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2 '  
t r  r ;  c : l

t u -
H

I e d , (  $ t r , & z )  s u - c r l  t i r a u t :

r t ,  l r  ,
.  T = t

\ 8 ,
h t  a ) . , &  A J

a r : . d .  ? 1 , ' " ( i t - T o J r t ) =  2 t ' ,

b e r .

by Gr;Arsene, t .Constantine scu and A.Gheond.et i ,

+D .  4n  1  : - - .  , , , . , . ;  , ^ . ;
I. tet Xr1 ancl .1L2 be iwo ii i lbe3t spaces on vrnich t:.r6rl&t &rCI fi:cect

two syr i i i letry operaboru J l  anclrrestpect ivelyrJZ (  recal l  i t iat  a i l

opelator J€ * ,  ( te )  ,  lvnere #{ i "  a t i i lbert  spece, is cal ied $yr i l i le i r i

j i  .  t ' ! t s  , - 1 4  

|

l i '  <J=J '= .J  ) ,  Le t  a lso  ' I€  *  (Rf  
l kZ)  be  an  opera tor  suo i : r  tna 'b  tne

ni- i r r rber of  t i re negat ive.squares of  tne sel fadjoi-nt  r rperator . l r -T*;r f

is  a cardjnai . .?t ,  , ie c ienote tn is fact  by u--(J l - ' j l t : r f  )= t4t  e

Given tlvo ot'rrers nilb=rt spcices 8g and &t on lvhich we fix

t lvo €jyr , r l ietry operators J and.rrespect ively,Jt  let  us consid.er t i re

i i i iber t  spaces &f=J€l  @tg er io f r r=f<,  OJt '  .  l r iGir  i le  operabors

s;rnuietry operators or l  SA, andrrespect ivel ;

setrrcni i rg f 'or  cLescr ipt io l  of  a l l  oper i t tor :

Jn+{-
6
4o
d\

i s

rlhis problein t, iat !.Je s'bated. above j-n . full generality is

reLatec t  in  d f fe re ; r t ,  r i lo re  o r  less  par t i cu la r ' ,  cases  to  o tner  f ro -

b l e U S  E i S  i f t  I  r ' 1  C  r 1  T > ' r  r , , ' t
L a J  r L r J . '  1 9  j ,  ' U t I ,  a n d  s o  o n .

I t  turns out t t rat  l inear operators on indef i r i i te inner prociuct

spaces are ir:volvee. and. in tne latisua5e of tnese spaces, one advanta-

i  a  * - L  r L  * - 1 -  n  ^ - ^ 1 ^  1  ^ -ge rs  EnaE Ene proorem ueco i i ies  in  a  cer la i i l  \ vur ,y . i i . c reper iu€ I i t  o r r  t ' . i €

synnetry ope:'ators and tne notatlott and forurulaiiorrs ctin be corrside-

rauJJ sJ-r.pi1fieu. t ioivever triGsil t 'uc,i;s du ;.:ot ,ro 
' i ;oo f '*,r Cue ' ic t.r:e

lacx  o i  an  a ,uequate  subs"b i tu ie  o f  ' tne  square  roo t , .  o r  oper 's i to rs  i r r

' b h e s e  s D a c e s .

Our approacir  is  to aclrrpt  t t re ic lea of  [ { ]  to t r i is  j "ndef in j . te



situat ion. In order to d.o tha'b we consider in the second sect lon the

problen of indeflni te factorizat ions of '  selfad. joint operators.

Coro l lq , ry  2 ,5 exhlb i ts  tne best  coni ro l labLe s i tuat ion that  we

rvi l t  use here. l t  turns out t i rei t"  certaln reLationb exist bet ' , ' leen tne

nurnbers ru-(Jl-Tntrt)  anci b- (J2-I- i l t f  )"

' : . . '

sec t io t r .

These f i lc ts a.re presented in t i ie t r i i rd.

,  gne i iaportant point  in our approaclr  is  t r ie problen of  f inoing

a good. subst i t r . t te ror t i re t i .ef 'ect  re iat ions woic i i  in t i re. inclef in i te

QASe rx re  no  longer  t ru .e .  Thus  we are  lea  io  p rove  t i te .ex is ie r j . ce  o f

cer ta in  l ink  o i re ra io rs  be tv reen t i ie  de fec t  subspaces . '

In t t re last  seci ; ion we pi 'esent in our r ie i in resul t  t r ie solut ion

to  t i re  above prob len  lvnen h- (J l ) ,  )L - (J r )  <  eo  and fu t  i las  tne

least at i r , r iss ib le vcr lue.  i {e have io no'be t i rat  the existence probleln

vrhen kt  is  greater t t ran t r i is  leeist  acfssible value can. be easi ly

Cred.ucecJ frol i . r rer 'e ,  wrr i le ine problet ; r  of  oescr ipt ion (  ers i t  is

suggesteo. by the resul ts f ronr t . l re f i rst  sect ions) invblves nore

para: i ie-bers and"on the'oi ; r ier  hanci)soi i ie of  t t re o1o para, , iete"rs;  uray be

unbouncieo.

{ 'ge have used without speci f icat icn i r i  th is paper only elenren-

tarlz material from Krein space theory (see 4 ); r,ror€ coi,tplicated. trrin-s iire

prec ise ly  iguot€d . .  Le t  us  e r lso :descr ibe  our  contex t :  we t r r in i i  i , rbout  a

:.':i l
9.,r$ i

ii r'. r;
,,t - ',1

i ti:r*

;r
Kre in  space 3 t  as  a 'u i lber t  r ,p&ce rv i th  a  sy rure t ry  opera l ;o r  i€d , ( *d )

an6 tne ind.ef in i te i r iner product L.  , ' l  j -s i r r t roduced. as fo i lovus:

[ * , y l  = (Jx ,y )  ,  x rxe$ f  .
' i rnere &I€ Jri&rl;r suorr crtoices or- J, I 'or a r ' lxec iui l .ef s.; 'ociuct

; eacir of i t  is cal leci. a r 'ui ldurrierLt&l syui,retry(f .s) .  rQor a

i ' .  s. J ori 3d , i ic-- i ;  u:Lng by th t: :€ j-n,rolut:-ol i .  i ' ie Je L T* =

L ' r ' l
.i- I riti lI

-  t , t t * t- d r  d r e s ( i l , ) .



r r .  ret  ${  be Hi lbert  space and Ae *( f , { ) ,  a=A*.  consld.er ing the
function signum define.d as follows

f - r ,  t ( o
s g n : R - - * [ - r , c , t J  ,  s g n ( t ) = {  o ,  t = o

,  I r  t ) 0 ,
l e t  s r l  c lenote  the  se l fadSo in t  par t ia l  i so iae t r i c .  opera tor  sgn( . . , ) .

CIrearry lve rleve rer(s*)=lceni , s^d{, =&") ano A=sr1\ a\ . then
tl ie slgna"ture nu:ubers of 

'A 
cein be d.efineci as folloy*s: .

l r-  ( t  )  =cl i i , i rer( r+su) ,  1,"+ ( i t)=d. iurer( r-s/ )  j  / ro (^) =cl ir ;kersA

ie.t  us recalL also tnert /u-(a) (  / ,"+(t i ))  is tne nu.iaber of negati
ve(pos i t ive)  squares of  the quac*at ic  for r i r  ( . , ix ,  x )  ,  x  €  f t  (  see €og.
t i l  ) .  on the otner hand., since sa is a sy.ru*etry operator orwl

'one can consid.er the indefini- te inner.prod.uct
'  '  

t " , y l= ( i J r , : c , y )  r  x rye@! .

le-b u$ denote rry J{*  t i re } ' ' re in.space obtained. in.  t i r is  !yay.  A}s
s ince  sAg, ( \ i \  i ) cG- (  

i " \ i )  and.  R. ,C \e \ i ' l  i "  dense ln  tL  ^  i t  fo . l tow
A  , : -  -  l a

t i i a i  ( w ( \ - \ " )  , t , '  , ' ]  )  i s  a  s p a c e  r v i t h  i n d . e j . i n i t e  j - n a e r  p r o d u c r ) ,
' r ' l i t ic i r  is  decourposabie ar ic l  non-oe;er ierate,  i ience car i .  be coi i ip le ied to
a  hre in  space rvh ich  co l r rc ides  rv i t r ,  (  J ta ,  [ .  , . ]  ) .

-3"

Tire f i rst stertenent froi l  t i te next result  belongs to l ,otapov[, ] ,{ l
ernc tsogn6.r- l ' r6., ,rLl  i5] .  r-re sketch t i re proof for .Lne reader,s
conveni  e i lc  e . .

2. L" ?.TiCi:'jy{il+Oir . lp;t

5r's3i1 lpjg-e ?g+ r g Itg{e*1*t-te} sv*{,919iry q{
( i )  i le - rg  g I l r : ls : :e  8 t&. ,${1 s l rcr :

l l '  k * ( ; ) ) ,  L * ( , i )  e r 4  h " ' ( J ) > r t - ( ; ) .

- l l

.X, . Ttren-_;

-t.tat r.=.j "., -j i i atici

{o

citl-.r

(  i i ) , ,sqy l : r_r l .1 j  ?*( . ,  )7 ,  xr  -  ( . i )  , r tq  tL  - ( l  
)  Z  A.  

-  
( :^ )  ]e t

)6-- r  - . - ^  ,  
-  .

- ' i r €_ l ' L  i , = i i ' ' t J J  i r '  aud  o r . r ' l v  i f  i r = i l  1 , ,  I  a ,  .  r . r hn -z rn  t t  i  . _J,- . - . . . -  ! -v  l r \ l  - f - . .  v / l te l 'e  \ ,  l -s  &-.*
B € { ,  ( & , J d ) .

riry@ 8r\l\;) 'U $d, l,sqils-rrrs-Jtrl$ r.espect to the

sse**!13j c F\ le {, ( $e,&, ) anciin<i.ef ini te inner proc"ucts,



X6 ;g'1kerA,f{.) X*jI t-f-'s p:gnS$igp x*x=o ?g{ Q,(:r)c (cR1\,r\+l lt'l

tjtqglr. (i) .r,et iJq.* (Ja,$d ) and ;i=r;\B. Ttren

o (  (Lx,  x)= (Bf rJ i r * ,  x )=(J i ix r rx)=Lur ,e* ] ,

for  every x .€  ker( r -sr r ) - [oJ ,  par t icu lar l ; ,  i f ,  f 'o l lo ivs .g l i ie r ( ' I -s r r ) . is

.{i ffiffi is'a non-neg€ } of $t , nun"*o n e . t o - o n e " " a } T f f i ) i s a n o n - n e g g ' , c i t - e s u b s p a c t

I t+  ( t )  <  h*(J{ )  =  h+( .1) ,  i i r : i i - tar ly  rne i rave i  
- t " i  

I  L- ( .1) .

Converse ly ,  assumin6  A+( l )<  l c+  ( ; )  and .  f r , - (a )  6  h  
- ( J )  

i t

fo l lovss that  t i rere ea is is  C €*  i&o,X{  )  rer i re in  space lso inet ry ,  i .€ ,

:  
. t  u=D"dd{ri

raki ng o=']*l " r, 
":i 

'tc l, 
;:-, 

*,-,: 
. L

B*JB= \rt \  
zc^. ic \*\  = = \a\ =s.,  

\ i t  \ t r=A ,

(fi) If ,J€ *, (Je ,Sd) such that ,.=ts*uB iiren ,,ve can d.efine the linear
' t

rnappins C: R( \ri\ti r----+ $( by

c l;i,\ i*=r* ,
'  

-Da
x  e  J ( " .

1L

{ t  foL l< ;ws tna t  C is  we l l  de f inec l ,  s ince  \a l '  i s  one- to -
,  + o  

-  A  - ? l  .o n e  o n  X . n .  i , e t  u s  a l s o  d e f i n e  X € & ( ; c e r , i r & )  b y
tl

Xx=3x ,  xQkerr r .

l ,e t  ,x ,y€ i [  "  Then
.  r  ,  r i - .  , - 1 -  r  Y (  . . 1 -  ,  , i 1 -

LC lA I  t * , 0  lA f  y J  = ( J l x ,By )= (s " j r : x , y )= (Ax , y )= (SA \A I  = * ,  \ , r I =y )=
F ,  , l -  , l -  ^

= l \ i i \ r x ,  \ i i \  
o y i  

,

i .e .  C  ls  j -soure t r i c  w i th  respec t  to  t i re  inc le r in i te  j -nn ,er  p rod .uc ts .

.  S ince

tc \a\ **, xyl = ( JiJx, By)= (B*JBx, y) = (Ax, y) =s

fo r  eve ry  xe  f { . ,  x€xe r i \  ,  i t  f o l Lows  R (x l c  ( cQ . ( \A \

froi ir

( ; fXx,  y ;=f , tx , ; {y l  =(J tsxrBy)=( : i : { ,y )=O t  x ty€ kerA
*F

get l i  ", i=0 .

rlt

alltl , and

we

' t '  l 1

I  ' , ' : t

'i
' j;1.*

r,'J

. . t

;.!:v

: 1

l rr.i
;, ,i?

eA,

:

G

Converse lJ  ,  le t  ;=C \ , i \  *+ ; i  e* ,  t  Jg, :K)  r , i i i i i  C
, iF  , l  t r l  \] .so. r ie  r r r -c ,  , . ' , r -0  and.  @t( ; l )c  (0Q,(  u \  t )  t  ) ,

a i . i . d  j (  as  above  ( i . e .

t ' jren for every x, y €

decu,r lpos i t ion of64 lve h.ave x=t'+x2r y=y1+y, uccord.lng to tiie
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(t*;Bx, y) = ( JBx,By) = (,t c \,q\ +xr+J:ix', c lal *y*+x y z)=
= lc \;i \ n *r., c \ i \ *rr] + [c \a\ **r, xy z)+lx*r, c \ r \ *yrj* 

[rr*n, xy].

second. ancl tire thircl teriirs. are null 
*r'"oro 

6ltxl c
a'd also t'€ last ternr 1s nuLl froio ,$tt=o r,ve. get

( f *", yy =[c \,tl i "r, c \a\ *rr.1,,, [ \,*\ * *r,,la \ *yr] = ( ta I i s^\.r \ +x1, y,

as in tne above

I
Jt rXo@iierA and

Since the

( cG, i \ r \ * ) ) t ' l

= ( A x r y )
*

i.  e. B- Jl- j=. i . .  gi l

'  
In  the next  coro l lar i -es the nota i ion are

f roposit j .on.
2, 2. cQlr0lj1itrrI., l{ ;EA +gj_e9r':gg$ Sd iegl
t-sS_S9gt9:ggggi'.e c 1 €_._ql,ojgpl e,

Pt00q. rncieeo, s{. =15p;, and ciue to its non-deseneracy it
foltows t i . iai c\., , . \  i fe*((c\,r\ ; l 'yt\*\s '<lense 

in $d . tei xEf{, ,x€ c\, i i  i , ,
r  . f  r \  ,

ano , ,((c \; l l  z) &)*', y=c l;\ zt vit ir n € & . then

[c \ ; l  2 * , r * r ]= tc  \ , * \ * " , c  \ * \  i r r ]=  [ \ , i \ 1x ,  \ , i \ i n ]  ,
hence y ' rz €-h ic$l  ana c*(  y+z)=\; i \* re.  yart icule.r ly a* ,*  c ler i .sely

uef i r ied. ,  ,  i ience C is c losable.  W

Sir lce tne cLosure of  every cLosable isou.,etr ic operator (  betr ,vet
i i re ln spaces) is also isortetr ic,  tne prececi ing coroi le i ry meens trrat
everytinre wiren m, is non-ciegenerate the coryesponclin6 c cau be
chosen clo secl .  

r !

O  2  n n n ^ l T r - \ \z. J, _uo.i(CIf!;'.=-ir , f€r!.:g t:ip.t

ff i^ i-s 1 r.e.r1]111 stlccpr.Lcr)

K  (  f { A ) = r , r i n (  k  
- ( a ) ,  

L t ( ; r )  ) <  o o ,  f c e n
. . - , ,

O I  . J {  l - t '  a r f  d  O r r l v  i  f  t l r p  n r r i ' . . i . a c ] r ^ ? r r i  - i . , . , -  ( \
-  - ' . : . 1  

: :  v v ! !  s p l / v r l L r l t r t j  v

r. s ?og3ggg.

Pl i -008'  Let  us assui l ie t r rat  k-(A)< 
"o and consider t i re funda'ental

deconposit ion (f .  d. ) &rr= jt l t . j l { . ;  , ,vrjere R i=t*"(I_SA) ,
SL  l =ko " ( r+s .  ) .  Tnen

A ' J L

s(c)= U,\iR.*= l"l ltt,l + \,,1 1 f{:= trto* \.,t 1 ce i
- 1

w-nere \ i \  ' feia 3t,I ,  . irence a posibive l j-near subi,ramiJ'old af fr^.



Also 
G.(u)=cxtn +c\"\  ar l  '  -  \Ct' '

and sj-nce C is isornetr ic let us note that Cr0; isTdegative f ini te

dimensj.ona] subspace, C\A\ Lk!,  is a posit ive l i r : 'ear nlanifold ano

I r '  s -  n \ .1\ i -  f{  
- ! '1 = o. ' lnercfore

L u & r r r  v r ^ \  
H " ; ,  ,  

_
i5 JCii= YL\'- r =iT(; +c \,r\ 'r{.li

an.  t i re  concrus ion fo*ows r "o ,uf \  ,  T i ieore i ; r  v r .3 .5 l  .  q

Z; &, colplrjily" ,.i$gg,ls pi-ri A gee-^q19g9-{-3ggge' 'r}Sg*t4e*l9l*ple

l=c \el i+x

,e st abl i she s a ojq): toa one g!€Le sp egaenc e ]*@9!-9149I:
{.

B € t ( 1t, K ) l*:l-tl{ ;t;="1' ?L{*1tl*Lhe- per{s ( c' ;i) !t%-i{at

c e*, (&u,1{) Lff-4.T}1-gpe9e-ll-o3'9trv----?}g ;t €*' (rer;t'1d) 93!i-s1..i-39

;Sx=o aEg Q(,r)c R(r)*t . : i

l iQel,T'e bou*cieirrr."u'u of C follov'rs rrorr the f'act that \Ay j-s

invert ibf e on *e,.  ano c\^\ i  e ;e (&,. '1f )  '  Ti l€ : :est of lhe siate-

.  
rnent  is  conia j -ned in  the proof  o f  Propcs i t ion 2 'L '  EB 

i , i r

?" 5..,!_g&ir:!;\iiy, lS.sUtS*-UlLt 
k-(rr) * h"- (;) < "o ' I:L*ig-{9*ft:'gl" 

'

' a

t  l =
i 1  n  I  A  I  4
l ) = U  \ f t l

establj sires L-9ire:*!g:93e*-g9'r{s€P9:c1e399-:*tf:g-*lJ.-ili-e---qpe-La-!J'{F

r 
"", 

, f* ,*fit--* tjlqt l*Jts=r' t3g-9ll-t"9 -5,q9lg-!pe-L"i!€q'n93't

9Lg1glglg u € *, ( fr,=, JL) .

SO0"+rr ,e t  ie* .  tR,&)  be such t i ra t  -d* . i ;  =A'  Tnen ' :=C\^ \ l+ ; '  ' ;s  in
, , , i

S.roposi t ion 2.r .  conslc ier  i i r€ f " i l .  &u=*oc+rRf e is in .c i re proof  l ;

of  oorol lary 2,3.  s ince t&, ;  is  a n i :gat ive subsPaci- ,of  ut t1:"" t :n 
,  

l

k 
-( ; )= 

, I r - (J)  i t  foLlorvs t i iat  i t  is  t 'axi ; ra l  *ni fo i [ .y ' 'e i ]at ive in JQ

^  ,  - t n - S f l  :  - . - i : . , : : .  1  r r n i  i . n - r , , , 1  i i  n o S i ' b i V e  S U b S I f  a C e .  T a . r f  l n ;  a C C O U I I I
end.  (udL,r /  is  & 'u t*Xih;Ei l  un i fo :cr" ly  pos i t ive subspa

ia

1  ,  f t ' l

of e\^\tX{, lc (C$el lH t l lu ooutrdecirresis of C fol iows as in t" l re proof o1'

Coro l la ry  2 .3 .  On tne  o ther  t randt

@,(: i ) .  Q*t . ! '1 =(c
r  r 1

^  \ +J

{e ; )  ,
1r

R,t,r) is posi 'Live. iut, iron fft t=o i ' tr fol lor ' is 63'(: i)

':l$ i

,,

' t t r e re io re

ner"rtrrrl, i r ence  Q, ( , i )=0 ,  i . e '  ' r=o '  W
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-  - t )  ^  ; . D  t 1 )  t  ,  ^ t  - -
1rr .  Let  J(  be a Kre in  space anc l  A€x '  ( 'n ' ' l  ,  A=A ' r r t  tu is  sect ion we

' / 1 ^ t

pre$eni . ;  several  facts regarding tr i€ Cl : r r 'o inal  nunbers /u"LA] t

n-t;1 end Lot^J v,rrij.cn are caLled respectively the rank of i so i ro -

t lSSOCi -py, tne rank of  negat iv i ty and tne ran]< of  posi t iv i ty of  A ,

ated to the c iuadrat ic forrn

b* , t l x e 3d

in tne sense of  L?l  .  I f ,  J is a fundai l rental  syuuaetry( f .s)  of

tnenrconsioer lng tae notat ion f ror , r  t i re previous secl ; ion lv i th

to tne J- inner procluct 'wir ich turns J l"  i r r to a r i iLbert  spacer '

a o[rr l= lLo(Jr . )  ,  a, : [a l  = k-(JA) ,  r r .+[41 = L*( la) .

l .1,Pi iQI0SL.T{01i"  !S-! .$d,  e4e Jt  2 be Krej .n spaces and.  Te*,  (&r,k,

flee:
ao[ir-fr'r] = /uot rr-'rt# l ,
/r,-trr-rfr]* h-( ld 2)= h--[rr-m+\ *L-( .( ])
n +[rr-r$r]+ k *( xf 2)= Jt,+fr,-tr+] '* /01( 1{ r).

r e s p e c  I

( 3 . t ;

( 3 , 2 )

( 3 . 3 )

Plicoir.

T r I z

factor ize

rr

0  , r 2 -T

I
L

b e

:llr l

T

+

t

\
t
L

+ 1.. .,
U  I I A

I
I
I

\

\

d in two o.ual vrti.ys:

o l I t ,  ,  t * i l
, l l l

r* l  [o ,  12\

r 1 ' g l

T ' J
ni /t*[ 6l

. .1 |'  u l l
l l
\ l

,  12\L
- [ , ; , ' l  

r .
L *  I

s i - t ion

t
l1-

o p o

. r
l T

I  l r
A l rr = l

Lo

'; : ,'l
i- 7:,.1t.+' j

;

Let #- o.enote the i irein spece & ,\."J kZ and" fre* t 111

def inecr by

rn-

anrd note i t  can

and

,

,

. - i . .  . - ^  ̂  -  J r r r  n A r r ' / ;  - i : i  - , ,  .  , f ,  O  i  i ' 1e i l l u a r w  v  v J  v v  u i l  u 4 r t o  . V  
L *  J  t

rect j 'or';.rulae f 'oilolv. @

3. 2. lt$,l i i l i l" i. . Ttle prevlous

a s  f o J l o w s :

r t r t $

' i : i t r . s : r , ' r ' - f ;  v g  1 : , i g  c l C ; i -
" * J  "

filfir-tt

, r \ l  0

can be equivalent ly forruulatea



J,et &r, K z be Hi lbert spaces, Jl  anci J, symrnetr les on Jg l
and , respect ive l .y ,  *e  , ,  and i l  €  f  ,  &,  ,k  r )  .  Then:

(  3 . 1 )  t ,tao t;r-u*rru) = &o ( J 2-tJ rf l()
( 3 .2 ) ' + (  3 ,3 ) '  f ( ; r - f ;  z , r ) * , f  t r  2 )= ) r -4 { ; r - r ; r n t )+  } t - i  ( ; r )  .  w .

;-#,JgJ*-#,. 1,9! &t artg Jd z bg=::gtltJ-gj]g^!s?.9s!- (x"-(&r),

} L - ( k z ) . o o ) g 4 t . e u C ( k ' , k 2 ) . 1 * l 9 9 , L - [ r , - r # r l < * o + t . - e l - {
-  r , \  A  - t *  . . . - . 4 * . '

94lLU rL LI2-'IT J.* a+d_ ii1_ t+Ls_*cjss_*i.s il*Lg

( 3 .4 )  k - [ r t - r f t ]  -  & ,  - [ r r - , , ' r # ]  =  u . - tK r ) -  L - (1d r ) .  @
3.+.Jli,,, i i j i l i* rl i t ir t ire notation r'roi. it tne i:revious Leraark ancl adclit io- .
nally A. 

-(Jl ') 
, ,L- (i Z) 

< c)o , t ire above Ooroii. l  r*ry 1s' equivalent .,,

i ' . i

'rii lli
i ' t : ' . i

. 1

r  - t  -  . , t l k -  ^ r \)L- (Jt- l^r  
2t)  

< oo i f  and. cnly i f  )u-  ( ;2- ' IJ 'T*)  < oo

anci. in i;tr is case lve have:

(3 .4 ) '  tL -  ( r r - f r  , r ' t ) -  k - t i z * ' t J i f  )  =  )L - ( r r /  - -  )u - (Jz ) .
i i 'or o bvious reaeons t '/e siraLl ref er to (3. 4) orl ( 3. 4 ) t $L4

uinciex forurula ' , .  E

' ; , ' e  record .  l . l so  as  concequence o f  l , ropos i t ion  J .1  an

i ' re l i -k;no' ; r t t  fact  I t t l  ,  t , ib l i  t i re au,rai i te ige of  an elei le i : t l ry p1r:of  (see

a L s o  [ 6 ]  ) .

t o

l, 5" C0jit'jtl,lii{. r:j ?- g: 1, po*irjadiry ejrace en4 T € { (Jd ) .

'i lj,',',i

: i
, !  

r '

:
i-rIen

t le*e9$-{*g!ig*," (s*!rl.qt- _eer.!r--erj}-93:_Brl*I} 99:II99Ii:g) _+i_-*l'g
*t

nn l . r  ' i r  a r  i . s  con t ra . c t i on  ( s t r i c t  c . ; . r r i : i : . c t i on ,  un i fo r : i l  cc i l t r { l c - r , i o1 ) .  
'- - : ' - e * : : * a _ * * . : _ . _ _ . _ _ T _ - - - . * * _ _ : _ - _ _ _ -

l i i ! 0 4 - , i e i r e v e o r r 1 y t o n o t e t i r a i T c o r : t r a c . L i o l r i , i e & i l . S z " - t r - f r I ] = c , '
,r, l

T str lct  con'Lract ion ; , ieans ,1"-[ f- i+f]=O and. 2utf- f#'r ' ]=O and T .

unir 'o:.r i i  con'Lr"act ion 1s ei iu-1va1ent ' to a-. [r- i t r i l  -o and r--rFt is ,

inver t ib le .  f f i
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IV. l ,et S{.1 and /t Z be two Krein sps.ces and. T e g (&rrIL;, By

. f ixing tvro f .s.ts Jrand J, ot f,41 ancr respectively #0, we d"efine -brre

fo l lo lv ing  ooundect  oPera tors :

JT=sgn(.lr- 'd: lrT ) JTt=sgn(Jz-TJIT*) o

Dr= | trt'r*t z\\4t , ilf*= \.t r*T'lr'f,\'- '

I t  fol lor irs . tnat the fol loivin{ l .equal i t ies hcj ld

J'D'=DTJ'I J*xDr*=DT*Jrtt

J rDfr=J 1.'S; ,t , j1tDfu =; a-tJtl'rf
, rr i rr- 'S;rt)=(.1z-rJi t{  J z ' ! ,  t* ta(J z-rJ}tx)=lJr-t \r t)  J l 'S

9 l

Definin.3 t i re subsPaces

(  4 . 1 )

\ 4 . / )

\ + . ) )

s r *=@-1  .%r ,
& T 

as a l irein space lvitrr

x , x € S r

agd correspono.ingly, we cot: .sj .oer s *x as a hrei 'n space tr l tn J,*x

a s  f , s . ,  i . e .

Lr, rr1 = (J**u, v) , u ,v  €  & **  .

i i i i th i j re notat ion f rorn the f r revj-ous sect iotrs we have

z-C$ r) = 4-T( J r) = r'at;r-r\ zr) = a,q[i-"''+'t'j

a,rt& ,*l = LT t;rx )= h,T(Jz-ri rr)k)= &4[r-rr+ ]

par t i cu ia r ly ,  b ) t  chang i r iS  t$e  f "s ' rs  J l  and J ,  '  t r l t  above co t rs t ruc

t iOu lead.s to iso. .etr ic isor^ iorpni-c r ' r '€ i r . l  spc"ce & Tt respecLively

,1f i .  t i r is  is  one r lore reason'  to ad'opt th: is s i r f ip] i f ied notat iorr

soneitovl lnuei:en.cient of J, and Jr'

Ir**1-: jj#-ai". rigl ?rly_*le}.q,sp.Lic"gs

"gg .f_l*e-d.. L,,F,js J r ap9 J z otl 3( 1 qlro

* .  1  lp . i  &  2 ,  r€*  cR' r ,?- r ' ;

, I-Y:i,jglifsir &' ,, r

uniquely oe'i;errjlineci --o-P9t*!9{! i,,.r€ f, ( & r,S ,r*)  13g l r*  e

€*( &r*, dfr) !1"_'-L.qr:e3
f  t  r \\ + . + )

Piiv0-rr. Le L us

the  ex i s tenoe

(  L - \ )

&*=@)c fer ,
frort nov/ on lve alvrtlys vri l l  consider

J T  a s  f . s . ,  i . e .

[ x 'Y ]  = ( J r x ,Y )

!,r*Lt='fJf rt
_ . , f i -  ,

, UT.LT* =1 , Zrytr

of  L,^  is  equivu l -cr i t
I

such tnat

h ! :14rf  l i ) - . . -- l  . ( :11:

r rote t t r i t t  t i re e,- ' is te i rce

iron-iiedative constarrt f
,ff< f,^ . ,)2,*.

. f i rst

o f a

TJ-  ,?J

' fo



*b1x , t iefi i iecl by

and aR;;lo6ous1y

T.tr l ,{ ;r t tTi lJr ' ' ' tJ rt ,^yrf i+,
i t  fo l lours  t i ia t  t i re  opera tor  tJ1J , . IT*JZJ**  i s  (

l : .e i rce by i l ,  r 'erul t  f rorn [q]
'bhere exists F )z 0 sucn tnat

TJ tJ rr*J ,; rrtufir < f oi* ,
i n  en  lve  have (+ .5 )  a r : .d .  the  ex ls te i .Lce  o f  t i i d  opera to"  L f  €g(& r ,$  r .X)

is pro ' , 'ed.  The fact  t r i i i . t  i t  is  uLniquely c ieten^i inec by tne f i rs i

eor :p : . - l  i t v  o f  ( { . .4 )  fo } lo ivs  1 ' ro r }  t r re  fac t ' t i : .e t  on  &; , . , ) t  1 , i . .L*  opera torv +  \  r a  v r - .  - q v  I  v r r e v  - -  

*

i l , f t  is  one- to- i . r r te

t r re  s taternent  concern ing l , "u*  fc l lo l i rs  by in terchernging the ro les

z , r r  , n  . . - . i  , , r i <  z .n i ] npc i : - i  r r e l  . ,  l ,  e l n i l  J - .  mf J . | -  I  ( J r J ' \ . r ,  I  g  r U ' j y E \ / U I V E I J  
J  t -

A:-*.jr];[ 'ni[o J,et us erssune tnat trre operator i-f*f i:as closeci range,

et luivir ient iy by } ' roposit ion J.1 tnat I- I ' i ,# i res closec. i .  r i rnJe. I t

t l  e.t icL L-1q ci-in be expl-icit ly

. . -L,  ,*  -  r ,  \
I .Lrlxft=rJp1 r cJ 

2rfl< {d ,1ts e

:i !;. i

Tiren, cott"si-derine;tne non*negatir"e j-rurer prod,uct
i ' '  l
t:lr'*
J:11 t l( ' r ' )  c  o n

D,Ix

/  \  , - . 2  \(  xr  Y/  2 = ( \  u, , ]xx '  $/
T - \ L  a

"tt

\
r  X r V e  4 T *  t

, Ltzl arrrl \A

' r ' )  
2  - s J r u : u e t r i c ,

Lio

Ol it . ' i 'ollorvs tir.at

, 1  . . .  , ;
i !  I . :

- 1 .  i  s .
trT=D-frtrfhd c{ ,n

Par t :Lcu la r ly  tn is  i s

ciir irensj-ons ( see \"fl for

jx.l*.il;!'*ji*!" let us &.sullrii€

T J 1 = J , r 1 .  T a e n  ,  i t  i s  e a s y
J - 1

RA a re  o f  f i n i t e

s i . tua t ion)  .  W

Jl cuna J, sucir tnat

r c s p e c t  t o  t h i s

foi lo ivs t i ia 'b t f  is  invertLble on & 
t  e.n.d .Dr* is invert ib le on & 

**.

0n t i re oiher hand, f rorr i  (4.3) we have

nrr -\ A -\ \/I t J l a T L o s T i t

i r cncc ,  in  'b i t i s  cese e  t , ,e  r :ne ; 'a to rs

lv r l t ten

ir
.!

the cese i f  J4 . ,  and
.L

app l ica t ions  o f  th is

r,rtat orle uarl ci,oo se

to psove t i rat  ,  rv i th

,  T * J z  * , n a & *



- ] i *

Jr, a*d J, ere icrent i ty oi :erators ,  t . i re relet ions

exac t l y  t i ee  i l  de fec t  re ln t i ons i l  ( see  € .g .  L l i l  ) ,

\ 4 . o /

elna tnen

Lr*=J''if,i,r*,$ S ,n
the f i : ,st  equal i ty

D1*.1-1jrDr=rJ1 { tr-r*; rT ) = ( i2-'rJtTtF),t rr =Lr**J"ltDrxJ 
rTT

' r ' ,  t  - - t  T  n r  1 .iJtu r"r:itJ 1)t 
=TJ 

,L)^1.
Taking account ol ]  t l€

e q u a l i t y  ( 4 . 6 ) .  n o l v  f o l l o w s .

4'? ' i i i i ' : ; rRj i .  i iecal l in;  t r re coirvent ions f rou .bne beginning of  t i r is

$il
r \ 8

i taportancc during t;re

sect ion tne above Corol iary nreans t j tat  ,  " ,+' t l t= 'T

' Ihe fol lovi ing resul t  u, ' i l l ,Le or '  teciui icer l

n e x t  s e c t i o n .

4.6,  COitol t ,4&Y" ' !ne 
{g+lqvi in4 equal i t ies hold./..-,''**.:i

JT-DtJf lr={,;r*i

Jr+ -.rrrx jzttfi=t{i Jritfk .
PiOc'ir rv€ f irst *rake ttre sonvention tnat ouring trris
inverse operat 'ors t r iat  appear have to be unoerstood. in
zed senscr  e

l re t  u$  cor is iuer  t r i€  oov ious  eque i l i t y

X=rT  
/  a  - f k , .  ' . \  r  T  , , . ) k ,  m__J f  \ r r l - t  . i  Z ' t ) x+ l  f  I , ' ' , JzTx

( 4 , 7 )

s3-
\ + . o /

proof -bire

the general l -

f  .  s.  I  s the operatorr lT and. l rx can 'be 
expl icl tely vrr i t ten

Lr=J r'I anci Lrtt=JtT*

?art j-cuiar1y, tryr len $g ]  and. Sg 2 are i{ i lbert spaces, i .e .

4. 4. COiiQi,LiRY.'t i !**!!r.e_irotatioir from t"rre above proposi t ion r f fe rrav(
I  

-  - -  ' -

FiJ00Ii 3y irrult iplying on ri5ht

uTrT i r /e Eet

Since DT,y* is one-to-one on

T. t ,r 
'- 

T r'l n,,t!r1r<./ 'p. lJ;1=d , ir lk l . /mltd 
2l 

' '  
,

wlerlce v'/e get

J^t l,nJ.,, i)-=i),, 4..i '  q1 T(
r  r  J -  r  ' L , t u  2 t

passi-ng to,  ar i j  o i -nts

* 
fX lt f.oll-ows

ur i iqueness of  t l r .e orerator i ,nt  tne

&

f roru (4 ,4)  are

g

f r n r , ,  (  t t  , l  \  r , , - i  + ; .4 4 v l r  \ ( f . . f /  l V I U I I

r x  €  & r ,



' , .  ,  ,  . .  :  ' .  : ' . "  i  
^ - - - '  

'

anv y € Q(;l'-'r\'r) we have

ly i lence i t  fo l lo-ws t i i l t  for  
_ - i .  r  rnr , r  _,rs, t^T)- ly .

9  - l

|  ' (  -TxJ. . ,T )  
- ty=Ji  

J+JtT'-oi  2T \  
u 1- '  

'  2-  '  v

( 4 . 9 )  t - t . j l  n  - ' 2 - '  r

I t  i s  e a ' $ y ' b o  s e e '  f r o i u  ( 1 ' t ' ? " U  ( 4 ' 2 )  t h a t
' r t - l

t  a.  ,1,)(r  ,n\-r-  DI-. I ' rnDm*
( 4 . 1 0 )  \ ' J 1  " ' 2 " t  

-  r  " r L  . '

' ( 4 ' 3 ) '  t h a t  - r
and also

(4 .111  (J r -T ' t r ' - u  7  
. ' ' J1Y=J2 t (J I - t  

d2 ' t )  r  '

rvnere y rurls in @C;1-IfiJZ[) o

l t f o l l o r { ' s f r o n ( 4 . 9 ) , b y i i r e a n s o f ( 4 ' 1 0 ) a n o ( 4 . } } ) , t n a t
- ' l  -1  r  - ,  r  ,nX/  r  - 'n .T-  'p*1-1" - '  ' '  "  -  :

( 4 . 1 2 )  u r t r r l f i r r = ' i r y + J r T r ( J Z - T J ] ' I ' ' ) ' r ' l r 1 r '

f or arry y€ G' (Jr-ttJ rT)'. l1*"*:., *"1.1;"uslv rvith ( { '10) r we nav;

,  f .  i ;1 r  
" t \ - f6  

f j ; i j ' ' xDt *  ,
t t J 2  r r i *  '

S:# ,
ffi
" ' i

:
I

r l '

I

a .

(4 . I2 )  car t be vrr i t ten
I

l[1;*r,[]y=Jlx+Jrrt r,#J rx]'r?i tJ1v '

or  e. lu ivar le4t lY '  
w-  - t  .  -1-  . ,

(4"13) Jrz=DfJrDrz+Dr.lrnxlfr ' l ' 'n ' l l t t ' l t loz'

for  arry ,e n;18-( ; r - r f iJrr )=Q.(Dn) '  
us ing now (4 '4)  i 'n  (4 '13) i t

fo l lorvs 

Jrz=DrJrurz+i { i ' tT '  
' : * t^ : t : : ' ;  

-

i."'. (4.il ,r"l;, :"'. 'a*ol*"ti"""t rnauirlr,- "i 
& r ' hence ev€r'v*

wlrere.  (4 'B)  fo i lows by dual i ty  f ro in  (4 '?)  '  E\
\

4.? itiJl#iii],j; Let us consider trre f'feirr spa,ce dt- } fn.J,x or.,arti-

zed in t i r6 fol iowing way: t ' i rst  take the Hi lbert space Rf@ & fo

on whic}r consider the sytlu..etry J,@J1x arrcl tirerr define the ind"efirri.

i n n e r p r o d u c t b y i a e a n s o f t h i s s v l l e t r v . A n a l o g o u s l y o l l e c a n

corisi-der t tre'  i t rein spaae *t. ' '+lST ' i ' ron 
ln; 

above results i t  i

?

"-""1-";forward 
to prove i;ire tol:o*:"t 

:*"TtT:-'

' 4 -

t
;r*
p
b
Iw

. &
R

E:ri
t
b,
I
b,l
F
F
e , ,
[.
t
l
b
D.
E:
F
T; e t
I
I
I
I

er,nd

\ d  ,  D r  \ \ : ;  
' , , 1  

\ :  
' o j * \= \ : '  

, , ; l
Fro ,-rrn u,r \ lo " 

r\ \' u'' -;*t'*r\ Lc



by

on bo &. ztnl& r
the elerrrentar.y

s i tuat ion.  fhe
I  1 1s ooire an Lbl ;

I  for  t le

a  per fec t

i  r  , - 1 3 -

i .  € .  t i re  e lementary  ro tat ion operator  R(T)  def ined

f  t n  t ' . . ' l
I  x  ,  u r y r l

( 4 . I 4 )  n ( T ) = l  
-  

I
L Dr ,_Jrirrj

, is i+ Krej-n spece unitary- operator f.ron &,., t*l & ,"ttr I

Tne opera'bor I t ( [ )  is  t t re ind.ef in i te var iant  of

rotat ion (e. . i .  see I t i l  I  f ron the posf t ive-def in i te

case Jr) ,o of  the sonsid.erat io i : .s in th is sect ion wa

there R(T) also p1a5rs6 the role of  a funda:r iental  cel

€rnalysis of a uairix nevi.ng 2L ne6aiive squares in

analogy v.r i th t . r ie posl t ive- i ief i* i te ease. E



$:,i+ 
j

V. l,et us consider nolv t lvo

T G d ,  (& ,  ,k  z ) .  r f '  r ve  c lenote

foIlovring inequirl i 'uY

&l and k.z and rr

n j- t  is r ieces$s.ry the

Pontr; ia;31n $Paces
e -nl. -

r  r - l - -  . . " r r ' ' Ik = /z"-LI-r ' t  \  t r te

( 5 . : r - 1  A - ) u - ( R r ) e - h - ( & r ) > o  *  '

(  by co:"prlary i , i ) ;-  r ,e'b o.ruo %", *rra K, oe tvro ro-ntr jagir i  r iparces

, -  -Pa cS,-  a .nc l  l<^cJ( , - , , .  I i ;  fo i io ; rs  t i ra t  i 'b  is  r iece$s i i rJ  io  '
g u c r i  t n i i i ;  d ( l *  " . i  

; *  
" ' Z  - - - ' Z  

^ J  
- - " - - - ' - v

, - -z  t ' / '  \  t  r . -  r  r0  .  & . - (  &r )  A  & ' (k r )  e rnd .  t i i c i t  there  ez is t
har ,ve  lL  (  x i )  b  l t  (  K t  )  t  

A /  ,  ,  

ru  v l rv r  v  v r \&v  

! :

two |ontr jagin subspaces Stc fr f  i* td &'* *gZ suuh t irat

Sr=&rt*l ft , ilr*&, u-l $t' '

Corrsictering lL, € Gi ' \rJe [rre inter'esi;ed in ihe fo}1ow1r:.;3

probl  e i i r  of  ] i f  b ing wi t i r  prescr ibeci  i runber of  ne;el t ive squaJ'es:

N t4t

I  leter; . i ine al1 -bhe ope:rato"* f le f ,  t& tr&z) si ic ir  1;*Eit
.  I  

- i -  
J -  4

( q  ? \  I  -  ^  r u l  ^( 2 ' r i  I  . . ,  .  A n + o  - . . :  , - - i ,  f r t r ,
L t=iZI# Rt anii  k ! l :-? " '-  l= lgr I

vfr lere y 
Z c lenotes t . rue i . i ro, l  ect ion of  ?*,  onto k Z along Cq t  (  i .  €.  t i re

r - \ '  
; r ' i  n , i  i  c  n ; ' t1nr r r : ; ' n? t :1  I  t r r i  t  thgpro ject io . r  o f  &. ,A oato kr , ; i r ic r i  is  or thoSoi ta l  v r i t t r  res l :ect  io

irrd.ef irr i te inner Prod'uct) .

l re t  us  f i x  f ro i l  no l ' r r  on  the  f ' . s . t  s .J1r . l2  r  J  a l rd -  i r  o r t  tne '  , ,  , ,

i lppropr ' j - i ; tb sLlF-ce" *(  t ,  kz,  t<.  ; ,no &t.  T,-rerr  tne operators
i , i

r !  l t .  ,  o \  ?  l t ,  '  o \  '  i  i ' ;

i t = [  |  ,  u z = l  I
\ o  ,  r )  \ o  ,  r ' l

(  vihele the block-laatr ices ate u-ncierstood. v 'r i th reepect to i i :e C.e cori-

pos i ' f  r ons  (3 .2 ) )  a r .e  a l so - f  . s .  r  s  o *  S ,  anc .  re . r , * , t i u " t y  e '  l j l t n  
.  

' ,

i :  ' - '

r e s p e c t t o a , } r . b i r e s e f . g . ' g v f e w j . I 1 c o n s i c 1 e r t i r . e r i o i e r t i o n f r o l u i i l e

i . reginnigg of  tne preceuing sect j -on.  Cn t l ie other i iaucl ,  s i t 'ce evel 'y

ru 
/-w l\J N. rt

opera to ' i e  * ,S r , * " r )  sac r r  ' b i , ab  t= r r t r i ; g1  i s  rdp rese* i ; cc i .  Dy

 '  / t  '  l \
.  r i t -  |  l -

\  -  . t
\ !  t  ' . 1

resPec-b  ' bo  ( : ' ' 2 ) ,  i t  ' Lu rns

ai, :nt  to ine fo l iowi l l r ;  o l le

i i)e't,erl ' i tre all -biie c
I
L i , "Lr" ! r ix  represer ' i tat l

( 5 . 4 )

out  t i r& t  ,u r re  p rob le in  ( r . ) )  i s

te d. (E'
einc] tr- (3r

k) vti. i ;rt t le

Sxiz?)". ?' ' '

i -

perei 'bors

o n  ( 5 . ' r )

wi."i;it

^  . ' . i  * r
u l { u r  Y

I  t ;  t - \



_ L t _
(.!

Let  us  denote  by  Tr€  d ,  ( f r f  ,&Z)  t i re  upper  ro !v ,  tespec t ive ly
_ - t

t "e  { ( f t t  r&r)  the le f t  co lu inn,  o f  the opqrator  u ia t r ix  f ro iu  ( j .+) ,
(  5 . 6 )

an.d

( 5 , 7 )

corisioer, two

f " = ( T  ,  A )

In

part icul

prob le r i r  (5 . j )  we need.  to

rhe fol lowing problerr is:
(\,

pere r to rs  f "  € { ,  ( : g1 r&2)

cir. ttieit e.- ( L-'rI J ,,r 
") 

= k

/ r \r"=t -- \ "-  
\ 3 1

order to approacl'r tne

ar cases of i t ,  na.: i ieJ"y

f r-ieterudne a-Ll the o
I
l-  rnatr ix (  j .6) ancl su

( 5 . s ;

and

( 5 . 9 )

lvitir trie

a

5 . f  .  L l i r , . , ; i .  ( i )

ttrat

o  r  7  i ; rax (  h - ,  l . - (& .1 ) -  & -  t k ; ) .
(ii) U tL '= k 2rh- (?r- )- k- (tt) iro_igg_lt-l9n-*rs_e _{a,{rtgrg*
( 5.10 ) t"= ( T , D,' ',* {- )

"  1.*  bet l .yeen tr t€ set  of  a l l
q9l3l9$-g{-!*g_p_t9g"L ( 5. a;,s1d brre gsr*of*e!} *o_pSrc_!_q{€
r € d. ( Je ,& ,-i =Lg*_eryL91t{.*;:(J- r.x.r*x f )=0.

l ioreover.  rv i th t r re above notaLion, t r l€ operators 1l::::::-Y:i!* --1'j:-- eind V d.efinec

f  
ueteri i i ine al l  the operators fce *., (*f ,&r) wlt ir t ire

f natrix (5 .T ) ana suci: that A- C,t ,-{ i ,  
, . t  

.) = fu | ,

t l  r -  , . \

t  ) .  t r /  nas  so lu t ions

UD,i.,t =D-tr Da)t ,- r

- ] ' , f  
+L  ^

+ +  v l t g t h e n  i t  i s ne-CeSStlr)

wJ

( 5 . t t )

,a,n9

( 5 . t e 1  .

respec t ive l ; r  .S
"-*---*T

PIqQI" (r) j,et T"

a f e  U l f i t a f l f  O - ' \ n 7 . r ' i ' n r o  h n * , , . 6 4 5 1 1  i ) n r r . t . r i , ,  . - i_ * *_:.*:={- _{1-_ayyjj_-us r/wverr l.ori uIAb*"L:g:99g d r . f r  ancL & -x ,1; ;;=- - 
f ^.'' ,

r_  g !_q_ -$ t [n ]Sr .
. r

b e  a  s o j : u t i o n  o f ' t h e  p r o b l e r u  ( 5 . u ; . I t  foLlorvs by



I

lr.,'l

ri.:
.i;n

Y;l'a
!-,r: ili

&rlf
Remark 3.4 that

k- ( , t  r- ' lStt})  
= lL |  * tL'  (k t)  + L- (& ) ,

hence k  i i .  ?c- ($ i  ) ' -  l - ' (k r )  is  neces$ary j  on t i1€ ot i ier  hand '  by

?roposit ion 2,I  there exist ei  Krej^n space Ji,  1 & f  's '  [ ;  'cf  74 ancl

an operator  y€ * ,  (  k r ,& )  such tnat  lL- (5)= A-(J2- f r?1 ' { l  ,

r  + .  ry  - - )k \  r  q ,J , t=yf r jy  
,  equiva. ler r t ly

h "  ($ )  ) ,  h . '  ( J  
z -= i r i r r ; )  

and  u  2 - ' ' 11 t " - *  
^  ,  ^ * ,  

-  t - ' L  Ys ' r v ' r v * i ,

Y (  - - * " 1  J  '  0 \ / A \

1 5 . 1 - : )  , - T J r t n = ( A ' r " ) ( , ,  , , ) ( y )

rv l ience, also by ?roposi t ion 2 '1 ,  i t  fof-Lorvs

A - ( J  , - t : : u j ' r * )  
4  ) L - ( ; ) +  t " - ( s )

v rh ic l r . tu r r rs  au 'b  to  be  equ ive i ien t  to  k '  > tk  '  
,

( f  i )  Assuiaing 1. ,  = k > h-(&r-  ) -  k* (k Z) eind consi t ler in* f ' "  a

so lu t |on  o f  t i re  t r ; rob ic r , r  (5 .8 )  then (5 . t3 )  i ro lc rs  a r rc i  in  aOc i i t ion

k- ( i  z- ' r , . r t t t )  = tu- ( ,1 ) i -  k- G)

h.ence by co'oi lary 2,5 i t  fo l lorvs t - -a.b t i iere exis is u ' iquely oeter-

,r,inecl oi;eraior Acd (& tY. , &t*1 S4 ) sucir tnat
rli irt

, i  .  i

ri
,rl:

il
i.i

, i

;i
,i'$

f  . t r

( t " 1 4 )

qfld 
.

1 5 . 1 5 )

By

&'c*t Xr
/  r i  r  A\
\ . / . + v l

= A u * *ro*\
\ v )

n = wi th  r cspec t  to

g e t1 5 )  w e

/  n ' \
\ n ,  )
n i  ( 5 ,

* / r  ,  o \ ^  -
A t  - . \ " = J r *  "

\ n  q l

\ "  ,  " /

representing the oPerator n as

,  f ro ,u  (5 .14)  we ge t  ; \=Dt*A\  and f ro

Jrr- ,t-tn i= &s' A 2 '

rry Lakin; r  =& vre. get gre for: . , ,ula ().10) ar iu not in; i : tat

A- ( r r r -$ . iA  1 ) )z  k  - x - (Rr )+  l t - t  {e  r ) ,  k -  ( f r rA  z )  4  &  - (s )=

. (*.
= k - L - ( J t r ) * e  ( & n )  a n d  u s i n g  a r s o  ( l ' 1 5 )  '  t * ^  f o l l n t r s

h -  ( J r * -  r ;  r *  )=  &  -  r t -  f f r - 1 )+k -  (Kz ) ,

V,irr is l  
-uy 

i ' ie: . rark J.4 is et lur ivaLer i t  to k- f ' : - f t rJt*  f  )=0. '

I t  i s  ee tsy  to  Prove t la t

(5 . t7 )  Df f , t l ^ ' f *=ur* ! r *  J r *  t r t  b t *



-r7^

whence, '  def ining t i ie operator U: Q(D,"* )  ----- .+ Qrn
t . ;  t  ' \ ' \ ' \ r ' l f t  )  b Y  ( 5 ' 1 1 ; ,

+

i t  fol lows tnat i t  is isorietr lc witr ,r  respect to tLre j .nd.ef i4:Lte

inner products errrd. by ta.king erccount of l . -(ot ?F)= 4-(&y). )  aoo ,- r

* ! - , . a  z l n ' r ^ - i  + - i  - ^ ^  l -  rurre trellsl-rLes of t ire dor"ain ano. the rang6 of U, and L h , ?leorerr
^ .. -'t

vI.J.>J ,  i t  fol io ' ;rs theit  U is unitcr,ry iretvreen the l ,ontr. jagin
t . - . NS i l a O e s  S , i *  a n c i S f * "

* 1 .

!/e 
"f*ii, 

now i;hat

(5 .1e)  , r  J r  L i  =(  
"  

'  
\ f t  

'
r 'r -r 

\ _ rlJ,r*J* o. i\o ,

Ind.eed.

\f 
tr '-.-rr'-r*l .

, / \ r  ,  D r  )

D* J .  D- ,  =(  
t t - ' r t "  '  -T t j ' i . r rx  r  

\' r  ' r  ' r  
\ -  r l iJ , . ; r , i2 l ;  ,  i ' - r * l r t  Jp^*(  )

. 1C)  equa ls

r -D*Lrt I-

a  - * r -
r  , J -  l ' \ . d r i r *

by ta"cln.- acc

ro l la ry  4 .6 .

\

- !Tri2l , Ix) r  )

ount of tire d.efinition of' I,rt

Definir i6 trre opera"i ;or v: Q,{ lr_ ) &.. ,  t+l  Arby ( 5.12;,  i t

fo l io lvs f rom (5.Lc) tnat  Y is isar inebr ic wi t i r  respect to t t re inclef ln i

te inner prociucts and, siiLilarly &s t 'or Ur w€ c6rn argue tira-f i i ; is

bo;nd-ed anr l  j - t  uniquely extends to a uni tary operator bet, ,veerr-b '1g

Pontr ja*; in 
.spaces 

& ,"  a l :d &^ tn l  & r  .

C o n v e . i : s e i y ,  i f  f € {  1 f g ,  * . , * )  s u c r i .  t i r a t  & - ( j , u n -  f ;  f t  ) =
- t /

=t -  k - ( f , {1 )+  * . - ( t ( ) ,  i ; y  ta l . ; in5  r " 'as  in  (5 , tc ;  ,  i t  tu : . .ns  ou t  tua t
( 5"t7) rroicir, pc...t icu-r r*r lr.  k - (rr;- f  ,  FF 

.)= k-i. lr-tJi, i l)
, ,  - ,1  . , th  . . ,  \  / ,i l e n c e  R  ( J f - i i . r 2 i " ) =  k  .

c l e a r .  g

and t l ie r i . ;nt  s ic ie of  ( )

/  J .  -T tJ^ t
l L l' t  r - Y ( ' *
\  

-  '  !T*rT

nence the,c la i rn  fo l to- rvs

( l ' ropos i t ion 4.1)  and 0o



( i) lL-!4e-BIgEsr (5.e) 4ss-!efgEge^3t9"-}!-Jj
tira t trre-. i' o.L'j. q'IlBii-*19-qu;il*-*-f*!glg$-

(  5 . 1 9  )

( i i )  I :g

( 5 . 2 0 )

estabL j .$ i les  a  b i jec i i ve  cor responctence be 'bvreen t i re  se t  o f  a l l
;:-Y@--*-- -----i *----"*

t t '2 ,  & -A-( f r ,  )+  k t - t&o l  .

'; :, .;1;

tt'i:i

Lo-13_!loll|*:i j:g"*ry:!] -: (5 .e ) 1.90 -t1iii:.*i*t

necessary

al. i  o1:erato: :s

'p:::Pll u* Ti v* d*]lgllY

{  5,  zr)  uPt"=t  r  Dr

(  Dttr  ,  - j r t l*  t* 
\(5 ,22 )  \ r r t = t  

-  
)- c  

\ c  ,  D r r  /

*L:*g{'-:{riiii:-!e:9li"l'rilllf *i-"i*:i-:'*::-i'":::

1:9:899-I::--ry * ru -ry'g S r* FIA rt ' m

r a d ( & r , t ( '  )  -s i lg.q*t : " rat  l , - ( , r '  *  I -Jr f*)=0. i , ro reover ,  the

c \ \
og rn en(). M g.

! n

[he proof fo l lows j ' rorn Lemma 5.1 reasonin6 by dual i ty.

i loiE , Y/e prove tire i irain resul-b or' tnls 'f ' fon'

5 ".]" ir*j:-Qjirr*. ( i ) Ii" j*g-pggglg! \, " r) 'gg* 
":f-qi*9l^il93j*:-*:*::::t's

i -nequa l i t ies  a re

q 5  " 2 3 )
( i i )  r f  h . ' = x -

t.l le f or;.,ttlo.
a.+*

, , : i
: 'il

.A

,  ! 1  ( f t r ) - k - ( * 2 ) ) "

)c- (8.) iroiil, !tgl'

/  -  . ' \p r o o r e : i i  t ) . ) 7  a n d  t h e  s e t  o f  a l l  - t r i p l e t s  (  F i  r  f  2 ,  f  )
a-1=

&s r 'o i io ls :
-\-zu---\ .-

rr€d, t t ( ,su,x) ,
f2  e  * ,  (&  *o  t t ' )  ,

r € { ( S r n , $ . } )

l f ( i -  r f i ro  f1)=u,

A:t ; ' . .  FeJ,r .  f ! )=0,

,  A , -  ( r -  r * r  )=0 .

ncttu. i ; ion,  t r le lou1,rJagi in &6
I r tO. I l  QOV€l i  e*:*-:-

O, ) r r i iax (  k -  l r - (Hr )+4" - (d (2)
(\t

n- rd ta )+A- t  & r t  >  a  -c? r l -

i i ,

'C. :,

( 5 , 2 + )

estab l i . s ; ies  a  b i ;  ec . i ion  i :e -bween.  t t te  se t
. ' . : - w . , ! . -

or '  a l l  solu-bions of  tne

cne"racte: '47' e ( i

lvi t i i  tr .re &bove socice $



:
* ]g*

- \ - s \

.?1-d &nCn: dlp , ",gfpgttiy*{ &"i. gna $,-nr.U,l&rx, are unitary
. e{qry_Al-__e-nj_, :

I88!I. Tne first stu.teile;rt follr:.v-rs easily by cor,rblni.ng tire first
st ir tcinents j-n Ler;ruro. 5, L ana 5. Z.

*
l e t  € ;ssur i re  r lo t rv  tna , r  k - , *  k -  & . * (Sr )1 .A . - ( fq  

Z)  >A 
- (Er ) . -e -&,

ho1c1 a.nd let  cr lso S n* iL sofut ion of  t i re problei i i  (5.y j -n t i r is  cr_is(
consit:ei ' i irg ' l , ire 'rot; o}e.i. 'nrtor Tr and. i l :e crlrurn o.';eruLcr I^

assoc ie teq  to  6  ny  (5 .6 )  ana (5 .7 )  i t  fo l lo rvs  j . i l r i :ed ia te ly  r i :a t

A*( i r - t f ; t , , " )=&. ,  ,  A. - - ( r ,_r f f r r . , )= k  ,
wirence by iei i ima 5.r- trrere exlsts Fre d (&,&**) sucir t i rat

T"= ( T , i;f s.r 1) , k* (.r- r!.rr*t, ) =o
ana by t :er: t tna ).1 there exists t-re d (&,n, *t ,  )  slrclr  that

l r \r f  -  |  \  ,  A-  ( ; '_  r - - , r  
' r  #*  r  _. ,* t - [  

- . -  ,  
t  zd , t  \  2 .  )= ( - ,

\\Z'r ' i  )
conseque*tlyr r ' 'as 'Ltre foJ_l.oiving urati, i.x represe'-bation

(5 .2 i )  r= {  
T  '  D r )k '  , \  .

\ f t " '  
x  

)
cotrsicrerin; ,ron 6 a's a rolv e-rctension of T" it r 'ollolis by Le;*l i ia

5 . L  t h e  e x i s t e n c e  o f '  A a * .  ( s t ,  &  q , * ) .  s u c *  t * a t

/1"'u f ' ,\ 
u

( 5 ' 2 6 )  (  
*  

. o  
* ) = ' * * o  

,  k - ( t - s . l , n * a  ) = o  .
\  

r L  |  
- C  * C

on the ot i rer  t rand, by the last  stater lent  of  f ,e. i : rna 5.2 ,  t i re: ,e
exi's"bs a ',ontrl*.'ln space ui:.itary operator ft ,s to t.]sf -* *rT,
c 1 t / r ^  ' l _ : ' . . r -
U u t V I l  V r l g  t /

lvr . r ich i ' ror t  (5.46;

sucit trrai'L

- ] . a-u 
Ti {JT

D r t .
r : '

the e:li A € d ( * t ' ,  & r x b - 1 e E

t r  r \' * - ' l - t+--
r i \

\
I

/

s i e n c e  o f '

/,,
l " ryY ,

t
\ o  ,

y ie lds

t-:")=[t;,,*, ,;)^



ar rd .  k* (J ' *  s  tJq*SI )n  )=0"  uy  represent in i j A = [ n ; ) {i:i

rv i t i r  respect  to  S , f * [ l l& . r  ,  i t  fo l fovrs  f ron (5 '29)  l ; r ra t

A l* f  l  and. . lu-(Jt- f f ; rx f  r-  A% A Z)=r, i lerce lve cl ; :r  eolrsider

n &s a. co.luiln extension of f I ernii apirl ylng oilce l*ore Le*un€i 5''2

rve  ge 'N  f  €  d  (  & f4 ,  AC ) ,  i i i i l r e r . t  sp i i ce  con t ra -c t i c ' n ,  suc i r  t ha t

A 2* t Ufl,o , i jy usirr,3 1rris i;i:.ovu:. o1;€Iff.tor ^ i* (5.27 ) "ve 8c"

t i ie cle :; ireiL forl tu"ia of : i

n. ;^  . , * i  { - . : r - - r  .  - - . ' r  r - . - - . - r  ^ l  t i1e  ?or r - i ; i . j a ; in- Lne  u l l J  La t " I - J  g9L l r vcL -L r t l r v c  v r

Sp [ *1S f  ,  re$ .uec t i ve ]Y & ?* urrci Q q* t+l S rf,,

t i re  last  asger* t io t rs  of  Le i iu : ia  5.J-  a i t l "  J '2 '  W

-L'*****S UonsiCering the .elgraeii iery la btice sectiorr"

spaces

iolior,''r r:;i

e q anci

coiir..rii l i i:.5

q;?G
,-{}nO

grfl

t : .1€r l  t ; re for$iuir i  ( j "24) i ias tne fo l io lv in. ;  1at t ice f i i te: :  l : 'e i ) resjen-

tat ion (  in i ra i is l 'er  re l j resenta' 'b io:r)

_F&*dfr-

ffi

i , . I l . : i i l . i i . .  1)  Using the resul ts  of  ' t61 and those of  th is  paper '

can t ry  an inEpect ion of  the concluc l inq problems in  [u l .

',) ,
I

one

2)  Theorem 5 .3  c f i n ta ins ,  dS  pa r t i cu la r  cases ,  t he  s " t ruc tu re

of  two by two I I i lber t  space b lock-matr ices who.se defect  sDaces

have a f in i te  nrmtber  of  negat ive squares and of  two by two Kre in

q n A . p , l - e o n t r a c t i o n s  ( s e e  a l - s o  \ O i l .r F u e v  \  '

3 )  A p p l i c a t i o n s  o f  T h e o r e m  5 . 3  ( m i m i c i n q  t h o s e  o f  b i l  w i l l

k re  p resented  e lsewhere .
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T )  , . 1  l ; l ,  
- - : r _ r :  

/ . 1  1 ]  1 l
iI*H*'i-:!ull,D

A ' n , . , r : r r a  , : F  . . l hr l r ^ , r i r lE rLr r .e  ;u r reo i l .d€{ f  , / "1 , :co i i rp le t lng  i i l u , -b r ix  cont rac t ions ,  J .

0pe1a lo r  f i l eor  J  , ' (  ( I I , , JZ) ' , . l?y - l t39 .
r f f * i % - ; . F

l t z l z ,ovr ' i . Ia . :0n  t t re  t . l reory  o f  ex tens io r is  o f  J - i sor ; le t r i c  i r .ud

J-sy*unetr ic operators( i : iussian) ,  t ,unct . , r r j l r j l ,  J : r i1"  , L U

( i 9 8 4 ) , 5 7 - 5 8 ,

3 ,  3 a 1 l 1 J  e  : r . l i l e l t o n r J . ! i . : L j - e  g r o u p s  o v e r  t . r u e  r i e l c i  o f  r a t i c n a l

funct ion s i . ' - :neci  speciral  factr : r lzat j .on,  s ig i reo

interpolation and- euip}if ier ctesign, LQitgtqlgi-_!]i je?I{,

p (19 ,2 )  ,  i ? - { 54 .  ?
iosrtdr, J. : I1a_e-iliirl!e ,1-tij_eJ . q51q3.9_!_ lpg11s, Sprinser-Ve:r,i a3,Lg7 iy "

U/
3o6i16, : '1J" .  1 l . rd* i i l i , i , . . :0perators of  t i i€  for in  u\  iu  : ' -ncref . i .u j - . i ;e

j - rr i rer prociuct speces, {c.L1 g"_i. i .Wit: fug.g;gQ, ! .? (L t  5,),  i9_
.) (.1

'  L J  t '

Constan t i r rcscurT . : l , c i tu r .a l ra lys is  i ' o r  l ; ia t r i ces  h l .v ipg  k  r reg" t t i v r

sq l ia res  ,  1 . ,Cr i : l f  p re ;o r in t  , l , Jo .6 (  l rUS)  .

1 c . ' i r v i c i o v r i . $ . 1 i , r e i n 1 r * e  G . l L r c i i r . ; e r r H . : I n t r o c i u c - L i - o n  ' b o  t i i €  ; ; p e c t r e r L

trs a qJ..-!I*s j-t"*:.:-tl-:lrl.j!-riLgg ;;;;- .;;;;
. r l , k a d e r ; i i c - V e r l a g , B e r l i n ,  i ! U 2 . ' - - . * -

i iaileltn, ?. ; PcreLi r. j j . : state-spi-ise ;,enerai;r:rs for orti:o.;or:.u.J- irorrr-

ir ior-bh_irollunci', I 9 o3, i 31_i o _: .

9 .  I ( re j -n r l ,1 "Q. :  Cot , ip le te ly  cont j -nuous  L lnear  opera 'Lors  in  func t j .on

spaces lv i t i r  tvvo non.rs(  Ul i re in ian),  Ak'ad.. i , . le iu lE.  Ukraln.  Si lFt .

- 
,*. i,ax,r. ;:*:::::1"::*I;;

, Igjr- t . ,  ]1-( 1 > > +), o) i-b4'/  .

l ] .  Sotapov,  I / . -1 . .  : , .L ,ne uruLt ip l icat ive structure of J-con*l.act ive

,  t r udy . r , i os i i . 1 , ,& t .  0  osc  .  r  r r (L r55 ) ,natr ix func'L j . .ons (  i iucsian)

L 2 5 - 2 3 6 ,

1 .

E .

4 .

r

n
I t

B .

noiuj.&ls, i:r g.lgglg1'1gg^fusgry t ilg!-ii,+{4o:r c. analysis,




