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LIPTING OF O\JR ATORS AND PRESCRIBED NUMBERS

Ty

OF KREGATIVE: x)q,Luu.u;_)

by Gr.Arsene, T.Constantinescu and A.Gheondea

1 Let ﬂbl and $ﬁ2 be two Hilbert spaces on which tuexe are fixed
two syumetry operators Jl and,respectively?Jg_( recall that an

operator Je £ () , wnere $ is a Hilbert space, is called symmetbr;

i JzJ*;Jml). Let also &Eﬁ (iﬁ ﬁzz) be an operator such that tine
e e e
number of the negative,squares of ‘theigelfadjoins operator J 1 azT

is a cardinal.Zt. He denote tais fact by ?bf(Jl—T¥52T)= Roveiioiy

o

- o ' £ ) = N
Given two otners Hilbert spaces £ ana R on which we fix
two symmetry operators dJ and’reSpectively,J' let wsi consider the

r~ g o )
Hilbert spaces ﬁil= :'i@l @éi?. and fc_2:§€2 @R °

Then the operators

e
o4 5

~ < o g : :
J1=J1®J and dngﬁaJ' are symaetry operators on fﬁ respectivel:
I s : .
Hoe we are interested in searching for descx 'ption of all operator:
~ o
Te &L ( Kl,ﬁQ ) euel tlha;

o ﬁl >

M - _—-—&}@ N

: By, ?& St

ol N e Ciies . =
and & (J. J i)—,k' , where X! 1is another given cerdinal nue
“ber,
Phis problem that we stated above in. . . full generality is

.

related in afferent, Hore or lessiparticular; cases to otner pro-
bleds as in  {2] >QB}'\§§S'2R}1X’ and so on. -

' It turns out that linear operatoré onindeidmd e dnner product
spaces are involved and in the language of these spaces, one‘a&ﬁﬂma—
ge is that the problem ~ becomes in a certain'way.iﬁdepenaent on tue
sy’fetMv operators and the notation and formulations can be considéw
ravly simpliried, nowever Lhege Facts donot 40vveo far.due fo tne
lack of an adequate substitute of- the square root. oi operators in
these spaces.

Our approach is to adapt tne idea of (4] to this indefinite



situation. In order to do that we consider in the second section the
problem of indefinite factorizations of selfadjoint operators.
Corollary 2.5 exhibits the best controllable situetion fthat we
‘will use here. It turns out that certain relations exist between the
- T om - s mT \)K ’
numbers a5 (J. =120 T)iandek (J45-Td-1 ),
& 2 2 4 S
These facts are presented in the taird

séction.

One importent point in our agproach is the problem Qf finding
a good substitute for the defect relations waich in the indefinite
case are no longer true, Thus we are led to prove the .existence of
certain link ope}ators between tie defect subspaces.

In the last section we present in our main result tane solution

to the above problem wien kf(Jl), )L'(Jg)é o0 and X' nas the

least adumissible value. iie have to note that the existence problem

Ab)

-

when X' is greater than this least adissible value can be easily
deduced frou here ,.Wuile the problem of description ( as it is
éuggested by the results frbm the first seétions) invalves more
parameters and,on tine other hand, some of»the 0ld paraueters may be
unbounded.

- We have'usedlwithout gpecificatiion in this paper only elemen-
tary material from Krein space theory (see 4 ); more cowmplicated tuin s eare
precisely quoted. Let»us‘alsdéescribe our context: we tuink about a
Krein space . as a Hilbert space with a symmetry ppefétor Tet
and the indefinite inner product L ,'1' is'introduced as follows:

=yl =%,y , xye&.
There are many sucit cnoices of J, for & Iixed imner product

-

L.\ 3 each of it is called a iundauental syuwietry(f.s) . For a
s e ! . 3
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' S £ (e o - L
11, Let 0 be dllbert space and A€ & (), A=A". Considering the
functlon signum defined as follows

: =l =50
sgn:R-—-»{—l,O,ll ’ sgn(t)= Ol =0
- Lt O,

let SA denote the gelfadjoint partlal isometric. oper tor Non(“)

Clearly we nave cer(S, )=kers , 8 ¥ = L) and A4=5,| A\. Then

the signature numbers of "4 can be defined as follows: :
A"KA)zdimker(I+SA) - }c+(ﬁ)=dimker(I—SA) : /uo(a)=dimkersA .

Let usArecall also that h_(A)(‘& G ) s fhie numoer oi ne5

ve(powitlve) squdreo of tne gquadratic form (w 60w (soe e,

{?} Je On the other ﬂaﬂd since SA is & symuetry operator on R, (i)

-one can consider the indefinite igner product

. [X,y]=(sﬁx,y) oy @),

Let us denote by ﬁla the krein . space obtained in tnis way. Als

1 ; e
since 5, g&(\ 7 )Clgi(\A\z) end R(|4\%) is dense in 32 i
tuat (gi( \ el s o Space with indefinite inner product,

3

waich igs dec 0w§o able and non-degenerate, hence cin be completed to

it follow

p\‘; ;3_

& hreln space which coincides with (i@ ,t S

The first statement from the next result belongzs to fotapov[M]
and Bognar-Lrémli EB} We sketch:. the proof for tane reader's
convenience, |

e e s i *
2l PHOPOSIT BN, Te 2t iQ be a Hilbert space, Aew (§L), A=A =l

N ~~ i i S N

Krein space end J.a fundauental symmet;y of . then

e e

if 7*L+(u) Do a) mmd BTl Y L

(Ll “buUlln 7L+(J)Z ?L+(A) Bl g (G0 4 ) ;5;@

i) There exicis B di(éz §C) suca taat 4:3*%5 if ang onlsy

“

Be &, (je. ) faen u—u)kdb 1t and onllg i f B=C\a\ 242 where Cois 5

St (e - =i

linear mapping from §L(\A\*) sl X2¢ : isomet;ic with respect to the

—~ e R NS W S ot R e R e




Xe# (xers,X) with the properties =0 and R c (cR(W\ENT |

PROGE, (1) Let Be€® (¥ ,K,) and 4=5"JB. Then

0< Chx, = (B)KJB};, x):(JBx,Bx):(ﬂbx,Bx} ,

for every xe€ ker(I—S}.‘)-{Ol , particularly it follows Bgi’;er(‘.t-sf\)- is
¥ . 3

one-to-one and ;ejia:er(l-sﬁ) is a non»—lnega‘uivev;subs,'pace of I , hence

oS R ) Similarly we have ?{L"(A) s:‘z.—(J).
Conversely, assuming & T(A)& & 1(J) and A T(A)€ & T(J) it

follows ﬁl&‘i: there ‘e:{ists ced (ﬁ,ﬂ,':% )& krein space isometry, i.e.

d*JC:sAgieA : ‘ '
Paking B:C\.q\%ei,(‘«’ﬁ,’&) we get
B*Jb:\A\%C*Jc\;\%=\g\%sA\A\%=A :
(i) 17 JE%(R;}A) such that .aziﬁ*uB then we can define tae linear

mepping C: R( |4l %) —> K by

¢ lal 3B : x € ﬁQA.
1t follows that C is well defined, Since \Al; is oune-to-
one on iQA. Lét us also define X € L(kera,¥) by : ‘ . W
- AE=00 s xE kerh, |
Let x,ye# . Then
EClA\%X,ClA\%yl:(Jﬁx,By)=(b*JBX,y)=(AX,y)=(SA\A\éx,\A\%y)= § e

=Y.\.A\%Xs \A\iyl s

i.e. C is isometric with respect to the indefinite inner products.

Since
fc\al Zx, Xy) = (IBx,By)=(B. JBx,y)=(4Ax,y)=0 ; !
‘ e L g
for every xe# , yekerh , it follows R(x) ¢ (¢ (\a) ’2))(: ! ;and i

from ‘
o e T i fe o e
(X ;;x,y):v:Lg:,;Lyl=(u,dzh,_ay')::(;u;,y):o » Xyy € kerh
we get @b s :
Conversely, let B=C|i\ Zix e (32, K) with ¢ and X as above (i.e.
- e = o Ui '
¢ lsometric, 20 ana @\,(‘s:;)c \U@(\A\-‘)) ). Then for every X,y€

e we have X=X +X5, YEY+Yo according to the decouposition of



af

i(';}QAQKerA and

N

s
(B';’c Bx,y)=(JIBx,By)=(Jc\Aa| X1+JXx2,C\A\2yl+AV2)=
=XC\A\'11,V A Eyi] &p "Al,fy£]+iAX2,C 14} yi] Khxz,AyA

Since the second end the third terms are null from (A)<:

r\)l Y

Ll
(C@{(\A\2)§ : and also tue last term is null from ﬁ$K=O we. get

1 1 1

(B JBX:Y)ZQC\A\?X]_::C\A\ 23"1]’”{\4“*\ “X]_’\A\‘-y]_]:( lﬂ\aofu A\ = a5
=y v '
; w g
leees b -JB=A, B
In the next corollaries the notation are as in the above
/?roposition.

2, 2. CORODLARY, If.BJQ is & non-degenerate subspace of X, {uen
e Seaiaade L

Bl T

the correspond1L; C is closable,

e R S e

PRCOF. Indeed, diz -C\A\Ziﬁ and due to its non-degeneracy it
follows that O \ 0 +H(C\ A\
4l 1)
and ze((Cclal R § y7=ClA1%n with he R Then . | :
J = X
[C\n e J+7]={.(¢ % h]:{\jx\ sx. \A\‘h-l ’ at

i :
hence y+z 63)(0 ) and C*(;H-Z):\A\Zh._ Particularly C‘# is densely

m's

% s dense in ﬁ) . Let xéf@. , 7€ C\Al —é—{

M-‘ b

defined-, hence C is closable., @&

Sinée the closure of every'ciosable isometric operator ( betwe:
krein spaces) is also igometric, tae preceding corollary meens taat
everytime wnen'EEEA is non-degenerate the corresponding Cvcaﬁ e =

chosen closed.

2.0 CORCILANY Assuue tnat )L(IEA)zmin(?(—(A),7L+(A))<1°° . Then
Bgﬁg 1s a regular subspace of ¥ if and only if the corresponding C

1s boundea.

uOOEy Let us assume tnat % (A)<e0 and consider the fundsmentel
decomposition (f.d.) W _RIRT waere 1 T=ker(I-5,),
A A 48 : 2 A
5@7 o n). Then :
\alZe = 1412 A+\1ta§e+ “ila| 2 e

where |4 'SE, c SQ'F , hence a positive linear submanifold of $€A'



QR(cy=c3; +Clal*? ;a‘“

and since ¢ is isometric let us note that CH#, is /nebatlve finite

4

dimensionzl subspace, C\A\"}QX is a positive linear menifold and
led, © \ ie"l . Therefore
¥ - ‘;;; —i-

= Cr= - e e i

BR-RO=CR, sclalFRy,

and the conclusion follows from[‘:\ s+ Theorem VI.B.S—X. B

2.4, CORCLLARY, Assume m‘,u, A nas closed range. Then the formula

S SRR S

§_\

B=C\A| #+X

establishes & one-to-one correspondence b@i:wll the operators

A ——— e

Bed (¥ ,K) such tnat ,fkd.)—j\. and all the pairs ) such that
cei(&A,%) iﬁilg.;g@‘imuace L\%gg}“}j and X €L (kera, ‘.H:) Sapw{les
{%=0 and QR(X)C.QK(5§*34 -

PROOY, Thne ‘oomldeanes of ¢ follows from the fact that \A\‘ is
1nvertible on f}&ﬁ and \A\ Ci(g& , ). The rest of the state-
.men"c is contained in the proof of Proposition 2.1. W

. 5.5,CCROLLARY, Assume that %™ (4)= W(J)<o0 , The the formula

P

B= C\n\a

establishes a one- to~-one correuvondencb between all the oper rators

I A e NS Al e R ..-.. s e N e e e e

BQ'DQ(??. ) sucn that JJ*J_D~—.A and all tae }{'feln space isometric

—_— ,.,,,_,—,-_.__

operatorb R (ﬁe. 'j{_,) .

TN e i

PROOF: Let ped (R, Z%) be such that J*Jﬁ =A. Then B= C\n\ +X as in

e e e e B .

PrOposi‘cion 2wk Consiaer thae £.d. @Q "-S*@. C+1'§(+ dg in the proof
of Corollary 2.3. Since LR; is a négative subspace of dimension

,(Q.U e
ko (A)=h (J) it follows that it is maxigmel uniforly negative in K
and ((,33. ) is & maximal uniformly positive subspace. Teaxing account

of C\A\“R € (6 )& the boundeduess of ¢ follows as in the proof of

Coroliary 23 3. On tne other dauQ,
t4]

&.(xye ey =(cfk; o
; , +
herecive B o posivive, Buny fron X 00t ol Lovs R.(%)

neutral, hence @,(,\".):O, e =00 N
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TET. Let I be a krein space and Ac P (K) : A=A#.In this section we

present . several facts regarding tue. cardinal numbers }LO&AX :
2£~ikl end ®"(4l wanich are called respectively the rank of isotro-
py, the rank of negativity and the rank of positivity of A , associ-
ated to the quadratic form
. Fiamle "0 5 6K |

in the sense of qu . Ifi d.1is a fundamental symmétry(f.s) of I
tnenjconsidering the notation from tne previous section with respect
to the J-inner product wnich turns X into a Hilbert space,

e %aY= x0(d4) , ATTA) =AT(IA) , AT(Al =A47(3a).
3.1, PROPOSITION. Let 3, and X , be Krein spaces and TeX (K, ¥,

‘Then:
5.1 aol1y - z«.OQI, o]
(3.2) B e PR G R T e S B (% )
¢ m+[ll—‘l‘ T+ T )= U&Ig-lrfﬁhx,.(:&&,l).

PROOF. Let K. denote the Krein space Klbﬁl 3'42 and $€£ (K)

defined by

and note that 1t can be factorized in two dual ways:

: Il", Ol o, 5

T= ; -~ : s
and :
V m .r':%r“. 0 8

% 11 g i .Li_l_ R 9 11 9 (J

T=

0 s 12 O ., IMT e
winence by counting & &:], h [&1 and )Lf{Tl these ways tue degli-
red forumlae foilow. @&

3.2, REMARK. The previous ?roposition can be equivalently formulated

as follows:



“Let ﬁQl} ® o be Hilbert Spacés; Jl and'J2 symmetries on ﬁﬁ'l
T £ i
and ,respectively, e 5y and ne ﬁklﬁ"fl,_dﬁ, ). Then:
_ o
i k°(3,-1%7 31 12 (35719,
(Bizrels I K3 -T 3,1+ 0¥ (3,)=nTF (J,=1d; )+}u (7)) . ®
be Pontrjagin ugaceo (XK );’

2
g S e

3.3, COROLLARY . Let Ml and K

A ( J{,,)< o0 ) and q‘\e%('}&. 2). 935@9 ’C“\Il 1\]<oo if and

e e,

only if k, [1 ~IT }émo and in this case we have

(3:4) - 0 e o ® ) (36 e el
3.4 RELAEBR, With the notation Tfrom the previous hemarK and additio-
nally )L—(Jld, )L'(J2)<100 ~, the above €oroilary is equivelent
to ' ‘ :

M (Jluf 02&%<00 if and enly ir k,(J2~TJlT ) L o0

and in this case we have:
(3.4)" }z,“(;:--fﬂ*a,’;')—)c“(Jf-afrJ 1‘*):)&‘(5 Sk (00
. ' i 2 e S i e

for obvious reasons we shall refer fto (3.4) O (3.4)! QA
"index formula'., &

We record also as consequence of Proposition 3.1 an
well-known fact [H} , wWith the adventage of an elementary proof(see

also {6} ).

S¢5. COROILAR e Ugt j¢ be a fOub?Ja n spaée @gg Tesﬂ(jﬁ). Then

N

i contructlon (utrlct COnifaCthﬂ, uﬁllorm contr uctLon) ¢¢ and

.
onlJ SRl ig ”OnLruCthﬂ (str%ot _contraction, unlform . Cco Lractlon)

PﬁCug, We heve only to note that T contraction means A~ && -1 L] =0,
: - ; -C.. :
T strict contraction neans A EL-T T]=O and ﬂ:oil 2N ”] O ang 7
0

o 3 i 5 ; AAT‘ 9 s .
- wnllorn contréaction is equivalent to A Q¢~v 0 end - 0 i g

invertible., W



wG-

IV, et iﬁl and‘iez be two Krein gpaces and Teigﬁ(jzl;ﬁﬂz).'By

fiving Two f.8."8 Jiand J2 on ﬁal and respectively 362 we define the

following bounded operators:

]

= S !"\*T T w CXCT e m m"k
JT—Sén(Jl~ uzf) E JTﬁf06n(J2~LJ1 ) -
l'\% j B i [
“\J =1 f2 \ 9 L)T'*:\szﬂd L \2 :
It follows tnat the following. equalities hold
(4e1) JmDD DTJT S Jm%DT*:DT‘)‘\'JT‘Y(
, . 2'~ [rfk - 2 .1 m*

(4.3) nJ (Jl—l_‘ i (J2 ST m’f<)u*2'1? ,T dz(J ~TJ r"*) (J1 —p Ky l)Jl"*

Defining the subspsaces.
S —————
from now on we always will consider 52 p as & Krein space with

e n g T o8, L sEs

p
=] ’;(JTX’?]) ’ X,y é.'% g2
. and correspondingly, we comnslder & pk &8s a Krein space with JT*
ast fi8ayd ve, :
,v) =(Tpn,v) . WVE S k.
With the notation from the previous sections we have
AR )= K= A3, )= AT el
(0D ) = W (T )= HF(T =10 )= AF{1-20%]
perticularly, by changing tie Bods dl and J2 , tane above construc
tion leads to isometrig isoworphic nrein space Sy T,.respectively
o fk.i?nis is one more ieason to adopt this simplified notation
somehow independent of Jq and Jy.

1 P JCEOSITION . For any. LTGLM Spuces jh and éQ o 9 ‘€Q€\j@ {Qq

aaq leeu oo, g Jl and J2 on.§Q and res ect¢vegy ?Q bﬂcLP uuluu

ezﬂa' &r..ﬁa&, ckw sucn_toat

(4.4) 1 1, D o]

40}]- l:\)kJ.JT l 52. ,_U ,l\)k l 1)2 J* ®

PROOF, Let us first note that the existence of LT is equivalent to
the existence of & non-negative constaut - such tnat

e - o7 D27 T M- D2y .



. Then, considering the non~neodt1ve inner product G te )>2 on

, Dypx

éﬁ@k,» defined by
' -2
(Zx,7) 2 =(DT%Xay) sy XL, Y € °25r1\*
I)Tyc
since we nave
mrT ‘\2* 1 m i K+ m T ':‘.* 1 T 1* i) T af?
G Dpd I=10y (09 =070 g0) 3 d 1720 =00 1) J 13, 07 = ﬁ

S T

and analogousgly
”21 el 2
D T Tk

it follows that the Operator 2J1dg >;"’J2J,.;,,;< S ot o ~Symmetric,
; = =B
‘ ‘ o
lierice bytafiFcotl L i ron [‘31 LAI} udu\}OX it Tollows that
there exists w2 O such that
e e D =2
TJld,i,L JZUTﬁUT’%‘gri}l«*‘ s
i.e. we have (4.5) and the existence of thé operator Lwebﬁ(o’zf,o%),fm)
is proved. The fact tnat it is uniquely determined by the first
equelity of (4.4) follows from the fact that on C%‘T% the operator
DT* is one-to-one.
The statement concerning L,¥% follows by intferchanging the roles
2 S
of T and T* » respectively dq end Jy.

4:2.RELARK, Let us assume Lua* tae operator -1 has closed range,

equivalently by Proposition 3.1 that I-Tf*ﬂ has closed range. Lt
follows that DT ig invertible on éﬁ{D and D, % is invertible on D -*u
On the other hand, from (4.3) we have
' - ‘ Sy Mg
m i

hence, in thnis case, tie operators LI and L% can be explicitly
written
] : L
.l.J -"Urq’k .LU J.),Té & ’P ’LT*:DT 'J,).um'kéoz T °
Particularly this is the case if 4K l‘and f&z are of finite

dimensions ( see (%) for applications of this situation).

4,3, AwARK, Lebt us assume that one can choose Jl and J2 such -that

TJ1:J2T. Then , 1t is easy to prove that , with respect to this
ok




f.s.'s the operatorg Ly and Lp% can be éXplicitely written

Lp=d 51 and'qulem* :

e

Particularly, wnen &2 | end pid .

Jl_anu J2 are identity operators , the relstions from (4.4) are

are Hilbert spaces, i,e.

exactly the " defect relations" (see e.g. VAS.

4.4 .COROLLARY. With the notation from tue a above r0p081tion e nave
: : s

(4.6) LT*:UTLTUT*é dZ,r% .

PROOR By mul$iplying on right the first equality from (4.4) with

e s,

JTDT we get |
: iy S N T 3 4‘*1" T ST n 1 * T e g IR 7 ‘k
: = —m Mma) = s m e : m
Since D.y% is one-to-one on dﬁT it follows
Ligsd D= ok Ded o,

wience we get

JT*LTJ u, D ,*’2’* 3

and tnen passing to adjoints
Digalir o
Barar coagn
Taking account on tue uniqueness of the operator LT* tae

equality (4.6) now follows. @

4.5, RELIARK . Reecalling tne conventions. from the beginning of this
section tiae above Cmol;dry means taat uT* ﬁ\: .8 “

The following result will'be o LebﬂHlCa¢ importance during tae
next section. : : | >

4.6, COROLLARY The Tollowing e ualitles hold
2 » 2 & Ll

T e e e e e

(4.7) Iy=Dydy D= TRl

and

= S e

(4.8) JT&-UT%J2UTﬁ=MT*JTLTk .

PROCT we Tirst meke the convention that during this proof the

inverse operators tuat appear have to be understood in the generali-
zed sense,

Let us counsider tue ooVious equality

229y (3 -1, 1) %5, 15,1 x € R,



waence 1% follows tuat for any 3&,GL( —ka T) we have
e oy r\)k’ m 2 m
(h. ) (J4-% 021) y leidli <2¢(u1 T Ja .

1t is easy to see, from (4.1) and '(4.2) thet

-

m* AR -1 el :
(4.10) (3,-T79,D) G By S D7 | :
and algo from L. )5 tndt

5 ; g <]
i1} (Jo=Tdq T B 1J1y=Jr_(J S b e

where y runs in R (J, wT%JZT

11 follows iTom (.90 py weans of (.10 and (4,100, toas

) DglJmnzlstly+Jl@r(J, udqg*)’lley =
for any yqﬂEL(u,—L Jo 7). Since, snalogously with (4.10), we have

*)"‘l "‘1 l

(J r) .LJ G U;i\’kunﬁki)l\’k‘ )

(4.12) can be written

..,.""l . -—"l T T 'x“] «r
Dp JT”E yzdly ulw*uT%J,%J % Ld lj

or,equivaiently,
oo

(deld) J 2= =Dy Jlula%DHulx JiﬁJT&UEﬁleQmZ ;
for eany zéﬁDT @L(J G T) QQ(JT . Using now (4. 4) in (4.13) 1%
follows |

e i K g = S

JTZ~DTJlDTéngdTbEZ yue R(Dg)
i:e. (4.7) holds on & dense lineal manifold of D D o hence every-—
where. (4.8) follows by duality erom (4.7). @

4.7 REWARK Let us consider the Krein s ace P& %\Q)‘* orZani-
: 1 U} o

zed in the following way: first take the Eilbert spéace ﬁE(&k%.m*

on which con31def the syusetry JfﬁJT* and then de¢¢ne e ;ndellnlte

inner Droduct by means of tan syumetry. Analogously oune can
COhold@L tpe wrein space dw)&ﬂébbl. srom the avove pesults it is
s ER

gtLQL{HLLorward to prove ULie foliowing equalities:

e o\ m kS

SR D‘l“)k G Q ey DT = AJ,Z 5 O
Dis =g | 1O y i DT?’“*@??T e
and -
' i o el T D 30
: D‘I‘*’—LT’*J’E © ’J‘J.‘ D‘ﬂ =J; L’l‘k 1o , Ik

¥)

%
£
5
=

E
(
|
|
[

\



3=
i.e. the elementary rotation-dperator R(T) defined by

i "DT*

(4.14) e -
3 ) Dn ’“JT;T%

Ak
is a Krein space unitary operator from ﬁ@l [ﬂc%,im gnto. ngﬂ'ﬂ"%g
The c¢perator R(T) is the indefinite variant of the elementary
rotaetion (e.z. see ilﬁlf) from the positive-definite situation. The
ase Jo»0 of the considerations in this section was dome in &Ql ;

there R(T) also played the role of a fundsmental eell for the

énalysis of & wairix neving - X negative squares in a perfect

enalogy with tae positive-definite case.



V. Let us con31def now two Pontrjazin 5naces 3%1 and. ﬁQE and
T&Eﬁ(v}fﬁl,cﬁiz). 1f we denote A = }L’"\_};,.{g i‘l tnen it ie necessary the
following inequality . - o

(5.1 - k™ (R e aT(RY)

)2 0
~/
¢ by Corollary Jej)( Lev dlso‘ﬁtl amdjz

&

pe two Pontrjagin spaces

no

guch that jb ¢t & and j%ZCljﬁZ, It follows that it is necegsary to.
have }L“(;fei) ok (?él) ; k"(?ﬁz) é‘k;(%g) and that there exist
two Pontrjagin subspaces ?ﬁc;gél.mnd' :ﬁcfgé,- such that

(.27 N R Y R RR

Considering &< '€ i , we are ‘interested in the Tollowing

problen of lifting with prescribed number of negative squares:

land

& : : % / - =
Deternmine 211 the operators Teafgj&l,a&?) such tinat
(b'B) : _ = N#r\o :
i ,@ and A K_J""E ’x}: e,
(]
wnere 32 denotes tne proj ectlol of ﬁkz onto j{z alonz H'( i.e. the
projection ol é{ onto 362 +hica is orthogonel with respect to the

indefinite inner product).

Let us fix from now on the f.s.'s Jl’d2 o and Jlvonithe

e : 50 ; . :
appropriate space -ﬁﬁl,ckz, f@ and ¥'. Taen the operators
. < ) i -.
( where the block-matrices are understood with respect to the decom-
positions (5.2)) ere also f.os's on ékl and respectively éﬁz. With

] fad [

respect to all tnese I.s.’'s Wwe will consider the notation from tie
beginniug of tne Dreceding section. On the other hand, since every
operator LE,mJ\é€l,JQ2) such tonat r:rgxgéal is represented by

= s tnee

. L -

b s 4:’;. W e
with respect o (5.2), 1t turns out tnat tne problem o)

equivalent to the following one:.

]

witn the

)
“f = AT

: . N ~9 (V]
Determine all the operators T 5? ﬁ@
N

~T

£5:5) 7 ..'v
watrix representation (5.4) and k. (k-



» ~15”
Let us dencte by i =0 (ﬁel,éﬁg) the upper row, respectively
T.& i(ﬁel,ﬁﬁ ) the left column, of the operator matrix from (5.4),

(5.6) L=l i) i
and -
: . | : .
(5. 7) T o= . :
_.0 C Bo

i

In order to approach the problem (5.5) we need to consider two
particular cases of it,‘namely the following problems:

Determine all‘the operators T G;ﬁ(:k ,jﬁz) witn tae

(5.8)
matrizx (5.6) and such that ;&.(u- gt WOPUO L S
and _
; ~
Determine &ll the Operators it e;ﬁ,(é%l,gcz) with toe
(5.9)

matrix (5.7) and such that A~ (J T ) 2.

Dal. DEREA (1) T _the. prooiem (5:6) hag _solutions tﬂen i 1o_nec;u ar)

o :

Lo maxlh, k."-((fﬁ )~ RT(H )j
(id) If ik s ,Q (j{ )= 2 (?E ) holds Then the formuls -
(5.109) Tp=(T , Dp%()

stablishes a uldectlvo correspondence petween tue set of all
'\N‘— e e e e WMM

e ettt st e

' ooluulcns of tae promlem (5:..8) and tne set of a1l _operators

A Rman o s i

Ted (ie oJ %) with toe _Property 4 (J-—T*J,.qﬁur):().

e B

lioreover, with tae above nOtaLlOH, tae _Operators U and V- dellnee

by .
o 1Y : UDT* =D % I
T
end
D!\ ) "'Jr)Lr ’RV

(5,02 o =l
| P
are_ ukjfiarf Opera or;is_,lw)“et /een _:L_OL.L,I'JM Ln 1 spaces o‘i),ﬂ* %@w&;v*

el; o Eac
ey & p w8 [nde

PROOH, (3 Tat I, be a solution of the problem (5.8). It follows by



- Rémark 3.4'that

Wi o ~ )k _‘N o3 5
e Tt T e t- (R TR ),
* hence ' % (é{ o (ﬁé ) is necessary. On tae other hand, by
propogition 2.1 there exist a Krein space % .8 cf8. Sof ¥ and
“an operator ved (§€2,$L) such that /%”(5)=‘k~(J L W e

Bl
~
/6 (8) > o (d - u_LJ_ ) and  J, r*ljtﬂ‘ﬂ( Y

(5eL7) o~1J, T Fo(h Y )( \

whence, also by Proposition 2.1 , it fellows

}cﬁ(J‘z—T‘le%) & A7(3)+ kT (5)

. equlvalcnhiy

which .turns out to be equivalent to s e
-~ N\ .nu
(ii) Assuwning Li=A 3 A (§Q1)~»Q (5%2) and considering T, &
solution of the problem (5.8) taen (5.13) holds and in addition
RT3 ,=13 %)= a7 (3)+ &7 (8)

hence by Gorailary 2.5 it follows tiat there exists uu¢quuly deter-

uined operator AEL (X p% s i1 ) such that

. Lk
s = ,
(3014) ( ) :/\_‘L)T:fg
Y

and
i 5 : * J $ @
(b'lb) ? : /\ A=Jm¥! A
By repreoentln the operator /\ as k/\ with respect to
' 2

&&h}l& ,  from (5.14) we get Asz%/\l'and from (5;15) we get

(5.16) 8= NEIA =N A
By teking V= hf we get the foruula (5.10) and noting tnat

R NELSPE R FEasl R, & Uih e Ry
=A-k (5@ )‘ﬂa (&. ) and using also (5.15) , it follows
4T <J\*-rur’f<> Tt el
wuaicn by Reuwark 3.4 1s equivalent to y \U—Y'JT* o );U.
Tt 18 eacy to pro&e that '

= i :‘L‘l’ ~ | ‘
G DTzurzuwz R en den ey %1%

W)



= T

whence, defining the operator U:QR(DT* T e Qi(Dv* by (5 101
: _ i

it follows that it is isometric witu respect to the indefinite

9

inner products and by teking account of A~ (e 1*):/‘—(0%1‘%)’400
the densities of the dowsin and the range of U, and [L% y Theoren
VI, } follows that U is unitary between the Pontrjegin

spaces oV o and o %
: r

We claim now that

(5 16) e e e /!j_\ ) _U ,“Jg)gri,yqr
: m v Y = : '
J.I‘ 11" iI‘ = \"*L = D \O D
e o ’ e dp
Indeed
3 =073, ity D g

B g ia st 2 2

p 9p Dp

11 l’a ~

~Ernadar, I~ D 3 D T

and the right side of (5.18) equals
' .
Jl-m dzf 5 TLT*r
"")?““k

= o s e
p¥Dp s I= TR Diwdplpy)
hence the :claim follows by taking account of the definition of e s
oy
(Proposition 4.1) and Corollary 4.6.
Defining tae operator V: éR\J“ ) ——> éBFQQ¥]&5 by odhar2 )
foliows from (5. lu) t“at V dis - is ometric with respect to the indefini

te inner products and, siﬂilarly as for U, we can argue that it is

bounded and it uniquely extéends to a unitary operator between tue
Pontrjazin spaces o 0 and &”’j t+] X T .
. e

Conversely, if YeL($H , & #) sucn that k™ (Jx-Tark)=
~ : Nt
.—:?t,—k"(‘& e r’c_(“gﬁ,\), b dakine T og in (5 10) = 0 turns out taoat

L.l,’) ll;\)l.ka)\.’ L)LN_L -G;-Cv_.(.uiluv /C —<JT*— (-Ur% \);. ;'L_‘\Jau_l_ d _j_‘*)
hence (31 . 2 I,)*‘ d

i

The fact that tue correspondence from (5.10, is one-to-one is

clear.




e e S S N G S

,,-u-u,_‘.-—\.._w.. Ll &5 H e

(5.19) W'y m =k (:?Q ey <;f%> :

(i) A= -t (&,)km U%P) nqltueigEEkA .
% ; s T

(5.20) o T

GSLabJJ shes & bldeCulVG corres ponacnce )waeen nne ct of gl

b e A e e e e AR T AR S R P S sy i

oolutlons of the problem (5.9) wﬂQ twv Deu oi ull 0p elutors'

s s S

réi(b% g0 &') such taat k- (J' \"“Jr,\l"%‘) =0. 1,;01eover, the

S e e st

Jpcr@tors U% and Vs deflned bj

e i

e e e

%5.21) U*DTC:DV DT
- Dyr ;D"
(5.22) Vg Dk =
C - T
are uuluwfy ombiutoru but”nen UMC JOuurJa i spaces: éﬁT andcﬁr.

S d e g C

l’eprCTlVbly = px  ead S\G,ﬁ.\ Eﬂa% TR .
e =

The proof follows from Lemma 5.1 reasoning by duélity.

lkow , we prove the main result of tais &fpeh.
: /
5.3, ThCRBm.(1) IL tae problem (5.5) has solution taen the following

1§§gyg}}tles are necessary
(5.23) 405 nen(H—ia (B eAs <a% s K (fe kR,
(11) 12 A'=k- A7 <§ﬂ BE 2 %l)-zc (%,) hold, then
tne ior ula ‘ v

s 3 e Dk ™
(5024) q:. L l

. ¥
U oDy = Tolpdpaly +Dpx U Dy

1abli AOQ a biaeculon between the setiof all seolutiens of ihe-

-\’-’\ s A e e

e e o e s i
e e g e et et et vy

problem (5. 5) and the set of all triplets ( Tl, FQ,F") characterized -

S \__.,,,\ i e o

——— R

a8 onlowa:

e (R, W= T T)=0,
Coed QR » A= T3, TH)=0,
\"Qtﬁ(e%v ‘:\St"f‘) ? }L (I" V*T ):O.

jioreover, with tne above notetion, tiae Pontrjagin spe ces o

m
e P i e T s s g WW\«»—- e e i S .L

¥)
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*._.}

and DeeINWr , respeotively Wywend IddRen, are undtary

eguiva

lent. =

FROOF The first stetement follows easily by. combining the first
statements in Lemms 5,1 and 5.2. :
- o - : 7 - o
Let asswie now that A'=ft- & (é&z)‘-b A (?22) >k (fﬂl)mﬁg (X,
’ i
. (o 2 =) 3 ", - “ 3 A
hold and let also T be a solution of tlie problem (5.5) in this case
Considering the row operator T:r and the coluwun operator '”‘C
: o el = e , e g o &
assoclated to T by (5.6) and (5.7) it Ffollows immediately that

=yl r|z*.";
A (dl e

P

S e 2 A T TRER 5

UZJC)'—' /2{, 9 A (Ul I‘I‘UQ.J-I‘)-‘_}‘(' 5

winence by Lemma 5.]1 tanere exists rl€ ~ (&,@T*) such that
e T : = o= ﬁ,‘ =

and by Lemms 5.2 there exists \‘26?«@ ‘(&)T, Rid V)« such bhat

T
Mo T T - R =
p - AT T R

congeguentily, T “has the following matrix ¥representation
(B.29) P= 5 . L
rz-uq‘x 9 L

Considering now T as a row extension of ‘.L‘C 1t follows by Lemua
5.1 the existence of A &‘eﬁ (39{ 5 e Ty&)' sucn that
c
d) =
LA

(5.26) =dpkd k7= &g d =0,
c

X & o .
On the other hand, by the last statement of Leums 5.2 , there

exists a Pontrja.in space unitary operator V :d ok U}%r%w—% od %
2, ok

(@]

| S I L
sueh fthat

which from (5.26) yields the existence of )\ei(-gz', O%CL?CB-]% rzﬁk )

such tnat ; :
DT:;( \'1 i ij,»i,*' - ¢ s
X U0k, Do |

= 2



' : NS
T ae e (I@L)N )=0. By representing A u./\*
. . : 2

with respect to ™) T&\ﬁléézf' , it fellews Trom (5.28) that

Noiel Tl and k(0= ek T L NE N )0, hence we cen eomiider
1 i i i 2 ik

1=
/N &5 a colwmm extension ol C . and applying once more Lemua 5.2
Sk Pl 2

we-pet e T € éﬁ(éﬁrA ’&%r§~) , Hilbert space contraction, such that

A=l DFA . By using tinis known operator AN dh (5.27) wwe get

»

the degired formula of X.

The unitary equivalerce of the Pontrjagin spaces éﬁ‘E and

@r&'\‘_’rlo%_f)v, respectively - o%f‘j#wuu @m%\fvjt\%r?, follow by comvining

%

the last assgertions of lLemma 5.1 and 5:2 @

5.4 RELARK Considering the elementary lattice section

Gt { )

><: RCTY

N

t.en the formula (5.24) has the followine lattice filter represens

tation ( in transfer representution)

¢ S - QM ¢

-_

e v D TS R "
; SRR :

\

\J
® .
1

PIuAREK. 1) Using the results of iél and those of this papér;
one can try aﬁ inspection of the concluding problems in Y?l.
2 )= Theorem 5.3 contains, as particular cases, the.sﬁructure
. of two by two llilbert space block-matrices whose defect snpaces
have a finite nmumber ol negative‘squareé and of two by two Krein
space J-contractions (see aigo 161). -

3) Applications of Theorem 5.3 (mimicing those ©of X}S) will

be presented elsewhere.
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