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i iK*groups of  Cr"ossecl  pror lu.cts by Grou,ns

A c t i n g  o n  f r e i e s

by i$ ihai  V.pl l , l l iNnR

le t  G be  a  1oca,111,  cornn i )  c t  ,  seconc l  coup.Lnb le  g roun
t t ra t  ac ts  cont inuous l ; r  on  sor f le  t ree  x  .  The a lm o f  ,n r *  'a -
per  i s  to  exor iess  the  K i { -g rouns  o f  the  c rbssed pror iuc ts  b } .
G (uottr  fu l '  a.nd'  reduced.,)  in terms of  the. ,xK_grouus of  t*e

" "o* r red .  
n roc juc ts  by  the  s ta .b l r i zer  subgroups  cor r :espond lng  to

the  ac t ion  o f  G on  x  ,  Th 's  v ; i l r  be  done by  * * i . i i i , ; ; ; ; "
s i x  t e r m s  c y c l i c  e x a c t  s e q u e n c e s . f o r  t h e  d K - g r o u p s  o f  t h ;
c rossed 'n roduc tso  

r ,vh ich  fo r  G d isc re te ,  a re  an . r r l0 r {uous  to
t h o s e  o f  J ' p ' s e r r e  f a ? l  ' o r  t h e  h o m c l o g y  a n d  c o h o m o l 0 g ; y  o f
G lv i th valuos jn a G-:^noct,ule M

The i ;npetus  to  the  present  resur ts  came f rom d iscuss i -ons
v'r i th J ' ; t r 'nderson on hls jo int  vror l< lv l th i i r .Faschke on the K-theory
o ; f  'H IVN ex tens icns  Lr ]  r  F resenbed a . - t  the  x th  0pera . to r  Theor r .
cor i fe rence in  BucureQt i .  T  reer r i zer l  tha t  th ,e  ne thoc is  usecJ  in
tag l  fo r  the  f ree  groups ,  ex ten t r  na tura l l y  to  th ls  generer . l
s e t  t i  n g .

s ince  the  co lnputa t icn  o f  the  i i - , . r rou 's  o f  rec luced.  c rosscd-
products !y f ree g 'o l lns i -n [z l ' ]  ,  inportant progres$ in the
und"ers tand ing  o f  the  K- theory  o f  d j_scre te  Srour rs  hes  be  en  mec le . .

0n  one h l rnd  t 'e re  i s  the  nnproach o f  G.G" I (asparov  and
A 'connes J 'o r  cer ta in  d . i sc re te  s*bgroLrps  o f  r , ie  g rou 'S .  Thc .v
empha.o ize  the  ro le  p l * .yec i  by  the  l . , ie  g roup,  b ) ,  re la t inq  the
Ki{* theory ' : f  the subgroulr  to the KK*theory of  the forner
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This  methor i  i s  e i r fe rc t i "ve  l ro r  subgrour rs  o f '  so1va.b l0  r le  g rou .ns
[4J  ,  I3 ]  ,  fo r '  subn; rcu .ps  o f  l ,o ren tz  g - j rouns  Uf  I  r ind  deoenr js
f l cncr r l l J - ; ;  on  the  pos i t i vc  so l r i t lon  o f  the  connes_Kasparov
c o n j e c t u r e

0n the  o ther  hernd , "  th .u r " *  a rCI  par t ia l  resu l ts  on  the  K:
groups of' I 'ree and a'ma1-,qanii lted prod.u.ctn and o.f HIIN-extensj_ons
o f  g r o u p s

Thus A.  C.  Lance in t roc luced cond i t ion  . , ,  A  , f  ,  in  o rd  e r  to
use th 'e  methoc is  o f ' [as ]  to  compute  the  K-grouns  o f  the  rec . tueed"
Cx*a lgebra  c f  cer ta ln  f ree  r i ro i iuc ts  o f  g roups .  Th is  h r . i s  been
extenced br ' ' j "Natsu i le  Izo1  to  cer ta in  a . rna lgamr . te rJ  ' roduc ts
and recent l_v ,  . f , / rnderson anc l  , l r .pasch lce  

t , . l l  . con ib ined the
abo- r re  resu l ts  v r l th  those o f  laz l  to  ge t  resu l ts  fo r  the  K-
groups  o f  the  reduced"  Cx . -a lgebra  o f  cer ta ln  IJN i { -ex ten$ ions ,

J .cun 'bz ,  in t roducer l  the  i inpor tan t  no t i rn  o f  I (  theore t ic
a 'nenab i l i t y  to  re la . te  the  i {K-groups  o f  the  reducec l  c rossed.
p ' o d u c t s  t o  t h o s e  o f  t h e  f u l r -  o n e s ,  l n  t h e  h o p e  t h a t  t h e  l a t t e r .
i i re  eas ie r  to  co i l rpu te"  Th ls  i s  indced the  c*se  fo r  the  fu l l
c x - a t - g e b r a  o f  f r e e  p r o d u c t - f i r o u n s  

L r t  ,  b u t  t h i s  c l o e s  n o t
seem to  tvork  f 'o r  c rossec j .  p roc luc ts  by  such f i roups ,  The c lass
of K-amenable srou'0s ccntains the amenable groups rrncl  iq st i :b l t :
unr ler  the opera, t ions of  ta l r ln6;  sub,,groups or i i i rect  n_nd free
nroc luc ts  tq :  .  i , , to reover  G.G, l {asp i l rov  ! t5 l  p roved tha t  the
r ' :of  ef l tz groups s0(nr 1).  are i {K*a.me**bre anr l  recentt} ,  p,  Jgtg
and A.vr,r le"bte r* .u nroved ' t i re str i l r l .ng resul t  that  $roupr i
i ' rct in,o;  on t ree s;  'v"r i th arnenable st i ib i -1 i -z,ers i "*re i {K-auena.ble.

The resu l ts  o f '  the  pres len t  ne .por  sho l ,y  thn-b  the  mebhoc ls
for co;npu-t lng the r f i ( -groups o: f  i l re furr  a 'd of  thc reduced
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cro$$ed produc t$  i : y  s rcupn ac t i "ng  on  t re :es  are  in  fe ic t  the

r i i ine ,  u.nd clor, ie)-y rel l "ar ted to 'bhe or ig in i ;1 ne"bhocls of  leSJ "
' Ihc l ink t ' ; i th nmalgi : . rnatcd prod.ucts and with Hf lN-extensions

of  g rouTrs  1s  prov ide< l  LU ' the  resu l ts  o f  1 l?1  ,  ra ,h ich  i r l .en t i f l ,

a  < l i sc re te  r { roup ac t ing  on  a  t rce  vu i th  thc  fundamenta l  g roup

of a.  graph of  groul l i i .  ( the graphs of  group$ wlth one edge

and"  one ver tex ,  respec t ive ly  r . i i th  one edge anq two ver t i ce l  s ,

y ie l r l  l l i ' { i r l -extensj-ons r"ud res'pect ively amalgarnaterd proC.uct*- , ) .

r . 'et  us also ment i"on that due to the r , rork of  { } .c l .Kasp:rrov

( 1 t c 1  s , 4  l r n f i e  3 6 )  t h e  a b o v e  r n e n t i o n e d  r e s u l t s  o f  t h i s  p a r l e r

l n n r r a  ̂^ n c o / r " ' ) n c e s  f  o r  t h e  s t r o n 5 l  N o v i l c o v  c o n i e c t u r e .v v r . r u v \ , l r a u r r \ , v !  - L V - L  { r I I y  ; j U . L U t l l ;  l \ U V J l t

The  cas ie  v ;hen  G  i s  a rb j - t ra r } '  ( t oca1 ly ' conpac t r  soconr l

coun tab le )  seens  to  be  com-o le te l y  no tn ; ,  excep t  f o r  t he  compur - ta -

t i cn  o f  K - .  o f  t he  reduccd .  Cx -a . l geb ra  o f  s r , -  ( c l  )  r , l_ r i ,  o r  r  ne  reo -uc  o r  D l ,2  \  en  /  o  one  i n  tZ4 l

by us in '3  the expl - ic j - t  l tnov ' i l -ed61e o: f  th .e reprecenta. t ion theo,ry

o f  t h l s  g t ' o u p ,  T h e  r n o s t  i n t e r e , :  t i n g  e x a r n n l e s  s e c r n  t o  b e

the  reduc t i ve  g rou ,o$  ove r  l oca l .  f l e l ds  w i th  one  c l imens ionn l
r 9

Bruha' t -Ti ts bu1l"  c l ing [3o J Thir , i r? inother conf j - rmat ion of  Ti tsr

nh i lnsonhr r  tha t  the  bu1 l .dJ-ng  is  the  ana logu-e  .o f  the  s l ,met r i cv u v  t / r r . i '  v r r L ,  u  u . L r s  u r / { . L J - ( l J _ I t i s  I i )  u I I c j  & ! ! c

sndice { : / i {  ,  and sugges 'us the.  ex is tence of  a  t l reor- r r ,  nar i : ,J , le l

t o  t ha ' i ;  c f  Kasnarov  aLnd  co i :nes ,  n , i t h  t hc  b i " r i l d i ng  p lay ing the

ro l -c  of  G/K .  .

The  paner  i s  c l i v i dcd  i n to  fou r  sec t i on* : .  Th "e  f i . r s t  o11o

con t i ; j " ns  a  b r i c f  i i nn l ; , , " s i s  o f  nc t i ons  o f  g roup$  o ,n  t rees  and

the  neces r l i l . t " y  r l o f  1n j t  j . c i : r s  an r j  no tn t i ons .  f t  i s  i na in l y  an  ad i rp *

t  l on  o f  t he  i ne t i rods  i l nd  re$u l t s  o f  p . Ju lg  ;anc1  A ,  ve l l "e t te  L1 {  1

to  ou r  pu l : , ) oses

i lhe secont j  sec b ion shoi ' is  hor , . , ,  ;qc-ner t r l isot ions of  the
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Tocp l i t z  e : r tens ions  o f  Ia$1 { . in  be  na tura l l y  cons t ruc ter l  ou t

of  the t ree x .  ' iufe sho' ,ng th*t  each subset of  ed.ges of  tho

fundamental  doinain of  X d.e 'berrnines t i , ;o l toepl i tz 
'exten.sions

(one fo r  the  fu l }  and one fo r  the  red .ucec l  .c ro$sed.  p roduc t ) ,

As in [ l tJ  t t re exact sequencesj  c leternr ined in ] f f i - theory by

t h e s e  T o e n l i t z  e x t e n s i o n s  y i e l d  t h e  f i n a l  r e s u l t s .  T h i s  i s

d ,one in  the  f 'our th  sec t lon .  :

The th l rd  sec t j -on  is  c levo ted .  t ;  the  computa t ion  o f  the

I iK-groups of  the Toepl i tz algebras.  r t  r ,v i l l  be c lea.r  in the

f o u r t h  i : e c t i o n  t h a t  t h e  t o t a , 1  T o e p l i t z  e x t e n s i o n s ( c o r r e s p o n *

d. ing to al l  edges of  the fundermental  donrain of  x )  p lay a

spec la l  ro le r  so  i t  i s  enough to  t rea t  on ly  t i - r i s  case.  r i . *

use of  the equi-va,r iant  Kasparov grouns i f fG malres the proof

more natural  and rnore general  than that in leel  .  ] , {oreover on€

of  the  neer lec l  horno ton ies  is  the  one exh ib i ted  by , Iu l .g  and

V a l e t t e  i n  [ t t ]  .

T,et  us a. lso ment ion that wo get a$ a corol lary of  the rnaln

r e s u l t s ,  a  g e n e r a l i s a t i o n  c f  t h e  t h e o r e r r  o f  J u l g  a n d  v a l e t t e

of  f t t l  :  na.rnely the concl i t ion that  the sterbi l - izers be a; lenabl-e

is rTeakened to t t re condi t ion that the; ,  be only i { - i : r lenable.
'r?e he.ve hervlly' ur;ed" Kaspa.rovrs equivariant i{KG*theor3,

( fo r  t r i v la l l y  g ra .ded cx-argebras) "  , Ihe  genera l  re fe rences

for  the  no ta t ions  and.  resu l ts  used in  the  papar  a re  t rE f ,  t r l l

and  t , {41  .  Hor ,vever  fo r ' the  exac t  seq .uences  c le .bermined in  l {x

by  the  Toep l i t z  ex tens ions  ono needs i  the  resu l ts  &€ i  the l r  a ,ppear

i n  t s 9 1

r i ' . in f l reteful  tg . r"Andernon for shai , r ing his inslght on

t h i s  s u b j c c t  a n c i  f ' o r  p r o v i r i i . n , ' I  r n e  w i t h  a L  c o p y  o f  . I . ? , s e r t - e r s

book  [e+ l
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$  . L .
",r.fT'' ' ].{

\ t 'e sha" l l  denote br Xo (respe,ct ively by XtL )  t i re $st

o f  v e r t i c e s  ( r e s n ,  o f  e d g e s )  o r  &  t r o e .  A n  o r i e n t a t i o n  o f

t h e  t r e e  w i l l  b e  d e f i n e d  b y  s n e c i f y i n g  t h e  o r i g i n  a n r i  t h e

tern inus  o f  each edge y  e  X t ,  i .e .  b ;g  a  ma,o

4 n n
X * - +  X " x X "  r  y F - a  ( o ( y )  ,  t ( y )  )

An or ien ted .  t ree  w1 l r  be  denoted .  s in in ly  by  x  .  The

opnos i te  o r ien ted  t ree  w i l l  be  d"enoted  by  too  .  r t  has  the

sa ine  ver t i ces  and edges as  x  ,  .  
the  or ig in  and te rminus  o f  an

.  e d g e  b e l n g  r e v o r s e d ^ .  T h e  d i s j o i n t  u n i o n  y  -  x t r t  x L  i q_ ,"op r_,

c a l l e d .  t h e  s e t  o f  o r i e n t e d  e d g e s  o f  t h e  t r e e  x .  $ i n c e  x t

ls another copy of X{- ,  the identi ty man Xt - Xto -; :

termines ,a  map

Y * f  y  r  yr_-r  y

s u c h t h e t  y l  t  a n d  F = y . T h e o r i e n t e d e d g e  t  i s

ca l led the inverse edge of  y  .  Idoreover  the or ig in  and ter -

mlnus of  *n  or iented edge is  ure1 l  def ined,  lead" i i rg  to  a  map

Y  X o x  X o  r  J  (  o ( y )  ,  t ( y )  )

sa t j . $ f ; r i ng  o (y )  =  t (3 t )  .  3 ' i na111 . ,  t he .  modu lu$  o f  an  o r i en -

t e d  e r i g c  l I €  Y  i s  c i e f i . n c d  b y

( y  i f  l ' € x l
l Y l  =  I  -  r

I r  i f  y E ] K - p
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The loca l lp  comp*c t  f l roup G is  sa id  to  i r , c t  on  the

or iented. t ree X ,  i f  G. o,* i 'k i  cont i .nuously on both Xo and
r

x '  ( e n d o w e d  w i t h  t h e  d l s c r e t e  t o p o l o g ; , r ) .  a n n  p r e s e r v e s  t h e
or ien ta t ion .  Th i ,g  means tha t  1 f  we denote  by

G xXo a (g ,p)  r_-+ ep € Xo

G xxt  a  (g ,y)  * - -+ gy e Xt
' 1

t he  ( re r t )  ac t i ons  o f  G  on  xc  and .  resnec t i vo l y  on  x t  ,
then

o ( e y )  =  s  o ( y )  a n d  t ( g y )  =  g  t ( y )  .

Remr:.rk:  r t  is  r r*el1 knov.;n that  1f  G acts on & tree,

t h e n  i t  a c t s  a l s o  o n  a n  o r i - e n t e d  t r e e .  T h i s  i s  d o n e  b y  a d d i n g

n i d " p o i n t s  t o  t h e  e d g e s  o f  t h e  t r e e  ( b a r y c e n t r i c  s u b d . i v i s i o n )

$o  tha t  the  grouu ac ts  w i thout  invers ion  ,  in  wh ich  case one

can ali.,ra.}"s find a. G invariant orlenta,tion.

r f  G  i e c t s  o n  t h e  o r i e n t e d  t r e e  x  ,  t h e n  i t  a c t s  a l s o

on xoo '  \a /e  thus  gg t  an  ac t ion  o f  s  on  the  se t  y  o f  o : : ien-

t e d .  e d g e s ,  d e n o t e d

G x Y  3  ( S , y )  r _ ' >  # y e  y

wh ich  ' , :a t i s f ies

g ) ,  = . m ,

o ( s y )  *  s  o ( y ) ,  t ( e y )  =  s  t ( v ) ,
g l Y l  =  l g y t' ,
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f o r  e v e r y  $ e G  a n d  y q y  "  r n  p a r t i c u l a r  t h e  m s l p s  y b - - +  t
, #

and ;r  F--F l ;y l  are G equir taFiant.

-  lgf lel$jgl .-1, Every vert*:x ? € xo d.eterrnines r i .  ma,p,
- ' :

s t i l l  o  c n . o t e d  b ] '  P ,

P :  Xo . l p l  - - - *  y

t h a t  s e n d s  e i * c h  v e r t e x  Q e X o  ,  e  I  p ,  t o  t h e  u n i q u e  o r i e n -

t e d  e d g e  P ( A )  t h a t  s a t i s f l e s

i )  o ( P ( i i ) )  =  A  a n d .

i i )  t  ( p ( q  )  )  b e l o n s s  t o  t h e .  u n i . c l u e  g e o d e s l c  j o i n i n g  a

a n d P .

l l le  sha l l  r ieno te  by  F  :  Xor  { f } , - -a  y  the  map Qry

nnd by  lP l :  xor  { r }  * - r  X ' r  the  map Q r - *  lp (Q) l  .

R.gmj l rk  The ina"o lp l  l ' , iers  in t roduced b3,  p . .Tulg and A.Va. le t te

in  [a+J,  The r :ext  
' le inma,  

is  essent ia l lSr  d"ue to  the in

l , e , n : I a - t - .  j " )  T h e  m a p  x o r { n J } t r * + l  l p t ( e )  e  x 1 -  i s  t

a  b l  jec t io .n .  i l ' i o reover  Y  is  the  d is  jo i .n t  un ion  o f '  the  immi lge

of P and of the irnila,se of p

i i )  The maps p  a tn {  l? '  i rg i ree  on  the  ver t i ces

t h a t  r i o  n o t  l i e  , l n  t h e  g e o d e s i c  t p , t r , J .

i i i )  I f  g  b e 1 - o n g s  t o  G  , '  t h e n
- A  t

s ( p ( s - ' Q ) )  =  ( s i , ) ( A )  ;  , q ( t p l  ( s " , ' Q ) )  : :  l r e l  ( Q l )  a n d
* t

s (p ( s * ' t r )  )  *  , p ) ( i ) )  f o r  evs r y  e  I  gp  .

m



i i )  a n d  i l i )  f o t l o w

i n t o  g e c C e s i c s .

o f ,  th . i s  l .enma i "s  obv ious ,  v*h i le  pnr t

f rom the  fec t  th r i t  S  f l i&ps  geod.es ics

P9-t fq l t f  oJ1 ?:  l lor  every p € Xo $,e shal l  denote bxr

the intersect icn of '  the imrnage or.  the nnep p r .u i th xI-  .
a r l

i l lhus x;  consist$ of  a) .1 ' ,  edges of  x-r  that  , 'point , t

? r o o f : Plr  v.*  i  \. . r + *  v  . L l

d

.Y

i

i
i

,  i .e .  o f  "bhose edg.es  o f  x t  v , ,hose te r in inus  is  c loser

tha .n  the i r  o r iq in  (w i th  respec t  to  the  na tura . l  met r i c
I

J '

t o

t o

on
-t(

XO

L e n m a  2 .

number of  ed.qes

i  )  T h e  s e t s

( t_ving on

j - j . )  I f  s

r l , r
X.; a.nd X*

.t/ "-,P I

the  geod-es ic  I

beJ-ongs  to  G

di f fer  b ; , r  a  f in i teur

P , P ' J  ) .
'  t l \  . ' t,  then s(X ' )  =  r io .

P r o o f :  I s  a s t rn igh t fo rward  consequon io  o f  the  c ie f in i t ion

and o f  lenma 1 .

F , re  she l l  c ienote  bJ , ,  T"  the  one po in t  .eonnact l f i ca t lon

o f  X o .  F o r  X l ^  l t  r t i l l  b e  m o r . e  c o n v e n l e n t  t o  c o n s i d e r  t h e

fo l low ing  t ' , ' ro  po j .n ts  compact i f i ca t ion  c le te rmj .ne+r l  by  the  or ien-

tat ion :  i t  denotes the set l t tu t -qor+oot .  A funr la.rnent*r , .1.

s l rs te rn  o f  .  i re ighhorhooo 's  o f  +oo is  g ; i ven  by  f in i te  in te rsec-

t ions  o f  se ts  * *u  [ * ]  ,  wh i le  a  fund.arnenta l  $F$te in  o f

ne ighborhoot i -s  o f  -  €  i s  f l i ven  b . i ,  the  complement  o f  f  in i te

u n l o n s  o f -  s e t s  * * r , t * l r # 1 "  N o t e  t h a t  i f  1 h e  t r e e  i s  f  ; o i f e  . n

the  n  -  oo  e lnd  +  eo  i l re  i so la te  c i  po in ts .



9 "

Dqf  in i . t jon  3 .  i ' r ' o  sh i+ l . l -  t iono te  b . \ ,  '  c * (x4 , )  the  se t  o f  j
'  con t i .nuous  func t icns  f  e  c (x t  I  tha t  van ish  a t  -  oo  s imi -

n
l a r l f  i J '  | )  i s  &  Banach  s ip t  ce ,  C . *  (X t  r  E  )  r , i ' i l l -  h r . l ve  the  ob -  ,

,  v ious rnor in lng"  r t  i *  ea,sv to  see that  c* (x t  )  is  gurr* r "* t * , l  i
. 4 .

by C^(X- )  and b l l the  chet r iec te r i . s t i c  func t ions  o f  the  se ts"  o '
- 4  ^  

D

x*  . r  l  * l  ,  P  e  xu  .  These  lu t te r  f unc t i rns  i , v i l - 1  be  dene tec r  by. r e J

r n  v i e w  o f  L e r r m a  2 . . i t  i s  e e . s y  t o  s e e  t h a t  t h e  a c t l o n
_ *rrl

o f  G  ex tcn r i s  con t i nuous l ; '  t o  X '  by  de f i n ing  g (+0"  )  =  +oo

g ( - c "  )  =  - € o  f o r  e v e r J /  g e  S  c

] l e f i n i t i l n  4 .  f ' o r  e s c h  o r i e r n t e d  e d g e  y e  y  l u r e  s h a l l
-  - -c)

denote  b l f  X ;  the  se t  o f  those ver t i ces  ?  such tha t  y

belongs tc the inrrnage of  the map ? .

Thus  X l  cons is ts  o f  those ver t j -ces  p  B : i th  the  pro-

p e r t y  t h a t  y  ' r n o i n t s "  t o  P  .

T,enqa 3,  i )  Xo is  the d is  jo in t  un ion of  X:  a .nd Xg.y I
j . i )  r f  s  be tongs  ro  G  then  * ( * i )  =  * [u

Proof :  l i t ra. i r lht l lorr . rard.

l l i e  tu rn  now to  the  kno l ' rn  eonnect i rn  (see Ia+ ] )  be tween

gro,. rps act ing on tr . 'ees anci  g;rnnn's of  groups, In orcler to f ' i .x

the  no ta t l " r ln r .  le t  us  recs l l  the  grerph  o f  Srouns  a .ssoc ie . te rJ

t o  t h e  e t c t i : n  o f  G  o n  X  ( t z + J  I  .  5 . 4  )

\ r ie  s t ra . I l  denote  by  I  the  or ien ted  graph q \X ,  i .€ "  :

f u = G\xo , f.t * G\l{1



1 0 .

vr i th or ig in nnd termi.nus nnns given by :

i t ie shal . l  er lsc f ix  
i  

] i f t ing of  L "  13y th ls \qe shal l  n iea.n

t h e  f c 1 1 . c ' * i n g :

1) iTe ic lent i . f ; r  f ,o and f{-  rq i th subsets of  Xo and
rl

re ,$pect ive ly  X l  .  ( rn  par t icu lar  we get  msdps Xo s  -p*- - -o  p  *  foc

c Xo and Xta y  . -e  f  e  t tc  x l  w i th  the proper ty  that
- Ii )  and  ?  ( r *sn ,  y  a .nd  f  )  t r re  ecn jugat :  by  a r r  e le ; r :en t  o f  G

2)  ' , ' i e  f i x  fo r  e rch  ] i  €  K l  an  e lenent  4 ,e  c  ,  such t l ia t
J

s , ' ] ' = i
t t o 4

3 )  r ' i e  f i x  f o r  e a c h  y  €  L '  t h e  e d g e s  J " ,  y " €  X " '

s u c h  b h a t  f t  =  y  =  f o  a n d  t ( y t ) ,  o ( y o )  €  f , o  .

l i "eg.r : :k Usui : . l } i ,  one tal<es a.  part icular l i f t ing of  X,  by

requ i r { ing  tha t  o ( : , , )  E  Eo fo r  every  y  e  E  
1 ,  and tha t  fo

4
t o g e t h e r  w s i t h  t h o s e  y  e  L *  s u c h  t h a t  b o t h  o ( y )  a n d  t ( y )

b e l o n q  t o  L t  b e  a  s u b t r e e  o f  X  .  j

L e t  G p  ( r e s p .  S . ,  )  d e n o t e  t h e  s t a b i l i z e r  o f  t h e  v e r t e x

F ( resp .  o f  the  edge y  ) "  The g , raph o f  g roups '  1s  then de f j -ned

by Gp for p e Lo and *"  for  J* € f  
t  

,  v; i th hornomorphisrns

\  
r  n ,  F _ - +  s t ( 1 , )  =  G t ( l r )

* t  '  Gv  k -b  G6(v )  * .  Go(vo )

d e f i n e t i  b v



J-1.

( s )  =

\ d : ] /

D e f i n l t i o n  5 .

shal-l- clenote b], Xg

l i  ) .  i l i o reover ,  fo r

w e  s h a l l  d e n o t e  b y

83, c+(xt)

that  vanish snt

func t icn  o f  the

r
\ t
.I

( -
y

A

r * i
y u

r. -{-
tro

F ;{;
1i tl

f r r ,\T U

fo r  every g e G

!9e conc luc le  th rs s e c t i o n  v n i t h  a f  ina , l  de f  in i t i cn .

( r esp .  \ J4  x l  ) .
],;g* )/

By " X* c Tt  we shert- l  denote

vr i th  the  lnc luced to to logy .

Fo.r every P €
I

(  reso .  X : ' -  )\ t
uv

evel : l r  subeet S

. , O  ,  - - 1XJ (  resp.  X. i

t "  ( r e s n .  y €  1 1  )  w e

t h e  o r b i t  o f  i )  ( : ' e s p .  o f

o f  4 o  (  r : e s p .  o f  X l  )

)  t r re sots V - .  Xg
Pef "

the  space t3  -  l -  N ,  +  €  l

we sha1 l  deno te  those  func t ions  fa  C f I$ l

-  @, anc l  16 ' .  
" ,  

w111 be the ch.ara.c ter ls t ic
. . t r g r )

a r l  a 4 - \
s e t  x $  n [ : t ;  g . l "  * ]  j  .  ( s e e  d e f i n i b i o n  2 . )
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A n
Y  c o

: f r

rn  th1$ $ec t i .on  i ' " , i0  in t rc , : luce  the  Toep l i t r  ey ; tens ions

for  c rosr ;ed .  n roc luc-bs  ( i r , c t i r  fu l - l  and  redr . rcec l )  by  Erou.ps  ac t ing

o | t t r e e $ . I i . j - r s ' b . l t ' e s } r a , ] . 1 p ] i o V e s 5 o a e f i c . n e r a ] . f i ' 1 c t s l r h o u t

e y o s s e d .  p r o d u c t s  o f . s h o r t  e x a c t  s e q u e n c e s .

- lh roughout  th is  pauer  \ re  she i t l  r leno te  by  dg  a  f i xed

lef,t Ha'ar neasure on G , and bI, A : c -> [t+ the correspon_

ding nod.ular funct lon.  r i  A is a cx*nlgebra on rvhich G

acts  cont lnuous ly  by  au tosrorph ismsr  w€ sha l l  use  the  no ta t ion

of  I  r+J  a .nc1  denote  th is  ac t ion  bv

G x A  3  ( g , a )  * - - - +  S ( a )  e  A  .

l T e  s h a l l  d e n o t e  b y  G t r ( . A  ( r e s p .  0 S " A  ) t i r e  f u l l

( r e s n "  t h e  r e d u c e d . )  c r o s s e d  n r o c l u c t  o f ,  A  b y  t h i s  a c t i o n  o f

G  I  a l  ;  I i e c a r l  t h a t  i f  c c  ( G r A ) .  c t e n o t e s  t h e  s e t  o f  c o n t i *

nuous funct i -ons k r  G --+A with comnact suppor: .b,  then

one d .e f lnes  the  invo lu t ion  and resnec t ive l t r r  the  convo l -u t ion

by

fo . r  ever " r . .  te  G .  r f  (n  ,  t l )  1 r :  e i  covar lan t  rep l :osenta t ion

on a.  (  r  j_ght )  t { i : l "berr t  } j -module W ,  i .  e.  I

t f  :  . rL  -+  { (F f  )  -  i s  .4 }  represent r , r t ion  o f  A  ,

G s  g  ;  Ue €  X(F$ )  i s  a .  un i t r . r . r ; , r  renresent { , i t ion  o f

G ,  con t j "nuous  in  the  s t r j c t  topc logp, ,  such tha t

t x l t ;  =  A ( t ) - t  t ( k ( r * { 1 " ) * )

k l * k a ( t )  =  
/ x n ( u )  

u ( k e ( s { ' t ) )  r i s
q



1 3 ,

for ever).,

€  { ( } ,  )

g €

t l t e

s  rc  (a )u** t n  ( s ( a ) )

$  e n d  n . e  A  ,  t h e n  w e  s h a l l  d e n o t e

o p e r r i . t o r  d e f i n e r d  b y

(' J  r r ( t { ( s ) )  u s ( y  )  a s
a

b y  7 r G ( k ) €

that

o f  the

7r  n  (k)  F

n G  i s  a  x - r e p r e s e n t a t i o n  o f  c c ( G r A )  o n  C  ( F $  )

ex te inds  to  a  x - rep resen ta t i on  ( s t i l l  deno ted  by  z r -

fu l l  c ro$ f : 'Qd pror iuc t .  I f  th is  representa t ion  fac to rs  th rougt r

th .e  reduced c rossec l  p roduc t r  wo sho l l  denote  the  co- r respond ing

r e p r ' e s e n t a t i o n  b y  E G . r .  S i i n i l a r l y  1 f  f  i  A  - - - - r  B

is  a  G equ iva . r ian t  x -ho i r romoroh ismr  w€ sha l l  denote  by  f  r
( resn .  f r ,  )  t i i e  induced"  r .ap  on  the  fu l l -  1* * *o , , . reduced" )G t I  ' a + J -  \ r  v D F " '  r

c r o s s e d  p r o d " u c t s .

t tTe shal ] -  sLlso ident i - fy the mult ip l ier  a lgebra - la(A)

er i th  d ( r l l ,  where  A is  re , f la rded as  a  r igh t  i { i l .b re r t  A*

m o d u l e  I t z J .  F o l l o w i n g  I r l ]  v i e  s h a l r  < l e n o t e  t h e  i n c i u c e d  e c _

t ion  o f  G on  Ju(a)  a lso  by  g  , -+  g (x )  ,  and we s t ra l l

say  tha t  the  e lenent  x  e . l c ( , t  )  i s  G coht inuous  ,  i f  the l

nep S r -+r  g(x) i s  norm cont i -nuous .

ever j , '  x  e. ,L.(A )

G p c A  a n d  G a (  Ar

r ' ( x ) t  ( t )  = r - l  r  \n  r1 \  r . , /  ,

i . G .  n . s  8 n  e l e m e n t  o f  # ( G N A )  ( r e s p .  f f ( G * r A )  ) ,  I , ( x )

i l c t s  o n  t h e  d e n * - : e  s u b s r : t  C . ( G r A )  n y  t h e  a b o v e  f o r i r u l a "

( rn  fac t ,  th .e  above fo r :nu la  g4 ives  a  rnu l t in ]  j .e r  on  each c l r *

i t eca t . I  a l so  f ro rn  [ [ * . t t  ? .S .2J  ,  t he . t

d .e termines i l .  nu l t ip l ier  f , (x)  o f  both

bl' the forrnula i
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1 4 .

c o l n n l e t i o n  o f '  c ^  ( G , A  )  )  .  I d o r e o v e r ,  t h e  m a p  x  r - - a  r , ( x )c '

is  ta re*ho:nc: .nornhism. ,* . :

r f  T c A  i s a ,  { }  i . n ' , " , , e . r i a n t ( i " * .  , g ( r ) a r  f o r e v e r y

g 4 $  )  c l - c s e r i  t ' . a o  s j . r : i e c l  i i j e a , l - ,  l v e  s h e l l l ' i r ) e r r t i f y  G $ ( I

( resn .  ( iH- .J  )  n ' i . th  t ) . .  c l .oscr l  t v , ,o  s iced  ideu l .  in  Go4r \

( ree ; r .  [ i  K  rA  )  .

l re tnnA 4.  le t

F-+ r -rl-+ n - Q o h/t

be  an  exnc t  seo iu .ence o f  cx*a1"gebra ,s .  $unpose tha t  G ac ts

or l  I  ,  L and Ar lJ ,and thet bct i r  i  and q" a.Te G *ql i -

var ia -n t .  sunpose moreover  tha t  q  has  a  comple te l r r  po-s i . t i ve

cro$s  sec t icn  t0  v i l th  the  f 'o l lo i t ing  prcper t ies  l

There  ex ls "bs  a .  G equ ivar ien t  N- represe,n ta t io r r

f  :  ^ / r
s a , t i s f y i n g  a ( p  g ( p ) )  e  I  f o r  e v e r y  a e A  r  S € G  o s u c h

that

Y ( x )  =  p  p ( x ) p" J

T h e n  b o t h  $ e o u e n c e s

.i

0 -+r  #xI  jg--  sxA -5* sscA/r  - - -b o
nnel

i ^  q n  F
0  - 1  g * * f  ,  " 4 G x " A  . , - - ' 5  G n c r . l r r l l  * + t l

a re  ox i : i , c t  an rJ  bo  bh  qu i  t  i en t  f l i l os  adn r i t  a ,  comn le te l y  pos i t i . ve

c r o s $  r . l e c t i o n  o f  n o r r n  o n e .



pf :qof  :  T. t  is  s t ra , i f lh t forv*ard tha. t ,  the r r tans n nnA/ r r L , . \ , r J  y / 1  ( r , l i ! l

-  
=  

q*  ' '  r i i e  on to ,  so  le t  us  f f r i l=nrove- the ' ' ' ex is te* " *  c f  theu  t r

r  .  
co :T in lc te ) -y  po ' l l t i r re  c ros*  sec t ions . '  The nrco fs  fo r  the  fu11

n n C .  r e c i u c e d  c r o s s e d  o r o d u c t s  b c i n g  t h e  s a r n e  r  l e t  u s  1 r r o v e  f o r, i '

1 
b imn l ic i t : v ' '  on ly  the  secor :d  c f t t re . '  '  ' "  '  '  i  ' ' , '  "  '  : -  

"' . ' . - - ' . ' '

J u

CJG, . la( i , i  )  )  def  in t rd  by
:

f  c ( k )  ( t )  *  g  ( r c ( t ) )  ;

ex tenc i s  t o  a  N-ho :nomorph is rn  p  ^  :  qN  *A / l  ; +  . l r (CD4  *A )  .J  G r f  
- 1 . l ' ,  *  \ v " ' - r ' , .  .

I t  fo l lov rs  tha t  the  man Y^  :  Gp< _A/ t .  - - *  , / . ( *  K*A)'  ' f . i r l ^  
r  /  -  - - - - \ -  " T . " '

def ined by  :

. p  r x )  =  f , ( o )  f ^  . ^ ( x ) t ( p )r  f l  r . \ 'v t *  . '  
" t t - I -

i q  n n r v r l f q - r { e l y  t r o s i t i v e  o f  n o r n  o n e .  i , T o r e o v e r  i f  k  e  C ^ ( g ' ,  A / I . )v v t { r l

c '
then

s , r ( i c )  ( t )  =  r , ( p )  f  o , r ( t ) r , ( n )  ( t )  =  p  
f  

( k ( t )  )  t ( p )  =

-  Y ( l c ( t ) )  +  q  f  
( y ; ( t ) )  (  t ( p )  -  p  )  .

s ince  p  f  
( * )  f  ( * * )p  e  A  fo r  evo f ' y  1e  A / r  ,  i t  f o t tows  i l r ' t

p 9(x) € A f ,rr  everlr  xq Arl f  ,  so that the above fo:-rnula

lmnl iesron one henr i  thet .

Y . . '  - . - ( u )  e  C ^ ( G , A )  f o r  e v e r l i  ] r  e  C ^ ( g , r q , / i  r ).  b r F .  c .  '  
C r - :

and on the other hand that



i . ' " . . ,  ' : i

Q G , r o T 0 r *  ( i c )  =  k  f c r  e v t ; r l r  k €  C c ( G r A / I ) .

Th is  sho ' r i s  tha t  Y , ; r r  t i , rkes  vEr r .ues  in  .GD(rA i *nd  
' th* t

Q G r " o Y i i , "  ( x )  =  x  . f o r  e v e r y  * e C w r A / l  .

T h e  e x a c t n e r s  o f  t h e  s e q u e n c e s  i s  n o w  e a s i l ; *  e s t a b l i s h e d  :
I . rye have to , , "o.r*  *"r* in*uu onl . r i  at  GFc A (resn. ut  Gr(  rA )  ,
a.nd this in turn j  s er lu iva. lent  to x

t t  ' L r '

r - o r  e v e r r i  x e G o < A  ( r e s p .  x  y , "  - o Q n  * ( x ) 6  G x  - r  f o r.  u r r .  u t . r .  f
e v e r y  x  e  G *  

" A  
) ,  B u t  t h e  a b o v e  r e l a t i o n s  h a v e  t o  b e  c h e c k e d

o n l y  o n  a  d e n s e  s u b s e t ,  s o  l e t  k e  C ^ ( C , n ) .  T h e n-  c '

. . . ' .  
' . ' . , . - . - . ; * : ; a - -  : , ,  -Rqmar i i  T ; ;  - " "4 t " ; . -  o f  t he  sequenee  

"o " r "uoond inp .  
t o- - * . . r ]

-  , .  - - , , :  . . : . - - : - .  fu l - l  c rossed oroc luc ts  i s  t rue  in  genera l  Ia r ]  .  Ho i , ' i ever  we

s h a l l  n e e i d  t h e  c o n p l e t e J - y  p o s i t i v e  c r o s s  s e c t i o n  i n  t h e  s e q u e l .
!

supRose hov i :  the t  Gxz  9  (g rz )  r - - -e  gze  T ,  i s  a  cont i *

n u o u s  a e t i o n  ( o n  t h e  l e f t )  o f  G  o n  t h e  c l i s c r e t e  s e t  n  .

Zt

s u b g r o u p s ,  t h e  r e s t r i c t i o n  o f  d g  t o  G ,  ( s t i l l  d e n o t e d  b ) ,

-  : :  dg )  is  a lef t  i iaar aeasure on G- .  \ , je shal l  crenote by s,L

the orbi t  sDace C\Z ,  by z t - .+ Q, the quot isnt  map and

vee sha l l  moreover  ident i f y  s  i r l th  a  f  i xed  t rans :versa l  sq  z
. . . : .

{ 'n '  the  ac t ion  o f  G .  i ro r  each z ,  a ' l  t?e  sha l l  f i x  an  e le rnent
- l r : : t - : - : : ' t t t t : : r : , : r - : 1 : . - : - - . ' t - f  j  - - : t  . - .  -  - 1  - :  : '  r - -  . .  -  r  : 1 .

1 ^  t  f a  - . - ^ 1 ^  ! l ^ - - !  i f ,  .  At r - € G  s u c h  t h a t  t _ ,  =  A ,  a n d  w e  s h a l l  d e n o t e  b y  f
Ĉtl r  

- Z



:17,

e S  ,  t h e  o r b i t  o f  s  ,

"v ' te shal l  recorc]  I 'or  f r . l r the: ' use  the  fo l1o ' -v i r i$  p rop0s i t i0n

( o * m  n )  @  s ( 1 2 ( r ; s ) )

or1 ginn.l l,r '  rJue t o l?. Gr* en f, loi .

Frt tn ' : ;s j . t ion 5. .  i )  ' j lhe fo l lowj"ng isomoruhisms hol"d a

f o r i <

where

* o c o ( n r t r )

. G K " C o ( Z , r t )

e 0 * ( f i : t ' S

-  n  |  
" z t ta r  l h

@
. ss [ i

o
ele S

r r+here  e( ru  )  denotes  the .  a lgebva o f l  comnact  oner i ; . to rs  on  W
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i l o  sha l l  cons t ruc t  f o r  eve ry  subse t  S  e  [ t  ,  3  I  S  ?

two  l f cep l i t z  ex tens ions ,  ?ne  f  o r  t hq  fu l l  and  one  i ' o r  t he  l r c . .
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v ' , i . th  the  exe i ,c t  sequence
{ . .

0  C  ( ' t 1 -  a \  i  r ' l  f x L  a )  q
-  ^ ( . { S t A )  

' -  
n  t ) + ( , { . ; ; ' A , )  - - - i - }  A - 1 0

V Y T J

vihere i  j .s  th-e n&turdl l  incLu,r ion and q the evn. l l r f i t ion nran

i ' l t  +  oo  .  (see  a lsc  de f in i t ion  S"  )  .  i {o te  ther t  q  h i rs  a

c o m n l e t e l y  n o s i t l v e  c r o $ s  s e c t i c n  " 9  ,  d e f i n e d  b y

Y  ( a )  =  q r *  ^ / ^ \  t w

.  
Y  t S  J - \ * /  -  P r s

where  g  (a )  i s  the  cons ta .n t  func t ion  p  (a )  ( f  )  =  a
-4

fo r  ever l i  ] r  e  K6 ,  a r id  % , r *  aDr )eara  in  de f in l t ion  5 .

Lemma. 2.  sho'* ' 's  that  K o o 1s G cont inuous and that
L  ) P

i ' ( % o  q  g ( X r ,  * ) )  =  t ( t - D  c {  -  f u * o  r )  b e l o n g s  t o
. t  , L )  r  t v  L  l L r  { I : r  t v

C ^ ( x . * , 4 )  f o r  e v e r - \ r  f ' e  C ,  ( x 1 , 4 )  r  s o  t h a t  w e  m a y  a n r ; l . v
o ' J '  + '  D '

lemma 4. to get the colnmutat i .ve d^iagraru

0 " " "a  s t .co( r3 ,o )  1s ,  Gxc , . (x3 ,4)  j9 . -o  GxA - '+  0

T T T
0 - - + G o a r c o ( r 3 , u )  

t d r t  
G x r c * t x $ , a )  l G , 1  , ,  G x " A . - + 0

i . s i t h  e x a c t  t o p  a n d  b o t t o m  s e q u e n c e $ .  A p n l y i n g  p r o p o s i t i o n  5 .

1 'o r  the  se t  X t  w i th .  t ransversa l  S  and e lements  w
J  

t l l j v e l ' $ i j L J .  p  a I I L I ^  g J . e i l i e t l u $  O  
a ,  

,

a

) r€  X$,  n rov idec l  by  the  cons t rue t ion  o f  the  graph o f  f l rour rs

.de*er rn ined b ; r  G (sc+e sec t ion  1 .  )  t ' ve  ge t  the  fo l lo r "+ ing

T o e p l i t z  e x t e n s i c n s

^
Plc .pgs i t logr$ .  lo r  every  n , :nvo i - t l  subset  $  c  Z"  ,  thc re

is  t r  commute t ive  d  j - r rs ram i r i th  exac . t  hor izon ta l  . sequsnces  i
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t h e n  i * t t @  u . y - , , o , , )  =  i * , r ( r , 4 e " 1 , , , y , ,

*  f "  =  Y  )  i s  t h e  f u n c t i o n

c le te rnr j .ncd  by  . the  Pro  iec -

onto the rec luced of le  *

in  the fo l lo 'n ing way
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a n d  %  s y o

c c ( t t  t * i [ , n 1  (
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of  norm one.

o therw i -se

have bo th  a  comPle te l - I t
I

:

l
i

l lxarnnle In the c&se of

- 1 3
the granh )-  has one vertex

e x t e n s i o n  d e t e r m i n c d  b Y  S .  =

toeu l i t z  ex tens ion ,  l ' rh . i le  ' the

n
S  =  l '  a n n e r i r s i  i n  J h e  l a s t

the f ree groun on n generf i ' torst

a n d .  n  e d g e . s  . \ { r . .  o  r . \ t y }  '  T h o

l  rnl via s called in lar J ttre ks -

e x t e n s i o n  c o r r e s p o n r l i n g  t o

s e c t i  o n  o f  I  z 3  1 .

I*** ' 'E In Q: i , . ier :  to sc. t  p ' l recj"se] . . . - '  t l re extensi .o l , ts of  Ia3J,
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,1 i l { : }  s } ' tC t : - l  t ]  cO, i  n r '0 r : rs  .L i t t :  i t . "116y1, i  ny  Le i rg iOn r , . r j . - i ;h  the  fs : rO je iCt iOn

L i t  t ;  ,  i lor. '  i roJirc i ' i . ; r  cd cr ig: i  n f l  g .{ ,  
O 

" Tlhe ; l  br lve : l . 'orrn f  o1\ /  g  1 . ,

' f  i re  ' lo r :  p l i1u  r :x tcns i .on  i r ' , .1 r  l : i : cn  s l i , r {ges tod  j . .n  t } re  caBs G H ,Eu

i l l '  l , . r \ " i i i r : i f r : i  I e S ] "

" i t  i s  o i l , s r , ,  b r - l  T l : J r i s  I ' r o r n  t h e  i , r b o r r e ' i l o e n - l i - t z  o l i t e r : ) $ i . o r i  t o

i ; i lC  cOi i l - i t r '$ i l : J ,J { i  o r }o ,  s ; i r , : c t  L } io  l r , l -b te r  i s  A  fu l , l .  COt . } fc r  in .  -L } iq r

l ' O f r l e 1 .  "
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1n ' t t r i r :  { ioc t ion  r ' , ; c  sho ' , rv '  th tL t  th .e .K* theor l r  o f  the  Tocn- i . i . t r

a l - q e b r i i  G x  L ' . r ( x l t , A )  ( r e s p .  G  K r c n ( x t , n )  )  i s  i s o r n o r p h i . c .

t o  t h a t  o f '  t h e  n , l g e h r a  g - u ( n n x  a )  ( r e s n .  
. , p _ o ( * o K " A  )  ) "r ,Gf "  peL"

(ncrte ihat  u4 -  = xt  )  ' i l r  th is end ' ,ve sha11 construct  the
t u  - * l -  .  ; . '  4 . .  -  G .  / r , 1 \  ' .  / , . r o \ \e l e n e n t s  e (  € ,  K l { " ( c o ( x " ) , c * ( x t ) )  a n o  f  e  K K \ ' ( c * r , ,  / r u o \ ^  )  /

I  16 J a.nd even.tua, l l .y  prove .bhat one is a]most the inverse of

the other. $ince \ye aye. ivorli ing r,vith KKG , vr,o shall frorn no,,ry

on  aE isume tha t  the  s roup G 1s  second countab le  and.  tha t  the

t r e e  X  i s  c o u , n t z l b ] e .

' , ;e s 'ba.r t  r , , r f  i ;h some ren:*.rks concerning i {KG theory.

Li .errar l t* l .  i  )  I t  is  nel l  knor", ,n that  every G equivar iant

x - h o m o m o r n h i s r n  f  :  l r - 4 i l  r  o r  n l o r e  g e n e t ' a l l y  f  :  A * r e ( €  ) 7  :

r ' ' ihere €,  is  a" r ' iqht  I { i lbert  B*rnodulr i ,  deterrnineEi ei  c}a.ss

t r l  i n  
' K K G ( A , B )  

.  T h e  c l a s s  t f  J  ; i l & y  t 6  r t e f i n e d  b l r  t h e

t r i n l e t  ( g , f ' , 0 )  ,  v i h e r e  t h e  s r a r l i n g  o f  t  i s  t r i v i a r l  ( i , e .

the  r " rho le  i i i l ' oc r t  mod.u1e e  is  con$ ic ie re  r j  nos i t i ve  ) .

I f  g :  t 3 ' r r e ( g )  r s  a n o t h e r  $  e q u i v a r i a n t : * - i r o m o m o r -

Trh is rn ,  then U]  @J LgJ  j . s  equa l  *o  the  c l ies$  o f  the  x -ho :no-

r n o r n h i s r n  * @ { :  A - - > &  ( e @ , r F ) .  ( w o t e  t h r , r t  w e  f o l - l o w . t h e

c o n v e n , t i o n  o f  L r l J ,  s o  t h r . t  i f  f  :  A * + B  a n d .  g  I  B - - . + C r

ther: the crass 
::, r;"1- ; r;:T::--:,,-t:X:r:::"l, rn**

i f  t h c  t r i p l e t  ( E  ,  f  , 1 1 )  l r o n r e s e n t i n g  r . r . n  e l c s r e n t  j n  . i K G ( A , B )

has  the  nroner t .v  tha t T ( A ) e  R . ( €  )  ,  t l r e n ( e  o  Y  , o )

rep resen ts  the  $a lne  e l cmen t ,  Th i s  gho r , ' r s  t ha t  i f  p , re  c iecon ipcse

t  = F 65 F t+ -  rp  6F\  rp-  ( r ' record ing to  the p; r . r rd :Ln,q)
:  

{ *  O  
\ : - /  L . ' I  t  t  t O  \ r /  l t  \ 1 ' \



/ ) . 1
{ { o

IY l ]

t l :e  e lement

r , ' i  oh ' l  I I i  
' l  

? rov ' t

o, € . i l {G( co ( Ko ),  c+ (x{t  )

co (xt )  -nociul-e

then

L l  e  , Y , r ) ]  *  I . r o l

l e t  u $  f i . r s t  d e f i n e

To this en.d cot ls i , . ler  the

:..i{
r"-irr

I

t 2 ( x o )  @  c + ( x t )

endo! " {ed .  r . r i th  the  produc t  { } -ac t i cn-  ( ln  accor r lanee v ; i th  the

d.e f ln i t lon  o f  r igh t  H i lber t  modu le* ,  the  sca i la r  p rodu-c t  ln

Er i { i l } . rer t  sperce vr i l l  be l inear i .n the second va,r i i ib le,  )  t ret
( t r t ^

l *p tp€Xo c lenote the ce i ,nonica l  bus is  o f  1 ' ( ; t ' ) ,  and c le f in .e

d  :  c ^ ( x o )  - - )  K t . z ( r o ) G l c . ( x { ) )  n v  t h e  f o r - m u t ao '  - + '

d ( r )  * p  6 l f ( P )  * p  @ X u ' $

- F  n v .  a 1 r a ? 1 r f  E  q o ( x o ) , b  e  c * ( x { ) a , n d  F e X o  .

D e f i n i t i o n  6 .  ' T h e

( s e e  r e m n r k  1 "  )  w i l l .

d  i n  K K c ( c o ( x 0 ) , c * ( x t )  )

4 .

t $ e ' t u r n  n o i v  t o  t h e  d e f i n . i t i . o n  o f ' t h e  o l e l n e n t  F  .  l J ' o r

ei lch I , 'E Xo d-enote b;r  n, ,c "K{ '  the set  of  e*. f ies vr i th one

extrem.Lt, ' , i  P .  Tlhug :

l l . p  =  | y * x {  ;  o ( y )  *  p }  J * t  l l ' u  x {  i  t ( v )  :  p J

c l a s s  o f

d e n o t e d  b yJ .a



l f  Y  be longs  to  Hp ,  \ r re  sha. } l  denote  b} '  ey ,p  the  cor rCI$*
f)

rond in , s  un i t  vec to r  i n  1 ' * ( f l , r )  "  (Aga . i n  the  s i ca l r ; r .  p ro r j "uc t

i s  l i ne i l r  j . n  t he  seccn i i  vn : : ' j - i i . i : i . e  ) .  f ho  sec t i cns  o f '  ' bh t *  f i e ;1 t :

o f  i l i  I  h o r t  i : r n a c e u  i f  
2 ( U , , ) l  

- -  . o  ,  t h a t  t e l c ]  t c  z e r o  a tL *  . . " f ? , . r  j t € ; r  ,  - -

i n f  i n i t r r .  i q  i n  a  np , tu r ; . ' 1 l  yv ; ; t y  a  r l gh t  } , l i l be r t  C^ (Xo) - t l cC .u le+ r r r , r r ] *  u , j  t  L t - )  J t r  , *  t L t - . '  v v t r  . L L  f f  . : L r v  a  I  I { : . \ r I  u  1  
o  

.

t r rh ich  w i ] l  be  denoted .  i i y  a  "  I t  i s  gener ; l , ted  by  the  s f tc t ions

€ , -  r r  f o r  F G  X o  a n d  y €  E r :  r  w h e r e  e . ,  o  i s  i d e n t i f ' j . e o
" ! r r  

-  Y  Y t f

i q i t h  t h c  s e c t i . o n

i f + * ! d ,

0",  r )  (A )
.  t - .

f e= 1,
D

, _ v t i

T h e  a c t i o n  o f

natural-  act ion of

o therw ise

X ,  g ives  the  fo l low ing

:  c(Tt)  -* { ( u l  t h e

the group

G  o n  E :

g a
e "rr  

' I )
L )  t , r

i t ie  sh i r l l  denote by

x-ho,nomornhisms def  ined

* . ( r )  uo , ,

. t r  / . p \r  \ r /  u _ . .  n
" Y  

l r

B
d i t  t r v
6..Y t E:'*

.t ,br +  t  l _

J . r r t  G
V J  .

1 7 ] )
c Y  t #

o

- Y  l J '

o

. : r  t "

o r i e n t a t i o n  0 f
t

*Lnd T i;,re G

) e y , p  i f '  o ( . 1 ' )  =  P

{ : : : ,

{ r r - *
Lr tn l

i f o ( y )  *  F

t ( y )  : :  Pl - I

S i n c e  G  p r e s e r v e s  t h e

t o  $ € e  t h n , t  b o t h  * *

t h e  t r e e ,  i t  i s  e a . s - v

equ ivar ie in t .
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L,et  now 0 exo

the operator

be a  ver tex  and denote T o e  { { c o ( x o ) , r I )

i f

= { *

( P )  u r o ( p ) , p

o

p f a

P = 0 ' r ,

t-r
' r o (  T  )  (P )

Proof  :

product of  E shols that

f o r  e v e r t /  I  e  C o  ( x o  )  ( s e e  d e f  l n l t i o n  1 .  )  .  H e r e  c o  ( x o  )  i s

regarded.  as  a  l { i lber t  co(xo) -modu le  in  the  usua l  \ ryay  Lre  J .
N o t e . t h a t  1 n  t h i s  c a s e ,  , c o ( x o )  i s  n b t u r a l l y  l s o m o r p h l c  t o

3  ( c o ( x " )  )  ,  s o  t h a t  w e  i " n a y  c o n s l d e r  c o ( x o )  c  d  ( c o ( x o )  )  .

'  
Lemma ?.. The follor,ving formul_ae hold. :

i )  r  T f fTo  =  60  ,  v i he re  6o€co (xo )  i s  t he
usua]  de l - ta  func t ion"

.L  t i l  \  -  r  , ! t€i i )  *+(r |d = *_t?t , ;  *  ToTo ;  : 'n  part icular

*nt!, ;  ro - ro and *_ (Li l  ro = o .
l i i )  t o  T o ,  €  . K ( c o ( x o ) , s )

i v )  e ( ro )  =  Tgo  f o r :  eve ry  g€c  .

C ^ ( X o ) - v a l u e d  i n n e r
U

(  r o (  !  )  I  r o ( " g  ) )  ( r )  =

' l F r * r  / - \
f ( P )  , ?  \ P )  i f  P  F  0

t,

i f  P = 0

\ r o ( 7 ) 7  =  4 , ( 1

f r o m  t h e  d e f i n i t i o n  o f

t
L

so that

for everlr

a nffro( I
!  t \

i i )

) l t )  =  ( r o ( I )

e  c o ( x o )  "
f t  i s  ea .sy  to  see

T^ T,T e-- 5  "  to (p )  ,p

T,l , that

i f  P l 0 a n d  ' y =  l c l (  P )
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*----{.,.iq

' '  
i :

't c:
4  |  . ^- t rva  

\and 01 '  course  the  fac t  tha tw

t i f  o ( : r )  = P , t h e n

(  r t  i f  ] r  =  0 (p )  = lO t (p )
I
)* 1
I
L o  o therw ise

. !

,  then

f  o  i f  y = 6 ( p )  = t 0 t ( p )
J
I
l . l\  . r .  otherwise .

. l

now ea-s i l y  f ron  the  de f in i t ion  o f

tha

traightforwarC consequenc e

I  1 4  1 ,  t h a t  g ( r o ) (  I  )
^ \

( g - ' ! ) )  ,  f o r  e v e r y .  ! e

the above ro la t ion for  I

=  5  - { - ^  . a n d- g  * P  '

f 
u 

lol( e-lp ) , e-{p if

1
[ ' o  i f

T h o  d e f j " n i t i o n

a .  t ree  )  in rp l les

wh l le  i f

f o ( r )

t ( v )  =  P

*_ and

of lemrna 1.

i s  b y  d e f l n i -
. n -

C o ( X " ) .  I t  i s

=  S p  ,  ? e x o .

-n
s - P f 0

-n
g * F = 0

q?

g0

P #

. | ) -

i f

1 f

f  
* s i l o l ( s4P) ) ,P

=  
t o

i Ls$)

Poin t  i i )  fo l lows

* * .

j . i i )  T h l s  i s  a  s

' . , iv)  .  Reeal-1 f rom

t icn  equa l  to  g (TO

suf f i c ien t  . to  ver i f y

In th is case s-t  6p

ro( s e-1p) =

so tha.t

e ( ro (s - t  S r l l

The resul t  now fo l lows f rom le rnma,  1 .  .

i:;
Ar
: ',

I

T h e  t r i p L e t  ( t , * , f )  c l e f , i n i n s  
I e K K G { c * ( x t ) , c o ( x o ) )

is  now obta ined as fo l lo lvs  :  the graded l i i lber t  co(xo)-nror lu le
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,  . ,  :  , i , i  I . r

' e F z : . ?
c  =  t ^  ( t )  La  cons is t s  o f  t r r yo  cop lo$  o f  a  o  co (xo )  ,v - L

eo being posit ive and" €r4",ness-t i .ve .  The graded. s equi-
v a r i n n b  x - h c r n o m o r p h i s r n  *  :  C ( I t )  - e  . f  ( e  )  i s  g i v e n  b y
+ = *o @ *1 ,  r " ihere % :  c(x{)  - -  d (€o) ,  is

de f lned  b i ,

* o ( r )  =  * - (  r )  o  r ( + o . )

^ f r :  c ( I l )  - - b  { ( e . 4 )  u y

F ina l11 ' to  deec r lbe  the  o 'oe ra to r  f f e  e (e  )  o f  d .es ree

o n e ,  i t  w i l l  b e  s u f f i c i e n t  t o  d e f i n e

T be ing  then de termined by  the  mat r ix

and

T  €  / (  € o ,  € 1 )  '

( ;  
: . )

For T pJe shal l  f  1x sorne or lg in o e xo and take the operator

r  =  T 0 + r f i + r  ( r o r f r + r f i r o )

i . e .  r ( e @ t ;  =  { r s !  +  ( r  - , r o r i l )  e ) @ ( l $  e  +  ( r  _  r f i r o ) $ )

f o r  eve ry  e  e  E  and  3e  co (Xc )  .
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M

(  €  ,  *  , T )  d e f i n e s  a n  e l . e n e n t

i n  K K G ( C ( x t ) , c o ( x o ) )

grqgf :  The preceding lernma shows that (and hence

S )  i s  G  c o n t i n u o u s  a n d  t h a . t  g ( 6 )  - f r . f f ( € )  ,  f o r e v e r y

g€G .  $ ince  T  is  eas f ly  seen to  be  un i ta , r ; , ,  the  on1.y  th ing

l e f t  t o  p r o v e  i s  t h a t  t h e  c o m m u t a t o r  t * ( f  ) , i l ]  b e l o n g s

t o  i ( . (  e  )  ,  f o r  e v e r y  f €  C ( f 1 l  ,  i . e .  t h a t

T ̂ Po( f )  : .  * * t r ) l  €  . r (  €o,  € t )

f o r  e v e r y  f e C ( X 1 ) .  R e c a l l  t h e  d e f i n i t i o n  o f  #  ( O e f i n t t i o n  l . )

and lemma 2 . ,  to  see tha t  i t  i s  su f f i c ien t  toprove t l re  above
.  d .

s ta tement  fo r  the  cons ta ,n t  func t ions ,  fo r  f  e  Co(X*) .  and

for  a  s ing le  func t ion  o f  the  typ l *  x .p  ,  P  €  Xo .  I t  i s  easy ,

to  see tha t  * i  a re  un i ta l  and tha t  f r { f  )  e  e . (  € r )  fo r
u

e v e r y  f e C o ( X ' )  ,  i  =  o , t .  T h i s  s e t t l e s  t h e  f i r s t  t w o  c a s e $ .

For  the  remain ing  one,  chose P =  0  ,  the  ver tex  appear lng

in  the  de f in i t ion  o f  TO .  Then

f  " l ' o (  ? L o ) ( e  @ 3  )  =  r ( (  t - ( * r ) e )  o l  )  =

r (
( r

"r @ l )  =

I l = (

= (Tu!  +  ( r  ro?f i )  * - (?co)e )  O (*6  f_(?Lo)e + ( t  r f i ro) l  )

0n the other hand.

?G. ) r  (e

m x m  \' o ' o  '

* L ( 1 L o ) ( r o l  *

t * ( t r  o )  ( ro I  +

(1  r0 r f i ) e  )@( r i l u
( r  -  ro r i l )e  ) )  @ o

Apnl ;g ing  the  preced ing  lemma i )  and i i )  u re ,  $ee tha t
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r % ( 4 0 ) ( e @ ! )  =  ( r o ! +  t _ ( x l s ) e  ) @  6 o !

* r { t , o ) r ( e @ } )  = ( r o ! +  f f * u l - - t o t f f * )  o  o

Agaln by point  l i  )  of  the preceding lemma vre get that

( r f o $ , o )  -  * a ( t r  o ) t l )  ( e o l )  =  5 o $

which  is  c1ea. r1y  compact .

"  D e f i n i t i o n  7 .  T h e  c l a s s  i n

m i n e d  b y  t h *  r e s t r i e t j . o n  o f  t h e  t r i p l e t  (  €  , *  , 6 )  t o  C * { x t )

n ' i l - l  be denoted by 
f

our next goal is to show that oc6F € KKG (co (xo ) ,  co (xo ) )

e q u a l s  
.  

O * o ( X o  
)  f t l 4 t  T h e o r e m  . 5 .  a n c J  C o n s e q u e n c e  1 l

j - . e .  c o i n c i d e s  v r i t h  t h e  c l a s s  d e t e r m i n e d  b y  t h e  i d e n t i c  m a p

-  t  - - o  r - . O  r
i d  r  C o ( ; t ' )  *  C o ( X " )  .  T o  t h i s  e n d  1 e t  u s  f l r s t  e x p l i c i t l ; y '

1.,

desc r ibe  a  rep resen ta t i ve  (9 ,  , f  ,V  )  o f  " ,6F  .  As  usua l

' iye shal]  describe the grading by putt ing $ = go @ 8l ,

K K s ( c * ( x t ) , c o ( x o )  )  d e t e r -

r  =  
f o @ f t  

w i t h  f i  i  c o ( x o ) - + d ( 9 )  ,  a n d

Due to the part icular forn of  o(  ,  i t  is  easv to $ee that

one ma. \ r  take  as  l { i lber t  C^(xo) -modu les  3

( r z ( i o ) o c ( x t ) )  % t n t l  € i  i , = o n l -

.  the  x -homomorph isms f ron t  c ( ' i1  )  to  { (  €* )  bc lng  ' t '  .n \  -1 " ,  l "

3 = (; x") with v €. {( 9o,31,



I
i

Sinco + i  are un i ta l  one sees that  the abo.ve module is
o ,-j4

i somorph ie  to  1 ' (X" )  6  € ,  
-e '4 "  

v j -a  tho  map t l rn t  sends
J,

I  - , \( *  e f  )e  e  to  x  q>" f .  ( r )e .  i ' { e  thus  take
J

12 (xo )  6  6 i i * o r t

Note t l ra t  3o 
= 3 l  ;  we shal l  denote i t  somet i ines shor t l ; , '  by

,  g '  .  The maps 
, / i  

are obta ined by 
'co*pos ing 

the map

d  E t -  I  c o ( x o ) . - - +  {  ( ( r 2 ( x o )  @ c ( 1 1 ) )  6 c ( 1 r )  € i  )

wi th  the  m6rp  induced by  the  above descr j .bed isomorph isms"  (The

exp l ic i t  fo rmula  w i l l  be  g iven be low) .F ina l l y  the  opera tor
'  ^  

r f t  F  l 2 / " o )  ( h F  \  i o  iv  €  d ( l ' ( x " )  -  l o , *  \ . ,  ,  @  € L )  i s  d e f i n e d  b y  v  =  1 6 T  .

' .  
f t  w111 be more convenient to regard the } i i lbert  module

3 t  * u  s e c t l o n s  i n  t h e  c o r r e s p o n d i n g  f l e l d  o f  H i l b e r t  s p a c e s

over  Xo ,  Reca l l  the  de f in i t ion  o f  E  to  see tha . t  the  f ib re
.  . , c t

o v e r  t h e  p o i n t  ? € X o  i s

t ; : : r 2 ( x o ) s 1 2 ( E p )  o  1 2 ( x o )

Q r : P  e x o y e E p  r  a n d .

29.

t h e  s e c t i o n s  * Q , y r p

Q r P  e  X o  ,  d e f i n e d  b y

do i  *

and that

9 n D  ,
Y t &

* Q , y r r ( R l  =

= l,-
"+6  

oy

o

R * ?

R l ?

I t = P

A I

1 f

1 I

e " ,  - ( R )
v l 5

i f  R l  p

Q  t .  $ , { o r e o v e r ,  t h e  a c t i o n  o f '
d

modulegenerate the 1{ i lbert



m a y  b e  d e s c r i h e d

. g € r r . , D
\ , r J ,  r .

R e c a l l

,  " "o{Je ts  ] tv

" f r i  
t  i =

novr  the  de f in i t i .ons  o f

(  c t e f  i n i t i o n  4 .  )  t o  g e t

n I t
v t r  ,  .

on therse seet ions by 
' i

* g Q r 8 F r 8 3 I  
" Q , p

egQ 
, gP

f ( a )  €n  , ,* { r }

i f  
' t ( y ) = P  a n d

otherw ise

i f  .  t ( y )  =  P

i f  o ( Y ) = P  a n d .

otherwise

{ ' : - '

* Q ,  y ,  P
/ + \

f o \ t  
t  o Q r y r P

/"4^( f )  e , r  D
a  v  ' r i t r

I r ( o )
t':o'

9 Q ,  y ,  P

" Q ,  y , ?

i f

=l i f P l o

P - 0

/ -rLG) 
*Q 

, y, P =

, f { t l  
u Q , P  =  o

f o r  e v e r l r  f  e  c o ( x o )  .

Le t  us  f ina l l y  record  the  fo rmula  o f  V  :  I f

v0€  d  (  
3o ,  8 t " )  

=  d (  g ' )  deno tes  t he  ope ra to r

v o ' * - Q r Y r P

vo *q ,p
*Q , lo (P ) l ,P

"Pi , f-p , and. of tho

the fol lowlng formula.e for

a ex!

c ex$

then r = v o + u 6 * 1  v o v 6  ' / 6 v o



rVe 'p roceed now

To this end. r. ' ,re shall

tha t  t t re  c lass  o f

af teryrards exhibl t  a

to  the proof  that  
" (@p ec{ua,L.s  t^  /vor

, * i :  
-uo (  x '  I

f i r s t  co fs t ruc t  a  \ y  €  d (  g , )  such
,  N .
(  C '  t*  , ' i !  )  is  equal  to 1-r ,  t ,x.ol  ,  ando ' l  U o . ' -  |

homotop; '  connect ing  the  above t r ip le t

de f in l t lon  o f  rS  is  as  fo l lows :

be def, lned by

? - l
- J &  a

*qJQ(p ) l , p

o

above def ined I ' i  e e((

v  e  d ( c o ( x o ) ,  3 ,  )

(8 , r , f r )  '  r he
f f  '  <  t (  g ' )

$ l r  * Q r y r p

l Y f  
" Q n p

then ls  g iven by

I;eg,gg_,9.. i ) The

equivariant unitary.

i f  )  Lret

W = l $ t  + W t * + 1 W r  W r  
l F  -  W r  X W r

t o

l e t

for  ever l r

rator in

i f

i f

{
= {

L

a l p

a  * , ?

8 ' )  1 s  &

be the G equiva-
n

,  P  eX"  .  T i renr ian t  i somet ry  de f ined. .  by v (  5 p )  -  
" ? , p

*u lo ( f )  -  
, t t ( f  ) i t  =  v  f  vx

f  €  c o ( x o )

3 (co (xo )

i i i  )

. ( H e r e  f  1 s  a l - s o  c o n s i d e r e t j  a s  a n  o D e -

)  c  c ( c o ( . x o ) )  .  )

Ttu c l -ass of  the e lement  (  g  ,  f  ,F)  in

i s  equa l  t o  7 - r  r vo \  .
v o \ j \ '  I

l f f G ( c o ( x o ) , c . o ( x o ) )



, 3 2 r a  .  .  , .

Plo-o f  :  i )  iT t  be lng  a .Jar t ia l  i somet ry  whose ranse
fi

is  or thogonal  to i ts d.orsa:Ln, i ' t  is  obvious that W is

uni tary.  The 0 equivar ia.nce fol l -or" is f rom the fact  that

s  eQ , tq (p ) l , p  usQ ,s ( t ( p )D ,e l r  =  eeQJsQ(s r , ) l , sp

whlch in turn follons from lernma f .

' r

, l

)  e Q r y r p  = , t o ( f ) ' f f r  
" , . ) r y r p  

=  o  t  w h i l e

f  r ( a )  e Q ; [ e ( p ) t , p  i r  q / y
)  

" Q , ,  
=  f ( a )  $ r e q r n  =  

1(  o  i f  Q = P .

and

(  l n t t l  u q J Q ( p ) l , p
* Q , P  =  

t "
iy{L(f)  Yr ' l

, l f  a . / . p

i i )  I , e t  us  f i r s t  no te  tha t  l v ' 7ao ( f  )  =

= 
. f r (  f  ) l v '  and  tha t  t l l t  

7  U$)  
=  

f r ( f  )w t  =  o  fo r  every

f  €  co (  ro  )  .  rndeed  !

l +
o \ '

l r
t l

o \ -

i f  Q - F

.  . - o
But  i f  the or ig in  o f  Le(P) l  iu  ?  ,  then a l - les  in  X" tQ(p) l

so thsr t  we ge t  the  f i rs t  equa l l t y .  The equa l l t y  f r ' ro*n( f )  =  o

being obvious, let  us show tha.t  
7oG) 

V{t  = o .  We have

to  cons ider  on ly  sec t lons  eo  . , ,  w i th  a  I  ?  ,  and we ge t  :
\ t r

/ A o G )  \ t ' e Q , p  =  
V o G )  u Q l Q ( p ) l , p  .

D : - n c e  1 r  r - s  a m p o s s i b l e  t o  h a v e  b o t h  t (  t A ( P ) t  )  =  P  a n d

a e  t lq r r l l  ,  i t  fo l lo rvs  tha t
. t o ( f )  

T c t  e q r n  =  o  i
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The above intertwining rel-at ions show that

=  

[ ' :

P ) € - . -  1 f  A = P
E ' ,  E

\ { l o ( f )  - , t t ( f )  i ' f  a  (  
V o ( t )  l L ( t )  ) ( t  ;  1 ; t i r , ' r r x  *  } $ ' x i r ,  )

B u t  ( f  t r y r 1 1 i r x  -  H f  * i ' { , )  b e i n g  t h e  p r o j e e t i o n  o n t o  t h e

sugspace genera ted  b ; r  t l i e  sec t ions  { * f  , l  ;  P  €  Xo I  ,

[ * Q , y , r  ;  o ( v )  =  P  ,  q f t ; l  a n d  { * Q , r , u ;  t ( v )  = P ,  a € x ; i

we f ina l l y  ge t

( ta i rao( r )  
, f t ( f )v { )  

*Q,F
l f  q l ?

( w 7 o ( r )  
f n ( f ) r r ) l  

* Q , y , p  =  o  .

This  i s  c lear ly  the  same as  v . f . v *  so  tha t  i i )  l s  com-

p l e t e l y  p r o v e d ,

i i f  )  Th is  i s  a  s t ra lgh t fono;ard  consequence o f  i i )  once

we rervr i te 1t  a.s

. fo ( f )  
=  * * / r ( r )v l  @ v . f .vx

S J g p o s i t i o n  1 o .  I f *e KKG ( co (xo ) ,  c+ (xt )  )  and.

pe  r t xc ( ' c * (x t ) , co ( , \o ) )  * { *  t he  e le r .en ts  i n t roduced ,  i n

de f in i t i ons  6 .  and  7 . .  ,  t hen

o( *F  =  t co {xo )  '



r--'T-_

prg .?{  :  Le t  VO and Vdt  be  the  pa , r t ia l  i so ine t r ie

a n n e a r i n g  i n  t h e  d e f i n i t i o n  o f  V  a . n d  r e s p e c t i v e l y  ! T  ,  a n d

d e n o t e  b y  U r  t h e  p a r t i a l  i . s o m e t r y  V ' W ' *  .  l i i n c e  b o t h  V

and ' { f  
;  together '  vr i th 

3 
a,nd f  def ine elernents in

= r * r } l n  / r - o \  r r  / v O t r  j J -  j -K K "  ( C o ( X "  ) , C o ( X " ) )  ,  i t  1 s  e r : - s y  t o  g e t  t h e  f o l l o n ' f n g  p r o p e r t i e  s

o f  U '  :

1 .  U r  i s  G  c o n t i n u o u s ,

,  i  =  o r t  ,  f  € C o ( X o )  ,

. R (  6 ' )  a n d- - ' d ' . '

5

2 ,

3 .

l , f t ( f  ) ' ,u ' ]  e  t1  (  8 ' )
( s ( u , )  -  u '  )  / r ( r )  e

f i ( r ) ( s ( r i ' ) - u ' ) e  
g , ( g ' )  , i = o , 1  ,  f € c o ( x o )  .  '

Note  nex t  tha t  the  e lements  sa t is fy ing  the  above th ree

nroper t ies  fo rm a  Cx*a lgebra ,  and tha t  the  pro  jec t ions  UtUt  '€

and Ut.*Ut rnutual ly eommute. J4 part icular,  there is s,

cont inuous  pa th  o f  un i ta r ies - j -n  th is  Cx-a lgebra ,  connect ing

t h e  s e l f a d j o i n t  u n l t a r y

U { - - =  U t  +  l l ' x  +  I  -  U t u r x -  u , x u t

to  the  ident i t y "  f t  fo l lows tha t  i f  rve  de f ine  the  cont j -nuou.s

path of unitaries l1t by the forrnula

\ T t  =  U t l v '  +  ( U t W ,  ) r €  +  1  ( u a l v ' )  ( U a w '  ; x  ( u * v l '  ) t r ( u t i t '  )

t h e n  i T o = W  * r r A  W 4 =  V .  T h i s ' y i e l d s a h o m o t o p y c o n n e c t i n g
.  a  t \ r .

($  '7"  'v )  to  (  g  ' r *  
" t l ;  

.  The proposi t ion now fo l lo t rs  f rom

the preceding lernma .



f ' le turn novr to the prope::t ies of the element P@"( .

. f iga in  we sha. l l  f i rs t  exp l ic i t ly  descr lbe a t r ip ler t  ( ]+  , .e  , f i )

r ryhose c lass in  i ( r (G(c*( ,u .1  ) ,  c+(x . t )  )  ls  p  @* .  Due to  the

par t icu lnr  for r r i  o f  o(  ,  l t  ls  easy to  descr ibe ( f t , , t?  , i f  )

f  n r  rn r t ' l  I  r r

p =

i  s  6 1 1  ,

1 =
,\, I
U = \

Reca l l  tha t

genera ted  by  the

I t  1s  eas) , r  to  see

I t

frt n , lTnere--L 
b

x-hoinonornhisn

, t t ,  where

, vrhere

€o = €q-

s e c t i o n s

that the

1 S

TI

" ? '

" y , P  @ r o ( x o )  T t o  
" y @  

d (  E p ) b

d e f i n e s  &  G  e q u i v a r l a n t  l s o r : n e t r y  f r o m  E @ o  ( x o ) ( r 2 ( x o ) @ c * ( x t ) )

t o  f  ( x 1  ) o 1 2 ( x o ) @ c o ( x t )  ,  r v h o s e  , * * * * u " r ]  * n *  H l l b e r t

module generated bfr  the vectors * : f  6 ep @ 2(?f  ,  yEi th

P e X o  r  S € E n  a n d  f  e C * ( x t )  .  L e t  L l s  i l e n o t e  t l i j - s  i { i l . b e r t
a

C+(X*) -modu le  by  ?+ '  ,  By  T+ "  r  we sha, l l  donote  the  H i lber t
_  t .

c*  (x l )  -module generated 1n 12 (  / -o  )  E c*  (x t  )  by the ete-

ments *p @ tpf .  Tl i is is the inmage of

c o ( x o )  * r o ( x o )  ( 1 2 ( x o ) e c * ( x r  ) ) under the G equlvar lant

I  t o  d (  S 1 " ) !  ei s o m e t r y  t h a " t  s e n d s  6 p  * * o  ( X o  )
( \ e  t 2 ( x o ) o c , . q : x l )  ) .

l Y e s h a l " 1  i d e n t i f y  g o = H . t  w i t h  } l t O H "  . i ' T o t e

n e x t  t h a t  1 2 ( x o )  e r 2 ( x t ) E  c n ( x t )  ( r e s n  .  : r 2 ( K o ) € l c + ( x 1 )  )

H o o
( rni i th

1 o @
o  u n \
u  o )

w r  =  t r @ r ^ ( x o )  ( r 2 ( x o ) e c * ( x { - ) ) ,

d  I  co (xo )  - I_+  & ,Gz(xo )€ r * ( , { t ) )
, r1 i ( r )  =  " r i { f )e t  ,  i  =  o r }

I J  =  T & L  .

= E  @

a" Y r  P

map tha.t

c o ( x o )

,  w i t h

s e n d s

and. that

P eXo and y € ,
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may be re€ tarded a .s  the  t { i lber t  n ror iu le  o f  soc t ions  o f  the  con-

s tan t  eont inuous  f ie rd  o f  l l i l ber t  s r lace$ over  11  ,  w i th
c A .

f  i b * e  l t  ( X *  )  @  r ' ( x t  )  ( r e s p  .  L z ( X o  )  )  t h a t  r r a n i s h  a t
-oo  .  f t  fo l lows tha t  F '  ( resp  ? t  "  )  ma.v  be  ic ien t i f ied

wi th  those sec t ions  s  ,  sa . t l s fy ing  s  (V)  e  H j "  ( resp  .
J

s (v )e  ? { i ;  ) ,  where  F f " i "  ( resp .  # l l  )  l s  t he  H- lbe r t  space, i  . y  . y

g e n e r a t e d  b n  t h e  v e c t o r s  e r s  u p  ( r e s p .  * ?  )  ,  s a t i . s f l , i n g

z , G E ^  a n d  P - - * o  I  l > e - r o  \  , -y  - r = ^ y  | r e s p .  E  * - o y  )  t  l . r l t h  t h e  c o n v e n t i o n

Xl -.' Xo and. t:* = 6 .

Note  tha t  fo r 'ever l r  ye  ?a  ,  the  H i lber t  space Tr ;

i s  the  d i rec t  sum o f  # l_o  and i l  , t  . . . , ^^ -^

(reso. r{i.t ;"-:: -:i",r**'"1, ;t;.";"::-"- 
H*}"

\  
. -  

-  r  -  f r  v  
t  4 p  E ' e r r v l  a  u v { . l  u J  l r l l e  

* @  
* p

v ' r i t h  t h e  p r o p e r t y  t h a . t  o ( z )  =  p  ( r e s p .  t ( z )  =  p  )  .  l e t
us  deno te  b ; r  *? , - r ,  ( resp .  * j  )  t r re  vee .bo rsL t J  '  

Z t Y

for ever,'rr y c Tl and. every , 
" 

*

r e s T r e c t i v e l y  t ( z \ .  X :  ) .
d

! ' j i th  these no ta t ions  le t  us

t h e  a c t i o n  o f the group is

( r e s o .  E z € l  e t ( z )  )  i n

(  u l , ,  a . n d  r e s p e c t i v e l y

s u l ,y  *  u l " , *u  s  * l ,y

r( -€) *1, u

f ( * )  *p ,u

the  space H j -o  (  resp ..  - r  
V

I

e j  a re  thus  de f ined.L s , Y

such  tha t  o (z )e  x ;  ,

H

r l e s c r i b e  ( T f  , l  , U )  e x p l i c i t l n  :

e z @  * o  ( ,  )

in  T; , r  )  .

t o ( r )  t l , ] .  =

7 . o ( t )  * n , y  =

= e
8Z r S)'

*  . the  represonta t ions
t i r i = o r t are :

' ( o ( f ) r  u ;  , r  
=  f ( z )  * 2 , u



1 n  ( r ) A f ( * )  * l ,oo  =  t ( z \  u o
z t ] /  z  t Y

? t ( f  )  * t ? , y  =  f ( - o o )  * p , y

f o r  e v e r y  f  € c ( 1 1 )

nonieal basis in 7l

q n A  u r l r a r o  6q t r v .  i r r . v ^  
"  " p  1 '-  l " Y

a

,

t f

,  i s  the  ca-

U is  de f ined by

{ J = U O + U f i + 1

acts  in  the

rr  rrx rrxt t-  ' c 'o  "o"o

following vray :where U0

uo  * l ,Y  =

e e x ;

o* Io (.r )[, y

+
Uu  1o ( r ) ! v

,  U o  * l , y  =  o  ,  " U o  * p r y  =

r$e  sha l l -  cons t ruc t  now a  un i ta ry  Y fo€  { (  { . '  O  } ! " )

such that  the t r ip let  (H , [  ,Hs) ,  f ro =(u?} :J  i  s t i l l

r ep resen t s  Pg r ( ,  bu t  i s  easy le r  t o  hand le  t han  (H  r2  r f r ) .

Note f i rst  that  the only edge z e Xl  that  \*u one extremit , rJ

in  X-o-  and the  o ther  in  Xo\X,o , .=  Xg is  y  .  In  nar t i su t fn rp
y v J

i f  P  6 X ;  a n d  0  €  X o  l s  s o m e  v e r t e x ,  t h e n '  t (  I g ( P ) t  )  €  X ;  ,

w h i l e  o ( t o ( ? ) t  )  e x ;  l o n g  a s  t O ( p ) t  I  y  ,  l , l o r e o v e r ,  t h e

^ J  /  
'

map t0 \  rnaps  x$  r  [O]  on to  the  se t  l z  ;  o ( r )  e  x ]  I  *

=  l z  i  t ( z )  e  x l l  *  I v t  i f  0  €x ;  '  r espec t i ve l y  on to  t he

s e t  l z ;  o ( u l e x i . l t l o t  = 1 . u ;  t ( z ) e x o t  l r  o / * $

( t r r : - s  f o r c e s  y l o a )  .

i f  o ( t o ( " ) l )

= ?  r ? 1 0

i f  r (  \ 0 ( e ) l )

= p  r ? l  O

i f  P s 0



3 8 .

I t  fo l lo r r rs  tha t  i f  we f i x  some or ig in  0  G Xo ,  then the

o p e r a t o r  o u o , o  e ,  # ( H i , O H ; )  d e f i n e d  f o r  e v e r \ r  y e ? a  b . y

o * u , u  * 1 , ,  F  * l o l * L ( r )  , v

* f , , o  i f  z # y

t t uo ry  up ry  =

is  a wel l  c lef ined" uni tarSr.  I loreovorr  y t -> *OrU bei .ng

x-stropgly cont inuous on * ,  lve get a ur i i tary

l T o  €  { ( H ' @  } $ " )  .

T,emrnq,_] l - ,  fhe above def ined. Yi 'o € C(Hr O F+i ' )  t ras

the  fo l -1o ' ,v ing  proper t ies  :

i )  s( ivo) = wgo for every g € G .  In pa-r t icular lv '

i s  G  c o n t i n u o u s .

i i ) :  ! T 0  -  ! T 0 ,  €  f l ( H '  6 l  H ' , )  f o r  e v e r y  C r O '  €  X o

r i r )  r { o r 1 o ( f )  .  ? r ( f ) ' u '  e . 7 t , ( & ' @ " 1 1 " )  , f o r e v " e r v
.  r . .

f  € c + ( x ' )  ,

i v )  T h e  c l a s s  o f  ( H , ? , f r 0 )  t n  o E c ( c * ( x l ) , c + ( x t ) )

c o i n c  j . d e s  v ' r i t h  p  @ 4 .

T r o o f  :  i )  f s  e r i s v  . t o  c h e c k  f r o m  t h e  d . e f l n i t i o n  u s i n g

t h e  f a c t  t h a t  s ( t O q g * l ' . e ) l )  =  t e c l ( p )  .

. l , U  l f  z =  y  a n d  O e X $

* t ( y ) , y  i f  z  = y  a n d .  0 d X ;

* b o ( P ) , y  i f  ? I o

* o r y  i f  P s o

* 'o rn *1, v =

i i )  No te  f l r s t  t h r ; t  Je  (  H '  @ H" )  may  bs
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ident i f ied v , , i th  sect icns y t* . -+  Ky *  . ( (  H i ,  @ S;)  that  are

norm cont inuous lnrhcn rc l r ra . : :ded &s funct ions f rom 1{  to-t '

, . . d o o
&  ( t ' ( x t )  @ t z ( x o )  G )  1 z ( x o ) ) ' ; , .  N e x t p  l e r n m a  l .  i i n n t . i e s  t h e r t

"t.l 
LutUOrU lY ' ,  

ry  
i s  a  f in j " te  rank  opera to . r  r , ' , ,ho$e kerne l  cor i *

ta ine i  the  or thog;oner l  o f  the  space genera ted  by  the  vec tor

t  . ,  \e . , , - . , ,  r  1 1  b o t h  o ( y )  a n d  t ( y )  b e l o n g  t o  t l : e  g e o d e s j c  [ C r O ' l  ,
" l  

t . Y

* n o n * l . n r  r * r i + h  t h e  v e c t o r s  t  u o  I  * n -  t  'r , \ r g u L r r e l . r ' r r r , , - f } t h e v e c t o r s  
I T r t l l J  

d  t * n r r r !  , w i t h

o ( z )  ,  t r ( z )  r L n d  P  a . t - l  l y 1 n g  o i r  f O , O , ]  .  B u t  i f  y  i s .

.c lcse  to  +  @ ,  then the  rn iho le  geodes i ' c  be longs  to  X l  ,
.I .

w h i l r . i f  \ /  i s  c l o s e  t o  - 6 o ,  t h e n  L C r O t l  d o e s  n o t  i n t e r -r I  + "

r\
s e c t  X :  .  T h i s  c o n c l u d e s  t h e  p r o o f  o f  i i ) .

!Y

i i i )  t f re  de f in i t i cns  o f  W0 and t : -  ,  j -  =  o , t  ,  imp ly

tha.t

. .r 'l:
( z )  ? f ( e ) )  e j  i f  z  = y

Y r l r  ' '  
^

and. 0 e X;
i

( z )  r ( - . 4 ) )  e t ( ) , ) , y

i f  n *  y  a n d  o / x |

o  o the rw ise

\  - z  r \@  )  r ( - o o f  e O r y

l f  P * 0

o o therw ise  .

fk,
\

(v ' ro  1o( f )  ?u( r ) ' ' i {o )  * l , y  =  o

( r v o t o ( r )  , t t $ ) l l o )  
" 2 , y =

( i r o ' ? o ( f )  l r ( f ) 1 r , 1 ' o )  u p , y  E  I

. -a  .
f o r  e v e r y  f  € C ( : i - )  .

Thier shows th; , i t  the above onerator is

section y }.-.}, I{L + Kll , where i(.t, a.ndv v v
.opera , to rs  such the ; t  Kr  =  K :  - -  =  0

.  - g r  " ' +oo  v  t

and K::  is  constant i f  0 6 X: .  fh is shows
V V
u ( i

and K ' ,  be long to  .K  (  p t  O f l , ' )  .

. \
1v)  An easy  cornputa t lon  sho ivs  tha t

de termined by  -bhe

K:i are rank one

K::  = o i f  odi :"o,y ' v

tha t  bo th  K l

l Y o u l t ( = Y / o U )  i . u



. 4 c ) "

se l fa . r i  jo i t .  l {o reover  Vr 'OLIx  s r t ' c is f ies  the  fo l lo lv ing  cond i t ions

I ) ly,.UN is G cont inuousU

o \  t . t i  T t X  . .  l t r : r  r r X \  -I  \ T ' t J " '  -  g ( i t , ' u ' - )  €  . l C (  H '  C U  H ' ,  )  f c r  e v e r y  f l €  G
r \  f '  z - c \  r , ,  t r l l  , ,  . r t  I  q , r  d , . . \  , 1  .< l l s l

"  _ ,  /  r " . L l r f  ) ,  ' i { ' U ' ' J  e  " f l  (  T d '  O  & ' , )  f o r  e v e r y  f , 6  C , { X , r )

s ince  ' *T , .  and L I  bo th  sn t is fy  l )  and z )  and bo th  1n ter . *U

t i - -  j . ne  thc  rep re  r i en t i ; . t i ons  q , .  and  O  
"  

.  S  l nce  the  e len ren tsr(J r :I.

sat is fy ing  1)  ,  2 )  and.  3 )  fo r rn  i : ,  cx -a lgebra ,  ! \ ,e  can f j .nd

a norm cont inuoi . ls  nath [ o , t J i t  r - - - +  i t ' t  €  f  (  H , O  H , , )

rv i th  end nc in ts  T toux  and I  ,  and such. tha t  wt  i s  a  un i -

ta.r ; '  s 'b111. sa. t is fy ing 1) ,  Z) r :ncl  3 )  ,  f .or  ever iy t  e lo, t - ]  .

i iut  then the inap t  F-+ ! ' i tu y ie lds the d"esj . red hornotopy.

F r c n o s i . i i o n  1 2 . Cons i r l e r  t he  exeLc t  l l ' equence

Proc f  :  .For  the prco f  o f  bo th  j - ) a n d  i i )  w e  s h a l l

.use the rerreseni{r. t  j -ve (H ,T , f f ' . )

preceding le :nma )  .

i ) '  N o t e  f i . r s t  t h a t  t h e  c l a s s  o f  t h e  i n c l - u s l o n  i .  c o i n *

c i d e s  \ ' ; i t l r  t h e  c l a s s .  o f  t l r e  i c e n t i  c  m a p  i d  ,  c o ( x o )  - - , +  c o { x o )

v ;here  co(xo)  i s  regs i rc led  as  a  cu- (x { " )  no t lu }e .  (  f t r i s  i s

o f '  f $ 6 o (  ( s : e e  t h e
j

a  g e n e r a l  f a c t  I  t l  ] ,  f o r  i f

the  mapn lng  cy l  inc ie r  I  t  *

a $  a  C ( [ o , t J , A )  r n o r i u l - e ,

t o  l i a J  . )

i  :  f  c - -+ A is  a .n ideal ,  then

C ( L o ; l , J , n )  ;  r ( o ) e I J  l  r e g f i r d e d "

n rov ides  a  h , rmo tony  connec t ing  C  i l

Fer( e i i lcG ( c+ (xl l) ,  c {- (xt ) )and 1e t

e1e:nent  s :

. \
.  1 )

. ' \
1 ' r  I

0  * ,  C o ( X 1 )

i r r t roduced in

i^ ' ( f  e or '  )  .=
p * ( P @  o (  )  =

c ie f  in i t  iods

t r l  in

I p l  i n

be the  cup

6 .  a n t l  7  .

, r r G  ( , ,  r  1 L l
t " o v t  /

, r - . r G l . .  / . r 1 t
I ) " J \  \ W .  \ / L  I-r

produc 'b  o f  t he

.  Then  i

ra r . r t  I  i
r v + \ - / l .  I  I  .  '

f r \
, Y  /  .

- j*..r A
i ^

---1, t/
4

t r . \  ,
t

.---q 0



N o t e , n e x t

t h o  t r i n l  e t

/ i i . '

i"( f e ", )
. - - ( ^ t  ' f t  ^. i ( I " m " z - L F v
r ,  r  ' / n \ I )  . l  a rb v  t r  - L

rna .y  be  represented

i ' l )  where :

that

( H t o
by

.  H t  c

uo * &j'o '

H o c

nr t ?flt
yl jcr l

? i r r r
. N

and lij =

J.

f ( z )  e u
z tJ l

r , (*)  *2 ,u

r  where

The de f in i t ion  o f  .  p . ,
. .:a

o f  t h e  r e s t r i c t i o n  o f

i . e .  b y  t h e  t r i p l e t

where

H i s  goner l r te r l  by  those sec t ions q f l rr  / ' } .  - l -  l r , , :  -1.
u u U r l  U l I , l  t ,

i s  genera , ted i l y  thor :e  sec t ions s r .  such  t ha twL

,
+

e e
z r V
o

A

z t Y

'fftt \:
Io l(;

+
te
V r J

the

which  is

. . \
1"1 /

t h e  c l a s s

Y = o o  ,
ftt' \t t o r *  /  t

shows that

t h e  t r i p l e t

( H ^  @
v r @

vo iri. ( f )" vx

I i l

s  (  cs (x t )

if z I )r

i f  % . y

f  @ 4  )  i s

r  I  r i ? o )  t o

t  ? o , *  @  \ l - , *

f o r every

| "2',,
{
( o

+
1r ,  v
V Y € =

Z r Y

This  fo l ' l o rvs  s ince  the  or thogonar  o f  Ht  ( resp .  o f  3+o )  i s

ff'.;".l. ;:':"::::::,:: ",'"t;",,',*.,1;;;';*;:0*".?'l Ic. rxr )
$ince ' i lL is a,n lsometr . l ,  vrhbbe ker le l  is  generated by

'  i t  l s  o b v i o u s  t h a r t  i f  r v e  d e n o t e  b y  v €  {  { C o { X t ) ,  S t )
i s o r n e t r y  v (  5 - . )  =  * t

"y .  . i , rx  '  then

t o ( f )  =  w * ? . ( r ) f J  @

equiva lent  to  i * (  r r  o  x  )
I

n (
.  Y r t \

( I $

H  r r *  -  P t roo 
*  P;"  CI H;b @ H;

H,r
r - t O o



/ ! t.1. L. a

Again H*o iu  in  the kernel  o f  to  vrh i le  I f ;  is  in

the  ke rne l  o f  ? t  so  tha t  p * (  
f  60 (  )  1s  f i na l l y  de te r ' *

mined by ( fro o frr., q, S io,ffl , where :

f f + ig o  =  H J * *  1 ;  f .  1 2 ( x t ) o r 2 ( x o )

f r r  =  g ; "o  i l j  s ,  Lz (xL)or2(x1)  ,

oa

@

. )

T
\ 1 ,
)  u r ,

) , . o
t u t

\ o

? r ( r

=

%

a

r 'E '\ '  
f t\ 6 * f (or) e-)  

" r r *  
t  ? o t l /  " p r *  

=  
x ; @

r  - o  - - ( f )  e  =  r ( o " )  
" i

)  * r r *  r  f 1 \ r /  * * r -  =  . , - r * ,

/ o  V i

\ w o
P

while Vl where

t o
l v e  =  e  i i e ^

Z t A o  Z t @  f , t @

f  "10(P) t  ,  o ,  i r  P I  o
= 1

L  o  i f  P = 0

The a,bcve f ormulae shovr that . px( p O o< ) ls the sum

of  a  degenera te  t r lp le t  and o f  the  t r ip le t

( r 2 ( x o )  E l  1 2 ( x 1 ) ,  ' 1 :  @  \ L  , $  )

f (*) *p ,

A

Reca, lL  no \ r /  the  de f ln iL ion  o f  the  e le inent  f ,e  KKt ' (Cr 'C)  t ' rom l l t  I, t . ,

F  3  Lz ( xo )

{  
'  ro  rn t r

l . o

^
q " ( f )  e - -  =  f ( o o )  e - .  a n dLoo- Y Y

o a
- - +  1 ' ( x ' )  d e f  i n e d  b y

i f  P l  o

i f  P = 0

to see t f rat t f ie nbove formulae may he l "*r i t ten



t * J t

p n ( P e q , ) E  p x (  t r ) =  [ p J e d "

f  s  l s  ( [ a , r ]  P r o p o s i t i o n  l .  )  r  w o  g e t  t h e  i p r o o f  o f$ i n c e

' t ' t  I

The nex t  le in ;na  ident i f i ss  the

h  1 p  \
t r $ \  v r  , r .

e l e m e n t s  i t r ( p )  a n d

L,egma 13. i  )  tet .Pt,  yo r

be the G equlvariant x-homo.norphi

f r ( v )
T,  ( r )  e , re tp  =  {

l o
f  r ( r )

Yo(r )  ere5,  =  
t  o

f o r  e v e r y  f € c o ( x t )  ,  y € x 1  r ; . n d

Then

c o  ( x

$ m s  d

* y @

9 v €

I

/ - !

ef ine

a p

e
d p

a ,

& ( f ( x ' ) e c
d  n f t*  

" d  .

t f \

1 I  t ( y /  =

otherw ise

i f  o ( y )  =

o therw lse

o ( x o ) )

p e  x o

be the

i " ( F )  = L Y t l - [ " t " J

i i )  t e t  +  ,  c o ( x o )  - - - $  K  ( 1 2 ( x o ) )

equivar iant  x-homonorphism def lned blr  :

* ( r )  * Q f ( a ) . e t

f  € c o ( x o )  a n d  Q e x o  .  T h e nfo r  every

n*( or ) [  * l  .



Ffp,p{ r  Point  f  i )  is  straightforvrard,  r , ih i le point  i )

fo l lovss  f rom remr ' r r l c  J . ,  i i )  f i  t r re  beg inn i .ng  o f  th ls  sec t ion .

f fe  eonc lu t le  th is  ses t ion  by  showlng the  re levance o f

the  preced. ing  resu l ts  to  the  Toep l i ta  ex tens lon  in t roduced '

in  the  'p rCIcec l ing  sec t icn .  To  th is  end reea l l  f ronn [ r4 ]  theorem 1 .

tha t  there  is  a  funetor ia . l  homomorph ism

iG :  KKG(AnB)  - - - - -+  KK(Gx A,Go(  B)

tha.t  coinmutes wi th the intersect ion prod.uct  and sugh thet (  in

t h e  e e . s e  A  =  B )  j 6 ( 1 6 )  =  t G o " g  .  r r ?  o r d . e r  t o  f i x  t h e  n o t a t i o n ,

1 e t  u s  b r l e f l y  d e s c r i b e  t h e  c o n s t r u c t i o n .

I f  e  1s  a  r igh t  H i lber t  B-modu le ,  one d"enotes  by

Cc(G,  t  )  the  se t  o f  con t inuous  func t ions  w i th  compact  suppor " t ,

d e f i n e d  o n  G  w i t h  v a l u e s  i n  €  .  f h e  r l g h t  0 ^ ( G r B )  a c t i o nc '
a n d  t h e  C c ( G r B )  v a l u e d  i n n e r  p r o d u c t  a r e  d e f i n e d  b p

s ( b ( * - t t )  a s

( e ( s )  t  r ( s t ) )  d s

r
. b ) ( t )  =  |  e ( s. J

q

(
f > ( t )  =  J  s

G

4 e t

( e

-1

f o r  eve r l /  e , f  c  cc (G,  €  )  ane l  b  e  c . (Grn )  .  we  sha l l  d .eno te

the  comp le t i on  o f  Cc (G,  t  )  w i th  respec t  to  the  no r
th.

l l e . l t  *  l l ( e r e ) t l  C x e  w i t h  G b ( €  .  N o t e  t h a t  t h e  f o r m u l a

. , 1
U , " € ( t ) =  s ( e ( g - ' t ) )

ti

f o i : '  e v e r y  e  e  c . ( G ,  t  )  a n d  g , t  ' e G  
,  d e f i n e s  a  u n i t a r y  r e p r e *



I t r

ot1 G t4 € .  I , ioreover,  1fsentn. t ion of

the fo::mul.a

The map

( C r , ( € ,  ,  y 6 , T g )

(,
T €  o { (  e  )

,  . , 1 ' 1 .  :  '
j  . : ' : .

,  then

T G . u  ( t )

clef lnes a x*hoinomornhis:m

that

$gTcUs-t.

e  c . ( G ,  t  ) ,  t € Gr e ( t )

d ( e , ) p ' r r . - - *  T c € { ( G o ( 6 )  ,  s u c h

(sr  )c

f o r  e v e r ] J  T  €  " f  
( €  )  a n d  g €  G  .  I n  p a r t l c u l a r  i f  y :  A - +  d ( e

i s  a  l f i - r e p r e s e n t a t i o n ,  o n e  g e t s  t h e ' c o r r e s p o n d i n g  r e p r e s e n t a , *

t i o n  o f  t h e  f u l " l  c r o s s e d  p r o r i u c t ,  r i e n o t e d  b y

t ? c :  G x A  , f  ( c x e  ) .

s e n d s  t h e  t r i p l e t  ( € , y r T ) e  6 G ( a , s ) t o

Remark 2 I t  is also knov' ln.4aroa Kasparo.vr,

, ( s e e  l l a  t  c . h  i n X e  1 (  i )  t h a t  t h e r e  e x i s t s

l o g u e  o f  t h e  a b o v e  i G  f o r  r e d u c e d  c r o s s e d .  p r o d u c t s .

b r ie f l y  h in t  the  eons t ru .c t j -on .

I t  i s  e a s p  t o  s e e  t h a t  1 f  w e  d e n o t e  b y  G n ( r t  t h e

H i l b e r t  c D t r B  m o d u l e  o h t a i n e d  b y  c o n n l e t i n g  c e ( G ,  t  )  w i t h

r e s n e c t  t o  t h e  n o r m  l t e l l  =  t i < e , u r t ^ O *  B ,  t h e n  w e

g e t  u g € d ( c x " t )  a n d  * * , * e d ( G D ( r 6 r )  b y  t h e  s a m e

f o r m u l a e .  } T o r e o v e r  i f  Y :  A  - r  d  ( e  )  i s  a  x - r e p r e s e n t a t i - o n ,

we Set a x-hornomorphism

, ]

an ana-

l e t  u s



A , f

4ii)  
"

t{  '  f l rv A --.--A .g (r ' -u t  \I  ^  o  r . I l A  l I- G r f  
"  ' ' -  

r , .  
- '  a L \ ' r '  

r L / r

One cn ] : )  $oe th is  by  chco$ ing  fc r  examnle  t l  fa j - th fu l  renrosen*

t a t i o n  o f  c  D (  
r B  o n  r i ,  a n . d  t h e  c o r r e s p o n d i n g  r e g u l a r  r e *

o
p r c $ e n t { - r . t i o n  o n  r , ' ( G )  g l l  .  T h e n  t h e  r e p r e s e n t a t i . o n  o f

- A  I  a  -  \

{  ( G  x  - - g  )  o n  t h e  } l i l . b c r t  s i n a e er  \  - '  -  
^ l -  t  v  v t r J ! ^ v v

i s  f a i t h f u l  , [ q r t l  6 a , B . J ,  a n d  G ] g r - )  S * a { ( ; { )  i s

a rnu l t ip i -e  o f  the regular  representat ion of  G .  (Note that

K 's 12 ( + ) 6( {i D( r€) @* n -B 
}{ ) I 

l{loreover the same a.rgument

s l i o w s  t h . a t  G . * " J ( (  €  )  c r  & ( C , o ( r €  )  .

Th is  sho lvs  the  ex i  s tence o f  a  func tor ia l  homornoroh is rn

i  .  v v v ( n  B )  * - - - {  K l { ( G r ( * A , G e ( - ^ B ), G r f  .  ' L A !  \ 1 . t L r l  - r  n i \ \ i /  
r  

,  
T

d e f i n e c l  b y  i * , ,  [ (  e  ,  T  , T ) J  =  L ( c "  
" €  

,  g * , " , T 1 ; , * ) 1  ,

wii f r  the san:re nropert i 'es as iG .

h'loreover, it is straightforwa.rd ' l ihat if f '  d ---a ',( ( 6 )

is a.  G equivar iant  x-honromorphism, then j*Lf l  = [  fC I

( r e s r r e c t i v e l . y  j 6 , " I f  1  =  [ f 6 , r ] )  v ; h e r e

f *  I  G o < A * - r  c x * ( € )  y g . ( c * €  )  ( r e s p e c t i v e t y

t * , *  r  G ' x " A  - . - +  G o ( r . K ( g  )  g  . ( ( c * r 6  )  )  1 s  t h e  x * h o m o -

morph is , t r  induced on  the  c rosc ied  produc ts .

Def i  n i . t joe=8 ,  Let  A be a"  f  ixed sepi l rab l  e  Cx-e.1.gebra,  n

and siun-oor:re that  G a,cts.  cont inr . rously bv auto;norphisms on A .

l e r t  Q f 6  :  K K ' ' ( B , C )  - - +  K K * ( R @ A , C 6 A )  u e  t h e  m a p  f r o m

L , r t1 .  I  d  e f  ln l t ion  4 .  .



r
r f  S e K I ( ' ' ( l ] r c )  ! , { e

(resp. f , , , . ,  )  trre element
u t l '

t 4  l ,

.  ' l ;

shal l  denote sirnply by S.,

i G . % ( f )  ( r e s p .  i g , " " t r A ( f , )

a , !r r le  To I Io f ,J ] -ng

beg inn ing  o f

\

'  
i i { i th  these no ta t ions  in  mindn we can s ta te

p r o p o s i t i o n n  w h i c h  p r o v e s  t h e  c l a i m  m a d e  a t  t h e

t h i s  s e c ' b i o n .

{ c @  F g  =  t G o c o ( x o , e ) o G , "  @ P s , r  =  t G n * " c o ( x o , A )  
,

i i )  P  c o  4 G  =  t q *  c * ( x l , a ) P  c , "  @  4 g  , T  
=  t G *  

" c n ( x t , a )

P r o p o s i t i o n  1 4 .

Proo f  I

To prove

i )  F o l l o l v s  d i r e c t l y  f r o m  p r o t c o s i t i o n  1 o .

i j  )  v re  shaf l  shovr  tha t  pC@ (C ( resp .

K'r ( (G (  cn (x l ,A)  o
c K  c + ( x t , g )  )  ( . r e s p . K i ( (G  *  

" c * ( x1 ,A  
) ,G  *  

" c *  
( x t , r r  ) )  )  .

Anplying theorem 1.1 of  I  Lg 7 together vr" i th lemma 4. ] re g.et

the  fo l lov r ing  d iagram

1, KKn ( e, G x co(x{,A)) t13l KK,, (6 r G x c+(x1n)) rel 
KKn ($ r

f c , r6  {G , , .  )  i s  t he  i den t i t y  i n  the  r i ng

KK,,(gr G KA) 3--

with exact rows, a,nd where the map t  is  g lven by the

c u p  p r o d r . r c t  w l t h  t g  @  { c  .  F r o p o s i t i o n  r ? .  l r n p l i e s  t h e

cornmuta t iv i t y  o f  the  above d iagram,  po in t  i )  shows tha t
. 2(  

Po  @ dC)-  =  
fc  I  dc  ,  $o  tha t  ! " {e  f ina l l y  ge t  the t  I t

i s  t h e  i d e n t i c  r n a p .  t h e  n r o o f  f o r  t h e  r e c i u c e d  c r o s s e C  p r o d r ; c t

be ing  the  s i j r . rner  l ve  ge t  the  proo f  o f  the  propos i t ion ,

J,a
KK", ( B r I x c. (r',A))tcql

J E
KK,, (Sr  GxCr(x i * ) )b1

J
q x n )  ?  

"
r'd

3*



$  4 .

r n : b h i s  s e c t i o n  v r e  p u t  t o g e t h e r  t h e  r e s u l t s  o f  t h e  p r e -

ced ing  sec t ions  to  ge t  the  main  resu l ts  o f  th ie  paper

R e c a l l  f r o m  s e c t l o n  1 . ,  t h a t  t h e  l l f t i n g  o f  
-  ' ' S {

provid.es ( t 'or  every t r  € Lt)  the hornornor l lh isms

ov t .  Gy  *  * t (o )

ty t  Gy --*  *6(y)

and the e lements f , . , , t  ,  f ,  , r  €  G .  lde shal l  denote by
J  v v

o ( , "  ,  o 1 ;  €  A u t ( a )  ,  t h e  a u t o m o r p h i s m s
, T J

o ( . , ( a )  =  t r  
t o ( * )

.J .y 
t'

_ - t

o ( ; ( a )  =  f , - l ( " )
( } '  VV

f  o r  e v e r y  u :  A .  S i n c e  t h e  p a i r s  (  C . , ,  d , ,  )  a n d  (  S v ,  { ; )
. v  , y  y '  y

are covar iant  and si-nee the maps f- ,  and r-  are honeo-

mornhisms onto thej . r  immage, v{e get in-  rorrowXng maps 
" ;

t h e  c o r r e s p o n d i r r g  c r o s s e d  p r o d u c t s :

c y * { y  : ' G u N A  - 1  c { ( y ) * A  i  c r r x r d y  :  G r u { r A  - - - - +  c t ( y ) x " A

* f  *q f  ,  * f  N  A  *+  G6(y )0 .  A  ;  oF  x ro (F  ,  G f  X rA  - - - *  G6(y )X  
"A

Re'JnarE :  Note that  s ince the Haar  measuros on Go and

GD ,  a , re  chcsen  as  the  res t r i c t i on  o f  t he  Haar  mea isu re  o f  G  ,v

the  maps f . , ,  and  o ' ;  do  no t  ( : "n  genera l )  o reserve  these
,Y ,Y



measures .  Th is  has  to

exnl ic i t  for inu lae of

k e  c ^ ( c - " , 9 )  ,  t h e n
U J

P e Io )  r ' f  i l l  s ta.nd

.  l G  .

C o r r e s p o n d i n g  t o

4s,

be taken into account un'hen wTlt ing the

the  a .bove maps.  For  example ,  i f

ay  o  o ( . , ( }c )  i s  the  cont inuous  func t lon

for the naps ind.uced by the inclusions

the above clef  ined x-homoi:norphisms r  we .get

c y *  c ( v ( k )  ( t )
A (  8  ; t l  " ru (k (o ; t ( t )  )  )  i r  - t ' e5(c , , )

otherv* ise

1{ore over

TD r Gol< A ---.-r Gx A t p r ,  I  G p S r A  - 4  0 D ( r A

=t
\

{

(

f1
\tn

"t

o ' t  , o ' o  i  
y E 1  

G , r x A  * 4  K . o z ( x t ) ) * ( 8 z o  G p x A )

q n A

E :

r e s p e  c t  i y e l y

"I

@  ^  G o x A
PE f ,v  

'

, c f  ,

T , ^ :

. r t a

@  a  G ' x ; A  f l , ( r - ' ( x ' ) ) e ( * @ - o  G r x " A )
y ; I ,  . v  r  p a f "

- - - {  & G ? ( x o ) ) e ( G o q A )

O ^  s o x
P e  E V  

L

and

f ,  ( 1 2 ( x o ) ) e ( G s ( ? A )  .



5 o "

These  * -homonorah isms  a " re  r l e f i ned  t i v

+ . ,  ft " ( - -  @ - o  * u )  =  L  e , , . , @  s ) , * 4 y ( * y )
y e f , '  ' Y  ' v J  -

o,*,$t *r, ) = I *),y @ s.v * *, (xn )

r ( * @ - n  * p )  *  I r r r G l E p ( x r )  'p € f , "

a n d  r e s p e c t i v e l t r

" l (  9 - r * r . )  
s  I * y y @ s l , * r d y ( * y )*  y e  l *

* l ( . ,  Qo *u)  = t  *yrr8 * f  ^"  ot ; (xr)-  v e  t *

E r ( . . Q . * p )  =  t u ' p @ r p j r p )  ,- P e f "

where  {e  - t  and  respec t i ve l y  [e *  ^1  a re  the  canon i *c  Y t z t  
o  n  

'  ' Y r [ d ,

ca1 .na.tr ix uni ts in * ,  02 (r3 )  )  and respect ively in g,Qe (xo )  )  .

Our  nex t  goa l  i s  to  shor , , , the  ra ray  the  s lbove x*honomor-

ph isms enter  in to  the  f ina l  resu l ts .  le t  us  f i rs t  make the  fo l lo . .

rv ing remark I

l lemarl t  f , ;  I f  G acts on the l { i }bert  B-modul-es t  and

F ,  a n d  \ \ e d ( € r F )  i s  a  ( n o t  n e c e s r i & r ) .  $  e q u i v a r i a n t )

u n l t a r y ,  t h e n  o Y *  d e f i n e d .  f o r  e € C c ( G r G )  b y

\ T o e  ( t )  =  l t ( e ( t ) )u

ex tends  to  a  un i ta r .1 , *  \ ' lG  €  f  (cx  e  ,Gx F ;  .  I f  vue  donote  i ry



f i ' l

uo and resnect ive ly  by v*  the un i tary  representa. t ions of
€t t3 {.,

G on #  tx  g  and resnec t lve ly  
' cn  

G 0(  F  n  then

j n . "  '  - - @ - n  G p x  r .v r r  p €  t "

vgw*u*-r  = (s(w) )c

f o r  eve ry  S€G .  I t  f o l l ows  tha t  tho  i somorph isn

o ( , , j  I  G t (  e (g  )  * *  Gs r  *  (#  )  i nduced  by  con iuga t ion  r i i t h
t ,Y { $  ( s e e  r e a u r r k  2 .  i n  t h e  p r e c e d i n g  s e c t i o n )  a c t s  i n  t h e  f o -

l l o r , v i n g  w a 1 '  r  i f  e ' , € ] t €  c * ( G ,  e  )  a n d  G g  g  n - - +  S u , ( g ) r e , , ( g )

i s  t h e  c o r r e s n o n d i n g  f u n c t i o n  i n  c c ( G ,  t  (  e  )  )  ( r e c a 1 . l  t h a t

S -  a I  i s  t h e  t ' a . n k  o n e  o n e r a t o r  + -  . , ( z )  =  x  < : /  t  z \  ) ,  t h e n
t t J  J r r J

t i r e  au . tomorph ism , { i t  sends  th l s  f unc t i on  to  the  con t i nuous

f u " n c t l c n  G 9 g  F r r  8 , . , ,e  - i i ( e ' ( e ) ) , T  g ( l i * )  t y ( s , ( g ) )  6  g " ( F ) '

ITo reove r ,  t he  sane  i s  t rue  fo r  t he  reduced  c rossed  p ro -

d u c t s .  T h i s  m e a n s  t h a t  t h e  a b o v e  l T C  t l e f l n e d  o n  C c ( G n  €  )

ex tends  to  a  un i ta ry  o t 'n ,  
"  

e  . t  (G D(  re  ,G H"  F  )  and tha t

eon jugat ion  v r i th  * * r "  . y ie lds  an  au tonorph ism

o r , ; i r r r : G o < r f l , ( e  ) - - +  G * " f l ( F )  ,  w h o s e  a c t i o n  o n  C c ( S r i ( ( E ) )

coincides l,r, j-th tl1at of o(l '

fn  o rder  to  s ta te  the  nex t  lemma,  1e t  us  f i x  the  fo l lo rn ; ing

natura ]  inc lus ions  r

A - -+ _o_ . , (GpKrA)@$c(12tx$ l  I  I
p e Z "

de f ined  by

i  ( t T ) x * )  €  t { ) ( x * r n e ^ * )



R r )j E - .

i o , r ( @  x r )  * '  @  ( I . p € l o p p )  .

$ imi1ar ly

j [  '  - @  +  G o x A  - - 4  o  o ( G , . x A ) e K n z ( x t l l
] ' € L *  "  y * Z , t  Y  \ ' " Y ' l

b

JL,, t 
u?ro 

G'* *A * 
,g ,o 

(*,n *Io )* Kez (x$ ) )

aye  de f i ned  by

i q ( @ x u )  @ ( x y 6 u y y )

i o , " ( @ x y )  =  @ ( x r @ e ] , y )  .

( see  de f ln i t l on  I .  ) .  re t  u ,e  moreover  f i x  t he  i so rno r ih i sms

I  G x  c o f  x o , R )  - :  

" ? r r ( G p ( n )  
e  ( ' ( 1 2 ( x ; ) )

O,  :  G  x "co (xo ,A ) '  ; - - *#e r (Gnx "n )e  J ( ( r2 ( x$ l )

prov ided b)r  propcs i t ion j .  appl ied to-  the set  xo ,c l th  t rans-
veisal zo .  Note that o and d" deterrtrrne elef lents
o f  K I (  ,  i . e .  we  rney  eons ic le r

I d l  e  z u r ( c 6  c o ( x o , A ) , €  
l o G l x A )

t d " l  e  r i e ( + * * c o q x o o A ) , € r o c p x " A ) ,

t f i th these notat ions in rnind l ' ;e can st i , r te the fo l lo iv in. ,g

le ;n in* ,  i vhere  fo r  the  sa lce  o f  s l rnp l rc l ty  the  subsc ' io t  in  the

n o t a t i o n  o f  t h e  i n t e r s e c t i o n  p r o t r u c t ' n , i l l -  b e  r r r o p p e d  (  . i .  e .



\ r {e  c lenote  x@y ins te la .d  o f  x  @gv) .  ($ .e0  arso  rema. rk  {_"  ln

.  s e c t  j - o n  3 .  )  .

L€mio& lr"?_,. Ire+ ? f 
r Q., and Q^t  t G  t  t G r "  r  Q S  l n d  Q G r *  b e  ' L h e  n e p s

a r i s i n g  i n  t h e  t o t * l  ( i . * .  s  =  z L )  T o e p l i t z  e x t e ' s i o n o  a n d

c(  ,  F  the  e le rnents  cons t ruc tod  1n  the  preced ing  sec t j ^on

( o e r i n i t i o n s  6 .  e l n d  7 .  ;  s e e  a l s o  d e f i n i t i o n  B ,  ) .  T h e n  :

i )

t i t l @ L i l l  8 / + @ [ + ] =  [ o t ]  l q o l  i n
I (K (  @ -  r rGvx  A , *q  -ocp*  A )  

,Y e L -  ' )  P e t "  t  /

t i 1 . : * [ i * , , ] a F c , r 6 L f , l  =  L s : l  - L a : l  1 n
KK( @ {_G,, x 

"A, 
g - .,Gp* 

"A 
)

" v g l  
*  P e Z " '

i i )

l i o ] e t + " 1 1  6  ( c 6 [ q c ]  =  l u l  i n
K l { ( @  

" , G p K A T G D ( A )  ,
? e [ "  , _

l i ; l @ L S ; l l E o ( G , r @ [ q c , r J  *  [ r " J  1 n

to{( -q -ospx rA , G x 
"A 

) .
p g l "  +  r

Proof  :  The proc f  fo r  the  fu l l  and  redueed c rossec l  p ro-

ducts being the saine, y{e shal . l  r - rove onl ; r  the f  orner case.

i )  Le t  us  den,c te  by  %,  
q"  r  q_4cvxA - - )

v  c f , *  J
4  K ( s x  ( 1 2 ( x t ) e c o ( x o , p . )  )  )  u  s  x  J d ( t l = t i r ' t l @ c o ( x o ) e a )

the miips

t ( o * . " )  =  o  Q * - - ( x - ' )
t .  . y  t r f J  y

Y - ( 6 l x * , )  =  O  Y ^  _ , ( x . . )' o  
J  o r Y '  y '

a r ^ r C r l

t s h e r e  Y *  1 r  ,  Y ^  r ,  :  G . , x  A  - +  c x . # ( ] ' ( x ' 1 ) e c o ( x o ) o a )
u r . y  v t J  J

i t re  the  maps de termined by  the  inc lus ions



' )L i  
"

and blr the x-homomornhi$ff i t-r

A i  a  F - f  * y y @  6 t ( y ) e r  r *  € ,  f i ,  ( r 2 ( x t ) @ c o ( x o ) e , i )

r e s p e c t i v e l . ; '

A e  a  | - - - s  * y y  @  5 o ( y ) e l  *  e  . K  ( 1 2 ( x t ) e c o ( x o ) e  n ; .

By lemma ]3 .  and.  re raark  z .  a t  the  end o f  the  preced ing

s e c t i o n  i . t  i s  e a s v  t o  s e e  t h a t

t ; 1 i e 1 i * 1  @ f c ' =  t f i b l  L S " l  .

C o n s i d e r  n o u r  t h e  } l i l b e r t  C  / r " o  r \  - - - . a - - *  2 '  4 '
j " , : " ' o )  

m o d " u l e  1 ' ( x t ) E c u ( x o , a )

Er i th  ' f  r l v ia l  ac t ion  on  1 ' '  (X"  )  .  In  th is  case
a a

G $ c ( 1 2 ( x ' 1 ) o c o ( x o , n ) )  s  r 2 ( x t ) o c f i c o ( x o , A )  . , y e  s h a l l  u s e  t t r . e

seeond  no ta t i on  i n  th l s  e&se ,  keep ing  *he  no ta t i on
. o n

c p (  ( l t ( x t ) e  c o ( x o r a )  )  f o r  t h e  u s u n l  a c t i c n  o f  G  o n  r 2 ( x t )

The remark preceding the lernna shor- is that  the ic lent i ty map

g ives  r i se  to  a  un i ta ry

i d c  :  G o ( ( r 2 ( x t ) e c o ( x o , A ) )

coniugat ion wj . th ids ,  ta,k ing into ercc, lunt  th*t  y is

f  ixed by *r ,  ,  shows that LS*l  and resoect lvety I  $;1 Lr.re

equa l  to  l y i l  anr i ,  re isnec t lve ly  Ly ; l  ,  v , rhero

D '

T;  ,  y ;  r  
*3  e rc .yx  

A  - i  * ,  (1 ' ( x ' )  e  cxco (xo ,A)  )  c *

a n
a  3 d  ( I ' ( # ) ) €  ( , '  o .  c o ( x o , n )  )
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I f  rve  cons ider  the  H l lbe : . t  A- r : rn r lu l  e  12  (xo)ea  ,  f i r s t

r ry1 th  the  ueua l .  ac t lon  o f  G (6 iven by  the  ac t ion  o f '  G on

Xo )  on l -2 (  Xo )  arnd t l ren r ; ' ; i . th the t r iv ie i l  act  ion on 12 (Xo )  ,

t h c n  t h e  i d e n t i c  n l a p  6 i v e  s  r i s e  t o  a  u n l t a r y  ( r e m a r k  3 "  )

i c i *  :  G t4  ( r 2 ( :< .o )e  A )  - -+  t 2 ( x " )e  cxa

$ ince  con jugat ion  w i th  idC sends S to  Z  we ge t  t i re  p roc f
a  r . \

o I  1 t -  j .

i {e cor-ne no!-{  to.  the main re*ul ts.

T}lgorq-n !6,* T,et 0 be a. second. countebl.e
co,lFta.lo [c-

a.c ts  cont inuous ly  on  the-Tr ien ted  t re  e  X  "  Le t

- Xpi ; i f f tD1s u - r : lgcbra ernd ot . red v : i th  a cont  i ,nuous G

,group that

A  b e & s e -
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i s  corn inu ta ' t i ve  and has  exac t  royr /$  ( fo r  every  
"en /A\
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,J
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r f  r d r
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i .s  cOrirr iutat ive a.rrc l  hr :Ls exr ' rc 'L rowei ( for  e\zory nen/2\ '

' l lhe ver t ica l  i : i r l rov/ t i  , l , re  g iven b: , '  th .e natura l  pro ject ron

f ro rn  t k ie  fU lL  cyq$ r , ;ed  p rOd ' ; r c .bs  on to  the  re  duCed  ones ' ! ,  l " l t i l " i )

a  r : . y6  thc  bounda . r r r  r f l i l n i : l  n$ f l oc ia tecL  to  the  to ta l  ( i . " r ' t .  S  *

t4 ' )  Toep l i - t z  e : i ' bens j ,on  (  modu lo  t l : re iso t ro rph isms iaduee" f  hy

r e s p e c t i v _ e 1 Y

. ) .

? l o 9 f : i i p n l l r i n g t } r e o r e m ] . . 1 o f l a g l t o . t n e t o t a l T o e p . l " i t z

ex tens ion  i , ind  then prcprJE; i t ion  -14 .  we ge t  t? re  above d iagrams"

i f  in i l - l  1: , ,  the creceding letnna shov;s th i l ' t  \ \ 'e get preclsel- i f  the

n . ; p s  C e s c r l b e d  i n  t h e  t h e o r e m .

ThgoJeg*? '  In  the  cond i t ions  o f  thb  preced ing  theo}aem'

\ p i e s e t t h e f . o l i , o v ; i n g c o m t r t u t a t j . v e o i a g r a r r i s r - i i t h e x a c t ] : o ' " 4 , ' s .

i )  I f  B  
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s ieparab le  and the  funda inenta l  domain  * \ I

KK (s,qn<&)I" il-l,ur**t --- 9 -, @^t(KntCI,6ru*) *-L KKn($'61ocA) '-q-rnjo'ou*A)
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Sreq{:.
d
r - , . ,rne  f td l t ] -v ] . t y

th.e c oun' f  able

r  _  i ]

) ( ) .

Thls fo l . lovrs f rom ' i ;he

o{ '  r { i {  \ [ t . t l  t i icorern
i * "

f l l { d 1 t a \ t l f a r  A J  ! 1  W  i qu \ r . \ a t  u  {  v . L  v , L '  v t  I L J . ) .  " l . l . I

, r 'he:n sncci . ' " ' l . is : i .ng tc:

se p; ; . ra 'b i1 i 'Ly condi ' t  j .on ' )n

o n  G Y  t o  g e t  :

l { - t : } " r n r r ? ' r r  r r n a

A r: -.1 / '  -,c +1^ ,.
l l  aIJLt \,, I tr Lltt

prcceding theorem a ind f rom

3.1  ,  ro$pec t i ve l - r ,  f ' r om

the f i rc t  var lab le  L31l  "

^ 4 t n  o r r - l -  r i , . I  n f  l - V r r :L i ( r ' l l  f l r i i  t  I  lL t  \ )  L  \ t  t lu

f i n i t n e s s  c o n c l i t i o n

i f i Leo ' re rn  J -o , $upnose ' tha t  the  second countab le  g roup

:a

G acts on t i re or iente.c l  t r<le 
-) . .  anr l  on the C"-algebra.  A.

Tiren the fo11.or, , ; in,q c l iagranr is cotnmutat i .ve a,nr l  has exact rou, 's

K,.-(cocn) L 
o%*.(Gouft) l* ,?*K^ 

(er*A) T r K,* (6 p(s) i+r?*o*f Gv $A )

I t t l l
Lln"-o) 

3-! 
ff "r*cerxP) 

*i'- o 
n?r"o*(*pFcoAJ 

J,l' ' K" (Gx,A) L 
o$*r**,{6y 4A)

Io: :  A se'parable one. gets the above diagratn

t h e o r e r n  1 6 . ,  a n c l  t h e n  o n e  u s e s  t l i r e c t  l i m i t s

{ Ieneral  c i : t$e.

ccrcl lar ;g is a.  nharpeni-n61 of  'Lhe resul t  of

r /a . le t te  o f  I f " f l  .  T ] re  case o f  f ree  prc t i "uc ts  o f

t o  J . C u n t z  t ?  l .

P r o o f  s

r l ' i  ron" ' l . . l  r r  f  r .n rn
v  u  - s r )

t o  c o v e r  t h e

The nox t

F . J u l g  a n d  A .

groups is c ln e

CJ:qgl. Ir :Lry .19. 1f

l{"K-Lr.Herieibl-e if and on1-y

' F w . n n  
f "

the  orern  L .7 .

t h e  r e d u c e d '

t h e o r e n  2 . 1

o f  G ,

a c t s  o n  s o f l e  t r o e ,  t h e n  G  - i s

ever l t  * tabi l  j  zer is J. i { -anena:.ble "

One ann l ies  the  f i ve  le rnna to  the  d le ig ran i  o f

tc Set tq3t  the rnn. l )  f rom tho ful l  Cx-algebra onto

cne lnCuces a .n  i so tnorph i *m on i i *horno logy .  By

of f  ry] tn is 1s equivnlcnt  to t l re KK-ir ' ineneibi . l " i . ty

1 r
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l l he  above re$u l t ,s  f l re  e$pec ia l l y  ea .sy  to  app ly  in  the
cr lso G (c l iscrete) is .b l re fu.nrJ.ainenta. l  group of  n.  craph of

Sroung "  
' Ih is is c lue tc t ;he f 'ac.b ta+ J thart  G acts on the

un iver* * , l  eover jng : re l l r t i ve  to  the  grc .ph  o f  g roups ,  l vh lch  is
* t ree ' -vhose fundarnente. . r .  dom*ln is the in i t iar-  graph-of  grouf,)s.

In uart j -culr . l r ,  ( i f '  * ;ne $ranh con.Lainsi  or :1y one od"ge) we get

exac 'b  $oq. i rsngss  fo r  the  K i {  g roups  o f  c rossed"  p roduc ts  by
groups that are ei ther ana. l ,garnated. procucts or I { i , lN extensicns,

( s e e tc ] t+ltr slta"J and I,rl ) ."

iTe  conc lude th is  paper  by  br ie f l y  rnent ion ing  the  resu l ts

t h a t  o n e  g e t s  f o r  t h e  o t h e r  T o e n l . i t z . ,  e x t e n s i o n s ,  I { e c a l l  t h a t

r r .e  ha . r re  r " ;o rker l  on l l r  rv i t l r  the  to ta l  ( i .e .  S  *  t t )  , Ioep l i t z

ex tens io i l "  Th is  i s  due to  the  fo r^ lov ; ing  f 'ac t  3

r f  $  c f , . t  i s  a n  a r b l t r a r y  n o n e m n t y ' s u b s e t n  t h e n  o n e

cerL  cons t ruc t  the  or ien ted  t ree  xs  in  the  fo l low lng  r , {a } r .

Ca l . l  t yso  ver t i ces  prQ e  Xo S-equ iva len t  (  p  -S  A )  i f

the  geor les ic  lp rqJ  cont rL ins  on ly  edges  y  such tha t
A 4 ^
$ e e'r  s .  tet  ("*)o = xo/os i :nd. (rr) t  = x$

(d .e f i n l t i on .  5 .  ) .  r f  i ve  d "e f i . ne  the .  o r i g in  ( resp .  the  te rm inus )

o f  t he  ec lge  y€  x3  to  be  the  c l * r ss  o f  o (y )  ( resp .  o f  t ( r r  )  )
i n  l - r  1 0  jl -n  qXt ) -  r  l t  l s  eas"Y to  see tha t  F /e  ge t  an  or ien ted  t ree

and tha t  G ac ts  on  i t .  r t s  fund i lmenta l  do ;nn in  l s  the  granh

vt ' i th vert ices 5o/-s and. edges .s ,  } r loreover the total

ren . l - l t  z  'ex tens ion  o f. \
p r c p o s i t i c n  6 ,  f o r  S  c : . 1  .  i T e  t h u s  c a n  a p p l y  t h e  r ) r e  c e d i n g .

r e s u l t s  t o  q * t  e x a c t  s j e q u e n c e $  f ' o r  E r l l  T o e p l i t  z  e x t e n s i o n s .

( w o t e  t h a t  i f  ? e  f  % * n  d e n o t e s  t i r e  c l a s s  o f  t h e  v e r t e x
p €  L o  ,  t h . e n  G g  =  

[  s u  c  i  s p  - S  ' r  ] ) .  r n  p a r t i c u ] a r

r r r e  g e t . t h e  e x a c t  s e q u e n c e  o f  t h e o r e m  3 . 1  o f  I a f  l .
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