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c r -  es t ima tes  fo r  ce r ta j -n  ke rne l s  on  l oca l  f l e l ds

b y .

Dan TIMOTIN

1.  The purpose of  th is  paper  is  to  extend to  the

ease of  n  -d imensional  vector  spaees over  a local  f le ld  K the

resul ts  proved ln  iB]  in  the case of  lRt ' .  They concern neces-

sary anc l  suf f ic ient  condi t ions for  cer ta in  kernels  to  q ive r i *

se to  operators (on 1,2 (K ' )  )  be longlng to  Sehat ten-von ***un,

c lasses  ( fo r  t he  theo ry  o f  scha t ten -von  Neumann  c lasses ,  s€€ r

fo r  l ns tance ,  f l J  )  .  Though  the 'ma in  i deas  a re  the  same as  i n

IBJ ,  
' t he i r  ac tua l  appL ica t i on  needs  seve ra l  adap ta t i ons  to  the

new con tex t .

rn  order  to  present  the resul ts ,  we have f l rs t  to

establ lsh the notat lon and to  rern ind.  some facts  f rom the theory

o f  l oca l  f i e l ds l  t he  bas ie  re fe renee  fo r  t h i s  t op i c  i s  [ 7 ] .

Le t  K  be  a  Loca l  f i e l d ;  t , ha . t  i s ,  a  l oca l l y  eompac to

non-discrete,  total ly disconnelcted f  1eld vr i th the vatuat io* l r r"

d e n o t e  b y  0 = { x e  K ,  t x l <  I } ,  $ = 1 * u K ,  [ x l  = l ] .  
K  = [ x e K ,  [ x l < 1 1  .  r t  i s

known that  there ex is ts  f  . !  ,  such thatF=FP ( t r r ls  p  wi l l

be f i xed  ln  the  seque l ) .  The res idue spaee S/ r l s  a  f i n i t e

f l e ld ;  l e t  Q  be  a  eomp le te  se t  o f  rep resen ta t l ves  fo r  l t .  r f

cq idg=q,  then i f ru  f * "ge of  x f  in  (0r .o)  unr ler  the va luat j -on l .  |  " i -s

the  mu l t l p l l ca t l ve  subgroup  o f  (0 r - . )  qenera ted  by  q ;  a l so
- ' l

l f l l =a  
- '

N o w ,  d d f i n e  o n  K n ,  l x l =  m a x  l x l l  .  x r - * l x \  ! s  a n
l s i (  n

u l t ramet r ic  va lua t ion  on  KD;  tha t  l s ,  x - l x l  l s  a  norm and

l x  +  y l < m a x  f l x l , l V l l  .  W e  w i l t  d e n o r e  b y  
f u t " e K n ,  [ x l < q - k ] ,
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S' .=fxeI ( " r  \  x \  =  q-"  1 ;  $ t  wi l l  be the character is t ic

' K  t  -  '  - J \

En, f  =f$n) wt l l "  d.enote the space of  . f . in l te l inear

o f  charac ter is t l c  func t lons  o f  ba l l s .

The Four ler  t ranbform on Kn ls def iner l

Iet ,  X ne q.  f ixed character on K that ls t r lv ia lo on
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2.  fn  the  seque l  we sha l l  recapture  the  main  resuLt r

of  [a] .  Vte shal l  consider operators given by kernels of  the for :

( 1 ) a (x ,y )  < i tx -y1

vthere the maln condl t ion

is  1ts  f -homogenei ty :

imposed on the continuous function A

( 2 )

s a r y .

c e s  o n  K n .  r f

P r Q ) I ,  s e  I R

A ( f * ,  SY)  =a  (x  ry )  ,  V  x  rYeKn

Further  rest r ic t ions on A vr l lL  be s tated when necer

Let  us ln t roduce a lso the equiva lent  o f  Besov spa-
- k n -  z \

Rn (x )  =c I  " ^ 'S_p  ( r )  ,  t hen  h *  = \ ;  we  de f  i ne  ,  f - o r

f ; ln = -i in (xn)={rey'[ {o-"ou r+ (Rr-Rr<-r)l lr ln"u , e'}

These  spaces  appear  i n  [ 7 ]  (ac tua l J -y r  w€  us€  the i r



j *

:  , t thomogeneous" verslon) ,

Then

Now,  le t ,  T (Ary )  be  the  opera tor  whose kerne l  i s

A ( x l V )  f  t " - t l  ,  a n d  T ( A f  t h e  b p e r a t o r  w h o s e  k e r n e L  i s  A ( x r y ) .  T h e

supplementary eondi t ions on A which vr i l l  appear below wt l1 tend

towards  es tab l l sh lng ,  fo r  a  f , i xed  s ,  the  equ iva lencb , 'T (ArV)
t

l f  and onty i f  yuoo'L, '
| r ' ' '

Le$ma t .  Ler  E= t ( * r tyexnxxn ,  lx -y l  = f ] ;  and

Xk,y7 the character is t ic  funct lon of  [ .  Def lne

a,  (A)  =  l l t  ( IA)  [
cr 

.,!

l l  r ( A r T , t . ,  (  c . a ,  ( A ) . i t . g l l  . n

The proof ls similar to that of lernma 1 in lgl .

The functLons yr.  are given simply by V. = f r  -  6 .r J \ .  .  t k  J k  r t - l

Also, vr i th a proof s lmiLar to that  of  lemma 2 in

[8J , v/e obtaln

Lemma 2.  Def ine

Then

't C - ^a,  (A) '=  .  ?up \ la  rv+t  ,v l l  'dv
-  

l t l = r
' K ^

l l  r ( a ,T ) l l c .  <  c ,uz (A )  l l T Ia%
t " '

rn  order  to  apply  lemmas 1 and z,  we state ' the fo l -

lowLng resul t ,  which can be p ioved by methods analogous to  those

tn [r , xr, 9J.



K l l l  =max t *rrp lr (x,y)l
X r Y

Then,  i f  l l l x [ t<* ,  T (K)  €C, r  and

, L '

Propos l t ion  A.  SuPPose

t j +  31 )  x  ( 1+  3 r )  ;  and  r  (K )

suppose a lso  x>  { .  Def ine
I

' r  .  j

I l r (K ) ,1 . r *  
"  

l l l  K l t l

sup I hl .-" lr (x, y+hsi -K (x ry ) l  3
X r Y r h

ls  a kernel

correspon-

(xnxxn)  r foJ ,

m a x I l x t r l y l  ] = *

T,?
1 s

e  K i l ,  K  ( x r y )

the operatordef lned

dlng to

on

i ( ;

lll

We may now state

sa t ls f ies

we have

( 1 )

( r r1

Theorem 1. Suppose A is

(2 ,  and,  moreoverr  on B=

continuous on

[  ( * r y l e K n x K n ,

Ia
l e

(x ,y l l  < c l * -y l *

( x r y + h )  - A  ( x r y ) l

where

a l s o  o n  A ) ,

P r o o f .  W e

l s  s l m p l e r ) .  C q n s i d e r

q

< c l h l

constana ap (depending of  course

urfi ' 1 ( p < 2 .

Then there is a

such that

Ir  (A,f, , t ,  cn l lcp l l6"+

shal l  suppose 1<p< 2 (otherwise the proof

the analy t lc  fami ly  of  kernels

( 3 ) A ^  ( x r Y )  =

51,-<Re tr -(qp.z

l - d a  ( x r y )x
x

deflned for

r  lY l
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We wl,l l  use int,erpolation between Re)=
,J

o(P,
L

ancl

Rel=xp.

For Re)= 5E

I f  t y l  =  g k r l ,  a n d  l t  |  * 1 1

theorem:

c 1

There fore ,  fo r  l t  I  =1 ,

\ 4 ,  (V+ t , x )  |  = I n  { y+ t ,  y ) l  =

ht3
2-

- I t*1* "'1

,  the est lmate lsrcr ther straightforward.

we haver  us lng  cond l t lon  (1 )  ln  the

- ko<

1

1

l ' dy=" *  I  t u (v+ t , v ) f  2av=
[ v l>  ]

ula {v+t ,vIJ 2ay< c ( rn; ; iq"k.q- tk.n-k(xR- ' )  )  o oo

whence  a , ,  (4 .  )<  oo .
a ^

Suppose now Rel=xP. l {e have to est imate a,  (Ar)=

= l l t (XA, ) [ -  ,  v rhere  X is  th re  charac ter is t i c  func t ion  o f  the
/\ L,

s e t  n ( K n x K D ,  n = { ( x r y ) [  l x - y t = l t .  .
We shal l  need some prel lminary notat j -ons.  Suppose.

oo

x= (x r  r  . . ,  t x r r )<Kn.  Then x .  =  I .  F** i t  ,  tohere  x ro€Q;  tha t  i s ,
t<=kt

x r *  be lOngs to .a  se t  o f  q  e lements .  Moreover r  in  th is  ease

l * l=  mpx { l x1 l l=q- ] * i t {k iJ ,  Def ine  a  func t lon  t : l (D ' - - *  xn  by  pu t t lnc l
- , '  . ,

r (x) = (f1, . .  .  , frr) ,  wher€ *r=,4_ f^xit ( in case kit -1, we put

F1=0).  rhen i  (xn)  1s .  a.n,r i " l ; l l .  =" .  . ,  e lements.  Def l -ne

1  = { O l  a t r d ,  f o r  k 7 I ,  J  = { x e  r ' ( x n )  [  t * l = . ' k ] .
\ ' o  '  '  k

Then . (xn)= 
g i3x 

,  and the number of  e lernehts ln  5*
. k = 0

is  l ess  than  q t t * .  A l so ,  l x - y l ' =1  i s  equ iva len t  t o  r ( x )= t ( y )  and

- ]  - t
r (y - rx  )  #  r (p - ry )  .  I f  B  (x  rE  )  denotes  t ,he  (c losed)  ba l l  o f  cen ter  x

\  lo ,o** , " ,
' K '

=c+z I
k) l" lyl =q

ly t*({ 
- t)
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and rad lus t ,  thenr fc ' r  fe  , t1 l tn1

, g

= \ - /  B(5+F l  rq  
* ) ,  

and we may wr l  te
l a o '
) - x

(s ince  (x  ry  )e  E  -  n  imp l ies  l f
) r l r ' ?

( i )  and ( f i )  in  the  hypothes is )

By Propositt ion A ,
' :::-:_- - ",-

11 r ( t t , l , r ) " ,

and therefore

,we  have  B  ( f  , 1 )  ( * t +S , )  *

the  se t  E  as  a  d ls jo in t  un l "on

xB(J*  f , l ,  q  - )=

. J - 1 ) x n  ( j +  p 1 r  q - 1 )

E = \J_ .\-z n (f+ Sf , q-1)
f e r t x n )  ! , 1 . a  

r  t ' '

l*1
= O  ! . 1  y  n r f + p ! ,

k=o l. Tx 1,1€ A
f $'t

Denote ul ,  
I ,? 

=n t !+pI ,q.-r)  xB ( f*  f  t ,  
q-1). ,  Xf, l , , .  = Z.r ,r , ,  ,  atd

let  us est imate l t  t  (Xrr f  
,1 

o^) i l . ,  ( the esi t : i .mate below is actual ly

va l id  fo r  k>1;  )  o  can be  t rea ted  s lmi la r ly )  .

Reca l l  tha t  A ,  i s  g iven  by ' io rmula  (3 ) ;  hor , rever ,

w h e n  ( x , y ) e u t ,  
j r ?  r  w €  h a v e  l x - y l  = 1  a n d  m a x  (  [ x l  ,  l y l ) = q k .

A lso ,  'by  homogene i ty  ( re la t lon  (2 )  )  r  we have

I  Rt" ,y)  |  = latpk*, furt l  <c lpk"Tovl  =".g-o*

a n d ,  f o r  l h l < f  ,

l r r l - jn (x,y+h)-A(x,y)  |  = lh l  
-wl  

nfp*,pkv*$kh) -Agkx,pkyl !  <

l l
l t
C,

(  c . c I

' L l r r' -x 
I = lf"y[ =f , v.re have applied

a

vre have

-ko(

-V ot

q - k o  
( p - 1 ) q

@

c.  L_
k=0

-kxp

r
fn ]
&

I ,2  to
r*1



' l . a .  . !

(by the con<l l t ion o.r | ) .p

To end t ,he proof ,  consider,  for  
ts *Re),<o<p, t .he

analyt ' lc  faml ly of  operato: :s T,  whlch assoclat ,e to the funct ior/\

y  the  opera tor  T(A\ ,y ) .  Then o  fo r  Re l=  tP  ,  f  nupu b7 :  in to
|  / ,  I  Z  

- , I  I  -  - 2 2

cy  wh l le ,  fo r  Re l=xp,  i t  maps b? . ,  in to  c , .  The des i red  concru-
I I  7

sion fol lows by lnte: :polat ion _.

3. we shal1 now treat the reverse problem. I^Ie rely

on the fo l lowing lemma, whose proof  is  .s imi lar  to  that  o f  coro l -

l a r y  1  i n  [ S 1 .

Lqrrma 3.  Let  A be sor , re  locar ly  in tegr :abre 1, ,e  : , 'er .
n n

on  I ( " xK" ;  suppos  e .o l r< 'e f { xn )  .  .  ne f i ne  the  f r rnc t ron  a  by  i . t s

For-rr ier transfornr :

i A . I

i i ( , r )  =  J  ( u ) \  A ( x + u r x )  x ( x )  d x
)

suppose suppo(,  suppo(+supp<'cf"  e xt  I  l " t t  n l ,  ancl  denote by

PrPt  the  pro jec t ions  bn to  1 ,2  (suppo. ) ,  1 ,2  (u r rpp*c+ suopx ,y ,  res-

pec t lve ly .  Then,  fo r  lgpsoo,

1
.  n  / ' l  - : \

I  a  l l  
"  

(  c .  R"  ' ' -F /  
l lp ,  T  (A)  P l l

{  
r t }  " c P

where  C depends on  the 'mu l t ip l ie r  norm ( fn  r ,1 )  o f  < tand on  the

uni form noim of  x.

The  fo l l ow ing  p ropos l t i on ,  wh ich  we  v r i r l  use  i n  t he

seque l ,  i s  an  lmmed ia te  ccnsequence  o f  [ . 5 r l . co ro l ra ry  2J .
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puoeg,?l+gri,J*.- rr menll (Kn) , rhen ftelr (xn) ; the-' -  z L '

re fo re  m i s  a  mu l t l p l i e r  j . n  a1 l  tP (Kn) ,  I 3psoa .

We may now state the. theorem..

rhggss4,?"  Let  A be cont inuous on KnxKn\{6} ,  sa_

t l s f y ing  (2 ) .  Suppose  tha t ,

( t )  the ie  is  * r ;  ,  such rhar

l r
l A ( x + h r y ) - A ( x , y )  l < c  t y l * .  f o r  l x l = i y l = 1  ,  l h l < l

(1 i )  fo r  any  ucxnr {oJ  ,  there  exrs ts  xeKo,  such

that

A ( x  +  u r x )  *  0

Then

t ,T  l luvo s  c t \ r (A,T\ t  for  tgps oa
P P P

P r o . q f .  L e t  p = f u € K n a l u \ = 1 1 .  L e t s | i  b e  a  f i n i t e  o p e n
J

cover of  F (we may choose i t  to ,be opgn also in xnl  ,  Di  open
h J

sets ln  x  \  {o l  t  v r iQ a.  t  I  n j  l=1.  r  such that  Re (N. ,A (x+urx)  )> 0

for  u<s l3r  x€Dj .  Take 
4a.  * j  ,  such rhar  tszr l i *  s r i l l .an open

cover of  F,  and choose * i  ,  *1 e f  ( t<")  posl t ive funct lons,
I J

such that,

.  ( r )  
" l ( u ) > o f o r u n s t ' iJ }

( i i )  supp ,<1  <  9 ,  ,  and sur
J  J  

' p  * j t o j

( the  poss ib i l l  g  o f . th is  eons t ruc t ion  fo l lows f rom ( i i1  in  the

s ta tement  o f  the  theorem) .

Def lne now funct lons OjO OO

 ^ t - k 1 - r "b* , .  (u )=Q(u ) / ,  (S -^ . r )  
\  o ( * * r r , x )d j  $ - " * )a *J ^ l J r - J



I f  P t .  -  p  - "  i { ra  the  r ' ! r . r r l .  n {anr . . l  ana  { . } .
. : . . . .  :  I f  n i f '  P*O ; t re the correspondlnq proJect lons,  then

we have, by lemma 3

(s )  l l  b ix l in* .  q -kn( r -F) [p j ' k r  (A ,y tn :o l l
' P $

(Note that  c depends on the mult ip l ler  norm of x!  ,  and can .be

chosen therefore ia-rdependent ly of  k and j ) ,  
- ' " "

Denotb

-  A change of  var j -ab les y ie lds

0ro t"t =q-ktOjo (s-k,r)

0 3p 
(u) =*j $-ku,lo,**..r, '*) "j 

(S-k*) a*

| 0r,t"*"1 - Ojo t") [ < c 1., t*

l i ow,  de f ine  y ,  yk  by  $=Zt0 i " ,  Qo1u1=$tp-ku)
Note  tha t  supp  0 lo ,  supp i .  t , .  A l so ,  f o r  l u t  = I ,  [ v l ( l ,  we

h a v e ,  b y  c o n d l t l o n  ( i ) ,

and therefore

I Q t"*"1-i t"rl< c. l.,t*

But we have Re y)0 on sr ,  .and therefore ; i  sat lsf  ies a s jmi l -ay
Y

estimate on S,

. t I l r

l * t u + v )  -  + ( u ) l _ < c .  v
Y Y

I t  fo l lows eas i l y ,  s ince  
$  

i "  suppor ted  on  s1r

that l t  belongs *"  nt i  (xn),  and we *un'  *no1y proposl tLon B to

conc lude tha t  I  t  l s  a  mu l t - in l ie r  on  enw T.P f  v f l . \



; 1 0

From (5) we obtain

n-onttTEy,. i lus Znr jr. lrrf( c.q-kn tr-$r .(zrnlu * (AnT), jo,l .  )
' . ! .  j  

' ?

t /
-  xF  .  ,  * , ^  , ,P  \zFq -F-rl 

f eyr.h < c t Ttln 1o * (A ,1) n jn 11. )
r

q t

Therefore

whence

(6) f  n-o '
k e V

t
n.gxvr.$ - ".L f 

lt p3k r(A,.p)err. [[, <

s i . n c e  P i , -  , P l k ^  a n d  P t t _  ,  p i k ^  a r e  d i s  j o i n t  r o r  [ t < r - t < 2 ( " , r r r i -l o ' ,  J o Z  I K I  
-  

J K z

c ien t ly  la rge  (depend ing  onLy 'on  the  se ts  O j ) .

But,  s ince $ rr .  mult ip l iens of  unLfornrry bounded

norm in LP, 1r fotlows J;".

ll1 + yolt,f > ll .p * (Rk-Rk-r) lld,

a n d ,  b y  ( 6 )  r

It T [g"+ < c ttr (A,.1 )lt._
"P? ?

4. r l ,nar remarks. .  r .  The resurts presented anply

ln part lcular to commutators of  mult ip lLeat lon operators wi th
's ingu la r  in tegra l  opera tors  o f  the  type  cons idered in  C7 ,VT.4)

( t f r ts ls the analogue for loca1 f ie lds of  the commutators consL-

dered in  [+ ] ,  [01  )  .

2 ,  fn  
-a  

recent  work  ( t3 ]  ) ,  Janson and peet re

extend the resul ts of  [2]  and [sJ;  by combinlng thelr  method


