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ON THE EXISTENCE OF THE ALGEBRAIC CURVES IN THE
®

PROJECTIVE n-SPACE

by

Ovidiu PASARESCU

The aim of this paper is to give sufficient conditions
for two natural numbers d,a such that to exist a smooth,
irreducible, nondegenerate curve CC}PH, of dearee d and

genus g

We shall work over the complex field €. We shall use the

i )
standard notations (see, for instance {Ha ll, (Baj). Curve (resp.

surface) means a €-algebraic integral scheme of dimension 1 (resp.
of dimension 2).

We recall that a curve CCEPn ig calledinendegenexate i f ik

-

is not contained in any hyperplane.
We recall the Castelnuovo’s bound also (see, for instance
[G~Hf pag.252):

n
Let CIP be a smooth nondegenerate curve of degree d

(necessarily dpn) and genus g. Then:

o (sl )
g&zi%%mi(n—l)+m&
~with m=[§5%i( ( Jhdenotes the integer part) and &=d-1l-m(n-1).
4 = |
§ 1.Nondeqenerate curves in P, ny3

In  this Sj we shall prove the following
oot

Theorgm‘l:

Let be n&N, n¥3 and d,g€N, d22n-1 such that



Then there PXLStga smooth nondeagenerate curve Ced™ of dearee
d and genus gq.

The case n=3 of this theorem was nroved by Gruson and veski-

—

- =
ne (see |G il or LHaé]). The proof of our theorem is a generaliza-

L

tion of the proof given by Gruson and Peskine for n=3.

Let Pl,...,PgﬁPz be points satisfying the followinag condi-

tions:

: : ; e 2 =
(1) there exist a Unique spooth cubic r;QP containing

Pl,...,Pg;

(2 Sthe® cllasses 'of ‘the points P P andég;z(lﬂg%o.are

R
i P >

9
Z-independent in Pic f;
Let be S the surface obtained by blowing up the points

D

4
s

9 from EZ. Then

: RO
Pic S= Z& 7

Vi

with G{; —é],...,—eg) a Zr-basis (here ,ﬁ.is the class of the inverse
: . : it = : :
lmage “in S 0f a line [P~ iand e, are the classes of the exceptional

divisors Efﬁs corresponding to the points » N Pae o

l""’p9’
We recall that:

A{Z 2 « e
AT=1, ei*—l, : : ei=0, e..eJ—Q

(@ﬁ»lgﬁjj<9 (R mcans the intersechion form on S)

\_.,ﬁ,/n e N
If (= @( éL]b ewéPLC S we shall write it as&i=(a; bl""bd'
i= e

Let be Coﬁ4l;l,0,..,,0) smooth
"&(33;1,...,1) smooth

BO?E8LE9 (0G0 e o 0 . il

Propesition 1l:

A : e
i) The complete linear system §C0+m‘f£)m¢l (resp. iB Fmi(,

m22) on S has no base points and defines a morphism

74 : S
V7. 2m+1 i - 2m
[ e e ) = S : S D <
;;/m.S i Ge pSpeif n S {4 %)
7, 2kl L 2l o :
i) X 9 (Sicp (resp. XI‘”‘/(Q)H ) dsavsurtace OFf
il im /r



degree 4m (resp.4m-2).
ks ') ot < 2 s -~ -
113)% (T =nex (respf ([} =T %) ls o line in el
(resp.j}? ) and"l [: fwa (resp. / ‘/” {MW;L is o finite mMorphismn
of degree 2 with 4 ramification points Ql""’@/l
iv) Y o 2SN\ X L el Ry
1v) mv‘/S\S’" S N Yy Xrﬁ“‘]'m (resp. 7/ m/S\r“" Xm*Lm) is an

isomorphism.

Py e e = 2l ‘ r\fz
Vhod Y ST s 2 el SIes —— 3
/ sfmtx 1 (y)ﬂ’D ReR %[ m }Ciq 7 '/,V“m (=

is injective (%) xé—S\{Ql Tnens ,Q4g,

vi) Let be YeS a smooth curve, Y-,éf’such that
o0, £y, i=4,9
3 b 72 ’,,) :( 2 . QAQT b’ :A/ ]
sl R0 P B R e (roog.?/m(P) /mmn
= § p,of ¢ ¥.

2 ~
Tklen/g¢’ITI(Y)~;zP.“m+l (resp. ,{};%(Y)&{sz) is a smooth curve.
viil) Let be ¢S a eurve 4ds in. wi).andsasuch that
Y. (Co+m$")2,4m+l Areep. Y. (Bo+mﬂ2 dm-1) .
2m+1 : 2m

Then;,f;n(.\[)g:g? (resp.?{?m(Y)QP ) is nondegenerate.

Proof

; =50 : 7 ot
e fiact that/B +mf'/‘, 1@]‘ and E{Co +m/‘”}}, m2 0 has no bas:
peiEts s proved il L/mnx,j
: 7] i

In order to: compute /; (/O B +1N 5 ) amid - ;-O((}) (C +mi)) we

use the standard exact sequences of sheaves:

0 —afB_+ (m-1)f ) — (B _+nl) > AL (Bt = 0
0> £ic + =101 s ghC HmT— £_(c_tm—=> 0
7
/’1 £) (B +m¢")), (’/‘(C ) eEor mz2 0.

and the vanishing of4 (;,0
1ii) Because of the surjections

&, ‘\Co+m’w) =5 H (c,) +mf7) )



/e ‘Te=D ?”m/mﬁ is given by %ﬁ(CQ+HW3 (resn. ’E(B o))
Ui i~
ﬁ Q%} (C_+m/)) ,,/cgos o) )=
= 7 Jals e A R e GO Y
heuc%f nﬂrw"i - Zma(iméw' [ »Lm)

with g(L JEGHLL)=0,

g

glfr—1= o) mri%ﬁ are not isomorphisms.

- ‘ Tais o ~ e L
But.g = deg” —deg/, m/ sdeg L i, and dec f‘ U/F’f) 2, 1t follow: deq}m{_‘

= > == a "‘x,{:
2, deg B (analogouoly fore/mge

For the ramification we use the Hu1w1tb’ formula

ild)¥ For %Jm:

The case m=1 is known SEL- o DJQM:(?MZ])
Let be P&S\[ . Let be § the surface obtained by blowing

o

up S in Paphdl ot = ‘doniote by E the exceptional divisor on § corres-

ponding to P. We must prove that the complete ‘linear System on =S,
! CO+mf1E/ has no base points (Wﬂmyl (here C, and 17 are, respec-

1 0 P ’-ﬂ’"‘ ; s
tively, the proper transformers of CO amdE b n g

For this we use induction on m and the exact sequences
: [ﬁ/j > / o \! 7: e e h&) ; = kS
O~m9g (( % (m=1)Y"-E). &()( O+m,~m)mwp;(CO+mI—E)~>’O.
(% g E
e R e .‘ ; . Frme e
Because Q@»(Co+m;—E) 1s generated by its aolobal sections and

Tl B

is 1ff1019nt“

o Foxr: /
W“”‘- - . 5
The situation can be reduced as before to the case m=2. For

m=2, let be ®#S\ . Let be D:=B +; (3, ﬁ,..s,Ao O)-L—Dl(‘ S. We must

show that

PN ~ o [ e b . ; : il
£ 3 +45~L):§4j£+;—ﬁ) 1s generated by its aglobal sections.
v S

1)

From the ‘exact sequence

s - B o il —
0-H (C) (D=E) s BY () (DI 82 () ) o ¥ (f..j/-l(D—E)) el (U
g : =S ¢ S
because - (UK(D E))=2, hOQQT)=1, hogﬂgﬁ)):3 we deduce that
- 1 0 = S e
2=-3+1-h" (& (D E))=0, hence h (¢4 (D=-B) =0,

Using now the exact sequence



0 <o) (B- P)W¢6(D+FT",AQ Dt e 0
5 5 e

and the before vanishing we deduce the suriection

B (¢ (D+1-E) )~5» #° () (D+7-B)).

From this and becau 5&(54?1E) 1s generated by its global
& '

sections it follows that the points P and 0 are separated by
PR eE .
i) o
[D+i ;ngo+2f‘} ite e

Let be now Q€M1 (Q4P) or el g

a) e s0 is 5 .not the base point of the cubies containing P P

l’og.,“"’fz"‘
P, then (§)Doé%3fl,.;.,l,0,0) such that»DéﬁD,'Do$Q, Because 0 & /~

4

it.follows that DO+QQBO+2Ff contains P.and do.net contains 0.

b) If 0 is the base voint of the cubics containing Dl"‘“’ai’ 2
then there exists a smooth cubic Te(37], ... L0 @) such that
T? l""'P7’ U0 (seo gBej - corollaire Dageacl) " Fn order mpro-
ve that lBO+2?i separates P and 0 it is sufficient to prove that

7L2/T is an embedding. Or, using the exact SGQUence
2 “Qé/ N> 57 B #2[)=> k (B +2T‘ — 0
and taking its cohomology we obtain the following exact sequence
i

I (@)Eye | o oy O { e X (@) /~? e ; 5 l / f’ S,
0 fH_<§% (i))~>H (4%(Bo+zf3) mﬁfildj (B t2l))—> H @g\(.)) = 0

Because

.

o

»

'ho(“¢(f3):1,ho({e (B +21)) =5,
~?

W\

'ho(uT(Bo+2F3):4 (use the Riemananoch theorem on 1)

0

it follows 1-5+4-h’ (£ ([))=0.

<
Hence hl(J?(r))so,and hence the surjecticn
::) -
) : - -
HO(tC(B +2‘))~74HO(&;(B0+2{))
= i

S = ;
It follows that’V q/T is given bv CVT(BO+2f) which is very
anple-on T,

4

v) We use ¥ ) if xeS\ and the canonical surjections

o0 e ey £ -
H (.':»4, (Co+m ) > H (m"w-(co“‘fﬂy ) ’ mj‘,l

5
@S 20
H=(C, (Botm™)) —»= K () (Bytm/)), mp2



3 g e : :
because [ and L (LéﬁLm, Lﬁ /m&iN 7 ) are locally diffeomorphic by

4 " ) 4 P

/ Ut f i) P ? . ' . . . . '
9” (?(?7W’;ﬂm+1 [meiN ol fmecy e B el s inot Bai aml b da trentpelin . S(clee
e 4 =
\ Saif, chovit b3, th.1).

¢ , f :
Wi ) follows from U ) and U )
. : e s «;‘
Gl folilens from © ), it ) cand O ),

e P

Observation 1 . (see LHaéij, pre . 20 -

19 Bor any mef the complete without base points linear syes=

tem /Co+mf758 contains a nonsingular (irreducible) curve Y of genus

5

g (Y)=2m.

ii) ‘Hor any meN® the complete without base points linear

system !Bo+m{74's contains a nonsingular (irreducible) curve Y of
genus g (Y)=2m-1.

Let%s eonsider now

e g 2 = S e
G:=jo":Pic § -9 Pic S} ¢~ isomorphism of aroups, j-;/:afg).

'G”(7); (¥) 7Z”@ ¢ Pic S and.?”@f)=dff.

/
/
( "." denotes the intersection form on S andL/:‘Z; is the canoni-
cal sheaf of S).
Il proor of the theorem [
= - )
Lenmia -1 (| G=P] ‘or [Ha 2{ mnag.303):
S04

Let be ¢ & G. Then there exist a morphism?T:Sw%LPZ which

3 i 4 :
is the blewing up of I points Pl,...,P9é%E2 satisfying the condi-

tions (L) 20 iy the beginming ©F this §j, and such'that

- e
! Y =i =
7 (P ) =G (Ei) o 1520
P i)

We divide the proof of the theorem in two ‘parts, in accor=

A ¥
dance with the pdr#ty of né&iN, nz3.

e s eddi a=2mbl, mal.

e o R S o ey T

We divide this case in two steps:



e S
- e J—

Step 1t
For any dz2n-1=4m+l, (+)ggN, g¢d-n there exists YC O &«
nonsingular (irreducible) curve of genus g satisfying the con-
ditione i) oo R ey 2] S
stions vi) of the Proposition 1, such that %‘m(Y)CgE =P is
a nonsingular, nondegenerate: curve of degree 4.

Step 2: The general case.

The proof of gtep 1

let be kell, Using the Observation 1) it follows that

QGP‘+,k{"contains a nonsingular (irreducible) curve of genus
g=2k.

Let be now ¢ & G. Using Observation i) and Lemma 1 it
follows thatf7(00+kr} contains a nonsingular curve Y of genus

g=2k and degree

(3) | 4 =:deg¥ (L) = (C,tml) T(CFMI=C o+ 7 ) rexram.

. We use now the point 4) in the

Proposition 22

b

5) The intersections 0047(00) toke any integer value z
when v~ cover Ge .
i) e intersections CO,W(BO) take any integer value ;'C
when ¢ cover G.
54i) The intersections BO‘VTﬁO} take eny integer va}uejg
when ¢— cover Gi
$v) The intersections Boéﬁ(ﬁo) take any integral value:
2 -1 when o cover Ge .

- &

Observation 2. In [ Ba 2 ) B¢ proved i) and iii). iVv)

» (¢ & 3 & » .
and (¢ ) will be proved in the AppendiXe

Using proposition 21} end (%) it follows that we proved the st

oon as we proved that the curve Y which &

0]

ror g=2k (e¢wen) as

s Y



P Nl

(3) satisfies the conditione vi) and vii) in Proposition 1.

: ¢ H e '
The first condition in v ) is clear. (/9 Bertini's theog~
rem uséd in order to obtain ¥ it is pO)SLb]@ to avoid a fini-

te number of points)e.

For the second conditions in v/ ) we observe first that

we need af ﬁuéh that d'y 2n-1=4m+l, Using (3) this means that
(4) C 2 (C rln-K+1,

Secondly, if ¥ contains a fibre-af%ﬁznﬁw, dsing the injective
iﬂﬁﬂ Pic\S C¥€>Pic =

(which follows from the condition (2)) it follows that

‘&”(Co+kf§:ﬁa+m}', hence (intersecting with ‘CQ)

(5) f.w (\, }=2 (m-k) .

& 4
. g - n,
The conditions (4) snd (5} are n) ompatjhle and because

we nesd 7 asin (4) the relation (5) is automatitelly unsatisfied

(henée'tha second condition in vi) ig automatiQally gaﬁisfied),
‘ The condition in Proposition X u}f) is also satisfied
because d‘?"nul dmtl (=Y .(C +m Yoo
In crder to obtain the odd genus g=2k~1 (k21) tco, we pro-
ceed in the same manner, using curves YE7 (B +k ey, , k21 and the

= « . ~ - ! N
Proposition 2 1¥).

The proof of step 2:

let be & g-elll ﬁi?4m+l, 1 {-(2m+1).

1L
Using the step 1 it follows that there exists ¥,CS5 such

wi s e S gnk
that U] =67 (Y Jept =P ha .

/1

3]

L

<)



(6) » deg C47dy
il g, 18 nonsingular Qirr@ducible) and nanﬁeg@n@rata
1 2
: n
in ¥

bbC&Uow j{ and (r(00+mi)/ , £71 has no pase points it Follows

-that% Y3+r(“ +WT)§ hee noe base pointse More, using the st@n@a@d%

exact sequences we compute

jf(QﬁYfTU%ﬂﬁﬁﬂﬂmmgﬂwgWgrv@l

-2

hence dimi l+r(C +1m }!;32E

(0]
=)
Q
Q
{J‘.—

U“ing'Bertini s theorem W€ find YL]Y1+r(O +mr)\ 0

“

(irred ducible) curvaa T+ can be- provcd as before that Y satl sfie

3

g ) oend Ld/Y-th@ Proposition 1, Hence C¢ //{ ) ‘is nonsingular
2mtl

end nonded cenerate ini® -

1f a=deg C, j :j<c) we have

The inaouallty O<gl(d1»(2m4l) can be wriﬁtén as
pylr-1)EF el

where Fq(r)= (r+1)(ﬁ~2mr»ammhl.

Because Max Td(r)“ o&( wl) 5t follows rhat we obtain al

geuus & with g8 -(d ~1) “-Tw«wy(dwl)

a.,a.;—-..n,..«a-

T6.p ip euens nﬂ?mﬂ‘mg? the proof is absolutely gimilar

asing the morphismﬁf%l(insteau ‘of the morfisms m

o W.«‘.\,,v(‘.y.«,,.‘_.,, e



§2. liore on the nondegenerate curves 1n?§+ and P~

In the case of'P4 and @5 we can obtain a beﬁter bound as
in the Theorem 1, using this theorem and curves on Del Pezzo
For the general theory of the Del Pezzo surfaces we
reier te-{ﬁﬁi}, The results which we need are listed in;(%a"]

Let be X a Del Pezzo surface of degree 6&%4,5% {ﬁﬂﬂéeﬂg).
X is obtained using the embedding ini&d given by the (very am-

ple) anticanonical sheaf of the surface X', obtained by blowing

e A

&

up (9-d) points in general position (i.e. no three of them are

collinigr) from.Eg.

Hence Pic XZ@ 2774 with?ﬂf ~@jeeeieg g 88 A P-basis

7

as in §1) :
( §.0. Ly _
- v 7 = { ;
If D=af- o Db we shell write Delal b.y.ousby o)
L] 8 e l =2 G
i=1 :
In [ 6P (see(;HaZ]toc) is proved the following

For any dz5 and gedl such that

. a’? - arlcgg F a(@-3)+1
v i

there exists a smbeth (irreducible) curve C of degrée d and
genus g on a nonsingular cubic surface ian3 (which is a Del
Peggo surface of. degree 5).

Combining the Proposition 4 with the case n=3 of the

theorem 1 (and completing the gaps with curves which lie on the

L% g B |
o5 o 8 S -} - G 9 b ) b &
cubic surface in[P”)}, Gruson and Peskine ([ G-BJ) obtaindthe follo-

wing

Proposition B

For any d,gdl, d»3 such that



Ocpg=d {(d=3)+1
- S \{:}

=
there exists a smooth (irreducible ) curbe Celp” of degree d and

genus g.
Here we proceed similarly, using curves which lie on the
Del Pepgo surfaces of degrees 4 and % and the cases n=4 and n=5%

]

of the Theorem 1.

Propvesition 3

Let be XQP4 a Del Pezzo surface of degree 4, Then, for any

d, gell, dz10 and

aJa+9-5a+10[a+9-29 ¢zeda(a-4)+1

-

there exists a smooth (irreducible} curve CC ¥ of degree .d angd
genus g, which is nomfdegenerate‘inzPig

The proof of this proposition is similar with the préof of
the proposition A (see (Gm?j er(fHagj) wsing the followings

Temmas:

Lemma 1=

: 3 - :é‘ ‘;%‘ > b : n 2 ' Ty
Let be kgN®, Then any number “ﬁN with nc(k+1)® can be writ-
£ 5 Mmoo
ten es n=d. %0 . ®C€Z, [x.Kk, izl 4,
"....'*[ AL L A
:L'"..‘.. «

i dl : ; R ?
Let be k4N~ odd, Then any ne& ™ , n=4 (mod 8) and n<2(k<+
= - . ~ o = :
+2k+3) can be mrLFCUn R a e L, XE dy X Qb (xi&§k9 i=1,4.
i=1 :
Lemma 3:

Let be X as in the Proposition % and D=(2jbyyeeee,ybi) €

& Pic X DFO and D# (n;n,0,0,0,0),

1,’1&



Then, if

(6)
bl‘g“@bﬁ 0

/4

e O N

the complete linear system (D] % conteins a

curve Ce X.;Qre’

M aking the changement of the variables

e 8 e,

3 s A:__"w
Xi= 30 - by ey

the COnﬁitioﬁS’(OS can be written, equivalen

g -L 3 - e .

'...m\"? 4 :(% 4 :?(]4 4o S{d - 2
e

where o*?xwﬂ - 3 ZTVK . lore,
i=2

.Let be @210, dclN, r& Z such that

74

smooth

as

(irreducibile)

5



ZQﬁ+9-3)§r£

POO

and g€, Fqle-1)<gFslx).

Then there exista,& & Z, 1=2,5 satisefying (E) and such
;',_ & ; at i
o= 1= 0 - : =
that g = Fd(r)w-g «_$&% » Lhe proofs of the lemmas 1-4 are
, = e it
b TS

: . T s
inspirated from,{ﬁa2{

the Proposition 3.

Cobq}larg:

Let be g,dCl, d25 end gﬁ%@(d~4)+l% Lhen there exists a

smooth, nondegenerate (irreducible) curve Ccipt of degree 4 and

genus g.

Proposition 4:

Let be XﬂP5 a Del Pegg surface of degree 5. Then for any
d,gell, 4232 and

p—

R 20 :.(2.;]4: it /'r)v'n-zi:a,mr e
(d+2){12d+4§ 5=d - 159¢g¢5q58 (d-5)

ok

LN
ford

there exists a smooth (irreducible) curve CC X of degree d and
genus g, which is nondegenerate inLPS.

po

The proof is similar with the proof’ of the Proposition 3 using

e

r

the following lemmas:

Lemma 5:

Let be kN odd, nellN, n=% (mod 8), n<k2+4k+6, Then n can
Rt e Lo
be written as 0% <& %oy X

P B 00, [BiCl Ten s,

Let be X as in the Proposition 4 and

Dz(a;bl,,.,,b4)épic £, DO, DA(n; n,0,0,0F, nxa.



Then, if

by * b, *+ by
(7) )'12)

] bpbydRbRO,

the complete linear system { D/ C X contains a smooth (i

curve GC 2. More, dedes € = %a - 2. b,

i=1
2 ;x
: LElly
Making the substitutions
e
S S
}“i - bi p 17254,

the conditions (7) cen be written, equivalently as

A
i

P (mod 1), i 2,4

m&a

)
i

\ 3 vi*; - (

] g + .;é,p - %___’v‘&'i:; Q ﬂm()d 2l

- : !
(E) {‘ i=2

WLy
I’\.
I,
[l
S
Wi
{ o,
R,
B
{r
N
=

where d=2a - %r‘+ e X, . More
i=2
D o5 '5, p S
>
g(C)=g=Fg(r) - & T f("’)w?(Ct‘"l)dmm r)+1,

=2 i

Let

be d725, delN, reZ odd such that

=

2([59+2a - B/<es S

and gf%; Falr-2)<ggF, (r) 3.

rreducibld

%)



A e et e s e e e e

Then there existX

> gm}j (I?)"‘““ e.’..,_w‘

{=2.4 satisfying (E) such that

?

Obg: Because («) and ( /) we obtain the boound on the right

L. d(d=5) = % and not mwa(d»5}+
10
Corollary:

Let be d,g¢ll, @27 end g\_loﬁ(d«))» < o Then there exist

a smooth, nandegenerate'(irreducible) curve Cax?a of degree &

and genus g

APPENDIX: The study of a guadratic form on ?10

Let be Vﬁﬁ%g with { O,e.a,ecf a Z-basis and Q the quadr

/ >

form Xi — 2 3% 5 jet's denote by (.) the scalar product definec
i=1

by Q. Let bew =(=3;-1,-1,=1)}. @°=0). Let be HeV, H=tAEW (A )=

==&fl; Let bel”=H/ (). The quadratic form induced on W is even
(see [ He 2})6

Let be G the group of the isometries o~ of V such that &
is i‘inwvariable by 7 . |

Let be GH the group of the isqmetries ‘E of H such that «
is invariable by T. Let be Gwv the groﬁp of the isometries of
Let be Gy the group of the isometries 0f §;=@Zhy, with the ques

dratic form a; %Q(ﬁ) (mo&-E)‘

Let be k&Z The elements x €V such that
() %°=k

(i1) (A w)==2

(1i1)%£ 0 (mode ) in V=V/2V

form one complete orbit under the natural action of G on V.



-Proof: The case k=0 is proved in.{hs.éj « The general case

is completely similar,

L@ﬁmi o ( Ha Qj pag. 51, C%ﬁ’):
FPor any riﬂ‘ there exists x€¢H such LﬂdL n= e e(xay; and

%40 in u/

Lemma A%

Iet be mﬂﬂx, n20,4,F(mod 8}, Then there existﬁgj,@ea,©6GQZg

not all even-, such that

G , __‘%
L Cfl = 3 @ i 271 3
i=1 i=1 &

Proof:
Use the Gauss' theorem on the sum of three squares for n
(see [gilj-, pag.45). Let be g@=(1; 1,-,0,0)&V

Corolary Ak b=(0;05¢0050,-1,~1)eVo
D0 §

It be noii~ and xeH , x%=-21 and x#0 in &/ (cf, lemma Al),.
Then:

1) There'existslyié%G such thats

71 (W0 inl; 77 (x) +C#0 (mod o)) in V=V/2 V;
(Ce@7(x))=0 (mod 2)

ii) There exiqtgafééG such that

1 AR A

(x)%o in W,-;?(x) C#0 (mod¢/) in i

(Co¥5(x))31 (mod 2).

iii) There existsi73€G such thaty

Q“B(X)#O in ¥ 7}(2)+bﬁ0 (modc?) in Vi

(be € j(k)) 0 (mo@ 2y,



iv) There ¢ xxgbsvf4{d such thats

B s S s

0-1; ('01) £0 fn Lé/ ) z; () + ,Z 0("’“?*’ “j""y) fia Vl}

(b,ﬁ&fﬁ)}ﬁ} (mod 2).

?woef{ Use Lemma A% and the Witt's theorem on quadratic

forms (see ; éj pag.5l @?§ L\i& Pag.360) o

> &g e LS : Vs S
Proposition AR { <t ) and (V) from the Propasltlenif)é#}

Lot bo 0=(L,1, 008 b=(0;0,4.eul=1,~LIETs gt
1) The intersectioms (C.7 (b)) take any integer value >0
when o cover. G. |

ii) The intersections (b, U (b)) take any integer value >

; ~1 when cover G,
Proof

i) Let be neiN® and x¢H, X#0 in (/ Bsuch that nz- L(x.x)

(lemna 2.

Using the corollary A4, °ubStltUulng 1f necessary x with

o~ (%) for someJ ,& G we can suppose that

(¢ + x)%= 2 (mod 4), C += # 0 (modl) in V= Yhy o et

be now

Ct=C+x+ -%( (c x)° + 2)612‘

=3
@

Using lemma Al (k=-2) it follows that ct=¢ (b) for som
C/v(‘,‘: Gc :
Phen (C.7 (b))=(C.C')}=n~1) O,
ii) We use the same jdea. Let be
35 2

mﬂ 5

(Uae 1i3) and ‘) in the Corollary Ad). ijl
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Using lemma Al (k==2), it

s

£ 23

5 e

Ex

gt

an

se

=P,

Bucure

& 3 Bl ,
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enc e e X -
- Gﬁ) Por some O € G, Th

follows that

%
(b. T (b))=(b.b")= 1 m?> i
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