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Abstract In this work we extend the classical Galois-
Krull theory for separable and normal extensions of fields,
and the Jacobson theory for finite purely inseparable exten—
sions of exponent 1,%o general normal extengions of exponent 1

(the mdx1mdl purely inseparable subeytenwlon has exponent 1),
3 be I

A, Distinguished algebraic ex rtensions

Definition 1. An algebraic extension of fields K/k will

be called distincuished if it is possible to find a purely

inseparable Qubexfension L/k < X/k with K/L separable.

F“OHO"WT701 1. Let Y/f?é distinguished algebraic extﬁnm
8ion of fields ’ hﬁ;i the maximal sepa .rable subextension of
E/k and K /k the meximal purely inseparable subextension of

K/k. In this case K = KG“kK, and K/Ko is separable, Conversely,

for every purely inseparable extension N/k and every separable

v

exmow ion M/K the extension K = Nel/k is distinguished,

* This work was >vvtwﬁ by ICMAT ~ Bucharest, as a part of
the Research Theme 6,1985.
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Proof Let X/k be o distinguished extension of fields
and L/k a purely inseparable extension with K/I separableo
Every x &K , pure over k ,is pure over Ly 00 that 2. 21
( X/L is separasble). Hence I, = K, s the meximal purely in-

Separable subextension of T/k. low we eXenmine the diagram

We conclude that X/K o°¥x 18 pure and 8eparable, and
L= KO&KVQ The last part of the Prop.l is a direct conse-
L :
quence of the Def.1.

Corollary 1. A separable s & purely inseparmble,or a

normale algebraic extension X/k is dis tlnﬂaibhaa

Proof. Nontrivial is the fact that a normel algebraic

extension K/k is distinguished. But this appears in [3] as
Pr@pﬁ 12, }77(13,}?5. VIIe

Pronosition 2, Ever

N _&jlgebraic extension K/k contains
a maximal dishﬂ_umﬁhed o-’}‘(“‘t€ll‘:u.(‘fl nd, Ko '

Proof. It is sufficient to take X af ‘’k as the maximal
separable subextension of K/K y where KO is the maximal purely

inseparabhle .gu}?e*cwr\;slcm of X/k.



Remark 1. Generally speaking Ké # X, in other words,
there exist algebraic extensions K/k that are not distin-
guished. This is the case in the following exemple,sent to
us by the amiability of Selyanaga~it was constructed by &
referee of one of my previous paper.

Exemple 1. Iet p be an add prime, R va? the prime
field of oharacteristic Pyt,8 two indépendent varisbles
over P, Put k = F ( +P,sP Yo B = BC %,8,% ), ,0heve x i a
root of x°— 4x 4 o O K/k is normal of degree 2 pz.
Consider now L = k(x) s> and M = k(xP), M/k is the maximal
separable subextension of L/%. P(%,s) is the maximal pure
subextension of K/k ,so that k(x) () F(t,8) = k is the
maximal pure extension of T = k(x). If IL/x were dis tlnﬂul shed,
we had I = kM = I ; a contradictibne We conclude that IL/k is
a subextension of normal (disfinguishea)_extension ik,

which is not distinguished,

By A Galois % type OO?P?SﬁOWtPﬁP” For distinguished

subextensions

Let Y/"YQ normal (algebraic) extension of exponent 1, in
other words the maximal pure subextension of K/k, Kﬁ/k is of
exXponent 1,and kK the meximal separable subextension of X/k.
In this and the following section we consider, as & non —

trivial case, all the fields having characteristic p # 0.



For an algebraic n@x‘r’ml extension K/k we de*%u‘i:@ by
e@.&: /e ,the K& liniar space of all k-derivations of K, and by
S = Aut (K/k)e It is clear that K, = g5 W{x €K, 0(x) = 1
for every ¢ C‘“i

For a K~ subspace. of ‘@K/}J'J@ sdenote by N(J@) [\\1* lexD,
D €%

the annulator Of’%p and for o subertension 1/kx C X/k denote
by —v”é,'(L) = { D 6@1{,@;’ D{x) = 0,for all x €L } .
A ch“uoun ace of OCOY/}, s J‘l(j, will be oéﬂ.led arithmetically

\., &

maximal ( A-maximal) if for all other K-subspace Z),) of O@I\Z /x

with N(B) = NA) y and ,BD%,W& nave A =

Corollary 2. 1If Ais an A-maximal -~ K=~subspace
of 0@1{/}, sWe haVe. J”%(N(Jf:)) =;A7{f -
Proof. It is clear that \/&C«/"L(TI(«J{Z)) and -

N(«/fi (II(«JL))) "\I(«';t)? because we always can find a dsm'\m tion
De @K/l{ with XerD = 1\1(7\7('1)( [2] yExce3,pag 185,and an extension
of it using Zorn's Lemma for th e infinite c,am,)

s : : ARG : @ 8 x ; -\5‘2 T :

For a derivation D& If Jie we denote by D the unique

6%
derivation in ocZ)K e wnich }:"h d D( [3],Cwupe.& Th. ’7 end .
it

consequences). Note that the application Domal)® s K(}»lim,ar

and we can view 0@«7 /}, as a K »su.bspdce in c% %k *

Definition 2. The set G(X/k) = { (¢, 08,08 gIZC%V ’k})

.with the mul‘i;iplica‘kiom rule ‘

becomes a group, called the Galois group. of rank 2 of extension

K/ (,n,up’mwed normal),
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inition 3.

: ‘v“'% % R
‘2’}{ /x % swith the same kind«of multiplication (1) ybecones a
ol ¥

subgroup of G(¥/k),celled the dual Galois group of rank 2

associat e‘zﬁ with K/k.

Lemna 1. For o €5.and E € o0, /e have o ErEr,
‘Moreover, &' (K/k)= oéy /mwhere o@ X /k is considered with
the additive law of composition. - '

Broof, Let x be in E and £(X) = a;) + a4 cee Xt',’che
minimal separable polynomiszl of x over R (;/LQ is f‘epaz’able}@.
Denote by £2(X) = - B(ag) + E(aq)% + oo + Blay )X L% () =
~£5(x) /1 (x) ,and B (x) = ~£5( 0 (x)) /2" ( e*(.xn = 2% (¢ (x)),

g :
ai,E(ai) & Ko = X" .The last part of the Lemma follows from the

speiation: (008 ) —cao >l e ) and 't 16 commutation of
= . -3 : o 'l
0 €S with B ,where E & 023}, /x*
4 {9
O

Definition 4. A subgroup M = “,\;&) in G (K/ is said

to be closed in G'(K/k) if H is closed in the Krull topolog;

on 8 = Aut{ kK/k' ) ,and ~C is an A-maximal Ke-subs pace of 0@ /

For a subextension T/k of I{/}s.: we denote by rv“{f ( ‘li?)

{DC@@ /k., (n)mcforullxcfi‘} "\V(T)»—Tv. (H

'v{' ) swhere [E8% { Sa@i(x) = x,00r 8]l v @ T}; ,,«;%:T
; e 2 = 7
“’{’o ( T NX, ),and by ﬁ@ (M) =Ly =(Fix HN) K, )l (~X),
for ¥ = ( H, ~%t),closed in G'(X/x),Fix H z§L T € K, oglz) ==,
for all ¢ &€ H} sand NO( ~X ) :% xeﬁ{ﬂ.{z)(:‘z) =0, for all
Dres %Ci\ -
1~ e

ii\a

THEORFM 1. Tet K/k be a normsl algebraic extension of

B e e—

il

e}’povxon‘t Ll /k is of expone nt 1 ).With the above notations
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“the maps l{/ and C{O establish a one~to-one correspondence
between the distinguished subextensions of K/k and the closed

uU'b{j p.\a 'v.}i‘ C\"( K/{v
ZE’:z*c)o;ta Let I/k be a distinguished subextension in X/k.
‘ i :
We went 1{/ (L) = By X o%; be closed in G'( K/k).I, is identi-
L2 L
fied with the subgroup of Aut (-}:,!{/ ¢ ) which leave mchanged
the elements fl ¥ €L,x is separable over k }.Iﬁ‘rom the
classical Galois-Xrull theory follows ‘th.a't HL ig closed in
the Krull topology on S = Aut ( k r/lc ) = Aut ( X/k ).Moreover,
sk Ga (b= b tm (A G px W) o (LAE
o o o
e stLﬁ ,
= «\ftL,from Cor.2. We proved tha % le :.—IIIL)(,J%L ie closed
indeed in G'( K/k ). '
Let 1l = H X~k ,be a closed subgroup in G'( i) 0k s

clear that Ly = ( Fix H N )N ~t ) is distinguished in

1r
n‘K
/k ( it is the compositum between a separable and a pure

subextension of X/k ).

¢

Let us remark now that L?ﬁ = & ¥ e Pix l.% ig sepa:cable
EL

over }\I{g(«&’ﬁ s B }.@Fsr this,we have N v( Ak K, C Fix H,

hence I’M . %:&: & Fix H,x separ .b]z, over: N /\/t )}al‘éow let x be

in Fix H,z separable over I Wb )'“{“‘ZE N ,where 5 e ko
i

'Yz‘ & I\\ ( ¥/k is distinguished )o ¥ = Tx) = E G ( 'EL)Q')’?l:ﬂ

?nme el :
- = Canr TR o WY = A oy e 3
a«.:g;. & PMix H N _kK - ( we may consider "?’zi

free over k ).Now,if D € Nt,D(“} = C,}i béeing separable over

’{TO(.\)ﬁ YL Blx) e r ( S/ = Y owith BEX ) en ( nyt)[Jg
vhere f is the minimal polynomial of x over N Q( N

fellowe that in a writing of x = Z CH tz. . G'Lekli ’ ‘Z}j CLO
8(, free over k, we have 0 = D( x ) ::Z@L Dt L, ) ,and DL var )

= 0,80 thatT; € 1’?‘{“,3( -nith But Ty s K, = k,and we can combine
L L

]



the two writings of x to oblsin x ¢ I,er

Let I/k be a distinguished .mbh}t'tommn in K/Le. e shall
)

prové that i < $ VWi 1 )1 = 1~:}Jo( D E, ) ,from P:z:“"p.logazzzﬁ
i i > ?

£ / , ) = I = 2 z r i .{:

5'9 l/, 3 ) IHT, i A - SL ¥ E T HI,A separable over N (“v

o ' G e . :

=1 (ati( L E JP-LQE 18 CL@nd ¢ e Hy, G (x)

n

Xyhence x € Pix HL‘ L is distinguished,x is separasble over
I (\Kofso we heve x & %’\f( L Ve
1" 1 D W - o - b
Now we prove the converse part P¥ (1 ) € 1. Let y be
i ¥
in (]0 l{/’ (L ),in other words y € Fix H, and y is separable over
")

N (i ) =T NE drite nowy =) St N, ,with ‘E;‘ G Xy

"Yzi' = K (K = }’;ECQE’;O )eIn this writing we can consider ’rl: free
over k.We have now y = 0 (g ) = Z G ‘f{ 0 7'( 450 E’M G _M}
for o1l 0" €Hy,ond we conclude that §; EFix I, N k = ko
In this way y& ky oK o But v e kL;k = kl; »S0 that y is pure

over k, and over L. y is also separable over N (f\;t l = LNK, s
so that y is separable over L.As a conseguence y (-3};@

Teb M = (H, o F ) b

L1

a closed subgroup in G'( E/k ).We

: w 4" . [
shall prove now that M = HXL € \{j (]G ( H ,-\;t Yo Lok G ne

in H 2nd x < [ B - Je O(z) = 2 s @ CH GCOnw
L[?( H, ~t)

sider mow D & . t and x € CF( =, e ) K -% is separable

over N ( ~t Y.But x QKQ implies x is pure over I\TO( N"(-'),so that

x € ‘NO( ~C ) and D(x) = 0.We conclude that D & «7”%2' ( H, ~k)

and the inclusion is proved,

Now we shall prove the converse part W P (=, mk) £
¥
|

CH, <X ).

=)
O

i

229

r this,let @ be in H r.{)( y, )0 leaves un-
changed the elements of Fix H which are separable over NO( fv{i
Let x be in Pix H[')};;i_,.e H is closed in the Krull tepology on S,

hence it will be sufficient to prove that O (x) = x.But x =



“o
Fix B Nk, inplies x separable over N (;~i€),so that ¢ (%) = x,
and H ¢ (5, ) C H, Tet D be i ?ﬁ(u -.rdém( Pix KO\

HL LAY - = (N (~A)) =~k ( Cor,2.).We used the fact het
Fix H OV ( —r

4

(~£ ) C Pix Hyend the egality Iy M K,

ye »

For the last eqality let x be in Ty (VK ,x is separable and pure
over NO( = Y,80 that X & HO( e ) () Pix H.Conversely,for y &
pix H AN (~E),y € K ,and y & Iy,since y EN( ~A ) with that

the proof of the Theorem 14 is over,

Ce A GdWOLs type corresvondence for arbitrary subexbtensions

mema 2, For a subgroup H in 5 and a K-subspace »je in ‘
i ol { (¢, CE ) €E6(E/x), ¢ € HE € A ] "1, L)
. . : wt 74
i a subsroup in G(E/k) if end only 1 G B0 ~ €& o stor 2l

ge I'{;Jicé«j(:

o=
{0

Definition 5. A subgroup M = ( H, th) is called admissibl
if H is closed in the Krulil tgﬁo1 0gy on S, ~tis an A-maximal
K~-subspace in cg§ X /1 sand if we can find a p~bhase { 3 of N( ‘F

over ky such that c, & Fix H,for gll .
= 8 e

Remark 2. M = ( H, mjt) is only a notation.Generally
speakine M = ( H, Nji)(%g H X &: if we work with é@ % /% instead

of <§b o

7
Doyl F K

&l K/k)f;?_& 8 R O%I{/k : ,
Tn the following we denote bw‘xjé? = ﬁj&(L) { De é@ /10

0
]

¢It is not difficult to coanyuch extensions K/k with

D(}C) = 0 9 for all é. L S' ,\"‘J}_‘L@l"e }J/k ' K/L, lel by ’N( \/'f: ) e { & C"K?
D ( X) D ; for all D = m/’ir:}? .-\/’& bedhg a K-subs nace in K./},. ©
. kS

THEQOREM 2. Let K/k be a normal extension of exponent 1
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-9 - %
KO/}'; has exponent 1 ).The maps L}/( = Hy r\iT} @ il
With My = 5Lcr € 8, 0(z) = x,for x Cz,} vt J D€ L.,
A4 A
D(x) = 0,for x & };3 Jend <f(( Rt ) = Fix H N N( k)
establish a one-to-one correspondence bhebween the arbi trary

subextensions T/k C X/k and the admissible subgroups (”y"‘%)

s P/ y S : 3
Proof.If 1/k C I/k, WI(L) = (B, ~£; ) is sdnissible in

~2

G(K/k).Tor %this we write I = Xk, [C&‘ldé i ,wmc“ei OJXOLC/\

i is a p-base over B‘:,,, H}L is closed in hm Kr aﬂ“l Topalo Yy on S =
Aut(K/k) = Auw w\h-,/ k),and f\:t.j is &ﬁ_z»‘w:m:};izzz::m

A C D with B ) = Lyevery DET

/\76 L).I“ﬁ: is clear,using Lemms 2,that ( H

1@
o) v v Iy, T'r 3 1 SVl 5
group in G(EK/k).Morever ¢ LS Lo il Hy,80 that 1‘1) (L) is

admissible in G(K/k).But I . Tix H O Bl ~n(n)) = Cf Ll dr,
Conversely,let x be in (_f)k,’ (1) = Pix H. O N ~E@)) = Fix 1

always can find a k,-derivation on X,D & '\/t (1),with Ker D =

-~ ‘ Li C(

13 7 a2 s * S ki \ e
I, [Cd:]o(é A Jrite now x = ? § hﬂd,&CJL gy Wit §w e

D=-DHGEe

>

We have x =0 (x) for @ €H, ,hence E%._,)Lﬁc 1‘«.,( Cuis a

e > i % 6 Y et <= & > = ) s T+ o n
over I, s Sl € I);z0 m,,m Gite LIJL(VJ\]ULE/\ = L.Up to nov
we have proved that I = <{9 ‘SV (1). ' '

We want now %o prove that ( H, ~X ) L}ch ot ) for
H, ,dc Jodin GlEe) JOF O € H,end De <k

LS4
5
?"ﬂ
S
e
ot
o
Py
]

an afmissible sube

7
& e e A ey oy o Y 1 : ¢ s LI ¥
i i; is cle alX that o E;; H Pix U (\ N { r\;jk (I! } ) and dhat D &

N't Fix I N N( L 1) let now o bedn H . H N N~ (1))

444
and D be dn ~X( Pix H 0y N( ok Y loler x € Biw T e &«
= AN

Bix B () A L)) we have ¢ (x) = x.8ince B is closed in § =
Au."t(mr/}\) we conclude that ¢ € H.Write now N( & ) f(‘f"f‘S'

, =K LALE
with C‘i € PFix H ( (H, ~t) is admissible in & Ele) ). s 0
on k. and D is 0 on c¢,,since D € ~K( Pix H WA Y oo that

" A ke



D & Agﬁ N ( ,Vt,\) A}% \j: e aw%ﬂ A-maximal in <§§)F/yyand we
have proved that e = qycf ( T

T

The last Remark For K/k purely inseparable,finte and of

e
s

exponent 1,the A-maximal K-subspgces in é@ K/k are exactely
i B 1

Lie algebras of Jacobson,[ml When A/? is iﬂfimite)

5,

purely inseparable,and of exponent 1,the A-maximale Kwsubﬁpaceﬁ

in 2@ /% are exactely the closed (in the fi tc topology on
Q%TK/y ) E~subspaces which are closed for taking p-—powers ([Gi]y

[@2] [}q]) Tt is not difficult %o prove that when K/k is normale

~with KO/u'of exponent 1,every A-maximal subspace is closed in

.

the finite topology and is closed for taking p-powers,The con-

%

verse part of thig affirmation is also frue. All this facts we

o

have proved independently from [G1]§{§Q}5[034 ;using another tools.
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