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EXTENSTONS OF THE (BCP) TECHNTQUE

AndTei HALANAY

r - t
In  L2 I  i t  is  proved that  ,  for  a  complete ly  nonuni tary

con t rac t j -on  o f  t he  c lass  c^ . ,  whose  l -e f t  essen t i a l  spec t rum
v

domj -na tes  the  un i t  c i r c l e ,  eve ry  e lemen t  i n  t he  p redua l  o f
l * - o

t l t a  ,  t h e  w e a k ^ - c l o s e d  a l g e b r a  g e n e r a t e d  b y  A  i n  { ( K  ) ,  i s

n f { - h a € n r m f * 1  
' l A

Lx  &  y j  w i th  x  and .  y  i n  K  .  f n  subsequen t  works

A p o s t o l ,  B e r c o v l c i - ,  C h e v r e a u ,  F o i a g ,  p e a r c y ,  R o b e l ,  S z . N a g y

genera l i zed  th i s  resu l t  i n  seve ra l  d i rec t i ons  ( see  I  f l  f o r

a  f u l l  b i b l i o g r a p h i c a l  a c c o u n t ) .

Soi  i t  is  proved that  for  an absolute ly  cont inuous

c o n t r a c t i o n  A  t  [ r l  C h . I V )  o f  t h e  c l a s s  C o . ,  r v h o s e  e s s e n t i a l

spec t rum domina tes  the  un j - t  c i r c l e ,  f o r  eve ry  i n f i n i t e  ma t r i x

f - l - , 1
L L i j  j i ,  j > I  ,  o f  e l e m e n t s  i n  t h e  p r e d u a l  o f  ' " 4 -  t h e r e  e x i s t

sequence." l* iJ i rrr '  { o i } i r , ,  i " } t  such  tha t

=  
L * i  @ o i l  f o r  eve ry  L ,1V  t .

In  th is  paper  we observe that  the same resul t  is  t rue

{ r

| . " .  . ]
L  A J J

for  some weak*-c losed subspaces of  ,A o , - ,= in<1 only  the presence

in  the  l e f t  essen t i a l  spec t rum o f  A  o f  an  i nLe rpo la t i ng  sec ruence

f o r  H F ( s e e  [ o l ,  [ z ] 1 .  S u c h ' c o n t r a c t i o n s  c a n  b e  p r o d u c e d  b y

r --lan .obv ious  mod j - f i ca t i 6n  o f  t he  cons t ruc t i on  i -n  L5J  .  The  p roo f
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re l ies on a theorem of  a  senera l  nature which is  what  we need

f rom tha  c ronogs f j za t i ons  o f  t he  (BCP)* techn ique .  0

The Hi lber t  space is  assumed to be senarable and the

t - \

n o t a t i o n s  a n d  d e f i n i t i o n s  w i l l  b e  t h o s e  f r o m  L l J .

The author  expresses h is  grat i tude to  Dan Voicu lescu and

Dan Timot in  for  va luable conversat ions

De f in i t i on  2 .L .  Le t  
"LL  

c , ($ -y  be  a  weak* -c losed  subsnace

and le t  n  be  any  card ina l  number  such tha t  l .<n  r .H  o .  JL  w i l l

be said to have propefty (Arr)  provided every n x n system of

simultaneous equat ions of  the fc i rm

[ * *  I  v . ]  =  [ "u  * l  ,  og i ,  j cn
-  +  * .  f  I

wi th  L . , .  a rb i t ra ry ,  f i xed  e lemen ts  f rom q , , ,  ,  t he  n redua l
1l 'J'"/.

of ,4t ,  has a sorur ion i* r l  oar_. . ,  ,  I  o i i  0,<i< n consisr ing of  a

pa i r  o f  sequences  o f  vec to rs  f rom R

Theorem 2 .2 .  Le t  A  be  an  abso lu te l v  con t i nuous  con t rac -

t ions  in  J  (U )  ,  S  (A)=  s ' te  (A)  ,  $ ' (A)  ̂ D*A 0r  i s  the  open un i t

d isc in A) and An*+ 0 for  n ' - |oo in the strong operator topology

i z

, .  ) .  r , " t . , / v (  ne  a  weak* -c losed  subspace  o f  H*

wi th  the fo l l -owing proper ty :

t h e r e  e x i s t s  M > 0  s u c h  t h a t  f o r  h  e J A

( 2 . r 1  l l  r t l l . - < i , l  s u p  l f i t x l l-  
x€a ' (A)Ai l )



r,et /o re

.{ t;81 (see

I r l  t r a w e a k ' l  r r  . , - l O s e dv .

r . & A
and f : il''*---e u'q A

the

ltl r
a lgeb ra  genera ted  by  A  i n

the canonica l  homomorphism

S,n)=h(A) ,  and ler  Q t tA be denored av u{(a.  rnen ry ' " to is  a

weakx-ctosed subspace ot d lJ{ l  wit i r  properry ,ryi" , .

P r o o f . t f t lit ( il rrli* .( m sup I  r r  t^) [  . (
x€S (A)n D

. (  M | {h(A) \ \  =r , r { t0  0 . r l [ l  for  every h €/ (  (see [ tJ ,  [ r l  r ,emma 3.1)  "

/ t (  i s  c losed in  Hoo and f rom the  prev ious  inequa l i t ies
1 I  I  Ir4t  o resul- ts norm closed in ut  o ,  E is weakx-cont inuous so .From

[r1  Theorem 2 .7  and coro l la ry  2 .4 ,  +  inc luces  a  weak*  homeomor-

phism between JL rrl4 JQ.

{o t  any  f i xed  X€.  O the  map h t - - l  6 (x )  . i s  a  weak* -cont inuous

l inear funct ional  
""  

/ t (  .

Since the map h (A)  t -> h is  a
t l

onto ! ,4 /1,  the map h (A)  l -+  h ( \ )  j -s .a

t l
t ional -  on ,1 \o r  so there ex is ts  an

-  I l
p r e d u a l  o f  u t " t O r s u c h  t h a t

. *  -  t lweak" homeomorphism of  tz l l6

weakx cont inuous l inear  func-

f ' 1
o l a m a n { -  l f  Ic r t : r r r c r r L  L U I I  A n ?(o

' t- l-ra

( [ . J  ,  h ( A ) ) = r r ( h ( a ) c x )  = f r ( x ) f o r  a l l h i n  J L

C o n d i t i o n  ( 2 . 1 )  i m p l i e s  t h a t r

c o n t a i n s  t h e  c l o s e d  b a l l  o f

l !
dJn

4

t  l r l  ,  P ropos i t i on  r  .  21 )  .

4 . 3 ,  4 . 4  a n d  4 . 5 ,

s- (a)n Dl  C X 
"  

t  / /o l  (see t r l  Der in i r ion z .7 )

"o 
,r{,lo r,r= property 4r a (  [ i ]  D e f i n i t i o n  2 . 8 )  .  T h e  c o n c l u s i o n

of  the theorem fo l lows us ing th .e same technique that  leads to

T h e o r e m  3 . 7  f r o m  t t l  o r  t o  T h e o r e m  3 . I 4  f r o m  [ n l .

'::
E U U

I
r c r L l r u S  -  c r

lVI

r
I l r r  I

J L

e s ra ln DJ
a r i  r r i n  i n  n\.:

s

\

h e

t t t d

\

I
t

mm

i
I
i

I f . "l
bou t

2l Le

{|. "l
aco



Remark.  The same theoreni  is  t rue for  an absolute ly  con-

t i nuous  cou t rac t i on  A  o f  c lass  Coo  w i th

s(A)  ̂ D+a.

S'-tal = S- (A) ,
= $

f :

To  app ly  theo rem 2 .2  we  cons ide r  A  an  abso lu te l y  con t i -

n u o u s  c o n t ; : a c t i o n  i n  d t & ) ,  A € c o . ,  s ( A ) = s i r " ( A )  a n d  ( r ( A ) n D

con ta ins  an  i n te rpo la t i ng  sequence  o f  exponen t ia l  t ype ,

i  r F
l z , l  ,  ^  ,  t h a ' b .  i s(  J J I = u

l ,  j  [  *1  for  i  ' -+  t>a and

1  -  l r .  " lj .  .  ' ,11* l ' *  (a  (  I  fo r  every  i  )z  0  (  [7 ]  ) .
r  -  

|  " ) l

I , le  construcc two weak*-c losed subspaces of  Hn ,  lL  ,

a n a  u L L ,  f o r  w h i c y r  c o n d i t i o n  ( 2 . 1 )  i s  f u l f i 1 1 e d .  T h e  f i r s t  o n e

,  I  '  ;  -  norohic  and vreakn ho*"o*orphic  wi th  l I  o  the space
,y ' t  r  ,  is  isomorohic  and vr<

o f  summab le  comp lex  seguences .  r t  i s  qenera ted  by  a  seguence

(  . C F  O o  a  j -  j -  l F

l i - ,  t r  
-  

^  in  H in terpolat ing a proper lV chosen secruence l -n  I  ,
(  n J  n = U

t he  space  o f  bounded  comp lex  sequences .  The  cons t ruc t i on

re l i es  on  the  p rope r t i es  o f  some S idon  se t '

The second subspace ,  ,L l - ,  ,  is  isomorphic  and weak*-ho**o-

morph ic  w i th  I *  ,  be ing  qenera ted  by  the  sequence  { t - , 110

g iven  i n  [n ] .  we  p roceed  now to  de ta i l  t he  cons t ruc t i on  o f

the  two  subspaces  aud  beg in  w i th  JL r '

L e t C ( 1 t ' ) b e t h e s p a c e o f c o m p l e x v a l u e d c o n t i n u o u s f u n c *

t j - ons  on  the  un i t  c i r c l e *$ '  ,  deno te  by  i t t t l  t he  n - th  Fou r ie r

c o e f f i c i e n t  ( n C Z )  o f  T  a n d ,  f o r  P  a  s u b s e t  o f  %  '  I e t



c p ( 1 [ l = i r € c f l f )

r ,e t  n= t2k lo r , t t  u  {o l

)
A ,
r  ( n J = u  r n r  e v e r y  n  i n  z  - P  !

s

(see la l  ,  [ toJ  I  and we denote bv c  ' the

vrh ich

( 3 .  r )
@

Y
L-

f , l - u

l i  t " l l  . (  c  t l  r t l * for every f € CF (ff  )

E  i s  a  S idon  se t

pos i t i ve  cons tan t  f o r

I d a  i A a n r . i € r z  r - _ ( ' ] f  )- t i

subsequent ly  re fer

wi th  a weal<*-c losed

to  i t  as  a  subspace

s u b s p a c e  o f .  H F a n d

o f  H  
* .

k ) r I

f o ( z ) = 1 for  every z€ lD

and denote by F the c losed l inear  subspace generated by

( l u a

I tOl  O>O 
in H I t  is  easy to  see that  there ex is ts  an

,= l * " r ; n r " *  U  be tween  i r  and  F  such  tha t  U t *o )= fk  ,  where

|POJOOO is  the canonica l  bas is  in  1I .  I r ' lor (over ,  F is  vaeak*-

- c l o s e d  i n  H *  a n d  U  i s  a w e a k *  h o m e o m o r p h i s m  o f  1 1 = 1 . o ) *

on to  F  ( co  i s  
, t he  

space  o f  comp lex  seguences  conve rg ing  to  0 ) .

n6f  ine E o= I  , f^ .  "  
l ro  f  p)=0 J  ror  k)u  1 .

, (
g -  a '  e  =U Et ,  .  E is  a  countable denseO b v i o u s l y  E f . C  6 t  * t .  P u t  w '  

t i i  
-  

k  
-  J  r - s  a  c o u n E i  

F
subser  o f  T and ret  [  =  t i * r ] i=o be an ennumerat ion of  b

G  ( -  G  G
such rha t  fo r  

f t  ja8u ,  , f r *  t lo ,  and j .< i  we have a  or t  6  u ,

2 k _  r  ^ 2 k
D e f i n e  f . 1 2 1 = { 1 z z  - r '  )  f o r

K I

P r o p o s i t i o n  3 . I .  L e t  w * €
@

w -  * = f - . ( H * ) ,  3 V 0 ,  n ) 0 .  T h e r e
r L r J  L L  !  J  -

1* with comr:onents
f . F @

exis ts  I  hr r \  r .=6 
in  H suc l t
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'  t h a t  h r , ( " j ) = * r , , j  f o r p j  p 0  ,  n ? t 0 ,  l [  r ' r , r l l *  - (  l ' 1 ,  f o r  e v e r y  n  ) z ' 0

and

xt
h"  '  Y  >  o  as  n* '+eo

G

PJ,go. f  .  observe  tha t  to :  
[u  

Go ,  f  n ( f )= :  fo r  every  n  ] ,k .

T h e n w -  - r = f . - ( L l . * ) = 0  f o r  . ) ( 2 z n - r ,  n ) r 1 .
f r r l  n  /  . l

L e t  r j = r -  l r j l  ,  1 V 0 .  T h e n  0 < l z i l . ( 1  i m p l i e s  0 ( u . , ( l -

fo r  every  j t r0 .

1 -  l r " , , l  *
! l .  (  r  <  r  imp l ies  u i  ( . .1  . ro  io r  every  j ) ,1 .  Le t

T : 4 1  
-  \ q  \ r  r r l t y  

J  o  
! v !  e v u l J  J '

'  n  ' 1 - u * ) t ) r ( l - a j . u o )  ) z ( t - a n ' * o ) t  - + r  a s  n ' 4 e o .  T h e nl l n .  l r j l  
= ( '  * j ,  / / \ L  q

t  w  . ) o o

)+ i - f  - , - "  is  in  l *  for  every n) r  0  and there ex is ts  l l i  )0  such
r  r l  J J = u

-l

tha t

l l ( w - -  ' ) 6  l i
111 -3e.}f  .  ^ l l  .* . .(uf for everv n 7 0
l l (  " t  J  j = o  l [  r - " t

I

o o  -  
w n , i  

: a  t -
L e t  9 r r €  H *  b e  s u c h  t h a t  q ' ( r j r = #  ,  n  7 r l  '  a n d  T o G )  =  I  f o r

J

eve ry  z€  D

l i l  !  ro  or  [e l  chap.vr r  impl ies that  there ex is ts  Ml  )  0

such that '  | |urr l to" .(  Mt for every n ]  0. The sequence

h r ,  ( z )  = z t g r r . ( z )  d e f i n e d  f o r  a l l  n V 0

sa t i s f i es  the  requ i remen ts  o f  t he  n ropos i t i on .

l e t  l [ I  be  the  c losed  l i nea r  subspace  qenera ted  by

(  r F  t J
{ h  |  ^  i n  H\  nJ  n=u



M. ,[t., i* -.somorphic and weak* honl"o*ot-

ph ic  w i th  1 r  ( so  r {1 . ,  i =  weak* -c losed  i n  H  ) .

I  l r

: 1 ^  - + l J .
l-

= f o h
n n

n=u

i l u {d "11=0 i l " .  (Mr  ( {  ' i " <J I=o l l  
, t  (Mr i s the

c o n s t a n t  f r o m  P r o p o s i t i o n  3 . 1 ) .

observe  tha t  i * - iT -^  i s  bas ic  in  1*  r l rz l  r  {z )'  n r  n = u

.ls

P r o o f .  L e t L/

i n i o n f i r r a

T #  i q  a , a q \ l  1 - n  r r r n t l eI U

w-: -+  0  fo r  n*o- , )  .  S ince

have

v o o

i  l l ,  ?v  t o (  n J n = O

1 , ,
s o v

! r ' E

U i s  weak ' " - con t i nuous
&

for  an element rr=F o(
n = 0

( u s e

h  i n
n n

TL,.h
n

\ r7A

oa
<_

! ^ . )  t h e n  L  l X
l J n = 0

r  . F

i s  t he  cons tan t  i n  (3 .1 )  )  and  we  deduce  l h r r l  , " r=g  
i s  a

l t  -  r  Iv! ( - .  and V rs  onto.  The proposj - t ion fo l lows us ing [ r ]
I

P r o n o s i f o n  3 . 3 .  T h e o r e m  2 . 2  h o l d s  f o r ' d l ' , .
!  a v v v v

# I

w e  h a v e  t o  p r o v e  i s  i n e q u a l i t y  ( 2 . 2 ) .  L e t  h

.h' rhen l{"JT=o is in 11 and

. f  r l

"i: 
l l  ,r .(urc {l 

}, 
d,.,r^ l l  .,n, =

t*

,r\ '< c ll r. tl
r r  r r  r r  

O€,

b a s i s

a l  l 6  A  .  ,  .

\\-

o f

BIgg"f . A11
.g

l t  \
b e  i n  v L ( ,  ,  h = /I  

n=o
d

l l r . [ l * . (  M I It l'(
(t6

;
tl
n=0

I
C I (  f  (  h , ) l  = M . C

n  n ' r '  J ' '  I

I r, t"i tl i o,'rc r.rrailprn

='o iL . r,hr, ( , r)l =j  n=0

I r ' '  rx l  I

= M  C  c r r n
" *.Y'  u , c Y

/ ' l -  "

=MIC sy.p
l
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.  ^ o d
s i n c e  1 z , l  ,  ^  i s  i n  S ( A )  A  D .'  J ' ' l = u

S o  w e  h a v e  ( 2 , 1 )  w i . t h  M = M ' C

ggIg$g*:g. rhere exist x and y in &t such that

( x r y ) = I  a n d  ( h - ( A ) x , y ) = 0  f o r  e v e r y  n 7 7 1 .

9€gg.g. . Take 14 = [co1 the evaluation at 0 and appty theo-

l l

rem 2 .2 to u(,L ., ,

l t  . ' t  f  ' 1

To construct  ut l  r  we fol low L4j  ,  L6J .  Let

( 3 . 2 )  M 2 =  
t * ^  ,  " t p  . (  1  

i n f  \ t \ r t *  \  r e  H * ,  r  Q J )  = a j  
, i  r o |

tl{ai t i ll to\\ r-

(  . o d  c e

T h e r e  e x i s t s  t f i l i = O  i n  H  s u c h  t h a t

t 2  ? \  ,  ,  ( z *  )  = I ,  f *  (  z r ) = 0  f o r  j + k  a n d
\ J ' J l  - ,  

I  l  J t

;
\ r t

( 3 . 4 )  / -  l f * ( z ) l - ( t u ,  f o r  e v e r y  z € l D
j = 0  r

t f  - - - r - - - ^ - - ^  
f  =  t  

*

Le t  u { " t  2  be  the  c losed  l i nea r  subspace  qenera ted  by  i f  i l i =g

i n  H F .  B y  t O l  C h . V I I  J t 2  L S  a  c o m p l e m e n t e d .  s u b s p a c e , o f  H *

Do

i somorphic  wi th  1-  through the canonica l  operator

' o o

. a o v -
{u- , } - , - . ,  l *  )  a . , f *  ,  the norm of  th is  operator  be ing I4r '.  J . J = u  i e  I  l

.  . J - v  i

cond i t i on  (3 .4 )  i nsu res  the  weak*  con t i nu i t : z  o f  t h i s  ope ra to r

s o  b y  t z 1  T h . 2 . 7  , L ,  i s  w e a k * - c r o s e d  i n  H o o  .

t l

P r o p o s i t o n  3 . 5 .  T h e o r e r n  2 . 2  h o l d s  f o r  v l t' 2

E'o

{.r1?o in rP'Proo f .  L e t  h  b e  i n  t i l r  ,  h = L  d , f -  w i t h
.  r = r r  ' )  f
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lf r'll* g u, {l{uitrl="' ll y =*, 
"Tn I oi I =

r l=r42 sup l r r  (2 ,  ) l  . (  M2 _ sgp I  r t  tx l l
"  j  -  \ tS - (A )AD

s ince  l " -1T-^  i s  in  S(a)  nn .'  l t l = u

( 2 . L )  h o l d s  w i t h  M = l t ,  a n d  t h e  c o n c l u s i o n  f o l l o w s .
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