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1f B,P ere Bieaz apsces, D {EEF) will be the ordered  veckor space

'of g8ll differences of posgitive lidear cﬂwﬂwm from B to Py the ordex relation

(E,F) ¢ a8 usual: U )0 if U(E, ‘?Cj‘ o I3 (La}:’) will be the subgspase of
LW{. ,ﬁ§ gonsiating of all diffezencen of ?Gﬁi‘ﬁ.&?@ ordeyr conbinuous operators,

Im case B and ¥ are endowedwith locally solid topologies, Ia;fjﬁ,s?) will be the.
gubspace of 25;1{47:2&.23‘} gonsisting of all differences of positive cm*imgu.s ODET e
tore, We shall write BV forw Lﬁ{mﬂ?\)@ B* for L%{.@g&) and B? for !ﬁi}:gw& >

' For @.Ely order bounded linear operme
tor Ut «ap F we let Us:P w;w.« B™ be the traneposs of U,

£ £e 8™ ang yeF we shall dencte by £Qy the operator given by

(fo3)(x) = H{x)y ,  xER.

l‘mr any order ideal @ in E™ we let ?{H,F} be the collectiom of all

opsrators Qf the form Z £ @‘E?’ﬁ with £, (, & and ?%e.:sn we algo let @Q(Eﬁ@?}
4oa §
Be the collestion of all spémtmg of the foxm 2__ i&f?ﬁ with ¥ ié {;@7 and ¥5€

=i

; X 3)
E€P . 1z parsicular we use the notations FAB,F) for 9}%&(}392’);?: (B,¥) for

gﬁx(g,ﬁ*), L (B,P) for %g(}ﬁ,ﬁ‘); o similar convention i8s applied te g%xﬂw}w

Fow sny Riesz subspace & of E™, I|¢[(B,6} will ve the topology on B
givern by the seminorme = p=sp g{ x|} wigh g6 .

A subset M of a Riesg space E endowed with a locally molid topology
is called almost order bounded (shortly: ao-bounded) if for every neighborhood.
¥ of © there is x€E,_ such that (|w| = x) €W whenever wé M,

Let E,F be Riesz sgaces such m-ﬁf* F is endowed with a locally solid
4opology, let u‘{,bs an upwards dirvected eollection of subsets of Eg} and let
L be a directed subspace of L, ( . P} such that U(M) fs topologically bounded

henever UEL and Hecl[. The solid o wtonology on L has §Uq y ek, v
neighborhood of € in FE as g basis for O, 7}% o being the set of those Ué;L

's‘mpclagytg In particulay, t:,e,g;ivw J(, to be the ecllection of all fim’m gubseis
of E'& W qb'taiw the solld sty mg tc)pmcgy om L (F F1s taking A, to be the eow
lisction of all so~bounded subsets of ! ,g (B h@in{g sndoved with a locally solid
topology) we obtaim the solid &G««bmmmi topelogy om L;{&,Fh 7

Let B,F be Banach lattices, The regula® norm on L F(E,F) is given by

Hul = e §livll | velw,v],

I | ®being the usual operator norm,
1£ X 48 & set, T & topology on X and M & subset of X we shall denote

e

T . 5 ;
by B~ the Twclesure of My if ¥ is understood we shall omit 1t,

 for which thewe 18 VEL such that Ue [~V,V] and VM CHy 15 1s & loeally solid -

§

For any compact space X, C(X) will be the Banach lattice of all contis |

nucus realevalued functions on X (the norm being the usual sup norm)s e will

denote the function identically one on X,
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1‘3 will be the identity map om a set B. The restriction of m wap
UtE w3 F to & subset M CE will be denoted by EI

The group of lemmas below will be zme;»eii in ji“}.,
LEMMA 7.1, Tet B & Hiesz space endowed with a separated locally
80114 topology, F (B Ve a subspacs and CCFNE be a subset, Suppose that the

following hold:
1) For every me¢P theve 48 y¢ ¢ such that [2|L 7,
11) Whenever 2E€EB o, ¥eC and x¢y it follows that 2¢¢, -

o

Rem B ie an order idesl and r) w O

]

PROOF, aumrly GC f‘ﬁm » To prove that F is an order ideal and that
Fﬂf" _C.C it suifices to show that whensver X €5, yeF¥ and 1=\< |y| it follows
that x ¢ C and = ¢ C, As ycF there is a net {fg }CF such that Y o> P Let
xg = {w\ml)\/ém, 1“ aB |z |wdly| and {x\ | .
therefore 'ta show that {‘«t 13 c"é‘? and (= 3 6@0 But ‘msigml and by &), theve is
.€ G guch that ;:gfsls,zs : kzwae:;@ {zg;‘%g &
the conclusion, ; : _

I£ E is s Rieag ,,; ¢a endowsd with two locally eclid topologien

ﬁ} We have X -2 x, It suffices

@
g oand (:;g}'ms % which by 14 } implisu

., such that qt‘: is strongesr than T, we denote by B, the #set of thoss 2é& 8
2 (4 z -C{C’g, :
with the propexrty that ‘C’,E and ‘Z’ coincide en [=lxl,lxlY),
LEMMA 9.2, B ig g @‘ walosad order ideal in B,
'6“1?’2% i

PROOF, Observe fimst that x¢ B, iff whenever (“@? jc [G b m&. ¥ e

: (e 4 B
— 0 fa:;?‘(‘,’g them ¥ -~ 0 for ..

The fact that B ‘Z“ g is an order ideal is an easy consequence of the

. 2
above remark and the Riesxz uce@gy%m Lon property,

5
Ye prove shat }::Q{C. is 'l"wzz‘“i@md@ Let :zezé ?% and let (ﬁg, clo,1xl],
w0 for ‘I’M we have to 'prwe that z,; e O for ‘Z“w 1ot ¥ Be a ’Z'?mz;ﬂs'%gﬁ%@w
od of O, There is a solid T, »ﬁ@mg;ubamomd Wt of O 8u0h that W‘W«i@ C¥e A8
237
==

> o iy o e - o e %, & B i 3 s
X{:fx Tty thers is "G:‘éz’é’g,’z‘: guch that Ay €W e A8 O y/\\? i< ixﬁi and %o €

€ ?"C’%ft’ we heve S AI%{ «w0 fop m, consequently, th@m ie zS' such that

ng\ixg\é W* whenever 3 7%ge The relation

T v
S
Bho

Iz 43 Al
implies that w g’g ¥ whensver 57 8pe Hence ¥, ey () fs}zr"‘t’w
LEMMA 1.3, Let B be a Riesz space endowed with two looally solid topos

logies T, T, such that ‘Zf iz stronger than T,. Let F CE”&“@« be a subset such
&

2 5
-
that xeF ! whenaver xe&g gER am:i x\<lyle
. T, -
Thew ¥ " m F 2N E .

. Y e & :
PROCEF, As p% is stronger tham "Lw B g(._ F 2; as E’Z‘”-% g ﬁ‘iim{%},(}ﬂﬁﬁ by
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%, i)
18%&2% te2 and FC“““’C%T;S) (;ﬁé: follows that F CE,L,. % o Hence & QE%TE
Nowlet x& F “ni, T There 8 m et (x )CF such that X w>x

s

- for ‘T‘,e, et Wg w2 (“E’/\ IV (]2 }} QWwicusly ym;-'g.ff xf”éf e..fy’ 1'M<: ! as

(va_ﬁ vs have ?g SR fez* r,;g 8o in ovder to @;:aw thas xé}? - ,ﬁ suffic
'Lﬂ ,L.z
to ess*sam%%% that ¥ ,,Ee F ', but this £olliows from the. relation | ygigpﬁg\&m cug

hypo%mew on KBy : S
EMMA Y.4,. Let B,P be Riesz spraes such that F zs endo«»reci with g locaw

11y solid topology, let L be & subspace of L {A:;F) such. that the modulus of
any U €L exists and let u%be an upw’a}eds amemea eoldsotion of subsets of %

. vontaining all the finite subsets, Dencls by ‘C’ the solid v%»‘t&p@l@@v on L
"and by @’ the solid strong “&:owlcgy on L, Liet Z be the sat of those UEL with

the pmpemy that for every neighborhood W of O fn B and every M€/ there is

% EE, such that 1B {(w = x). }ew whenever w ¢H, Then I is & ‘t’,émcloueaé order
fdeal in the Riesz space D co a*ainea in Lg o
: ¥

PROOF ¢ Clmr}.y I is an order idsal, To see that it is ‘L’ ~alosed let

ghborhood of 0 In F and let Me¢ M, There fxﬁ 2 80154 noighe
— e 2
bozhood W® of O such that W'4WP (W, AB UEX ' there is H@e I such that

g w1¥ 1{ i} W, A8 Eﬁﬁe}‘: there 48 xeﬁ sueh tha% 1%1 (2 o X}-e-} €¥E¢ whensver

we M, I%; flollows ther from the m&a%iaa

ol M} ST = U (s, # Ul e x) ) g
qn ~Uolu) + \Us[({w = x] )

that U {(w « x) }ew whensver m& M, Hence Ue I,

To see “smw ICLy o let GEI and let {z; } CL be such that 0LU, ¢ tul
12
and U w0 for Tp, Lot ¥ Be a neighborhosd of O fn F and let M ee There is @
solid neighborhoed W® of O such that W+WP(C W, As U €T there is ECE# such thet
RAREE :@}é_} € ¥* whenever wucHy as Ugmwg.ﬁ for T, there is §g sueh that }’E‘?gi (z}¢
€ ¥W*® whenever 57’%&* Then the melation :

mé\mm&sxm + 1y \ ((2 = x) )¢\ G,I(x) Mu\(mwzu

{ g
implies that (U | (M} C ¥ whenever 52 §,, Hence (U ws C for Ty,

Lemmas Y. 4 and $.7 will be applied in ms*; case when F = @' M?,D i gnd
0= @Q(E?g&ﬁ%} {scsuning that # {M oF _”‘ 45 contained in = Riesz space of cpers
: a Tt 'm gatisfisd in this situation,
To chaek eondition i) %t e suffiices to prove it ouly for the opermntors in
50{:{?*“’%} of the form TRy (£€6, ye(B), ).

ators)s obwiously, condition i) of :“m,,
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2, oruecompact operators

A aubgaﬁ # of an Archimedean Riesz space E i3 called ru~fotally boun

&

ded #f M is ecnntained in pﬁmd pal opder ideal E?ZW and 18 totally Lounded for
3

“ “;@;“ 1

A lineaw ovezatow U acting between ths Riesz spaces E,F {r hxrenived lean) -

4 4f 4% takes oxder boundsd eubsets into mwi’mtally bounded

gubsets, The linear space of all cru~compact cperxaters from E to F will be dence '
ted by I_, (E,F); elearly giﬁwc_ngw E,¥) end RUS €5, ,(;;«:ég%) whenever U ¢
£ mﬁ{L,}" end Si1By Bs ReF 1‘@ are ordew bounded opex‘at@mg
Using %;;mmm 2,3 tn (1) we see that tp €5, {g E} for easch discrete

Banach lattice B with order aenﬁinnou& nOTMS cmn&@auﬁnﬁlg,every operator
U E ‘uepﬁ “en?ﬁﬁenaebTG at a product H@BQ ¢f order bounded cperators ﬁbs;@wﬁpﬁa

?‘E u%>E with B 28 above is slsc oru-compact, In pa@ti&ularg every nusleay
operator betwsen two Banach lattices iz eru-compast, Gt

e PROPOBITIOR 2,%, For any b 4 &E aﬁ&aﬁﬁf ‘—'Eé—l’- {E F)s the set K%i "
= &SV/ W(Jﬁj L,&ﬁ, gégg[mg j is su-totally hu@ﬁ&c&@ &ﬁ ¥ is 2u~cdm§1@»@ §hen
L _i?g,?} s a Riesz space fox the order induced byfxﬁﬁﬁyﬁ)a the modulus of

-

any UEL (B, P} is given By

(%) , o1z} = sup { V() | gel-xx]]
fox ’:«.'6&:: o A0 ﬁam W&Y) is the Limit o f £he upwards directed seﬁ;i‘iz faranmeﬂogm I

PMGS}‘& The insqualilty

7§ n :
x\/aw\/vﬁ\s NALEAN
i A 8 Fmd fmi

shewa that % \¢ Ty ﬁ,big zﬁfiﬁﬁ; iz an ru-botally bounded et whenever H 18,
f § e ' St

When P 18 ru-complete, the exisience of the supremum in the Fight giﬁe of (%)

follows from the fact that M_ s a totelly bounded upa&r&m directed subset in ®

X
prineipal ideal Fy eomplete for il | o Using the Riessz dscomposition property one
can see that (1) indeed gives the mﬁﬁhlkﬁ of U,

COROLLARY 2.%. Let E,F,G be Riesz spaces with F,G ru-complete and lev

03 wep G be & Riess homomoxphism, Then (10| = 2lu] ﬁam:&ve?yfﬁeiigmuiﬁ,?}@
e
COROLILARY 2,2, If E,G are Riesz @spaces, F 1s a Riess subspace of ¢ and

F,¢ are ru~complete then L?WR(E,F) is o Riess subspase of L_ (L,G)ﬁ It e, 2
&

aye Rieap spaces with ¥ order complete then L (5, P} s o Ei@&ﬂ subgpase of
L (E,E).
Vo shall use the notations T?“ _(B,F) for L

«-\»

A{F PINL, X(B,2), :
for Iz_,.,,.ié 3@.(»‘?53 Py, LY (E.F) fox 1: e {B,E)}N A (B,F)g C’}@migﬂ-; %wm awe

{28

oEn “oru
order ideals in the Rissz space L ﬂﬁp;} yhenever ¥ is ru-complete,

ora
.2, Let B,F he Riesz dpamces endowed with complete metrizaw.

R T e S e e & S s NN R IR (e e D, o T 2 L o o
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; E = = A e e g : : :
e an order bounded opewvmtor such that U ;ﬁgexgwé(za%,?) o Then UE Igﬁméﬁ,F)u
PROOF, Let X €B,  ve have to prove that U( [wx,x]} ie ructotally bounded,

Theye 18 a sequence (x }U“ guch that x mm@m rsplacing, if nefsmawyg , By

(x}q}éﬂ/\x we may assume that 00X < % Yo may slso assume that }“ gi"’g’fx - g;ﬁ)}«i

: n= P o
€od w‘z spe ¢ iB a lienz peendonorm de i:m ng the %egﬁlag’y of Ej bhence X = x ?
oo
vhers u = :2; ’””{‘% - X }, For each n thexe is . 6}3‘ such *&:b,a% U Gox 0%y B is
nm= §!
totally bounded in F_ . Choose o > O such that E— o { « o7, )<oo (o’b@in@; g
'@’@ =

o

Riesz psevdomsym defining the topology of F) and 1@1‘; A v\/z o(ws ghere v iv
‘ ]
an upper bound for U Tz VR, EVE ) e Obvmumy, U{lex,x])CP_ and H([««xwxr]) is

4otally bounded in F_ for every n. mm any 2 € [=x,x) § then - {znx }\/{-«3 e
e[mﬁwml gnd |z = zﬁ_xs XX &2 “%a which implies |U(z) = U(z )\< e
Thig shows that any finite £ mmt for U(tmxmgx 1) will be am (£ + 27 ) wnet for
U{C-x,%]}; hence U([~x,x]} is totally bounded in Fﬁ., :
PROPOSITION 2.5, Let E,F be Riesz spaces such that F is ru~conplats

and endowed with a locally solid topology.letalso FG be i closed ideal in F,

Then any UEL {B,P) with the property thal U(E)C¥, belongs %o L . {gﬁn}e
}31».001‘ Lat = ¢ Iti}#; we have to prove that U [wx, x]} is ru~totally boune

ded in F,, There is y&F,  such that U{[=x, 3:1}_ is ‘w’a;a.lly bounded in FF" CLonTwm
. lyz U{ Gex,x])CF f\“f“% and é‘ f\ff‘ is @ closed fdesd E‘ﬁ, By proposition 1.%.2

%) there is ss: Bequence (x )CI‘ f\Fﬁ such that [\x l\y w0 and G{Lex,x1) C

C oo {:: :17,%3 {the closure being *caﬁmfz with respect o | “y)e Let Z.*

= [} }:,,ii:”t’, 2 . A8 fz Yl =0, the relation
oy B Ly
: B mp
G<\/ wix -\ izgl & N/ 12g)

Jra g =4 fmnb ¥ -

shows that (\/ u,\}
e e /2
o %{_—E’Eﬂ Fe Consequently, we have 1:&:.3\ e E ‘.? 1% XL‘AA z whieh implies

s

is m Cauchy sequence for || [ 3 hence it is convergent
m},"é' : b &

that x_¢F_andjlx |l =50, Consider now the space IRN mﬁ;n the product topoe
1(:»{4’1% EBI.M l@% K= g (ouﬁ xr?,'i\ ol ),O Z’_o{

o .
of R . As lix, B m-g. the map {« } ponids Z oL x from K fnto Fy is conbie

ﬁ& ?g s ¥ is = compact convex subset

ruouss this ~.a.§a.§l}.ﬁ.‘d that o {;‘g&[nz ‘%‘»lrc%}:o( x | (¢ }GKS . Therefors, for

sl

e §l R .

every wug L-x,2) we have {f(a} - Z Lox w:,mvm‘*gemce in F?) for some (o )& K,

As Hx 'l , ~>0; tho sex rigs: Zo( x, 1is aldo convergent is ¥ j; a8 the inclusion

e o
F, =es» P ie continuous ve gt 111 have U(u) = > X x. in¥ o waeqaeﬂﬁ Vs
% s |

U(L~=,2]) is contained in rkm compact subset é’éi:&m\ m}-@!gef ¥ _» hence it is
ru~totally bounded in F “ne ; b

The next resulis consider the compl @’cen@sa of L__ (8, F) fgr certain
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that F is8 endoved with =

H’?uéﬁgF} iﬁ &Gaﬂl%?@ for Lhe

PROOF, Lot © be s Riess pseudonorm defining the topology of ¥ and let

& ot

(UickL _ (B,F) be a Gasﬁhg net, The completensas of ¥ implies ths existence of
A4

a linear map UiBwd P such that U(x) = lim E {z) for every x& B, To see that
UE;Leﬁa{Q,T} conaider an 3133#0 There is an &ﬁarﬁauang_@a@u@n@s {&ﬂ; of indices
7 £ ,
ave ‘;.& e £ {; '2}‘ %= £
such m%ishig“ &\U . whenever my i and §35 . Put ¥ =U el
1.?6 5 ng 3 g‘,m
g Yii“g i)
As V eL ”h?} there is y_e¥  such that ?ﬁi[;xgxl} is totally bounded in F_ .
£48 24 B
OO ¢ ; b3
-Cheaﬁé<im? 0 sueh that § (o ¥ J<oo and lot
n= g i
5 ™ B
e (E N(Z, 2™V ()
s g s g ;
As Vﬁﬂ[mx,zl} 16 totally bounded in F_ and sup Vvizﬁn & 2™® 3% follows that
i Ga * 446["'”\54&1 -» .

the series GSTfEK + > V.IE

oF ok 2 i s = X
L»Qmww, on crder intervals to an ofte
i b i "é"’ :

et " s v N e g e ) N e e T
-Gompact operator %3J mw? F o A Vlz) = 1im &) {z) for gvery s €l_ it follo-

DimaenCo w0y
ws by the choice of the sequence {E’Y_t 1% U(z) = V{z) for 2 €8,. This shovs

that U{[ex,x]) is ru-toizlly bounded; as x is arbitrery, UegLfﬂiid?F)@

Po ses that H ~»U for the solid strong topology, consider aa.x/éﬁ% and

&

use the saue nc%a&iona a8 above, From the relation

oo oo
Uz) U (2) = > V(g 2 \V,Uz) TR S 3\
P fam d=m :
ws infer that {using proposition 2,1}
{u »mx?g P (=) < Z\‘?’Q(:z) B e
| n fem * | - : .

hence

U = U L (D¢ S s, RIEHR

, fam
As (B ) 4s a Cauchy net, tb i& is sufficient for the convergence,

: CORQLLARY 2,3, Let E,F be Riesz spaces such that F is endowed with &
complete metrizable locally solid topology. Then Lo (B,F) is closed in Lr(EﬁF“

for the solid strong topelogy.

THEGREM ua?, if B,F are Banach lattices then 3 éﬁ,w) i8 a Panach lasw

#tice for the regular norm,

PRCOF, Follows from the above theorem and the well known~fact thatb

L (3,?) is complete foy the regular norim,

. THEOREM 2:%, Let E,F be Riesz spaces such that F is endowed with = com=

plete metrizalbile locally solid topology. Then L *z (B, “} is closed in L ;ﬂ?}

fem*ths solid strong Lovelogy.
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(@

= Riesz pseudenorm defining the topology of F)‘ Let z = E e U \(2?_} F

PROOP, Let UEL*_ (E,F}, let (x,) be a net éeereaswg ?.a 0 and let

}“"? A

¥ be 2 lower bound for (1U U{ac}:‘“ Ye may oosume ihat :xo( % for some €Kk,
; : m
There iB a Seguense ( u ;(. Lf;u{.fﬁ?j,,,’é‘} sueh that J (;‘-‘Z«*’“‘Kf - U ‘\ im)ﬁ oo { Qheing
B e s
3{;:&.1'; 4

-

Yo have Sl

r<lBz ) <10 « U 1(x) + 10,1z )< 2% + 19 _|(z,).

As ‘{Uﬁ\(ﬁ}@@ it follows that y¢ 2 sy as F is Archimedesm we f£ind that y< O,

%o The spproximation of oru~compact operators by

finite-rank cperators

Cur plan is the follewing: first we give the mein technical tool
(theowem %,%} which provides the basis for all spproximation wesulis below,

We charsciterize them (theorem 35.3) the band gemerated by & Gg?ﬁw} i
Lml\)

Lol ErEle G G veing a band 4n B

o s &8 & corollary we obtaim that, under guite

general hypothesis, the band generated by Z(E,¥) in Lam(:&iaﬁ‘} is the whole
(‘J@&)G S =

The loading idewm of the remaining results im the &tamieﬁ $s ag followsy

- gonsider an order Idesl I in ‘Z.vmww)g, a subspace ef L of the form 2“@{*:%95}

whnere & is an @m@r' ideal in BV end & 'ﬁiﬁyulﬂg‘f T en Ly Our m@g& will "ss@s m

——-~~~..._.«_-_

prove that 9 C?(u,a) i3 =n order ideal 4n I and that (5;,{%&«*) % a5 J/\gmg '

for gertain b and ¥ , Ve shall also encounier situatfcns when %e'f‘ gre given

two fopologies T,, T, on L uu:'f:h that %’ £s %mngwﬂ than %’ in such a case
L bt fog Al B8
elther we prove that ﬁ“ (R ‘&‘wgfi £ or we @ham@%aﬁzx‘ thote U e
T e e ST
95( < which slso belong to . €M,F‘ %e

As corollaries to all these results, we cmteamma the closure of
the subspace of finlte~rank operators in vardous spaces of OP WG ORPATT ODOF A
tors with respect to various topologies, ' : ' v
: PHECREM 3,%. Let B,F be Riesz spaces with F ru-complete and let U¢
&L F}, XEE,, yEF, Ve such that U{[wx,%]) 38 totally bounded in Fyﬁ

om ¥
Suppose also that at least ous of the following conditions holdes .

1) E admits x as a strong order unit,
$1) scp&fa‘cea F.
§1%) There ave FCB, and z€ (E‘ } guch that (Ul £Dz,
‘}Emu for any £ 0 there is ‘Je %’{,u?s} such that |U « Vi{x) {eyy in
case 1if) we also have ?é%’w,.{ LY and (V4 fe(s ﬁ«g;ﬂ
If in addition we have im casee i) and i%) u&:h (E,I‘} them Ve £ (L‘:gﬁ‘
if moreover E and ¥ are endowed with locally selid tapala@;iwg F* geparates T
and UEL! i(g F) tham Ve F *(B,F}, ‘

I : a1l the statemants above about V one may replace the :mw@r F oy



(€

z snever WEL  (E,F
Q’th@c er VEL  (BF) . .
PROOF, As B 15 mm.w plate there i8 & compact Space K and an order

isomorphicn T1C{K) «F y such that T{e} = gy, Let U ek, (“Kgu{ §§ be given
by ‘Gs?“ L ”‘55’“‘%?5;‘&}'% where e‘.i’uw wi>B A8 the iﬁmmuum s“mg, Wmidw* the topology on
EZ«‘;: %fl"ﬁ. by 1‘:"‘-:*» norm £ -3 | £1{x}. The mop EE’ 3K e 23; given by <§Q {a) =

sl _being the unit mass supported by se K}, Hence there
18 an open covering (B}, .. of K such that \@(s) ~Dit)\(2)¢E  whenever
6,8 € ¢ ' 268 ii*%(:%f _we also assume that \p(s) - @(tlse whenever

a

(npi} y<icn be @ contimous partition of unit

subordonated the covering ( } {that 18, Py € o(x) o sUpp 9, C6, and
Fi
Z cpg s @}, In case 1), dmim b, €EV by iy m@(a } where s, 18 any point

ﬁ
i.sa G 5 Iz case §i), if Py = ¢ put b, = Op if no%, there is fﬁei‘ such that
@L{?ﬁ?} 0 (as P separntes Eg', Leﬁ: gﬁme Y be given by

g,/ {u} w- G‘igup f:i{ SAE ’E{@i}}g ﬁe:%‘

myd
whers - X > O s choosen so fhat g, ‘:g} m T Deime B, € EY by By w (g, ).
P

In case $ii), obsewve that the hypothesis i\'"m’i.iaa that 1Pls) <

¥ &

<ep{sjgi(L) for every s<K, Thim is equivAlent o the relation

<D (e),mr<p(s)e{lnl}

for every w €l . L;h 3,& be a Hahm-Banach extension of @gs) sueh that £ (a}

£P{a)tliul) fcm avery w ¢B. This implies that fEEB " and | \éi?(ﬁ)f, In the
ease U0 one may choose f J;" by replacing 1%, if negessary, with (?ﬁa‘ﬂ
Define h, %o Dbe ﬁg ieye 8, i8 any point in G,

Now im all three cases define Ve @ (E,F) by V = gf h, @M} Ve

prove that |U - V|{x)<cy. To this purpose, let v, el mm{sax,C{K); be givem by

“Fx = 1:&?’»« E’.»;? xb aﬁv&.ﬁﬂﬁ 3‘

IR - T - Bup o - v T!{ﬁ)ﬂ
Ze[w, 31
For any z £[~x,% | we have

fl (v, wvx)(g}\i = Sup . | {850, (8) = ‘vx_(ss)}\. .

1A' :
‘_«ff% v
= sup [{D(8) = 5 P (UK, =D
= 8 X I
where B:,; w gﬁ in eases i)g. li} and k, = { m)ﬁ(“%) in case 1i) ({3’ 3P o ¥
s . ‘ § ¥ ¥ .

being the inclusien zxmp}, To show that the later expression is <& , it suffie
ces, by v the properties of the partition of the unit, to prove that

[ <D w}ds“’g%}ﬁ PPALS> whenever €8, and ¢, # O, Thia is obvious in eases -
%) and 1ii): in case ii) we have

e w B ) 5 8y wlk, LD(8), 2)e U (5))



oy

(s

o T

Yo Let ¥ €0(X) be such that 0< 4/ < @y Bupp Y, § C 8y and
k}/“&(q) » 4 f:x::’ s:,em pp W% (@ o §/\(? w0 it ﬁ‘allwa that (&.:ﬁ @ w . > = ()

<§As’3r'> %47@-&@ ¥ m\ 4%:% (@ ‘”‘q/ A)> <K t qj \J>

for any \X’ & G{”’ e In particular,

/(§€ 2 w'L*?“;, 3é0 &:}W <i&.94 (@(dl}‘g %}@ mw‘x($}_} >,
How observe thak _ ’
Y, (< Dla), =)o m—ﬁx(m))US- mg‘ <§§(a?, z‘]e il (;J}l
$€

- e qup \<@(3)t Ve <é(‘ﬂ$ %>l
‘&Cirﬁ

< sup (| H(s) «»CI(%) KB we
$et,

Recalling that llk, | = ¢ we obtain <P (8} = U;(sgi}, 5 )\$ € which #5 the desived
conelugion, :

In the ecasge .&.Ml‘, remsrk that

A8 [ By]< (9t} )2

¥heusver Be é,%y Indsed,

lhgl - Iﬁ'&g £9 (%‘)ﬁs (o{s) +¢ )z,

From (1) we infer thag

Pyletlngl o e)gla) +€ )8

for any scE, which is esuivalent %o
4 & g

[b,l@p< 2 P (¢ + Ee)s
Applying T we obitain \

Ibgl® 2{g)< £@n({e.(p ¢ go)).

Benee

Ing(® w0, )< :mz Uyl vc¢)) = 2BHG ¢ £0) =
T
e (s -E;E.;?")g
Pinally, supposs that zzefszf 5,F) (4m cases %) and $i)). That &:Q_
& gjxfiﬁg?ii fsilmﬁ from the fact that whenever HéLPmm} F) angd ge PVthon
ﬁ’(g)é"“% § indeed, [U*(g)|<)U[*{(Jg|} and (U] takes decreasing to O nets imbo
...J.mf'i""’“ gent to 0 neta,

The remsining assertions im the theorem are sasily obiained,
PR N
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A%s

m Of a8 we alse have l.‘«"”l/\ | wel m: 0, the 'm}.a‘aiemu

BV <0 w V] 17" w0 w Vil®| e (U - V]

e

- V¥ {2} {£p, which eonaludes Lhe prood,

W U

w2s Lot E,F Be Risesz spaces such that F is FUmE émpla,

at least ome of the conditioms in the stotement of theorem 7.2 holds, Them the

ot
&

bami genstated Wy F(E,F) dn 1 {Eﬁ;’;jﬁ*‘) ia mym-?. to L

: b (fm 5% x. oty

rated by TX(E,F} in L, ol B F) o
PROCF, Follows from theorems Fols 303, 2.% (the later will %e grplisd

-

%o a prinecipal ideal of F, endowed with its norm || H 5

{2,7} and f;"ﬁ@ bemd gemees

SR Lol
$8 equall o X (B,7},

For B,F Riesz spaces with P order mnpls:m we shall denoke by [Y(B,F)
the band generated by & (B,P) in L (B ,F) and by o {I} F}, the bard genewated
by £(E,F) im L _(E,F). -

: THEOREY 3.4, Let K,F be Riesz gpaces gucn that F is order complete and
at least one of the cond iﬂma im the statement of theorem 3,2 holds, Then
LB FIC T UB,F) ana 1Y (5,7) Yz, 7).
*”’G‘f‘"‘ 1t ﬁ,ui'z.m”“ 1o &,kmw that J {»WF}‘LC L

@m{&?? and (B, 1)

i Lzﬁl 1\?} o let i}':é::&]{;:,?ﬁ} {respective ely Ue Y% EJ,E’)‘L } and le: Ve

€ L, (5,F) {rcs;g;:v:iv&l& Ve L:;:v E,F}), XE€E,_ and £Y 0, There 48 yc¥ , Buch
that V{[-x,x]} %5 totally bounded in m F_. By thmms 3.V there fs We T (5,7
(respectively We F™(R,¥)) such that |V = ‘é\(‘-k} {E¥. Using the relations

1B\ AW | = 0 and : S

leinlv] = lulalul ¢ [0lA]Y o ¥] <1V - ]

ve ebtaim (|TIA |V |} {(=)S cyy a8 £ snd x are arbitrary, |0 \A|V]=0,
THEOREM %.%, Let B,F be Riesz Gpaces such that F is mzmam‘ﬁplﬁ%zea and

endowed with a separated locally molid topolegy. Consider the sol atrong
logy om L 5 B,F). Them QE’Q E,F) $8 an order ideal jin L, Eﬁi@,ﬁ‘} and (3’ ,', ‘
= G g;iEw) whenever ¢ Is an order ideal $n EJ : .

PROOF, By lemma f 1 4t suffices to show that whenever Qet, {Ffﬂ,i%*“}w
fe(% and we}?@ gre such tba& Ej <T@y then Uc & L.,F)., Bo let '«s:em m’m let
W ‘2:@ @ solid neighborhood ¢f O in F, There is ﬁe?% such that yex and U [-x,x1

ia ﬁ:emll‘w bounded in E? There is also ¢ O such thet cxec¥, By the@mm G
wo can find J’ebbe,if:,,.} verifying (U - vi(x) <€ 5. Henee [U w V|{xn)c Wy whieh
eomn:sées the proof. \

For the next results we chall psed the following lemmam,

BH¥A %,%. Let B,F be Riean spaces such that F 1s ru~complete and endow
wed with a leecally solid teopology. Let vewn, (ﬁ,if‘);g f¢EY and ¥ ¥, be such
t &3% U < -b?®$ C’ 3?»&:‘..‘ 332" ‘s;hu @“7:{ ;

topolegy on I‘éx By}, the topology
on: B being ol (B z;":f)a
PROOF, Let W be m neighbiorhood of O im ¥ znd let M be an so~bounded

subhset of E . There is an open solid ighboxhood W® of O suchthat W9 + ¥W° 4+ W



cﬁt,’“ :

T

o 'Y B
e 4

CcW, m cam £ind £ 50 sueh tmt f,ge ¥¢ and er &umh thet £((a - x) )<£ wm»
with the propert y that yeF and U{[mxwﬁ in

. never wel, Thewe s qlao % t£

totally bounded in ¥ .o Let N2 () Mg wt;«;oh that Nz e WP and 6'(&? -enqz?;}éi ¥%. By theoe

rem 5,1 there $s Ve Qr}‘ s LByF3 vers

we have for any wcHl

U e ?{(u

):f\
%

a =
P

+ U wvr{fﬁﬁ - X} 3'

QL:g,. + 1Bl {{g = %) } + 1v|{{u wx} )<
Mz + fl{n - x ;i}w + M,(u e | }(:}f +Vz)¢
S %ewz( + Y5} € WOt YT,

Henee (U «» V|{(M) C ¥ and the procf is complets,

THEOREM 3.6, Let B,F be Riesz spaces endoved with separated locally

olid fzopalm‘:{ie‘ﬁs such Shat F is ru-ccmplete., Let ‘L“? be the solid so~bounded

topology on L (I‘,;,) and leﬁ; T, be the sclid stmx&g topology on LE (E Y o

2

Them Sf,,(dg,x} i = f}“g( ;l"’}

order ideal in Bf,

_=, -
and jJ(_ugL o 9@( 2,F) £ whenever & is an

gﬁ}nﬂ“% An 80P, ”i%’&'@-iﬁ?ﬂ 0{;‘
VeLt (EF Flys £ €G_ and jGI‘ are such "i:h.ai U<y, By lemna .4, LorpulBsT) =

= I;m(" Pl od therefore, S%{ngé‘} - %“@{2;9}«‘} “ by lemma .3, Finally,
f2 4
lemma: §,1 gives -
- S o %’ 5 65 e
fws ? —-’—‘T:r 1 _“TTG“ g%
GBI " m (Z(8,F) ), = (F(E,F] D), ZE) 2,

<Z’
lemma: 3,1 shows that Ue 37 {E,x} whenever

THECREM 3,7, Let B,F be Riesz spaces endowed wiah separated locally

golid topologies suech that P is ru~complete and F? separates F, Consider the

golid so-bounded topology on

L  (B,F), Them
“f;ru{“’ )Q L

}.ﬁe' ﬁ::ﬂﬂ) » &%Jﬂ»f e
LoralBsF), = D(E,F),

A similar statement holds for LI (B,F),
PROCF, Let ‘?‘ e the &le st-bounded &apelam o I: L( E.F) snd let
‘2’2 be the molid sty (‘;329; topelogy em L (K’s’“?a By theorem ﬁ.ﬁ,

g, !

—
P (E,F) !

ol 9‘."‘{395') 2;

e @?{u@
_—-—--——-Q2 2
Howr theorem 7.1 showa that Ll LB P} w o (B,F) © ond Lgmfﬁ,?)+ w QI ¥} *,
¥ e

A similar reasoning is empl@gwi for Iﬂ" SE.F),

=

".‘ \U w V\(x}sqz snd V4 EQ(y -6-“’[,4'}‘, Phen

CORCLLARY 3.3, Let E.F be Exi‘,,:.-z,‘ﬁf‘m@fa endowed with complete metrizable

logally solig topologise, Sﬁ;}peﬁ@

%

statement of theorem %,2 holds, 1

A

vhat et least one of the conditions in tha

‘?’_ 4 b8 the solid as-bounded topology on T {zé

and let q’fzr“ e the solid strong topology on L, (:.s,f‘)u Then

fJ'



y 1>

i

&)

P

%/

L {,;%g:g? 3{{‘9»’ P' %R’

L% ¢

w (B, P) ,&

é«;a% w@g”* } % &%@{H,Tﬂ
c:v g &
{the closures being taken im 3.9 (Qﬁi‘}h 4 similax stslenment holds for Lx (B, F.

S o Favs ; AJ .*
'BOOF, Ohsa that ?v 7 (’“3‘; " L@ ‘}5@?}, B* ™, P w0 and

apply the preceding ra:

One of the main results in [5) (theorem 4.4) asserts that whenever  ~

E,F ave Banach lattices such that ¥ has order eontinuous norm, then

«7(% } g 53-9 } ’? ti“é“w)

@

‘i’
ABE) = @(E,7) “w@(um“

‘t’% and ‘%“ , being defined gbove; in mr‘isimﬂ ar, it is seen that % e (B,F) =
= (R, “3 in this case, Corollary 3,3 is an extension a;s: this result in the
gense that it states that the equalitles

S e .
FTED Y- FE L

P ML Sl S Y
PE,P) " = P(a,F) ° = (F(5DH 1),
8t111 hold evem if P has not order continuous nowmy; tzm@mwﬁ*, it ¥ S;z.«z f}ﬁ'ﬁé‘ﬂl‘?

8 no lenger true, Indeed, there is inm this case an order bmmam disjoing
seguence {:mm}c F ouch that lin inf iz !> 0, Take E = 1, and define ﬁ&férmg‘ F)

3{(& } At o = ;z;m o{ﬁ?‘ : |
jw. e e
for ( v*z}}zﬁ‘»?}é {lwi‘ » Clearly e y(.&!g ) but U é: gm?} a8 T(E,F) 2 ,g(_g&m‘;ag# b
and U u,;”,@ 4

hﬁf‘@ 2 5.8, Let E,F be Riesz spaces endowed with separated locally
golid topologies (P ru-complete) and let ¢ be an order ideal in BY, Let Ct’m be
the solid Jé«myamfw on L* ( 3,8) y S being the collection of those subméssi of
E, witich are bounded for- me %walﬁgv of Beand mo-bounded tor |¢l(E,6) ; Lot also T, be

.,..._.-w i
tim solid strong %ommcsf*v on ‘L (i’ F). Then wg}(::, ) i

i9 the wdeex“ ideal of

Lol

those U &85 E,F) © with the fe.ﬁ_} ewimtg; pmp&z*ty: for ewmy neighborhood ¥ of Odn

F and 6‘3’@?}’!@ éu@ there is xc B such that |U|((u = %)) €W whenever uch; we
. e s @
also hewe (F,(2,¥) ‘}’%_ = g_,:;(}’:‘2,,1?‘) 5 ‘
- PROOF, -By lemma 3,1 we have G{:{}) (“ } . whenever Uéh w‘ }M’ 3‘;‘6&}*
and y&?; are such that U< fQw fzf‘s:fmwe lemma ¥, implies thetd

v

e i~ B (t"? e gow 'S 2 3 """"“ " "\ ﬁ‘ . mczg e -
g,gw,;-} is an order ideal and (¥ F) igw Vﬁ-q{bw} e Lot I be. the crder

tdeal of those Uel' W{u,;ez') with the pmp&rty in the siatement of the theowem .
By lemma 1.4, I is a ?’1;-63,&7&‘3 fdeal contained in M(}W(bﬁ )‘T‘ g he gz’ﬂmﬁ‘igjc
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o
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e

CI we hava gquﬁ,ﬁ) ?(‘o« {E ) r&ia To prove the reverse inclusiom, we have

%@fl@mma 1.5

I@mafggr% “3439)%

TY &

COROLLARY 7.4, Let E,F be Banach lattieces ﬂaah that E® has oxdex

nucws norm. Let T, be the topology given by the reguler norm em.ﬂ _{B,¥} and

1 . o)
let ‘Eg be the 4 Logy @ﬂuégfm{ﬁsﬁ}u Denote by I the ovder ideal
of those Uel _ (B,F) with the following property: for every £ 0 thewe

such that H\ﬁi {w = x} }<e vhenover llul < 1. Then I consisgte ywbuimaﬁ of the

OFu

ose UEL _ {B,7) with compact modulus; we have

—‘“‘E;-—*—*"CE/‘? 4
F(EF} "= I e %m“*“ﬁ‘fﬂs% :

3

‘ca § ‘.z/
(F(E,F) ), = @(w, i

PROOF. As E' has arder continuous norm, a subset of E is a0 o-bounded Tor
....—-—-—--m..’.
1o’ [ (B,B*) 1ff 1% 48 norm bounded {see [2)); consequently, F(B,¥) T by
S
theovom 3.8 (a8 theorem %.2 implies that L {W P} = $(B,F) EEQ On the other
side, by lemma 3.1 and lemma 3,7 we have

— %% ;:“:*;;?2. & i e ; \
g’{,ﬂ,; m L (B8} f\;,».,’ 'ﬁgﬁ}t_,@,,}gmu_ (E;.E‘}%,%, &

b
Jﬂ‘o.
&
i3}
o
s
2
“f‘j
@
o
o
5

; TR : 3
As I =m S (B,F) ', every U in 00ulns, Convers ely, let
i

I
|U| be compact, To prove that U satisfies the condition in the definition of I,
o

it will suffice by theorem {8 in [2]) to show that [[\Ul{x }H s O for evary.
norm bounded disjoint sequence {ﬁw}; but this follows ffﬁm the com@aciéy of U

and from the fact thet every norm bounded disjoint sequence in a Banach latiic
with order contimuous duak is weakly convergent to O (=ee [Z]).

A The above result iz an extension of the corresponding result im [ﬁl
(theorem 4.5) which is proved in the case when F has alao oxrder continuous norm,

4. A situstion when L__ (E,F) = §0§

For every Riesz ﬁp&éa B we shall denote by % the set of all Riess
homomorphisms BiB ey R e
cﬁ»unﬁve”%allv aa;mle&e Riesz ﬂpaﬂ@ is @ Ri9$2 space E with the prow
perty that every diajcin% gequence in B “¢ adnites a gupL@muﬁw
THEOREM 4.1, Let E be a ¢ worder conplete o'w~universally complete Riesz

space. The following are egquivalenii
; .
i) E=fOl,
11) L (E,F) = $0X for every Archimedean Riesz spase F,
5. s = 5
PROCF,
1i) == i) Obvious,
{) ==>3i) Let F be an Archimedean Riesz space and et Uek., {E,F}a



(4%

e (D ow

féegalsa cing P by its Dedekind extension we may aseume that F is crder completey

then U = U, « U , henee we may confin reelves Yo the case U) il‘v Let xerm o
; kS ; o 7

~$0%; there is ycF ~ §03 such that %;;{‘CG *"'j} i tetzlly bounded in ¥ vg zf"@

£

g %
are & ¢'=Stonlan space X; a stonian space Y and ovder iscmorphiems 9 L ip G(X),

2%,
£

funotiong imemmaity tzzqml Lo

-y : TR TR
TR mip C{ Y]

ied \/u% be the Rzdon measure szsocisted
with ve( 5.) g/« The proof will now be divi '

ol ’13'5“’ 1) . For every sequence (M

ded into several stepa,
i)
!‘ﬂ\

of chos mmw@n @ubsew of X such that

/

')-// l/ 0 3n C(X) we bave [ W(L., }|| > O (%, being the characteristic function of
: ar A

i

b

H c: X}, PROOF, &s V

ECE Op c:mwm the sequense (V( %-% 1) is norm
ccnvm*ge*z‘* to ite infimum weC(Y), ‘m sequence {n3" Q( ﬁ - ;l’;?, )) is g

disjoint sequence in B, ; as E is ¢ -~universally eemy}.em, ‘E;ham ia an upper
bound z €E for this sequence, It follows that md™ (%*‘i - ?;’,M )g z for p3 ¢

kD
o =
as 5 ( %M Y0 whem p w00 g M i( ',I'/ﬁ { e Gan&equen 1y, g ‘y(v&)
: : Te+D
g ’68*1( 7};,%‘ 1 ém 3@7) for m) ¥, which mmim thet u = 0,
B

STEP 2). Mg s ¢ wnornal for every € €Y (that is , every ¢ -meagre
subget (a cour Atab}"@ union of e¢losed novhere dense Baire subsets) has ;,tmn»;sz
gure O}, . _

PROCP, Let M CX be a closed nowhere dense Haire subset; we have M = _
- m %’sw where M_ is closed-opsn and ’L Y 0 &n C(X), By step 1), Il V( %ﬁ W .«m}

= “n n

==> O, which implies that M has measure O for every Nﬁg
STEP 3}, M 881 = 0 for every s€X and t€ Y,

PROCF, Let ¥ be the set of sll closed-open subsets of X containing

8; & 1s a downwards directed set. The net (V( 2’,%};,,59;— is norm convergsn 3‘»
to its infimum weC{¥); hence there is a sequence (?fiﬂ)cﬁﬂ such that
. ; . { P e : o
It v( %ﬁ } ~u]l «=> 0. There is a closed~open subset M of X such that %, ¥ X’“ﬁ
&% 2%

e 7 :
im CiX), We observe that V( ’kﬁ} = 0 for any closed-open subset NCM~{ s}, Indeed,
M~Ne F which implies V({ ’}(,?g You ‘j(%}i\} w for n 3ty eonsequently, w - ¥( ﬁzﬁ,
> w, that is, V{ Q,M; a0, mmﬂ ghows in };:artjmﬂaxz' that if s¢M then V( ;{f,; w0,
As 7(/?@ by - Lo tm c(x), step 1) implies MXI‘, } ﬁ.«v(')cﬁ}[i ~sp 03

esnaequenﬁly, i:f we have V( ’X,ﬂé} = O then J|V( Xrg ) JI RN 0 and we conclude in

this situatiom that ﬁ%ﬁis}} = O for every €Y, ”i*” will therefore suffice, in
order to finish the preof, to show that the assumption V( 7(%) # 0 leads to =
contradiction, Indeed, im this case we have by the above remark s&M and fq% (N} =
= 0 for any closed-open NCHM {8k ; as i, is regular, this implies MM~ £8Y)

= O, Consequently, : &=

(1) Ko M = 8(8) 5

with g{s)e 53*,; The above relation implies that V( ?\',ﬁf} = 5 (£)g for any £EC(X);



vy

in pavticular, g = 1’('%%) 6@{%)\{0‘3: » For any Z€R, we have

5 (8{aAnz)ig = ¥( %fi}m’,m/\m:;i)g V8{zAnx)) = 9{zAmx)

hence

A8 7' e) £ 0, thie tmplies that sup 5 (8(zAnz))<co ; consequently, the rolation

£ s - &3
nlejmsup § (8({zAnx}) , ZEER, -
3 sf*.!}’% o :
r defines a nonzero element of }., which establishes the de“iz‘e& contradiction,
STEP 4), Let £ be a compact space and lez /’-@MH,}J be positive Radon
measures on X such that H. (i Y}=0 for T4i¢n and 8 € X, Then :f:m:* every £>0 there
o'
are dis;}omf Baire subse b8 Moy Mo, such that &t?(Jf‘AE = X and Hﬁii“& )5 & My (X) =¢
for 1 < m end J w4 Ep&’: : :
PROCGF, Let M o= E u” By the Radon-Niko dym theorem thers sre Daire
Ext : N
functions i’ sueh that M, =€ MU, For each £ there is @ simple Baire function
gy such that j |2, - €| GM<E/2, There i8 a partition of X into disjoint Daire
subsets N.,,..,B _ such that cach g; has the form
.r e § ﬂﬁ%{ ,L c %
Eemi S i / :
As M is regular and p({s}P)=0 for any e‘g—:e}s{ﬁ it follows that for every Balre sube
set H with f&(ﬁi,} 0 there are disjoint Baire subseis H®, M® such that M= HSUM®
and’ M(}*)> 0, f{(’ifﬁ“}} 0. Comsequently, s well-known messure~thooretie resulid impli-
: @s that t;m*zafg are digjoint Baire ﬁ;m‘%:a:é@ﬁ:&mia‘“{, mz}x such that i«?k ut: h@. VE, e and
PUB,) = 2" u(N) (1< kcm), Put B, =) ¥ . Wa have - ‘
ik i oo el ik
- . L) A = o
Pyl = 5 “":;af"‘?‘?} g9 =£/2 w :
M s ;
3 d , : _
- $
- amf\&(‘@ J wEf2 = 2 2 mﬁi(ﬁ ) =& f2 we
~ ; k=t kemg
-2 Es8M =Cf2 3 2 f.80 wE w27 (n) wg,
_ y = : x & i

o7&

L

STEP ‘j}, Let HCX and E CY be closedwopen subsets such that inf M (>0
Bel
Then there are disjoint elosed~apen su‘aseta Ei?@ B’i &uth tkm‘iz Mo M Uﬁ‘? and

F%M 150, Jiw 1,2,

i g \ (
%e— PRO CCF, Lot €= 3 ?;’*E‘ fi%@{ﬁ” . A8 V is compact, thers is an open covering
Hel
(G )5 nOf ¥ such that 1V(£)(t) « V(£)(1%)|<E whenover ¢, §'c G, and £llg

Let Ly be any point in {}.; « By steps 3) and 4), there are dwjoint Paire subsets

%5 o) ) S 5 : 33 sl R % 2™ ot | 9 A
r?g&z such that M = P, U‘;i;? and hi: {,fj} 7 g /t*‘ (M) «£ .48 X 48 . stonian, there
b, e

[

i8 & closed-og®m subset E@‘éj such that L%.i\ }??E U €?3\ E‘?Ij) is ¢ wnmeagre (see [41)s



L

e S e

(3

fcm&.i‘ (Pﬁ} s /4@ {%33 Gaagafgu@%w we have for any t €6

09* course, M, mi af &mi H w%’i uffi,‘, By a%sep 2}, @ach th is cf‘mrmmaw there.

i
o R i R
ds BC | G,; the proof ia {343:;’3_3,‘8‘?@@

SIEP 6}, Ve may now conclude the proof of ‘tw theoren, SUppose that

¥ “_,’__——‘ o
U(x) # G; then there im a nonvoid closed-open subset MC Y such that ing He (X
| o | te

3) » We consbruct inductively a sequence (h” ) of {i‘mjaL glosade

a
1(;‘;1

}i} Uaing step |

open subsets such that orf;,a = inf ,ﬁifhéi‘.’if,)} 0 for my 1. The sequence
4w "
s z"'“?
{n ;r (?(*- }? is 2 disjoint sequence &n E 188 B ia OJmmilV%}f sally conple

there is an ug,p@r bound z € B for this sequence,We h:we

oy TSV Ly )
: B
whenos

f

2 1) < 0lact 5™

bt

bl 11 rs(w,)

n

@

for m ) Y. Consaquently, T~ ( /}C} = 0 which leads to a contrediction, Therefore,
U{x) = O for any x¢ B, and the proof-is complete,

The next result offers a more convenient form for the condition £} in
the above theorenm, : :

-

THEOREM 4,2, Consider the following conditions imposed to a Hiesz svsee

w

11) B contains no nonzerc atomic elements,

Then i) ==+4i) ;the converse is true whenever B is o eorder complate,
order separable and 0 ~universally complete,

Recall that an atomic element is an elsm nt x such 't:ha.t [G,1 x\lwmtaim.
‘scalar multi les of |x| omiy,

PRGG’"‘,

1) m%r i), 1t x€E+\9L 03is atomie, it is easily seen that the relstion

) w supf{d|AER L ot < ¥y yeu,
3 ~50%, ' _
Suppose now that K is ¢ ~order complete, order separable and o ~univer.

'ﬁ)ﬁ‘

defines an element of

sail:;r complete and let he}ﬁ, If b ¢ 0 there is er&% such that h(x) = 1. Denote
¥y C(x) "*;119 set (plyel, yA(x = 3) = 0% . Let M be a maximal subset in
C{x)n h {US}\ %0Y consisting of pairwise disjoint elements, As E is order e~
parable, M is at most cgummbjc, We have x » sup M ; indeed, if z = Bup M and
%% x “e;h(m X~ zeCix)ny \ifﬂj, ag E ig 0~order complote and contains no non
zero atomic elements, we may write z » g = &? e %2 with tﬁ, "(x)\iu}s,,nd u AU, =0,
e

Therefore either h(uﬂ =0 or h(u?fz = O which contradiots the n"mimality of M,
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1

A

P

dietion,

e
B Rl e

Dispose the elements of ¥ in a sequence (?n}q Then (ﬁy ) is a disjoint

¥

sequence in E%; as B is J.-universally complets, €his ssquence has an npper
bound 2 € B, ¥We have : :
g{ ¥

X > ¥ \y/ ¥, $lme 117
i=f  gmpey L

gt : o
consequently, f = hiz)g (n + ) n(z} for every nj ¥, which leads to a contrae

A8 exanmples of G‘MQrder*gamnlaﬁ@g ordsy sapawabls,cfaunivey@ally QoM

pletes Riesz spaces containing no nonzero atomi® elemsnts we meniion the space
e £

1 (ﬁ) of equivalence classes of measurable functions on @ ¢ «finite measure
-Space {X, Z?,ﬁl) thout atomsy dlﬁﬂ, the maximal extension of ¢([0, 1]). Recall

2

that a Riesz space B is called the maximal extension of a Riesz % space B if it is
order complete, B is ozdex'dans@ in ﬁ and svery Bubset “of F consisting of paire
wise disjoint eloments is order hounded; avery Archimedesn Rleqz gpace possesses

8 unigue {up to isomorphism) maximal extension, It is known that the maximal

extension of C([0,1]) is not iscmorphic to any I (}L)6 e

The following example. shows that the order separability condition in
the implication ii) =& i} cannot be dropped,

SXAMPLE, A ¢'=ord i gouplete, (o' unxvuraa iy aompleta Riosz space cone-

'ﬁainiﬁg no nonzero atomie elements such that B E #9105,

Let F be any @~order con zplete ¢ ~universally complete ai@ﬁz 8pace contae.
ining no nonzerc atomic elements and let x be a flxs& element in F \\{Ojg Let
{Abe the set of all countable erdinals and let P2 be the power Riesz space
(with the product @réarﬁ. Consider the subset ECLFJL consisting of those f =
= (x,} .0 for which thore are %beﬁg a o éhCL such that x, = 1—1 whenever

U

ipe

ok yXee Then B 18 a Riess epace satis 3fyi g_cuz°requ1r@m%&t# ; the map fhay A
74 " ‘
belongs to:§\30§@ : : _
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