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MATRICES HaAVING KAPPA NuGATLIVE SQUARES

by T. Constantinescu

I IRTRODUCEIO

wWwriting toe form assoclated withh a positive matrix as a sum
of positive sguares, there appears a sequence of couplex numvers
determining tne given matrix. In a certain sense, these calculations:
are equivelent to the classical algorithm of I.Scaur whici
associates a similar sequence of parumcuexb to an analytic contrac-
tive function on the unit disc ( sucin kind of perasmeters are known
as schur-3zegd parameters). dne formalisu using tuese Scaur-Szegd
parameters ( nedcall it Schour analysis ) can be extended to a
general iveaumework ( operators on hilvert spaces- see{“l , Wiere
tiie operatorisl version of taoe Lchur-Szegd parameters is called
cinoice sequence ) and can be used to solve some extension provlen
( as Car&tﬁéodéry~?ejér problem , Nehari problem,...), 10 cescrive
tne noluwogorov decomposition of positive~cderinite keimels on tie
set of integers,.c...

OUn the otner hand, a Schur anclysis can be given for a larger
class of functioﬁs. Taus, ixliﬁﬁl , 1t is suowed that with &
meromorphic function f on fane unit disc, having YL poleg dirferent
from zero &and \f(zﬂéel for Kz&:l one assocliaies & sequeince of
complex nunbers wita the property tanat Ifrom a certain rank it
becomes & seguence of Schur-Szegd parumeters.

This pnenowen proves to be generic il'or the generalization of
the classical extension prowlems as stated in(}@l ”fjl AR

Tne aim ol this note is to aaept tne cowmputations Lﬂ{ﬁ{l for &
matrix heving ¥ ne.ative squares (section 2). Tuén, we suall
develop soume eleuents of orthogonul polynowmials in itae Ponitrjasin

space assoclated with an ascendent sequence of umatrices uaving s



negative squares (section 4 ). In the last section we shall discuss
variants for the Szegd limit theorems.

Actuelly, many of our considerations constitute ithe subject
of some classical papers. for exazmple, in section 3 we shall treat
of indefiuite trigoncmetric uoment provlem wiaich was first consgi-
dered in Lf?} . veveral kinds of orthogonal polynoaisls in
spaces with indefinite wetric appear inK}Cl,Kl{\,&i%],.e.

The extension problews waich are connected wita the trizono-
metric moment problém are freated in C&l and in the veast program
developed in the series of papers [Qk} ( see also Eﬁl )

what we want to point out are only the Scuur enalysis aspects.

2 S g saar s o o g
Il FRELIMINARLIES

In this section we introduce gome objects wé will need and
some of their prOpefties. Wwe consider ﬁ& =€N wita the usual
Hilbertian structure ( the inner product is noted‘<A3~>?) aMdSi,(ﬂl)
the set of linear operators on fﬁ.. For a selfadjoint operator A in

Bi( ), let & be its spectral measure and define:
¢ P

Jp=scni= 5 suntdn(§),
89
9,=141%= Tis|2az(t).
° ~bd 7§ 2
Tne following relations easily nold: JA-—--JA ,JA=I, QAZ g
A=Q,d,Q, o For a selfadjoint operstor A in 3 (F2) s we will say
-9 o <k

that A has X negative squares if tae associated quadratic fora has
A negetive squarcs. The following elementery and well-known result
will be basic for our analysis in section 2.

1.1 PROPCSITICL Let there be siven the integers O<¥® «X, , the

invertible operator a having ?%@‘negative squares and tuae invertible

selfadjoint operator C.

£ A B ;
(1) h:(f?“’ nas ¥, negative squares if and only if
B:QAGQC end JC"G%JAG nas?ﬁz~X¢ négutive sguares.

R ) , , . I S ‘
(2) In the precedent situation, let D=J, -G J,G ¢ then the
A

C X
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tfollowing factorization holds: v
0 a1 e e 5 i
2,0 Iy 0 a0l L 58 T 9 20 \
(1.1) He | A & % 3

kY =

O 9 QC G JA.’ “d‘u O s tJD tj $ QD : \. 0] ® QC i

PROOF (1) We have the equality:
, 0|\ a o' T atle
Hz N ST
A 1, o, C—ﬁkA pllo , 1 _
. ’ A, O
so H hasfﬁz‘negative squares if and only if e oA has

0, C-b A™*B

¥, negative squares. As 4 nas %:L negative squares, ihls happens
Lad .

if end only if C-B"A "L has X -3, negative squares or

n(d A 4fluki,lJ B'”l)wﬂ naleQ-Eti negative squares. Deifliue

Cl Ce W 'i"’L .:& .4!&

G= Qflb ~4 . Tnerefore, B=Q . GQ~ and DzJﬁ—G¥34G hus X - 2, negative
A TC ? A7%C C A 2 4

squares.

(2) It is only a simple computation. B3

We next describe the form of the row-operators

o - _ ¥ -?\,_,;\'? ——
C=(0y Ky, e e )t (= R® . B — &

g™

'\»

naving toe property:

Jdo 50

V]

(1.2) ° - X J. X

negeative sguares ( tihnis is not an essentia

wiere: Soé ji) ( )){_) 11as

P&
restriction ), ule;ia(éi) and J, =Gydg Gy 1s positive and invertible
»
o o

., 0
(1.3) Jo - X S x50

n 7
© O & l'u-—l

. . B ; 4 _ Y
and we define D,=(J. ~G&3ﬁ G-)° 4 D -=(d. =3,J, G2)%, Por a contrac
1 S 1°8 1 1 3 1°8. "1
o) 0 0 o
5 o ~f ) T .77\
tion T A,X ), ¥ TDbeeing & niluert up@cb, we &lso have tae usual

nOtdLlOu:Df—Kl~’% )E and éﬂn—u,fb .
o B R At N
ROPCSITLIChK Let G oe lnmbk ) with J -Gyd. G4, a positive
1 »bo 1 S 1

liLVLl LL.Le OpeLdLOJ.o

(1) The row-operator An satisfies (1.2) if and only if



. e ; e 2 R Cany
tiere exist a contraction uzgjﬁ () and the contractions

3}{’ T \}’:} \v‘

Sor

.«...o_') l;. ktool—- G 2é éno
) P wl G bpm p ! P

(2) The following factorization holds:

P72 g such ‘thet

-

g o \
,. Sidei® e e o B
(iG] 1 o3 TE

Q | W A v A =0
0 i } “*n O() n 1
* ne1
wiere: 31:L1 end for ny) 1

= A
bp-1 ‘n-1"n

|
"_;] = ° Ly = - . i ) (—_}“ < -3 <)
By, \ 3 Al Dl ulJb Url and 1ox
o , B ©
n
L5 Dk
5 2 n-1"G
y - Il 'y
s Ly T
\JH

PRUCE For (1) we nave only to rewark tuat if we proved (1.5) for the

first p steps, tuaen

oJ U ‘ }»,}:_) e a.) 7\:]' oo e L
l .

[P AN

‘;ioo-o )«L

and then, if i
|
‘\

0
ISR

it results k. K 1 Z DyseeeDZ
Pl prl = Y5 G

- G
K 22D 44D %G where G i % —> & % is a contrachion.
o A S IR TR W | Yol @ 7 is & contraction
P p
(2) We have

R L’ e o !")?:r i 5 3
© ol = B ot v e e
(1.7) -2, 2y ¢l el v h My JGZ

and , by induciion,

: x_ e
T '_‘ G Y Y Dy, N 8
(.L oO) JL:C&U SOD\‘JL’lJJGg s e OUGn Hllan °

Using (1.7) and (l.o) it results again Ly induction, (1.6).%®

e dCl‘iﬁ.G d,)'.;l’lﬂi)\,‘r}q. ¢ o *JG’\‘Y"' 3 (..}-}1:’-;!(} e e o.\)u s TI;Z &@«Lid
' A 1l I ped

1,"(_2) - 5 “ . a7 { 1 (
Jlx.z'l - (UZ’O‘%{a(} g e e o9 &“\kall“i(}]_’l ) [ Xn—\\llgu%ll )o

0
13 PROPOSITLON Let Gl ve in 6@(4() with JS - G?%b Gla positive
: o) )

: ) 0. q w 1) 14
invertible operator. Then tihne sequence of operators L“ ,»
SN nel
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Pty

converges to an operator X, which saiisfies the condition:

Jo 4 O Yo

o ~X_ Je Xy 0
o= N e

L0, L. 0
. ; . . }7 | jC) b -
(r, 4 denotes the ortuogonzl projection of 4 onto L ¢ X  and

. . 3 P Y NP C

#. is viewed as a subspace of A L@4&i>).

PROOY  laking advant;ge of tne results in section 1 Xj3x

) . C(8 50 | :
results that X( )1 are contractions converging to & contrac-
‘ ~mnx ‘
i (2) . L &4 ) , .
tion X hence AP 7 converges to the operator
o 00
X oey 3(919U¥1X:x)) wnich satisfies the conditio
JS s O
i ‘
- o 1 (2)4(2) y;
(JSO ] A’s‘.)(; O , I J&-\_(- —-U ](.L }. JQ ).L)B}le O o
lioreover, having also notation and results from {}E& 3 En
converges to . . V(d>
" 12 l SO
i I.‘J&;)ﬂ ”\(
O 5 JJ®
and i
Vs + 0 % %
0 - A,}g JSOJ;\{_) = _‘JK)}U P
JSO~ . 0 X#:”iﬁ5<” d¥pdx1(&1).
QO L1
.
ow let us define for a further use tne unitary operators:
) . (,;\ - \ -~ ™ ~
M o 0y > N, @ B @, © ...
o G AN Ob_u bbﬁr/
%o Do =B —
-~ (G
N'&Q :‘\@\k& EEREEE b"’%‘c’
~IE k3
> D‘,N~(1lm(i/ l nd_mn “&'l))

~ D

 Sicilar considerations hold for column operators , walch will

r~

; P o il
Q@nOfO C}r ‘&11 s J‘.L)::, e ¢ @ °

Lo oAk rropogition 1.1 can be used in weny otner situations.
For example, let T1&~i»k§1) such tnat l”Tlfw nas ¥ negative

syuares and we define QT-xil T%f " JT EJI-T%T (we keep tue above
: 1 171 & 171
notation only in tuis remark). We first establish tue form of tae



operator L= Tl’TE) satisfying the property that I-L7L has Y. negea-—

tive squares. Using Proposition 1.1, tnis is equivalent witi:

S, 8 ks vk
nn - M ..vkh‘/\,_.
I-T5T, T, (1 Iiq) TI9E,2 0
congequently, T?mQT¥G2 and 1—G§;”tﬁdﬁ' .
” L~ (o 1
i3 : A
In a similar way, B= nas the property that 1-R°R nas

Ty *
sative sque L F b s AP D) .
negative squares if and only if I3 hB%T] and I- G3 2. 3 2 0

low we cosider tne problem of determining the form ol the

D T
| Ths To] i .
operator TI= LT y | for walcn imT%ﬁ as YL negative sgueres.
; _

Using agalu rropo*ition l.1, we find:
XemGodm TG, +d%Gd

J q.‘x 1 2 G’\, G

1 3 2

: . - - T o\ R 5 .
where we denoted . ¥ ~(L~‘ %)“ =(I-G5J,%G..)% and G is an
G3 3 Gy 2“1y e

arbitrary contraction.

The case ¥ =C of the above problem is used in [21 for a

solution of the Nehari problem snd the general -forw appears in&@l.gﬁ

I1I The structure of Toeplitz forms nuv1nﬁ‘m, nezative sguares

This section contains the main result of the paper. Ve suaall
really treat a particular case, but illustruting tane differences
from X =0. The general cuse can be then easily stated.

e} o

= o £, ‘ » . L .
Let bnézi)(xi) , 17 0 end 3, has * < H negative squures. Our

v

purpose is to defermine tile rform OF sn in order ituaet tne mairices

og . Sl § ‘mEan 3 Sn
S O Y 3
1 Y0 ¢ s Pp-l
I
\J o
jh)_
o <
~n 5o -

s - B L ,. N
have W nezative syuures. we need some notation ( -for 2. =0,

see [ K| orm] ) s

dor & contractiun TeX (X ,%) we define the unitary operator

= N > YL Q@
R(T): DB _{ —> K w0

e
(Y —
R(L)=| .
ij\r*\ ¥ ""I'\



ele

»

Y

and for Glefﬁa(@i) for which Jg —GlJS Gl is positive and invertib.
o)

st S ~ ’\
el e 5
we celine To Gl oog. B
Sy 1 = o ¥
h(u])a
i Dyd ) s ""Zl
. "‘"‘o o
Js » O)
and R(Gl) is a 0 | ~unitary operator.
- O s l x
% et QNQ
We Tix now & seguence7ﬁng ~_such tnat Go:So . Gl as above and
G, & i,ﬂijq ,““ % ) are comtractions for ny 2. We define V _=dJ
I unml Un»l Q. o

UOZJS ; VlzR(Gl), Ul:Vl,

o
VR(Gl) , 0 1 : , O I g1 O
'Pnz R , I( ( \..X ) () - ;
Lo I 0, 0 Lo 0, k(@)
: 1 W
Jo s 0| \U
_ g, *
Un—Vn OO . .
> Tn
NS
> B I8l )—l B b g ~r
5ot me L wdg .l st ﬁn-—l » Vn-1%n
; (.)"' -1- 9 l l b O ] n“‘ ®
O $ le (J 3 dnul

ie first need some preliminaries on Fn

2.1 ibwiudA  For n2 1 we have tne equality:
. (.
1‘X‘ " )EJ ’
X! M e ¢ -
n O n-1
(2.1) Lo s ;
I I \)K
d
xn x1? 0
PROOY iMirst, we obtaln by induction tuat
JSO ’ “n? Uqu*nikJSO gk
2e2 v, =
( ) Vo
\ Ty ) __I
0, 0’ Ln o , I
[y 41§ PYPRCI . : N
Then, J A _ . 2
. OWL - ‘ d 5 A
~ = ’ n-1 * “x1%n-1 L’u» 2 -1
U X = ' =
n-1%n ]
U ] - -7 Q. 4
T ln—_%vui i n-1 Gn n»i”l
dﬁo An«l“n~2“n—l+d” xl Neni— L n e 1 L &
s o
B 8. =k s

G4 4D
n-1l n-2"n-1 “n-in n«LUL

e

Using tuhe last relation , it results by incuction



(2.3)

rect compitation using (2.3) , (2.1) follows. f

5‘J‘

and by a d:
Having these preliminaries , we can prove the main result.

2.2 THECREL There exists & one-to-one correspondence between tue

set of fthe seqguences AT wuere\fx nave % negative squares and are
% l Vv %

- =0
invertible operators and tane set of tne sequences ﬁ?n 2 Go=so’
J o wG%JU G- is a positive invertible operator and G are strict

uo l QO l n

Vi

contractions ( “Gnﬂ<< 1 ) for nz2 , given by the formulae:

n=g g Un pfn 1Py dn 1 Gp8n 1Dy )9 7z 3
© (0]

FROOF rormally, tae proof is as in tne definite case (N =0)( see

Lzl ).

% ’\ 3. .8 . Al L] - L)
" nas A negative squares if and only if
iy 5 :
1l *"o
% -7 .
) by ey c o o Ny M K AP, ’k >
-5 30 2. Bqde - 804 d4 .
5o=518,78,7 0 80 By=dg 14y, M. Iy ~Gpdg Gy ©

moreover, vy a direct computation,

de 5 O I , 0 ?J,, , Ol ,J4 G do 3 ©
P} .
) Yo 0 Sp 1 2o
- R : L , ,
U sda G-do 4L o , 1K , D G, Qg
DO 1 uo Ao 't l DO
consequently, CK& is inpvertible if and only if Dl is invertible.
3 4 o P 1. 1 Qf Y QL nezati
Furtaer, us;mo again Proposition 5 nes negative
squares if and ounly if
B 5 (\s*
'+ S A 1 -1
e S 4(5 ] N ):2 O
ul " 50 So
i AR R « OF L N
Using tne factorization of "V, it results
, O . .
—«‘_ ={ K L ¢
.1 £ (hl’hé)ﬁ
Q
QO
6o

consequently, K-



\g. . 0 ol
S _| YQ (G;, K,) 20 it results from Proposition 1.2
. -‘,-“& B .L 2
O s I }Lg O

e
a4 1 s 7). N J-;‘ 3 - < _{.‘I-‘ < -] E_ . & g ~ ~ s bl oy :::. ¥ y 3 %
that A 9%1“2 » woere Gou, &1 and 1% 1ol¢owo that Sy QSO(hlJSOul+
+ D%lGZDl)QS o Jurtier, we prove by induction the statewents:
) o)

Yo s eees O
& “&

(2°4)n . ‘
O $§ . ®sy QS
o}
P Y ._1"\*'\’ Jb ? O N
(250, Fp-1| © n-1%n
"-lIb-l
, O . YZJSOOC’O
(2.6) r .
n .
; I
Oee Q,QS
o
(2.7)n there exists a contraction Gn+l such tunat

Fac' ‘ b o fv
= ; (./.a. U l_u ‘}‘D

o
”n+l"%80 n°n- ;1 SIL Unr19aly )QOO'

Suppose tiie four statements verified for the first n-1 steps.
Then (Z.Q)H results by & direct computation taking into
account (264)11_'_l and (2.3); (2.5)n follows frow (2, D)n 1 and Lemua

2.1 . For (2.6) we use (2‘b)n~l ,(2.5)n anu the definition of Fn.

Finally, using Proposition 1.1, Y 643 nas M negative squar
if and only if . )
~ - S%
Jdo 4 O 1
SRR -1 -1 > 0
.}:ﬂ - - F - Q,—, J QQ ﬁ 5 00 @ b ) .
n | n < S 5 » 2. s
0 in % S SO Yo Pl n+1

“n+l

consequently, ;ul,,.,,un+l) (n AR An+l)N 5
(CKy s e o K F, 3 (K pens KU T4k -d D)
21 n’ " n-1 4 R A-1Tn T oslt R L

s 4 \ “y- P34 3 P
S0 (hl $ 600 ,l\.zl) ::-.A.n ana as
. . ~ ok
JS s 0 “n
0 = e |dg (X )20
R & K> ~o s
* n n+1

! " . B} . X
we nave from FProposition 1.2 that W
! p SRt Knp1= km nbpeita Gy ooc G s L

a4

and S =i, (X U X 1 Do )ws o
“n+lTg (Aabn 1 n+J%l‘kn “klandl)‘qo - @

0 "
) ] 3Ty Y if 4 l (‘?3,./ C\\) 3
2.3 Hi.ank Let Ini ., U€ a sequence of Toeplitz watrices such tuat

. “l, . . : . - ’ . o
gfp nas_r»v negative syuares for p 20 Twen ‘the sequence of para-—



1ters producedby the corresponcing veriant of the algoritim in

, A ; R #;4 , '
Theorem 2.2 18: G =5 y Gy with the pPOpPer that J Gide G has
o o 1 AR i
Yo 0
)ﬁ”;%o negative squares; deidne J, =d; oy » Laen (G, has the

property that J. -G, Jd kG, has kw»A@0necat1ve gquares, and so on. &

where STE_E for ne€ M, ”hen«
L4

v 5 1 negative squere iff \gl\2 1
Y7, has
A )
i k~ negative squeres if7f \gl\é_l
l nezgative square iff \gl\é'l ,\5MK < 1
ey -
\JQJ nas 2 negative squares iiff &1 > 1, b2\'> i: o

3 negative sjuares i:
i ]
and so on. .

2.5 AEGARK Acteully, we can handle in a similar manner arbitrary

matrices wita o fixed signature. The resulting algorithii is the

<«

adaptetion oi tae one in Li%}.

2.6 RELARR The inveriibility co.dition in Theorem 2.2 is not

necessary. The generasl opnject in pareumeirizing tiae Toeplitz forms

having X negative squares withn tae only requirement tuat LO is

invertible, ig tne sequence of operators &Gngn:o such taat Go=5g
4 gty o8 peot. sied (oD Dy, e e D, LDx) , where
S .1. i: -1.'/ 5 2 42 7 I bh'\, | ’ h

O 9]

we end trnis section with & forumla for computing tae deterini-



kg
-
nants of tue matricesgwjns

2.7 FROPCSITLON In the conditions of Theorem 2.2,

W

Fx/ 2(n~m+l 2n ~2(n+l
et = (= l)\ \ (cetu ) (Bl ) 4 ctul detQS( ).
‘ Y= 2 ln (6]
RO0F Frow (2.6) . W
IV Tiid INPEeinITE THRIGOLOWETRIC mOmBNT PROBLIEM
In this section we chull obtain a Pontrjegin space T. and a

unitary operator w in tanis space , suci that:
(&? Xl l’l) ----- < ‘Qlﬂ: S s n,.h.> $ £ 6 %)
[»] w
0 0
In[ﬁﬂﬂ , toe clugs cal idea for constructing the kaimerk
dilation is adapted in oceder to obtain this fact . e want only to
point out the connection between W and the par amqﬁeroiw & a8 was
showed, for tne definite cuse in &

R
Ve define ¢ W

1793 »
_/'\ s O JS § O = I $ O
- n-1 Y 53]
; - 3 . = o Y
i /1 0 IO
¥ In-l o In—l Y s n
we have:
R (2]
1’ Q%'l“n ,
, . - =~ o
’ .L) - E X f ~
(3.1) = 1) 7% 0 2(2)
11 i p) . N’n
n-2 | R
J(2) . ; . D . o gn Lo .
whnere w( ) is the operator 13\}31 associated with the choice seguern-

n
A - ,
ce i_G }} .2 According toLemma 2.2 in KKEX, there exists ?i )~

_ 2) WK . S LD ANK :
= ilmwl )P;{ { tnen, there exists VW =iim W ﬁ( ? We define
ol V= uly
\ J % 1 O $ ¢ 2§ & e
5o
- O s I 5 ’;\ .
J+7‘ e
I .
.
o o IR ‘K.} A A Lt _
3 © l J./Ax{v",\.«u-‘. [.L‘.L(..M 0 '\ J 1'!‘1‘ e 6 o J “l;.#; I 3 ‘ ).'_"..’) Ols % ,_‘l .
Y + 4" +04T KOTES Patg
0 o
W e - . ~ . . » /\ .
FrlO0r fuving tone definition of W, s1T results:
}:‘Ql(j“x‘jisf\ oo~ p }. " (H“ "\ ﬁi‘m A jSQ . O /\Z)\ /&L’Pf =
5 W, dJ oW \ o v N 4 "’_L‘ w - 2 ‘w ot ew 3 ; >
P a3 TS - T A iy o



From the foruule (2.2) ,

A S D%ld%n-lG;\
(3«2) W= . . g
“n-1° " “n-l n.ﬂmj
consequently,
N
Le3) I FNEDL o S
Then , we prove by induction ) R
~ i - A ; : fv
Ig_ 2 Y« JSO 4 QL\ - Up-2%n-1
f3ad) © 'e“\i'n‘ R !‘HQ =
Ot Orylnwlj \Onwl , dp3Py

Using (3 j) (3.4) and Theorci 2.2 , the proof is finiched. @

e define ji+ =CQ2(@ﬂ,}{) N L )J ) where

+
’ A 3 .
(%,5) 5 = I, %y 7
+ .
AN
ii%_ is a T@k-space (see ii{k) and we define W, =J_ then
& \’wn - / R U 4 i P > ""'l@ <_"‘l« >
P i ; ¥ PRI | ﬂﬁz » o e £l
Axlde s O ~ of s O
. ¥ - o
AS w o wn = o] we have
- - € . '
| 0, T - ¥
n-1 ) Grﬁ’n
W'y % =J , consequently, W J W =J . Then, let ke X (k,.n) , =
+ +b-*. +, il (1 e J, H'f- +t+'- ~‘_a 4 silyg e - ___\__ s S g Hﬁ%l’l J&—-—
S R . y ) )
for ny 0,h¢X. First, (K,A) =0 ox (JS KO ,n7> ={} S0 J% kozo and
+ X O »LO )

k =0; using tine triangular form of W,oowe successively obtain:

0
= xkgzi L D"k = l L G_'() &Ll.ld

k
'L I
y I -
£3.6) \\v/%; K = i
+ A
wz O .
As in{}%} we cen obtain the unitary extension of ¥, 6, We deiine
el - R .‘-
gL IS 4 3 RO 3
W .= R(X
“re(.i R(.A:Q) i
O, b\{‘i:\i\) v‘“’ww ,O
, ,‘{)2—7/ 4\ ,__)‘,‘2:1, 2
and WelS(, X ) — (#,%)
—~ N )
= 4+) 4 N
W I C/ wrca
tinen * ’\

.’
O

-~
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end WJW =J where J= I@J, @I ; if we define W=JW , we have
)
o
\* , 0
\‘ﬁdf =
7»5‘7
< 5 W+

how , we define &.x Qa(il 3¢), L Ty ,)J) where (XaY)J=<§ij>

§

.oAl T e A2 o @ . _
and JN is a I\, - space cotaining $v*, s W 1s a unitary operator
extending W, and

-’ s w r 3
(WPa,n) =<97ts Tla,ny nef NG - 1,

J x.zo 181 }.)O S e

more will be transparent since in the next section we will

develop ortuogonal polynomials in ji;.

V. ORTHOGONAL POLYHOwIALS IN K

& N T n . - 11-.1. . - e P e, '7‘
“fn(z)'“nnz J”Jn,n—-l‘5 Feeetino ’ LnKQ“*’<§1) ¥ “nnzzo
with the following properties:
#C
4. =J .,
(4.1) o5, ¢ g (2)=05
g NI
: o . .
(4.2) ~€n(z)(2ﬂn~(k\z)=o , 04 xk<n
-~
(4.3) V(2) Y i 2R R
wiaere
R X K
DO, bl’ ..@’ bn
:\’ S ’ U , (’ L3
G - 1 o} .
2) n R .
fad <
“n E Yo
From (4.1) we Q@V6~D (2= Sl . Next, we observe that (4.2) and
¢
(4.3) are equivalent with toe systeu:
, AL: . 0
[ :/‘. T T (‘.‘/ I1-- S = o\ ¥
(444) (Do Ly e e e Ipy) tr*‘ (Un’l)f
8 Lnn
4.1 PROPOSITLON The following relations hold:
L = Q:lD:lunld “L 3 )g

nn S 71 nom l
0

aend
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PROCYF Let us consider tne systeu:
(1 Sy ( )
i £ e o o j‘ w (:/' b ;"
Vg ’Jﬁia) At Mgl
and using (2.6), Ll \
O

o \Q

F . . - “ e ‘ PN T
(ldl}.o,oeo,.brlrl) (On,,&u> Z Q \i‘n O
1 o
O L
| © QegQé ' “n
R e}
S «
s ( ol el pmlﬁmlw
L-p-7d
=1 \"n-1°""n-1%-1%*0t Y
“n -
o pytaT
J 4
’ i n »
then
¢ -1 =1, =1l.~1.-1
el

and

v o 5 + ~ A 22
4 I R T T TN R RS e . A
L eoegd 4 )==QoTDY AT g o U LB
Wi "n,n-x) 490 1 9% % Dy ‘nbn~l*n~¢;

and the desired relations folliow. T3

Now, we define thne polynomiels:

(; Z ) =] A JI‘* & Z ::e"ml” L {71 .
Gt Gyemeaysg &Gl g

We also define the polynomials:
et n

‘R sl 4R o 4 (%Y '
\{"/ (KJ) h.ufl T’LL,H l Fewaf‘LLnO Sy hnvﬁ(:s :f,(?_‘\) 5 R.{L“‘?/O

witn the rollowing pfOperties:

(4.5) f’O&Z)sow/O(z):JS

O

E . \(\(J e 3
(4:6) Y “=z, n*)&(z)zo ,0< k< n
S - \“7
1\_, V) o, \ = ol ’ \
(4.7) f “(z) - (2)=1 , 70
These polynomials will satiafy tue relation:

I O
Ok N K ot
(4’8) (l‘»\ ,000,1)\. 'J
no

i

nn nxp \ kun")

o~ e 1

We define 5@0(3):1 y @gr(f =Q V {z)R st
(&)

o 2 4 Lt . AAp— . s
and is easy to seec toat R.=L, where ™~ has the same meaning as in
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the definite case ( foruula (hli...,G )=formula (G ""’Gn) )i

4,2 BORELM  The following formuld holdad: -
< K e x .k
@ (”) l QJ(Z =4 lds $ &BOKZJZI s q-)l(z'):z"ds Gl 3
O ” (\/G @]

P d;\ 4 4 /J’ T 'ri'\‘i\: ]q/ >
(4.9) &y lz)=z qgn(d)mu p‘n+l kn Dyn & n(2) o W1
e T = “1am1 K L s
(4.20) @ (2)=z & (2)- @; unal n Gne19, Dy e I
J{for a polynomial p of degree n we use the notation : pGD(L)z

=2"B( =), P(2)=p(Z).)
s I (\C—{:’ ~ n o~
FRCOF We denote n(z)zunoz +...+ullll ’~“n(Z):bnoZ'+"+cnn'

Using the results esteolished in section 1L,
o

o . -l
. ~ Xd\ ( B o - N )u
(4.11) FLiu X =) Vi1 Gyno1 o1 Bply 2o 6,9, 101

|
‘ n-1"n-1*n"| °© -1 ~ 1 -1 v ;
1ad “r g ;‘. ' 5 3l | T
, rnwZUn~2An—l+ﬁn~ZLn~lén~lann-lﬁl¢

By induction , we prove that for nZ1,

A 3 s T l l l
(4.12) - 1% n-1 "4n-1"n- 12y-1° kLQﬁu—l

-

then, having also Proposition 4.1 and tine formulas for @?n(z) and

e .
@/ n(z) , it results:
Yoo X1 1

Lnn:'ﬂ’annlhnc»n~1“&1'
liext, agein by induction,
- (’
: )
f\/ X 1¢“K \ _C-.i“"‘l
(4.13) “1-1"pe- 4 =iy |t ’
k-1 Yn-x

consequently, by & direct cowputetion,

I I
n,k 1" n"n+1%n" 10, n~k+1

r‘. [z "“ :1
(4.14) Ln+l,k v
and tiis is exactly (4.9). T

Having tne recurrence formulas in Theorem 4.2 , We can state

now, the enalogous of tue Caristoffel-Darboux foruulas.

4.3 TLFECREL Toe following formulas hold:

£4.15)  (1-z 5)(-\(&%;(:&)(]5 o)+ > \)41:(2).%31{(5)%
o oy
A
—\enkl(&)\€n+l(<) \«r+l( )*jn+lqg)

and

— ~OR Loy P % ~
(4.26)  (1-20(Y (2)d 9 (V+T @ () D (@)=
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mm) Y3n+l(z)&{ n+1(g) -

&
24 & L
“&{n+ ‘? o

PROOF By & direct computation:

: ~EE G

(42D EDQ Ty P (D= (o) RO INCIS

5

Then, using tae reccurence formulss (4. 9) end (4.10), we prove

the identity { for nzl1l):
~ ) K ~ &
o/

(4.18) € net2) \pk1L3> R)n+“

il

u.:ll

\‘ns.]“(“))"
/'\'pﬁ}’ﬁ'

—‘fnm“\i“) z €, (/J\Vn(b

and adding up (4.17) and (4.18) for k=l,n, one obtains (4.15).

Prom now on, we restrict ourselves to the scalar casz, So , we

consider
K '“l’ Sl, e e e g S \
e Jd - . e ¢ e
O = B8 s ? ﬂ"L\ , n7 1
n
‘ Sll’ ¢ 00 l
: o g L D) . : N ¢
such tnatiﬁ K naSA&'k nezaitive squares , k< r anuf)k has JC nega-

tive squares for k2 r. According to Theorem 2,2, to the family

-~ I . 0 A -0
iis k we assoclate & sequence of complex numbersggg K such
T nAn=o nin=1

tnat \géc@l for k2 r+2. From Theorem 4.2 it results: d@l %)= +gl ’

C\

I oY o
2=z O (), P ().

‘The next result estavlisnes the explicit connection
between the ortnogonal polynomiale and dilation( for the definive
case see Kjll}ﬁ

4.4 FROPOSITICI
() o QN
5 1] 4 ~ Y @
£ ¢

FRCOF As in the ucrinite case , by & dircct cowputation. T&

==
=y

. : , PR o -
For nz7 1 , a;:n(z)muet(zmwn) y waere W=

. : . N % . s -
Let Jn be tne signature of ™ 5 tnen , for a sufficiently

larze n, o, - "W .
%\’_ J}»‘L $ J ){/ $ U \ J A 0 s (J
Vi <
T ~ z ‘2 ik
4 X (J 9 U y \ g‘{,}\ \ O ’ £

and using Proposition 4.4 we can obtain sowe information on tne

- ‘

meros ol tne polynomials ( e i} O\ e



Let us consider the fumction

e}

rj¥(a)~Lmr i: = aq

o
@
h®)
b
i~
o
IO
&/
~—
&
—~
L/
.
.
F

then (Satz 6.2 the class C}, ond is nolouwor=-
phic &t ¢ ( the class C,is defined 1n\‘n as the set of the

the unit disc for wiaich the kernel

Y

has A negative squares).

jider the positive measure on the unit circle

tne fuuciion 350
. A
N \le “+2 ~F .
> 'fm (Z):: & (S"”‘j‘:?&"r’”’“ Ciis»c. ( t) i [ &{ﬁ& = CO °
= . @ e 7 ai 1
) o
Let aabk ’Ebkzﬂb@ tne orthogonal polynowmials of first and
S .

secondé kind associsted with jt ead % (4)—<% n(z3”519“529°""gn)

Lt is easy Vo deteramine tae comnnection between‘zaKXébhg and
b b

N /;‘j\ s
ROPOSTITICH 1 1 /*:‘.CL b +P\\'T; a ) \() 1 (Q@/b +Q®a )
AU UL L LUN 5 = i ) =5 Q- >

s el Y pakalENL P2 Sy rHlord  2M¥1 0k 2 e 2

N © &
1= %?+l+ Frsl  ° iZ;*'r+l_‘€r+l
_.& _. Y €
9= Vrel Vel W Craat W5 -

PROOF By induction. 3

C“;/ By
low, the connection between ¥ and %ﬂ* ia alwost clear.

4.6 PROVOSITION

-
Ty (2)+P,(2)

‘041/\2‘}‘ q‘t”«},\ (Z)+Q2(Z)

ES

PROOT The Schur analysis sizows that the computatlions are as in'ihe
definite casge. Compearing the developuents around U we obtain tae

desirzd . formula. i3

‘énib
) (
Let us suppose that laéqi%( i (ﬁ) (. thet 1d % tEl- \g \)%O) and
< \)—,12_
. o & A £ :
let g be tine outer function factorizing mfi , & Tthe outer Iunction
it
[ -
. oo AN s e a o s =i a1 i .
factorizing ;ﬁ ( P ig tae pogitive measure on the unit circle
& :

. . . o < 1 : ke i
assocliated with the choice sequence'i~gkxy”r+q). Then , having in
. Lo

TR
i . e - Gk :
mind several classical results (see foxr lnstanoe\¢§x), iéﬁ@converw

A " @,
ges to — uniforily on the compact set in the unit disc and iu]\

-~ L



(e : § (:’i»a( 0 Qp ¢
converges to — , conseguently, 1K n§ converges to 3( =1 ‘4)

D y 0]
5 ¢ \2K A “ - . - 4 e ~ -
and 2 to %(,El.+ £2) and let us define the meromorphic functions

A A

G=2( égwwm") and G ~2(~$WWW1 ) . Then , frowm Proposition 4.6,

e e, =
5 \ 3.9 §
(4019) O:T = T
G

and we also note that o
s

(4.20) G(o)= 1\ | (l«-\o \"):;;u(i_ \g \2).
R 1 11

Cne more remark on the Christoifel-Uarboux formulas. srom

Theorem 4.3 ,

e . 'w_”‘\;s -
&l-Z’g) WEL{M)@ “ (\)» N H\\*m(zﬂw #jww«?*\’\«\S)
. e A

then , for Xﬂg§Y§<ﬁ>different irom the poles and zeros of G,

WETT & N A
(4.21) \,f/“ Pl T Pull) = = ===

(here we denoted I, :C?Q>).

VI ASYLPTOTIC PROPERTIES iOR THE TOLYLITZ DETERwINANTS
In this section we discuss some asyptotic properties for the
; : RO, ; b e
Toeplitz determinants b =dets ne for tae definite case we nave tae

clessical taneoreuws of Szesl. As a conseque:mce of Iroposition 2.7,

A l 2 - = 2 . B ‘ v
e - = G0 D det Uyeecdet™, det™D, ceedetTh,
* 3 ] ,
2 2 X Y2 1+l
n
and there exists the 1iwit
e : X :\a
L’Il'i‘l 5 .:éjé:._ c Y,T 5
e T A \ A et Dy \ 1 det Dy (=G(0))"
v n O =\ N S n

We denote tais quantity by G(BJ), and taen taere exists thne

limit 2 ) (e
5 g A
i et 1 =(=1) ( \ \ an? ) ~d (here , D_=D., for
ijz)n+ o 7 Va

ny r+2).
Thus, the Scnur formalism perwmits an easy derivation for tiae
asymptotics for the Toeplitz determinante (actually even for the

general case as in.QQ]§p,
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Wlé out dirficulties we can obtain the geometrical varisnts

these results (for the definite case 5ee§,11lcnui\§ .- DR

W“K§€ the

cinstance, let us defir and Pj

n

J=progeciion of

v "
M.)J)xnwﬁnﬂa- and SO on.
—

vhat we want to do is & remark connected with tue pap@r‘Lﬁl i
L

For same siumplicity we shwll treat the scalar case only. we

begin by adspting a particular case in (% to our context. Ior a

Y‘"

positive measure F" on toe unit cllcle wita f«(l):l , we define

i M j@( J
S QNN e Tt =
n( yz)==,={ Re =~ 1n 2F (t3ad
i~ ol = .()t
; - ¢h- 2
a1 SEQ% sre the rfourier coefficients ofjw . Having the complex

nuibers By's eses 8y with tac property taat

Qm)n:

Mgl, —Lgtaea’h)nml

is positive, we define

. aif T
Q&n;i r a posxclve measure on | with &,(f )= 8 s K] nx
i
end we counsider the problem’ MLMH(rL,é) A simple zmoulution can be
€D,
o 5
done in the Iollowing ways

if g is tae outer funciion factorizing *%? then

&
h(F s Zy=—1n 2(2) s using Christoffel-Darboux
i ;] .

formuls and the fact tﬂ&t%(.”M‘Ai and only the first n terms in the

G)
o

cnoice seguence assoclated to}x are tuose associated toﬁﬁi& , We

nave o;w
h(k ,z)=1n(l-\z \ )“+dlnL ¥€k(4)\2 i
> 1n(2- \z\‘i)"“w 0, (2} 2
where if EK are tae ortnogoual polyn0m1&¢s associated with i* -

Kow we aave only to find a cuolce sequence§-5lgg2,°..,5n,gn%l(;

sgn+?(z),... K witn tue property that in the fixed point z,



'%7n+l(z):‘fh+2gz)a«@.mo

and is easgy to see that the only choice is g - (z)="222 g LT
3 n+1 S N+

i i in {7 - E AT 5 r‘ . G W P 1 3 o N 2 & L) R i
The paper \"5\ is more elaborate and is connected with the paper
& i . A 9 p

Lo wnere the case z=0 is congldered. For this case,

.il(}éf\ s 0)==%1nde

L=

o
L et

- wioere B. I > P . ,

) < J_ l .a{. I. i‘ -t ’vuf'{v
( = { ~-”k ) Tnigs reometrical vari BT lead 4 nNeTrat sz

Sel \ % o »018 geonmetrical veaeriant leads to an Og@labOILai
variant of tue problem ( see elso\S|.) and to same considerations
in the indefinite case. Let S1s eees 8 be compiex numbers such

that

)
R Rl B |
=g e
1P e Sy g
. 1
3 -5 & 8 ® ¢ T
I o

B

hag nezative squares and define the set

()

- , o .. OF . .
<§>na(i Toeplitz form extenalns‘%/n and aeving

X negative squares X
\1 } . . 2 i -
and we con ider the problem: extremumgﬁ(z)\ , Wiere G is tue
function deiined and tne sectiontvewrum (4.21)
& g ( en ~ T '2
\u(b)\ = (-00) 2 Ze e
Rt &)

end if n is sufficiently large ( tae cuoice Ssequence is stabilized:

\gnyal') tuen

\, ; )1 o A 4 I

Giz T - < } Sy

t 5 - Dx)l e\ 1y ﬁﬁ\" Q ) 2 W’ %\ ‘CJZ)\

witi the same choice for tie soluaﬁon attaining Lue meximwn, For

illustrating tie rest , let us consider the following ezauple:

A : ; G B pauatlve sgaras Gy ... -

Tz \gﬁg\i%52{<_& () jHes 2 negative squares, 5 Las
izl 3\ = 5 1 M1 o <

negative squarcs) and let ¥ |

end - G(0)=(1-|5) (1= g ) g f-1) (- 5| D). .. s
G(O)Q’{} ©
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