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IdlATItICii$ ititv liri G liiiFl A iilJGATIi/E $QUAI{E$

by f .  Cons tan t inescu

' iJr i i ing t ire forur associaied with a posit i .ve natr ix as & sun

of posit ive aquares, there appears a -sequence of corcpl ex nlu*nrierg

Ceternining tne given rnatr ix. In a certain sense, these calculat ionr

ere equivalerrt to the classical algorithrn of I.Scirur which

associates a similar sequence of pararaeters to an analyt ic contrsc-

t lvi  lur ict j .on on tne unit oisc ( sucn kiud of puiraueters are dno\tn

as ;ci lur- izegb pararueters). l i re fori i .al isul usin; t l iese Scnur-Szegb

pErarne Lers ( i ;e - cal l  i t  Sch'ar arralysis ) cen be extcnded. to a

general frarnework ( operators on iiiluert apaces- 
""u [lil , vrtiere

the operetorial version of toe ichur-Szegd paraneters is cai led

ciroice sequence ) and caa be usea to solve some exteasion proir lene

( as Caratir6otlory-Fej 6r problem , ir trehari problemn . . .  ) ,  to cescribe

tne r,ol i i rogorov deconposit ion oi '  posit ive-dei inite ke*'ncls on "bi ie

s e t  o f  i n t e 6 e r s ,  .  . . .

On the otrier h.arr.d, a Schur analysis can be given for a larger

class of functj .ons. l l ius, in f l  
, f l  ,  i t  is si ,owed. ihat wit ir  e

nerolroririric functiotr. f on tne unft d.isc, bavirig )L poles ciirferent

f ' rorr i  zero ar:d \rt  zl \  * I  f  or [z\=f one associaies a sequerce of

conplex nunbers ft i tJr t i ie property tnat . t-rora e certaln rank i t

i :ecomes a sequeace of Scixur-Szeg6 para..net ers.

This pirenoi ien proves to be generic ior the general izat j .on of

the  c i -ass ica l  ex tens ion  prou l+rus  .as  e tu ted  in  [ fC ]  , f t r l  , . . . .

fne air.r  of rhis note 1s to adapt t i re conputations in l f t{  for 
"

natr ix. i ravirr;  X* ne-trt ive squares ( section 2) .  Trienr we srrer. l l

develop sorie eleurents of ori ; i ro6onii l  poiyno,idals in i ;ne ?ontr ler; in

space us$ociated, with &ri aec;enq.ent sequence of ut, tr ices r iavin5g )L



. . . -

negative squares ( section 4 ). In the lest sectlon we shall discuss

Variants for t ire Szegd l imit theorens.

Actually r r:rany of our eonside.r'err:ons constitute ihe subj ect

of so,ae classicaL papers. .bror exurple, in secti.on 3 we sha.LL treat
of indef i i i i-te tr i6on;rdetric 'rorir€ht proolern which was f. irst eonsi.-

F t./t 1oered t_n L I I I . Several kinds <if orthogonal polynoilials i-n

spaces wit4 inciefinite iuetric appear inlro] ,tfr l  ,  Lrgl , . . .
. the exte*sion problens wnicb are con', 'ected rnit;r the trigono-

metric rrouent problern are treatec i" [ l l  and in t ire vast progran

developed in  the ser ies of  pupers [1 i  I  (  see a]_so i .g l  l .
fhat l 're want to point out are only the sclur analysis aspects.

II i;lj;,L,lliiAlrijis

In this sectron ! ' /e introcuce sofi ie obj ects t?e ryi lL neecj. and

some of '  their propert ies " !r  e consicier J{" =gI{ vl i tn tr.e usua}

Hilbertian structure ( *re inner product is noted <. , ) ) ana {, 1J{y
the set  of  l ine&r operators on f {  .  FoF a sel fac i j  o int  operator  A j .n

X, f  JU,  le t  r i  be  i t s  spec t raL  neasure  a .d  d .e f ine :

JA=sollA= J s5ntd.r j i  t  ) ,
. \  t . r *  - i :  , 1 .
Q,r l=  l r t l  

t=  
f  t t "c ; (  t )  "

Trre f  ol- ioo, inJ reiat ior ls eeisi ly i rora: i r r=i l  ,  i?r=r,  ae) 0 ,
A='Q*Jru'ro . i i 'or & se lferai oii:t opera.tor A in ;4 t {) ., lve rvj_l} say

that A has x negative squares if t ire associated quad.ratlc form has
x negative squares. Tire forlo'rin"; el erirentary and. wer.r"-knovm result

wil" l  be basic for our analysis in section 2.

I .1  ?n0p0siTJr , i ;  . i ,e t

B= Q^GQC s,nu

there be oiven tue int eders 0{ )r-,  1 X*b , the

havi-ng WL r:c,3ative sqriares ana t 'e inverr ibl e

C O

p \

: i -{:as }L, ne5ative s{lu.ares if a.ricr o*ly ifa l
G f ias X*- Xt nt lgat ive squi i re s.

eceaent situatior:, J-et i)=.fc-,f lr^c* ; t irel i  the

rat or .ri

erat  or

- i a '" 
\s*,

.i C-*urO

ihe pr

inv ert i  uI e o;r i :

se l raa ;  o in t  cp

( 1 )  i i

( ? )  r n



')
:  * J -

fol lovi ing faetorizeti"on hold.s:

H= L3 , ;l\*l^: :l[. : :l[ : ;:-1f :. : :,1( 1 . 1 )

})RooF ( 1) lVe have ttre eouaLitv:

I  i , o ] \ o ,  0  
- \ \ r , * - 1 r l

H = l - X  .  l t .  ' . .  . _ \ l  t
Lo A-', r l  Lo , c-it^*- 'nl l i l  ,  : l_ . l. - r L  -  J r _  

[ A - ,  0  
- 1

so It has Xa negative squ{ires if end only if 
Lo , ,_Jo_ru I 

n*"

!L2 .ue€ative squares. As jr has X a negative squares, rir.ls bappens

if and only if C -;l lA- f .,-, nas Xo-X,1 negativc squares or

+a(la-ur1ox;11.i*+11r*;1)oa has xa-k1 negative squilres. Deffiue

c=ail lnl l  .  Trlerefore, 3=QoGl- ana D=J'-GFJUG hr.s X*- *U negative

square s .

(2) f i .  is only a slnple computation. El

! ' ie next ciescribe the for:n of the rolv-onerators

t ive squares (  t i r is  is  not  an

= ^+(* ,Jr : r  -Gf i .  G l  is  pos i . t i ve  and.
o o J o o

qivai ent lvi th I

 1u  l - - x
.,- I 4"-z o
'ir-t J

)L  ,  D  r= (Js  
-GrJs  *h * .  Fo r

- o r - o ' L

r i i luer t  gp i lce ,  tve  aJso i iave

x o = ( G '  r i z r . r o l i n )  , 1 { o ( = @  ' ' {

e s s entia-
. . , . " .
l -nverTr- DL (

& contra<

tiie usual

U

res t r i c t i on  ) ,  G ,  € t  t  # *  I

?ire

( i . 3 )

c o n c i i i i o n  ( 1 . 2 )

hav j-ng trre property:

( 1 . 2 )

and Y{e define i lr = ( i  *J o o

J  9 ,  - , : l  r  I

t ion 'ICl-( JC,&' ) , J( '

no tation r D*= ( f-'rts'f ) *

L . 'e Piiiiir L) s rl r, ,ru r, e t

inver t j , l '1e  operu 'born

f  ' ro 'n  1
| ,-,r-*, I 

- dtso\z o

t to  '

neEa

and

i s e

a ,t o

o ,
..I

X-
-GlJ -. G.t u o r

beeing e

anci,$T;f,E. .

G' rre in tt Jtl witir {ro
*-Gr  J . *  Ur  a  posr  t i ve
.r. 

"o 
.L

(1)  Ttre t row-operator  xo sat is f ies ( ] .2)  i f  a ; rd.  onry i f



the

G p , { t - 4 ' $ * 1 _  . , ,  p 7  2 ,  s u c i r  t r i . e i t
:  P * L

(1.5)  l tp=D*rDc|  .  .  t tg i l * t  *p Z* .p{  n c
I trl*-L rr'

(  ? ) Tire f  ol lovring $'actcrizatl ,on holds :

.- .,\ ft*,. p o 1 ",s-, *r( 1 . 6 )  
l : c >  € l * o n , $ - ^ n = i { t *
L0 , Io*l l  -* "o

where t  E'=l i  ancr for i i )  I

I r,, ,r*il _ _r Jq.' n\ 
E"-r , *Zo_

Err= 
\ \ 

; ZL=DL*GiJsoDFt anc'1'or

L  o  j  n * r r J

[ 2 .., D-,*f.  l - n - l - f + ' ' l
n)  1 ,  zo= 

\ t "^* 'o* \ .I  L r "  t
L " n  J

gsggg - i"or ( i)  vre .rrave .only to r€, i i&fk tr i t i t  i f  lve proved. (1.5) for

f i rs 'b  p  s teps ,  t i i en'  
t i . .  ,  ( )  I
I " o  

' i  
\ x t r =  j J ,  , 2 ., j-q * X* o  p l n  

r  I n  
f - { - o o ' t o f o : ' D * i

L' n 'p-]_1
.
and then' i f  

. .-r  i  -* l

J . ,  ( o .  , K -  , , l t ' n  
'  o ' \  

\  
t J  

{  t- o  o p ' K p o t ) l  :  
l \ " , * \ 7  o

Lo ,  r ._ l  1r f , i l
i t  resu l t r u OO.*iKp* y 4 l,kt. . .DA5" ' .1*1 t Qoilseguently l: '  

"r 
.. ,

Kp*l=U*l . " . ilulunor where Gp*f , ft. #+ fr ,,* is a contract j-on.
tp

tirere exist €i corrtractlon Co e *, t Sll ancl the contractlon s
I

(2)  i ' ie  i rave

( ] . ? )  : * f r n = " n 5  . o . ! k t _ r * o D * , . n n . O * X

and. , by irrauc iion,

( l . t i )  " * *  , i l , - . , x . . o J r r r
"'nJsoD*rilc| 

' ' ''irg'.

r i€  c ie f ine 
hr r= lU} . . .  

-GI

( 1 . 6 ) .  R

-.,h,=*r}'n '

;"esul ts a.,erj-n i;y irrduc tiol:,

r i - ro dn=Jgo.. .oL, , 
"7 

r tu,-jd.

, " . * t l=  (Gerd*zG 
3r . . . ,  d* , r r - rGr ,  )  sc ;  &=(Gl r "or " l t )  ) .

tet G' 0e in {. t fr l  wj-t ir t ro *Fro or"^ Pc si t ive

-op eriitors 1t,-rf";'q l|.inver . t ib le operator .  Tt len t r re sequence of
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converefes to &n CIperator X$s wbicft satisfi

[ ' : " ' : l  - , I , * x >  o
L o , r J  

* ' o

k-
(f  l - . ,  clenotes t lre ori ;r io6onal proi ect ion o

K'
J{; l, vierved as & subsp*.ce of -{-a( N ,CL)

880-p.-it Taiting aovan uage of -bire results in

resuLts t lrat *t ' ' thl l ,O &re c$ntr&ctions
(; ' \  f"  p?'"t*, ,L)i  tot lon x:;  n:: :-  l+"" jr* 

, ' 'J c0rr\rerdes

xo., = ( S1u DXfX(jJ ) rvhich satisfies the con

{ -J^  .  o l
, r o - x , *  

l ; " : t l x l = i l + 1 t r - x , S ) " ( 3 )
i i ioreover, having also r iotat ion and re

converges to 
I o, r -rrtg) 

]E o o =  \  
-  - - t z )  

\
L t '  D L ' J

- . -  a

* L;*

T{
Xg, =8.=o E.oO

J .

,1( AILO

.
i { -

l  r u

contrae=

i s"e
**

n

I

i"

'F3,

,o

on

erd

!,, €f

Il

fr

and

, o ]  *
1 4 "

, r  t
a, rirto*

tne s**

\ ' : " ' : ]  
- " L , , o

f o  '  r l

' r o - ' T=o  

[ ; "

i r  ow le t  us def ine f or

r,l c\
co : r{i og 

-+-4'

&oo D*  =E o+

For exainple, let tre ,J", t .ft-l

$quures and. yve d.efi.ne ,-J* ="{r_,r,tsn
' 1  &  * 1 * 1

notation only in tais rerntrr.k). l , te

c\
S(, =*, ; QV"o .-+ *b.y.

t ' \  - ( 1 : -  r : '  - .  . Y  T \  l f i '  ,* .* ,  D**  =( f in( f r -1d*nd*nu*uI  )  ) -  -  B

$i ' . i lar  consic ierat ions hold.  for  column opesci tors,  whicn l l r i } }

)r.

*T( 
Drr d**d"rrll")*] ):

r use ttre unltar;v operators:

e 4 r - O . , -*3

such tirat I-TY1'., rlas )(- ne6ative
I J

,  J,p =Jr- ,r 'F"* (  rve l (eep trre above' 1  ' ,  a  * J * 1

f i rst  establ istr  i i re forur of  tne

oenote Dy L ,  ? * r  .  . .  o

Lr,4** ' t l l*gt5 i ' ropo eit i  on L . I  can be used in i i i&og other situations.



operator f,=(1,rrT2) satisfying the property that I-],*i, has ]C nege-

tive squares. Using Proposit ion 1.1, this is equivalent with:
.  \ - ,  ^ * . ,  r r  m) *  . - l r Jk^' r-r5Tz-ri'r1(1-'r'i'r1l -'ri'r2) 0

oonsequently, tz=arf2 
Tl i-F-lGzZa,

I  r r  I

In a sinilar vi&yr o=L' 
I 

rras tne property that l-ii\' nas

L' ,a I
\ ! -

negetive squeres i f  and orr ly i f  Tj=G3Qh and I-GrJtrG; >/ O

l,,low we cosidei tne problen of deterinining tbe form of the

[ T 1  ,  T . r l  ] L
opera tor  T= 1*n  -  o= l to "  wa icn  I -TFT has  x -  negat ive  squ& ' res .-  

L r 3  '  ^  J
Usin6 agai; i  ?roposit ion 1.1' we f ind:

."1r"
i = - q . d ^  I . t t ^  + 4 ^ i < u d ' t  -

-:  t l  "  " 
u3 "2

cienored ,o,* I  =( ' r - { , i3t r r ,o} t ,  ** ,  =( i -*FrI* , . )*  &rro G is anvghere \Ye

arbi trary

The

soiut ion

&

in[e]. ffi

coritrac bion o

case }C =0 of the above problein is usecr j-n [Z-] for

of the tieheirj- proi;len a,nd t::.e rieneral forn appears

I I I  The s i ru* ture of  ' ioeni i t 'd  forrn,$ navinq ne,rat ive sQuares

th is seci ion conter ins the r*a:Lnresu l t  o f  u i re  pe lper .  i ie  s r ia l l

i l lus t r ; t in, ;  t l :e c i . i r  f  erenc e sreal ly  t reat  e i  par t icu lar  ccrse r  but

froru ")L =0. The general ci,,se can be ihen easily stated.
. ),-

Let srr€/- t( l  ,  n7z 0 and 3o bas )t< i i  negative squares. our

purpose is to deLermine tt ie iorn of ;tx in order i i lat tne marrices

r_"i (-1

- O  t  " 1  t  . c r .  ,

qts ;*
" L  t  - O  t  . . . e  t

(.-{
tn

D-^
I I -

{H
" Y L

sff
S{U i l l ' eSa

qoo

TJe neec sol i lehave 1'{,. negaiive

* 1 4

s e e  L l l  o r f i l l  )

.r, 'or & ccritr i ict

notat ion (  . f 'o r  >L =Or

tire *ni tu.,i'y ope.ratoriug f€ J, (.*- , /J) we oef ine

t): fe6&-rp t'*te;"At

r  i  r : r ,  [ " r  '  o * o ]
i t ( r ' ) =1rL \ *' 

Lu* , 
*,tn 

J

i t (
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t<
and for cre* (k) for shich Jgo-G}IsoGr is posltive and invertrbj

v r e u e f i n e :  l '  -  " '  

' t " '

., \rsonrJso 
' Jt;o!r.l\ ".".

R(Gl )= \  
i . r .  

-  
,  _ r . ,  \

. . . .  l - l - f  
-  bo '  -L 

) , ,  ,
l d q  '  u l

a n d R ( G r )  i s a  \ : "  * [ - u n i t a r y o p e r a t o r .  
'  ,  ' '  .

O  '  I 1
L l - ^ €

rfe fix now & sequeo""lc,,l^..tuuch tnat Go=so r G, ao above, and

Gn€ l, ( 'Surr_r,Joi:r, are comtractlons for n2 2' ite d'efj 'ne vo-Jso'

Uo= t ro  ,  V1=R(C1) ,  U r=V1r

f n r c , ) , o l [ I : , 0 r 9  ] . . . f r , - r ,  
o  

1Vr r=  \  ^ . '  ,  \ 10 'R( , i 2 ) ' 0
L  u  , r o _ r l [ o , o - , r o - z j  [ o  , B ( G n {

I
I
t
I

. - r ' 1

- 1 ' U n - l x n l  .
o ,  d o D l J
_r1

$nn

:

!.xrq.rl[ '$^ , ol
l l u t*?.w lL 0 , rJ

-r ' !r"1*.^*-l I u,.-;?t I
I I l*,,u,,-r', \- 

=

e;r.-rt' ro' * $-- 1 Gr.drr-,', 
I

P l
luo- axrr- L*z ,r*rGrrdr,-l ill .!

i t  resul ts  t ry  i r r t  uct ion

=v,, 
[:" ,

"Nd nrrr,xl t o

j-n by inc.uc tion tiiat

n t=ltr" '
[ o  '

' l
t * \-1

liiiri

e  tn
F*'
i - o
L 0

J . .oo

u1

pre

treiv

* n l

,fF."lF'
\l- U.'.'

rt-{r.

-lurr-

Err-

i on  ,

= \ , ' "  

'

L  u  ' r

=Tt" 
ri"

I

t
str  re lat

we

"Is,tn

t

,

one

f\ --

\ I
\
I

l0
d s

/ 1

t=u" 
I

ob ta

n

ts'=I ' I ' l=

i re  f i rs t  nee

2,I LEr' ; ,"A For n

i e . t )

I'ROOT

it

ir irs t r we

vr*

Ti: en,

( 2 . 2 )

urr-lxo

le i

I ur,-l- ' o

i o  ' r

, s*= [+
L

nar ies on

e eq.,rality

: :l'"-'l

Li sing tire



( 2 . 3 ) F,,=[: : ";]:;1
and by a d i rect  conpi ta t ion us ine (2 .3)  '  (2 .1) .  fo11ows.  g

I{aving these 'prelininaries r we csn prove the main result.

?,-? !} iEORDU Tbere exists a one-to-one correspond.ence between the
tl..'t (Y

set of the segubnc""p"t ,o*it""qLJt, nave &' nesative squarea anci are
( -  1 $

i t ivertible operato:is and tne set of tbe sequene"u tco\tx=o ' So=Sor
X.

J" -dlJ, G, is a posit lve invertible operator and G4 are strlct

coitractions ( \\cr\\ < 1 ) ror nVZ , given by the fornulae:

or=tro*tnto o sz=Q to ( GtJ so Gr*?r Gett '  * to

$rr=Q to 
( xn-}uo- 2xn-l*D+i dtn-L Godrr- tDr ' o to , n 7 3 e

IRCOiT i , 'orr i ia l ly ,  ine proof  is  as in the d.ef in j - te c€rse (V =0) (  see

t rr l  )
J '

I to 'tt-l
\ : 

- 
I ,ras 1{- negative squares if arrd only if

L{  , to l

so-{s;lsr7 o so sr=Jso*r*ro *u tro-uTtroorT o.

nloreever, i :y a direct co,r.putationt

h "  ,  o l [ - '  , . ' 1 f '  1 F  - \  c  . ,  - 1

c {  - r - o  l \ t  
' o \ \ ' u o ' o \ \ t ' t t o * t \  

\ t t , ' o  \
" / ^  - \  

\ \ . , * ' ,  , , \ l ^  r  r '  
, q " \Lu ,*so \ Loitso,lr J Lo , rJp , Dl I Lo , _o,

consequentl", QYO is invertible if and only if- D, is invertible.

Further, uslng agai.n Sroposit ion 1.1, CyA has h negative

squares if aild oilLy if

f s^ , s., l itll
l "  

' l - l t  
l " - 1 r * ,  s ^ ) > o

l . r .  .  I  
-  

I  " *  I  
s ; ' ( s l '  s ' ) ) 'o

L " l  ' o o l  L o z l
Uslng the fauiorj.zatj.on of 9l i t  results:

le ; t  ,  o l
*;1r s' sr) \ 

"o 
_\ r,'11 =trr'xrl i" o * ' l . , - , - 1 \.  L v ,  \ t s o . \

consequentlY, Kl=G1 and as



*9*

(G i ,  KZ )7A  i t  r esu l t s  f r o ru  S ropos i t i on  L ,a

5r'
1.'r l-7-r ,/ rG|GA 6 I and it fol iov{s trrat $a=Qto ( GtJ'ro*ro

i f  and only i f

f '  o 1  [ ' f l, , ' * \ " t o '  
-  

l -  I  
-  

I  ^ - r  ,  . , - r - , . .'o 
L o ,  r , , l  nh - 

[ r f r \as"- 
is"oi ]  , t t , . . . ,s, ,*r))  o ;

consequen t i y ,  ( s f j . . .  r $n+1  )= (1 r r , . . .  r  K r r * r ) I o=

( ( rr, . ., Kn) r'n_l, (Iil, . . . r t rr)ur, 1!rr*Ko+rdor1 )

s o  ( h l  , . . . , i ' o ) = \  a n c l  a e

I r u ,  o l  f d 1
I : "  ,  \ - l " ?  l r r ^ tL ,o , , * r )po
Lo '  toJ  LK t in rJ  

-o

we hav-e frorir ?ropos.ition 1.2 thai jirr*L=D1.i\oconrwitn Cfr1crr*r4 f
and srr*1=rso({"-F"*D+l\,rc,.,*ldo-r)d,io . &

2.3 {it..ritt( ,"*F,l: be a sequence of Toeplitz i le,trices such t.rat
Vn ir"" L* negative siluares for p)0. Tuen tire sequence of para_

\r* ,  ol f*Yl
[ o  \ - \  , i ] r ' .[ o  , I J  L l t l - l  " o

that Ii2*IJnnti, , wirere

+ nktc2jl l)QSo. Iurt; ier, rve prove by induction the st{iteirrents:

f * *  ,  . . . , 0 - l
(2.+)o 

_( t ' i . . ,s , . )=Qg^xor,o_,  I  
- "  

.  .  I
\ : "  l  i ' " ,  ,1. ,  o l  Lo^ ,  . . ,  nu^)
\s"-i l  i  

*s
( 2 . 5 ) n  \ * J = l  " ' .  \ u ; r \ t t " ' o  \ " u " _ f i . ,

l tt J Lo -""{s^J Lo l trr-t\
\Q ' .  . ' 'o  

\  . * l t t  '  o l  -  \  * to" 'o  
I( 2 .6 )o  B " l  . .  \  { \ " }  ,  ; \ " "  \ "  f

E , . . , r r o J  L  J  t - 0 . . . , ' ' i s o \
1Z,l)n there exists-a contraction Go*a such tiat

'srr*t=Qso ( xru.,-t\+D1r droco+t%Dl) Qso.
suppose the four siateruerrts verif ied for the first n-1 steps.

Tiren (2.4)n resuLts by a d.irect coropirtati.on taking j.nto

aceount (2,4)n-t t ind f2.3's; Q.i lo fol lows fSou (2.5)rr_1 and ].,enila
2.1 .  l i 'o r  (2 .6)  we use (2.b)n_L ,  (2 .5) \  ena the def in i t ion of  F* .

lr inal1y, using ?roposit ion 1.1, Yn+I nas Lt. ne6ative sguares



: . .  
- .  

:
.:net,ers producedby the eomespondln8 va:elaut of the elgorltl:m in

t
Theorern 2.2 Isz G^=S^ , G..,  wi ih t .he property that Jq -C|J- Gl haso ( ) - r - "o

Lf )"o negative squares; define ,*U=rO, -UFU Of ,  tnen G2 has the
-o

r , l

property tnah J^ -ClJ,.xCo bas L,.,- , /c1 ne6ative squares, arid. so on. B-  u 1  . v I  .

2.4 RD.i'i.6.RPr, Let

r. i"-
\  

_ r 2  s 1 r  . .  .  , l n  i
\ - l

,  l - F  ' r  r t  |

.  C /  _  |  
-1 . '  - r "  

" 'on- I  I

l = -  =  ' 1  I
I  

sn t  sn -1  ' ' r - J  I

where so€ o for  n€ * 'at lPt  
\  r . -  -

t 1 ne6ative s.truerre iff \er\), f
c+J 

" 
I"J! .na's I
I r

, \2 negative squeres iff \er\ < 1

/ ' r r l

| r  1  nesat ive square i f f  \s1\>,  f  , \e2\  <  r

\
a>, I. . ' J ^  

nas  4 ,  a  ne ; t i t i ve  squa-^^  ' t ' c ' +  \ -1 "  r  l  '  |  \  -

'  
I  l , . t z r  \ * \ ) . r
I  \ 6 1 \  1 ' L  ' \ 5 2 \  

" /  
L

\ 3  nesa t i ve  squa res  i f f  \ g r [  ( 1  , \ e r \ <  I

and so on. E

.2.,L-!E!$RI! Actaully, we ean harxdle in a similar nanner arbitrary.

matrlcee w:ith e fixed. ei.6natlre. The resulting algoritlr:ri is the

ad.aptation oi' the one in I tql . g

?._6 R.$iafui j i  fne inver"Libi l i ty co,-c. i t ion in TLreorera 2.2 is r iot

neces$ary. The genera'l obj ect in pera;leir izi.ng t ire toeplitz fo:ms

having )L negative squarea with tae only requj-reraent tirat tio is
- ( ^ 1o"?invertible, is the sequence of operator" \Grri;=o such toat Go=Sor

ro -.fr. G.,2 c , G2€{ 1 "&n,o^.r), *on*CIo"* ,4S L where
OO .L DO I '  n vh-! Uh-1

sL
#6

*Dtfr , ** =D*'k ,. m

$y'e end tii is section with s, fori:iula for computlrig trre' deterii i i-
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ns,nt s of trie i$etri sesqf * "I I

2.7 Sit0PCSIf r0t ' ' t  in the cond.i t ions of Theorerr 2 "  2,  '

l ' i iOOi' Fror*r

f V Ttili

*utYr,  *  (- tyf i  (eerD,+ ;2(*-r i i+])oetut 'n detQ2(n+1 ).
Yyu=?- 

*m r -De

( 2 . 6 ) n .  [ 1

FItr,$l",ili'i

Iu this seetion we shul l  obtain a ?ontrgagin space I\ ,  enA a

unj.tary opereltor !r  in this space , sucn that:

l v P n , i r ) r r .  =  (  q l l s " u i l i r , i r ) ,  n  e . ! ( -, t.L "o "o
fn l+t] , the classical i<iete for cons'bructing the liaimark

dilation is €rdapted i.n oecier to obtain ihj.s fact . .r,e ,r.reJrt only to

point out ihe connection betlvee' i , /  and th.e paraneters[p\ as w&a

showed. for tne d.ef inite cuse in t t{  .
/\

iYe <lefirre : V/r=.i, ,

. ^ '  [ i .  , 0  I  [ . t  . , ,  a r  1
i in = ' \  -u '  

"  
\o"- ,  \oto 

'  t  
\ \ rn-1 '0 \  , fa-  *k,-

lo ' ro-r\ lo , ro-rl\_o , c,, \
t € .tlBV€ !

wirere tt ; t  /  is t i re operator ial i ; l  associateu lyi  th trre c
(' r '>J

ce  \G r r [ r * z - .  i r c co ra ing  t o i € i l r i i&  2 .2  i n l t i l n  t ] r e re  e ] r l s

= liurlr ( 2 ) pt "tw,ii^ tir 
n 'A 

,elrri,dc)- . , "J-" ' *"*  
"u^-r ' "  

t t t ** ;_.  
lnereexists 

i 'J

\  
, r o  ,  0 , . . , . G  

l r * * t o n  

P  J t * '  '

J*= I  
t  '  r ' ' '  

\
I  r J

?-. Li,.ru:i urlrrL,-i' n1't" 
[l G .r i   ni']utr-r,q -l:r --;:-:-- ^ 

K 
W+J+tf+ . . . J+'iT+} JL 

'-a;;S*i;; 
r

l i iQQit i l i "ving t.rre cref ini , t ion 
"f 

q ,  i t  results:

.,rtb*,'o) '^..
PA '  ' f r * j+u r+ . . .E r roJ l  

j i - ' , " - '  - l&  l u *L  
; . ' ,  i * , _ r \ * ^ , .

l rolce sequerl*
/ / \ \

t s  
' i { \ 4 / =

+

?r e c.efine

3.t

4 ,=-. Kt''

\{^ \'+, r! ,.JL



I
1 \ d r : l

n_I r "+l*.p-n-l"oi
i

t7 1'r I

n- l  I  -on- l *n  
"_J

the foruula
rl x

. ^ . l
lYo= I

L i r

S'rom ( 2 " 2 )  ,

on

, ;l ̂ tr I ['.-'q, ,l
,".-rl " lo,,-r\ 

= 
t d,,-ro, I

ti.

=({.2t 0q, ft.) , (

$o

,

c.uc
f r

l J
I
I
I
l o
L

\  i i ; r  -* i
y '  t t  

n-*tI I

by in

a ,  a 6  

t

4 ) amc.

conseguerr t lY n

-  ( 3 " 3 )  t , [ s 0 n - ]

then r wB Prove
f- ' ,-ll
I  ,J.,  ,  U\ o
\  " o  \ , . ,  a( 3 . 4 )  
\ ^  \ o o o "  

i

L o ' rr.*1J

U s i n g  ( i . 3 ) ' ( J .

a
rYe def ilre \+

(  3 . 2 )

and.

Theoretr i  2 .2 ,  t l re proof j -  s f  in i  shed. B

, )t ) r '" 'rhere
t J ,.r

fine lv*=Jfi tnen
- l - l \'s-qil 'h, ir)
o 

l *o

we have

k € e+ , ( k, r i f ir),, =Q' r  ,+
=Q so J e k^=C,, and

" o *

cess ive ly  ob ta in ;

nsioa of t /  ,  lV e clef ine
+

' i x r y ) J  =  ( J * x r Y )

1l fu -space (see [ l tJ )  and. we ce

,h )J ,  =  ( ln i v *J+ !Y+"  .  , t roh rD= (o i

so '-o 
I f,r, =f t*o 

.i 
tl

o , r r ,_ r l  L  
r  * l *J

f ; iequently, t , l i* iV*=J* " Then, let

F i r s t ,  ( k r " ) J +  
. o r ( ; r o O o  

r h )

e triangular forrr af it'n Y{e sllc

. . =0 arrd.

Yr?f  JC= k+.
vre can otltain the irni tary ext e

[ r  ,  o l  t  o  ,  r l
I \orx*.)\ ,_. I
Lo, 4oo J l I5,r  i

J , .
KY r "s  a

( 3 " 5 )  ( i ' i i l r i

I r
A , *  1  " !A s  l i ; l

I
L

.+'l'- C Y
uunJ+ui 'n=d+t  con

fcr n)r 0, h€.ff .

ko=O ; usi'ng ti i

k l = k p E r  o . = k , , = . '

( 3 . 6 )

As in I 13]

^
wreG=

Gr {'(?, ft. ) -*' {" 2t g- ,$( I
G = re?"

r'
\ { -  1

,/x' \\ X J :  \  *  }L

ed

(}I
c. 1

tnen



a 4
- t  { *

n J

end
A

where J= I B J,* G f ; if we d.efine ilEJii , we have-o

* n O

B ' , ! Y

("tz (?J , ).1 ) where ( x, y)r=(;x, y)

( i ' rnhrrr) ;  = {  **1*o*Itn, i }>, h e, k re' f {*  .Jt  = L .s  n ,  r I

lvil l be transparent since j-n the next sectj-on we rvl}}j r iOIA

creveiop orti iogonaL polyno;ir l, i : i , ls in 1(-, .

Y OH,S0ii9ir;t }0,t{iipuLljlt li'i, K-

rn tr ' j -s section lve ccnsicr€r t tre polynofi i ials:

, Ink<..fl (k) , l,*r) o

n rr$
\riJ rV *J

W =

aef*ne f,Ii ovr r we

anci 'Jf is a

ext enclin4; TJ +

( 4 . 2 7

( 4 . 1 )

vrhere

( 4 . 3 )

(4+; r )

'1

\
\

n \
i t ) ,  (

I

I
\
I
I
I
I
I

L

g

-i-r , . 4)I  t *  space co ta in in8 
- 'L '+

y L , ' ' .

ancl

is  a uni tary operatof

so

?

r v c

o o \A:- (tQ

t n 
( z) =ir.,ozn+r*, 

n-' ro-r *. " . *j,rro

with t lre f  oU-orn*ing plopert ies:

( 4 . t )  t  o ( u ) $ o Y l  z ) - J s
\,t -o

{-(z) Yrf f(  z)=a
^J

fr,( z ) qr 
* YI( z) =r

o 4  k (  n

n l o

\,J =
n

\- o t

\,
v 1  ,

J.

i

c:-n

.,X
"1 r '

U ^ t
{J

, 'rl
t .

s o l
(: l=n;: .  iu ext,

tne sysi erir:

a o

1t

t

lYe  observe  tna t  (4 .e )  e* "nd.I'rodi ( 4. i ) rve lrave {:o
are equival ent wi tir

( L r r o , t r r . '  , . o o r , n r l ) d . , ^ , \ , "  t  '  0  
I = ( o n , f ) .

L o , I n n \  
- '

4.,1- t't.!:kggg."r0ri rire f ollowing relations hol ci.:

trrro= ( v!li.r. t "r]t ur,-tuit*;1 I =- o r I J r o

anrl



il+i_r **,1*{ r. T \ t' ,"} 1- '-TT '' ,,2,\ol :0 r r  .  .  u rn, 
f l_1 l  =-h 

t i t ;*S^*oun_lftr_l

- 1
J l &* n

\  ̂ -r

[ .

[-,-.r
i . r . r *  ,  o

-" t-l_-,*11t",>r. ;k*;\ ' Jo
*n '1 arun-]r'n-l- I: ,.,

l L ,  ,  e
i
t*,

1 . r n 1 0

. , -1
t  .  .  e  r  Uat, rO

piis03' Iret LtrJ sonsicler trre strs**u:;

end usin6
3 u " 9 0

Fut ,

then

i,,o* *iln; t u;t u,r-toi t *;:

ancl
t l D - r ' l f

i l r=o r  c e r  r  L*r  i l - '  )=- J; ;D;*d;*

and t l re  t res i . . rdr l  re la t .Lons fo i ro l , .J - 'm

, :
ldolr ', lye c,cflne ti ie polynoniip,l$s

A /- . - \  ; "  /  \  -"1(.-q ,  o ( u J = I '  ( F  
1 ( z ) = n * * t t * o

Ir 'e ai so cief j-ne the polynornr:als :

0 17 r-\!,
( I r=nr  .  .  6  r l *n) ' -J  r r* (oo,u I )

( 2 . 6 ) ,  r '  - 1
$  o  \ ; I r

( I r r r u r .  c .  r L n n ) = ( o n , 1 )  
\ " " "
1 o
I
tt-

r-,
I

,,,*r \ u;:t, -unilru**it,rt
"3; I

I o , Dit*;t

o

fi*{ 
*, Qso '1

V*( a ) *Rn*rrn+Ro, 
r-1"**1* " * " *H,rro o  R n s G * ( f t . )  i ,  R o r " > o

vsi th"

( + . 5 )

( 4 . 6 )

( 4 . ? )

(  4 . 8 )

the fo l i -owing propel t ies:
n, F r-"r

{ ; ( a ) $ o Y  o ( z ) = J , . ,oo

( o n , r ) .

Q t t s ) t l ' * q E ( n ) = o  , o < k (

?fit") ry*?* (n)=r , n) o
fhese poryi l "olr ia l  s rv i l ]  

,sat i i l fy t , i€

f ro , o I{*n,...,R+ 
%[',"n*.\ 

=
{ \ J  / v  

b

t

re la t ion :

o n * Q *
t*t o

*1 -- ' ' l
t-o"- l

I

' oo '  o  
F*- t \  

- t :  , . .+ ' {

o '  r n  
[ - t  " ' o ' J

. . 1 0

. r Q S

, Q n{r) =orl:;}

-  F .  , - r  *  ; F . '  / - \  ^  4  , - . t ^ - 1 ^ - 1we q .er ' l_ne  \ !o (z l= . t  r  v  r " (z )=Qq { , . , (z  jH . .Qr -

aJ
and is easy to eee toat R.,,=l-,, wirere d bas tlr.e same rrreaning as in- rtll &lll

'i



ti ie

4 . 2

ci"ef ini t e

:tnii0llE:r,i

*l_ 5*

c&se ( ro#r* (Gr n .  o a r  G-)*fornular ( t ry,  .  c . ,  df  I-  _ 1  "  '  n  . * 1 ,  
L t -

the f ol lovring f ormulas hoL cl:

Q,o(z )= l - ,  0 ,  ( ' a ) * r , - , { ru ,  ,  6 " ,u  )= r  6  t \ r , )=z* iq  *J*
:  

* 1 - S o  

e J d i  
l * ' - t * u  " $ o * 1

(4.9) &o*1(,  )=z &r.(r)*rrrol*; fudui,D*.; tQYCr, ,  n>l
(4. t0) 6 **  r( i l * ,zE * (z)*e$' ,*)r ; ]u; t* I rd*u*{ , n . 7 7  I ,
' i { r "or  a  po lynor ida l  p  o f  c legree n  v ie  use the no 'bat iog ,  p@(z)=

s l *
- "'rlT' l' .h \q ' r  r r \  - e -  /  t  T { z ) = P  ( Z ) ,  )/'

if,- lv

i ;RogJ' i ie denote e rr(^) *ur'o rnno . . *Crro, &rr( ") 
#* orn*. .#r_,rr"

us ing  t r re  resu l ts  es tep l i shec l  in  sec t ion  r r ,

o(i l  and

Having the recurrence for:; iulas in Theorem 4.2 o we cen state

now, the analogous of tne Christoffel-Darboux forraulas.

4.3 iitEt&4j.i The follor.{i"ng forraulas iroldl
{ . & . *h4 .L r )  (1 -z  j ) (  go (z )Jso{  o tS) *  F  f  o tz )  t sg l l=

.-.9r ':O - !.= (r,*1(z) f ,r*.t3)- yi*.(z)y rr*r(3)

' r -

( 4 . tt ) irrr]ri;r,-.',{-=\ 
t'o t'it u**,:-:!'-rnolr u"-r ) G"d*-tDt 

\
L'';1zun-J*-rnt;l2tr*1r zn*rGrd,r*rul

i jy lnciuct ion r wo prove tnat r 'or nZ l ,

( 4 . 1 2) ' o*r dr *-t 
-liii*ilt"lt zo-L=Jj".,lr;1u*l-,

then, iravin6 also iroposit ion 4. i  and -brre forrnulas for Q
d
q  , r ( z )  ,  i t  r e s u l t s r

crr,= -irl *f_, *lu;l_ I l;i .

ti ex-i; , ergain by inciup ti on,

, t !,..-oj I r,,-,. I( 4 . 1 i )  u r r - r ; : r l t ' - - ^ l = t r , n - i \ r  t
I or,-i J I 

u"-o 1
conseqlle]] 'biy, by *. d. ire ct cori iputJt ior r

( 4.t4) c'nI, k=cr, k-u'4;+,.rd;*D;ltf,n_k+l
a r r . a  i n j - s  i s  exac t i y  ( 4 .9 ) ,  F3

and"

( + . r 6 ) ( r*,-t ( q.,( r)r* Q1,,s,. f: Q *( ") q T,S, ,=



^ @ . .  - s r  
^ Y  , . v t

= ff,*r(z) (-o*r(3-(o*1(u) Y o*r(lJ .

PITOOF 3i a direct computation:
\r 

- 
nA* rG) *

(4 .17)  Q. lzp? l ( " ) r roYo( I )= ( :1 (z ) f ; (3 ) - \Pr (z ) f1 (3) .
'

Shen, usi-ng tire receurence fori lulas (4.9) anri (4.10), we proYe

the  i den t i t y  (  f o r  n ) I ) :
,  t : . , , -  - .J  (Rl  + ;a\, {tt | )K(+.rs) V:; ;(")Y". tG )-  pf r tz) Y,,nr()=

^,.'gt ^/[t..- . *- ,.ts= YIit z) {[(i)-- Jf;( r) .fr,(3)

and.  (  4.18)  for  k=I  r  r i r  or le obta ins (  4 '15 )  .  f f i

restr ic t  ourselves to the scel lar  cerse* '  $o ,

end add ing  up  (4 . }7 )

Froru nCIw ol'rr we

. 1

consa Qer

( } t ' =
\' 11"

sucir that qY 
k

t ive squeres

t - - ,1,
[-J n\ n=o we a

tnat I af <r f
l* 1"

q  , r ( z )=z  A

we

nedai ive s

.  Accoroing

a sequence

?, }'ro:n fire
* /O\

/-., \ly , \
r ,  t Y  ' ' ' l Z ) "
rL  , I "  n - l . '

f t  -1  ,
I
I

, ' . 1

\  6 . ' ,
l *
I

i *
L sn'

h a s W o

.{"or k} r

s  so  c ia t  e

$r  Y) ,  r+

r?*1 t i l4

U l t  . . .

* 1 ,  o . .

, srt "l

t **-t 
\

r -1  l

'  n 7 I

quares , k( r *rr#o has )L

!fo*

ne8a-

to

_ s$ t

s 3

t o

o f

orel

e n r r o r a s u f f i c i e n t l y

,  o l
I
I

'  r l

sorile infornation on tiie

T i reorem 2 .2 ,

cornpl ex nu:rrber

t t  4 " 2  i t  r e s u l t

the f arnily
i*ca L such6 n\ r t - l

r f i t l \ -t Y 1 \ z ) = z + 8 L  ,

The next  rcsul t  esta i ; l is i res tne expl lc i t  connect ion

between the ort irogonal polynoniafs and di lat ion( for the d.ef inl le

case see Lrz l l  .
F r / \ t (

4.4 I 'ROlOi i l f iCi {  -b 'or  n7 }  ,  Q , ,  
(n)*r iet (  z- l t l )  ,  \ idrere

=PC'* ' 
i'*P 

C 
-" 0

*l?.098 As in the t icf ini te case , by t" direct coi lputat ion. qh

large

and trsi:o6;

Eeros  o I

e .

b

U

e

(

J* De irie signe*tur

fo* ' q [t
',"F I lo, \' n r r L o ' , 1 [ ' n = L

Prop o s i  t ior i  4 .  4 w

trre poiynornial s

Le t

n ,

o f

t

I
r l

Cgl

tr.

k

0

n

) "

t-n

*)

,

i J
I
I

. l

' l

. l
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Let ue gonsider the function
c'F/,  .  "  .  *  n
Y (z)=1-2 L- :  s -L*'"\. \

r ' - . ' 1  \  f ' /t i leri. (Jeiz 6"2 in LelJ ) , 
'-J is 1rr t lre clrass Cl ond is irolor.ror-

phic a.t 0 ( the cltrss Ciis defined in[,]rJ as the set of the
/t- L
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' i i  r  ' ' \ -  qY r ' : t  1

c,,1 (2, ( )= -iI-?/Z;+'+t- has ,L nedative squires)'J  '  '  - )  L- 'n .1
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4.6 l rJ*  o i i t lo l .

r.---l : !1 ( z) -(Yu. (z)+Pr(z)'''r 
\'/')= -:----=1-

t r ( z ) ' ' + n  ( z ) + Q r ( z )

P11Q0rr lhe Schur analysis sirows tirat tlie cor,rputa'b j.ons are as in' ibhe

clefinite case. Co$pa.ring tne d.eveioprrrents around 0 we obtain the

desir'*:C., foriaula. Ul

r .  r *  *  z
t ,et  us s '" ;pi :ose urat 1o4d-S-e l ' (J l ' )  (  that is \  t i r - \e*\)*o) ano
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let g ba trre outer funct j-on fuctorizing tf , g the outer function
,ar

factorizir i ;  f f  (  F- ir  i . :e posit ive roe&sure on the unit circle
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converges to ,  con$equent ly ,
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to.rr]- " 
t+n= g- G -
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theorem { .1  ,
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ancl  ls  eaey to  see that  the on ly  cholce i "  go*1(r )=*O ,  er+2=. . .\tt(rr. . = 0 .
f ' ,  . r' rne': p&per t 5 \ rs more elaborate and ls connected. with t i le paper

r .  - 1
LtaJ v{nere toe c&se z=0 is considered. For this case,

' , t .  3 ! '  - l t
.  .  4 .  

h(1 '0)=-1lnd'et( l -31,1)  wi : rere ur , r=13r.  uor 'n" !a
( see \5 I ). This ;eoraetri.cal varirirot leads to an opera.bori_a1
veria,t of tire problen (.see aleo [s] I and to sa$e considerations
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that
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t )  .  .  .  ;  i f  83 --+,;c,  t* :€rr

c(O)"-* '*O .

!

i

iras 7t- negative sqllares end d.efine the sei
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