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OPERATORS ON POLYDTSKS

by

Gabriel NAGY

t s ' 1

I n  L : J  m .A .R ie f fe l  i n t roduced  the  no t i on  o f  t opo log i ca l

s table rank for  Banach a lgebras and obta ined Some resul ts

conce rn ing  th i s  i nva r ian t  f o r  C* -a lgeb ras .

R .H .Herman  and  L .N .Vasers te in  show in  LZ ]  t f r a t  t he  s tab le
,&

rank  i n t roduced  by  R ie f fe l  co inc ides ,  i n  t he  case  o f  C^ -a lqe -

' b ras ,  w i th  the  usua l  a lgeb ra i c  one

Since for  commutat ive Cx-a lgebras which have a mani fo ld

as spectrum the s table rank can be recovered f rom the d imension

of  the mani fo ld ,  some of  n ie f fe fsresul ts  formulated in  terms

o f  i dea l s ,  quo t i en ts  o r  c rossed-p roduc ts  (wh ich  we  sha l I  use

here )  a re  qenera l i sa t i ons  o f  we l l - known  fac ts  f rom c lass i ca l

d imension theory

In one example f rom his  paper  Rief fe l  shows that  the s table

rank for  the C*-a lgebtu f  o f  { . -a imensional  Toepl i tz  operators

( i . e .  o n  t h e  d i s k )  i s  e q u a l  t o  2 . . T h i s  r e s u l t  s e e m s  t o  s u g g e s t '

that  the a lgebra f , ,  v iewed as an extension of  the a lgebra

r ' l r i r t  \  n f  r . r - r n t -  i ps611g  func t i on  On  the  l - - d imenS iOna l  tO rUS,  iS  a
v  \  u  , /  v !  v v r r u

so r t  o f  a  "noncommuta t i ve  d i sk " .

Here we show by s tudy inq the s table rank for  C*-a lgebras

tJ '  
o r  n -d imens iona l  Toep l i t z  ope ra to rs  ( i . e .  on  po l yd i sks )



that  th is  image of  a  noncommutat ive d isk fa i ls  a t  the test  o f

tensor  products ,  in  the serrse that  the s table rank f ,or  the

algebra 'J  
n  

(which is  i -somorphic  to  the tensor  product  o f  n

cop ies  o f ' J  )  i s  no t  equa l  t o  t he  s tab le  rank  o f  t he  a l seb ra

o f  con t i nuous  func t i ons  on  the  n -po l yd i=k  r  bu t  i s  c lose  to

the s table rank of  the a lgebra of  cont inuous func ions on the

n - to rus .

The paper  has two sect ions.

The f i rs t  one conta ins the notat ions we use and some

prel iminary resul ts  vrh ich are due to  Rief fe l .

The second sect ions conta ins the est imates for  the s ta-

b le rank of  the a lgebras f "  our  determinat ions are prec i -se

for  even numbers n and wi th  aoprox imat ion of 'L  in  the odd case.

'We obta in more than th is ,  namely some evaluat j .ons for  the

s tab le  rank  and  connec ted  s tab le  rank  ( i n  t he  sense  o f  [ : J  I  o f

the tensor  product  o f  the a lgebras f  wi t f r  a  c lass of  cominu-

tat j -ve C*-a lgebras (of  cont inuous funct ions on mul t j -d imensio-

n a l  t o r u s ) .

f  would l ike to

Dan Voicu lescu for  the

paper .

exp ress  my  q ra t i t ude ' to  P ro fesso r

use fu l  d i scuss ions  i n  w r i t i nq  th i s

i
l

I

I

We begin by

For  a  un i ta l

consider

reca l l i ng  some

C^-a lgeb ra  ,A

de f i n i t i ons

and a natura l

and resul ts  r rompl

number n )t we



tgr, (A)=l''.'
3

. . . , . * )  g  o " l  J b t , . . . , b r €  A  s . t . b u . a n + . .

. . .  , b r €  A  s u c h  t h a t  ( a ' + b o a r r + 7 . , . . .  r d r , * b * a n + l - ) €

i s  un i ta l  we  can  rep lace  i  Uv  a ) .  Fo r  a  un i ta l

*rt=n]

ad jo ined un i t .

We denote by q the C*-algebra generated by the Toepl i tz

operators Tg ,  wi th cont inuous symbol y on the n-torus

I l t =  t , r n  , . . . , 2 n )  €  c n l  t " l l  - . . .  = l z n | = 4  
) .  

a c t i n q  o n  t r , .  H a r d y

space H2 (  Tt)  .  r t  is  wel l -known that we have an isomorphi-sm
H

T"*'I@ . . . @f where f stands for f,
n-t imes

We denoty by (  the C*-algebra of  compact onerators on

separable Hi lbert  space. Then we have f= l*  *  
+Kl f  € c ( ' i f  )

a n d  d e f i n i n g  p r T - - 2  c ( T )  b y  p ( T f  + x ) =  f  o n e  o b t a i n s  t h e

Toep l i t z  ex tens ion  (see t t l  )  ,  namely  the  exac t  sequence

For any Cx-a lgebra A we denote by f  . t f r .  C*-a lgebra wi th

- ,  )
, K € K I

J

+
For  a  C^ -a lgeb ra  A  we  cons ide r  t he  tono log i ca !  s tab le  rqnk  o f  { ,

de f i ned  i -n  [ : 1 ,  as  the . l eas t  i n tege r  n ]11 ,  ( i n  case  i t  does  no t

ex i s t  we  pu t  oo )  f o r .wh ich  tq , r ( i )  i s  dense  i n  f i . n  ( i f  A  i s  un j . -

t a l  we  can  rep lace  f i  Uy  a ) .  Acco rd inq  to  [Z ]  t h i s  number  co in -

c ides wi th  the usual  s tab le rank of  A,  denoted by sr  (A)  which

i s  the  leas t  in teger  n7 / ,L  ( i f  i t  does  no t  ex is t  i t  i s  aga in

taken to be oo )  .  such that for  any (d{-r . . .  rd.nrdn+,")  € I f ,  .  t f i l-n+t

( 1 )

t he re  ex i s t
aJ

€  r ,q  (A )  ( i f
" n '

h
" 7 - '

A

C*-a lgeb ra  A  we  deno te  by  GL(n rA)  ( respec t i ve l y  C l ,o  (n ,A )  )  t he

group of invert ible el-ements of t , Ir.  (A)

ted  componen t  o f  t he  un i t  i n  GL(n ,A )  )

( respec t i ve l y  t he  connec*

,  f o r  any  nVL .  F 'o r  a

connec ted  s tab le  rank  o f  A ,cx-a lgeb ra  A  we  deno te  by  cs r  (A )  t he

de f i ned .  i n  [ : ]  as  the  l eas t  j - n tese r  n ] i a  ( i f  i t  does  no t  ex i s t



.  pu t  cs r (A)=oo)  fo r  wh ich  the  ac t ion  o f  e r ,o (m, i )  on  l ,g* ( i )

is  t ransi t ive fof  any m)n. This act ion is by l -ef t .  mult ip l ica-

t ion ,  cons ider ing  f ,g - tX l  as  cons is t inq  o f  co lumn vec torg .- - m

Accord ing  to  Coro l la ry  8 .5  o f  l l l  cs r (A)  i s  the  leas t  number

n  such tha t  Lg* (X)  i s ,connected  fo r  any  mln .  (Aga in  i f  A  i s

un i ta l  we can rep lace  X nv  a) .

We introduce the notat ion msr (A) =max (csr (A) ,sr  (A) )  for

IF

any C' ' ' -a lgebra A.

Coro l la ry  4 . t -0  o f  [ : ]  shows tha t

(2) msr (A) r(  sr  (A) +L for any cx-algebra A

By Theorem 6 j4  o f  [ r l  we have

REMARK. From inequal i ty  (2)  i t  fo l lows that  for  any

stable C*-algebra A we have msr(a) (  3.  An obvious consequence

o f  T h e o r e m  7 . 1 , , a n d  C o r o l l a r y  8 . 6 .  o f  t . 3 ]  i s  t h a t ,  f o r  a  u n i t a l

Cx-al-gebra Ar w€ have

I f  J  i s  a  c losed .  b i l a te ra l  i dea l  o f  t he  Cx 'a lgeb ra  A ,

w i t h  o u r  n o t a t i o n s ,  b y  T h e o r e m s  4 . 3 ,  4 ' 4 , . 4 ' L 1  o f  [ f l  * "

have

( 5  )  m a x  ( s r  ( J )  ,  s r  ( A / J )  ) ( s r  ( A ) { m a x  ( s r  ( J )  , m s r  ( A / J )  )

An easy consequence of  Lhe def in i t ion is  that  for  any two

!  g L  i f  s r ( A ) = t
(3 )  (A  @JQ =  

t ,  i r  s r  (A )  l t

rb

C^-alsebras A and B we have



( 6 )

- 5 - .

s r  ( A  @  B ) = m a x  ( s r  { A )  , s r  ( B )  )

From Propos i t i on  3 .5  o f  [ : ]  we  have

(7 )  q r f f i )= t

.  Example  4 .43  o f  te l  shows tha t

( 8 )  s r ( f ) = z

4 . .  PROPOSIT ION.  Le t  n  be  an  i n tege r ,  n71 ' J , .  Then

(9  )  s r  (C (1 f  2 t )  
)  =msr  iC  (  T2" )  )  =n+t

( t - 0 )  n = s r ( c ( T - 2 t - t l  I  ( m s r  ( c , X z 2 n - t )  ) (  n t l .

PROOF:  We sha l l  app ly  Propos i t ion  L .7  o f  [3 ]  wh lch  s ta tes

tha t  fo r  a  compact ,  man i fo ld  x  we have s r (c (x ) )= lg - , }J l  +  7

where by [  ]  *"  denote the integer nart .  This formula leads

to the equal i t ies

sr (c ( l f  2t)  
)  =n+l-  and sr (c ,  O 

2n-1" 
)  )  =n

The  second  pa r t  o f  (L0 )  f o l l ows  f rom (2 ) .  To  p rove  the

s e c o n d  p a r t  o f  ( 9 )  u s e  c ( T 2 n )  :  c ( ' U 2 n - {  )  @  c ( T ' )  w h i c h  b y
' *  

ic  (T2n-L)  )  + t=n+i l .(4  )  g i r les  msr  (C ( i f  " ' )  )  (  s r  r

Q .  E .  D .

r I

we beg in  th i s  sec t i on  w i th  some fo rmu las  s im i l a r  t o

(5 )  and  (6 ) ,  bu t  conce rn ing  the  connec ted  s tab le  rank .

z ,  LEMMA.  Le t  6 -o8  be  C* -a lgeb ras  and  ,T  a  c losed  b i l a te ra l

ideal  o f  A.  Then



( 1 1 )

( L 2 )

Go,  be ing

G=Go) .

The

csr  (A  O B)  =max (csr  (A)  ,  cs r  (B)  )

cs r  (a )  (  max (csr  (J )  ,  cs r  (A /J )  )

PROOF:  ( { "1 )  i s  obv ious .  The  o roo f  o f ,  ( 12 )  w i l l  be  a long

lhe  same l i nes  as  Theorem A .L i  o f  [ : ] .  I ^ I i t h  no  l oss  o f  qene-

ra l i ty  we may suppose that  A is  un j - ta l  ( th is  d iscuss ion is

made  in  R ie f fe l ' s  paper )  .  I f  max  ( cs r  ( J )  ,  . cs r  (A /J )  )=  oo

inequa l i t y  (L2 )  i s  t r i v i a l .  Le t  us  suppose  tha t  r ' r :

max (csr  (J )  ,cs r  (A /J )  )  =m (  c  .  Take n7  m.  The na tura l

t ion A - :? A/J wi l l  be denoted by A )  x F+ I  e A/J and

notat ion wi l l  be kept for  the sur iect ion Mn (A) -+

Choose  . (a { . r . . .  r . r )  €  Lg r . (A ) .  Because  n '77cs r  (A / .T )  ,  t he

co€  GLo  6 ,A /J )  such  tha t

G o '

su r j  ec -

the same

n  
(A /J )  .

ex i s t s

in  GLo  (n ,A /J )  ,  has I i f  t i n g  c  €  c l , o  ( n , A )  )  ( i  "  e .

property of can be rewr i t ten as

d ,:tG :) (l)
u

o

I
\

such thatso there exist l L l , " r j n 6 ' r



,  j o * t
I

I  i ,=  I '
\ j n

(I
The  le f t  ac t i on  o f ,  GL(n rA)  on  Lg r r (A )  t akes  L -qn (A)  i n to  i t se l f

as  shows  Propos i t i on  4 .1 '  o f [ 31  ,  and  so

Now

Lq- n

Lq

( " t

i n

.  ( i n + t  ,  J 2 , . . .  , ) r r )  (  L s r ,  ( A )  .

i f  C is  an arb i t rary  uni t .a l  C*-subatgebra of  A we have

(C)=Lgn(a ) f l  cn .  (Tndeed ,  t he  on l v  th ing  to  p rove  i s  t ha t

(A)  n cnc r ,gr ,  (c)  and th is  fo l lows f rom the f  act  that

, : . . , c r r ) ( L g n ( c )  i f  a n d  o n l y  i f  
" f " O + " ' n " f i " , r  

i s  i n v e r t i b l e

C  o r ,  e q u i v a l e n t 1 Y ,  i n  A ) .

By this remark we conclude that

7 L + 7 , ) 2 , . . . , i n )  €  L q n  ( ' r )

Because n ) ,  csr (J)  we can f  ind H (  Cr,o (n,5) such that

and

H .

s o

H

ll
I
I
I

I

\

HG



and because HG € cr,o ("lA - i  t  fol lows that GLo

t ively on Lgr,  (A) ,  th is

Th is  shows tha t  mlcsr

hav ing  p lace

"msr " ,  so  we combine

and wri- te short ly

( n  r A )  a c t s  t r a s i -

for  any n}7 m.

Q .  B .  D .

this lemma

propet

( A )  .

We  sha l l  wo rk  l a te r  w i th

w i t h  ( 5 )  a n d  ( 6 )  o f  S e c t i o n  I

( B )  )(1 .3  )

( { 4 )

( r s )

msr (A O B) =max (msr (a) ,  msr

msr  (A )  {  max  (msr  ( J )  ,  ms r  (A /J )  )  .  "

To obta in est imates of  the s table rank for  the a lqebras

of type f"  g c ( ' l fk)  we sha1l  conslder some exact sesuences

s im i l a r  t o  (1 t )  .

Let  us def ine induct iv€Iy  the fo l lowing sequence of

j -deals  of  the a lgebras y" .  Put  J l= X and Jn+t=Jn Sf  *

+ f  @ K  f o r  a n y  
" 7 / 4

Assuming that  J '  is  a  c losed two-s ic led ideal  o f

Jn+, .  w111 be a sum of  two c losed two-s ided ideals  of

and  so  w i l l  be  i t se l f  such  an  i dea l .

3. LET4MA.  For  each n) /L  we have an exact  sequence

r f )
o -' J_ --+f* " t o c ('lf t) ---> o

n  - n

r"
\

PROOF :  I t t re  proceed by induct ion.  The case n=l  is  ment ioned

in  Sec t i on  I  (1 ) .  Suppose  tha t  f o r  n  we  have  the  exac t  sequence

(4 -5 ) .  Tenso r j -nq  " te rm by  te rm"  the  exac t  sequences  ( t J  and

(15 )  w i th  su i tab le  C* -a lgeb ras  (a l l  o f  wh ich  a re  nuc lea r )  we

obta in the fo l lowing three exact  sequences

,

+l_



9 -

o *+ J' E f---",rf n-.n ' ln-9 lu$'' ct'iftl ef-t 0

0 T*rr, @ K---*'Irr 6i/" b-€ 
t1""+ 

c(-['"1 eK---7 $

ldc (' irt) @ P

o -+ c t-f tXi)K --* c ft'") @f

Define i*o,Tr,+L 
*+ c ('X'"1 (} c (Tn bv

i,r*L= (ldc (,n-.y @ e) o (r,, €/ tu3- ) =pr, @.'p

i " *n  i s  obv ious l y  a  su r jec t i ve  * -morph ism and  because  the

second of  the three .exact  sequenpes j -s  actual ly  a  " rest r ic t ion"

o f  t he  f i r s t ,  w€  have

'  /  . - l
K e r  F r r * r = ( P n 6  r d f  ) - ' ( x e r ( 1 d c ( , T t )  @ P ) ) =

= (pn E rdr ) 
-r (c (T") G To =J,. (gf+ t, el FJn+r

and so vre obta in the exact  sequence

0 + Jn+r. * !-r.,*n 
nt*o 

u c ('X"t) @ c ('-il') -? g

Final ly  we compose i r r * , r  wi th  the isomorohism

c ('T'n) B c qr).-f o

c (] i 'n) (9 c ( 'Y ) :  c ( lpt*t)  .
'  

0 . 8 .  D .

The fol lowing lemma wil l  i :d useful. for computing the

s tab le  ranks  fo r  t he  i dea ls  Jn '

4 .  LEMMA. For  any n77L we have an exact  secruence

(16) 0 -->r. ,6K -+ Jn+{.  -+ (Jn @ crn) @ tcrf l l  ( 'x)  -+ 0



:  .  " .

PROOF: Again we tensor " term by term" the exact '  Sequence

(15) ,  f rom lemma 3, wi th sui table c*-alqebras and obtain the

fol lowing two isomorPhisms

rr ,  @T /tn*K: rr ,  @ c( 'T')

5 ^ e x f t , @ K s c ( T ' " 1  6 l K

Since Jn+L=Jn @ 5 * Tr, @X, the only thing we have to remark

i s  t h a r  ( J n G } T ) n ( T r , @ } c = J r , @ K  .

o .  E .  D .

5. PB9-F0FJIPU. The ideals Jn have the fol lowing proper"

t i - e s :

( r l l )  msr  (Jn)  (  3  f  or  anY 
"7/4

( 4 8 )  m s r ( J r r @ c ( ' n ' k ) ) ( 3  f o r  a n v  n , k l 1 4 "

Furthermore

(4 .9)  msr  (J , t )  <  2  ,

( 2 0 )  m s r ( J { @ c q ) ) 1 2

( 2 L )  m s r ( , : r )  ( 2 .

pRooF : we prove ('17 ) and ('18 ) simultaneous ly by induc-

t ion of  n.  For n={ (L7) is t r iv ia}  s ince J4=K and by the

/
r . emark  p reced ing  P ropos i t i on  { -  we  w i l l  have  msr  ( Ju )  t  3 '

(18 )  i s  a l so  t r i v i a l  s i nce  J t  I  C  ( t t r k )  i s  a l so  a  s tab le

cx -a lgeb ra .  sunpose  -$7 )  and  ( tg )  ho ld  fo r  n .  us ing  Lemma 4

and (13) ,  
' ( {4)  

f rom Lemma 2 we get the inequal i ty



; 4 , 1  -

. m s r ( J r , + l )  ( m a * ( m s r ( J r ,  I ) 0 ,  m s r ( J n ( b c ( ' i f ) ) ,  r n s r ( c ( T n )  @ X )  )

s ince  the  Cx -a lgeb ras  J r ,  @} {  and  c (C)  @} (a re  s tab le ,  t he i r

msr 's  are not  greater  than 3 (by_ the Remark f rom Sect ion I )  -

The only  th ing to  apply  is  now the induct j -ve hypothesis ,

name ly  (L8 )  f o r  n ,  and  wha t  f o l l ows  i s  i nequa l i t y  ( , f  7 )  f o r

n+ l [ .

To get  ( i .8)  for  n+lL we tensor  the exact  sequence q iven

by Lemma 4 " term by term" wi th  C( ' l fk )  and obta in the fo l lov, r inE

exact  sequence (modulo some obvious isomorphisms)

0'+r . ,  g ,  c (Tk)  €rK + r r ,+& c( f ) -+(J , .  €)  c f f+o l  I  O

Ctc(Tf '*k)  @rc -+ o

and by ( { -3)  (44)  f rom Lemma 2 we have

nsr(. l rr* e c( i i 'k) I  (*(nsr(Jr,  €)cff i 'k) 84, msr(Jn 8c(T'k*t)) ,

msr (c ("[' 't*k) e )0 )

Using exb.ct ly  the s .ame arguments as before,  we qet  (18)  for  n* '1 .

To  p rove  the  add i t i ona l  p rope r t l es  ( ' 19 )  (20 )  (2L )  l e t  us

remark  f l r s t  t ha t  by  (7 )  o f  Sec t i on  I  s r (X )= t  and  so  by  (2 )

of  Sect ion r  msr  t rJ  < sr  Cj t )  +1,=2,  which proves ( { .9  )  .

The proof  o f  (201 uses the same arquments because by

( 1 0 )  o f  S e c t i o n  I  w e  h a v e  s r ( C ( ' T )  ) = t  a n d  b y  ( 3 )  o f  S e c t i o n  r

we have s r  (J (@ C ( '1 f  )  )  =1 .  F ina l l y ,  to  ob ta in  (2L)  we sha l l

wri te  down the exact  sequence q iven by Lemma 4,  modulo the

i somorph ism ] (@K: IL  , t ha t  
i s



. (22)  0  + K+ t ,  *?  f f (@c( ' l r ) )  e  (c( ' i r )  eK)  -_-+ 0

By Lemma 2 (L3) ,  ( i4)  i t  fo l lows that

msr (J, )(max (msr (Jg ,msr CKg c ( ' l f  )  ))< 2

the fo l lowing proper t ies

L2 :-

Q .  E .  D .

6. ryE9SFS. Thp sequence of C*-algebras. ,(  ,
J il n7r1. nas

(23) sr  t  Trn)  =msr.  tT ro l  
=p+{.  for  any pV4

(24 )  p+ l (  
" r ( f zp*1 ) (  msr  (Tzo* r )  { . p+2  fo r  any  p } l

(25) 
" r  

(5, ,  s  c C[k)  )=msr tY, ,  E c ( ' i f  k ;1=l+La1 for  an)r  n,k] i t

such  tha t  n?  k  (mod  Z )

(26 )  
TF r ( s r ( f "  gc (T r . ) ) (ms r ,T "  g  c (Tk )  ) {  g+1 :

f o r  a n y  n , k l t r  s u c h  t h a t  , r # f .  ( m o d  2 ) .
I

PROOF:  Us ing  Lemma 3 ,  one  i nequa l i t y  f rom (5 )  o f  Sec t i on  I ,

and {Ga1 f,rom Lemma 2 we get

sr (c (T'" i  )  (  sr (3'rr)5*"r (  Trr) (  max (msr (Jr.)  ,  msr (c (Tf t)  )  )

For n=2p us ing proposi t ion i r -  o f  sect ion r  we obta in

p+1 < 
"t  t  T2n) ( msr ( 5zp) -(  max (msr (Jro) ,  p+{-) for any p}a,

Since msr  (J rn)  (  p+ f  ( th is  f  o l - Iows f rom (2L)  fo r  p=1 and

(L7)  fo r  p '712)  the  preced ing  inequa l i t ies  impr lz  (23  ) ' . . .  . r  : .

For odd numbers n,  n) i  3 we obtain by Froposi t ion 4.  of

S e c t i o n  I  p + t d s r ( T ^  - \ 1  '  r
t  u r  \  J  2p+t  ,  S  msr  (  J  Zp+L)  {  max (msr  (J rn+, I )  ,

m s r ( c ( - S 2 P * { ) ) ) ,



;  t 3

By Proposi t ion 4.  of  SecLion I  and by Proposi t ion 5 we have

t ^ r i
max (mst  (J2p* l  )  ,msr  (C ( " l f  ' "  '  ' )  

) ) (  max (3  ,p+21=p+2

I e  i n e q u a l i t i e s  ( 2 4 )  .for  any p 7r '1  which q ives the inequal i t ie

Tensor ing " term by term" the exact  sequence f rom Lemma 3

wi th C ( t$-k)  we get  the exact  sequence

and as before we in fer

0  -+  J r , 6c ( ' T ' k )  : * f " oc (T l k )  *+  c (T t * k )  - - ->  0

s r ( c ( T " ' * k ) ) ( s r t f , ' e c ( T k ) ) ( m s ' t 5 , ' € ) c f T ' k ) ) <

(  *.* (msr (Jr,  €> c (" l fk l  I  ,msr (c (Tf n+k) ) )

Fo:: n 3 k (mod 2) , or equivalently if n+k is even applyinq

..  Proposi t ion 4.  of  Sect ion I  we have

#*n (sr (f" g c (I fk) ) (  msr (f ,  6 c ({&) ) *<

( 'max (ms r ( J '  G  c  (Tk )  ) ,  $+ r l

Now by  P ropos i t i on  5 .  ( i f  n=k={  we  use  (20 )  ) .  w6  have

{
t,

max(msr (Jn  G)  (  (Tk)  ) ,$ I+ t )=T4n l  and so  f rom these inequa l i tes

we ge t  (25 )  .

ror n { 
t< (mod 2) arguing as before w'e have

LtF*( sr (T,. € c ( ' l rut l(  msr (Tr, € c tTkl I

\< max (msr (Jr, €) c ('Tf k) ) , msr (c Cfrt*k) )

{ max (''!1}.t31 =nJ5tl

a n d  s o  w e  o b t a i n  ( 2 6 )  .
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