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Andrei HALANAY

¢ 1
In [2] it is prowved that, for a completely nonunitary
contraction of the class CO., whose left essential spectrum
dominates the unit circle, every element in the predual of
A

of the form [} & y} with x and y in %ﬁ. In subsequent works

A the weakxfclosed algebra qeneratedlby A in<f(}€), is
Apostol, Bercovici, Chevreau, Folas, Peardy, Robel, Sz.Nagy
generalized this result in several directions (see [1} fon X
a full "bibliographical account).

So, Lk As.previed: that for én-absolutely continuous'
contraction A YI} Ch.TIV) of the élass CO;, whose essential
spectrum dominates the unit circle, for every infinite matrix

[Lij}i,j)l ¢ Of elements in the predual. of u&A there ex;st.

sequences {Xiﬁi)l . ;yj}jbl Ln}% such that

[Lin:—-[xi o yj‘] for every i,j 7% 1.

In this paper we observe that the same result is true

 for some weak®-closed subspaces of‘A;A usigé only the presenbe
in the left essential spectrum of A of an interpolating sequence
for Hoo(see [6], (7])a Such ' contractions éan be produced by

an.obvious modification of the construction in [5} .. The proot



relies on a theorem of a genefal nature which is what we need
from the generalizations of the (BCP)—thhnique.

The Hilbert space is assumed to be seﬁarable and the
notations and definitions will be those from [l].

The author expresses his gratitude to Dan Voiculescu and
Dar-Timetin. for valuable conversations.
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Definition 2.1. Let VQ(CQK(K) be a weak®-closed subsonace

and let n be any cardinal number such that 1¢n 5&{O.LAL will
be said to have -property (Ah) provided every n x n system of

simultaneous equations of the form
[Xi @y}—& T [Llj\S 7 0¢i,j¢n
with ij arbitrary, fixed elements from QLL , the predual

v : : p ‘
of /W, has a solution {Xi§05i<n 4 {yj}0s1<n

pair of sequences of vectors frontl%.

consisting of a

Theorem 2.2. Let A be an absolutelv continuous contrac-

tions ind (X)), W.(A)= S

dise vin .€) and A" — 0 for n->o in the strong operator topology

(), S(A)N\D#@ (@ is the open unit
; % * oo

(that is AE.CO.). Let /A be a weak”~closed subspace of H

with the following property:

there exists M > 0 such that for h E~A{

(2.1) I nll &M e DN
XeG(A)ND

‘e
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Let (/L\;A be the ultraweakly closed algebra generated by A in

s o° ; :
Sy lsee [_1}) and ,;;3 :H —> (,A. the canonical homomorphism

A

Ci) (h)=h (a), and let C}) (M) be denoted by V((

J
/ :
2 Then (/V(A is a

weak ~closed subspace of <>’\n @) with property (/{% i
o

Proof. @; 0o hﬁwé M  sup ( E(’\)l $
: AeQ (AND
(M @) =Mi@-’ ()l for every h E:uﬂ (see [l] 2 {31 Lemma ' 3.1).

J(/( ié closed in Hw and from the previous inequalities
‘A’(A results norm closed in ("'}hA‘ % is weakx.—continuous so from
[2] Theorem 2.7 and Corollary 2.4; (}? induces a weak’ homeomor-
phism between v'(/\, and (’“A'

For any fixed M€ D the map hr* RO .is 5 wea_kx—continuous
linear functional on (/\/\ =

Since the map h(A) i~ h is a weak™ homeomorphism of (/MA
.onto U&(, the map h(a) > ﬁ()\) is -a w_eakﬂf continuous linear fuﬁc—-’
tional on U{'(A ; SO there exists an element [C)\] in O;l( , the
predual of U{(A,such that -

(e}, n@)=trh@aic=h(n for all h in Wl
Condition (2.1) implies thats

aco SZ[C)\] ‘ N ¢ CS(A)ND} contains the closed ball of -

radius I%I about the origin in Q ([1] ; Propdsition Ladl)s
. “a .

By [2\ Lemmas 4.3, 4.4 and 4.5,

gipeinisicd i E N A 2 = ! 3 . . .
aco “_C%H NS (?,(A)f\EDE(C _XO(LA'{A) (see fl} Definition 2.7
SO L/MA has property YO ) (1} pDefinition 2.8). The conclusion
sal
o ,
of the theorem follows using the same techniquethat leads tog

Theorem 3.7 from [l"j‘ or to Theorem 3.14 from I9—l

) ~
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Remark. The same theorem is true for an absolutely con-

tinuous contraction A of class C_ with @YA)=‘§§(A),
143

§(A) N\ DEG.

$ 3
To apply theorem 2.2 we consider A an absolutely conti-
nuous contraction in cf(}{), AEKCO : GXA)z(Tle(A) and G (A)OD

contains an interpolating sequence of exponential type,

%zjkilo ethiarEtdes

[zj l —] Fen '] = e and
L= lzj+1 : - ; '
- TEETM a4l - ot every 40 (7] .

We construct two weakx—closed subspaces of Hv’,,AL1
and dlz for which condition (2.1) is fulfilled. The first one
V&(l - is isomorphic and weakﬂf homeoﬁorphic with ll, the'sﬁace
of summable complex sequences. It is generated by a sequence
ghni:;O in Hoo interpolating a properly chosen sequence in 1m°,
the space of bounded cbmplex sequences. The construction
reliés on the properties of some Sidon set.
AThe second subépace,mitz , is isomorphic -and weakx—homeo—

o o0
morphic with 1 , being generated by the sequence {f ijzo

-
given in [4]. We proceed now to detail the cdonstEruction of
Athe two subspaces and begin withaitl.

Let € (L) be the space of complex valued continuous func-

tions on the unit circle T , denote by f(n) the n-th Fourier

cocfficient (n€ %) 6f F and, for P'a subset of 2., let



Cp(““) {E(LCC”)\f(n):O for every n in % —P}
Let E={2%[x1% U o}
E is a Sidon set (see ES}, [101) and we denote by C ‘the

positive constant for which
o0
(3.1 }Z_}f(nﬂ $C lflle For cveny B E€C )

We identify CE(ﬂT) with a weak*~closed subspace of H” and

subsequently refer to it as a subspace of g

Define £, (z)

" Y. fori kgl

Il
N}
N
I
N

f (z)

H

for every. z€ D

and denote by F the closed linear subspace generated by

Vo
%fgiyzo in H . It is easy to see that there exists an

isomorphism U between ll and F such’ that U(ek):fk , where

%Ekkkwo is the canonical basis in 1'. Moxover, F is weak™ -

~ ; oe i 5 : T %
-closed in H and U is aweak homeomorphism of 1 —(co)

Gt B (cO is the space of complex sequences converging'to'O).

Défine f’i Aperle =0} for xn
Obviously &, C & o - *1}7,)1% g i's 5 euntabhle dense
subset of T and let & = LR }j _, be an ennumeration of &
such that for J\ ;€ Ekj s c% : and j¢i we have %) (‘5

Proposition 3.1. Let w & 1 with components

oo

(5]
f&j)’ 3205 nﬁo. There exists { hggnzo dem o H such



: . sl - i , : :
that hn(zj)“wn,j forpi o 07, n 0, i hn“w & Ml for every n 20

and

*
w
hn — 0 a8 n —>oe

¥

Proof. Observe that for F\EZ]{ - fn (}x)=0 for every n % k.

= ' : 2n—-1 %
Then W j—fn( !L&j):O Eeniad ) i -n le

5
et uj=l— lzjﬂ U Then 0 € lz_.}l ¢ 1 implies O(u_.J(l

for every 330.

1 ‘z. S :
JEL . ; = : :
o ~ {a-¢ 1 dimplies u. ca“.u  for every gzl. Let
‘73! J o ' :
o i n ] . =0 o =
Sy {sz —(l—uj) b (1—a30uo) hd=a ~uo) ~» 1 as n-*oee. Then

,"

i - :
%«wmjjzo lginm | for every n» 0 and there exists M! >0 such

2. !
J
that
s ] i ‘ S
e L (M7 N
d T }jzo n loli for every ny 0
-
Let CHmb h o that )_an,j Yl and (2) il for
9. & e sue a qn(zj ———;{» ey and g_(z) = or

e\}ery A2 1D
Y_ﬂ §10 or \_6} Chap.VIT implies that there exXists Ml"’;O

such that “gn“c@ ¢ M; for every n% 0. The sequence

b z)2z g () defined for all = ol

satisfies the requirements of the proposition.
Let u’ttl be the closed linear subspace generated by

{hn{:zo e



e ] - : : %
Broposition 3.2. AAI is .somorphic and weak™ homeomor-

o

; e it il : o= ; oF
phie with 1 (SO:A&l is weak"~-closed in H ). ®

Proof. Let U :ll~wbuu

P 1

: (o)
o) {dn}-nzo = 2:. °<nhn
n=0

~

ICEEA W

constant from Proposition 3.1).

09

i e cp 0o
lhm &M ( %ﬁn}nzo\\ll (M, is the

3 ~
OB 1 ]

. o
Observe that {wﬂkn=0 isbasiedn T° izl ¥ o7 sa
is injective. »

~

: i - 1k .
It dsieasy to -prove U is weak “COntanOUo (use

*
h ;g»% 0 for n—oe). Slnce for an element h—Sk o\eilhe &k
n : n=0 nn 1
we have

20 S0 o
h(Z')‘:Z )=Z~°<nfn(}k_.) thenl\o&'n\$c'&lhi§w
1o n=0 e n=0
o8

(Cise the comsStantain =3 1% and we deduce {h kn 0 is a basis

of J&l and U is onto. The proposition follows using fz} Tha2.

Propositon 313. Theorem 2.2 holds for Jkl

Proof. All we have to prove is inequality (2.2). Let h

o]
Do
: : 7 e : : it
. be 1n~ALl . h_;=00<nhn . Then {O<ﬁkn=0 e dn rand

all S IR 2 Y SmalD o e \!

n=0
T
:MlC supl Tzlcin_ M )l*M @ sup (Zj)S:
)4j€E n=0 3 n=0 :

=Mecop hute )G sup | h(
. jl Bl l}\(m)zl



2 O : ;
since 4z} is in G(A)ND.

jﬁj:O

So we have (2,1) with M:MlC.

Corollary 3.4. There exist x and y in & such that

(x,y)=1 and (h_(A)x,y)=0 for every ok

Ptoof.vTake [LI={CO] the evaluation at O and apply theo-

rém 22 to Jil.

To construct diz we follow {41, {6}. Let

= : ‘ 0o = '
(32 M,= \\a s%p - inf %“fum \fEH ’f(zj)-aj,j'}O}
A j%jh by
; . -
There exists %fj}j=0 Tl suchethat
(3 e b el f (n )0 Fov ik and
= ) ]( j) ' j( k) 5l
: Do
(3.4) e l£, (2)] {m, for every zeD
0 , =

: oo
Let Jiz be the closed linear subspace generated by gfjgjzo

wer By [6} Ch.VII'JA2 is a complemented subspace of B

isomorphic with 1" through the canonical operator
oo
S = :
{aj%jzokwﬂ >;~ajfj , the norm of this operator being M,.
: =0 :

Condition (3.4) insures the weakX continuity ef this operator

so by [21 Thald.l VuZ is weakxuclosed in H .

Propositon 3.5. Theorem 2.2 helds fob ﬁ{z
; Do
we - po
Proof,. Let h be in di ; h=§:-a.f. with {a.}._ Fril
= ) - j:O jaey) - 3=0




since %zjkao is 1n‘6¥A)ij.

(2. 1) helds with M=M2.and the conclusion follows.
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