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ALGEBRAIC EXTENSTON O}T VALUED ]TIEI-,DS

Dor in  POPi ISCU

4  1 .  L n t r o d u c t  j . o n

L e t  R ( * + R '  b e  a n  u n r a m j - f  i e r l  e x t e n s i o n  o f  ( n o e t h e r - i - a n )  d i s c r e t e  v a -

l -ua t j -on  r ings  induc ing  sepd, iab i -e  ex tens ions  on  f rac 'b . j -on  and res j -d i - re

f i e l d s .  T h e n

( 1 .  r )  I h S g I g  ( N 6 r o n  I w J l  R '  i s  a  f i l t e r e d  i l c l q c t i v e  u n i o l  o f  i t s
' /-  

s m o o t h  s u b - R - a l g e b r a s  o f  f i n i t e  t y p e .

T l i l s  t h e o r e m  g i v e s  a  m e t h o d  t o  s u b s t i t u t e  i l r e  s o l v a b i l i t v  i n  R ,  o i
i  

-  L - r . e  . ) v r v q J -

ce r ta j -n  po l ynomia l  equa t i ons  ove r  R  w i th  the  so l vab i . l i . t y  o f  some ecTua*

t ions for  which i t  is  poss ib l_e to  apply  the Imn]_ ic j - t  Funct j :on , Iheore in

T ry ing  to  ex tenc l  Theorem (1 .1 )  we  s ta ted  i n  [ p rJ  t_ i ra t  a  mor r :h i sm o f

noe the r : . i an  r - t nqs  A -+A '  _ i s  requ la r  i f f  A ,  i s  a  . f i l t e red  . i nduc t i r re  t j .m j . i :

o f  smoo th  A -a r lqeb ras  o f  f i n i t e  p resen ta t j _on .  T l " r i s  : : esu l t  has  son le  n i ce

: n n l - i n . - + . i ^ * ^  l ^ ^ ^  i - n  I  t
.  app l ruc rL runs  ( see  tP : l  )  and  i t  l vou ld  be  gooc l  t o  have  an  ana ioq  o f  i t

f o r  nonnoe the r ian  r i ngs ,  f o r  i ns tance  fo r  (nonnoe th re r i an )  va lua t i on "

r i n g s

t .

i  ( r . 2 )  I h " g - q f 9 *  ( Z a r i s k i  L z J l ;  L e t  R  b e  a  v a l u a t i o n  r i n g  c o n t a j - n i n c r

.  a  f i e ld  k  o f  cha rac te r i s t i c  ze ro "  Then  R  i s  a  f  i l - t e i : cd  i nduc t i ve  un io i r!

o f  i t s  smoo th  sub -k -a lge l : ras  o f  f i n i t e  t ype

In  [e . , ]  we  s ta te  the  fo l l ow inq  resu l t  (bv  m is ta l<e  the  conc l i . L ion

( i i )  appeared .  ac tua l l y  i n  a  weaker :  f o rm)  .

(1 .3 )  I i i ggJe . l l .  Le t  l i 5 :  R '  be  an  ex tens io r r  o f  va i J -ua t i on  : : i nss  ( i . e  "

R '  domina tes  i ? )  and  k  the  res idue  f i e ld  o f  R .  s r - rp1 ro :+e  tha t

( i -  )  char  k=0 and d im l l  { . , r  ,

( i i )  eve r ) /  p r ime  - i c l ea l  f  r om R  qenera tes  i n  p ,  a  p r ime  i . dea l_ .

T i ren  P  '  j . s  a  f  i l t c : r : ed  1 .nduc  t : Lve  1 - im i t  o f  snoo th  R-a lgeb ras  o f  f  i n i  t e

p r e s e n t a t r o n .

N o t e  t h a t -  i n  T h e o r e m  ( j . . 3 )  t h e  . ' , s m o b t h  R * a l q c b l a s "  c a n  h e  n o t :



" s u b - R - a i E e b r - a s "  l i k e  j _ n  T h e o r e r n  ( l . l )  a n d  . ( I . 2 )  .

f t  is  the purpose of  o"ur  paper  to  t r .y  to

improve the resul ' t  j "n  th is  sense and to invest igate the obst r :uct ions

v rh i ch  appear  i n  pos l t i ve  cha r :ac te : : i s  L i c  ( see  Theorems  (5 .  3 )  ,  { ' i  . 6  )  an< l

( 6 . 9 ) j .  O s t r o w s ; l c i ' s  ' l D e f e k t s a t z "  s e e l n s  t 9  b e  b e h i n d .  o f  s o m e  r Y r s u t t s

f r o m  f  3 ,  $ 5  ( s e e  ( 3 . 1 0 . 1 )  a n d  ( 5 . 4 . 1 ) ) ,  t h o u g h  w e  d o  n o t  u s e  i t .  , { h e  " c o i r F

p l e t i o n "  c o n s  i d e r e c l  h e r e  ( s e e  ( 2  . 2  "  3 )  )  i s  i n  f  a c t  a  w e a k  f o r m  o f  c o m p l e -

t i on  wh ich  may  be  no t  hense l i an  when  the  rank  o f  t he  va lua t i on  i s  b iggev

than  one .  A11  the  r i ngs  a re  supnosec l  t o  be  commuta t i ve  r v i t h  j - den t i t y .

!  2 .  P r e l i m i n a r i e s

. ( 2 , L )  a : l g ] : g { _ I i g l g  i u  a  t r i . p l e r  y * ( r ' , v , f )  
,  w h e r e  F  i s  a  f i e l d ,

[  ^  { - n . l . a ]  l r r  n r r ' l a r r ^ o r : l  ^ r n r l h  *  t  - 1,  q  L \ JLd . -L ry  u r - , e r t ' u  l j r - uup  and  v  z l t - - r l -  ,  p ^=p . {0J  a  va l_ua t i on  (he re  we

assune  va lua t j -ons  to  be  su r jec t i ve ) "  l j v  conven t i on  we .  sha l l  pu t  somet i *

m e s  v ( 0 ) = a " .  T h e  r - l t r q  R = { " e F l v t x ) > o } u { o j  i s  t t r e  v a t u a r i o n  r i n s  o r  V .  a

v a l u e d  f i e l d  Y , = ( F , , v , , f  , )  i s  a n  g I : g * : * g 3 .  o f  F  ( s h o r t l . v  w e  v , z r i 1 - e  F g F , )

i f  I ' gF 'n f  g { '  and  v  i s  g i - ven  bv  res t - . : : i c ' L . i - o : : r  f r om v r .  L ,e t  k r k ,  be  the  re -

s idue  f i e lds  o f  ' LL re  va l i " ra t i on  r i ngs  R  resp .R ,  o f  F  r *= . , r .  F ' .  The  ex ten -

s ion 'Y 'g ' "  (or  Rq"  R' )  . is  ca l led lnsg-qfg lg i - f  i '=F '  and k=l<f  .  i , , ioreover  i . f

f n r  r o \ ) a r \ r  v e T l! v !  u v s r y  ^ e r . '  a n d  e v e r y  t ' €  j '  t h e r e  e x j _ s s t - s  a n  e l e m e n t  y  s u c h  t h a t

v  ( x - y  )  >  . f  t h e n  F g Y  
'  

( o r  R  c  R ,  )  i s  d e n s e  "

( 2 . 2 )  A  w e t l  o r d e r e d  s e q u e n c e  3 = ' ( a -  )  -  o f  r r l o r 4 s n l s  f r o m  I '  i s' * r ' u i < S

ca l " l ec l  . I g :19+ f "$ . f i  ( sho r r l y  we  wr i re  a  . i s  f  . s . )  i f

i )  a  h a s  n o t  a  l a s t  e l e m e n t ,  i . e .  C I  i s  a  l i m i t  o r d i n a l ,

i i )  v  ( 4 - - a ^  ) < v  ( a  - a -  )  f o r  a l 1  9 ,  <  F s  a  ,r S , r f r . !

i i i )  f o r  eve ry  r c .  r  t he re  ex i - s t s  a  r . ( s  such  tha t  v (a  -  a  )  >  d *  f o r
7 i ;

al- I  t r  <z wi th u '  > p
J

be a real  numher.  I f  fc :  l -? .  anc l  { }  is  the ord ina l  o f  iN thenL e t  t ,  0 < € < 1  b e  a  r e a l  n u r  

" t n , - la  is  f  "  s  exactJ .y  vrhen the ser luet lce ( t "  ) , , . .6  of  rea l  nurnbers is  fun-

dainenta l

( 2 , 2 " L )  A n  e l e m , e n t  y € F '  i s  c a l l e c l  t i i c r  l i m i t  o f  a  f . s .  a = ( a . - ) . -
v  r r  ( $

I r o n l  I ' ' , r f



t

j

- :
* * J

v  ( y *au  )  =v  (a  e - t - . t - d  o )  f o r  a l l -  ?<  L )  .r  l , r  5  d
I f  t h e r : e  e x i s t s  t h e  l i m i t  r n u s t  b e  u n i q . r . r e  ( s e e  i i i ) ) ,

( 2 " 2 ' 2 )  T h e  e x t e n s i o n  F 5 5 t  i s  d e n b e  i f f  e v e r y  e l . e m e n t  f r o m  r r  i . s
the  

' l im l t  
o f  a  f  . s .  f r : om F , ,

( 2 ' 2 ' 3 )  5  i s  c a l l e c l  c o m n l e t e  i f  e v e r y  d e n s e  e x t e n s i o n  o f  i t  i s
t r i v i a l r  o r  equ iva l -en t1y  i f  e l re rv  f " s "  f ro rn  F  has  a  -L im- i t  i n  F .  a  com
p le te  r ra l ' t t ec l  f i e l c l  o f  rank  one  ( i . e .  i ' g  R )  i s  i r eg .se r i j * ,  i . e .  i t s  r ra , l . . ua
t i o n r i i r g s a t 1 s f i e s [ I e n s e 1 f \ : i , e r n m a . y , , " . n " f f i * n o o f F i " f . F g s ,

is  dense and y,  is  complete (every valued ,a.r ; ;n ique ,*nrr* t io,
5  * E * s 3 ! e 9 = g o r g l e l ?  I . g  F ' i f  n o  e l e m e n r  f r o n  F f r F  i s  a  I i .

m i t  o f  a  ' f  " s '  f r o m  F .  A  v a l u e d  f l e l d  8 = ( t r r r r f  
l ,  F . ' t c F '  i s  c a l l e c  ! . ! g _ g l

P1,9!g=glosure gt 5 :glglirgly*Io F' if F g B 1s dense and g i:; r:omr:i-ete
re la t i ve lv  to  F  r .  c lear ly  J i  i s  the  subf ie ld  o f  a l l  e le rnents  f rom Fr  wh ic
ar le  l im i t . s  o f  some f  . s ,  f r o in  F ,

(2  "  3  )  A  r ve r l  o rde rec r  sec luence  r=  ( ro )o .0  o f  e r -em.en ts  f  r om F ,  i s  ca l
leA poguqg-gglyg lg,Sl t !  (shor : r ly  we wr i te  a is  a  p.cns"  )  i f  i t  sat is f  ies
i - )  a n d  i i )  f . r o m  ( 2 , 2 1

{ 2 ' " 3 ' r )  A n  e l e m e n t  y € ' F '  i s  c a l l e d  a  p : e g q e - 1 i ; n i t  ( s h o r t l v  w e  w r j . L
n 

-.=..-

a  p .  y .  )  o f  a  D " c . s .  a =  ( a " . ) u . o  f r o m  F  i f

( r )  v ( y _ r * )  =  r ( o r u ,  
" * )

f  ^ v  r - l ' lr o r  a . L r  g < . 0  .  N o t e  t h a t  t h i s  h a r : p e r n s  i f  ( I )  h o l c i s  _ l u s b  f o r  l > > >  0  i . e . ,. - l

f o r  Q  su f  f i c i e r rb l y  l a rqe "  When  a  i s  no t  a  f  . s .  t hen  t i r e re  ex i s t s  a  i , o  i .J

suc l r  t ha t  t  ( . f  - a - )< f  f o r  a1 .1  5 rcc -<0  "  r f  y  i s  u  p :  ! "  o f  a  i n  F f  anc l  b *F ,
i s  a n  e l e m e n t  s u c h  t h a t  v ( b ) > t r  t h e n ; r + b  i . s  a n o t f r e r  p , { . .  o f  a .

f\

T 'h t i s  a  p . I .  i s  no t  un i c "ue  i n  qenera l .

t 2 .3 .2 )  - t f  t he  ex ten$ ic - - .n  ) c j , ,  i s  i _mmed ia te  then  eve t : v  e l_emen t  f ro i
F ' r F  i s  a  p . f .  o f  a  p . c " s .  f r o m  F  h a v j _ n c r  n o  p . t " i n  F  ( see  

, [K  
j )  .

(2'3'3)F is call'ed *q$fS*1-L-Y-*g!jg?1eF. i.f eve-ry imrediare c-xtension of j.t -is; tr
vial' or ecluivalent if e'"2ery p'c's. from rT has a p"{. in tr. A nr.a>:irrnlJ-y compleie r,,aluer.
fiel-C i.s

sion of 5

maxinaJ.l-y

cotnplete and so hensetian i-f f'c i:i. F, i" , gggJJg-,ggpptglg JJgFgigla_gllc:l
if Fgli' is j:rnre{liate and y' is rnaxrmarlv coi:rprete.Itrzer::,r r.arued fierc has a
cclnp-lr:t.e innrrecliaLe exr-ension rvhidr can be not- uni.ryre :Lf ycliar F>0 (seefi<.J),



g  s < @r 4

ments  ho ld  (see fxJ  .o r  [s . l  ch . I r  fo r  n rco fs )  :

( 2 . 4 " L )  v ( a * - a - .  ) = v ( a . + . r - & o ,  )  f o r  a l l  6 , ( t ] . < C I ,t ' r  3  S ' r  J  J

\ 2 " 4 " 2 )  e j - t . i r e r

i )  y ( a e ) < v ( ; ; )  f o r  a 1 I  y c r - < 0 ,  o r
Y ' T J '

i i )  
"  

t u u ,  ) = r z  { a . - )  f o r  y >  
J r  > > 0 .

J

( 2 " 4 . 3 )  i f  v  i s  u .  o . { . .  o f  a  f l - r 6 1  c , i r . } : o r

j . )  v ( y ) ) v ( a r , ) ,  f o r  a 1 - 1  p ,  i n  t l l e  c a s e  ( 2 . 4 , 2 )  i ) ,  o r
J - i

i i )  v  ( y ) = r r  ( a . ,  )  f o r  p > >  0  i n  t h e  c a s e  ( 2 . 4 . 2 )  i i )  .y  J - -  \ . " o t . ! t  L L t

(2 .4 .4 )  fo : r  every  po lynomia l  f  i r r  y  over  F  the  secduenc( t  ( f .  (a  _  )  )

i s  u . r t i m a r e l y  p s e u d o - c o n v e r g e n r  ( r h u s  b y  ( 2 . 4  . 2 )  i r  ; " ; r " ; =  . r . . ; . : '  

' y < a  
, .

v ( f  ( a r ) ) s v ( f  ( a  ) )  o r  v ( f  ( a o ) ) = v ( f  ( a . _ ) )  f o r :  V > p 2 > 0 ) .
I t- -Y i- J- -,
( 2 . 4 , 5 )  j " f  v  ( f  ( a *  )  ) < v  ( a e + l - a . e )  f c r  a  c e r t a j - n  p o r v n o m i a r  f . F [ y J  a n c l

a  c e r t a j - r r  6  < 6  L h e r l  v  ( f  ( a r )  ) - v  ( f  ( a r )  )  f o r  a l l  f  >  E .

( 2 . 5 )  I * : o * a .  s u p o o s e  t h a t  5 s $ '  i s  d e n s e  a n d  l e t  4 =  ( a . . , ) p 1 o  b e  a

p " c . s .  f r o m  F  b . ' i " l i . c h  i s  n o t  f . s .  T h e n  a  h a . s  a  p . f .  i n  i r ' .  i f f  j . t  h - a s  o n e

r-n l, ',.

g l g g l .  L e L  b c p ' b e  a  p " { . "  o f  a .  8 1 ,  e , . 2 . 2 )  b  i s  a  1 i m i r  o f  a

f  " s . c = ( c  ) ^  "  "  : [ r : o m  F .  S i n c e  a  i s  n o t  a  f  . s ,  t h e r e  e x i s t s  a n  e l e r n e n t'  
.\ 

'7r ' i  cri 
({

' f , e  l '  s u c h  t h a t  v ( 4 - - a , , ) < { '  f o : :  a l t  t , < i , = < D  C h o o s e  a  : L  s u f f i c j . e n t l _ vt  
f '  i  

* r ' J - L r l L r Y  

i

J - a r g e  j - n  o r d e r ' t o  h a v e  v ( b - c r ) > d - .  T h e n  v ( c . - a , , ) = v ( b - a - ) = v ( ; r . . , , * d , , )  ;{ \  r  J  . { - i f  T
f o r  a l . l  ? < 0  a n c l  s o  c *  i s  a  p " t , .  o f  a  i n  l , l  t u u "  ( 2 . 4 . f  ) ) . nJ  

- &  - -  r . e .  , r  \ r u u  \ ; r a r  L l  I  . t

( 2 " 6 )  l 9 { t r 9 , .  L e t  y  b e  a n  e l . e m e n t .  f r o m  F ' w h i c h  i s  n o t r i - n  F .  T h e n

one  and  on l y  one  o f  t he  fo l l ow ing  s ta temen ts  ho lds :

i )  ) z  i s  a  r r "  { .  o f  a  p . c . s .  f r o r n  F  i r ; r v i n g  n o  p .  f  . - . =  i n  ' F , ,

i i )  t h e  s e ' t  i i , - { r r  1 . r - 1 , ' l  ' '  -  ?- u . / ! , - l u  \ y - u J f  b e l . ' J  h a s ;  a  l a , i : c , i e s t  e l e m e n t "

3 :99 t .  suppc ' se  i i )  does  no t  ho l c i .  Then  we  shov r  i )  bv  ac tap t i no  the

p r o o f  o f  [ s ]  C ] r . r i ,  L e r n m a  2 0  t o  o u r  c a : r e "  S e l e c t  i n . A  a  c o f j - n e r l -  w e I I

o rde red  subse t  r \  ' = { r  ( y - -a , ,  ) l g<0  1  ,  a .  d  } .  } ra r r i na  no  l as t  e lemen t  becauseL . - Y J J . l

i i . )  does not  hr : l "d .  t {e  have

v ( a r  -  a f )  =  v ( y * a r , )

i f  . f ,  
<€ '<  $  becau : ;e  v  ( y -a r  )<  v  ( y *a - )  b1 ,  . on . . r . r . . t i on .  S i r r ce  11 ,  ( y *a . .  )  ) ,- f ?



i nc reases  rno r ro ton i ca t l y
t

a n r l  1 ,  i c  i l  n f  . i + -q r r e  
J  I D  c t  P .  + .  v !  r L c

f o r  a l l  ?  < v <  C I
J

, l tn a s  n o  p .  { .  i n

w e  c o n c l u d e  t h a t  a =  ( a  )  , ,

I f  z € F  i s  a n o t h e r  p , f .  o f  a

t s  E  P , C . s .  f r o m  F

then

.A  (Con f rac l i c t i on !  )  .  Thus
n

v  ( y -  z )>  v  (a_  -a_  )  =v  ( y -a - .  )-  c t -  3 '  
' . 4  *3 '

i .  e .  A '  i . s  n o t  c o f  i n a l  i n

i 6 ,

( 2 " 1 )  A  p . c . s .  a = ( a r ) g c a  f r o m  F  i s  c a l l _ e d

i )  * [ ? - { j sgs tgg* l t 3 ] .  i f  v  ( f  ( a . )  )=v  ( f  ( an )  )  f o r  a t t .  nonze ro  po l ynomia
a . \

f €F  IYJ  and  a t l  r  ]  y> ]0  ,

i i )  * ] 9 S ! I 3 i 9  i f  v ( f  ( a 3 ) ) < v ( f  ( a r ) )  f o r  a t  1 e . a s r  a  n o n z e r o  p o l v n o .
m ia l  f e  r  [VJ  and  a l l  o> - f  t ,  0 .

( 2 ' 7 . r )  A  p . c . s .  d = ( d . , ) " , . r r  f r o m  F  h a s  a  p . { .  i n  } ,  i f f  t h e r e  e x i s lS . Y . e  r " + '

a  po l vnomia l  f €F  [ yJ  o f  deg ree  one  such  tha t

( r )  v t r { 1 ) ) < v ( f ( a o ) )

f o r  a l l  r  r _ f  t>  0 .  rndeed  i f  be  F  i s  a

a l l  f . r " 6  a n d  t a k i n g  f = y - b  w e  g e t

s e l y ,  i f  ( 1 )  h o l d s  f o r  f = c  ( y _ b )  ,  c f }

n i ca l l y  f o r  S ,>>  0  and  so  we  lTe r

n

P . f .  o f  a  t h e n  v ( b - a p ) = v ( a ' - - a o )  f c
. J v g

( 1 )  i u l f i l l e d  f o r  a l l  F > p .  C o n v e r -
J

then (v  (b-a. .  )  ) .  increases nonot<
- r J

a,

I

3

( b - a r ) = v (  ( b - a o - ) +  ( a o . - a r )  ) = v  ( a " _ a r ) ,  o ,  f  o 0

T h u s  b  i s  a  p . ! . .  o f  a  ( s e e  ( 2 . 3 . I ) ) .

( 2 . 7  . 2 )  A  t r a n s c e n d e n t a l  p .  c .  s .  f r o m  F  h a s  , r o  i r .  f  ,  i n  F  ( s e e ( 2 . 7 . 1 -

e  p . { .  o f  a  t r a n s c e n d e n t a r -  p " c . s  f r o m  F  i s  t r a n s c e n d . e n t a l  o v e r  F .
( 2 ' 7 ' 3 )  T f  a  1 s  a  t r a n s c e n d e n t a l  p . c , s .  f r o m  F  t h e n  t h e r e  e x i s t s

a n  i m m e d i a t e  t r a n s c e n d e n t a l  e x t e n s i o n  y ( z ) = ( F ( z ) , i , 1 * )  
o f  F  i n  w h i . c h  z

a  p " { '  o f  a '  c o n v e r s e l v ,  - i f  F  ( u ) =  ( F  ( u )  , w , f  )  i s  a  t r a n s c e n d e n t a l .  e x t e n -
a n

s i o n  o f  Y  i n  w h i c h  u  j - s  a  p " f .  o f  a  t j r e n  F ( r )  a n c l  F ( u )  a r e  a n a L v t i c a l .

l y  equ i ' va len t  . ove r  F r  t he  equ i - r za lence  be ing  g i ven  bv  z *+u .  Th i s  resu l t
i s  i n  f  ac t  l x j  Theorem 2  when  a  has  , . ro  p .  / .  i n  F ;  bu t  t h i s  i s  ce r ta in ] r

t r u e  b y  ( 2 . 7 . 2 ) .

( 2 ' 7  ' 4 )  r f  a  i s  a l g e b r a i - c  h a v i n g  n o  p . ! .  i n  F  t h e n  t . h e r e  e x i s t s  a r
i m m e d i a L e  a l q e b r a i c  e x t e n s i - c ; n  F ( z ) = 1 -  ( z )  , V , f  )  o f  F  i n  w h i c h  z  i s  a  o . ! , .
o f  A . ' I ' h e  d e f i n i n g  e q u a t j - o n  i s  f _ ( z ) = g ,  w h e r e  f  i s  a  n o n z e r o  p o l y * o m i a 1



o f  l eas t  deg ree  fo r  wh j_ch  (2 .7 )  i i )  l l o l ds  ( such  po l vnomia l  f  i s  i r re_

d u c i b l e  o f  d e g r e e  >  2 )  "  C o n v e r s e l y ,  i f  g  i s  a  r o o t  o f  f  a n d  i f  F 1 q ; =
( - '  Y

{ S ( u ) , w r l - )  i s  a n  j - n r m e d i a t e  e x t e n s i o n  o . r  F  r n  l v h i c h  u  i s  a  p . { .  o f  , 0 t

t hen  f f  ( u )  ana  Y  ( z )  a re  ana ry t i ca l l y  equ i . va lenb  o . r . r  F ,  t he  ec ru i . va lence

beinq q j -ven by 11 , * " r  z  .  Th is  resur t  j -s  - in  f  arc t  fxJ rheo:r :em 3.

(2 "  B )  i , -e$g*"  Let  a= (a,  )5<o be an a lgeb:ra ic  p.  c .  s  .  f  rom Ll  r , rh ich is

r ro t  f  .  s .  anc l  gcF  iY l  a  nonze ro  po l ynon t l a l  sa t j - s f v ing  (2 .7 )  i i )  .  Then  the

q a r a t f l r r n r \ A  t r  ( r r  ( r ' t  \v \Y \s{s  ,  ,Kr ,a . , {  I 'I  D  UU U]T\ . I ( :L , | '  -L I1  I

.  l f -gg j - "  Let  
' i '  

be an extension of  5  conta in inq a p. ! . "  y  c t f .  a

( a p p l y  ( 2 . 7 . 4 ) ) .  B y  ( 2 . 4 . 4 ) ,  ( 2 . 4 . 2 )  i )  a n d  ( 2 . 4 . 3 )  i ) . w e  h a v e

S i n c e  a  i s

p . f .  i n  F '

v ( g ( y ) )  i s

v  ( g  ( v )  ) > v  ( c J  ( a o  )  )
J

n o t  a  f  . s " ,  5 z  i s  n o t  u n i q r r e  a n d

.  t l ' h i r . l  r - h : . ^ i n 6  a 7  ( 1 f  n F r " c ' q q ; r r ^ r r lo  r r l u . r )  u r r o . I r v l . r r y  y  \ r r  i . l c L _ ( ; : :

the v , ranted bound.  n

f o r  y> )  0  "

a  has  an  i n f i - n i ' t e  se t  o f

v /e  ca -n  suppose  g  {V )  10 .  Then

\ 2 .

wh ich  i s

V r

9 )  L e m m a ,  L e t  a =  ( a

n o t  f . s .  T f  Y c S '

j  -  b e  a  t l : a n s c e n d e n L a l  p .  c .  s  .  f  r o m  F
o , t ' < t )  

v \ - l r g v r r L q !

i q  r ' l  a n c a  * " 1 r n y 1  a  i S  a l S O  t f a n s c e l d e n t a l  o v e r

Proo f  "  Supnose  tha t  a  i s  a lgeb r :a i c  ove r :  F ' .  Then  the re  e> t i s t s  a

n ' ) n 7 a r - n  n n l t r n g n l i S I  f € F '  g S { -  i  c f r z i n n  ( L  7 )  f  , i - )  .  B y  L e m m a  ( 2 . 8 )  t h e  s a r r r r a n -: : - - I  r q L r r r l l r r v  \ / - .  '  
_  n c t  \ L . O )  L f t ( j  b e L l u e r r _

c e  v  ( f  ( a o ) ) p . o  i s  b o u r d e d  i n [  .  C h o o s e  a  r ; o . L y n o m i a l  q € t r f Y ]  s r : c h  t h a t
J . \

t h e  v a l u a l - i o n  o f  a l l -  c o e f f j . c i e n t s  o f  g * f  i s  b i g g e r  t h a n  a l l  v ( f  (  a " ) )  ,
J

S . 0  "  T h e n  y { V ( a 1 , ) ) = v ( f  ( a r ) )  f o r  a i t  f  d 0  a n d  s o  a  i s  a l g r e b r a j c  o v e r  F .

Contradi -c t ion !  cr

3 3 . WLtllgggqJgle_glgS!-fgig_S:tstsl_9ts a.Lb*{erse?

f , e t  F =  ( F , v ,  f  )  b e  a  v a l u e d  f i e l r l r p = c h a : :

F and f  a  nonzei : 'o  po lynomia l  f  r :om : i ' lv l  "  The

r n  )
f  ' " ' : f  h a s  s e n s e  a l s o  w h e n  p ) 0  b e c . l u s e  t h e

' \ n u l t i p t e " o f  j  ! .  B y  t & o r ' s  f o r m u l a  w e  l ' l a v c

. f ' . 2 < o ,

F ,  a = ( a " r ) o < H . i t  p . c . s
5  J ' S  .

n a ! ^ " . , ^ L  l t i l -  1  a ; l t
. j  ;  t y ,
' : J  t

coef f ic ients  of  - i * - - *  a
? Y ]

f rom

,

I C

( * )  f  ( a . ,  )  = f  (a -  )  ' l -  X
5 ' j > r

' l ' n r r l  r - r r ^ r  q  f n r r r r g " ! _ g  h O l d S

r i

a l - s ;o  when  r :>0 ;  t c - r  see  th i s  subs t i t u te  a l l



' - j

constan ' ts  i ry  var- ia l : res and apl r ly  the usuar  formu_la in  a,  r i -ncr  o f  ] :c l . r -vno

mj -a l s  ove r  w t  t hen  change  back  va r iab les  by  cons tan ts .Le t  F  t "  t h r :  re -
s r d u e  t r e r d  c h a r a c t e r i s t i c  o f  t h e  v a l u a l i c n  r i n g  o f  F .

(3  "  -1  )  Len ima .  Suppose tha t

( 1 )  v ( f  ( a r ) ) : v ( f  ( a . ) )  f o r  G > . g > z o

'1'nen

( z )  v ( f  ( a . - )  ) ( v ( f  
( j ,  

, u - )  ( a . . - a - ) i t, G .  G  S  e ,

fo r  every  3>L prov id inq  .a  
)y>>0 "

R { 9 9 - € .  r f  f  i n c r e a s e = ,  
S . "  

t h e n  v ( a r - a . )  i n c r e a s e s  t o o .  T h u s  w e

can suppose that the nonzero el-ements f rom
9 .'  

{ f  
( j ) ( a  

)  ( a  - a  ) j }t  
-  , * ? r  r o f  o - € ,  

I : r O

5 '  h a v e  t h e i r  v a l u a t i o n  d i f f e r e n t .  T h e n  ( Z )  f o l l o w s  f r o m  ( x )  a n d  ( l ) . a

(3 '1 .1 )  BgLg55 .  when  f  i s  a  mon ic  po l ynomia l  o f  dec ; ree  e  sa l - i s -

f y i nq  (1 )  t hen  the  above  Lemma r ; i ves  v  ( f  ( a . )  ) (  ev  (a * * .a .  ) (  ev  ( r r+ l -oa )  f o :
'E > rr>0

( 3 . 2 ) .  l g * T . e .  L e t  b  b e  a  p o s i t i v e  i n t e q e r  s u c h  t h a t  ,  
( e ) 7 0  

a n d

( i )  v  ( f  ( e )  
( a o  )  ) = v , ,  

( e )  
( a = )  )  f o r  a  >  y  > 2 0 .

!
'I',nell

( 2 )  v ( f ( e )  ( a e )  ( u r - a r ) e ) d v 1 1 ( u )  ( u " )  { a r - a . ) u )

f o r  z >  y >  0  i f  u > e  a n d  e i t h e r

l - /  P = u ,  O r

i i )  p>0  anc l  & f  ( ( : ) )=0 ,  where  ( ! )=  
5 i - r ,#  u r , i  

b ,d *  
z  denores

t h e  p * a d i c  v a l u a t i o n .

P roo f  .  App ly ing  Lemma (3 .1 ) .  t o  h= f  
(u )  

t t r y  t f  )  h  sa t i s f i es  the  hv - r :o -

thes t ; ;  ob ta in

v  ( h  ( a ,  )  ) < v  i n  
( u - e )  

( - *  )  ( a , ,  - a r  ) t - " )o r G

f o r  z  
"  J o > >  0 .  s i n c e  i l  

( j  ) :  ( j : u y 1  ( i + e )  
, o ,  a l l -  i  w e  g e t  ( 2 )  . a

'  ( 3 ' 2 .1 )  .B .g , l g I .  suppose  i , : 0  and  te r  u= - r ' " (1p i ,  e= i - ^ l l iD t ,  0 \ ( . ( , ,F i .p
i > 0  

-  
i ' a }  

-  r

b e  t h e  B - a d i c . e ; < p a n s i o n  o f  u  r e s p " e .  T h e n  & F ( ( E ) ) = 0  i r f  d i > f 1  f o r  e v e

t



r \ / I A U "  I O r  t ' n e  p r o o f

F o ( u I ) = I  & r f f o ( ( F t )
t: L)r,A 

* rl

n r r - l - i  n r r - l  r r  4  F  ^ - ; i
l i q !  u r - u q ! q r  r r  c - I J

note  f i rs t  tha t

I  )  a n d  a =  (  ( F a )  t )
LJ

r n r l  f t  1 ' r  \  - . i  . t - l -  ̂ *q r r u  v . *  \ u /  
- r  

L r l E I t

P

_ ip - - I
= 4*ffi

l - l -  |r

^ Y  ,  r l l r  rv : ( f ^ ) ) = u "
J ! c

Trr

( 3 . 3 ) ' L e m m a .Suppose that

( 1 )  v  ( f  ( a U  )  ) < v  ( f  ( a . )  )  f o r  a  >  J i  >  0 .
J

Then there exists a posi t j_ve integer j  such that

( 2 )  v  ( f  ( a * )  ) >  v  ( r  ( j  )  r r - l  ( r  - . -  )  
j  

) 'z , '  ' -  \ * z /  \ s P  * 2 ,  ,

Fo r  t he  p roo f  app ly  ( * )  l i ke  i n  t emma (3 .1 )

'  (3 .a1 qg{g lk Ig.  suppose that  f  is  a  nonzero polynomiat  o f  teasr

deg ree  fo r  wh ich  (2 .1 )  i i )  ho lds .  Then  the  va lua t i on  o f  t he  n .onze ro

elements f rom

(  t ; )  * ' l
. j  f t ' r ' 1 t  \  / =  - i  \ ' J  t

.  t  ' *  2 " * f  "a '  J  - i  70

d i f f e ren t  and  reaches  the  m in

l _ r  P = u r  O r

i  n ' F  { - l r o  f ^ - -  ? ' i  . :  - a a  .  - ' = ,J  v r  L r r E  r - u r r r r  p - ,  i g t N  i f  p > 0 .

By  hypo thes i s  f  
( - r )  

sa t i s f i esTlr. 'nn'f:

f

l_mum

and

i-n

t  o roro is

i )  j = 1

i i )  o n e

eno i :gh  ' t o  app ly  Lemma (3 .3 )  and

N o w  s u p p o s e  p > 0 .  L e t .  u  b e
&o  (u )

t +  P  B y  f i e m a r k  ( 3 . 2 . 1 )

L e n r n a  ( 3 . 2 1  v l e  g e t

Then  h lO  because

/ + \
h y p o t h e s i s  f  " '

h ( u - t ) = 1 u ; 5 ( u ) .
L  

a , ^ d & ' F
otherwise g* (  ( l )  )> d, .  contr :aaicr j -on !  Thus .  ( t ' )  

7O .  By.  p " r . '  -

s a t i s f  i e s  ( 2 . 7  )  - i  )  .  A p p I  v i n g  L e m m a  ( 3 .  2  )  w e  q e t

t 2 . 7 )  i ) .  r f  p = 6  t h e n  i r  i s

L e m r n a  ( 3 . 2 )  f o r  e = l .

a  pos i . t i ve  i n tege r  such  tha t  t  
( u )  yo

T ^ ? a  h i 1 r 6  r Y  y .  1 u r r  - ^  h  1 .  / J ' \
we nave  oF  t  ( ! )  )  = t_ t  .  Tak ing  h= f  " * '  l i ke

( a  \ ( a  .  \ U ) '

) * t ' r * t  " z o '  t  t

the nonzero e lements f ronr

for :  e i ther

e )y.>> 0

Lernma (3.3)  we are rea<1", / .  t :

i n teqe r  and  l r r z  ( z l0 )  t v ro  e l -e -

f

a

( t -  )
v  ( f  ' " '  ( a t )  ( a e - a

. {

fo r  E ,S r r0 .  T i ren  the  v

{  r +  r
J  { .  t J  i  r a
L -  ' * z

reaches the mini-mum for

(3 "5 )  l gn rm.  Le r  t

ments f rom f f  such that

v  ( f  \ * /

i on  o f

+ )
; r  ' t  J f- ' 7 '  

t  i
9  J { ,

,  i e0 i .

+"

b

- ' l  ' . r L

) 1 :
F

. * i

l^ ra n

> L l

By

nnq ' i  f  i  r r e r



( l )  f :  
( ' )  ( o ) l o  a n d  v ( r t r ( t )  ( y ) ) < v  ( z ' t f  ( i )  ( , r ) l  f o : ' . '  a t r  l l t .

Suppose Lhat  F  i s  hense l ian .  Then f  i s  in  f  IVJ  a  mul t ip te  o f  a  po lvno. *

m i  a ' l  h  r - r f  r l o c r i l g g  t .

l , r o o r .

f ( y

- : !

P u t  c  .  = = r J ' t-)

from

,  - t .
( e - A ) , ) 2 t p > 2 0
\ * , - ,  " 7  I  I  |  @  /  

I
5 6

( c *  ) > 0  f o r
J

have grn [x j

qa )mr :  no  I  r r n r t -

I  V - r z
n  i=z  n '  t = - - - -4 .- r y

i s  a  n o n z e r c

f  i s  l i n e a r

f :  s there:

m ^ n  i  r '  r r n l  r r r r n *

U s i n g  T a y l o r ' s  f o r m u l - a  w e  h a v e

e
Z r \ l / ( y ) = l x l  ,  e : = d e g  t
j = l

/ i  \
f  \ . J  i  ( r r )  Sj ' * r - l v i -  

,  i > o  a n d  g z = 2 . - , X r .  B v  h y p o t h e s i s  v
€  \ * /  i f . , \  _ i _ n  . Jr  \ - y ,  i = 0

^ 1 1  : . r L  ^ * r  ^  = 1  T , r : J -  / R  m i  b e  t _ l ; C  V a I U a t i O n  r i n g  O f  j i .  W ec L r - - L  J T  L  < 1 r r u  . t - t .  . L t j L  \ r \ r  j l l .

t
r n d  ^ . . w "  m n z l  m  A n n l r r i  n n  T , l n - ^ ^ ' 1  t ^  T  n , r , - . -  W e  C r e f  C l = h  , h , t  

f O fq r r u  
Y i  1 \  l u v u  N .  n y y a y  r I I Y  t t E I l > < : _ L  - )  ! t r j i l . t ] t i ( l  w e  y s  u  y - r r  t r

* j ^ ' l ^  l - a  L t t - n f - r r ?  - - . - r .  , i - - , ,  l ^ - -  L r - L  
L  '

m r - a l s  r - I ' r  n  e R l _ X l  s u c h  t h a t  d e q  h ' = t  a n d  h ' . j X '  r n o d  m .  T a k e

(3 .6 )  p {oP.9sg l r -91 .  suppose tha t  F  i s  hense l ian  and t

p o l y n o m i a l  o f  l e a s t  o e g r e e  f o r  w h i c h  ( 2 . 7 )  i i )  h o l d s "  T h e n

i f  p - 'g  "  Otherw i .se  deg f  = l5s  fo r  a  cer ta in  s6 l l J  and

, - s .  . * s
v  ( r  ( P  '  , o = )  ( a f - a z  ) P )  < u  { r  

( l  I  { a " )

f o r  a l l  ) r  O . < i < B s

p l q q f "  B y  C o r o l l a r y  ( 3 . 4 )  t h e  v a l u a t i o n  o f  t h c  n o n z e r o  e l e r n e n t s

i s  d i f f e r e n t  a n d  r e a c h e s

-  7 > ? 2 ' >  or J

minimum fon e i ther

(  r ;  r
{ .  r  ' '  '  ( a . )  ( a  

e - a  e )\
{

J j ) o

the

i )  j = l  i f  P = g r  o r

i i )  o n e  j  o f  t h e  f o r m  p s ,  s e t N  i f  i l o 0 .

Choose  ?>?>>  0  and  app ly  Lenuna  (3 .5 )  f o r  y '=3 -  ,  z=d  -o , - .  Then  f  i s  aJ  - - - -  
Y  z

m r r l t i n l e  i n  r ' [ V j  o f  a  l i n e a r  p o l y n o m i a l  i r  i f  p = g  o r  o f  a  p o l y n o n i a l

h  n f  r l a n r e r  f i o .  B y  ( 2 . 7  " 4 )  f  i S  i r f e d U C i J : t ^  i n  r r  f v ' l  ' , n d  S O  f  , h  a l t e  a S S O\ u . ' . ' t L - J

c i a t e c i  i n  t h e  d - i - v i s i b i t i t y .  I n  p a r b i c u l a r  d e q  f - p = .  q

A

(3 ,  7  )  Lemtna .  Le t  V ,=  ( f , ' , 0 ,  f  )  be  the  comp le t i o .  o f  $  .  Su r :pose  t i i a t

a  i s  n o t  f . s .  a n d  f  i s  a  n o n z e r o  p o l y n o m - i a l  o f  l e a s t  d e g r e e  f o r  w h i c h

( 2 . 1 )  i . i )  h o l c l s "  T h e n  e v e r y  n o n z e r o  p o . l y n o m i a l  g  f r o m  f r f u 3  w i t h  d " g  g  4

d e q  f  s a t i s f i e s  ( 2 " 7 )  i ) "

l - ) roo f  .  f t  i s  enouq l r 1 :o  t ' ake  g  i non i - c .  S ince  a  i s  no t

ex i s t s  t ' e  i "  such  t i r a t  v  (ap ,_ I  - -a ( ,  )<  d *  f o r  a l l .  g , r  0  .  Choose  a



" . , J : * *  Y c  / r L

have the i . r

(  ac r l c> , s  f  )
L ,

r  J  w r  L " r r  u s g

va-Luat- f  on

a n d  s o

y-e ; -u . t jg  g  b rucr l  rnaE f ,ne  coer f  l . c len ts  o f  , r_g

b i g g e r  t h a n  e f i "  n y  a s s u m p t i o n  6  s a t i s f j . e s  ( 2 . 7 ) . i \

( see  Remark  (3  "  f  "  1 ) ) .  Then

v (d f",

m L , " ^  ^ ^ L i ^ r i r : . :  ( )  7 \  . i  \r l r u S  g  $ d t - - t - s j I - . _ - _  \ c { . , /  _ / . m

, - S  t

v  ( t  t P  ,  ( u . -
k

f o r  a l l -  j , O * ( j < F u

(3 .  S)  F lopg*: lJ l ,g l .  Supposc that  l 's  t t !  ,  a  is

nonzero 
'po lynomia) .  

o f  . l "east  degree for  v , r l - i .Lch e.
' ' l  - i - ^ ^ -  - l . t r : - n  n l L ^ - ^ - - r ^ ^  rr - r - . u c d r  - L r  p - u "  O t h e r w i s e  d e q  f = F -  f o r  a  c e r t a i n

f o r  
f , r 0

- s
)  ( a . . - a . ) p  ) < v ( t  t 1 )  ( a a ;  1 a r , . - a " )  l ) ,

S " t - " S

v  ( q i  ( a ,  )  ) < e "!-a f o r  y > > 0

q e t

)  ) = v  ( g  ( a . ,  )  )
5

f h e  c o m n l  a 1 - i  n n  o f

f  ove r  F  because

n o t  f : s .  a n d  f  i s  a

3 )  t t l  h o l d s .  r h e n  f  i s

selN

' z > P > > 0

F .  By  Lemrna  (3 .7 )  we  
"3n  

ap1 rh7

i s  h e n s e l i a n  ( k t l l ) , q

f : : om F  wh ich  t "  no t  f  " s .  has  a

s

cW

P r o o f .  L e t F b e

D r n n n c ' i + i n n  ( 3 , 6 )  
t . O\ . n

( 3 . e )

p . f .  i n  F

Theore i l .  An

I  f  r \ : l l  i h . {
t't

l q *

r ' l n o l - r r r - i n  n  r \d  r q e r J . L  d l u  p .  u .  S

iR"

E lgp .q .  Le t  a  be  a l r ,

mj-a l -  o f  l -east  degree fo i :

i -s  l inear :  and so a has a

(3 .  10 .  r )  Be55f  .

a lsc r  consequences .  o f

C o r o l l a r y  ( 4 " 2 ) ) .

a l q e b r a i c  p . c , s .  f r o m  F a n d f a n o n z e r o p o l y n o -

B y  P r o p o s i t i . o n  ( 3 . 8 )  fw h i c h  ( 2 . 7  )  
'  j - i  )  h o l d s  .

p " f l .  i n  ( s e e  ( 2 . 7  . L ) I  " U

(3 .10)  gg tg , f lg ly .  r f  F=0 and i 'g .  tR  then every  a lqebra ic  immedia te

va lued f ie ld  ex tens ion  o f  " f  . i s  dense

P r o o f . L e t  S ' =  ( F '  , y '  , l )  b e  a n  a l q e l : r ' a i c  i m m e d i a t e  v a l - u e d  f i e l . c l

e x t e n . s i o r :  o f  F  a n d  y  a n  e l e n r e n t  f r o r n , F ' * . F "  B y  ( 2 . 3 . 2 )  y  i s  a .  p " t . .  o f  a

L : ) . c . s "  a  f r o m  F  h a v i n g  n o  p . f .  i n  F .  u s i . n o  ( 2 , 7 . 2 )  r u  ] r o a .  t h a t  a  i s

a l n c . i r r ' i  n  r r  a  i s  n o t  f  . s .  . t h e n  a  h a s  e l  p . ! .  i n  F  b y  T h e o i : e n  ( 3 . 9 ) .r r v L  ! .  J .  L r r q ; l t  a  t l q D  (

C o n b r : a d i c t i o n l  T h u s  a  i s  f  . s .  a n d  s o  y  b e l o n c r s  t o  t h e  c o n r o l e t e  c l o s u r e
V

o f  -+  re la t i ve l y  t o  S t  "  As  y  was  a i : b j " . ' L ra r i l t r  chosen  we  ge t  5 {S '  dense .

Actually Theorenr

" l )er  l - . te f "  ekts  atz 'n

3.9  and the  ahor re  Cor^o l - l .a i : v  a re

f r o i i r  f o l ! 9  n o . 5 5  ( s e e  e . q .  t f r t



1 - 1 A  t a t

, I  ( y l

i l _

( 3 . f f )  9 g n l ] g 5 y .  L e t  R ,  R ' l : e  t h e  v a l u a t i o n : : i . n g s  o f  i  r , : s p . , F

and c r rR a  nr ime idea l  o f  he iqh t  one f rom R.  Suppose tha t. 4 v . .

( i )  l r l q  i $  R ' l q R '  ,

( i i )  c h a r  n / q  :  0

, *  *  a  r  V  -  : -  L - r  ^ . ^ ^ r  ^ r  - - ^ r - - ^ .( a a i /  r  L  i  I  i . s  i m m e d i a t e  a n d  a l q e b r a j . . c .  @
Tlren '.:{ 

-c. F t is dense

Proc f  "  By  ( i )  qR '  i s  a  p r ime  idea l  and  R_cR l - ,  i s  an  imme< l ia t .e  \ / i'  q *  q K '

l u a t i o n  r i n g  e x t e n s i o n  ( s e e  ( - i - i i ) )  .  A p p J . v i n q  c o r o l l a r y  ( 3 .  r o )  w e  t t e  t

RlRl - - ,  dense"  Thus for  e .zery ys; } " '  and every te  c1 ther :e ex is ts  ac i r  suc!o- cf  K'

+ l r a { -  r r  I ' r z - ' ) r - ' ( t )  .  S i n c e  t h e  e l e m e n t s  f r o m  i  
' r v ( c [ ' - l 0 i  

)  a r e  s m a l l e r  t h a n"  \ j

t h e  e l e m e n t s  f r o m  v ( q  - { O i )  w e  g e t  R g  R '  d e n s e  t o o .  i l

(3  ,  L2  )  T l i eo r :em.  Le t  .F  '  . =  (T  '  ,  y '  , f  )  be  an a lqeb ra i c  immed ia te  va lue

and  fo r  eve ry  y6F '  ,extens ion  o f  . i  .  Suppose tha t  p>0,  fs  f r

t l ' j (  F " .  Then FgF '  i s  dense.

P r o o f  "  L e t  y  b e  a n  e l - e m e n t  f r o m  F t \  F .  l , i k e  a b o v e y  i s  a  p . f "  o f

: r n  a l n a l r r a i c  p " c . s .  a  f r o m  F  h a v i n g  r r o  p . { "  i n  F .  L e t  f  b e  a  n o n z e r o

r r a t  r z n a m i  > ' r  n f  I  a a q + .  A a < r a a  f o r  w h i c h  ( 2  . 7 )  i i  )  h o l d s  .  B y  h l z p O t h e s i sv "  - J

r r a ^  F t X  I 1 c i r 1  6 s  P r n n n q i l - ' i  n r 1  ( 3 " 8 )  W e  g e t  d e g  f = l  i f  a  i S  n O t  f . S .  B U t* * \ J  r ! v . l / v r ! L l v r f  \ J o \ / /  w s  r j E u  - = v  ! - r  r !  q  r -  r t v L .  . L r D r

n
t h i s  i s  u o t  f r o s s i b l e  b e c a u s e  a  h a s  n o  p . Y .  i n  F ' .  T h u s  a  j . s  f . s "  a n d  s (

i c t '  i s  d e n s e . r f

( 3 . 1 2 . 1 )  R e m a r k .  T h e  a b o v e  T h e o r e m  c a n n o t  b e  i m p r o v e d  t o o  m u c h

because  the re  ex i s t  a lgeb ra i c  (even  separab l -e )  immed ia te  va lued  f i e ld

ex tens ions  wh ich  a re  no t  dense  as  shows  the  fo l l ow inq  examp le  i nsp i rec
f ! - .

f r o m L O j t 9 ,  n o . 5 7 .

( 3 . 1 3 )  E : _ * n e l S .  L e t  k  b e  a  f i e l d ,  X  a  v a r i a b l e ,  i ' = 0  a n d  F  t h e

f r a c t . i o n  f i e l c l  o f  t h e  g r o u p  a 1 . q e ) : r a  k f f l  ,  i . e .  t h e  e l e m e n t s  o f  F  a r e

+ ' N
ra t i ona l  f unc t i ons  i n  (X "  )  * - - , . .  Le t  F  be  t l i e  f i e l d  o f  a l l  f o rma . t  sums

u  t . r i. "t'
r t  z  . . -  f l

2-^ { ' "  " ,  whe : :e  * , - , f  k  a rnd  - f -  (1 , ) r r . av  i s  a  mono ton i ce r } l y  i nc : :eas inc r  se -
nc0\tr "^
. . r r ' r enee  f ro rn  i '  ' [ he  cc l r r r=s r r c tndcncc! f , v r r r  ,  .

);" *1.
-{-..(r.X 

tf-.." 
tr", * = ntin{n.rx l<r.*o }

n€D{ ry

def ines  a  va l -ua t ion  i , ' i * - *  [ "  C lear ly  F= ( i , i

.  -  \ :  r l r  r .s i o n  o f  r  =  ( F ,  V ,  l ' )  ( i r r  f  a c t  a  m a x i m a l _ 1 . y  c o m p l

,  f  )  is  an inrmediate ex ien-

e te  imn iod ia . te  ex tens ion  o f
n+ '1

'y ) .  Suppose F=char: k > 0 ancl denot-e t ' . ,= IL-qfi- |  Clearly



' l  -  
\ Y n  /  n r : i N  

3 -  q  l l r v r r v  L v I 1 4 v q & . 4 J  & r r v ! e q s 4 l r r J i  r e l L u s r l U e  v v u l l u s u  U y  l : - * q -  .  a c t j l b l
- i  J I t  l l t ; p \  - '  

p ' - l .

y  -  - l  +  z  ( - ] . ) n x f t  ,
n i O  , , .

v , = ( n ,  \ r |  r ) .  C l e a r l y  t h e r e  e x i s t s  n o  z e  F  s u c h, . t  \ r  t v  l .

, v t r / .i . e .  F c Y  j - s  n o t  d e n s e .  o n  t h e  o t h e r  h a n d  S + i ' i s  i m m e '

a l g e b r a i - c  b e c a u s e  y  i s  a  s o l u t i o n  o f

f : = Y P  +  x Y  +  L

F ' : = f  ( y ) ,  v ' = # f " , x
"l

,  . .  - L
tnat v (Y- z )> 6::T ,

lf

d ia te  (S 's .F  )  and

TO + 1 ^ ;  ^

Denote

r n r l  \ r  i  c

note t"hat l+fr ,=pf;*r ,  n iO and ofo=l .

. = = - r  + ^  X  ( - 1 ) n f  n ,  u =  ( a s ) s e t x .  T h e n  a  i s  a  p , c , s .  f r o m
"  0< nss

a  p " ! ,  o f  i t .  A  s m a l l  c o m p u t a t i o n  q i v e  . u s

v  ( f  (as  )  )  =p fs+ t

v  ( r  ( t )  ( a s )  ( a s - 1 - a s )  ) = I + v  ( t = - r - a s ) = r + 9 = = o - f  
s + t

/ ^ \  ^
v ( f  \ I ' l  ( a ^ ) ( a ^  r - a ^ ) P ) = p { ' ^  ,  s } l'  s  s - l _  s '  ' - r 5

C o r o l l a r y  ( 3 . 1 1 )  u s i n g  T h e o r e m  ( 3 .  i 2 )  .

f i n i t e  de t r se  va lued  f i e ld  ex tens ions

S i n c e  p  . . > ( )  w e  h a v e
J  S + I  J S

- ( o )  . n .  . - ( i )  . i .( f  ' * '  ( a u )  ( a a - a = )  v ) < v  ( f  ' - r '  ( d s )  ( a t - a o )  ' )  ,

s > t > O  f o : :  a l l  j , 0 . C j ( p .  T h i s  i l l u s t r a t e s  o u r  P r o p o s i t i o n  ( 3 " 8 ) .

( 3 . 1 4 )  g g g g l k f y .  L e t  R ,  R '  b e  t h e  v a l u a t i o n  r i n q s  o f  5  t . s p .  F '

and qcR a  pr ime idea l  o f  he igh t  one f rom R.  Suppose tha t

( i )  R / q R f R '  / q R '  ,

N t ;  - -
(i i  )p=char R/q)0 and f*or'every y€F', [f tyl tFJ< F, .

.  .1 .+  i  i  t  V . -Y '  j . s  immedia te .\ r r f  /  w  g J

T h e n  F s : F '  i s  d e n s e .

Ttre proof goes l ike in
I
i

)  A 4,  -  The st ructure of: - ) "

t

f n  t h i s  sec 'b ion  we  sha l l  use  a  theo rem o f  Ndron  des ingu la r i za t i on

on  dense  va lued  f i . e ld  ex tens ions ,  The  resu l t  be l .ongs  i n  f ac t  t o

N . S c h a p p a c h e r  f s c f l o J ;  o u r  p r o o f  f o l l o w s  t h e  p r o o f  o f  t l r J  L e , n m a  ( 4 . 3 ) .

(4 .1 )  T i : eo rem (N6ron -schappacher " )  .  Le t  Fg$ '  be  a  dense  r "a lued

f i e ld  ex tens ion  anc l  R iR '  t he i r  va lua t i on  r i nq  ex tens ion .  S r - rppose  tha t

FS  r '  i s  sepa rab le . ,  Then  Rn  i s  a  f i l t e red  i nduc t i ve  un ion  o f  i t s  smoo th



i  " ; .

s u h - R - a  I  c r e h r A s  O f* '  * * Y

. t3

f i n i t e  p r e s e n t a t i o n .

L:ggf" -  Let  BgR'  be a sub-R-a lqebra of  " f in i te  type,  le t  us say

B : = R r y J  f o r  s o m e  e l e m e n t s  y = ( y r ,  " . .  r y ^ )  f r o m  B .  r t  i s  e n o u g h  t o  e m b e c l' -  - r  .
B  i n  a  s m o o t h  s u b - R - a r g e b r a  B ' ( R '  o f  f i n i t e  p r e s e n t a t i o n .  s i n c e  t h e

ex tens ion  Fc  F '  i s  sepa rab le  the : :e  ex i s t s  a .  sys tem o f&po lynomia l s

f = ( F  F  \  n / ,  \! - \ ! I r . . .  , t r , r  t : = t - t r d e c t r F ( y )  a n d  a  r x r - m i n o r  M  o f  J a c o b i a n  m a t r j - x
*  , a i ,. J : = ( ; T )  s u c h  t h a t  t v t ( y ) 1 0 .  C h o o s e  M  i n  J  s u c h  t h a t  v ( M ( y )  )  j - s  m i n i m u m .

s j - n c e  F s F ' i s  i m m e c l i a t e  t h e r e  e x i s t s  a n  e l e m e n t  d e R  s u c h  t h a t  v ( d ) =
= v ' ( M ( y )  )  a n d  s o  d R ' = M ( y ) R ' .  r f  v ( d ) = g  t h e n  B r  r = B ^ , r / . , )  i s  a  s m o o t h  R - a l

" L \ Y ,

g e b . r a  o f  f i n i t e  p r e s e n t a t i o n  ( s e e  e . g .  L e m m a  ( 7 . 2 ) )  .  S u n p o s e  n o v r

v ( d ) ) 0 .  s i n c e  Y g i ' i s  d e n s e  t h e r e  e x i s t  a  s y s t e m  o f  e l e m e n t s  i e n * s u c h
t h a t  v ' ( y - i ) > ' 2 v ( d , )  a n d  s o  y = i  m o d  d r R , .  c h a n o i n g  y  n y  v - i  a n d  y  b y
- r  .  

d

Y + y  w e  m a y  s u p p o s e  f r o m  n o w  o n  t h a t  y c . d z R , , l e t  u s  s a y  y = d z  f o r :  a n  e l e

m e n t  z 6 d R , n .  W e  h a v e

# , 0  x $  t v t  m o d  d ? R ,

T h u s  v ( M ( 0 ) ) = v ( d )  a n d  e v e r v  r x r - m i n o r  o f  t $ r o l  r  i - s  d i v i s i b l e  b y  d :  8 1 :r x
t h e o r y  t h e r e  e x i s t  t w o  i n v e r t i b l e  m a t r i - c g s  u , w  s u c h  t h a t  u ( l g ( 0 ) ) w  h a s' a v ' - '  /  "
a d iaqona l  fo rm

ll:' 0 l t, l l
: l l

il
0  l tr

r
where  d i6R,  ,7  {d t )gv  (d ,  )g  .  .  .€v  (d r )  and . i . . ,  Ur=U.

r - t

ve r . t i b le  L rans fo rma t ions  q i . ven  by  U  resp . * -1  *u
6 f ;  (  r

( * f  f 0 ) ) = c 1 * J . +  ,  i r *  b e i n q  K r o n e c k e r ,  s v m b o l .
l Y i  I  1 - J  I l  r  ' \ 4 v r r v v J r v r

J '

We har re

App lv inq  on  f , z  t he  i n -

can  sunpose  tha t

0  = f j -  ( V ) = f ,  ( 0 )  i - d  d ,  ( z r - r e ,  e )  )  ;  t ( i ( r

w h e r e  Q =  ( Q 1 ) t g i n ,  a r e  p o l l n o m i a l s  i n  z = ( 2 1 , . . . , 2 n )  o v e r  R  c o n t a i - n i n g

on ly  rnonomia ls  o f  degree. } '  2 .  Then f i  (0 )e  AarnrO R=ctd i l l  and  so  f '  (0 )=



: n * i c i  r o r  s o m e  s u r t a b l e  c i € R ,  1 6 i . { r .  D e n O t . e  B " : = R f z J ,

h . : = c , + 2 , + e ,  ,

S ince  E (z )  = r . (y . )  we ge t  t rdeg, -F

tains a ixr-"minor u f rom l-FzR'

ni te presentat ion (apply Lenrma

1<iSr

( z ; = n * r .  N o t e  t h a t

"  T h e n  I i ' : - 8 "  i s  a
l 1

( 7 . 2 . )  l i k e  a b o v e )  .

- a hn ( z ) - 0  a n d ; , ; ( z )  c o n -
'  ' )  l t

smoo th  R*a lgeb ra  o f  f i -

LI

valued f  ie ld  eXtensi -on ancl  R c R,

tha t  F  g  f  i s  f i n i t e  separab le  "

o v e r  R .

(4 " 2) Ih*g,qg*"
t he j . r  va lua t i on  r i ng

Then R'  i -s  e ta le  and

f i e l d  i s  F ' .

B ' . q R ' o f  f i n i

R  i s  s o .  T h e n

t .  t < -L e t  J " q , t .  b e  a  d e r r s e

extension.  SulErc 'se

e s s e n t i a l l y  f i n i t e

P r o o f .  L e t B  En '  be  a  f l n i t e  sub -R-a rqeb ra  o f .  R ,  whose  f r : ac t i on

fheo rem (4 .1 )  I , he re  ex i s t s  a  smoo th  sub -R-a lqeb ra

p resen ta t i on  con ta in ing  B .  c lea r l y  B ,  i s  no rma l .  because
'  c o n t a i n s  t h e  i n t c , o r n ' l  r - ] a s u r s  C  o f  R .  i n  F , .  n v [ n J V f  ,

i 8 ,  n o . 3  R '  i s  a -  j - o c a l i z a t i o n  o f  c  a n d  s o  o f  B ,  t o o "  r n  p a r t l c u l _ a : :  R , .

i s  snoo th  ove ' r  R '  s i nce  B '  i s  o f  f i n i t e  t ype  the re  ex i s t s  a  f i l i t e  sub -

R*a lgeb ra  A  o f  R '  such  tha t  B '  i s  con ta i . ned  i n  one  l oca l . i za t i c ,n  o f  A .

T h u s  R '  i s  a  l o c a l i z a t i o n  o f  A ,  i . e .  R '  i s  e s s e n t i a l l y  f i n i t e  o v e r  R .

Now i t .  - ts  enough to note that  a  smoot i r , "  essent ia l ly  f in i te  a. l .gebra is

e ta le .  i l

By

{ - a

B

(-4. 3 ) S"gIgJJ-a*tJ: Let Fg F' be an

anc l  .R(  R '  the i r  r ra lua t ion  r ing  ex tens

separabl-e, l 'e R and ei ther

i )  f r .0 (F Oeing the resi-due f ie id

i i  )  p>0 and f .or  every y6lr ,  ,  [ r  (y )

inumediate va lued

i -or r .  Suppose that

characteristic of R)

\ --...
: F " J  4  p .

f i e l d  e4 tens ion

I l r I "  i c .  € i - i + ^J  : i  r  i -  . L I I 1 I  L e

t)L t

T h e n  R '  i s  e t a l e  a n d  e s s e n t i a l l y  f i n i L e  o v e r  R "

F o r  t h e  p r o c f  a p p l y  C o r o l l a r y  ( 3 .  t . O )  a n c l  T h e o r e m  ( 3 . 1 , 2 )  .

( 4 . a )  Q g l g j - \ " : y .  l , e t  F g F ' b e  a n  i m i n e d i a r e

RS R '  t he i r  va lua t i on  r : i ng  ex tens ion ,  a r i , J  qcR a

'o r l e "  Suppose  tha t  R /q .  gR ,  / qR ,  ,  fF ,  :F . ] .<  c . ,  ,F  g  F ,

( i )  p :=cha r  R /q f0  o r

( i i 1  p > 0  a n c t  [ r ' ( y )  : i . J q  p  f o r  e v e r y  ) , € F , .

Then  R '  i s  e ta le  and  essen t i a l ] - v  f i n j . t e  ove r  R .

v a l u e d  f i e l d  e x t e n s i o n ,

n r i m o  i  r l a ; r l  n f  l - r a i  n h +
I - - - " " - 4 r v ! \ / ' r r L

separab le  and  e i t he r



*  l r . ;-t, *r

F o r  t h e  p r o o f  a p p l . v :  C o r o l - l a r i e s  ( 3 . I f  )  a n d  ( 3 . 1 " 4 )  .

a  q  a t c r e b r a i c  v a l u e d  f i e l d  e x t e n s i o n sr e' "-*-*-------;-*:;,,- ' :- ---=_-:*'-*

.  L e t  F g . F '  b e  a  v a l u e d  f i e l . c l  e x t . e n s i o n  w i t h  t h e  s a m e  v a l u e  . r r o u o f

RgRt  the i r  va l  t ta  f  i  on  r i  r r r r+ -  m t l ie  max imal  j -dea l  f ro :n  R,  ecR a  p : : ime ic le iL  J - U C G I  I I T ' J J I . I  . r

7  an  e lenen t  f rom F ' :=R ' /qR '  and  F  a  mon ic  no l ynon i -a l  f r o ln  F f f i  rT i := I l . / q
' = , - : .  

n  -  
= *  

r . ' . : ' r  - \  . ;  \  j  T ,Suppose that f (z)=g and wz=(;l /aZ) (zpgR,. LeL. f,u be sone h-ft inqs of F resn"? tc,
^ f ; )  ' w  A '

R f Z J  r e s J r . R '  a n d  d e n o t e  R t  2 = t t > t f  o - \  /  r c t t  a . - n i 2  I  r .  t r h c r ,\ r \  L l r J /  \ t - l  I  { _ R t  7 , _ t t \  |  J a ; - 1 1  L o J m R r , . . r R r - z j ,  w

N ,  \ t -T ' t  f  a u l  
: - -  "

z . t :R  I  i  . r  r v ' i  r zan  h r r  v .
Y ! v u r r  u J  u o

( 5 . 1 )  L e m m a .  T h e n
r u A , f g

( i  )  R ,  R '  a / va lua t i on

e x t e n s i o r u  o f  R  r e s p . R r ,
N r u

r i i )  l t , / , : ^ J : - - a\ ! r . /  . r /  q I ( = K L Z I * 6 r n  E r l -
:!.Llx'il K Lz J

( i i i )  H ' g i l '  / qH ,
N M

( j -v)  the inc lus j .on Rc- : f1r

w i t h  R  *  R ' .

r inqs wi th  the same val  ne ororrp i  -  e t .a le

i s  a  v a l u a t i o n  r : i - n c r  r - r x  l  e n s  i  o n  c o m n a * ' i  h  I  rU J V A \

F ep^R'
l(

r : r z r : r r z

i s t. r:-i-vi;i

'J-lten K + K

Proo f  "  Us inq  some fac ts  f r : om the h e r r s e l j - z a t - i o n  t h e o r r z  ( s e l e  F n n n iL r r u v ! J  \ D s u  l l : \ t r A j

i ' ' - ' r r  -  , v  r yo r  L H J  )  w e  g e t  e t a l e  t h e  i n c l u s i o r s  R  g R ,  R ' g  R ,  a n d  w e  s e e  t h a t  ( i i ) *
N a t( i v )  h o t d .  R e m a i n s  t o  n o t e  t h a t  R , i { '  a r e  v a " l u a t i o n  r i n g s .  S i n c e  R , R ,

a re  no rma l  r i ngs  we  ge t  j i r f f . ' no rma l  t oo  b1 ,  t he  e ta l i t y .  I n  pa : :1 : j - cu l_a r
f s r u N N

R , R '  a r e  d o n t a i n s  a r r d  l e t  F , F ' ] r e  t h e i r  f r a c t i o n  f i e t d s .  T h e n  f i . , f r '  a r e

t o c a l j - z a t i o n s  o f  t h e  i n t e g r a l  c l o s u r e  o f  R  r e s p . p , u  i n  F  r o o p . r # , .  T , h u s

R r R '  a : : e  v a l u a t i o n  r i n q s  ( s e e  a  R e m a r l <  f r o m  [ B ]  V I  f  B  n o " 3 ) . 8

(5 '2)  ; :geg:*: :g" Let FsS' .  be a valuecl  f ie id extension vr i th tne

same value group of  f  in i te rank t  € N, and R € F.  r  the- i : :  valuat j -on r ing

ex tens ion .  Supnose tha t

( i )  [ r ' ' : F J ' < . " ,

( i i )  for  everv factor  d ,ornain H of  R rv i th  char  E>0,  - iFspi :

i s  a  separab le  f i e ld  ex tens i r : n  and .  i t  ho lds  l i r t ? l  ;FJ<  cha r :  i i  f

ii,. n ,+ f? '
J !  

- .  \ j r l ) r r

Then  R  G R '  i s  e ta le  and  essen t - . i - a l  I v  f i n i . t e

Prog f  ,  App ty  i nduc t i on  on  t "  I f  t =0  t i r en  the  va l r - ra t i on

T ) r

ol f

and we have R=l<, Ri =]l' I kql<t beinq lJre residue fielii extensj"on of RgR'.



i s  a  f i n i t e  sep , : r r : ah re  f i e ld  ex tens ion  wh ich  i s  c rea r r - y  e ta le

Suppose  t , ) , t .  Le t .geR be  a  p r ime  i c l ea l  o f  he igh t . . one  an . l  i , =R /q '  ,
- R ' ; = l l ' / o , . R ' ^  

L e t  F ,  F '  b e  t h e  f r a c t j . . o n  f i e l d s  o f  F  r e s p " f l ,  ( q R o c R ,  i s  a

n r i  m o  i  r 1  c t a l  h a n : f , 1 r . , a  D  D ,  ] -  - r . ^  ! L  ^  - - ^  f  - -r / r r r l r s  . * = o r  b e c ; l r . r s e  R r R '  h a v e  t h e  s a m o  t z a l u e  g : : o u p )  .  B v  ( i )  v . ; e  g e t
r.-, -
L r ' , n i u * .  T h u s  i t g f  i s  e t a l e  a n d  e s s e n t i a r l . - 1 1 ,  f - i n i t e . b y  i n d u c t - , i L : n  h y p o -

thes i -s .  us ; i -ng  Jacob j -an  c r i te r ion  fR lY  Theorem 1  there  ex is t  2 r "n l
- * :-.-'.

,  f  €R [Z j  such tha t

( r )  f r ' = i { , : i l i : : . ^ :  f - t  I_  _ *  - i n l i , i \ R L z  
I

/  \  : , a ' \  ,  

' :

\ z )  r  ( z ) = 0  a n d  f f  r =  1 a i  / E y , \  ( f ) , / n r f i  , / i  l i - - ' ' ,: / E L )  ( z ) r i . l l K ' i l Y , L z . j  
:

L e t  f r u  H , , r , f i  n *  l i k e  i n  L e m m a  ( 5 . I ) .  T h e n
Ar l\r ^, A,

( 3  )  R / 3 l i '  / q R ' . ?  R / q R

(5"  2"  1)  I ,9 l I ! f , "  i ,e t  R4R'*  R"  be tvro va l -uat ion r i -ng e:<tensions.  Sunpose

tha t  REP ' "  ,  R '€  R"  a l : e  e ta le  and  essen t ra l l y  f  i n i t e .  T 'hen .  Rg l r . ,  i s  e ta le

a n d  e s s e n t i a l l . y  f i n i t e .

( 5 . 3 )  ' l . h e o r e n .  L e t .  V  g  F '  b e  a  r i a i u e d  f i e l d  e x t e n s i o n  w i L i r  t h e  s a n t e

va lue  q roup  I '  o f  f i n i l ce  rank ,  RGR'

. k  t h e  r e s i c l u e  f i e l . d  o f  R - .

( i )  c h a r  k  =  A ,

( i i  )  r { P '  i s  a l q e b r a i - c ,

T h e n  R '  i s  a  f i l " L e r e d  i n d u c t i v e  u n i - o n  o f  j i : s  e t a l e ,  e s s e n t i a l l y  f i n i t e

sub-R--a lqe} : ras . - . r : , .  f  in- i te  presentat ior :  "  r ioreover  i f  f r ,  :FJ< * ,  then RgR,L { .

i s  e t a 1 e ,  e s s e n t : L a r r y  f i n i t e  a n d  e s s ; e n t i a l l . y  o f  f _ i n i t e  p r e s e n - t - a t i o n .

l l l q? .J "  I f  [ o ' " t * .  *  t hen  R*R '  j - s  e ta le  and  essen t i a ] - l v  f i n i t e  i : y

P r : o p o s i t i o n  ( 5 " 2 ) .  T h e n  R g R '  i s  e r ; s c n t i a L . l . - r z  o f  f i n i t e . p r e s e n t a t i o n  b y

*1 ra  ra l  I  n r ^ r ' i  r r n  Lemina  wh lch  fo l l ows  * f  r on  Co r :o l l a r v  0  . , 4 )  .

.i, d

a n d  b y  C o r o l l a r y  ( d . . 4 )  R * R '  i s  e t a 1 e :
4!

R ' g R '  a t  e  a l s o  e t , a l e  a n d  e s s e n t i a l l - y

enough to apply  t l ie  fo l lowi . r rg  Lemma

rV
a n d  e s s e n t i a l l y  f i n i t e .  B u t  R g R ,

j l i -n i t .e  by construct ion.  , i 'hen i t .  is

v rh i c l r  f o l l . ows  f  rom Lemma (7  .6 )  .

t he i r  va lua t i on  r i ng  ex tens ion  and

Q r r r r r - . n q o  - l - h : f

two donains and g ca a pr i . ine - i -deal - .

i s  smao t -h . rnc l  e : s t i en t i a l l ; . ,  o f .  f i n :L te

i.

( s . 3 . 1 )

Q t r n n r r c a  + ' h  a { -

lgJgtlfl". Let

A i s  no rma l

/ \ c I ?

e n r l

l.- ^

*1



t y p e ' o v e r  A '  T h e n  B  i s  e s s e n t i a l l y  o f  f i n i t e  p r e s e n t a t i o n  o v e r  A "r 1 -_ * . - - - . - : , '  
q  * * * J  v r  r  r l l r  L ( i  P rgse l

l  Now suppose  tha t  f r ' '  t r J=co .  T 'hen  exp ress  F ,  as  a  f i l t e rec l  i nduc l - i ve
un ion  o f  i t s  sub f i e lds  wh ich  a re  f i n i t e  ex tens ions  o f  F , ,  1e t  us  sav
F t =  U  F - .  A s  a b o v e  R  g R . : = R r n  F ,  i o  ^ { -  

* ' I

i €  f  r  l - -  ! '  r  i  - L b  r : u a l e ,  e s s e n t i a l l y  f i n i t e  u r r d
essen t i a l l y  o f  f i n i t e  p resen ta t i on .  Thus  R .  i s  a  f i l t e red  i -nduc t i ve
un ion  o f  i - t s  e ta le ,  essen . t i a l l y  f i n i t e  sub*R_a lqeb ras  o f  f i n i t e  p re_
sen ta t i on .  s ince  F . '  i s  a  f i l t e red  i nduc t i ve  un i -on  o f  (R j  ) *  - -  w€  a re

J  L C Lr o . a  d r t  n

(5 .4 )  gg- rp l lg rx .  Conserv ing  the  no ta t ions  and hyporhes is  o f
T h o n r o *  l c .  a \r r r s v r - c i l r  \ J . J /  s u p p o s e  t h a t  R  i s  h e n s e l i a _  r ^ , i  f n r - _ ?1 r r  c i nQ  

l t "  :FJ<oo .  Then  R '  i s  a
f i n i t e  f r e e  R - m ^ ^ , . 1 ^  "  

( ; t . r , i _ i - _ ,  _ 1-modu le  and Lk '  , i . j  = [ : r ,  , t rJ  ,

. f : qgS . .  By  Theorem (5  .  3  )  R  €  R ,  i s  essen t i a r ' v  f  i n i t e ,  i .  e .
P r a p  n  e  - .

"  * t m R ,  
n  c  r o r  a  f i n i t e  s u b - R - a r - g e b r a  c g  R , .  T h e n  c  i s  q u a s j _ _ 1 c c a - l

b e c a u s e  R  i s  h e n s e l i a n  a n d  s o  R r :  c .  T h u s  R ,  i s  f i n i t e  o v e r  R ,  s i n c e
R '  i s  t o rs ron less  as  an  R_modu le  we  ge t  a l so  R :  f ree  ove r  R .  The  secon
s ta te rnen t  f o110ws  f romfeJ  v r , . gs  Theorem 2  because  R ,  i s  t he  un i cTue
valua 'L ion r ing f rom F,  dominat inq R.  i l

a

3
I



( 5 . 4 . f )  R e m a : : i i .  W h e n  R  i s  a  v a l . u a t i o n  r i n q  c o n t a i n i n q  a  f i e l d  o f

cha rac te r i s t i c  zeyo  then  i t s  i n teq ra l .  c l osu r :e  i n  eve ry  f i . n i t e  1 : i e ld

ex tens ion  F '  o f  F=FrR  i s  a  f i n i t e  f ree  R- rno4u le  by  [n iV r  4B  Theorem 2

- y . ^ ' r t ^and LO: l  t9  no.55 "Der  Defekts  atz"  (see a. lso [ r r i1  G Theorem 2) .  T ' l  eo s  ou] :

CoroJ. lary  (5 "  4)  i . i$ar t i " . r f . r f "onseguence of  "Der  .Dej f  e lc ts  aLz"

q6 .  Obs t ruc t . i ons  fo r  des ingu l l - a r i za t i on

T h e  T h e o r e m s  ( 4 . 1 )  a n d  ( 5 . 3 )  s u q g e s t  t h e

d e f i n i t i o n .

o f  t he  fo l l ow ing

( 1 )

( 2 )

( 3 )

in t rod ' - rc t ion

( 6 . 1 )  A  v a l u e d  f i e l d  e x t e n s i o n  F 6

t e n s i o n s  R  c  R '  i s  c a l l e d

o r  t he i r  va lua t i on  r i ng  ex -

( i )  a  d e s i n g u l a : : i z a t i o n  e x { : e n s i o n  ( s h o r t l y  a  d ' - e x t e n s i o n } . l f  R '  i s

a  f i l t e red  i nduc t j - ve  un j -on  o f  i t s  s rnoo th  sub*R-a lqeb ras  o f  f j . n i t e  p re -

s e n t a t i o n ;

( i i )a vegl< dcsj*g-glegLe: iqg_Srtqlql% (short ly a w. d-extension) i f

R f  i s  a  f i l te red  induc t ive  l im i t -  o f  smooLh R*a lqebnas o f  f in i te  p l :esen-

J - = *  " i  n n .
L q  9 r v t r  ,

( i i i  ) f o r r n a . L l . y  a  d e s i n q r . r l a r i z a t j - o n  e x t e n s - t o n  ( s h o r t l y  a  f  . d - e x t . e n -

s j . o n  i f  f o : :  e v e r y  n o n z e r o  e l e m e n t  x f R ,  R ' / x R ' i s  a  f i l t e r e d  i n d u c t j - v e

l jm i t  o f  smoo th  i ? , / xR-a lgeb ras  o f  f i n i t e  T r resen ta t i on .

( 6 . 1 . 1 )  B g l * : ] :  ( i )  A  w . d * e x t e n s j o n  i s  s e p a r a b l e .

( i i )  Compos i te  ex tens ions  and  f j . l t e rec i  i nduc t i ve  un ions  o f  d -ex ten '

d i  ^ n -  i / * n c n  w . d .  o r  f  " d .  )  a r e  a l s O  d - e x t e l s i o n s  ( r e s p . W . d .  O r  f  . d .  )  .i ) - L ( J I I ; f  \ r  u J ! J .  ' ,

Thus  Theorem (4 .  l . )  says  i n  f ac t  t ha t  a  senarab le  dense  va lued  f i e ld

ex tens ion  i s  a  c1* ' ex tens iou

(6 .21  Le l lmq"  Le t  5  S : f  
'  be  a  f  . c1 .  -  ex tens ion  o f  rank  one  immed ia te

v a l u e d  f i . e l d s  o f  c h a r a c t e r i s t i c  p 1 0  a n c l  a . = ( A - , ) , , . . ^  a  p . c . s .  f r : o m  F  s u c h
]  I ' n -  u

! 1 -  ^  I
L t r c ,  L

D i j
a Y  h a s  a  p . 1 .  j n  F  f o r  a  c e r t a i n  s c N

a  n a s  c l  f i "  { .  l . l 1  t ! "  r

a  i s  n o t  a  f " s "

I



l l )
-L ./

, J ?' t ' h , f n . : l  h 2 q  e  1 ) . L .  1 1 1  I , ' .l-

d)

P r o o f  .  L e t  y  b e  a  p . K .  o f  a  i n  F '  a n d  b a  p . 8 .  o f  a P  i - n  F .  T h e n
n -  A  n ' -

- , L '  . i -  I ty -  I S  c l  p .  . t .  O - L  a '  l - 1 1

S, o
v ( Y ,  - l l ) > v ( ( a

F I  and so  tve  have

s
, D' - ^  ) r  )  f n ;  a l l  p < 0

p r - ]  " i '  t  ! - ' J -  
J

r f  c  i s  a  n o n z e r o  e l e m e n t  f r o n  F  t h e n  ( " . o ) " < o  i s  a  p . c . s .  h a r r i n g  a
A J Jup .  I "  i n  F  L f f  a  h a s  o n e .  T h u s  m u l t i p l y i n g  a  b v  a  s u i t a b l e  c  v / e  c a n  s u p

p o s e  v ( y ) ) 0 ,  v ( b ) > 0 ,  v ( a u ) ; " 0  a n d  S o  w e  r e d u c e  t o  t h e  c a s e  w h e n  r r r b  a n r l
J

a  a re  f ro rn  R ' rwhere  R6R '  i s  t he  va luaL ion  r i ng  exL .ens ion  o f  3 ' j g5 : r .
^ S

Der ro te  f  : :Y t -  -b€RIYJ .  S j -nce  YL? '  i s  immec l i a te  the re  ex i s t s  0 lden

c r r n h  * l r r - l -  r r  1 . 1  \ : r r  / f  / ' " \  \  :  c  €  r / . . , \  J r \ o  ^ ! 1 - . - . ^ ,>uur r  L r l d . . L  u  ( r ' - , )=V  ( f  ( y )  )  i f  t  (V ) lA  
i  o the rw ise  ta l ce  f c r  d  a  Super ro r  boun

o f  ( p " v ( t g * l - u g ) ) y . ,  ,  a  b e i n g  n o t  a  f  . s .  N o w ,  r e t  R ' : = R ' / d R '  k r e  a  f i l

t e r e d  i n d u c t i v e  l i m i t  o f  s o m e  s m o o t h  R : = n / d n * a l q e b l a s  f 6 ,  t .  -  c r  f - i n l t, LerT
n r . ' s o n 1 . ; r 1 - i o n  a n A  f . ,  , 6 * - * F r ,  i . l  I  t h e  l i m i t  m a p s .  S i n c e  f , 3 = y - F d R ,  i s  a  s ol i . , J i - - ? r \  r  r s - L  L l r s  r l l r r

l u t i on  o f  t  i n  F '  t he re  ex i s t  a  j c - l  and  an  e le rnen t  Y - ,€F . , .  such  tha t
J

f  ( V i ) = 0  a n d , f *  ( 7 - , ) = V .  A s  Y  h a s  r a n k  o n e  d i m  R = l  d n c - t -  s o  H  i s  h e n s e t j a n
J  J  

- J

(d im 
' f r :O 

)  "  Thus the map F **S* ha.s a ret : :act ior  F .  ' rhen t l :e elemenr
-l

! ,  *

z ; = Y ( y r  )  i s  a  s o l u t i o n  o f  f  i n  R . -
J

L e t  z  b e  a  l i f t i n q  o f  2 .  f t  f o l _ l o w s  f  ( z ) a d R  ; r n c l  s o

n+
v  (  ( z ' y )  P )  ' = v  ( f  ( z )  * t  ( y )  ) ) , v  ( d - ) > p s v  ( a * + r  - a , )  f o r  a l . l  e  < 0

J - t 5 J

T h r r c  t r [ . t - t r ) i r z t r a  * .  \  - . - . \  . . i  ^  -  - i ^  
A

r r r u o  v \ 1 -  r l t v  ( a o + t - r o )  , f , < 0  ,  i . e .  z  i s  a  p " t .  o f  a  i n  R  ( s e e  ( 2 . 3 " I ) ) ,
s ' , '  r  r r

(6 .2 "L )  ISgg :5 .  The  on l y  reason .  f o r  wh ich  we  in .L . roduced  th i s  Le ruu

w a s  t o  i l l u s t r a t e  o u r  n e x t  T h e o r e m  ( 6 . 6 )  o n  a n  e a s v  e x a m p l - e .  T h j - s : t - i l e o

rem wi l l  a l - Iow us to  subst i tu te (1)  in  the a.bove Lerr l la  bv ask inq for  a

t o  b e  a i q e i : r a i c  o v e r  F .

( 6 . 3 )  ! g 1 [ e .  r , e t  a = ( i r . , ) , , - ! ,  b e  a n  a l q e b r a i c  p . c . s .  f r o m  F = ( ] ' , v , 1 "
J . $ , . "

f e  t s  [ v i a  n o n z e r o  p o l y n o m i a t r  o f  l e a s t  d e g r e e  f o r  w h i c ; i t  ( 2 . ' 7 )  i i )  h o l d s
!  |  / i \

anc l  f ,=  { j  } . f f  f  
' ' "  

10  } .  Then  thc t :e  ex i s t s  an  o rd ina l_  ? .< r i  such  tha t
t

r - i  )  / i  )( i )  v ( f  ' J '  ( a .  ) ) = v  ( f  " '  ( a - - ) )  f o r  j C i ,  o .  >  P  v . ' &  ,
S v J

( i i )  v ( f  ( a r r ) ) < v ( f  ( a . )  )  f o r  F - >  p . 2  E  ,
" f v ' I -

( i i i  )  t l r e r e  e x i s t s  a n  i  C I  s u c h  t h a t



v  ( ! :  1 r  I  ( a * )  ) + i .  d v ( r  
( . : l  ( a * )  ) * j ! ' ,

for  eve:r ) /  ;7*L i f j .  an.d for  every t r ; r r (a"n. l -ae )  such 1hat  t_he: :e  ex is ts

f  , 8 " . { g c , $  w i r h  t - <  r ( u f , + l * a - g r ) .

3 - f p S - J . '  U s i n g  ( 2 . 7 )  w e  c a n  f i n c r  a  ? ;  s a t i s f y i - n g  ( i ) ,  ( i i ) .  J r o r  . ( i i i )

i t  i s  enough  to  app i - y  t he  fo l l ow ing  Lemma wh ich  i s  a  s r i qh t  va r i a t i on

o f  fXJ  temma 4 .

( 6 "  3 '  1 )  L g n I [ * '  L e t  
f t , . . . , f , r n  b e  a n v  e l e m e n t s  o f  a n  o r d e l - e d  a b e r i a n

- r ^ r r ^  l *  +g r o u p  t  ,  t l , . . . , t r r n  s o m e  t l i s t i n c t  i n t e q e r s  a n C  ( J ^ ) - .
S ' S < S  e  v r e l l -  o r d e r e d

mbno tone ' i nc reas inq  se t  o f  e lemen ts  f . rom l "  Then  i l r e re  ex i s t  an  o rd i -na i

Z < A  a n d  a n  i n t e g e r  i ,  l ( i < m  s u c h  t h a t .

{ i i  +  . j f , ,  P ,  r -  . i o *

f o r  a l l  ) f i  and  4 -+ 'u *  w i th  t r { ce*  fo r  a  ce r ta in  
f  

. { 6  (depend inq  on  u - ) "

( 6 . 4 )  l g [ l l l e "  L e t  F , a , f  , , I . , 2  b e  l . j - k e  j _ n  L e m m a  ( 6 . 3 ) , F  , = ( r : , , , v , , 1 , )

a n  e x t e n s i o n  o f  F  a n d  y  a  p . t .  o f  a  i n  F o  "  T h e n  ,

( r )  v '  ( f  i j  )  , y )  )  =v  ( f  ( j  )  ( a . , )  )  f o r  a - l - t -  i  e  , . r
$

( i i )  v ' ( f  ( y ) ) > v ( f  ( a . , )  )  f o r  a l l  p . a . a
J ' J

| I ^q -c j .  By  (2 .4 .4 )  ( f  ( j  )  ( ^  )  )  , i  \ . 0  a re  u t r i r na t . t' '  ( a S , , S . O ,  j ) r O  a r e  u l t i r n a t e l y  p . c . s .  - i  e i t h e r

o f  t he  t ype

( 2 . 4 " 2 j  i )  v ; h e n  j = 0 ,  o r

't
,i

Us i .ng  (2 .4  "  3 )  v /e  h .a -v ,e

1 . - i  j  / i  \
v '  ( f  * - r ,  ( y  ) )  . : v  1 g  r J  r  ( a r )  )  ,  j e f f

v ,  ( f  ( v  )  ) \ z  ( f  ( a " )  )

f o r  
* c . ,>>  

0 .  Now v re  a re  ready  i : y  Lemma (6 "3 ) . f r

(6 .5 )  .Brgpg,= 'L t jg l - . -  Le t  F , . ' i ' ,a , f , [ ,8  be  ] i ke  in  the  above Lemma

and Y an  c len ten t  f ro in  1" .  Then y  j . s  a  p .Y , .  c - t f  a  i f f  . i t  sa t i s i  i c :s  the

fo l low ing  cond i t - " - j  t i t r s  :

( i )  , ,  I f  
( j  )  i v )  ) = v  ( r  ( j  )  ( a * )  )  f o r  j * 8 "

( i i )  v  ( f  ( y ) ) ) ' , r  ( f  ( a , ) )  f o r  a t t  p , E
.r .J



y 1 s

le t

i s a

g l99g.  The necess i ty  fo l lows f rom Lhe.abc lve  Lemma.  sunpose tha t :
. n o L  a  p . f .  b u t  ( f ) - ( i i i )  h o l d .  T h e n  b h e r e  e x i s r s  . f > > 0  ( s e e  ( Z : 3 . 1

us j  say  5"> ' l ' d  ,  suc l t  tha ' t  { : , ' . v  (y -ao  )  l v  (a . , * r  -d ,  )  "  S ince  (y*a . - - )

p .  c .  s  .  w c  h a v e  
J  5 - ' -  5  ; '  v - <  $

( I )  v ( y - a ; . + I 1 - 7 v ( _ y - u o ' )  ,  f  > : t )

o f A )  w e  h a v e

f r o m  F  w h i c h  i s  n o t  f  . s .  h a s  a  l ) . f .  i r :

a

by  (2  "  4  "  2 )  .  r f  $ "  . )  v  (a r . , * ,  - . r u  )  t hen  we  ge t
{ * "

'  
v  (y-of* l )  =v (ar+ l -a. t r  )4r ,  11, ' *a ,  )  =  d-

.i

wh ich  con t rad i c t s  (1 )  by  tak ing .5 l  su f f j . c i en t l v  1a : :qe  .

N o w  v i e  m a v  a s s u m e  ] ' < v  ( d r , + r  - a , r )  .  T h e n  u s i n g  ( 2 , 4 . s )  i t  f o l l - r : w sv i - t  v
. j - f

( 2 , )  v ( y - a o - ) =  f  f o r  a t _ I  r >  f  .

B y  T a y J _ o r ' s ' f o r m u l a  w e  g e t

( 3 )  f  ( a . , . ) = f  ( y ) + f ,  f  
( j ) ( v )  

( a * * v )  jJ  
j > r l  v

u s i n g  ( 2 ) ,  ( 3 ) ,  ( i )  a n d  L e m m a  ( 6 . 3 )  
' ( s e e  

t h e  c h o i c e

( 4 )  v ( f  ( a c - ) - f  ( v ) ) = v ( f  ( i )  
( y ) ) + i f -

f o r  a  c e r t a i n  i . - ; " t  a n d  a l l  t , - . > . f  .  T h e n  v ( f  ( a J * f  ( y ) )  c j o e s  n o t  c l e J r e n C  c f

f > 0 .  S i n c e  ( - ,  ( f  ( a  )  )  )-  : . i J  , \ /  ( r  ( 4 6 - )  )  ) u _ . 7  
f l  

r n c r e a s e s  m o n o t o n i c a l l v  i v e  q e t  v ( f  ( 1 r ) ) _ g

v  ( f  (aor )  )  v rh ich  co i t t : :ad  j . c ts  ( i i )  "  i?

\ o . { r /  ' t ' n e O r e m . l e t  FcF '  be  a  w .c l -ex tens ion  o f  i : ank  one  immec l - i a te

va lued  f  i e l ds .  T i t en

(J t )  eve ry  a lgeb ra i c  p .  c .  s  .
s

F  i f  i t  h a s  o n e  i n  F r .

l : q .g [ .  Le t  r - {a_ f  ) j , . . 0  be  an  a lgeb ra i c  r ) . c "s .  f r o rn  F  wh ich  i s  no t

z- in9 a bv a su j - tab l -e e lemerr t
4'

f r o m  F ^  w e  c a n  s u p p o s e  v ( v ) > 0  a n d  v ( a , ) > 0 ,  { , { S  l i k e  i n  L e m m a  ( 6 . 2 ) .  L e 1
J d

R - lR l  b .  t he  r ra l r . ra t i on  r i nc ;  e> r tens ion  o f  .Fs i : '  anc l  choose  a  po l ynomia l .

f e n [ y J  o f  l e a s t  d e q r e e  f o r  w h i c h  ( 2 . 7 )  i i )  h o l d s .  L i k e  i n  t h e  p r o o f  o f

L e m m a  { 2 . 8 )  w e  c a n  c h a n g e  1 r  ( i f  n e c e s s a r y )  f o r  t o  f r a v e  , , f  ( v ) 1 0 "

B 'g  Lemma (2 .5 )  i t  i s  eno r . rgh  i o  shov r  t ha t  a  has  a  p " f .  i n  t he  com*

plet lon f i  or

L e m m a  ( 3 . 7 )  f

r t *R  ( t h e  v a l . u a t i - o n  r i n q  o f  b h e  c o m ' o r e t i o n  F  o r Y  ) .  u s i . n g

i s  s t i l l  o v e i :  f i  o f  " l e a s L  d e c i r e e  f o r  w i r i c h  ( 2 . 7 )  i . i )



! . t  I  t J c i t u i l G

/\
i f f t he : :e  ex i - s t s  i n  R  a

\ u , J / .  ! ) - y  . r . - r t j p u ; 5 . L L r u l t  \ o . . ) l  a  r i a s  a

sc l -ut lon of  the fo l lowinq inequa-e.  f .  in

t i  o i r s :

-R

R o f

r r  f  f  (e  - \  )
{

/ i  \
\ \ . - " " t . F \ ) t
/  /  

- v  
\ . L

I  r r ' F  i  n n  \ /

N S

J 1

,  f  . ;  ( f
i't
{' ' v (r

h a s  i n  R '  t

s l f o t r r  o f  r , a i r ' r ; t--  -a '^ -^

/ / . 1  \

v  ( f  \  t '  ( i ! , )  ) = v

B u t  ( 1 )

r ^ z i  n n -  c \ r' '  * . ,  Y

( 2 )

( r )

( 3 )

has  so lu t i ons

;:eadi '  by the

( v )

U J

h e

L i o

, t (
\ I

for _:rll g, ).. A

(ar*)  )  t r ; r  . : .1"1 j ' : .3

a r r c l  so  a  so lu t i on  i n

rf:l

i he  fo l l o -

i t  i s  s t i l l  a  s ; o l , u t i . o n ' b . o  ( f )

Let  (d- l  )  + . , . - .1 . , , fn  i  be some
' J  

- J L ' &  
-  

L v J

( F c f j  i s  i m m e d i a L e )  .  T h e n  ( 2 )

t e m  o f  e g u a t i o h s  i n  ( 7 ,  , U  i , U : )

( y )  )  ,

I r i \  , i
\ u l  -  u

- - a

a *,5 u{o}

elernel i r ts froin

h a s  s o l - u t i o n s

R sr :ch that  v

i n  R  i f f  t h e

,  t \

( d * ) = v ( f ' ' ' ( y ) )
-J 

-.

fc iJ . iowing sys-

i .F ( j )
.,{

i u , u lr .  l l

T T

l l

f t

/ l r i l -  u t u l

j . n  R .  S ince  (3 )  has  i n  Rn  a  soh : t i on  i nc iuced  g l r  y  we  a re

fo  l  l ow ing

( 6 "  6 . . l - )  J : 9 - I T : 3 .  
' r , e t  

S =  ( 9 1 , .  " .  , 9 ^ )  b e  a  s v s t e m  o f  p o l v n r > i n i - a . 1 s  i n

r j l - / ' l r  '  '  -  - T  )  o v e r :  R  a n a  t "  a  h e n s e l - - i . a . n  l o c r a l  R : - a l q ' e b r a .  S u i : i : c s e  t h a t*  , * l _ t " . t - y \ t  L 4  r r v f r J ! - J - . . : . r - , I r  r ! / - ( . l r  . r \ . q l v s : v r q r  . ) u i . - r i . r t - j l f E :  L j I

R  *  R '  i s  a  t x " r .  c l " * e - " < t e ' : n s i o n  a n c i  g  h a s  a  s o l u t - . i o n  t -  ( t l . r .  .  .  , t r . r )  i n  R r .

ry

Then g  i ras  a ls i :  i1  so- l -u t ion  in  R.

Proo f "  LeL .  I l ' be  a  f i l t e red  i nd r . r . c t . i ve  l i -m i t  o f  some s inoc l th  R . -a l -

g e b r a s  ( B i ) i e f  ? f  f i r r i t e  p r e s e n t a t i o n  a n c { 4 . : 8 . - - z " R ' ,  i e f  t h e  t i m i t' l -  _ l

n l a n q ^  T h a n  f l r 6 s s  e x i s t s  a  j e I  a n c l  a n  e l i e n e n t  t r C , f i ?  s u c h  t h a - c  q  ( t r ) = 0
J  €  r  q r r u  L t r l  ( :  ! \  

/

and  { i  ( t ' ) = t .  B ) ,  hense l i a i r i t y  t he  map  F " * -oE '€s  -O*  has  a  r r : t : : ac t . i on
)  *  l { f

*u "  Then the c- r . .ernent  t= ' f i  ( f  tT  t ' )  is  a  so lut ior r  o f  g  in  R.  i : i' J  
) ' " -  

e

(6 .5 .2 )  
$ : i r : l - eSh .  r , em ina  (6 .6 .  r )  i s  a  va : : i a t i on  o f  [ "P . , J  ! . ' heo rem (6 .  r )

(6 , '7)  9" , : .g i i - * fy .  Let  FS.? '  he a w"c]*extension of  in imt l i i i .a te  v ; r luec l

f i e l d s  o f  r a n k  c i l e  a n d  1 e t  F " =  ( F " r V " ,  f )  l r e  t h e  c c r n p l e t e  c l o : ; u r e  o f  , S r e -

' t  - L ; * , ^ ]  . . ,  r ^  t - ,  r n l . . . *  -  ^ r  ^ * , - - ^ ' l -  - c . . - . - - . , .  T r , r  r i l  i  ^r - c r .L rv r i r y  u r - , . : r ' t "  ' I hen  eve ry  e lemen t  f i : c i t t  f ' t \F "  j - s  a  p . f l .  o : f  a  p . c . s .

f rom F vr l - r j .ch j -s  t r :anscencient -a1 over  l i ' r .  l .n  par ' t icu lar  F"  i l ;  a lcrebi :a i *

ca l l v  c losed  i r i  l l .



l1*q-ti. " T,q:t

^  6 * ,a  p " c . s .  a  r r o m

t i : anscenden ta l

+ r 1  r r l r
L O .  I  ( J V t J I  i  C ; t 5

::j i:e iin et J, emen L. f ::cn

F  h a v i n g  n o  p . f .  i n

over r '  by Theorern (6.

s h o v r s  L e m m a  ( 2 . 9 ) .  t r

Lemma. Let  A f  A '  b r :  t w O  c l o l n a i n s  r F  t - h e

.  3 . 2  )  y  i - s  a "  F ' .  i : "

i s  n o t  f .  s .  T h u s  a  i

a  i s  a lso  t r :anscenc le r

J i ' *  F" '  .  j lV  t2

;  , * . ,
1 1 ' "  A S  Y . g l l " " ,  a

5  )  ,  Moreover

(6 'B )  gg lq ] , . ] * , r y - .  r , e t  Fg ; r '  be  an  immec l i a te

o f  v a l u e d  f i e l d s  o f  r a n k  o n e .

Then  FgF '  i s  dense  and  separa l : }e "

F o r  p r o o f  a p p l y  C o r o l - l a r v  ( 6  "  7 )  a n d  ( 6 . 1 . 1 )

a lgeb : :a i c  w"  d *ex tens i
6

L )  
"

(5 .9 )  J t t gg {g3 . .  Le t  5 *F '  be  an  a l -qeb ra i c  immed ia te  ex tens ion  o f  v

lued  f  i e l ds  o f  ran l<  one .  Then  the  fo l l ow ino  s ta  t - r .men1-5  a l : e  e , {u i va len t :

( i )  F g  F '  i s  a  d - e x t e n s i o n

( i i )  &  g F '  i s  a  w .  d - e x f  e n s  j  o n  -

( i i i ) F E F '  i - s  a  s e p a r a l : l e  f .  C - e x t e n s i - o n ,

( i v )  Fg . t s  '  i s  dense  a rnd  separab le .

l= - I_gg"q .  A rp l y inq  Theorem (4 .1 )  anc i  t he  above  co ro t ra ry  we  geL

( i ) ( - ;  ( i i l < * }  ( i v ) .  T h e  i m p l l c a t i o n  ( i i i ) * * >  ( i i )  i s  a  t e c h n i . c a l  c o n s e -

^ c  i -  *
guence  o t  f p r j  Lemma (9 .1 )  ( v re  c lo  no t  i nc lude  c le ta j . l s  because  the  me*

f h n d q  A r a  - ^ : ,- - , , . p le teJ -y  d i f f e ren t  f rom those  used  he : :e )  .  -C lea r I y  ( i i )  *$

= 9 ( i i j - )  j - s  t r i v i a l  ( s e e  ( 6 . f " 1 )  i ) ) "  r J

( 6 . 1 0 )  3 g n e l 5 .  T h e o r e m  ( 6 . 6 )  a n d  C o r o t i a r y  ( 6 . 9 )  p r o v i d e  u s  a  1 o r

n f  ovemn lc 'q  n f  immed ia te  ex tens ions  wh ich  a re  no t  d -ex tens ions .  I ' o r

i n s t a n c e  t h e  e x e m p l e  g i v e n  i n  ( 3 . 1 3 )  i s  n o t  e v e n  a  f . d - e x t e n s i o 6 .  I n

n a r f  i  c r r l  a r  f h e r e  e X i S t  f  l a t  m o r n h i  s m s  1 r  :y q !  L ! u u r . q !  u r r e f  O  e x t s t  f  l - a l  -  " A . + A ,  O f  q u a s i - l O c a l  f  i n o s

( A , S )  ,  ( A ' r m ' )  s u c h  t h a t  d i r n  A = d i m  A , = 0 ,  S A r = g , ,  e / * g A , / $ '  b u t  1 \ ,  i s  n

a  f i l t e red  i nduc t i ve  l im i t  o f  smoo th  A -a loeb ras  o : f  f i n i t e  r ; resen ta t i on

(no te  tha t  t h i s  does  no t  happen  i f  A '  j - s  noe the r ian  ( see  [p r ]  Cc ro l l a . : : .

( 3 "  3 ) )  .

f i  r  c , - . ^ ^ J - L .  ^ 1  - - . . r ^ -.t /. s*'og!l'._glEg!.o:_,9y9{ qqr-it?r 
"f }?gg

T h e  a i n t  o f  t h i s  s e c t j - o n  i s  t o  g i v e , t h e  p r o o f s  t o  L e n m a s  ( 5 " 3 . 1 )

a n d  ( 5 . 2 . 1 )  ( s e e  ( j . 4 )  a n d  ( 7 . 6 ) ) .

n

o iB

( 7 . 1 )

a smooth

f r ac t i - on  f i e ld  o f

t3 .*F A '  a  mo: :ph ismA-a lgebra  o f  f j -n j - te  r : l resenta t j "on  anr f  w :



A-alqebras,  $uppose tLrat

( i  )  A  i s  no r ina l  ,

( i i  )  d i m  ( F  &  a u ) = t r d e g ' F  
( I m  w )  "

l lhen there ex is ts  an e lement  bEB such.  that

( 1 )  w  ( b ) = 1  ,

(2)  the map B.-  *+ A '  induced hv ur  i  s  ' i  n  i  ect ive .

Th i s  Lemma j s ;  a  pa r t i cu la r  f o : : i r t  o f  [ f ,T  Lemma (2 .4 ) .

(7 .2 )  l emmq.  Le t  A  be  a  no rma l  doma in ,  C  a  f i n i t e  t yp .e  A*a lgeb ra ,

' - -  / "  \  ^  s : r r q f  r . m  n f  g e n e r a t o r s  o f  C  o v e r  A ,  r : = n - J - r d a a  ( '  : n dy - \ y L r . , . r I n l  r J J L s r r r  v !  g e l l e l . d L L J I : j  U J .  L .  ( J V e I  t \ r  I : - r I - L r u e V A U  d . l l L l

, =  ( f  
L  , . . .  , f  , )  a  s y s t e m  o f  p o l y n o m i a l s  f r o m  A f y J  ,  y =  ( Y '  , . . .  t y , " , )  .  S u p p o -

L I ^  ^ T
J C  L I I d L

( i )  C  i s  a  d o m a i n ,

( i i - )  f  ( y )=0  and  the re  ex i s t s  a  r x r -m . ino r  14  o f  t he  Jacob ian  ma t . r i - x
q f

( - : : . )  s u c h  t h a t  M ( r . ' )  i s  i n v e r t i b l - e  i n  C "*  * .  \ J
rt  \ .

Then  C  i s  a  smco th  A -a lgeb ra  o f  f i n i Le  p resen ta t i on

f :gg : .  C lea r l y  B := (A tv l  / f ) , ,  i s  a  smoo th  A -a lgeb ra  o f  f l n j . t e  D resen-

ta t i on ' .  Le t  w :8 . * - *C  be  the  map  g i ven  by  Y . * -ay  and  F  the  f rac t i on  f i e ld

O I  A "  W E  N A V E

d i m F & , B = n - r = t r d e q " " C
A  ' A

App ly ing  Lemma (7 .1 )  we  f i nd  an  e lemen t  beB  such  tha t  w . (b )=1  and  Bn tCr

Thus  C  i s  a  smoo th  A -a lqeb ra  o f  f i n i t e  p resen ta t i on .  t r

(7 .3)  t {gp.g: l i - t lS, {1.  Let  A be a normai  domain,  C a f in i te  tvpe A-aI -

geb ra  and  qcC a  p r ime  idea l .  Supnose  tha t

( i )  C  i s  a  d o m a i n  )

( i i )  9 L o  / A  j - s  a  f r e e  C ^ - m o d u l e .
L q / r {  I

i

Then  C^  i s  smoo th  and  essen t i a l l y  o f  f i n i t e  p resen ta t i ou  ove i :  A .  I f
Y

' "SLd^  
/A=0 then C ' *  i s  e ta le  over  A .

t r , f . 9 s . f _ .  L e t  y = ( y 1 , . . .  o y r r )  b e  a  s y s t e m  o f  q e n e r a t o r s  o f  C  o v e r  A .

h7e have

I

l

f

?



^  . i : '
t 1

Jt  c/n '= -P-,cc lYi  / Ia ' l  ls6eIv i ,  I  (y)=o ]
l = l

t

where v=(Yt 
"rr)  

.  Since 9"/O e a."fr frC4trn is free c,ver C* there

a v i  q # c  r  q r : c ' l - a m  r t F  n n ' ' l  - ' n ^ ' n j - a l S  ; =  ( : F r  , .  o  +  )  r . =  n - T a n k ^  - f L  ^  t ,  i nl - ' " L i  *  . " I , r " r t - f , ,  L ' -  r t  t " , ' , " a q o * C C  
i A  

t r

A i -Y i  such that  
' i

( 1 )  f  ( Y ) = 0 ,

( 2 )  t h e r e  e x i s L s  a  r x r - m i n o r  M  o f  ( ; $ )  s u c h  t h a t  M r ( y ) # c { .
d Y

But  rank "  SL  
"  

/ ^  
=  t rdc , - ; ^C  . ; i d  app ly inq  Lemma (7  "2 )  we  ge t  Cn ,a g  c q / A  * * - - : ' A -  

M ( . 2 )

smoo th  and  o f  f i n i t e  p resen ta t i on  ove r  A .  Thus  C  j , s  smoo th  anc j  essen - "
g

J - i e l l r r  n f  f i n i ' l - a  n r a c a n . F r #! * r r !  L c :  y r s D s r r L o r i o n  o v e r  A .  f i

(1  .4 )  . 9o fo f  l *a f y .  Le t  A  be  a  no rma l  doma in ,  C  a  f  i n i t e  t y i ) c  A*a lgc r

t r - * :  - h , t  ^ .  F  -  n r i  m a  i  r l o :  I  Q r r n n n q a  * h . a +r - r l  o .  Gt rL r  L_ iL \ -  o '  - ) l  _L i l le  lL - red" l

( i )  C  i s  a  d o m a i n ,

( i i )  C ^  i s  s m o o t h  o v e r  A .
v

Then  C-  i s  essen t i a l l v  o f  f i n i t e  j : r esen ta t i on  o r re r  A .q

(7 .5 )  Le ;nn ia .  Le t  AgA '€A"  be ' two  ex tens io r : s  o f  no rma l -  doma i .ns  # i ' r i l

n r r ' t t  r  n r i m a  . i  d a a ' 1  e r r v r , r r . s e  L h a t  A l i  i s  e t a l e  o \ r e r  A r  a n d  e s s e f i . t _ j - a i l r iy * . '  .  u u y y \ / J u  u l l u L -  , r q  

-  

- -  ( l r l u  g - D g t l t _ l - l l

o f  f i n i 1 - e  f r r r ; 6  O V e f  A .  T h C n  A '  -  i s  e s s e r n f i a l ' l r r  a f  f i n i 1 - r ,  i - r z n a  r - r r r g ] .  ! . -" J  L  . r '  . . o f i A  - "  e r r v t r u r u ! ! . \ r  v !  r 4 r i !  u u  u J  i _ / u  v v

g5ggg.  By  Jacob ian  c : : i te r ion  fo r  e ta l i t y fRJy ,  Theorem 1  there

e x j - s t s  a n  e l e m e n t  2 6 - A "  s u c h  t h a t

(f ) A' ff"l,., A i-r,.[ 
=A.t 

,
- I  -  c ' - r  t I

(2 )  z  Ls  a  roo t  o f  a  mon ic  po l - ynomia l  f  f r om A , ' {ZT  such  tha t

w : :  ( b t  / s z )  ( z ) { q .

T h u s  z  L s  i n t e g r a l  o v e r  t h e  n o r m a l  r i n s  A '  a n d  = o  ? , = f r r  ( z , F ' )  € i
ry

A ' f Z I ,  F '  b e i n g  t h e  f r a c t i o n  f i e l < l  o f  A ' "  C h a n g i n g  f  b y  f  w e  c a r l

r l q n  c l r n n n c a  f  i r r e d u c i l : I e  o v e r . F '  ( w e  c o u l d  a v o i d  t h i s  c h a n q e  a p p l y i u

f r o m  t h e  b e g i - n n i n q  i r J  r I r  ( S . 1 )  )  .  S i n c e  A ' l  j . s  e s s e n t i a l l y  o f  f i n i t e
*t

t ype  ove r  A  the re  €X is *u .s  a  po l ynomia l  t ' e  n ' [ .ZJ  such  tha t  w '= f  '  ( r ] , #q

a n d  T : : A ,  i - z l  ,  i s  o f  f i n i t e  t v n e  O V e r  A ^  t l x n r e s s  A ,  a s  a  f i l t e r e c L  i n c 'c _ J  
W W ,  

* *

c t i ve  un j .on  o f  i t s  sub*A-a lgeb ras  o f  f i n i t e  t ype  con ta in ing  thc :  coe f f i -

c i e n t s  o f  f  a n d  f - ' ,  l e t  u s  s a y  A ' =  U  d r .  T h e n  T  i s  t h e  f i l - t e r e d  i u c l u c - '
i c r

t i vq  un ion  o f  T i  :=A ' ,  f r J , ^ , , ^ , , .  S ince  T l ' i s  o f  f i - n j - t - c  t vpe  ove r  A  we  ge t



' l ' = r i  t o r  a  ce r ta in  i e  t .  f n  pa r t i cu l . a r

( 3 )  A l = A ' r " ' l
9  

- - i  ' -u  gf iA ' , lz  1"  . & "  -

Now note that AI fzj

l a r  )( ^ i / q n n i  a l g e b r a ,  f  b e i n g  i r r e d u c i b l e  o v e r  F , .  B y  f a i t h f u l J - . r . r J l l a t n e s s
I

w e  g e t

( 4 )  A '  - . J n ' ) '  
' '  - r- ' qnA '  Y ' i ' Lo  H" i

f r o m  ( 3 ) .  f r

(7  "6 )  !S*T .? .  Le t  R€R 'e  R"  be  two  va l -ua t i on  r i ng  ex tens ions .  sunpose

th .a !  R€R" ,  R '€ r ] "  u r "  e ta fe  and  essen t i a l l y  o f  f j . n i t e  t ype .  Then  RsR,  i s' . " _  * *  * J  !  r r f  r  L g

e t a l e  a n d  e s s e n t i a l l y  o f  f i n i t e  t y p e  t o o .

P r o o f  "  B y  L e m m a  ( 7 . 5 )  w e  g e t  R s R '  e s s e n t i a l l y  o f  f i n i - " L n  f w n e -r _ _  _  r l r l r l - c :  L - ) / l J c .

Since  R '€R"  i s  e ta le  we  ge t  *p , ,7p=0  (see  FJ  V  rneo re in  2 ) .  Th .us  the  fo l_

JOW1ng sequence

o - * - f lo ,  yg  f f i  R" . - )&o, ,7R49p, ,7p ,  -  o

i s  e x a c t .  B u t  
\ , , r r R  

=  0  b e c a u s e  p . g R "  i s  e t a l e "  T h e n  $ r . r  l p  #  p , , R , , = Q.r \  /  f ,  x '
er i r , , l  so  . f {o  t  /a=0 by  f  a i i l r f r : l l y  f  la tness .r(  / r<

A p P l y i n g  P r : o p o s i t i o n .  ( 7 . : )  w e  g e t  R * R ,  e t a l e  a n d  e s s e n t i a l l y  o f

f - r n i t e  p r e s e n t a t i o n .  o

r*
!

-t

' 6

. t (

'
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