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ON THE EXTSTENCE OF Ti{E ALGEBiRA]C CUR\/ES TN TI{E
s

PROJECTIVE n-SPACE

by

ovidiu PXsXnsscu

The  a im  o f  t h i s  paper  i s  t o  q i ve  su f f i c i en t  cond i t i ons

fo r  two  na tu ra l  numbers  d r . r  such  tha t  t o  ex i s t  a  snoo th ,

i r reduc ib le ,  nondegenera te  cu rve  Ce ' {Pn ,  o f  dec r ree  d  and

genus g

We shal l  work over  the complex f ie ld  (1"  t r r7e shal l  use the

standard notat ions (see,  for  ins tance l i "  i l ,  GJ, .  gggv.q ( resp"
L

su r face )  means  a  S -a . l qeb ra i c  i n teq ra l -  scheme o f  d lmens ion  t  ( r ' esn .

o f  d i m e n s i o n  2 ) .

We recal l  that  a  curve CC'P[  is  ca l led nondegenerate - i - f  i t

is  not  conta ined in  any hyper l : lane

We reca lL  the  Cas te lnuovo ' s  bound  a l so  ( see ,  f o r  j - ns tance

f"-"1 pas. 252):
L - J

Let  CCFn be a smooth nondeqenerate curve of  deqree d

( n e c e s s a r i l y  d l n )  a n d  g e n u s  c { .  T h e n :

m  / m - l  
' l

s( :*i : :*: (n-1)+me

wfth -=l*+l
f

t fo  1 .Nondeoenerate cuTyg_l==* l ,U: r ,
t . ) * - - * = = * - l

rn  tn is  .  . f , i  we shal l  prove the fo l lowinq
LT

T h e o r e m  1 :

r- 'i
{  ,  d e n o t e s  t h e  i - n t e g e r  p a r t )  a n d  C = d - I - m ( n - l )  .. J d l

Let .  be n€D{,  n?3 and c l rge=- f i ,  d . }2n-L such that

r '  L  ' -  . , 2
CI L'r**'q-r" tq-I J-  \ ' 4  ( n - f  /



a s e  n = 3  0 f
t* -t

or Lua2J )

roof  g iven

o ano genus g

irre c
- r ? - 1ne (see f c-nJ

t ion of  the p

there exists a smooth noncleoenerate curve ccdpn of deqree

th is  theorem was nroved by Gruson and uesk i -

.  The  p roc f  o f  ou r  t heo rem i s  a  qe r re ra l i za -

by  Gruson  and  Fesk ine  fo r  n=3 .

D. r _ 9 u n a p ,
E-

uP the

(1)dL0 rr.
r o

L e t  P r r .  . . , P g t - & 2  b e  p o i n t s  s a t i s f y i n q  t h e  f o l l o w i n < ;  c o n d i -

unique smooth cubic  \ rO'  conta in i i rq

( 2 )  t h e

Z- independent  in

Le t  be  S

P I , .  . .  , P g  f r o m  P

t i o n s :

(1 )  t l : e re  ex i s t  a

h* 1 r . . . r L g t

c lasses  o f  t he  po in t s .  t r 1 r

eic f , .
the sur face obta j -ned by b lowinq

Then

r ;o ints

the inverse

excep t i ona l

D i  n  C lu r .

pic s{ uu tE2
/ n

w i t h  ( < ,  - d 1 , . . . , - e n )  a  z { - b a s i s  ( h e r e  - {  i s  t h e  c l _ a s s  o f

i -mage in  S .o f  a  l ine L€&2 and u i  are t j re  c lasses of  the

d i v i s o r s  E i e  S  c o r r e s p o n d i n q  t o  t h e  p o i n t s  p l r .  . ,  , p g ,  i n

.  t r {e  reca l l  t ha t :

Le t  be

, {2=t,  * i=-r, - ( .  € i=0 , - n
s . i  . C  ' - 1 . /

({4 Kf f i {9  ( : ' .  "  means the  in te rsec t ion  fo rm on s ) .
J r , 9

I f  { =  a t -  X " o r e r € n - ' i c  S  w e  s h a l l  w r i t e  i t  . = . { = t u ,  b l , . . , b d :
i -=1 \

C o e ( f  ; 1 , 0 r .  " . , 0 )  s m o o t h

f e ( j i r , . . . . r 1 )  s m o o t h

B o = E r ( , E n  ( 0 ; 0 ,  .  ,  .  ,  O , - 1 , - 1 )  .

FJgP"gi i r*g*.J:

i )  T h e  c o m p l e t e  l i n e a r  s v s ' L e m  f c  ' - '  r l  t  - -  -  -  i  -  r l
f  - 'o+m I  6sul7 r  ( resP'  

,  
Bo+ml J  ,

m?2)  on S has no base p, : in ts  anc l  def ines a morphism

Y)^rs*FIp2m+l (resp . ' , / r- , :s*+ s,p'T) .f TLI ITII " t

i i )  x * ' # {s )Cp2** r
I

-  
" , / >  

) r l
( resp .  X j .  :  =  t ' j  (S )c lp " ' , ' )  j _s  a  su r i : ace  o fnl / .m '

t



3 -

Aartrr>a

I

( resp .JP

n f  A a a r

4m ( resp  ,4m*2)  ,

1il f mf1 : =L*cx* (resp *(fl : =rfidxft) is
^ , -  I  " "  

r .  .  
- "  

I  
" ' '

2^) 
""dt'  ̂ lr: l:-, Lm (res; .f^h: f; 1' 1 r-s

e e  2  w i t h  4  r a m i f j - c a i : i o n  p o i n t s  Q l r . . . , ? . A

a ( f )  
.p ,  

e 
-  ,p#| ,  yn,p)  f^(e)  ( res n. f '^e l  f ixo. l  t

s? I , ,r./ q-' 
"

Then 
/ * ( " )qp.2*+1 

( resp,  
f f i (v )cp2m) 

is  a  smooth curve.

v i i )  Le t  be  YdS a  cu rve  as  i n  v i )  and  suc l i  t ha t

2m+ Ir  
' l i n a  

i n  ! D - " '

a  f i n i t e  morph ism

i-s  omorphism.

v, u"f*:r*s ;* r 
y^$lp'^*t

i s  in ject ive ( t / )xasr /  Qr ,  ,  .  .  ,ea. ' l  "

(resp .r,$,-.l&, -u ,y^(*)P2*)

t"l 
/rJ s\ 1: s\ It+ x*c t,* (reso . 

f *l *r: s\l-*r xficl,fi) i s an

v i )  Le t  be  YCS a  smoo th  cu rve ,  Y+ f - such  tha t

r . -
u Q r * Y ,  L = 4 t ?

. J

Y. (co+mfl 24m+L (resp.Y. (Bo+myt2 An-t l  .

Then  e / *gvP2m+L '  t '  ' y )4n2m1 i s  nondeqenera te .r r r c r iZ  m t  t t c - lF  ( reSP,Tn \ :

P r o o f

' f r t  n a
points  is  prover l  in f l ld- { -J  "

i )  rhe fact  that  ln"*^ f f  ,  mlL ana f  co** f / ,  n f  0  has no bast

oQ.  n . -  , * r . , , , ,  ̂ - ,  . / "  t 0  ra  +mt - )  )  weIn  order  to  comnute .41 ( {  (Bo+ml )  )  and--q '  
S o

use the s tanctard exact  sequences of  sheaves

1\
o -$lie^+ tm-r )J*)

.J

'*fr"o**l-) 
-+ ets(eo+ml*)al

o *r IJt"o+ (m-1)n .--rf(co+mD**' e-t.o**f-l -*

' ' { - -  ' f
ancr  rhe vanish ins 

" f16f )  
1eo+nv1 ) ,  1  ,€  (co+*f , ) )  for  mV a '

i i i i  B e c a u s e  o f  t h e  s u r j e c t i o n s

," r?u (co+nf-) )-=r.pt" t?*(co+mJl) )

0

0

J

"" 
,q ino+,oiI ;-rr' Ho (S-(co+n1') )



7nF (resp'"f '* /s*) is given br7 qk{c.+mg1 (: :esp.C) tso**f l

A" et (co+m;-; , 4iq-(no+m[-; ;=2
nencef) *rf , "r*--p l** (f^tr: f-*,*'1 ;';

the l lurwi tS l  f  ormuia.

fo re  to

, 4 0  , a ) a

t h e  c a s e  m : 2 .  F o r

P i c  S .  W e  n u s t

i t s  c r l o b a l  s e c L i o n s .

tcfl.rile) ) .*r o,

b- :t

2-3+ l -h  r  t8 . (6 -n)  )=0 ,  hence r ,1  r  - t I *n i l  =o  "

wi th  V  (L* )  '=v  (L ; l )=0 .

u (i1=t'stf'*, 
t'* "ru not -isorno::ph.1sms.

Bui:{ =rleqfden/'^(rc1eg L*,,.rrlcler* 
f^ty? 

," Tr follows ,leg V ) / =
/  m' / .

=2 ,  deg  Ln ,= l (ana loqous lv  r -o rS*S "' / m " '

For t i re rarni f i -cat ion we r lse

i l d - ) r  F o r  V  :/ m

rhe case m=l  i -s  known (see 
/  "_rJ  " ,  { *uu{J l ,

Le t  be  Pcs \ f - - .  Le t  be  5  t r re  su r face  o l>La inec i  by  b low ino

u p  s  i n  P - a n d  l - e t ' s  d e u o t e  I : y  E  t i r e  e x c e p t i o n a r  d i v i s o r  o r ' 3  c o r r e s .

pond ing  to  P "  we  mu .s t  D rove  tha t - .  Lhe  comp le te . l i nea r  svs te rn  o '  S ,

f  
co+mi- -n /  i ia .s  no b. rse poj -nt -s  (b l ) r .pr  (her :e To ana F ur* ,  respec_

t i ve l y ,  t he  i ) roDer  t rans fo rmers  o f  Co  and  l *  i n  i l .

For  th is  \ , . 'e  use inc luct ion on m ancl  the exact  secJ l l . rnces

r \  : .  r ] *  . - - :  
4 * *  €0 --+l / (r: + (m-r )f--E I -+t\)*(c,_,+mr:E)-*',:!r (c^+rnf-E) -j.) 0 ..  3 *  

O  " ' - , ' t *  - ;  u
n t

Because L" ' l r  {c , r * tn)^-E)  is  qenerated bv i ts  cr lobal  sect ions arrc l' r r l r
n *  {U t  ( co+  (o - i ) i - -E ) ) -=0  ( { )np  0  i t  f o l l - ows  tha t  t he  known  cdse  r4= i

J

1 s  s u f  f  i . c i e n t .

^ L

o  F o r ' Y  :/ m

The  s i t ua t i on  can  be  reduced  as  be

f r=2  ,  l e t  be  l *S \ f  .  Le t  be  D :  =R  + . f  i - , r  r  t  a! O  t  I  L  \ J  r F  r .  .  
"

show tha t

- n
L7 (Bo+2i-*E)=Jl_(p+I ' -n)  is  generared Dy
li {5

From the exaci  sequence

^ . . . " O r , 1  , T  - . ,  n  l \  ^  n0 . : x r r " ( ; )  ( n - t ) ) . _ +  H , , ( i ! j _  t n l l , _ +  u o t i l ) . _ +  s f

n / l
b e c a u s e  h "  ( , i - .  ( D - l r )  )  = 2  h t r  / . J r ,  1  = i  6 ' -  / l r , . l t \u t  r  r r  \ c ' i l  , /  - a  

t  t l  \ | . / J L J ) )  =3  we  deduce  tha t

f l q i n r r  t r n r ^ r  J - h au r i u  e x a c t  s e q u e n c e



f ) . *  . t ) € e  i \0 .*."u (D-rJ ) *+y(D+ r-.n )"*+Ji*(n+ raE )*:+ 0
. s s l

apcl  the before vanish ing \^ /e  iLerc luce the sur : iect ion

o ti .'+ ':: n /\ .*-. H" ((!*(a+f-E ) )-;;+ *l '  ( rhj_(D r,F:n ) ) .
.!; i-

From this and beca,ru" r f l t6-oFn) is crenerated bv i ts qlobal
r

sec t ions  i - t  fo l lows tha t  the  po in ts  p  and o  are  separa ted .  bv
r .*.i r
I n+ i j= le +2f t rVt n ,z: t--
I  I  t  o  '  l t  \ v / u c l  '

Let be now e*S\ t* e,ip ) or eeTrrS.

a )  r f  Q  * r ? - . n s l  t h e  b a s e  p o i n t  o f  t h e  c u b i c s  c o n t a i n j - n a  F 1 r , .  " , p * , ,
g

P '  t h e n  f f ) o o e t 3 t , r , . j  . r r r 0 , 0 )  s u c h  t h a t  D ; p " , ' n o f u "  B e c a u s e  o 4 & / *

i t  fol lows that oo+frfeo+z|-/  contains p ancl clo not contains o.

b )  r f  0  l g  t h e  b a s e  o o i n t  o f  t h e  c u b i c s  c o n t a i n i n o  D 1 , .  
" .  , $  ,  p

t h e n  t h e r e  e x i s t s  a  s m o n t . h  c u h j - c  T * : . ( 3 t , r , " . . , l r 0 r 0 )  s u c h  t h a t

B n r -  , . . . , P 7 ,  P ,  0  t = u .  l b . J  ,  c o r o t l a i r e  D a . q " 4 . I ) .  f n  o r d e r  t >  p r : o -

ve that  ln^+Zl" l  se 'oarates r :  and a i t  is  suf f ic j .ent .  t .o  nro\ / r r  rh^r:  _ _ _ _ _ - _  
,  4 v J . U r r u  u V  _ | . / ! \ / V g ,  U j I C { L

I

Y Z / ,  i s  an  embec id ing .  O t ,  us ino  the  e l i ; r c t  seque ] t ce
l '  r  -

0 ,-eu (Il -a 61 1n^+zf) .+ rl._ tn +2r\ 4 0
. S '  5  o  ' k T r \ " o  - r l

a n d  t a k i n g  i t s  c o h o m o l o g y  w e  o b t a i n  t h e  f o l l - o w i n o  e x a c t  s e q l l e n c e

o'#Fro tfl rn )-* i-ro rcSeorzf) ) ** 
"o 

(rF, (Bo+2 i-l l -* nt 
€ 

({) ) -*,: 0

B e c a u s e

n"  , 9  ( f l  ) = r , n "  , €  (Bo+2 r )  )=5 ,
n" f#, (no+zfJ ;=4 (use the Riemann-Roch theorem on T)

i r  f o l t o w s  1 - 5 + 4 - h r t f r ( [ )  ) = 0 .
r  n : s

H e n c e  h *  ( ( y  ( l  ) ) : 0 , a n d .  h e n c e  t h e  s u r j e c t - i o n

"" 
t!) (n^+zi*) )":rn so t{* rn^+-zi*i I .
3 v ' r - "

.  _ J  f \I t -  f o l f ov . r s  t ha t 'T 'Z / ,  i s  q i ruen  b . t  C ' r (no+ : f ^ )  wh ich  j . s  ve rv

amp le  on  T .

v )  we  use  ,uv  )  i f  xcS \ f -  and  the  canon ica l  su r i ec t i cns

Ho f trJ tc +m 'r ) "* uo t.C rr.
5  o  / / * - , - > h r  t v - t u o + m J - )  ) ,  m ; l

Hc'(r? (Bo+mf )) .-z* Ao" ,.?" (Bo+mf) ) ,  n!2
5 v ,



\  - " . 7
because f  an<1 L (LefJ ,m,  L;  /m#in* j  )  are.  local lv  d i f fecmornhic  by

' / '  ( t '4 t ' r ,Y^nt  f "s txo l l  in  x ,  L f -  x  is  not  a  rami" f icat ion po int  (see

f 7 
=rr{t '

? - 1  h

i  u " l ,  c h . v l t , , 5 3 ,  t h . r )  .
J

'  
l t t l  a n i f  u ) 't l i  )  f - o t l o w s  f r o m  t U )  a n d  U )

s t  '  
t  ' r '  I

L t t l  )  f o l l c r . r s  f r : o m  t ) ,  t { ) ; l n d  U l ) .

- 1

O i r s e r v a t i o n  I . ( s e e  ( n a ; , ,  l ,  p r o D . 3 , 2 ) z
v

i )  F 'or  any mef f the cornpl -ete wi thout  base polnts  l inear  sys-

tem fC^+m {- l t .S conta ins a nonsjnqula: :  ( i . r rec luc ib le)  curve Y of  qenus
/  O  t r

g  ( Y )  = 2 m  :

i i  )  For  an lz  p4i1{-  the complete wi thout  base points  l inear

s y s t e m  l n . , + t n i " / C  s  c o n t a i n s  a  n o n s i n q u l a r  ( i r r e d u c i b l e )  c u r v e  Y  o f' /-\

r - r t r r l l 1 l S  r y  ( 1 ' )  = 2 r n - 1 .
Y  \ J 1

L e t ' s  c o n s i d e r  n o w

r t
6 ; = i { r : p i c  S  - - q  p i c  S }  r -  i s o m o : r p h i s m  o f  c r r o u p s ,

t r 9) , (Y) .i ,n/ 6 Plc S and 'r (.)) = ,Jj .
t r l

(  r r .  f r  denotes  the  in te rsec t ion  fo rm on S anSL)  =  tJ " '  i s  the  canoh i --)

c a l  s h e a f  o f  S ) .

The oroo f  o f  the  theorern  l :
q&.€ffi@

-1 '1

.lg'Ig"J t I c-r1 or I ua 2J Das. 30 3 ) :

.* /  )
L e t  b e  r  e G ,  T h e n  t h e r e  e x i s t  a  m o r p h i s m  i /  : S * - t  l P '  w h i c h

. r l 1
i s  t h e  b l o w i n g  u p  o f  9  p o i n t s  P r , . . . , P . , G t P '  s a t i s f y i n c r  t h e  c o n d i -

L '  Y

t i o n s  ( 1 ) ,  ( 2 )  i n  t h e  b e c r i n n i n c t r  o f  t h i s  d ,  ,  a n d  s u c h  t h a t

7r 'u  t { )  ?  ( r )  )  = r ( )  .
r Y
F

l {e  d iv ide the proof  o f  the theorem in two oar ts ,  in  accor-

c lar rce wi th  the p&rdty  of  n* lN ,  n  3,

I f  r I  i s  o d d :  .  n = l p * l  ,  m } l - .

W e  d i v i d e  t h i s  c a s e  i n  t w o  s t e p s :



$-!eP-g

F o r a n y d v 2 n - I * 4 r n + 1 , ( t * } g c i N l 8 5 d * n t h d r e e x i s t g Y C s . t ' (

rlotl$j.ngular (tr1.ecluci.ble ) curve of' Fenus {1 satisfying ttr'e cCIn*

''. ' ' ' i 'cn 1' su'ch that V'*txlciP2m.rr=p'n 
is

dit ions vi)  of the Prei iros:

a nonsi i lguletr,  nondegenerate; ourVs of d'egree' 11'

S-[gp.. Z: Ttre get:t:::ri3" c{.]'$eo

Le,t be Lv"d{'* Using the Obnervation i) i-"r follows that

k [ | c a n t a i n s a n o n s i n g u l . a r ( j ' r r e d u c i b } e } e u r v e o f g e n t l uI e  +
!  * L l

& - 2 K . "

I.rert be no\$

fol lows that o (Co

*={}r and r3egree

r 4: G* U'sing Observation i') and Lemma X i't '

+kf] contains a noirsingular cu-rve Y of i:enus

* (CCI+m f) "'riCn+kl-) 
*c 

o"C{r':n}+21t'l+2m'

i) ,  in the

t - a \ r t r  =  a e e y ' * ( Y )
" /  E

He use now the Point '

lrsrus$:etLJ:

i )  T i re  in te rsec t ' ions  Co; : - (Co)  take

rvl:en ,r cover G"

i i )  fhe intersect ions Co"-(Bo) ta lee

vrhen tr  cover G'

ar4y integer va"l-ue )3 3

any i.nteger val'r"re ; 
(

sr{F i-nteger va3'ae }'

take at\Y i ntep;::al val"ut:

tTn ;r ' ') are Proveei : i) and i i i) " iv)
* - J

the APPendix.

(5 ) it. f ollcrvs t 'hat we proved tho sri

we provecl that th$ ctrrvs T which g:

i i i ) '  T f re  in tereect ionn Bo. ; * (Co)

wlren tr eover G;

iv) '  The in'cersect ions Bo'r l( l3o)

? 
*l tt']:ert <r cover G'

9bgstq&!sL?'* rn |"
- f

and f, '  ) wiLl^ be Provecl in

Us ing  PraPos i t j ' on  ? i } '  and

fr:r g=zk (cwen) a$ $ooii '  a*i

t ake



(5) sat i ,*: f i .es t ,he condit i r :ns vi .)  and
,,

if ire firs'1, condition i".i:^ #J ) is

r"eru uc€tc1 i .n af ,J er^ to obt* in Y i t  is

te numbei::  r : f  noi.nts).

F*t . f i re second" condi 'L i*ps j ,n { , r i ' )  r l ie observe f  i i r .st  that

w6 need dd such that c is42n-1": : {s ' r^ l - ,  Usin61 $} th is ru{}&ns that

v i i )  in  Proposi . t ion 1*

c lear"  ( , in  lSer ' t in j - 's  theo*

rossible to arrc:tc] I  f ini*

( 4 ) c o,fi (c o)7{,(.u*k) +1.

eontai,ns a f ihre or 
7'  * l f  ,  using the injeet irre$econd).yr  j - f  T

i*tef) Pic S d** I:i* f

(which fa l lo ive f roru the condi"r ' , ' ion (2))  i t  fo lLows thst ,

r (Co+tt i l=co'bn f ,  hence ( intersect ing wi th Co)

i,) 0Go, r  (Co)*a  (m*k) , .

l lhe condit : i"ons (4) and (5) **. ,  r$kompatibl-e nnt l  i receruse

vre need #*  . *s in  (4}  the re la t i .cn (5)  is  automat ico l ly  un$f i l ie f ier l

(herrce the second conc l i . t ion in  v i )  is  sutomat ica l ly  ,$a i is f ied) ,

' rhe condit ion in Propos' i ' t ion l"  ' ' i l ' )  is a] 'se sa'bief ied

because d )qn-l=4m+L 
(d=Y . (S"+raf) ) . '

In r:r"der to obtelj.n ti:e oclci gcnu$ 8*?1E*1 (k;f) tco, \re pro-

cecd in  t l ' re  same manner ,  us i l tg  curves  Y€#r (Bo+kn ,  kF

Propos i - t i c ,n  2  id ) , .

L,et be dl, Sf0{ ' d# 4rn+} o 8f {7 - (2m+1) .

1 it fc--l-] rrvs tnst there exj sts Y

Zrn+1
r t(: i)

l- ancl th.e

Usipg 11,* step

that U_ : ='f ' ' i i )r*ipn = B
L  t r r

I ' ] l - r

1C
such



rt* v

, g (c1) *f ffl)'"gl

- i i
.  A n t r  U r * u tr s v d ) L L

"  -  - . r - l  c : . r t

n C.  is  nonsi i l i / 'Lr rcr*-  " r
14t

. l  n  l P
J.'.L V

(irre:drrciblc )

/. , 
'r'f 1 has no base

t ie l *o ps ints"  M0f8 '1

!. !

t
L,
E
*,. ,.i
fi,i

(6) ,

I and { :r (c o+mi}
^ **t1 i lras n'r:
v o ' . - ,  .

nces vle compute

r
\\
I
I
I

J

I

I
I

I
I
I
I
I\

!  ] l
l r .

_+ r  (
.L

e que

Because

thai I Y

exact $

and tlondegtn+rrute

pclirrts it' foJ-lcrvs

u$i.n.* the st'anda"rd

)o+rni');) )'*2mr2+r+z+?gtsd1 
\

"14 
- vS r'

j  - -  , - ,  I  l r -

h e n c e a i m f  Y l * * ( C o + n r f l i i 4 "  n l  o s m o o l " h

iJsirrg J3erti-ni's theorem v're find Ve IVO+r(Co**

( icr*uuci,o}e) e;rrve' I t  can be.proved u" u*rorel that Y sat, isf ieg

: lHtt ie ?ro1>osit ion 1'  l lence * '1)*t* is nonsi;ng'ular '

a'i ) erld t';l 
,-2m+1

and nortde generate in; ' r  1

rf d=des cr 'J *J(f) we lrave

t

I
I

t
t

d",= d*4 mr

BL * g*r'(e-arnr-l)

ghe inequality o{s1!d1*q2*+t} 
can be w"itten as

Futr-I){stT6(r}

lvhere Fu(r)=(r+L) 
('d-2mr*2m-1) ' we ob't,l l i.n aJ

Because *i* ra(r)= ktl-tli llrtotto"'u 
that

serrus g wi' uh st ff i(6-: '12= fi#T(d*l) ' "

T ' { 4 i * l ' e L e n ; n s ? I & l n V Z i " h e p : : o o f i s u t r * o l u t e W s i n i l " a r

using the morphi-** /* 
(ins't 'ead of tlre rnorfi*o/*) c



$?o l l tave CIn t ,he t :ondegene "nts *urves in€a and l } l

In 'Lfue csse of iI '4 anrl S'5 wo fl&n obt,ai.n a bet.ter b6und as

in  the 'Xhe*rem 1o us ing th j .s  theor t rm and eurves on De]-  Pezna

surfrtcesu For tho gcneratr- t i rer:ry cf the 1)e7. Pezno er.rr faces we'

refer tc f-Ur, ,"1 * The re,sults lvhich tn,o need are l isted i .n pa ]

t o o  u

Let L:* x a }el Pezzo sur.{ass of d.egree *et+rf ' l  t ,{*ux. '{).
R

X ie obt,ai*ed usir:g the emrledciing in Gl* given by the

ple) ant i ,usnonical,  sheaf of l , i . re sur"face X',  obtaj-ned

ng*d wi t r : i1 . *  *Gl re  r r leg-6 as a #. :bas is
t ' *

/

{very am-

by bl-owing

them arer"ip (9*di poi.nt,s in

eo' l . l iniqr) i l rom P2.

qenera l  pc ls i - t ion  ( i .e .  no  th ree  o f

I{enee Fic XF'#C$

(as

i l  v*r ' i 'bo X* (al  bf  ,  .  .  c ,bg*O )  *

is proved the following

Hrsss.fi$-tq*-.s;-
.b'or arl ir o/2 and g&0d such that

" /

?b 
d1/2'- d+l<sg$ ' i(r]*e)+l

t,here exiets a smooth (irceclucibl-e) curve C of degfee d and

genus E on a nonsingular cubi-c eurface inFT (whi 'ch is a Del

Pegqo surface of degree 7) "

Comir: i :ning the Proposit j -on A vf j- th the case n=i gf . the

theorem l.  (and complet int the. gaps l ,r i th curves whj-ch l i ,e on the

inFS),  Gruson and '  Fesk ine i ic* rJ)  obt* i *J the fo l lo*

wing

Pronos: l t i -on Ll

we sira

aa:Jtoo)

. ,  4 5  \

I n  $ J ^ 1 "  . .  i' l '( l

i r  D,er& F_or*,
l- "l-

'f- 
"lr" Ic*r"J (see I H

For anY drgciJ'l r c1)r5 such tlrat



4
if r '.rs.' i iucibl,e) cur.ire ry-W' of degr,ee d snrl

*ii:ri larly, using curves 'which l-ie CIn tire

degree$ 4 &nd 5 and the :ca$es Rx4 r ind rrs5

there: exists a smooth

genl rs  g .

I{ere we proceed

Del Fe6go surfaee# of

of the ' Iheoren 1.

.  
P ropoer i t i on  3 :

A
Let be K-"dP-' a Del

drgdld, dflo and

J,,e_ryna 1r.

Pezza surface of  'degree 4n Then, f 'or  eny

,  x ,QK,  /x
, t

i * l - ,  4 .; f ( k '

1i
"! 

'l
) r '

J L .
- i * 1  I

1 r )

n l

D = ( a ! i r 1 r " e  o , r b 5 )  S

dt-Jd+g*td+10il d+g* Ssgs& (c*4)+l

there ex is ts  a  .snooth 
( i r rec juc ib le) ,  curve.CCf  nf  

'c iegree 
d end

genus g,  vrh ich is  non,degenerate in  S?4"

The Wgg[ of this proposition is "sj-mi]-ar with the procf of

the proposit ion A (see 
f*nJ o" l ' l raaJl using the fottov,r inp;s

Iemiqas:

L

Let be k4lu*n fhen enJr number ffc]'l* with n{:(k"t"1}2 ean be writ.
$.s

ten as n=l_ x
i=].

!s:gss-a{-
{.

Let lle kEff-'

T ,nn rnn  q  .
d u  l i !  r - ( r  J  .

L c b  b c  X  a s

G Pic X .DlO .:ncl
I

+2k*5) can be v,ry i t ten ar l \r f-
t  r ! ;*

t,he l lrr:posi'f i"on "3 ani. ' l

( i :  ;n  u  0*  * ,  0 ;  0 ) , , '  n 'p ] " "

, nr4 (rnoti B) ond r( 2 (ic?+'

t, xi_ occi , I x1i.4 kr i =r, [..

or1d, llhen nrry nc N*



l i l h * r r ,  ' i f

(6')
i ) r{

)

i
{ir:.h-, 4" I'ri,l "l:

b# . ..9 b?-? fl

d: ? 10 y d{., ll{ e

i i: i e- :l contairr.s .rrsnotith (i..r::ectuci-bLe )

lii *liring -l,i'ie ehar'.E;criierit qf' -hi;* triix'.i. ah,l.c,t

tirc ccluilr).cter I:i":near syntern

cu l tYe C,  r ' i f l r?  *

(r)

Let:ti;t:,t 4

d :: ,ie{i C

* ,// ' t \
e, 

-' 
e; lL' .t '-

a.
ur"i,

.L

* 1
,",'" -n=liTr (nctL j-) ,

.1
;'f

d + r * *-"n." =
: - . ]  I
L * {

ld alsxll!'<4 {1r'5t

f

V,r l i t i r :e ( j* ,2*"*p - t-  1-- .- ,X_i *  i , ior,O.,
'  j . * l

.t'\
- r  " i - - . . )

.o / rt \ o .': ,:':::'iJ I r. \ -A {.--' \ ':
{ j  \ \ J  . /  .  ' - I i - * r '  

i  \ r  /  *2  
i  _ . )  i  t

r \
f i J  t  I

: : ) r i. - g /

,( r1j p E;-  " s /

i) inotL t )

' t  
- ) d - ' r ' z ) + l - ,I ' , ("i:) =: g ( (:r-1

t " * &
l * t -  $ '

Lhe conditi cns (65 ean bs: ',*ri. ' l , t, irr, e qu-ival.er"r't,1;' aii

{

l
t

I
t
l
I
a
r
I

\

a

f-

+ r.{ *{c1 2r

I ,et  bs r 'g .  j i  i r - :c i l "  ' l , l ; i rb



i 5 k

a(d"6 * ?).{::$ $

and 611k, Fu (r- 1 )e -t"- i i.. ) ,

Then there exi. B t, s: ./.' 16. t rA i =* sati sfp$.ng (lt j and such

t lLat g = Fo{r)* } .ryi n T'hc .p.*o*f,s of the remmas r*4 arec* 
i=2 

'L

inspirated fron l*"qj. As in[n*zl , usin65 these lemmas we pr.ovr
the  Propos i t i .on  5o

.trrol"l,qfv:
!

Let be gr<16dirl , d/j and g#d(d-4).+1., :L,hen il.rere exists a

smoothr ngsd-erqeggf.a!.g (i.rrecluciblr- ) curve CC p4 of
genu$ g.

l qopoe i t i oq  4 : .

Let ne i{cUl' a De} pegff} sul"face of

d, gg#'I t d/32 nncl

(.r+?51ffiG - f,a - rre{ijifud(d*5} - &

t l rere exists a smootl :  ( i rreducible) curve ce x of degroe d ancl
genu-q g, which is nonclegenerate, in F5.

t i re  p{qo{  is  s imi far  wi th  the proof  o f , the } ropos i t ion }  r :s ing
the following. lerRnas:

I*g,mina...5l

l,et be M{_ oddn
' t

be wri t 'Lerr as n= Z *!  ,
1 t' r - l

in ' t , i re Proposit ion 4 and

X,  DrO,  I l ( n i  n r0 !0 r0 )  o  n ;>1 . .

degree d and

degree 5" lhen for sny

ft*V, rET (r:od Bi, ,r*112+41r-16* Then n can

x j -  odd,  
l x i l ,<  k r  l r r '4  .  *1 r5c

t-rupq. fu
Let be, X as

D * ( n 1 i : 1  , .  "  "  r b r . ) t P i c



f h e n ,  i f

(7 )

the .eompletc

currre C f X.*

/Tr I
\{',p l'

'where d=Za

6?bl * bZ o b,

bpb22b57,b &.fr'

Linear eysiern { nl  {

I;i.ore* d*deg C * 5a *

s=s(c1= $ie?

s

& *rnooth (i:r:redueibld

d ) +l_"

I
i
t

I,
I

X contsi.ns
+

f h
6#. Lr{

.t *"r I
l - * J .

*  " z(-* D{
i = l  *

Making the eubsti tut ions

b i t i *2  3  4s

the eondit , ions (7) cen be wri t ten, equivalent ly &s

) r * & , *

] ur= t *

i -

X i  =  
Z  *  ( m o d  l ) n  + =  2 t 4

{

d n ** - 3|x, *, o (mod z)
G , :  -a t  4

l o , l€n t t  rns f  r

*<? +x, +x O(d 
* 

$ * (x)

+
*" " lo' ,  r i{ore,L 

i=2'  
'

' i \ r  
T  1 , , ,  ^ r  T . .  q  t

s(0)=6;- i iu(r)  -  # :a:* i  ,  ]nd(r)  *p( (r- t )d{. . rc}+1"
" i = 2 !

Let be &725n dril ir r{;A: odd su*h that

Leriu,::*

w\"



i",
{v

Then there exietn( ..'e##r {.*'fi4 satiefying ,(S-)'euch that
{ r * *

. f\- 't -"e .t
g*I 'a(r)-*  L- . { i  e

u c- 
i-=2 

r

S!*.i, Because (fq anql f$i w* obterin the boound sn the right'
t -

1 VA* 6(d-5) * d'
1 n  a
J- L.'

'l

ond ns'b q: ' rd( :d*5)*1""
l t J

9srsllsffi,r
Let be drgarl ' l  ,  dl l  ancl eS$gA(d-5 r* & , Then thero existr

a snroothr qoJiggg-e-n-9-Ig!-q- (irreduci-b1e) curve CctrF of degree d

and. genus gr

AP&ll{p.l# t p q!}}.{y qf g cru-egrq"liS ,f-cgs stq-.d3

t e t .  f i 9  V=dO w i th  i * r r *d .e€9 /  a  Z lbas ia  anC Q the  quadra "

2  < * 2
forro xf {  * i"  Letrs clenote by (: ,}  the sealar produc'L d*f in*r

u  ; - - r  q J
I - I

. 2 '
by e.  Let  |sdrJ  r ( -3 ;*3r - Iu* i ) .&. . ,2=O),  J ,e t  be I&Vr  g* l /6Vl  V\*&i i * (

t
=k' i&u Let be' i l /=H/( i l r . ' Ihe qr- ladrat ic forn ind.uced on W i"s s,v€xl

-
( s e e  t - ] I a  2 l . )  .

L i J

l,et be G Lhe gfoup of the i$ometries 7- af V su*ir l lrul 4i

is i.invariable by T,

Let, be GrO the group of the i,sometriqs € of H such that (t

is invariable b:f6, Let be GrV, the' group of the ieouretries of

Let bo G'g the groupr of the isoinetries atffi *{''/eru with the qut

drat ic  form G $Of" l  
(mod 2).

lesua-al
Let be k#TA The elernents r{ 6V .$uch that

a
( i  )  x(=lc

( i i)  ( '4.r.4=-e'
@ . t

( i j . i ) ' t l  O (noda, ' )  in  Y=Y/Zr l
I

f 'orm one compLete orbit und.er the natural .s.ction o:fl G on V;



Froof
4

r frhe case k=0 ls proved ln ll{a fJ . The gteneraL case

i s  complete ly  s imi , lar "

r -7 r" -1 _
Lemm4;[2 (. I lta 2'J, p€rgol:3., L C*F_J ) e

"l

*,r --o r#JN* there exists xe:H nuch tirat ltr *'f(x,xi and

xij tn tjl./ .

I{e!ggg*$?-

Let be m0[*,  16014#(mod 8]  "  Then there exist  Brr .  - .  rS66 4

not  a} l  even. '  such that

"+-- C\ . i* a\ t
l * t t c  =  O r ' C _ i J i  =  p * G
i = f  i = I  *

Fq,ss€:

, H lt- :::-:,-,theorem 
on the Fum or three squ?res ror n

( s e e  I  b {  J  r  p a g  " 4 5 } , .  L e t  b e  g = ( 1 ;  1 r * r 0 r 0 }  € - V

b s ( 0  1 0 o  * , . . 0 . , - 1 "  - l ) C V .' f a l
L a t o r ; , z r , r  A b  

b = ( 0 1 0 1 . ' " 0 3 ' , - 1 ' , - 1 )

ffi* and x€fl ,, x2=-an ane ?10 in& (cf " reuma A1),

then:

i )  There ex is ts  f ,1  6G such that r

0-t (e()10 in k/i fi1(x), + 0 l0 (mod q,/ ), in V=V/? vi

(C .% (x), );0 (mod ? )'

1

i i )  fhere exists TyGG such that
I

;@"*@e 
. .  

. . *

rsfu)fo in w; r2(x)' + clo (nodc/) in v;

(c ,%(x)  ) t I  (mod I  ) , "

i i . i )  There exists F7€G such that l

iilp$o in{r, r;Glnb*o (modrirl i.n v*;

,o 

, ,  

n (x) ):o (mod' 2) .



'iv)' 
fhere existn {&6fr s'*r*li 't'}:'st'l
. * : * " : a , ^  o . : ? "  : - - : * r ' * f  

' T "  - ?  I  r

% 
('r)  #u i t t  Lty '  ,  % {"t  +"d + 0(t*a' l  t* t }  ia V I

(b "%f f i i l s :  ( rnod  t ) "

grugfi use, Le*uns A3 and lj,he, lTittqe theorele on o,uadratic'

forms (see f*-J pag"5} or [" i* l  pag-]s0].

prono$i , t1o*  A l l  {  r " . ' }  and c ' / }  f rem the Fre ipoei t ion{ , *+ ' i

L e t  b e  0 = ( 1 e 1 1 O r r * , 1 0 )  s  b * ( O i 0 r  o .  * e 0 1 * 1 r * 1 ) 6 V *  T h e n l

i ) The intersections (c 
" 
'f- (n) ) tnke 

'a&y 
integer val"ue -) e)

when dr icv,e'r .  G"

i i } t h e i n t e r s e c t i o n * q ( b . i ' ( b } ) t a k e a n y i n t e g e r v a l u e }

T ) - ^ n f
.t J- t,, u'r.

1 ,  \

i ) ,  Let.  be n€N* and xcH, T*o Ln W such that n;- f(x 'xJ

(lernma AZ ) .

ueing the eorollary A4, substitut'ing if necessary x v'ritl i

?- otx) for some f oGG rve cen suppose that

( c  +  * 1 2 = a  ( n o d  4 ) r T  + A #  o  ( n o d a d i  l n . $  * Y { u  '  L e t

be now

f tc t t  *  *)2 + z)cJ,

using lernma A1 (k**2') it fol.Lolve that c'=a-(b) f,or so$e

A'G G.

f hen  (c . . r - (u )  )= {c .c '  ) *n -12  0 '

i i )  \ l le use the sar i le idea'  Le!  be

!"@ 
11t1 $

b,=b * x * ft{ u*"*12 + z') k)

(use i j. i) and , ',/), in the Coroll-ar'3r A4)"



*c ltJ *

Llein"g leruna AL (jE**z'), it foll.ows that

tzr*i;*(.&) fclr sonre []-r 0u Then

(b. r {u} i  * {b,"b* } * n*ff{,*3-,

I leferenr:r :  n

4

[.9*J : i,"B,5deseu * A,lng3,S#Lt ij:fff*qgg (in Ronanian), Edi.t6

Aeed,HSA, I^981"
.,.1

I nu I ; lo{n$em&uure * $qrfncqg _cle Jg!_$.ffig. Lee*,liatos ine" '  - i

},is.th. ??? (lgBC).
1 l

f 
'C*ll 

| ; F.,Clriffit$s, J"Ilarr:l,s - H"rt"tnc_Lplg$:*.{jj,;3j;g.gj"t*f.:-fre*t- !t

Sj;;t:u *.i.1,r'/ileY 'd. Son.::r 1.9?8s
4

{ fi*p i ; l,* {iru$oir r 0 oFe skine * Rq5nq**{gllSggg}$.A_0e.-'il-e fip$_tqL .J

nnrfjSslff, $i ) ' Ann,sci" * de I r$c ,Nor osup " (1$e15 ) "
r 1
{ile :t I I R"Flartshorne - A_1#"bffi,q"*geg$g$Sg, $nrin;ren*Ve::1agu
\ - . J

197?"

/ li* 2 I r }l*ilarbsliorne * .Q.e$rg- {gr.*gffi*fuSgL - J

ilSSps.q.g. ELqjesjt.f {Cta;:r"*s i G*Pj ) , Sdnin.:ire iScurbaki,

Astdr isqua, ,  f f  .92*95 f fESA ) ,  pa$" 5Al*3\7 "
r  f ; 1- 

[l 'al I Snlang * $"]gobrg' ,AclCtsc'ri * i lfesl€f r 1970"
r' 'l

LI'u-l ; *"FHslil'eseu * OU_!$S*S"L*:?FLf*qqlj,CIS; qf *S:ngg_].#r1.!&gg__qf

qeUl vlitlUlr,,gril.-ci-4i:liS-tggu.ggJ: '

' l l i t ; i ^ " . * . / . 1 *  r ) - - * - * { ^ * \  c +  ^ " :  n ^ ^ ^  r i .d*t l "*_gl$.  1rn l tomanian),  $t .  $ i  Cerc.  I fAt*u r ipo.3( lg84)I  :
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Bucr_rre gti *

L**J : i '*P,$erue * $*tSfqi:l*ffi, Snrinp;r:r*.Vcrtag,

i g75  0
4 , J
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