  
t )  ) , i  . ,  consequent ly ,  by ' i ;ne use

of t tre trourr ier repr€zl i . tat ior t*, , ,1* C f l t l  )  ,  i  is iue nutr uipl ioa-
b

t iotr  operul ' tor  ' " l l t i r  a con'bract ive f 'unet j  ^-  rq c rY " !  
' -0 \  '

- u i r  \ - z  
, , . ,  \ t \ r _ l - g r { . , - i  t . n q

@o( *it) = fl *tu*n'"t1.* ,ouuf;_ .

i le f ine A rn( r i t )=( r -  @'1n(* i t )  @T' f  u i t )  ) *  :  ap *  ; "C.d i

and does

to s l lppo se
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there exists a unitu.ry" operator rf ; tr .-*--+ l '2d**)OAr,l,2(t 'u^+  r , , - 6
{ r - [ r \ ) I I  g

sucII ' b r i i i t  i i  i r cco i , i es  tne  i , i uJ . t i p l i ca t i on  by  h . r .

In trij-s !Tay', \\ie ob"baineti a furictiorr.erl irtocrel forulre litaitii&fir

d i i -e i t io:r ,  but  r ,ve harre not at  hand t i : : .e pc.rs i t lon of  # i i "  t r i is  i ; lc 'c le} .
ar -{

tr i€ &;ove tr ioclel appear"ea i i ,  fJ* j  i ;r  the fol lorvir i6 forta: t :": .er,e
q5d5 \

&re co,.-;iue:'ecl tvro isor,retries; v.. oJr rrs* yt.i-trt 
[]Vi<'.r=p.3rtrr*,l, 

\ye
A c .  

l "

clefi ie . i{t  = ,1,* *V:*lr- ,  *g t .  6Vf ,t3 .
t:-{}

i '  ut.Lit irry olrera.tor- 
-i, e:. ' ttCfl is call-ecl urr-i-t i*ry

palr (Vu ) !rir€r'r. A: C.(, *rr.1 Utlrl;=V*dn. r d* € ""bt

f.
v/i ien \ . ,-=0 , K) 2,

K

i r r  i leuark 3,4.

a n r r ^ ' l  i  ' . . , .  ' i ' z r n  
t l f ev v  4 y r * r r { >  J  v J

.  Def lne
:

$t* = V t,; '^"Jrt tiren U is ctrfleo rainirnal ruhen {= ft}VJi-
. b  \ -  a  ( \

"ur inal ly ,  one consicers

|  , t  L t

s (  ? , , t r ) r .L=2  n  ?  :  * ^ "V i  E :b i ' - ,  L  e  d " -o  . , \ 3 \ .=1 ,
J  a  C t O  

' J * -  r J  I  '

t i re scettez" i r rg suboperato; ' ,  ovhere E e is tne spectra.L r i reesure of"  i ; .

I t  i s  easy  to  see iha t  S( ,  , t r )=Orn  and.  t i re  func-b io r : .e "1

rnodel  of  ,S+ ano U is novu obtained..

This t i ioc le l  is  s l lccesfu l ly  usecL in  the s tudy of  t r re  l te i ra ; ' j -

'  r ' . 1  i - r 1p r o u l e i r  } n  L :  J  r  L ^  J  ,

One utore reiuirirk i.s that

essenciat ly tne lur .Lct j -or i  G)

/tA1'Urlen \:V *, 1S
jr '

xEJl:)ilEI{Cf S

j rc ia i l janrV.r , . .  !0 i1  nond"e;err .ere; te  urr i tary  coupl i r :g  of  se l r r iun i t i i ry

operrx .dors ( r . iuss ian) ,  r , 'ur lc i { .  , r r ra l - iz .  . l : r i1  ozen.- {  t4 i | - t ] . )  o I*1t r

; r .da, i , r janrV. t t .  ; : \ rov, i i .  Z .  :On ut r i tary  coui r l ing of  seniuni tary

o p e r a ' u o r . s  ( i t u s ; i a u ) ,  . i r a t e l i r . I s s I e c i . 1  :  2 ( 1 y 6 " ) ,  3 - r r 4 .

.e ,d i , unganrV . ! i . ; . r i r ov  r l , ' / " . ; i r r e in r i u .G . l l n i ' i i r i t e  l i an i t e l  b l . ock - i l a t r i ce l

anc r  re la -be rL  con t i rma t lon  p roo reu r  ( t t uss iun ) ,  I zv .Akac r . i i l - uk "

. ; i r i r l  j e i n  SS i t r i , r& te t i t o  , 5 (  1971 ' )  , o7 -L IZ .  . ^ l

. 
,'rqb}t

l'*$-'-

1 .

( - o

a
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