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 MODELLNG OF TIME-VARIANT LINEAR SYSTEMS

by T.Constantinescu

1 INTRODUCTION

The realization theory of time-variant linear systems is by now
wounded up and almost couplete (the Sz. 5y¥FDias model( see &wd )
and the Ho-Kalmsn algorithm(see EG} )-moreover, for other remarks
_concerning the operator taboretic approach to systém and network
tnéory see for instance XVX,QQX,E¥X). The Sz.-hagy-iolas model
explicitely uses the enérgy conservation law throuzh tane notion of
unitary dilation of a contraction in ﬂiiﬁert space and gives a
zeometrical interpretation for tue dynamic of tpe system (essentiall
for the trensfer function of tune system).

In»recent years, several attempts at formallsms working in
both time-variant and time-invariant cases appeared in system Lneéiv
and one of the most illustrative paper in this area is K03 Along
this line, a formalism ( jjl(l} we call it Schur analysfs) can be
developed, where the snift operator (which implies function tiaeory)
is replaced by "marking operators" and tae differences between the
two cases become a matter of notation.

The aim of This peper is to develOp the time-varient analog of
the SZ;"nu‘y"fOluu tueory, as a model for dlbb ete time, time-~

71

variant systems with a double infinite tiie 1enght. Cousequently, we

‘

obtain the geomexric ihter etation for the transfer operator(
recently, a series of papers on time-varient systeus with boundary
conditions was vegun with &5} ,-8nd this paper is our.starting
point, also for definitions and references ) and a " canonical
model" for suca kind of Systems. moreover, for an upper triunguler
contractive operator we construct tue time-variant system naving -

as transfer operator tane given one. Seversl connections with Qﬁ] ar

to be noticed and we also aiscuss some aspects regaraing " tae



¢mbedding of a nonstationary system into a stationary one",

II PRELIWINARIES

In this paper we are concerned with time-variant linear syste

in the following state space reprezentation:

-~

( x l%x +B.u
Til i atntn n
(L.1) : ne 7
Vo =CopFnptbpdy
wiere Xnééﬁgn‘, % n Peeing Hilbert spaces ( the state spaces),

] h o s = G s .
un€1an ,ynfzcﬁn e g end cfﬂ beeing the input spaces and respec
vely the output spaces, also Hilbert spaces. Tne coefficients are

bounded operators such that the matrices

'.‘:‘ il b
: ) : @ — D
“ s " .
are unitary operators, n¢ Z. Consequently, Tn gre eonvractions eand

we.can suppose that the system (1.1) is of the form:

Sl Trxn+D13bun =
Cle2) n€ 2

Jne T*Xn Tn ol
; here, as in the rest of this p per we use the notation from Egjﬁ

e z 2 1 A = = > L :;: 2
lhus , for a coutraction 161:8(2 ,&;) ‘we note DTz(L~T%$)‘anq

G e st

mﬁT=RanDT and if we consider the unitary operator
) '
‘ : Iy D,wb\
(1.2 J(T)z/ 5

\\DT . )

then we can write the system (1.2) in the form '

% 5
(1.4) | =om |
In // . '\ul’l

&

‘ : , : s
Now we counsider tue positive form ¥ on 7y associated by tae

glooritin dn kﬁwl( Tneorem 2.4) to the parameters: G »l ,i% 44

i1,i+1



and zero in rest. Using Theorem 3.2 in{Q} , We describe the
o .. S A0 :
holmogorov decomposition of ¥ din tne following way:

e

Bl el 1
/“ : .\
(1.5) T e = -
ielo D )\M 6
\‘\ ..J“ﬂ;‘:f‘ :D Yw S

f C\‘ . #od O o

vne 42 = . @yed L% @R, © B @ F— s

waere o Bk & ©Arx @R, © - ® % i D)

and the entries marked by I in the definition of Hn are the ldenti:
operators on the corresponding spaces.

== A . . ) ,
By & direct computetion ( according to KJ}) we have the

treansfer operator of the system (1.2):

~

o Quld o ‘% %
B) . B & s (YL 3
L e\ ”TW AT o

LS~y W o el)

/ i

AN

= T “D.T‘AT‘) _‘3‘?&»‘- b"i’

L O “"”Y& 5 'D‘Ti“ L'TQ)"

b

o) ( “T Dy, - - e

O ' /
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FPinally, let us remark that when T,=T , ' n€Z ,the system (1.2)
is time~invariant, W= 1ls the unitary dilation of T and ® is a

Toeplitz operator naving as symbol the characteristic function of

v

S U TR eV Bt 4 R ol 8 N N ey s NS C v o A
III THE GBOWETRICAL mCODEL OF THE SYSThul (L)

e begin tnis section by describing the nonstationary varisnt

3 e R &0 = i : 2
of the Wold decomposition. Thus, iec 1Vn5n=o beia family of

S aa o e
isometries, Vnﬁ’“’(*”q+1"3q . befine the spaces:
i e

=6 OV G e
HE e TR e
then, a simple computation shows that:
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S ;p"’p@vpi"p-kl()'"@vap+l°"vp+k-—l£’ p+k=*§ @vap+l...'vp+k'8;p_l_k+

fon u2at; ko U .
. 52

& Ve
1k efine tne spaces &K V_V S -2 hen we
If we define the spaces & EWL o b+l p+k—l‘gp x bhen we

obtain tue decompositions:

r‘{\
= o) - o
(302) p"l:{?:’ Vpotovp_‘hk“lu?\.)p“}‘l{ @\,“V{,p °

Consequently, the operators V_ have the decompositions:

i o)

. V. =V_ @V
(3 3) Bp K.J‘p

with, respect to (3.2) , where Vg:(?p —> QR are unitary operato

: & il
and for Vp there are unitary operators

¥ a) =8}
: @D V’V ot X o & ¥
aPp yfc p p+l pu{—-l"“z[{J pt+k ‘El pt+i
‘such that
: m_ o <
(3.4) Gy 0
where
(L5 ‘4 [S2A)
S S ee—3 ()
(— +,P L5%Np+k+l ‘+ = Pk
(3.5) \ = - .
b+’p(lp+l’ll)+2, ..'.)“(O’lp+l’lﬁ”!'2’.a.)

Using (3.2)-(3.5) for the family of isouwetries {W ,A o

5 : o L v
nQ,Z,, the corresponding < spaces are £ - n~wnc§ where
: $
2 ( 1) ] o €3 -tﬁ 4 B " I 3 : rl}i 3 2
o 1s & notation for the space ...@Oﬁuﬁx fCQu.. in & =
n
and then
: b
(o &)
) o ] 7 ( l) p
(3.6) JL+,n @;3 el ézsTk @ +y0
. £ o ;
f ~ Of . —- ( £ ey W -\j
wnere G - txg WoeooWp g Q’+,k'
Une more remark is that if we define the space:
¥ 5 - R 5 o (=
«i) OLH,__‘ . . J ;j: l (:K 2%/‘)’( l)@y 5 l(A\TT&( l)/"\' (.;; l)ﬁ‘\‘:_‘;\ })n. . .wll lc“?.»—()i.l
-1l n i . e wo + »[WK
tuen we have the equality:
S ~t) ot
/ : / e __.“'} «-\; : S
{3ut) e s .Mfw+,n
: /(e
Similer considerations for thue fauily QW ;}_, - give us
1 -,n.&lx‘:. -1



o

o L)
that the corresponding 5£: spaces are tﬁ; - W éﬁT(l) where
e

&.(1) is a notation for the space G{ﬁy&TC}fjo.. and we hav:
P
-
) & \)5\’ b (l)

(Beo) Q}Q_’n %j;\ oA e (»C»T:;,w @ L T
s -

where ég ~('\ J 1,.ou V<qu .We also consid%F the space
j-() 1nI) (:* \ - oo.h \)\ (l) \)i (])(4\\1 O%v (l}CI\'VY ':: \! (1>@>°*

¥ ’ B He= K T = 1 Tty n' n*l ar

and we have the equality:

o 0 1 T ‘ ;
¥ Piepaeo
(3‘9) ‘an &rv-n \j:-“-z.l_,n *

Now , we define the family of characteristic operators of the
system (1.2) by the formulas:

) in - out
Qi W

a Rl n
5.10) :
( (& NE "){J) W)
\_zn= P /G / G (. °
‘} < Yo -
m’ J” O u t L] § 3] A - > 2 3
Tne space Jx’n is the output space over all time ( with

respect to the cuannel of index n) and j@ iﬁp is the input space
over all time (with respect to the same channel of index n).
usual condition in system theory is tudt this two spaces benerat
JZ,n ( see_for instancei%l Yoo dem) the time—~-invariant case, tnis
condition is connected with the coutro]lablllty and observability
of the system and this last condition means that T is a completely
nonunitary contraction. Siwilar computations hold in time-variant
case, Thus, using the form (1.5) of the Kolmogorov decomposition o

oS
&ﬁ we immediately get:
j; m(:,lnp V/M out)_

= : )
-_—-%\hé, 2§Q Lise =)D ~pf_]?n_“lkl}\: e, o=l 5\:“3{]0\\ Iz leflrll s

4 1
) inp ) out e
and the condition q» n= & \v n can be connected witn anc:

adequate notion of controlilability and observability with respect

—

tne channel of index l’l/"lllOI‘GOVGI' in certain circumstaices we can

2Ly
connect these w1t1 the unitary part of the family ETn§1~~¢J
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e

: : in 1) out 3 e
From now on we will suppose that &anjln p\J~Qﬁn and in thi
situation the system (1.2) willbe called canonical., We can write nc

tne main result of this section.

3.1 THECREL For a canonical system (1l.2) we have the equalities:

B s~

2 Pout ~ iy
‘q([\./n: I\, (;’:) (.L"" 3 )\Jf\., tj :

= 5 ) 2
T SO u@ €.0® WQ\W B D 1.
":-l’\../:ﬂ_ ‘J + s 1 CA,,/ AL“-%).Ilu ﬁ;) (-J: er)u/u el el ) e

IV THE TRANSFER OPERATOR AND ITS GEOMETRICAIL ROLE

In this section we describe the nonstationary variant of tae
Sz.-Nagy-rolas model of & contraction. This model is based on
Theorem 3.1 and on the following natural identifications.

Let us define the spaces

‘E‘"@ I‘\ .mnmy-‘.\
JJ\D = ,ﬁw}v»,),r/‘fm = J"]"ﬂ:ﬁ] & \J»r) /“'“\ ,Z}T ﬁ k,/
Tl e it —
(the speaces Mo S coineide , but we'differently marked tiue
$

initiel position). We consider the marking operators:

ol o )
: xf“Mw+,n+l JA0+,n
(4.1) \

Similarly, define the spaces

oy G : : : M{\ wnm.»\ . & :
LV F) < = N o - [?f\“’-v: Ry 3 & ...
HND G ‘+/ Trv i i RGO L ‘T“\,A. Tty A
Re-o s, s - .

end the marking operators:

(4.2) il :“%b—,n+lw“m“9 MXkQ

-,n -,
It is clear that the mariking operators are unitary. Then , we

define tine identification operators:

N o) ot s
<§’+,n'**~n ‘ V%T,n :
} /~-\f>’3 = e
(4 3) } C\_\:T:_ = O \Ng“lv ON_”
> A %o i)
" . \ O )\ﬁj v oy
X ‘

. and
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@ '&\’J—n - Jufw-

o) [ A
D= | Y g 6

1 O, }t&w s =
\)

SR

e\(ﬂ) ’:;,/
waere we do not write tne natural identification ofecTA‘with and

@ @) n

of od withk The identification operators are also unifary. 4

“direct computation based on (1.5) shows that

naturally between o

=i ]

0%

e .
4,05 g?-+ﬂf%1é§%;n= Q) (acting

and o n>‘ smoreover, considering tue family of unitary operator
’

Se o0
out out gt o :
S mnmeﬁin 1"gmmob‘calnea by the natural aciion of each

+ nt n+l
: : ) out Ll
wn on f g o Te get
~ = K
S/ & '“:'
(4.6) ;§-+,n”+{n gp +,uTl +,7
STl Ry : s B Ga 4 inp - 4y in e -
end siwilarly, for tne fumily { it diﬂﬁg-~%»din_p oo ObTEINE
1 £ 3 # & T b —f i‘["lp < o .
by_the action of each W, oon ‘K’n+l, ve get:
v Tk
(4.7) é@ ,nun,n q? ,n—»].""l et
Now , we can define the unitary operators:
) « {2 el S

a;/@“-’h%‘ ?*4‘-\,% ’DG} JJQ‘\“

(4.8) :
e Tl o : inp
(1-9)k=Dy & _ k kel
and
° M =

(\%f i .Q n Mb-f—,n@) D@ *ua-.,n

(4.9)

2 e @ +,IICB C§§i4n»

Using Theoremn 3.1 and these ur witary operstors we obtain the

3

mnain result of this section.

4.1 THEOREM For a cenonnical system (l.2) we have the following

model in terms of the transfer operdtor of the system:

3;% <®f%,ry% @ Y)C)J«O )@%OuC“OK/\A € .u% ‘H‘Q}

L

] DV & éﬁ
’T*n. (N\& \GD ‘J..\) - ‘\/\ A Ve Wy ® M"\”“- J’ 5 U‘I*Q b € *



oV THE ll‘J\JL‘n’.SJJ ROBLIM

Having Theorem 4.1 there is only a matter of notetion to
obtain tine realization of an upper triangular contraction acting
¢ A o
between (ﬁ‘P and (” ﬂ y Where %)& K and } b & are given
s n . nzb Sz
R WL
familles of Hilbert spaces, as the transfer operator of a system

(L. 2). Thus,let be &

an upper triangular contractive operator and we consider tie murkec

spaces

il

\3\:‘94 A Cﬁ\ /\g&wfw

\.E{.)‘{),,_ . = 5‘:) .‘\ y\_*\{ = - e

Yooy
and tae marking operators:

@Y ® ‘:ﬂ&“& o

!
G
=
rji
;:
@
Fe
b g
5)

iyt Sy = Horn
l‘vi__ ,Il: &;’%,\mﬁ ey —» “-J\}Q—-‘w‘ .
'Now y we define the spaces
:‘Qr o J\}\D 5 ,nfg}b@ \}_\f{‘;-— ot
and the unitary operators:

Wn: X i C}Zn

n+l

‘:i :.’f.‘ ".’ S ;
Wy m+,n.@h_,n

" Pinally, we define
Js

s RN D

& o4 - .
j<+;n =\§?) 0 @ E‘\)@ i\j‘ﬁ"\w

@ . : .
o %’Q L el T . SE
al’ld. <. n—- o + n = J n s il’lnl;‘czw yln/()\“lf)'\ . (—:gc Il+l C:\,.n ®

Adapting tne computations in Sec3,Chap.VI ig} , we obtain:

5.1 TLECREW For an upper triangular pure contractive operator &

: o o : :
ure means that VO, kl<h ) w, € «30, the above construction zives a
p . 1 2

Y
canonical system (l.2) having fﬁf'aﬁ transfer operator.




“YI RINAL: COLMENTS

Phe first Question we deal'witn.regards'the connection witn
the papcrgli the models for noncouwmuting operators. The differ
ce is clear enough. Thug, we only exploit tne Kolmogorov decwmposiw
tion of a positive kermel, so our model is of "mepking operators !
type end dirfferent channels are modeled through different unitary
operators. Instead, in tse above mentioned pa;gr,‘tne following

m m r;P G" Y m k r .'"‘\%% <

situation is of interest:
and under certain conditions, one obtains a sinultaneous model for
Tl n&.T (i.e. tihe model is obtained through the same unitary
operator) . .

But, we mention thet the Schur analysis may be also used in

: o ; : > oo e N
this gituation ( and even Ifor a fauily %Tngn:l with >LJTPTR Sy
. ; ; : : A S
Thus , in tne case n=2, we nave ngbrkr wuere'r:54~w%~wQ“
A

is & contraction and define ( having in mind tine structure of the
s - -~ . . . . .\,.
Neaiuark dilation as given in &;&,);

R o= ROX O @7, 8O-

+

o, : /S)f;r )

A »DTKL 0, N A&r.o 1

Nz » L N O

A o -0 ) I3 )
.O)’;CO 0’7(‘) O) el

va’)Q o8 S /

o d{j‘jo Oy Qs S

then V ,V, are igoumetries on 1w sucn vhat j% 1 dnvariant for
i _

V il

> g =fl=vl/aa, e ‘1‘2=v2/.f£ ‘and V v .

<
LWy V¥ £ L.
ioreover, considering on K = @“g‘r“* e©dn © Ky

l’

tae opertors:

: N
o o - : T Q)
- \ . QO
S 'T';.lﬁwoym%*_www X L = s
@) R D“T"’T’ o ) - \/L
—T* D Ny
= ("

: : . s £ . : = ; ‘
tunen Ul; U2 are lsometries on ¢ satisfying the properties of Vl s V
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| O

Ly o e .
and U1U1+U2UQ:I. As a consequence, J in("@OﬁWQ%@%ﬂ“J ( ‘ﬁ beeinz
<
tue wandering space in tne Wold type decomposition in Iheoreu l&hj

The secoud question regards the embedding of the nonstationary

rocess given by (1.2) into a stetionary one. We saw ixiglj that
¥

the general dilation theory gives easy  such kind of constructions,

F

and , moreover, we clarified this operation at fthe Schur analysis

o G
Tean £ P )
level. Tnus, let be the space & = BX,, and
W teld
7 ‘ : :
~ G-) El‘ ) o Y Sy S
Gr=| (g 7. © Cou G =0, k21

O

; mal o : i 4 : : =, = -

tnen Gl 15 & contraciion and we can use tine Sz.-Nagy-ioias wodel.
but, as usual wnen appesar connections between the parameters

of the nonstationary process, tae associated stationary constructior

-
(6]

too large; for tnis reason way ve preferable & direct derivation

—

of the model instead of eift it from the one obtained by the above

general empbedding.
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