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COHTIN_MACAULAY NILPOTENT STRUCTURES

by

Nicolae MANOLACHE

Th is  paper  dea ls  w i th  mu l t i p le  s t ruc tu res  on  smooLh  va r ie -

t ies as suppor t ,  embedded j -n  a smooth var ie t 'y"  I t  was inspi red by

I - r l  v rh r - r r -  seve ra l  cons t ruc t i ons  o f  n i l po ten t  s t ruc tu res  a re  p re -
L ' J  I

sen ted ,  wh ich  l ed  to  the  c lass i f i ca t i on  o f  n i l po ten t  cu rves  o f
?

^ * - ' r ' r  m r r ' l  { - i n t  i n i  i - r r  . i n  r h r o g f o t d s  
' ( e . S l  

.  c u r v e s  o f  d e g r e e  4  i n  F r  ( C )  )  .
s l t t < l . l -  I  l t l , L , | " I  L  l I f  J  ! v  r  u J  ! r r  v r r !  v

These  cons , t ruc t i ons  were  a l reac l y  used  i n  seve ra l  wo rks  (e .g .  [ : l  '

l a l  ,  l i d  l .

The , ,new" ic lea here is  to  use " the f rame of  a lgebra ic  I ' inkaqe

1c f  .  [ 1  Z7 ) ,  l i ke  i n  l uJ ,  where  a  me thod  to  doub le  a  s t ruc tu re  i s

c lesc r i bed .  Fo r  t he  case  o f  cu rves '  t he  ma in  obse : : va t i on  i s  t ha t  a

k ind  o f  a lgeb ra i c  } i nkage  can  be  cons ide red ,  such  tha t  t he  cu rve

wh ich  p lays  the  ro le  o f  t he  "un ion "  o f  two  s t ruc tu res  need  no t  be  '

Iocal ly  c 'omplete in tersect ion,  but  cohen-Macaulav.

Tf  Y j -s  a cOhen- l4acaulav s t ructure on a smooth var ie ty  x ,

embedded in  a smooth var ie ty  P,  and E is  a vector  bundle on X '  Lhen

the  ke rne l  o f  a  su r jec l - i ve  homomorph ism I y *E  (where  I y  i s  t he

i c lea l  o f  Y  i n  P )  i s  t he  i dea l  o f  a  " th i cke r "  cohen- l ' l acau lay  s t ruc -

ture Z on X.  Lemma 2 shows t f ia t  a l l  Cohen- ]4acaulay s t ructures On

a  un ion  x  o f  smoo th  cu rves  a re  ob ta rned  app lv ing  succes i ve l y  t h i s

meL.hocl ,  ta i< inq B 's  r r * t fo t  br . r ld les on the j - r reducib le  components

o f  x .  The  same fac t ,  p roved  L re re  bv  l i nkaqe ,  f o l l ows  a l so  by  wha t



w t l

cal l .ed in  t4  coben- l [acau- la1z s t ra i : i f icat j_on.  Io ie  ment ion that_

fourrd i t  indePendent lY

In lhen  the  d j -mens ion  i s  q reaLer  than  1 ,  no t  a l }  Cohen-Macau lay

ni lpotent  s t ructures can be o l : t i t ined wi th  th is  meth.od,  the f  i rs t -

exanp le  be inq  a l ready  w i th  mu l . t i p t i c i t v  3 .  The  ma in  resu l t  o f  t h i s

paper  i s  t ha . t  a l l  l oca l l y  comr : Ie te  i n te rsec t i on  s t ruc tu res  u l r  t o .

mu l t i p l i c i t y  4  on  a  smoo th  X  a - re  ob ta inab le  l i ke  above r  so  tha t

they  a re  g i ven  by  the  same (o r  s im i l a r )  cons t ruc t i ons  as  those

d e s c : : i b e d  b y  B a n i c a  a n d  F o r s t e r  f o r  c u r v e s  ( c f  "  [ r ] 1 "  W e  d e s c r i b e

a lso  a l1  mu l t i p l i c i t y  3  Cohen-Macau lav  s t ruc tu res  on  smoo th  supporb

However ,  v \ re  no te  tha t  t he  ex i s tence  o f  ce r ta in  rnu l t i p le  s t ruc tu res

r r r . r r . r i r c , q  r a t h ^ ' -  c f r n n n  + _ n n o l o o i c ; t l  c o n d i t i o n s ,  a n d  i t  i s  n o t  a n

" ^ : - ' . - ^ " . . ' : : " - ; . , . ' " ; " : " ; ; ; . ; ; ; " '  
c a s e s "  ( a s  r o r  i n s t a n c e

c a J ) '  u q J J \  u v  Y I V U  J - r r . L s ! s : t u r r r Y

su r faces  in  P4  -  c f .  t $ l  ,  l g l  I  .

The  resu l t s  o f  t h i s  paper  were  ob ta ined  some yea rs  ago  i n

para l -e l  wi th  work ing on mul t ip le  5 anc l  6  s t ruct \ r res on a smocth

curve as suppor t ,  and they weLe presenbed at  the INCREST Seminar

on  A lgeb ra i c  Geomet rY .

to  C .Ban ica  w i th  whom I  had  use fu l

anc l  who st imulated me to s tudv fur ther

In  the  fo l low ing  P w i l l  ] :e  a  smooth  a lgebra ic  var : j -e tv  ove l :

a n  a l g e b r a i c a l l y  c l o s e c l  f i e l c i  k .  I f  Y  i s  a  c l o s e d  s u b s c h e m e  o f  P

w e  s h a l l  d e n o t e  \ , 1 . , t h e  i d e a l  o f  Y  i n  P .  C l o s e d  s u b s c h e m e s  o f  P  o f
0 J

d i m e n s i o n  1  ( r e s p .  2 )  w i l l  b e  c a l 1 e d  c u r v e s  ( r e s p '  s u r f a c e s ) '

I n  t h i s  s e c t j . o n ,  u s i u g  a n  a c l a p t a t i o n  o f  t h e  d e f i n i t i o n s

f rom l r lL )  ,  wc  p : :esern t  somc gcr tc : :a I  lemtnas"

I  exc ress  mY thanks

d iscuss j -ons  on  the  sub jec t

mu l t i p l -e  s t rucLu res .



DEFIN IT ION 1 .  Le t  Y . ,  r  YZ  two  c losed  subschemes  o f  P .  We say

tha . t  Y1  ,  YZ  a re  l oca l l y  a l . geb ra  j . ca l l y  I i nked  ( sho r t l y  1 .a "  1 .  )  i f  :

( t )  Y1  ,  YZ  a re  equ id imens j -ona l  ,  w i thou t  embedded  componen ts ;

( 2 1  t h e r e  e x i s t  a n  e q u i c l i m e n s i o n a l  1 . c . i .  ( i . e .  l o c a l l y  c o m -

p le te  i n te rsec t i on )  subscheme Y  o f  P  such  tha t :

(A) rv /r.r=Ho*r-, ( 0., ,  0.r)
t 2 t  t  , P  t 1

R E I 4 A R K S :  1 )  I t  f o l l o w s  f r o m  t h e  d e f i n i t i o n  t h a t  d i m  Y = d i p  Y , =

= d i m  Y . . , = d .
. t

2 \  I f  d=1  then  the  cond i - t i on  (1 )  i s  equ iva len t  t o  "Y . l  ,  Yz

C . M .  c u r v e s "  ( i . e .  Y . r  Y .  a r e  l o c a l l y  C o h e n : M a c a u l a v ) ' .
l '  z  -

3 t  T f  w e .  t a k a  v  a n  e o r r i d i m e n s i o n a l  l . c . i .  s u b s c h e m e  o f  P
J T  ! L

.  and  y t  a  C .M.  p rope r  subscheme o f  Y  w i th  d im  Y ,=c l im  Y ,  t hen  the
I

s u b s c h e m e  Y Z  d e f  i n e d .  b y  ( A )  i s  C " M .  a n d  Y - ,  Y ^  a r e  1 . 4 . 1
I '  Z

/ \  r n  + h e  a s s u m p t i o n s  o f  t h e  d e f i n i t i o n ,  w i t h  Y t , . Y t  C . M - ,=  t  l l l  g r t s  q  o J  u : t r y  u r v r r r  
|  

'  .  z

we have  the  exac t  sequences  (dua l  t o  each  o the r ) :

- 1  ^ r . 1
( 1 )  o - +  d . , ,  @  a )  ' , ' *  U . , ,  *  '  + ' ,  o

^  
' I  v  ' - - Y i  -  

Y  Y  Y j
I

J

I

wh ich  can  be  wr i t t en :
s

"  P .
/- | - 

i '
(21  0  - - - -_ t  t " / t o , r y .  -o  l o , / r y . ru  * : -> r "_  @ 

" .  
0

: .  : l  
' i '  ' i  ' j  ' j  )

.  - r \
w h e r e  r  j =  ̂  

v '  \ y  j

r  a  r  - -  ! - i  - -  \ t  - - \ 7  ^ * J  -  ^ ' . - - . i ^ a { - i  n n

4 ' )  Fe : : rand  me thod  o f  doub t i ng :  t ak ing  Y1=Y2  and  a  su r lec t r - t - l r l

p  l i ke  p ;  i n  (2 , )  ,  t hen  Y  g i ven  by  (2 )  i s  l oca l l y  Gorens te in  (by  a
I

l e m m a  o f  r o s ; s u m )  ,  h e i n c e  l . c . i .  i f  t h e  c o d i m e n s i o n  i s  2  ( c f .  f  e l  I  .

5 )  F ro in  the  exac t  sequenccs  (1 )  one  ob ta ins  the  exac t  se -

quences of  shearzes of  rnu l t ip l i .cat ivc gro l . rps i



( 1  ' )

and  then :

( 3 )

0 *--r J.
l

*  ( l *'  " Y .
l

0* ' 0 f

H1 ( .T .  )  -+  P i c  Y  - - v  P i c' " : l '

When  suPP Yr=suPP nY ,  t hen  t j

0u  and ,  I i ke  i n  f t l  ,  we  have  the

2 _
Y j  - - +  H - ( J j )

= f - -  l ] - - .  i s  a  n i l po ten t .  i dea l  i n
Y , '  Y  - .

I

f o l l ow ing

l ,E l4! IA.  I f  Z  i .s  a  subscheme of  n i lpotent  ideal  I  in  Y,  d im Y=1

ancl  J  is  the kernel  o f  the map of  the sheaves of  mul t ip l icat ive

c r roups  0 j .  f )  *  t hen  H1  (J )  = l l 1  ( t )  .
J  L  u  

' Z  '  \ v '  \ . . '  t

As  i t  j - s  ve ry  we l l  known  r i f  cha r  k=0  (o r  i f  cha r  p=p  and

f P = 0 ) l t h e n  f r J  b v  e x p o n e n t i a l  ( r e s p e c t i v e l v  b y  t r u n c a t e d  e x p o n e n -

: u l a r  ,  L f  I . 2 = 0  t h e n  x  - + 1 + x

g i v e s  I s J

6  )  I f  w e  t a k e  Y c P  o n l y  C .  M .  i n s t e a d  o f  I .  c  "  i .  a n d  Y . , C Y  l i k e

a t  Remark  3  then  y ,  de f i ned  by  (A )  (we  sha l l  ca l . l  i n  t he  fo l i ow ing

v  r t f h a  r e s i d u e  o f  Y ,  i n  Y " )  i s  n o  l o n g e r  C . l ' { "  i n  g e n e r a l  ( b r - r t  l o -' 2  - - i

ca l l y  i t  has  dep th  1  )  .

LEMIIA 1.  Let  YrYl  be Cohen- ] , {acau1a17 curves embedded in  a

smoo th  va r ie t y  P ,  Y1  c losed  O ton" t  subscheme o f  Y .  Then  the  res i -

due  Y^  o f  Y .  i n  Y  i s ' a  Cohen-Macau lay  cu rve
z l

Proo f .  l f he  ques t i on  j - s  l oca l r  so  tha t  we  can  take  A ,  A1  C .M"

loca l  r i ngs  o f  c l j -mens ion  1 ,  A t  quo t i en t  r i nq  o f  A  by  an  i dea l  I i

a n d  c o n s i d e r  A ,  d e f i n e d  b v  ( 0 ,  L , ) o = I r .  T h e n  i t  i s  a n  e a s y  e x c e r -

c i se  to  show tha t  a  non ' ze ro  d i v i so r  i n  A  i s  nonze ro  d i v i so r  i n

h /  r ^ .' t

c o R o L L A R Y .  I f  Y  i s  a  c o h e n * M a c a u l a y  c u r v e , n o n r e d u c e d ,  t h e n

- c  . ^ E  l t * ^ . *

t he re  a re  two  p rope r  subschemes  Y ] ,  Yz  o f  Y  o f  d imens ion  1  and
t

s



a Cohen- l4acaulav

r__
v

n --t r'"  rv  f . ,
* i  * 2

D E F I N I T I O N .  I f  w e  h a v e
,

w i t h  f ' = { 0 :  I . ) n  w e  s a y  t h a t
t Y

( i n  t h i s  o r d e r !  )  .

0v  -modu le ,  F rsuch  i : ha t  we  have  an  exac t  sequence :
* 1  l' T

Y /̂*? ;--:;:- -*Y F -*f 0
t v  t - /- 1  - 2

the s i tuat j -on f rom the above coro l lary

Y  j . s  a  l i nk ing  cu rve  o f  Y l  and  YZ

.REMARKS:  1  )  G iven  Y1 ,  YZ  i t  i s  no t  t rue  tha t  a

does  ex i s t  o r  t ha t  i t  i s  un ique .

2 \  I f  Y  i s  a  l i nk ing  cu rve  o f  Y t  and  YZ  and  Y

i t .  i s  a l so  a  l i nk ing  cu rve  o f  Y1  and  Y .
z l

0 --?

l ink ing curve

i s  l .  c .  i  "  t h e n

LEMMA 2.  Tf  Y is  a  Cohen-Macaulay curve and X i .s  a  smooth

i r reduc ib te  componen t  o f  Y r "d rY lX , , t hen  the re  i s  a  Coh 'en -Macau lay

c u r v e  Y t  ( " l e s s  n i l p o t e n t "  a l o n g  X )  a n d  a  v e c t o r  b u n d l e  E  o n  X '

q r r r - l r  f ha t  T  i s  g i i ven  by  an  exac t  Sequence :* Y

E . _ - ? 0
I* Y l

tu  l r * r "  , *  t " '  I  t *

*

n r  a n r r i r r l l o n { - l r z .
v ! ,  ! . \ - l u r

0 - ? E  - z  ' ) y  - - a  0 " , *  0

P r o o f .  T h i s  i s  l e m m a  1  w i t h  Y 1 = X  s m o o t h ,  b e c a u s e  ( 0 :  I X ) g y

=Hom,  (A* iOu)  i s  a  C .M.  O* -modu le  o f  d  j - n rens ion  1  ,  hence  l oca t l y
V V . A L z

f r ee

RE.MARK.  Lemma 2  g i ves  i nduc t i ve l y ,  i n  p r i nc ip le ,  a l l  c "14 .

s t ructures on curves whose suppor t  is  a  union of  smooth curves.

( I t  c a n  b e  u s e d  d i r e c t l y  t o  o r o d u c e ,  f o r  i n s t a n c e ,  t l i p l e  s t r : u c -

i : u res  on  a  l i ne  i n  E r31  desc r ibed  f  i r s t l y  i n  [Z ]  I  .  Name ly ,  i f  Y '

i s  a  Cohep-Macau lay  cu rve ,  B  i s  a  l oca l l y  f ree  shea f  on  a  smoo th



curve X and prl.rr,  / . , .  . ' -  -) E'  / - x ' Y t
su r jec t i on ,  t hen  t i r e  ke rne l  o f

Iu , ,  - - z  l u , l  r  +E  de f  i nes  a  C .14"  cu rve  y .
'  L I tft i ,(r

Appry ing th is  succesive ly  one reobta ins the known fact

the  mu l t i p l i c i t y  m*  ( y )  = *  (  0u  
- ,n )  :  

= the  mur t i o l i c i t y  o f  t he  l oca l
r  r r l r

./\ , ""U. ,  -  i "  cons tan tw i th  resoec t  to  xey ,  fo r  an l r  C"M.  s t ruc tu re  y
L  l f , t

smoo th  X .  We ca I I  n l ( y )=m(y )  " t he  mu t l i p l i c i t y  o f  y , ,  and  whenx '  
- - : - e r  

l
= 2 , 3  e L c .  w e  c a r r  y  a  d o u b l e , t r i p l e  ( a n d  s o  o n )  s t r u c t u r e  o n  x

I

i

+ 1 ^ ^ !
L T I O  L

r ing

o n a

m  ( Y )

DEFrNr r roN-  r f  Y r  y i  a re  c .M.  equ id . imens iona l

P  and  the  res idue  yZ  o f  y i  i r  y  i s  C .M"  , :  say  tha t

s c h e m e  o f  Y 1  o n  y Z  ( i n  t h i s  o r d e r ) .

subschemes of  i
I

Y  i s  a  l i n k i n q

are Cohen-Macaula l r  equid imensionaf  sub-

a r e  c l o s e d  p r o p e r  s u b s c h e m e s  o f  a  1 . c " i "

.scheme YCP and:

LEMI {A  3 .  Le t  Y ,  Y1 ,  Y2  be  C"M.  equ id imens iona l  subschemes  o f

P ,  such  tha t  Y r ,  Y2  a re  c losed  p rope r  subschemes  o f  y ,  o f  d imen-

s ion  d im  Y .  Then  y  i s  a  r i nk ing  scheme o f  y1  anc l  yz  i f f  t he  fo r -
' l  

n r . r j  n  ^  nan ' l  i  + -. L \ rw -L r r r J  u t . , r . r L r r  u  j - ons  a re  f  u l f  i l l ed :

(b )  r . ,  r v  L rv
" 1  ' 2

(c  )  mO (Y )  = *p  ( y2  )  +mn (A1  )  ,  where  A . ,  =  (0  :  t " ,  ,O  

"
.  P roo f  .  Le t  y ;  be  the  cu rve  de f  i ned  bv  the  i dea r  A1c0 - - .  F rom

( a )  Y ;  i s C . M . ,  f r o m  ( c )  m (  O v r - a . ) = m { 0 . ,  . , . )  f o r a n y 2 c a n d f r o m  ( a )t 2 ' n  
l 2 , o

Y)  i s  a  c losed  subscheme o f  y2 .  f t  f o l l ows  yZ=y ) .

c o R o L L A R Y .  r f  Y 1 ,  Y Z

schgmes of  P such that  they

(more  genera l l y  Gorens te in )

(1 ) r.,  r. .  ( r.,
- 1  - 2

{ 2 )  m o ( Y )  = * ;  ( Y ,  )  + m n  ( Y r )

then Y i -s  a l ink ing schenre of  y t  and y2,



7 *

I

Proo f  .  I n  t h i s  case  An{ ,h ) . . ,  @- f , ,  whe : :e  L  i s  i nve r t i b le  on
I  J 1

I

i

:

1 r  - ' ^ r  r - 1 - ' ^ ^  * _  ( A .  ) ' = m ^  ( Y .  )  .t  
1  

a t l u  L t l r l i ,  , , , I ,  
I  y  I

REI4ARKS: 1)  In  d inensions greater  than 1,  even when the

suppor t  i s  smoo th ,  i t  i s  no  l o t rge r  t rue  tha t  a l l  C .M.  n i l po ten t

s t ruc tu res  Y  a re  ob ta ined  i n  a  p rocess  desc r ibed  by  exac t  sequen-

n a q . :

o -+r,, f  -z i  r. ,  /-z -- E^ * o
t 1 ,  r x  ^ , t X

r..
" r + 1

o--+ T+:i * rv l, -r --+ E, -r o
t x t Y  t r i ' x ' Y

_ r r

w h e r e  L  .  a r e  v e c t o r  b u n d l e s  o n  X  t  y = 1  , . .  " , t  a r r d  Y t * 1 = Y .
l - n " '

F o r  i n s t a n c e  ,  L f  X = p l a n e ,  P = F =  t a k e  I . r =  ( x r Y )  a n d  u r V r w  t h e
?!

l r omogenous  coo rd ina tes  on  X ,  t hen  I . r=  ( *2 *2*u2  (ux+VY)  r  *2 *y - , l r r (ux+vy

2  2  2 ,  3  2  2  ?  r _ 1 _  _ r i - -w - y - + u - ( u x + v Y )  r  x " r x - Y , x Y - , Y " J  d e f i n e s  a  t r i p l e  s t r u c t u r e  o n  X ,

wh ich  canno t  be  ob ta ined  l i ke  above .

' l rTe ca l l  those C.M. n i lpotent  s t ructures on a smooth X which

can  be  ob ta ined  l - i ke  above ,  l i l po ten t -  s t ruc tu res  o f  t ype  I .

2 |  A s  w e  a r e  j - n t e r e s t e d  m a i n l y  1 n  1 . c . i .  s t r u c t u r e s  Y  a n d

for  t .hem we want  to  know a lso the c lua l iz ing sheaf  ,  to  the exact

segu.e lnce (3)  and the lemma under  i t  we must  add the computat ion

- l \ t

O f  0 - , 1 '

i

LBMMA 4 .  Le t  Yo  be  a  l i nk ing  scheme o f  equ id imens iona l  C .14 .

s c i : . e m e s  Y t  a n d  X ,  w h e r e  X  i . s  r e g u l a r .  I f  Y  i s  a  t . c . i .  s c h e m e

n n n r - a i n i n c r  v  ( l o r - a l l r z \ a n r 1  d j - m  Y = c l i m  Y . ,  ,  b h e n  d U . \ X g ( I y z T " . ) /v v r r  u q l r r r r r \ ,  ' O  
l -  y  

i \  
/  _  _  

l _

/ r  - L - r  ( r  .  r  ) .  l o c a l l y  I  i i - 0  r  1 )  .  T h e  l i n k i n g  e x a c t  s e q u e n c e :/  ' y ,  - X  , - y .  - y .  i  . "  l  r  - - - - - - -  -
1 . ,

O  r a l y . - J  d u  " - ,  r ' v 6 d " *  0
* i  * o



g i v e s ,  b y : :es t : : i c t j - on  to  X ,

I

( f . ,  :  * Y , )
I I

l .osa l1 rZ ,  the  exac t  sequet " Ice :

Proof  .  St ra ight f  orward coniputat ion.

LEMMA 5.  f f ,  YcP is  a n i lpotent  s t ructure on a smooth var ie t \z

X ,  t h e n  m *  ( Y )  i s  c o n s t a n t  w i t h  r e s p e c t  t o  ? c  6 X  ( t h i s  c o n s t a n t' L

w i l l  b e  c a l l e d  t h e  m u l t i p l i c i t y  o f  Y  I  d e n o t e d  m ( Y )  )  .

P r o o f  .  T , e t  ?  b e  t h e  t  o f  X .  W e  s h o w  t h a tL e L  
1  

. =  L r r t :  g e n e f l C  P O r n

m ^ . ( Y )  = m ,  ( Y )  f o r  a n y  ? c  e X .  W e  h a v e  s u r j e c t i o n s  0 " -  - - - r  0 , .  \ z  a n d
) L '  b  X r I l  X r y

n  1 1  T - ) a n n l - a  r e c r r r : r . r i i r z e l  r z  h r z  R -  B ,  A  t h e  C O m p L . L t i O n S  O ft x r Y  '  - x r X "  r \ t  u l

t he  above  r i ngs  i n  t he  topo log ies  o f  t he i r  max ima l  i dea l s ;  t hus

w e  o b t a i n  s u r j e c t i o n s  q : R - + B ,  p : B  = + A ,  w h e r e  R  a n d  A  a r e  r e g u l a r

c . n m n t  . . r .  o  r i r r q s .  T h e n  R e  k  f L  " ,  
t . . .  , X r . . , i u 1  , . . .  r , r f , \  ,  A {  f . l l "  1 t . . .  t " ; i \"  L t  l '  n '  ,  - t )  L r -  |  - J j

and  the  map  pq  can  be  cons ide red  to  be  the  na tu ra l  p ro jec t i on .

T a k e  s : A * r  R  t h e  s e c t i o n  o f  p q  w h i c h  s e n d s  u . E A  i n  u i € R .  T h e n ,

B  b e i n g  C . M .  a n d  B / , , ,  , ,  h a v i n g  f  i n i t e  l e n g l h ,  i t  f o l l o w s
, * . i  ,  . . t v z l

+ r ^ - +  t ' "  , u - ^ )  i s  a n  A - r e g u l a r  s e q u e n c e  i n  B '  h e n c e  B  i s  C o h e n -u l l c t L  ( L r 1  , . . . ,  
f .

-Macau lay  as  an  A -modu le .  Bu t  A  i s  regu la r r  so  tha t  B  i s  A .  f ree ,

( 4 )  o  * r
I y n f  

X  
( t " :  l "  )

o

L^) \ --"' p'v ,4h'
Y \X \ : '  c^)*  ->0

o '

lnlp_
i s  a  smoo'LhYvar ie ty  of  the smooth var ie ty

s t r u c t u r e  o n  X  w i t h  m ( Y ) ( 4 ,  t h e n  Y

I

P r o o f .  A l l  i s  d o n e  i f  w e  s h o w  t h a t  t h e  r e s i d u e  o f  X  i n  Y

i s  C " M .  o f  l - y p e  f  .  T h i s  i s  a  l o c a l  p r o p e r t y :  f o r  a n y  1 c €  Y  w e  h a ' v e

t o  s h o w  t h a t  t t o * 0 * , n { 0 o , X  ,  Q * , y ) = ( o , r * )  C  0 * , y = B  d e f i n o s  a  c . M .

nr r r - r l - i r : n l -  n f  R  o f  t ype  H  (he re  . L=Tu / I . r )  .  i , r l i t h  t he  nOt .a t . iOnS  f rom
" J r * s \ r r ! . - - X , Y ,

B d A d .  T h e n  B  -  A d = K ( x ) d  a n d  s o  m ( B ) = 6 = * ( B j )  .

THEORE}4

P a n d Y i s a

i  d  ^ t  { - r r n n  T
J D  v !  L J I / g  r .

I f X

c ,  b ,



t h e  p r o o f  o f  l e m m a  5 ,  w e  h a v e  s u r j e c t i o n s  k = k [ [  x r  r "  " .  ' x n  i \ t t . . . r , r ] - ,

, t-r o, 

Lr- l- rI I r.,\

. -+  B,  B **  k  L[ t l  , "  "  "  r , r r \ )  = f t  suc i r  that  R - t  A is  the natu] :a l  su: : jec-

t ion an<1 take s :A -eR the natu: ra l  sdct ion.  T i ren f  
l {=Spec B -*J

n

.  r r  f , i
- )Spec  A=X i s  a  f l a t  f am i l y  o f  i r -mu l t i p le  po in t s  i n  Spec  t< f i x i , . " . ' " r , j ]

p=m(Y)  .  We  sha l l  compu t .e  a l l -  poss ib le  i dea l s  l . , =1<er (R  - - rB )  anc l
1 r - " : t " )  

r r

s h o w  c l i r e c t l y  t h a t  ( 0 : I ) B = - { : e -  d e f  i n e s  a  C . M .  q u o t i e n t  o f  B ,
t f .

o f  t y p e  I .

For .  th is ,  one method can be to  compute the Hi lber t  scheme

2 1 r . .  o f  p - m u l t i p l e  p o i n t s  o f  S p e c  S = f  [ 1 x 1 r . . . , x - \  ( o r ,  e q u i v a l e n t l y ,
t . p  -  

L L  I  t r l )

o f  p - c o l e n g t h  i d e a l s  o f  f .  [ " 1 , . . . , " J ]  ) ,  u s i n g  t h e  f a c t  t h a t  a n y

tl"
i dea t  , Jc  S  o f  co leng th  p  con ta ins  m '  ,  w r le re  m i s  t he  max ima l  i dea l

o f  S  ( th i s  can  be  p roved  by  i nduc t i on  on  p  ,  c f .  [ f  O l  t  ;  t he  exac t

sequence

^ J Su --: -:; *? -;
p e

m m
- - 3  - ? o

.t

n 0
shor ,vs that  

' tLu 
can be : :ea l ized as a subscheme in  the Grassmannian

o f  coA imens io l  p  l i nea r  subspaces  o f  a /m[  ,  g i ven  by  annu la t i on

o f  ce r ta in  de te rm inan ts . .  Then  v re  can  t45s  the  un i ve rsa l i t y  o f  Xu

l - n  n r ' rmn r r ' l - o  Tu v  v v r t r y u L . u

Ins tead o f  tha t  we sha l l  c lo  the  computa t ions  d i rec t l y  fo r

t h e  f a m i  l v  Y  - +  X ,  t a k i n g  s u c c e s i v e l l z  f i = 2 ,  3 ,  4 -
9 r r v

For  th i s  we  need  f i r s t l y  a  c lass i f i ca t i on  o f  i dea l s  o f  co -

(r r1
l e n g t h s  2 , 3 , 4  i n  S = k l [ * 1 , . . . , " n ) )  I f  k = C  a n d  n = 2  t . h e s e  a r e

c lass i f i ed  i n  [S ]  ,  bu t  t hey  a re  no t  ha rd  to  do  ove r  any  k ,  us ing i

the  obse rva t l on  tha t ,  i n  t he  te r rn ino logy  o f  t h i s  paper r  dnY  C" l4 '

s t ruc tu re  on  a  c losec l  po in t  i s  o f  t ype  I .  As  any  k -vec to r  space

con ta ins  cne  o f  d imens ion  1 ,  f o r  any  co leng th  p  i dea l  Y  j ' n  S  the re

is  one of  co length o-  1n , f  i land an '  exact  sequence:



i t-'

o -+ -r{t -* ..1-l- --o r-, -> o
i l ru l i lu

T l rus ,  i dea l s  o f  co leng th  2  a re  g i ven  by  exac t  sequences :

T

o -* 4 --" + --?k --? o
mo m'

hence i ru  convenienL coord inates ,  J  ,=  
(x t r  , * ,  |  .  .  .  , * r r )  .

The  idea ls  o f  co leng th  3  a re  g i ven  by  exac t  sequences

J.  J^ .
0 -*+ ==f -.r ;a! -=+ k --> 0

tLta 
2 

Ltt.) 
2

l n i j
1 / /

h e n c e  J r =  ( x i , * 2 , .  . .  , x * l  ,  o r  J r = ( x i , x r x r , x i r X 3 , .  . .  , x r r )  ,  i n  c o n v e *

n ien t  coo rd ina tes .

In  the same way one obta ins changing convenientJ-y  the coor*

d  i  n a J -  p q  -  t h o  i d e a l s  o f  c o l e n c r i - h  4 :

' + 4 3 ?
J O  =  ( x i , * 2 , . . .  t x r . )  ,  J n =  ( x i  , * 1 * 2 , x ' - r , x 3 r . . .  , x r r )  o r

2 2
J r = ( x l  , x i , x 1 r . . .  r x * ) ;  i f  c h a r  k = 2  w e  h a v e  a l s o

+ l 4 J t l

2 2t ' . f  X n t X ^ r  X . r  . . ' r X ^ J 'u A - ' ' t 1 n a  
I  z  J  r r

Coming back to  our  f  ami ly  Y - r  X,  take . f  i rs t l -y  LL=2.  Then

the  f i be r  Y^CSpec  S  o f  t p  ove r  t he  c losed  po in t  i s  g i ven  by  an' 7  - O - - r - -  
t  

- ' - -

)
i d e a l  o f  t h e  f o r m  ( x i , x ^  , .  . .  t x * )  ,  e v e n t u a l l y  c h a n g i n g  t h e  c o o r -

l L r r

-  3  d ina tes .  Th i s  shows  tha t  a round  Y^  ,  X ,  con ta ins  i dea ls  o f  t he
( J Z

2f o r m  ' ( x 1  t  x " * a , . , x 4 ,  - . .  r x ^ * 3 . * x a  )  r  w h e r e  a .  a r e  l o c a l -  c o o r d i n . a t e s
' 4 z l l l t r l r

n o 2o n ' X . ;  t h i s  s h o w s  t h a t  I - =  ( x l - r  x o  r . .  .  , X . _ )  ,  i n  c o n v e . n i e n t  c o o : : d i -- ' z '  t 3  |  z '  u

n a t e g .  I t  f o l l o w s  ( I o :  I ^ ) = I . , .  ,  h e n c e  t h e  r e s i d u e  i s  t r i v i a l l - r 7
l 5 f l A

^ C  r - , - ^  T
rJ ! L-y .t1€ -L o

I f  $=3 ,  t hen  Yo  i s  q i ven  by  an  i dea l  o f  t he  fo rm

'  3  t  r v a n r r ' r  + h r l  1 , 7 s  c o n s i d e r  o n l y  l . c . i " )  a n d  t h e( * 1  r * 2 ,  .  .  .  r X U l  ( r e c a l l  t . n a t .  v / e  C O n S f  o . e r

same procedure as abov, : r  l ; l :c ,ws I , ,C (* l r * . ,  \  i  * -
b  |  .  t , ' "  , * r )  ,  i t s r  s u i t a b l e  x .  .



1 4
t l

Then  ( r " :1o )  =  t " t r , x2 ,  . .  .  , r " r r )  de  f  j - nes  a  C .M.  s t ruc tu re  o f  t ype  r -

r f  & = 4 ,  t h e n  t h e  n o n t r i v j . a l  c a s e  i s  I u  = \ " 1  , * 7 , * Z , . , " r X n )
) ) - o

a n d  f o r  c h a r  k = 2  a l s o  t r o =  ( * . , * ,  ,  * i * * ; ,  x 3 , . . .  r * r ) .

consider r . ,  = {* f ,  , * f , ,  *3 ,  .  .  .  , **}  .  Then re t* f  * -"  ,+ 'bxr*"*?i*t o t z

) ? ) n 2 ? ? ? ? 3 )
+dxrxr*ex)+fx i*qxix2+hx.,  x |+r 'x i ,  x i+Ax1*B*2+Cx]*D*1xr+Ex)+Fx]+'Gxix2+

7  ?  . 4
*Hx1x j+ tx ) ,  ( x  

1 , x2 )  
=  

r .  x3 * .3 *1*b3*2  t .  .  .  t xn ' ' t - anx1*b r r *2 )  '  where

d , b , . . . , A  , 8 , . . . , . i , b i  a r e  n o n u n i t s  j - n  A = l c l L * . ,  , . . . , " J 1  a n d  s a t i s f y

the  equa t ionS  o f  X r ,  a round  tU^no t  equ iva len t l y '  a re  such  tha t
u  ( e

e /pBp  i s  g i ven  by  an  i dea l  o f  co leng th  4  i n  nn /nRod  an /nanLLX l r . . " r x1 . ,

f  or  any p(  Spec A.  Making the change of  coord inates f ,  .  =x .  +d .  x . ,  - t '

* b i * 2  ( i 1 3 )  w e  h a v e  I e *  ( " ? * u * 1 * ,  .  .  . , t l n A * 1 * , . . . , X 3 ,  .  .  . , " , r )  * f f i " f ,

shov r  t ha t  1 -akJ -ng  n=2  i s  no t  reduc ing  the  qenera l i Ly .  I f  we  cons i -

d e r  t h e  m a t r i x  o f  t h e  c o e f f l c i e n t s  o f  
" f  

,  
" 1 " r ,  

* , x 3 ,  
" )  

i n

* 1 F 1  , * 2 F 1 , x 1 F Z , t 2 F 2 € r B = ( r 1 , F 2 \  r  w e  s e e  t h a t  i t  i s  i n v e r t i b l e ,

? ? ) 1 ,
h e n c e  * i ,  

" i * 2 ,  
* t * i ,  * ;  c a n  b e  e x p r e s s e d  j - n

mod IB"  Thet- r  Iu  can be v ,zr i t ten

. ) 2 - 2 2 ^ * r - u 2
I B =  (  x i + a x  f b * 2 + c x ] * d * 1  

x Z r e x i ,  x i + A x . ,  + B x  
2 .  - "  

1

* 1 , * 2 ,  " 1 ,  * 1 * 2 ,  " l

)
+ D x ,  x , . + E x l  I

t z z

4

( x .  , x . )  
' )  

,
l 4

w i t h  d , b , . . . , A r B r . . . .  n e w  n o n u n i t S  i 1  A .  I t  i s  e a s y  t o  s e e  t h a t

?
r  r . A n  h r :  r ^ r r i t t e n  i n  t h e  f o r m ,  r B =  t x f  * a x 1 * b * 2  + c x , x r r  * l * a * l n B x 2 o!  

B  
v q r r

+Cx1x2 t  t x r , x r \ *  \  .  l { e  show now t } ra t  aB*bA=O.  Indeed ,  i f  aB-bA l0 ,

then  the re  i s  . i  p€Spec  A  such  tha t  ae -bA{n ,  hence  the  f i be r  o f  q

o v e r  p  i s  g i v e n  b y  a n  i d e a l  ( x r +  { " 1 *  F  * i * 2 . " { " 3 ,  x z * q ' * ? *  p ' *  1 * 2 '. t  
l t

)
+ 1 ' x f  )  ,  n o t  o f  c o l e n g t h , 4 .  W e  m a v  t h e n  t a k e  F 1  ,  F Z  o f  t - h e  f o r m :

v z
) n ) '

F 1 = " i + { ( a x . , + b x r ) + c x  1 x 2 ,  
F Z = * i . + m ( a x  1 * b * 2 )  

+ d x r x ,  ,  w h e r e  a , b  h a v e  n o

c o m m o n  f a c t o r .  I f  b o t h  l , m  a r e  z d Y o ,  i t  i s  e a s y  t - o  S e e  t h a t  ( I " : I O )

) ?=  $ t r  ,  x  j x . ,  t ; j  d e f  j . n e s  a  C .  M .  s t r u c t u r e  o f  t y p e  I  .  A s s u m e  ,  t o

make a  cho i -ce  ,  ( f  0 .  i {e  s l : iow a=0.  Inc leed,  i f  a f }  ,  tak ing .  t } re  f  iber

over l  p4Spec A : ; i - rcJ r  tha t  
" , ( {  

o ,  i :he  ic lc 'a , l -  o f  the  f  ibe : :  over  p  w i1 .1
I



l z

b e  o f  t h e  f o r m  & | . ' u * n + b x . * ^ r " * ? .  a * ? + e X n + f x . X ^ r  ( X , , X ^  t 4 \  ,  w h e r e- ' -  
1  

- "  
1 ' -2  

vz '2  |  * "2  " - -  1  
- "  

1 - -2  '  ' - - ' , l  z ' ,
'a  j -s  inver t ib le  and d or  f  are not  zero.  I t  j -s  easy to  see that

a n  i d e a l  o f  t h i s  k j - n d  c a n n o t  h a v e  c o l e n g t h  4 .  T h u s ,  f B = ( * ? * f U * r *

) lr ^ v  v  v - r m h v . + d x . x . r  ( x .  r x . ) = )  a n d  1 r b l 0 .  T h e n  w e  m u s t  h a v e' " n 1 n 2 '  ^ 2 ' L L w  
z  I  z  I  z

^ - n  m - A  l ' r n a s s g s  o t h e r w i s e  l o c a l i z i - n g  c o n v e n i e n t l y  w e  s h o u l d  h a v eu - \ /  t  I [ t - V  ;  U E U a L I > E  \ / L I I U I  W I > €  J \ J \ - q I I Z f r r 9  l / L j . r l V e l l I E r r L I y

1 ,  b ,  d f  m  i n v e r t i b l - e , a n d  t h e  t w o  c o n i c s  x ? * l b x " + c X . r X " = 0 ,  * l + m b x ; +t z t z z z

+ d . X r X r = 0  w i l l  n o t  i n t e r s e c t  4  t i r n e s  i n  o r i g i n .
l l

T  r -
b

1
' L=  ( X r

I

T {
IJ

e

2  2 .Thusr  we have showed I -= (x i+a .Xn+bX,x . ,7 -Z)  and then
b  I  I  I  Z '  Z '

,  2  2 .( r , ' : r ^ ) = ( x i + a X r ,  x . , x . r x ; )  i s  o f  t y p e  l t  b e c a u s e  ( r - , : r ^ ) =
b  A  I  z  I  z  z  '  u '  A

, x " )  w h i c h  i s  o f  t y p e  I .  ( I n  f a c t ,  i f  c h a r  k / 2 ,
z
) a

( x l + a x  ̂ , x 1 , )  ,  w i t h  a  n e w  x "  )  .I  z '  z  I

A s s u m e  n o w  c h a r  k = 2  a n d  r y  = ( x r x 2 t  
" ? . " 3 ,  

x 3 t . : . . , * . r )  .  L i k e
' o

above r  w€  reduce  ou r  compu ta t j -ons ' t r t f t c  case .  IB=  ( x1x2* t *1  +bx2+cx1+

) ) ) ) ) 4
+ d X . r x " + l x i  ,  x ' + x - + A : r + R x  * 7 x 1 + D X r  x . . , + E x : ,  ( x .  r x r ) * )  w h e r e  d ; b 1 . . . r 4 , 6 , . . ;' - - 1 - - 2  - - - 2 ' ,  - - 1  " 2  " " 1 " " 2  " ' - t  1  

' 2  ' z ' .  
I '  z '

a r e  n o n u n i t . s  i n  A .  W i t h  n e w  c o o r d i n a t e s  a n d  c o e f f i c i e n t s  r

r u=  ( x1x2+ax  f b *2 * " * l * a * / ,  " l * " 1 *A*1+Bx2*  
cx | *ox l ,  ( x  1 , x )4 \ .  L i ke

above we must  have aB-bA=O r  hence

^ ^
F n  =  ( X , X ^ r 1 ( a x .  + b x  ̂ l  * c x 1 + a x l

l r z t z t 2 '
u z=*tr**l*^( ax., +bx, ; *"" f * rxl\

where  d ,b ,  i f  no t  zero ,  have no  conmon fac to r

D i v i d i n g  b y  ( 1 + e )  ,  E )  c a n  b e  w r i t t e n ,  w i t h  n e w  c o e f f i c i e n t s

: 2 2n r = x f  + m ( a x r + b x r ,  * e x 2  '  w n e r e  e  i s  i n v e r t i b l e . '  S u b s t i t u t l - n g  x f
. f

f  rom FZ C Ig  in to  F1 . . rd  chang inq  no ta t ions  we may assume F1=t  1x2*

+ 1  ( a x .  * b X . ,  1 * c x l ,  f  r = x l * m ( a x . , + b x  , )  
+ d x l  ,  w h e r e  d  i s  i n v e r t i b l e  a n c l

l z

the  o ther  coef f i -c ien ts  a re  nonun i ts .  Then i t  i s  no t  hard  to  show

t h a t  r o  m u s t  b e  o f  t h e  f o r m  r B =  ( * 1 t 2 ,  
" \ * ^ " 1 ,  

x 3  , . . .  t x r r )  ,  w h e r e

a  i s  a n  i n v e r t i b l e  e l e m e n t .  T h e n  r " : r o = ( x f  ,  * 1 * 2 ,  * 2 ,  
1 3 , . . .  r * * )

d e t i n e s  a  C . M .  s t r u c t u r e  o f  t y p e  f .
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S2.  Construct j -on-q"  o_f  -  n  j - lootent- .s t r .uc. Iures

In  t i r i s  sec t i on  we  g i ve  cons t ruc t i ons  o f  C .M.  n i l po ten t

s t ruc.Lures of  type I  on smooth suppor t  X,  embedded is  a smooth P,

m a i n l y  u p  t o  m u l t i p l i c i t y  4  ( t h i s  i n c l u d e s  a l l  1 . c ' i . ' s t r u c t - u r e s

n n  m l r l t i o i  i c i t y  4 ,  b y  t h e o r e m  1 )  a n d  a  c o n s t r u c t i o n  f o r  a  C ' M '

; ; ; . - " ; " ; r ; ' r ; ; . ; ' ;  '  ,  no t  o r  t vpe  r .  Manv  o r  t he  desc r ip -

t ions g iven here are essent ia l ly  those f rom C.  Bhnica and OForster ts

p a p e r  [ r \ . ,  b u t ,  s o m e  a r e  n e w  ,  f o r  e x a m p l e  1 ' 2 ' ,  1 ' 1 ' 2 ' ,  1 ' 2 ' 1 '

i n  cha r=2 .  We sha l l  p resen t  t hem b r ie f  I y ,  w i thou t  j . ns i s t i ng  on

aspec ts  r  ds  the  d imens ions  o f  t he  fam i l i es  o f  n i l po ten t  s t ruc tu res

we  cons ide r
. J

1 .  S t ruc tu res  Y  such  tha t  t he  res idue  o f  X  i n  Y  i s  X -  These

are  ob ta ined  f rom exac t  sequences :

o - - r  
' + -4 - - - - '  

o  o
T -  T '* X  - X

whe.re Q is  a vector  bund' le  on X.

1 . i .  e = L  i s  a  l i - n e  b u n d l e  ( T h i s  i s  F e r r a n d ' s  d o u b l i n g )  .

The  exac t  sequence  by  wh ich  X l=Y  i s  ob ta i -ned  can  be  wr i t t en  a l so :

0  L  - 4  0 * ^ -  O *  - +  0 .
. ^ 2 '

we  have  , J . '  \ . "=d -  @ L -1  and '  t he  exac t  sequence :
^ 2 \ ^  - / \

)
Ha (1, )  - - - r  P ic  x ,  - -+ Pic  X -> H' (L)

r f  x 6 X  t h e n  t h e  i d e a l  r . ,  v  i s  o f  t h e  f o r m  f * 1 , * 2 , . . . , x r r )  ,
x r L 2

wi re re  x .  a re  a  conven ien t  sys tem o f  coo rd ina tes  o f  x  i n  x€x

( i . e .  r . r . = - ( x  1 , .  -  - r x r r ) ,  n = c o d - i r n * X ) '' ]ti|C I rr
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1 . 2 .  Q = E  i s  a  v e c t o r  b u n d l e  o f  r a n k  2 .  O n e  o b ' L a i n s  t r i p l e

s t r u c t u r e s  X ? .  T h e  d e f i n i n g  e x a c t  s e q u e n c e ' c a n  b e  w r i t t e n :

o --a u .-+ 0- -^--+ 0u --1 0
.?!.

J

r *  rx r= 
( *?

are  conven ien t  loca l  coord inabes

Bv lemma 4, dx^\  
*" , . 'J"  € l  nt

/ l ? \  ^

)
r x " x n r  x 7 ,  X r , . . . , X _ ) ,  w h e r e  x .'  1  t '  z '  J '  n '  a

a r o u n d  x e X .

Loca l  s t ruc tu re .

REMARK. When codimoX=2,  then X,  is  s imply  the f  j - rs t  in f i -

n i t es i rna l  ne ighbourhood ,  x (1  )  .

codi -mens ion

- i s  
o f  t h e

x*ut s ov"

that thre

^  + - l ^ ^ - . ^
c l l L l u r r Y  L r r v  J s

1 .q .  0  i s  a  vec to r  bund le  o f '  r ank  q -  Then

o f  X  mus t  be  a t  l eas t  g , ,  t he  l oca l  s t ruc tu re  o f

fo rm (  ( x .  , .  .  .  ' 2  ,  .  . x * )  and  we  have  c^ . J -
I  

, n q t  ,  ^ q *  
1 t .  

.  -  , . - - T l ,  - - X

1

\

h

q +

q + 1

D U V

a !

the

X

i . c
:
l

:

:

1 . 1 . 0 "  H e r e  w e  c o n s i d e r  C . M .  s t r u c t u r e s  Y

r e s i d u e  o f  X  i n .  Y  i s  o f  t h e  t y p e  1 . 1  a b o v e .  T h e y

wh ich  can  be  ob ta ined  f rom exac t  sequences

0 - > rv/rxry ----+ rv /Turu --) T -*-" 0
r .  n n 2  n 2  n n 2

where T is  a  vector  bundle on X

In  o rde r  t o  separa te  "non l i nea r "  equa t i on  o f  X ,  we
,)

the  ke rne l  o f  t he  na tu . ra l  map  , * r r t * t "2 - - -a  t * / t " *  wh ich

' r " / r  r  T , ' i k c  ' i i  1  n n ^  q o p q  e a q i l v  t h a t  t h e  m u l t i p l . i c a t i o nI v l  - L V { v  .  J r - L J " r C  I I I  L  1  ( J . [ I E  J v E J  e q D r l J  !

n  l \  1 \ ^
I

) )
m a p  L ' r  I u f  T u  @  T y / I v  - - - 1  f i /  f r l r .  i s  l o c a l l y  ( h e n c e  g l o b a l l y )  a n-  A  n 2  / \  n 2  n n 2 .  

1
i s o m o r p h i s m .  I n  t h e  n o t a t i o n s  f r o m  1 . 1  ,  L '  i s  g e n e r a t e d  b y

) _
x l  ( m o d  I . , I - ,  ) .  I , V e  s h a l l  m a k e  o u r  d i s c u s s i o n  u p o n  t h e  m a p

I . 1 \ 1 l ^/.
L z  - - l  I - -  8 f . " f . .  - - t  T ,  r v h ' i c h  i s  n o t  z e r o ,  b e c a u s e  o t h e r t t r i s e  i n  t h e

|  * Y  I  
* Y - Y

" 2  " " 2
structure Y thus obtained. the residue of  X would be X and not Xr.

consic ler

i ^
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4 r
I J

)
1 . 1 . 1 .  T  i s  a  l i n e  b u n d l e .  T h e n  T = L 1  ( D )

s t r : uc tu rc  o f  mu l t i p l i c i t y  3  thus  ob ta ined .  I t

exac t  sequence :

D e n o t e  h v  Y  t h e- 3

i s  g i ven  by  an

0 *? r,, / t-, t , ,  -" r-, /r, ,r,,  -& r,2 (o | --+ 0
t 3  n 4 2  n z  n n z

t . r l . r a r a  n  i c  '  S U r j e C t i O n  S U C h  t f i a t  L z  - ,  I u  / I u T uY Y r l v l v  r .  " - " - : "  , , 2  . -  , , 2

t he  na tu ra l  i nc lus ion .

1 2  @ l  i s

In  conven len t  l oca1  coo rd ina tes ,  we  have

. ?  -  2
p o i n t s  x 6 X \  D  a n d  f y ^  ( x l - f - x r ,  x 1 x 2 ,  * i ,

J

D,  where  f  i s  t f r e  l oca l  equa t i on  o f  D  i n  x "

1 . c . i .  o n l y  w h e n  D = 0 .  L e m m a  4  g l v e s

Loca l  s t ruc tu re .  Cons ide r  f i r s t l y
? n

that  Lo - - -+ Iv  / I , rTu 
t  

F T
t ' 2  . , 2

a  d i v j - z o r  o n  X .  ( f  t  X  i s

x {  supp  D ,  i n  conven ien t

p

Loca l  s t ruc tq re .

1 . 1 , 2 .  T  i s  a  v e c t o r  b u n d l - e  o f  r a n k  2 ,  S t r u c t u r e s  Y p  o f

mu l t i p l i c i t y  4 ,  g i ven  b - ' y  exac t  sequences :

r . ,  : r  t x ]  , x 2 . , . .  .  , " r )  j - n
t 3  |  4

* l : .  .  "  , X n )  f o r  x € s u p p

T t  f o l l ows  tha t  Y ,  i s

-')
d " ^ \ "  L  

' @ d x .
- 3

) )
i s  t he  compos i t i on  L ' ' c - -  L ' (D )  < -T rD  be i -ng

a  cu rve  th i s  happens  a lwa : r s ) .  I n  a  po in t

, n*  tua ' t * ' * ,  t * r '  t " t * r - -= *  t  
a  

o

w h e r e p i s a s u r j e c t i o n

?  , 2
c o o r d i n a t e s ,  r - ,  y  ( x i ,  X n X '  " u  v  v  \ ' e n A  i n  =  p o i n t  x 6 s t t p p  D. y n -  r . " 1 ,  . ' 1 . ' 2 n  , ' 2 ,  ^ 3 r . . . r ^ f t /  e r r s : "  *

) 2 ? .
r y ,  d -  ( x f - f x ,  ,  . * 1 * 2 ,  * 1 * . 3  ,  * " 2 ,  * 2 * 3  ,  * i ,  o 4 , . . .  n * r )  w h e r e  f  i s  t h e

+
equa t ion  o f  D  i n  x .  I t  i s  c lea r  t ha t ,  i n  cod imens ion  2  |  on l y  t he

f i - r s t  case  can  occu r

I ^ te  no te  tL ra t  Uu . \ xg  dx  @ T t  on l y  i f  D=0  ( fo r :  D lO  we  have
L A  I

o " \

that  the kerner  of  the canonica l  map d" , \  
"  

* ' "  @ r t  is  concentra*

t e d  i n  t h e  p o i n t s  o f  D .



I t \

f n  g e n e r a l ,

open  subse t  o f  X .

the  s t ruc tu re  i s

i n  a  p o i n t  x € V ,

x n t . . . r x - ) "

1 . 1 . 3 .  T  i s

only  i f  codimnX

One obta ins

sequences :

a vector  bundle

a

q 1 - r r r n { - r r r o q  V  a FL r

f

o f  r a n k  3  ( t h i s  i s  p o s s i b l e

mul t ip l ic ' i ty  5 ,  g iven by exact

the hornomorphism Lz T is  o f  rank 1 on an

Le t  V  be  the  comp lemen t  o f  i t .  I n  po in t s  x

n €  l - 1 - ^  F n * *  T  3  2o : -  r n e  r : o r m  t r . : /  ( x i ,  * 1 * 2 . ,  x j ,  x 3 r .  " .  r x n )
,  

- 4  '  |  '
) . 2

I 4 .  ( x i - f x r - 9 x e  ,  x " x 1 t  X . X ,  ,  x i  r  X r X r  r  X -  rt 4  |  z  J  I  L  I  J  Z  . .  1 .  J  J '

\

, J  \ I
Y "

^ '^ -:J
cl1t,{- l  .7

0 J rv / rutu - i  r r .  / ruru P .z T - t  0t 5  n n 2  n 2  n n z

w h r - r o  n  i q  A  q r r r - i a n l - i n n
t '  9 v  u  r v r r  '

*a t '  Y  I
f  i r s t l y  6h "n  res t r i c ted  to  L2  ,

i s  t h e  c o m p o s i t i o n  L 2 , -  f , 2 ( n )  c - f  ,  D  b e i n g  a  d i v i z o r  o n  X .  I n  a

p o j . n t  x f  S u p p  o ,  i n  c o n v e n i e n t  c e o r d j - n a t e s  f  

" _  

*  ( x f  ,  * 1 * 2 ,  x 1 x 3 ,
f,2 2* ) , ,  * 2 * 3 ,  t i ,  x 4 , . . . , x n )  a n d  i n  a  p o i n t  x €  s u p p  D : I " - : J

)
)

r -  ( x f - f x . r  * " * 2 ,  - * 1 * 3  ,  * 1 * 4 ,  ( x 2 , x 3 ,  * n 1 2 ,  x 5 r . . .  r x r r )  ,  f  b e i n gI  z  |  
:  :  

r  +  
. -  

5 g g g " a t f

t he  l oca l  equa t i on  o f  o9 f i i f . .  above ,  cons r -oe r r rna r  p  i s  o f  ran l<  1
*

ou ts ide  a  sma l l e r  V .  The  s t ruc tu re  i s  ou ts ide  V  o f  t he  fo rm

. 7  )  ' )

. I v . = ( * i ,  t 1 * 2 '  * 1 " 3  '  * ; ,  x 2 x 3 ,  * i ,  * 4 , . .  - , x n )  a n d  i n  V  o f  t h e
J ^ ' 2 -  2t " .  ( x i - f x r - 9 x r - h x n  ,  x 1 x 2 ,  x 1 x 3 ,  * 1 x 4 ,  ( * 2 ,  k 3  ,  x 4 ) ' ,  x 5 r . . .  r
J

-
@ f - -  S i m i l a : :  t o  1 . 1 . 2 ,  t h e  c a n o n i c a l  s u r j e c t i o n  d - \ . J d r . 6

I  t 5 ' x   '

l3 r  the kernel  concentrated in  the po ints  o f  D.

Of  cou rse ,  one  can  con t j -nue  th i s  t ypes  o f  s t ruc tu res ,  t ak

g rea te r  ranks  fo r  T .

Loca l  s t ruc tu re .  Cons ide r

€. fo r

*r, )

r r lr - l
I

-J

ing

1 . 2 . 0 .  I n  t h i s  s u b s e c t i o n  w e  d e a l  w i t h  s t r u c t u r e s  Z  s u c h
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thaL the res idue

among those which

Z is of  the type

obtained from an

|  .  2 . .  above .  They  a r
exac t  seguence :

o f x

can

in

g g

0  - - + r - l r  r*?' *x'x3 t", /a*t"3- Iq -l o
where M is ir  vector bundl

.s,eearate,, 
the .o.., .r_.:;: ]jrffi" ),,,r, 

or:r:r::":^:.
the kernel  r r .  / r_r_,  T / r2  

=-  
^ '  

t  for  th is  one take;

t h i s ,  o b " u r r r ,  
3  x - x 3  ' x l l x  '  w h i c h  i s  ' 2 ' -

. . 2 , -  
t ha t  i ne  mu t t i p r i ca t i " "  

;  ^ " -  - : t * t  
'  To  compu te

-rr i l rxrx.  factors throush s2E, i t  , "  

t_1_l=t*"*.  
@ r*/rx,?

. J  ' - -  
n u  

u ,  J - E  r - s  s u r j e c t i - v e  
u "  -  J ^=rank Gfi / t* t*r)  =r,  hence r | / t*r ,o ,ru.  ; ; ,1" ' : l : ' ,  
' " t  rank i2e.

nical map q ,  s ie 
n:ro, , ,nr.nnr= 

* ' l :  

;  

?hus r we have a cano-

ar ready  above ) .  
(by  the  a rgumen t  used

REr,@nxs, r)if .fr_,e codimension is 2,  E reduces aLways thec o n o r m a l  b u n d l e  ) = t * / t j ,  b e c 4 q s s  r o  = t ?
2) rn ,2u 

"* have the ,nuoru.l i, 

-"

:: 
.: 

:^J":j:::j.;j\o, 4."=d : 
-;;"'";:;":" 

T ;J= J.;,f  " l :e r fec t  squares , , ) .  We sha l l  
" ; r ; ; r ;

our di-scussion upon A ,  L ike in [21,  where there is icase codimension 2 and M .l ine bundle.[^, consr.j ;  ; : : i l  
,re

1 - 2 . 1 .  M  i s  a  ' r  i - o  , ^ - - . - ,  . -  l f

:,": ;il. ij{i.; ;Hi ;: F:,: ":,:::,;., diviz.r_  4 0  c r r r  € I t e c t j - V e  
d i v i z O f

::J: ;1" *"'.j::::: ',,: ;".( i . e "  i t  i s  t a n g e n t  t o \  ) .  T h e  L o c u s  o f= t w o  - l i n e s  i s  o p e n  i n  x  a n . r  n  - . 1  r .  
x € X  a b o v e  w h i c h  [ A x =

siven rocarJv, ir s :s2e ;,-;,.]", 
-ll"l;.;:J""1,1;;1,,

I

]rLug"?.7 [3o
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tP  ( t l e ,  )  =m ,  y  ( "1 )  = r r ,  by  the  k igua t ion  n2_4 f  n=0 .

lgcal  structur.e.  Observe that we

: : ; " , : ;  : "="  
then in points 

"$; ; .  =*, ;  ; i "  :  
^ : r* '  be-

i - , rm (x i ,x  
f  z , *1 . , *3  |  "  .  .  , xn)  anc i  the  , " r r ] l  

" * : *  t rn  o f  the
) e  o f  t h e  * r r n ^  4  ^  

e r r E  r e z l d u €  o f  x  i n  z  ^  T ^ 7 n , 1 . 1  r

i l : r : : :  j i r .  
1.2. rhen 

'0"r" 

" . ; ; ;arLru€ 
or x jn zq would

'  
4 * show that ;.-.-,,: ' :":t. 

on x and the tocar.
. d e g t r x = 2 { d e 9 * 1 ' - u " n n , u ' , . . ; ; . " ] : ; j ] l { . | ' ) - c l ( n ) ) r o I

i d e a l  r r . ' i s  o f  t h e  f o r m  t . , 2 .  ̂-  , * "  
x c X '  * 4 ' '  * f a x  t h e

d,b are joni,.,.',".;;;"t";"il: 
__"r11' 

*l-a*.,*r, *3 , . . . ,*1, where
tr,.,, t" - ,:;":;::t '  

erements' rr we-pass ." .n" 
"";;1..;;:"

i ; """r"J"?":  
'  

* '* '  n '" t t )  
' .  i t  convenient coorcr inares.

i:^i.(xf ,*, *,,*l-'*i, ;,,.: :"J, ;J::T':='.;. T:;;:;" ;..

r l 1

I
{

l

j
l

}

\:

rn  Point*  
: *o ,  "  fax .  in  conve

;::j ;":" Tj .r;;'j{{; #d;i;: L, ";, ::::;,,
eremen ts .  J f  we  pass  Lo  the  comp le t i ona rb  

a re  non inve r t i b re

d i n a t e s ,  l . i k e  a b o v e ,  b u t  a = b . _ 0 . - ' - * - L r u r r J  

l x , z 4  i s  w i t h  n e w  c o o r -

fn points ., .c ,\  r.
- - 2  - .  2 .  

n t s  * t  a x '  * {  D  w e  h a v e  , r n = r * f - v * ,  ,  * . r * 2 ,x 2 - t x i '  
" i * 3 ' ,  * 2 * 3 t  * 3 '  * 4 " " , X n ) .  r n ' l . u  g  i s  t h e  e g u a t i o n  o f

D  i n  x  a n d  f  t h a t  o f  A  
x .  

n '  '  ' Y r r s

Thus r we have shown
s h o w s  t h a t  a  n e c e s s a r y  c o n t h a t ' \ ' t "  

1 ' c ' i '  i f f  D = 0 n  D x = ' .  T h i s

i s  e (c , (M) -1 , (B) )=e  and. rJ "T ; i ; . . ; ; ; ; : . " . "  o r  r .c . i .  zq
o 4 '  x

Assuqe now char.  k: ,?.  f f
b y , f  ( " ? ) = ^  , r' \  ,  -. i  /  -cl ,  Y( e,, L) =\, ,4 All
xeX where  b?+ac=0  _ i s  i nva r : l an+

loca l l y  
f  :  s r "  * *  (  _D1  =y  ,  j - "  g i ven

=c then the l -ocus of  the points
and de;roted in  the fo l lowinq A' )  - " ,  ( E )  )  .

] . i ke  above r  w€  have  O*= ,  ( c , ,  (M
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Loca l  s t ruc tu : :e .  I n  t he  po in t s * { o  t h e  i d e a l  t r n

f o r m  a )  I o !
'  U A

.f
i  ( * r  * r , * tn  7 " | . , " )2 3

i , " 1 . , X 3 , .  .  .  , X n )  o r  o f  t h e

i s  o f

form

:

r l-,',
L ] I E

a ' )

b ' )

b )  7 , ,  . {  e l *  V * 1 * 2 , * } * u * f  z , t t r " z , t , * 3 . , X 3 , ' '  '  , * r )  '  r n  t h e  p o i n t s
o a  I

" f , A x  
i . n  t h e  f  i r s t  c a s e " l  i s  i n v e r t i b l e  a n d  i n  t h e  s e c o n d  1 +  A p

i s  i n v e r t i b l e ,  s o  t h a t  Z q  i s  1 . c . i .  i n  p o i n t s  x $ o ,  
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