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A-4se&*gefu3c_ qlw'si. g L. qq*]Ljse_ gsr
Fg3lSqn:?zlg,I]"e q::*onsj.ons r:f fj,elds #

by

Angel" POFBIi SU

AEgtracS rn this work we extend tbe classical Garois*
Kru-ll theory for separabJ-e anrl nonnal- extenslons of fieLd,s,
and the Jacobson theory for finite purely inseparable exten*
sions of exponent L, i;o general- normal" extensions of exponent I
(ttre nrErximal- purel;r inseparable sut,extension rras e:cponent 1);

A n

Lefr*,ti*g-L' An a]-gebraic extension of field.s lt/c'wi_1.1
' be called ai,?t*+firrphg4 if it is posslh).e to find. a pux.ely

inseparable subextensien X/le C_ f/k wtilr XrlI separableu

Ss"oJos:i ti-qn 1*. r,et r1r*kdistingu.ished algebraic exten-
" sion of field.s , l lKA the maximal separai:le sribex-bension of

K/k and. Iioltrc the maxlraal purel.y $"nseparable suhextension of
\r/k"" rn tl1i's cese Ii = 1go.Lfuu ancl ifKo is separablen converri{,1.};
for e\re]")r purely i-nseparable extensj.on tqr/k and every .separahl_e
extcnsi,on i i f r  .bhc c:; tcnsion K - I{ , l , i f l  j -s i l is. t ingris}r, :do

& This rvorlr rvas sr,rpp+rted try rciyTAT * il*chanesto a$ a. parb of
the  i ies t rn r r ; j r  Thene 6  r l .gBI  *



yqg.?,'€ let }t'}t be ;:. dj.**in6iri.slred ex.L*nsion of fierds
and T,/k a purelSr inseparable exterrsior: wiih KrlT, separable"
Every x € K r Filfe over k ,is trrure over r, s0 that K €-,
( r/r *s separa.hle). Ile::ree h * Ko , the meximal pure'y in*
separabl-e subextension of K/k. Now rne exar*j_ne the diagram

,y
A''

k *

.V

,/
,/PY
Knfl \e

{ts the maxi"mal

the maxj.nal pu.reLy

i ire concluce that r/Ko"Lk in Frrre and. separable, and,
K * Kn*lc** tshe last par* of the Frop"l  is a direct conce-
quenee of  the Def" l "

Qtrql' l-a..! 'g'3o A s"eparable e 8. purely inseparable ,ay s"
nonnaLe algebraie extension ; , /k is cl_ist ingulshed.

Srslt- l{r'rtrivial i.s the fact that a nonnal a}gebrai.c
extensi an 

;</x 
is d.istingulsheil. But this appear$ i* [:] a*

i j r op "  l 2 ,  b  T  1Cap"  VJ I  o
)

Pgqng:.,a*igr.,,f,.* svery a]_gebratc extennion Klk contair:"s
a naxj.maL di_stinguished, su,hexter:s*cn Kd,/k"

IISS{" I 'b is suf.f icieyrt to take l{d/k

eteparable subextension of K/Ico, where Ko is
inseparc.hlc subextension of K,/tr"



$sFqqlr.l. General^J.;r spe*king Kdi / K, in other !"ro*d,s,
there exist ar.gebraic extensions I(,/k that are not dist*n*
gi3.shed.. Tl i : is is the case j"n the fol lowing exemplersent to
us by tlre amiabili*y of s.Tyanaga*it was constmcted by g
referee cf one of ny previots p&pero

qxggle-}.. I,et p be an attd prirne, F * Fb flre prine,
f ield. of characterist ic Frtrs two ind^ependent varlerbres
o v c r F .  ? u t k * F  (  t p r s F  ) ,  K = F (  t o s u x ' ) o w h e r e x i s  o .
root of x2- tx + $ = O . x/x is nomra]_ of d.egree z p2.
consider now :, = k(x) n and, tr1 = q1*p.1 . rI/R is the nis-ximal
separa"bl"e su.be:rtenslon a'f t,/t<. F(trs) is the maxinaL pu.re
subex tens ion  o f  K /X  r$o  tha t  X (x )  f l , * t t r s )  = .k  i e  the
maximal pure extension of T, = k(x). If T,/k,rrers clisting:rrished.,
we had I * k'M = irT I 8. contrad.iction. l?e eoncl.ud.e that r,r/ir is
a subextension of normal (aist inguished) extension K,/k ,
rnrhj-ch is not cl.istingr.risXled.

B. A 9qL,gip tI;:p lor::eeiron4ence for clisti shed.

sube:rtensieins--T**.:-

, L.?

r'et r/iwflnornal (arg*braie) ex'bension of exponent 1, in
other worcs tire inarximar. plrre subextension of xlk s Kr,/k rs sf
€:{ponent loeind i1, ilre rnaxineil sepa.rable subextension of K/ic,
rn tl:is and the follqriruirig section we eonsiderr &$ L non _

tri.visl" cri$en all flre fierd.s having eirnrrrc,teri,sti.c p I 0.



For an algebraj"c nosTaal exten,sion K/k we d.egl*te by
Ff, 

S

&X/t r 'bhe !$:" in*ar $pa.ee of al l  k*r ler iva.t ions of K, and hy

s *  Aut  (v; /u)"  r t  is  cr-ear that  Ko = Ks ={"  6K, d(x)  := rd ,
for every o'e S j "

For a. E* oubspaee of S*/* r&,denote by N e()=fiKerpu
n e-*.

the a::nuLat or of ^*, and for a subexterrsion l,/x Cxltr d"eno.bei ?
I

i
I

i

t v^ .zL( l )  =  
[  le  $TVk,  D(x )  =  o r fo r  a t ] .  x€ . i , J .

A t$subsrpaee ot fi0,7y , Jt, wit-L be cat-t-ed M
mg**ffi](__4::]Sxf Bgl)- if for alt orher K*subsp*** fi of Sx,rro

rvi th N(3) = Nt,&l ,  an6 8)&rrse have .A.=& "
gSroilegt- Z. If ^zt i* an A*niaximal .,: K-subspace

ot fiop rwe have Jt(N(^rf)) *rt ,
P r o o f . rt is clear that ,&"c.-*tn(^* ) ),and

N(^,t (n{^*111 = n(-t), beca.use we aJ-vrays can f i-nd a derivation

o€ SK/g wi t t r  I {erD = N(  * t ) ( [aJ o lxe.3epag 185rp.nd an extens ioyr

of i 'b usirrg Zorn's ] ,enf f iB.  for  'bhe inf in i te ease).

For a d"erivation I 6 $n /'k \,re rlenote by D& tire unlque

d.erivation in fi --1^; *1* 
I'o/ 'b

i lX/X irhieir extend D( [jJ , Chap.X" T]r.? and

coRsequei: ,ces)* Note that the appl icat j-on n-*+Is is Ku-t lniar

and v*e ean vierv S fo/X ** a Ko*subspace in & n/U r

Defini t i .qn 2. T l r e  s e t  * ( K r / ] c )  =  
t  

( c r  , o s ) , s 6 $ r E e & x / t \ ,
wi"th. the multipli.ca'bion rule

(1) ( o-r, rrn*) ( s' 2, G'2i"s) * { dr (2,%_€2frt. + c-r,1Cr) ,
t iecrlmes a groupr ca,l led the Galoini grolrp. of r:afi l .r Z of extcns:ion

K/V ( r:i:.pposed nonnnl ) s
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S* lvl  ewith the sarRe kj"nd.*of muL'bipl icert*on (J")uirecar:res a"
" g /  " ,

of x'ank 2

Dq{j-ni}ir:Jlj* the s*r e r {x/re) ::r I U Ou dittr },€ € $,H €

{o t $*^/*, D* (

'"t- ) nv:.eie rr* *{

on s = Aut( rr*/n ) rmd ,** ts an A*niaximal K*"rubspa.ce o{' €r, lw t
0/ 

t'

For a subexteneion t/X at K/_r lve denote ( T ) s

Tlt ( tt, r . t  \  r rT I

t
t ^v'uT =

n$ ( : c )  =  o r f o r  a l t -  x  € *  ] ,  Y
gr€  $o  c ' ( x )  =  x r fo r  a13 -

f  t  u ) * 
lnn ( prx f l  n kK ). l io(^*),

ln s' (t#ie ) , Fix

TlIIlSll-IIvl 1"

subgroup of S(x/u), callef, th3*,4*e&".Splgfs*#Iq'l}r

associated with l{./k€

Leigig*f. Ii'or 6 €g "p,:t* E € &r, ,4,pwe have cgff*-litsb'o
l \d\r/ ]t '

irioreover', Gr (iq/rc)g [J x &+, 
' "'-r

,'o/:l-lwhere e xo/u is consiclererl vrith

the adcl i i ive la"w, of  ct imposi t ion.

8gggg" J,et x be in K and f(X) * &o + nX + ..,  + Xtrthe

ninimal separable pol"}neoni.a.1 of x over Ku.n (w/w* is separabl*).

Deno te  by  fE (X)  *  n (ao )  +  n (a f )X  +  , rG  +  n (a t -1 )X t * f , f i * ( x )  *

- rn(* ) / . f  ' (x )  ,and.  crs f f i (x )  *  * fE( i  c r (x)  ) / f  ,  (  r (x)  )  =  E&( r - (y , )  ) ,

arrE(ar) eXo * KS.She la.s'b part of the Lerunir. foll-ovr.s from ttr.e

assocj.ation! ( 0rr SE ) **-*+ ( arii ) and gre eommgta,.bj.orr of

6 eS iryi t l r  #rrnrhere U 6 $Xo/k.

SI+ryf3.iS3--*," A subgroup i,t = (s, .* ) in c' {K/k) is said

to be eloseil J,l!_q_l{T#tr) if }I rs closecl in 'Nirc Krrrl-l- topcS-ogy

* h (
for lll =

f,or al.L

a 6 ^ A

1 f l K , r  ) r a n e l  b y

( l { ,  ^, t)  ocl-e*ed.

6 ' -€  r { }

C S
;tor/k

bf, ,^.:f

( t ) =

x  6  n ]

H  * T  K  €
€ K o , i r { x }  *

K ,  g - ( x )  ' -  x r

0, for ai. l

s

T,e* K/k be a norue.l algebra.ic extension of

,end l lo( -.-t ) =l x

exponent 1 ( ror/i+ is of exponent L ) "!Y5.th trre above notaticn.s,



:
l:
l

kK4{ ),i {
I

6
' 1  r l  l A'th"e 

niaps L{ and t/ estrri-rlisi'.t a one*to*one eorre,$pond.encsr l
between the distingrrished snbextension.s of Klk and the cl-c*ed

subgroups af  G' (  x / t r  ) ,

?yoof n Lst l,o/X ne e disting:.rished sub€xten$ion in Xfk,

We want 
V 

(l) = I{t X *tr be cJ-osetl in G'( frftc) "tt, is iden.bj,*

fied. with the sutrgroup of Aut ( whieh J"eave r.m.changed.

the el-ements of re, ={.  x,€}rx is separeb)-e over k l"From f ire

el-assical Galois*Knrll theory fol-l^ows that I{, is closed in

the Krul.l topology on S * Aut ( t*/k ) * Aut ( Itfit )*Tn{oreov*r,

*4"( N,,( 4r, ).),= ̂ rto( i lo (  ̂ *o{ r, A Ko ) ) ) * ^rt o{ r, ftKo )o, \" lkfufu{ w
= !"frtrrfroil ' /Crsr"2" ide proved" thot \ 

= HL X *f, is el-os.ed

incleet l .  in G'(  E/k )  "

le t  l i l  =  11  X^ t  rb "  €1 .  c losed subgror rp  in  Gt (  K / l r  ) . Ib  i s

cl"ear that lr* = ( l l*x i i  f l  rK ),l{o ( ,-t ) :.s distinguished ln

K/k ( it is the conpositirn"r between a seperable and^ a pure '

subextensiolt af ' ,1,/7'. 
).

t:
T.et us rema.rk nov; that lni = 

L 
x € Fix Hrx is separable

over lic,(^-rt ) C *o 
J *For tlrisrrve h.ave I{o(,^t } C Ku C F.i-:c I"1,

hence I,H C t" *Fix l{rx sepax'atr3-e over No( ̂ , t  $now fet x be

in Fix l {ox separnb}e over No(  ̂ . iL  ) .x  = L5tTi , r , ry} :ere Tl  € ,* , " ,

1; € ,ro,,,f i^1#n1u dis;t ineaisned )" x = 6(.x) = f-f ( 5.)"1i=

[ !'"?)4EAG* 5t € Fi:: iJ fl kii ( $re ney consider Q .
I

f ree over }c )" i {o l ' r r i f  n € ^" '  r } {"" t )  *  Cox i reei .ng sep'ara'ble $v*r

No( \ . t  )  (  n (x )  *  * rD(  x  ) . / ' r ' (  x  ) ,w i rh  r ' (  x  )  €no(  dz t - l [ *J ,

rn'here f is th.e nj.:r j .ni l l -  - i l , . t1-yrroi l j- : ' ,1 of ;e cver t{o(.Ut } )"T' i

fotLorvs thart in a ,rvri. t ing of x * L Qt. Z; ,OLeltr ,  Q €ro,

S; free over ku tr",.(:) have c * ::( .q ) ="[Oi n1 T; lrancl Il( 'T; )

*,nroo "b]:at Yt € ils( "-,t )"tsi.r'i hr ft i(o * lcrand. we cs;r conbi"i:e
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tlre trvo lvri.ti.lr.i;s of x tc oji'fa.:i.n x & l*r*
Ii

r  ^ . .g  r  y ' r ^  - :  - , r -  -  r  ^ ' - i -  -  - -J -  -rtct '  Lt/ i ' "  be a t l ist in$u.i$hed si.r,bex.ten.sion in K/k"i ie shaLll

prove that }*.{-S-YJ*LJ.I = kI, ( T, fi Ko } rfrorr }rop"lo ra;rr1

YY )  = I 'hX** , * ,= t  *  €F* .x  l {1 rx  separab}e  overnot . ; f f , }
* No( ; t  (  r ,  n rn )) * i-n su l  .Tf x 6 T, snd f 6 rk, f(x) *

xrhence x € Fix 1'1ro I  is di .st i rrguislred"rx is separehle over

1 O Korso r, ,e hp-,ve x 6. 
Y ! ,  

f  t  ) ,

Now',ve prove the converse part lF$_l_l I "C,.t, .  Let y i :e

t" Y Y ( I ) oin other vrords y € Fi"x H, and y is separable over

No('t;tt ) = I 0 uu"'r'rrite nory y =IX; ti rrvith 5i e, 1t{,

t i  € Ko ( i t  * k"I(o )"3n t ir is rvrit ing we can consider nrl; : i1ree

ovev h. ' iTe i rave $ow J/  a a-(p )  *  t  O- l  T l )"  {1.0*n I ;= C( K;)

for *11 g'€!Irro::d we concl*de that Ti gFix Ib n k* * Irr"

In this way y€ kl:*I{o.But yp € kT,"k = krrso that y i"$ Fure

over k* and over lro y i ,s also seParable over No(dtr ) ,  * r ,  f lKou

so that y *s sepanahl-e over I , , .As a consequence y sL,

I,et l,,l = ( II, ^rt ) be a closecl sub.q:'onp in Go ( f./W ).1'{e

shatL prove nCI.lr tlret ]-t :" i{ X ;g F .\t_Y l_t'* " * t. T,€r d- be

in H anel x €, (p ( r{, J I,  o-(x) = xeso
f  . -  

s ( x J  = x e s o  €  G t t a F (  H r d f  ) . C o n *
s:-d"er novr i) c-,& arrd x € cP ( Ii, ^t ) n Ko.x is separable

I
ovcr No( ̂ t  ).But x €I{o J-mplies x is pu.re over }To(  ̂l l rso "hl:a,t

]i € il^( ;.L ) rincl n(x) * f)oi,'le conclucle that I € #-  - .0 \  v-.  /  ?:JrLr.  r i \ ,u /  *  f ,J o \ / { i  c0:*}( :-Ld{c1B 
w H, ^; t)

I
and the inclusicln is nroved"o

rdor,* ,,Te shal.r. prove ilre converse part V# t-g, :""Lt*"G_
( - l i r . . j { " } - .  For  th j .so}e t  f  be  in  H g7  1  T i_  ^* - ; .0* t -eaves  un*

1- 
\ irr ^^- I

clranged ti:.e eleruentsi of Fix II wh.ich are s-:errnrltrlo nvcr No( ** ).

I 'et  x be in lr ix l {nq* i I  ln cl"*sed. in the Krultr  topology on $,

hence i'u rv:i1,1. be sufficie:rt to px'ove.tha"[ cf (x): * x*But x e.
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\, imnl-i.es x nieparr:r.'!:1e over ISo(r ̂zt ) r$o thai; cf (x)

, -  r r  r - !  n  r - -  - ! - -  +  
I

( t to . , - t ;  c H. T'ct  D tre *n 
"f1t t ,  

^, t ;  *  ^fro( Fix

No( ̂ .* ) ) * *Lu(tno ( ^h) ), = ^* 1 cor.z, ).! : le used the frrct thert

lto{ ^* } C Fi,x }lna:rd the eqa}ity T1* f\ Ko

For the last eqal-ity ).et x i:e in l* f\ Ko rx

orier *u( i  )oso t l ra.t  x e i , io(  ̂ .4 ) n Fix

Fix H O i{o ( &} , , t  € l(orand s €- r ,7;, tsLnce

the p::oo.f  of the ?heorem I" i  is overr

0n L ffa,l"pls lup-?, J:iir'{Sspql}lg:$e, foT ,gi}i3;:afH*,S.tth,9H!,gn,tiJqg,

T,enlUA, 2 "

f i  */o, rr = { 
( d, dE ) €c(I#k) u c € H,E € *+ 3

i-s a r:ubgroii-p in g(ri/i{) if anti on1-y if o- E a..l € Jt

*  F ix  H n l {o( .^ , f  ) .

is separable artd. pu-r.e

H.Cotrverse) .yr for  y  e

y €No( ^A ).lvittr tirat

.& tn
. J
''tvi)L' 

, ,, ./- I= \I1 t "v4-J

, for a1"1.

_ -  c_9

H {'tr

q

d

F

\

1:t

T
t

s].lbgroup lI in S and. a K*subiipace

I

{ e  l l r r n d  E e ^ f t '  o
t -

Dr:finit i-q45 A subgr:oup lT = ( t"i, ^fr.) is called atl irrissible
#

t

i f  l i  is closed' in"bhe Krull 1'opol-ogy oir $' ^'rt-i 's a*r A*nrax-imal

K-sr-rbspi:.ce in S trr/irtand. :if rrre crln fj.nr1 a p*base f *r1 of Nt-fu i;
rv r!-

over kn such thert ci € Fix i{, for all 1"

l ieqggE:L i , t  = ( l lo ",k) is unl-y a nota'bionnGeneral ly

spealcing nt = ( FIo  ̂ *,)  * l I  X ^,t  i f  we work with & o/u|rnsteerd"
^.' ^fl 

I 
;ions li,/k wj.'bhof 4 ;,.r.lu ,It is not ct:i.f,ficu-l"t "i;o constrr-r"ct. extens

c ( x / u ) , *  s X S s / 1 i  
*  r  ( * , ^  f f

Tn l;',ic folll.o*r-i.ng i'rc c'let'rotg 
'b;,,r .-.fr* = ^fr, ('t'\ - 

I 
n €. ,p 

f,,/r,;.,

D(x) = Orfor al l  x €- L)_rvurrere 
1,/k 

C x./X,and. by i ' l  (  -+ ) = 
{x 

€If ,

n(x) = Orfor r"11. D e *+], ^,tt",1kg a l{-suhspace in S ,'70-" 

'

f i ln$it$'i ?-. T,et Kfk be a norri ial extension'of exponent I
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( Ks/k hns. exi:on.en'b J- l .*nu mnpri 
'{  

tr l  *" ( I l , ,0 J r} (:c(ir/r} ,
v r i t l : i l r . , [ * € s ,  d ( : r i * x , f c n , x  A l 1  ^ - k  * f  '  @ \' , & u * a ; r 1 . ,  €  i l r  u ( : { i  n  , J r  a t l  * t }  *  i l  t r / : , ; ,
n(x) "-  0rf , rr  x € IJra:rr l  

f  ,u xu . f  ))  *  Fj .x r{  f }* i i l (  "" f  }o
estnbJ-jish a one*to*one cor:re*ipondence betvueen. the ar?:i.hrnr;ir

su-bex"bensions n/u C lt/k" i;inil 'blr* aclnrinsihle suirgroup* {llo ^*:1

i.n G( n4{) o

Froof .rf i,,f,; CL(/i;, t/(:;1 ;: (r{1r ^*L ) :"* a.,*nirisibte in
C(fn';), For ti i j"s we vrrj..bc T, ', irf f **l 

"te A nv;he:"e [cd].r€l\
j,s a p-base over k ." II-, is crased. in 'hire Kr:ul} topolog-y on $ *

Au t (V l t ) * ;1u ,b iu ; , , . / k )9 { } .11 r1 , . | ( , "5 , ,a4A*n r " , x , *oW, . ,u { i r

&LC b , r ' r i t i r  N(  J}  )  *  Leevery I  €B j .s  0  or r  T, r l r .en*e I  €

^fu tr)  " t t  i -s elcsirrusing remna 2ri l ta 'b ( L[o &r,L is a eub*

gror.rp ln fi(:i/'k),i,ioreve:" * d € ll (1 fix llr,reo fl*:.t

eclmissible in C (frltt ) , Bub I C Fix tq n lT( ^t (l) )

csnverselyrt ert x be in 
f 

t/ t i l  "" Fr;c i lr, f} ri(  ̂ f  (r)) E Fix r[

n ko, i-cal "r e/r ,::itr** lk C N( ̂ A {r,) ) C xoE,.nd sin're 1?e
alvrn;rs cirrl f ini. r. 1i."*r1.e:!; ' iv::t j-nn on i{u.D G 4ti,:rr,rt-L}r Ker},*

fo [""] d,e /\, .' i lr ' i 'be no\',' x = Lf r-,- i^%,;.,+I;*rrn ]i,,,...,,p€r.s.
i 'e  l ra ,ve J i  =6( ; r )  f r ) r  c€Htuhc i rceEinr  - . . r t f t6  I : - (  ca is  a  p*b iare
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