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Abstract

F o r  s y s t e m s  o f  c o n s e r v a t j _ o n  l a w s  |  ( t . l ) ,  ( 2 . I ) . ,  ( 3 . f  1 ,

4.1)  ]  one d iscusses.  the mannex.  j .n  which the number of  space

dimensj.ons andr/or the number of equations inf luences the

s. t ructure of  the set  o f  concepts/ rest r ic t ions connected wi th

t h e  l i n e a r i z e d  w e l l - p o s e d n e s s  ( s e e  a l s o  I  r ]  ,  I l ]  [  g ]  )  ,

M o r e o v e r  ( s e e  [ 4 ] ,  [ B ] ) ,  t h e  r e m h r k s  o t  5 {  3 , $ s h o w  t h a t  i r :  a d i a b a t i c

gasdynamics 2D in  space,  i t  is  poss ib le  to  formulate,  for  cer ta j -n

equat ions of  s tate,  an 
' (exponent ia l )  

cr j - ter ion of  l inear ized sta-

b i l i ty /wei l -posedness.  Thi -s  cr i ter ion doesn ,  b  r ,vork ( for  i -nstance )

f o r  e q u a t i - o n  o f  s t a t e  ( 4 . 3 ) .  f n  s u c h  a  c a s e  f h e  p o s s i b i l i t y  o f

l i nea r i zed  s tab i l i t y /we l l -posedness  shou ld  be  s tud ied  by '

s tar t ing d i rect ly  f rom the so lut ion.
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L. Linear izcd probJ-enr for  a s ingle conservat ion law, lJ)  in space'

1.1,  i r fording up of  l inear ized prob}em. -  -

L " 2 o  D e b e r n i m e c y '

Lno). l, inear,j-zecl sta$il ity. Lir.tcarized vrell*posed'ness.

:

2; Lineer ized problen for a syotere of  eonservet ion. lavfsr  ID in

s p a c e .

2,L,  t /orCing up of  l inear ized prcblen'

2,2.  Det*rr : inacy.  J ivotut j 'o i l i l ry condi t ions.

2 .3 .  L inear ized  s tab i l i t y .  L inear ized  lve l l -poaedness .

5 , Linear j"zec1 ploblcn f or s systen of conservetion laws, 2l ' in

s p a c e .

'5 .L , ' , lo rd i ry ;  up  o f  l incar ized  prob leu i .

5.2.  i leterainaey. €volutronary cor ld i t ions o i

5 n ' ) ,  i ineer ized stabi l i ty ,  L inear izcd wel l -posedness.

4, Lir:earizetl^ proble=r: for tne system of cor:servatj-or] Lav/s, 2) in

space, of  aei iabat ic glasdYnanics

4.1.  i ' lording up of  l i r tear izccl  problem.

4.2.  Ihe elrprc€is ion of  c l is tor t ion of  the c l iscont inui ty } ine.

4 .1 .  L i r iculrze c i  stqbi l i ty .  L incal ize d v;e} l - t rosedr iess '

1. Tire (.exponentiul) instability cliterion of Nyqlr:tst' and Erpenbeck'
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1 o LIi.llliililz,l!.i:,,!0e,1$::ig

.LAi';r. l.D ill $P/i'Jil

I n I n',dol{ilg'-*-q.n of- I j.IleF,tizc cl J:{gblen

Let us 'consj.der tire Rieilarur problen

? r i  ) f ( r " r )  r "  n' ( 1 . 1 )  
S + # * o r  

* o a 1 x 1 e ,  t t o

(  u o  f o r  x < 0 .
( L " 2 )  u ( x ' o )  = {  e

t  u , '  f o r  x>0  . i

lvhere uA {ind ur are cCInstants, ur 'f ue, and f" f O on a certain clonai-tr

in which u ta.lces values,

A cl iscontinuous solut ion of (1.1-) sat isf ieo, at the pointe of a

discontinui ' [y l ine, the relat ion

[ r ( u ) J  =  I  [ u ]( 1 , ] )

wirere [ ' f (u) ]  = f ' (u")*f(od],  [o] = ur * u, and xr d.enotes the speed wit ]r

vrhieh the discontinuity propagates"

It  is l , re1l-kn9wr: ( t7l)  
. that 

(L,"t)  is a necei lsary condit ion and

then l.ro have to inpcsc adrlitioriaiiy to the piecewise constant sol-Lltion

of the Itisuann prob3-en, accorctring to t]:.e metho{ of characteristico,

the cor:rlit ions of cleterrainecy (through initial data and jr.mp relatioq)

f  ' ( u * )  <  D z  f  ' ( u r ) .

i 'r 'e call (1"4) the entropy condj.tiong oS l,gL(CltL)

Jn the .pcrturbstion tireory lve shalt prcscnt hereinafter in thls

paragraptr,  Lhe afore-rnen'biorred (ci iscontinuous) solut ion of (1,1) ,  ( I"2)

plays t i te parb of the "zeroth order' tn

Let s be a pi-trancter of the problen, small  in comparison l ' ; i th 'Lire

. cor.]stapt eta' tes acl jaceri t 'Lo the cl iscontinuity and. also sma}L in coinpa*

rison vrith the i;ragniiucle of ti:e junp through discontinr-rity

( I . 5 )  O  < t < < l u U * u * l

In a pcrtr-rrbeti.orr th,eor.v" to the initial cl,sta
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for x > 0

f fir,''t *)
( 1 .5 )  ' 10 ( * )  = {  . ' - . ,t  E  ' , a j .

( uro( 2I)

the hereinbelovr solution coruesponds

( 1 . 7 )  t l ( x ' t )  =  
{
L &r(x , t )

The d.ata (1.6) evolve acc.ording

'  
*+  a r f i u )  

'S  = ,
I  a r  ' - . v

( t " a ;  
i l F . a { f i " ) $ = o

where lve denote a ( u) =f t (u) , and on' a

rela 'b ion
? 1(1.e)  r ( f i1  l -  -  r i f i l  l -  =  f l  "l x=0+ lx=0-

obtained froa (L.7) is sat isf ied. ry

x-l

e e q

> 0

o f d

r 3 , tr u  I
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1 , .
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e o f

r l r
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piru

f o r  x < 0

f o r  f r z O

the junp

| =fr,,-,,(r) '
I t *  

v

2 e
*  1 T

v*.  "g '

? 9 ,
# u " '

s ,
v ' ( t )

i ' t  t )

rhat fiuo,
(1.11-) ar: .d

vlhere 
2,-  -r  r  e lU ( x , t )  =  u ( x r t )  .

. For separating the first order in E vie shall assuxle
g e e €
TT TI T1 tP depend smootirly on s , t l :en difYerentiatet r "O. t  Yg r  uy t  '

(1"9).  wi th respect to a an'J ta i ie into acc;unt

r e  - - l  f e  - 1

L u n , " ( x n t ) J e = o  
=  u r  

r ,  ,  L Y ( t ) J E = o  =  Q

d-. [ , ' ,r+ +r] l  = tc; l f t ,  *=[$rt l l  I  = vri)
E  L " \ i i r  r , r ,  

l r = O  * e L  -  
l € = g

, $; [$oc*i]
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J r  r .  v .

(  t .  t z )

l ' t  " 1  ? \
\ I c r . / , 1

where  , ie r "  =  * !our " )  *  t ,

(  t '14)  f r (5: ,0)

of i on c " It thus results

-
- f \ v t f ) ,-  W g  ^  \  V

-  n  . - -  / \-  V;  .?\  7 W

I '  l I

I I

i n  (1 .11 ) ,  t l t e

[  > ? ,
|  ' x U ,
l r + t r
|  " ,

{
l  4 . .
l * U ' , . ,
t ? d  

L

- 5

de"lrend.ence

+ 4.,,

'r .tr

7 ?',
v;. s

) ;

?>r 
4

orT,  +  [u ]v '  ,  for  I  =  0

and

e  /  - t= f ro ( t )  n  xe  [ t ;  Y(0)  =  Q

follorving (ellowed) orders are obtained si-
I

Tlre equations of tire

nilarly.

D6fIlIITI0il_1!l-" The probleu (1,12) -( t" t41 is cal led l i rg_l igggqa*

,zg_4 pgg_qlgn associatecl vrith t}:e Rienepn problem.

L,2 . !qt ci:l{rl w u

$ince vre have i;nored - to separate the first order in a -the de-
.  t a  t rpendence of x on e in (t" t t ; ,  in the sol-ut ion of the l inearized problen*

depending' on the nertnre of ini t ial  dgta-secular terms wil l  appear.
#,alt'

Therefore, ss 1'r6v'show throu6i: the theorem 1.1, the metirod clescribed

in ' l  I  t t l inear izes[  -  Et  the f i rs t  order  in  E -  the prc ib ]em ( t .g)  r (1"6;* I l  4 a *  + 5 r r v q .  t r , . '

only for certain elasses of ini t ia] data,.

Let us eonsider .the class of initi-al data

(1.1t) €A=Lfrolfrro ar:d frro *"u 
"*outh 

functj"ons vil1th corapact support]

and, corresponcl ingly, the class of f 'ur:ct ions UtX,i)  'wrth the propertres

(a) for each ie [ t ,  f r  is a Laplace origina] (abbreviated S-q] with

resoect  to  { '  ,

( b )  f o r  eaeh  t .<

supi:ort with respeit

Let u$ deno"Le

( ] .15 )  €  =  { i l , v  I  f l  v ; i t h  t i i c  p roper t j . es  (a )  and  (b ) ,  V  i s  1 .o  } .

For clata in fO r',re shall sce.[ tn € for the so]u|ion of the lineari-

zed prob].em" lYe shall thus srippose a certain type for time growirg of

&

. l - n

o ff, and fi* are snooth fr-tnctions v,tith coiltpact. L I -

X .
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the solution, *nci the s'Lu'1y of tire problen viil l slrorv that this i)$-

sumpt ion is  juot i r iec i .  
t i

Applying t i re Laplace transf 'or in to (1.]2),  (1"15) and putt ing

L - \ .- r r?rr = (*7.-*t[ A; ,r,lc frndl l x r o )  = I . , | f . ,  " -  
+ * i -  

0 L r

( * r 3 k  * r f i o - f i ^ = o  f o r  i l < o
r L e U

( l " I ? )  {  
. i  

R e a > a
I d T I J

L o * T f  * r t i " - f i ' * o  f o r  E > o
* d x

( 1 . 1 8 )  a r $ "  = I , , s f i e  + r [ u ] i  f o r  f r = o

Thc solut ion of the system (1.tT) can be represented forrnal ly as

( . . ,  t  ( r / i , r )E I  _1r7*2)fr .

l l  $ r (0 , , ; * ,n i t  Ioo ,E)e  
" ' " "o r j *  '  ' l - ' { t  

,  ro r  r<o
*(1 '19)  u( i 'or)  =1 

.  f^ .  @/; . , . )g I  -@/ i i - ) f r
I  l - . s

I  l t i - (o , , ; *A; '  (  f i . , ( i  )e  '  a l le  r '  
,  for  x  >  0

L L '  ^  , o  "

In orcler to c1i-v ic1e, fo lnal \ t ,  the cotrs ic ierat ions conccrnirq the

rvel l -posedness of  l inenr izecl  problen into parts ref teet ing the exten-

s ion  cor respond" ing ' to  the  pessage f rom $  t ,  th rough $  2 ,  to  i i$  1and

4, !, ie shal.l j ,ntroduce hereinbeiow 'Ll:re cclncepts of cleterrninacy (thrcugh

the ini-Uial ciata and jrunp relations), evolutionary conclit ions ancl

^ - l -  n l - i ' l  ;  + * '
D U er L,' J. *L:L VJ r

In the context of S } i  the exposit ion of these concepts is tr i*

ViaL and v.ril l be u.se d only to support bhe analogy considered at page 2

Let us take

( l . a o )  i \ u > 0 ,  j i " < o

in (1"19) and putr corro$pondir igl-y, the coeff ic ients of '  **p[-(-/ t^rg]X)

and exp l* i 'uft t)  fr  ]  equal 'bo zero

|  : t  r " -  '  * L ' f *  ' / \ '  
( ' / i t e ) r - -

( r . . 2 1 )  l u u ( o ' o , , ) - - e ;  
{ o o ( r ) e  

' d u

I  -x F (r/*- )B
I  i i  r ' . '  . . \  . * 1  (  x  ( 2
t  ur , ( '0, .u)  = - , r " -  l -  uoiS)e dF



The re le t j .ons ( l " .Z t ;  &re

conCet ions (1 .20)  are ca l le  d

di'L,iono are fulfi l icd u,e $uy

n,f  i te n

rT
i r
I

cal-IeC re.I:1t.iro*s. of_c;ists{!-lj:n?cy n'file

conartiot:s of detcrlriuac;r. l:f these coit*

ttrst the }inea::ized problen is {g!qfui-_*

iTe shalL u

( 1 " 1 8 )  t o  d e t c

Tlre formal

sge i-runcd.iately

uarryrnt ( l

( L . 2 2 )

I*Yon (1.18) we

0ns

nKno

lr n r'l

hcr  , l

lIIrJ

2' l  \* * t  I

l  l n

ib

.i-h

t

t

o t

. L

(.; I(:

Fri lif,

t 1  c ^

a *

l - . 1
(
t
I

I
I
t '
I

i f

n n

* h n
v l f l

rl r:

'q/ l )

( r

tno

the

rlr ln a

?ti
into

a\ f t

:r_ _i"

t

r: 'l'lr

, - i , . ^
i]I JJ. J. Ll

proc

\  n'F'

2 1  )

"nin

Y

c  / i ?

1c ;

u

(1,21) ,  together  v , r i th  the ro la t ion
+ f # x

vms l l r (Ot , " , )  t  U"(O,r . r )  and.  y( - ) .

hereinabovo becomes (as v,re shall

a ta  are,  for  ins tenee,  in  €o"

obta in

n e t ) r  x < 0

, ' r r f ) ,  i t o
U \ x r T /

1 - 1  Y l l f*  r r r u  t by \ 1 "

fro

[  \  A d  \

\  L . 2 2  )

vrhicir givea

\ L o 4 1 f l

-"[*] iq';= lSi,n6,r(*Aur)-A" fro(-l i"r]] e-'o dz

-rlrt
1  ( '  N

Y ( t ) : * * - r -  I  U ^ ( r ) c i z
["] _iul 

v

?ron (L"22) and (t.a4.) v/e see 't l iat for cirita in €o t:ne sol-ution

of the ] i r rear: lzecl  proble:a c loes not contain secular i t ies" 0n' t ,he other

I :and. r  . l f  f ro { , t )  =  cos :d  in  (1 .24)  then fo r  cach {  oo-  v . rc  have

-  l im v ( { l  =  i { (  en- r r ) /  [ r - r ] ]  anc  so ,  fo r  l k l  a ,  g ,  the  r ion l ineor i ty
k - r  O

slinlis even fron tho first orcler anci the proceclure of isolating the

} incar, ized nroble;u is noI j r - rst i f icc l  nr ly i lore ( in t ] re cbcc.nce oi ' i ts& * + * v q &  i . t u v s  y r

unif'orm va.Licli'ty) for { ^,0 ( t*1) . ,$onething siruilar happens \,,rnerein

thc da'La do not t ,cnd qr-r ic l ; ly enough to zero when l fr l  *+-,  because

ir: tha-L ce$c tnc La1:lecc i;;iages r, [fru(*inr)] snci,/or .LF0(-i'rrr)] ir:

(L"z'i) hrve a sir:gulari-t-y in aJ = 0n

Rlrfi{"P.Ti l- l .  ( i )  Fron (1 .5)  r ,ve c f , in  sec tnat the pictr-rre ot' f i i1,

l l

lur . -u€l  - -+ 0 -  f ron theI b carurot be obtained ae a l ir: i i t - ruhen
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picture of f ig. l  ad t \  relat ion can bs establ ished onLy betiveen the
(

zerotn orcler* of the r.vro pictures i:ecause the sulall par;uneter of ti le

perturtlut,ion cxpar:sion r'*trish lcacts to the linearizatj.on in fi6"1 b

ie  i ree  o f  r ss t r i c t i a r :  (1 .5 ) "

( i i )  fhe detcrnirracy colrcl i t ions t ,1"20) (associatecl to the f i rst

orcler of tire perturbation thco::;') c;in be transcribed

(  r "  251 a ( q r )  <  i ) <  a ( u a )

(L ;Z+)  v rc  see tha"b

of  d is to r t ion  y  de-

and so they -cj.+nq.Aft. 'rritir CXL (see (J".4)). from

if these condit ions are ful f i l - led thc evolut ion

peird.s on 'b,l:e data on the rrvho"te I axis.

I . 5 . l, j;L?_ar i z e d .p t g!j- I, ity, _ Iij,+ cTtl.ig p d . r,igll-p e g,e5i n-e s s

IlUIliIS,Iglg-J*?. A sohition - consisti.ng of f itncl Y - of 'L,l:e Ii-

nearized problen is callecl stqbl,c/gg;€pE if it is kcpt bouncicci./

6rovis bouncllcsslry lvhen t * * , ,Te $D.J r correspon.JingJ;y, that i;he dis-

continurous solution considere<1 f'or the ltiernann pr,oblex i,s (finea::ized)

Hi*:q$; -?p- ".?f ]j"l1q
us c:st'cncl nol'r, in case of pJslgtq

of $ 1. Tiie Rj.unsm problern takes

fulfr]-led then the l i- '

in ihe c lass fo

of conservation leil 'rs, the

then thc forrn

sr tnh l r i / r r r rn ta l ' r le .  T i1c l i r rear izet i  prpblen wi th  data i r :  t fue c lasS i ;  ise  w v  t J & v t * U

said to be well-l:osed in the class 1( if ( it a"t,tacl 'res to eech eleruei:"L

itr II,-,, a unique ancl s'bebl"e solution in I(, [hat i*,) it, is cleternincd.

and stable in K.

?IilI0jiU,{ 1"}" If the eonclitions (1.20) are

ncar" j .zed nr .o i r len rv i t i r  data Ln €n ts  v ic l l -posedr . v q *  * a v s  f / *  v v & v h r  v e  v ( 4  

v

{ , r c c o r d i n g ' b o  ( t " Z e 1  a n d  ( } , 2 4 ) .  F

BXI$IK_!,!* Ti:c irypotheses of the theoren 1.1 cJo not i.rnpose on

* h a  r r : r ' i r r n  r 1  r n r l  i r  l r r r ' f  - l - h , :  
O f C i C f i n g  f C S ' L , f i C t i O n  U "  1 U g .u r l v  Y  q + u u  t t  

e  " t t u  
u T  v u  v  v 4 4 v

?" LINEARIzEP PBoBLEIVI OR A. SYSJEM OT CONSERVATTOIY LAWS-,

lD IN SPACE

2  . 1 o

'  l v u

results



# . + f f . * 0 ,  
- o o < x d o a  ; t > o

I  v n
l v

, " / * ,  n \  JL { \ ^ r V l  . |

I  r r( * r

wllere u and. f are vector f.!nc'tions vrith n eoirponents end. uZ, u" are

eonstan't ,  arbitr i ; ry ' , /cctcrs, ur I  ug

L.n 2"1*2") 1;e shal-l supi)o$e tl:at ug, Llr &r€ sufficiently cJ.o$e

in trtl] ancl so related (see ler.*na 2"1 here in heloiv) that"bhe solution

of l l ienann problen shoulcl  contain onlJ a j-shoclc (t?])to6ether v,r i th

t l re  constan ' t ,  rcg ions nc l jacent  to  i t .  T i r is  so lu t ion sat is f ics ,  a t "Lhe

poin ' t ,s  o f  the c l iscont inu i ty  l inc ,  the re le t ions (analo; ;ous to  (1 .5)  )

* 9

( 2 . 1 )

( 2., i l)

f o r  x c O

f-o:" x > 0

( 2 . 3 ) [ r (u) ]  =  I  [u ]

It is .i,re11*lincvar (t?]) L,hat, on the considerecl j*siroclc dioconti-

nrr i  t r . r -  tho r ' la ' f .c r . ia in&cv cnrr r i i t ions Cf t  (1 .4)  c .an be extenclec l  ss (  1r a u &  v d  t  v r r u  u u  w v *

are the ei .genvalues of  r r iatr ix &(u) = (?f . t /?u. ; ) )

(  l . ( u . ^ ) < D < 1 . ,  c * r l
t J r ' . ) c

( ? . 4 )  
{
t  ) .  -  ( u ^ )  <  I  ( 1 . , "  r ' , '  \
\  " i - I \  s d r  \  -  -  " i * l  ' * r '

In ttre periurbation tlrccry we shalJ. present hcreinafter in this

nnr.nrr . rnh t l r is  (  j -Shock) solutron pl i lys the part  of  the "zeroth} J u -  u i ) *

orde r t ' r

i iccorcl ing 'bo 
[2] ana [7]

{fii,[:14.2.1. l,et f e Ce in

the se-u o:f rroctols un r,viriclr.

vritir u, by a j*shocll 1*3r, in

a (uniquc) suooth iurve

( 2 . s )

ivhich is Un-l v, i i th lespcct to

( i) .u^ is not a singuh'rrs

1,,re can forn:ula'be

(2" t . ; ,  G iven ue  e$  a  s ta 'Le  on  the  le f t ,

carr be joinecl (as si;ates otr t l:.e ri-;;} it)

,a 
convenientty close neigi:bourhooclr oil

u  = 3 / .  ( E , u * ) r  ? e  t r _
z D

Y :  t O  ' u , .  )  =  u . .
J ' i J r J

i , rs .rnc1 for wilich

point
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J
D ( r r  \
J , \ \  q $  / (  2 " 6 ;( i i )  ru l  =

dE [?*g

Y"i*

natr ix a(u) )  .

' i i (u) ]u=us
. gradoI f,t "r

( i i i )  $ ( 0 , u u )  =  ) j  ( u u )

(n ie a righ'b eigenvector of

ur* u(E )

the same

have &

we find

t ' i i  s A ? i  + f l ' u l r r l  f o r  i = 0* f  r f  *  ne"e .  l l *_ l l  , .  +

i l t ; , 0 )  = f r . . , ( i ) ,  f r eR ;  v (o )  E  o. V

A(u)  =  a (u)  -  D I ,  f  the  un i t  mat r i x r

2 . 2 . De ! e-Igli ne,.qf, ".- Ev o rut Logg ry S ol:{ {LLo+q

ille suppose that the uratrices AU and A" are nonsingular and heve

d i e t i n c t .  e i g e n v a l u e s  n  X l  . A  
Z 1  . .  o ,  V  

n "
1r'r,e shal_l use here the classes f,r, and.f introduced. the sarae as in

f ind
1 . 2 o

In the fol lowing lve shal l  preeetrt  (2, i)  (aiven ir  *u) as
J J

ancl chooso the lengtir of i so that i 'dradol, = 1.

Let E be e, src.all parametgr of' the problenr, cnaracterized

aF i : :  1 .1 .

The expressions (1"6) anci (1"?) and the notat ions of .$ I

vectorial  analogue here. ]n part icular rnot ivat ir :g as in 1.1

for the linearized pronler+ the fol.lolvjng forn

( l r t , * L , L f r o = e ,  i . o
I  a [  

- (  { a f r .  L
( 2 . 7 )  {

|  2  x  ,  n  7  t  -  n  r - n
l * U * * , . " - u r - v ,  f > 0 .
[ ? t  

^  : 7 x

t lre Leplace transform in (2.7)
4.

(  n d u u  r  N
I  oUV *  ruu  -  u0  =  Q
I u "

1 *
I  A ] T

t  A r j " r n r $ " - f r . : e
' d x

*..  t+ 31. -rrrf
A*Ur= ̂eUe. +.lfullv

(  z .e ;

{ 2 , 9 )

with

(  2 .10 )

and (?.4)  we

f o r  I c o

for fr> O

o : ofor(  2 . 1 1 )



( 2 , t 2 )
&

n ; l

f l \ .

a

I  f  ^  1 r r \I I le $yst euts I c . ru ) a, n1 lrrr nt r'1"v \ . 1 r 1  v v  r r * "

#",r)II + -lr ?
4

} t -

in the fornr

- l  ^  . -1 -x  - e ) A  * ,  f  =  A  * u 0

ii arld P h*ve the saue eigon'vectors elrxl tire ei-
. / \

eigenvalu.es ) of P ancl the eigenvellues I o:f a

.  I .  =  1 =  -  D) - l  1

(2.10) can be (fornarl ly) reirrenented by

. *iince the rnntrices

genvalucs i  cf  A, the

&re related by

( 2  
" L 5 )

it follows "bhat the so lu t ion

c.)

l :
I

of'

. l  .'l

u Y *fr
a 1 ? f* ( -
R . J  L - . U "( ' { a

l-
!  a  \  , -

\ A  7 a  )  i L t g ".i;1 ioocil*Tqffiu*-qnf=n, fr. o
(2 .L4 )  $ (  I ;  , 1  =

\ 1 . L 2 )

atY

,  f r t o

urhere RrL are r i8i t t , / left  eigenvectors of Ao

Let us ex"bend. now the fo:rmal- proced.ure introciuced. in 1"2 (see

(1.2o)- (1 .24))  
"  Y,hen 11(uu)  > ss/zr (u")  <  l  we shal l  annur  the coef f  ic ient

of  e : rp  { -  t , f r . / (v ,  (uu)- rD) l i  /exa l* l * f t / (ar (u") - } I }  in  (2"L$ obta in ins for

a given i, 1-< i( n, a relat-Lon -or' c.letclmlnggy,

D]dFINITIOI.T?,?. ilre oay tha'L the linearized problem is detgrq;.qg$

lf tiie nuinber of linear algebraic equations - l:aving il and the coili.po-
+i- tt

ncnts of  \ IU(Ar,o),  Ur,(Oro) as unicnor ' f f Is ot '  the oystem lyhich eor ls i$ts

of  d.e-berninacy relat ions and junp rele-bions (2.L5) io equal  to 2n+1.

Since at tne zelo r,ind first .orders of the perturba"bion the ory a

11o' l ' .or" ,n ' in i inv relqt iOn Associa-teS to Cn Approachrng (convergent)  cnarac-u v  v v r  d r a r a s v J  t r  \

'berJ-st ic,  we can easi ly prove

Ti l l ;Or l . l l l , i  2. I .  Thc l inear izod problcm is deteruincd i f f  t l :e corrdi-

t i .ons OliL (?"4) i rolc1.

I f  (2 .4)  f l rc  sat i .s f iec l  thcn vrc  hnve to  pose in  (e . t4) :

( n
I "

I t
t . * . .
|  I =a

1 ^
I  r r

t v
I L--
l : - a
|  |  * l

L -

l -  1 1  *  i  .  V ,  . r
n"l l , r ;u*(0,. , ;* l - ," .4; t  /  f io(E)e I  y 

al i  e
0

* l{. tr r.fe

A-U-  =  AoUo +o l l u l l v  f o r  x  =  0
T I L 9
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d H
j '* j ,-,?. friu;trS
i  r i  / n . - \ *  f  . r : , l r [ f i ^ f  q l e  J  6 '  

d gu e , r g  \ v r t r e /  -  '  t . e l r e  
|  

" a \  ) , ,  c ;

(  2 . 15 )

; " ;6  
" .  d  "  "  " ' ; "  oo ' . , ' , *  

o :a f : *
r " g . I Jg (o r r ;  * ' - Le " ; ' ; ' i  i l o (B ) *  "  o

o r v

1 * 1 -,?_ t]-{):I
r - , r "dr(o,ar)= -u i , "n; 'J  i lo(E)e '  r '

a  a  a  a  a  a  c  o  t  a  o  6  t  a  a  a  a  c a

a V

fr.frr(',,; = -i"'u;tifio,, i "TW u,

The relat ions (?.IT ancl (2"16) rualce up a l inear algebrai-c

O:l 2n+1 cqUatiolS fOr 2n-r- l  trn1.-n. ' ,u,n"r.,  f i  ( '  * * i
u . r r i5-1tov/ } ] t i ,  ,e  \0ra) ,  ur (Or( . ' ;  and v o

an ea$y re-arron6elacnt, ta.uing into account that (a-n)L=LAr \ ' f"e
t4'a&t

give toffa's) trre form

* o , 8 .  j
A r d  f t
L t & -  f -  --e

Atru >

cl9

t t a a a a e a a a e t

( 2 . 1 ? )

o c s o o c 6 c a a a t

. J # d
r  t r  1 n  - . \ *  Tt l ' r r \ v 3 < r 7 -  r l r c

I'de shall use the

Ljj$,lir 2.,?, If' ln

by a j-shock ancl &r0

tnere exlst I] w]}q.i"lo

4 nV e;iprcssing, fron thc lnot n
' X '  

/  ^  .  - ' *
n n c n o n *  ' 1 " n  T 1-u(Or.1 ar:c l  *  rvc can : f ind

4)

e o a l t l

- b T -  u
417= t r

h ?1 q r.,ta+  *  {  e  f  t - ^  /  r  _ -1  1  -OU

LeUe(0,  r ;  = 'L ' ' . , l  EOt-  L l r r (ur)-DJzl  e-*-dz= 8s

I  "x '  1  {*  r  Fr  ,  \LrUr( 0 r ,) = r,r " J uoi- L^1t ur) -ilJ"} ****or=. ,!*

t i  - 1  n  . - l  r  - n  *
U"(0,o) = iri ' ' ,rtgUr(O,-; + a,i if,- '  [-"l.| +

leiruii l  2.1 in order to prove

the  l r rob len  (2 . I )  ,  (2 .2 )  ug  and ur .  a re  l in lced

cor lvcnr-ent l l '  c- l .oee, then for the systcm (2"1?)

c  ^ l  r , ' l -  i  nn
i J  \ , , l J -L !  L ,  I  \ - /111

re la t i ons  (2 .1 .? ) ,  i l - (o ,a l ) , i i i t } r
4

* *
U^(O, r )  and Y f ron  the  syr ien

L '

systcn

L. irl- orr

can



JtT- l::{E;B$slir!.,: , :.i-r'.... -. \w

"  
- r I (

. :  . L J

of n+l eouations

' 1.. 1,' s . & f ,

( 2 . I 8 )  
L u ' u r ( C I ' ^ )  =  8 e  k * i t * o 1 r l

S l r - S a $

L"Ai lnr$" {o  ta i+ ' { i "e f r  [u ]  =  i " ,  s=1,  n  " . ,  jI T ' E &

c6tft&t
, A\ /':_

The proofvio an end if, clenoting by a the discrininant of tlre

^ . , ^ + ^ *  t t  l " 7 \  t , ' A  o } ' a r r r  & l r * *  A ' t  ' '  - 1  -  -  f f ' ' - - nsysrea (2.I7),  r?e ehow t ir*t  Af O vr 'hen t[u] I  0 and. u,r ur are elose

enougir.

. tlccording to lemma 2.1 we vmite

( Z . i J : g .  '  A  =  E  A r

'" v/her,e

r  T  T .  n
"eL  "e2  o  "  

uen v

t a  l  a  o  a  a c  t  a  a  a  a  a  a  a  a

J . I  L L

"eL "e2

jJJ

n
T . n'uen , -

(z .za)  a I  =

t

1
$ince L,

j-shock

( 2 . 2 2 )

The fact

results from

HE]"'IARK 2

(z.zr) liq tar(ur) - Dl f" o;t -e#iil = 5;.i
E + O  e

t l

. . . tLg ar.e inclependent we f i . r rd f rom' (2.2I)  that  for  a

l -^  1 \  . - - l

l i *  L l  i ( u r )  -  DJ  Ar  I  0
E + o

that -  for .  u,  and ur convenient ly c lose'-  v le have A{ a,

( 2 " 1 9 )  a n d  ( 2 , 2 2 ) .  b

2. It is easy to f 'orinulate an analog;ue of reinetrl i 1.1(i.) 
"

Yrhen ll"*-*e [l -+ Or the mat:'ices AU ar:d A* beconte singular and in

(2.5) ' ,ve trave [u] --* 0 - t i r  oui ih, usua]]yn lv/ l  does not ter icl  tcr

zero - und ll Uull *r o, llfr, il -* o,

1 " 1 1  1 1 ]
t ,  c-J . , ,  I  r t  r -1 , r  \  / r  , r - I , r  \  r  . -1  U-LE-) tS. (e)
l ! r , . { r  l i 4  1 1  t ! r ^ r  , r e l Z . . .  \ t u r ^ r  * e ) n  t r * r  - €

t r a a  l a t a  o a t a  a n ? " a a t e

- i i - I  . i  - i
, l  , i * l n  ,  , l  A  r  r  , , f  n - 1 ^  

"  
L , - 1  u ( E ) - u ( o )

\ r I o * I  n e l ! , t ' ' * ' .  n e l Z . r e  , t ' . o f  n e ) n  t ' " , . ' "  j

i k' and vre heve , vrlien L il = b r .-,
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nSlJljIIlg:L_aJ" 'lhe reqllir:eicents of lemr:ra 2"2 vrhich guarfin'Lee

that u, ancl u_. fire linked by a j-sirock and that u u"niclue solubion( v

exists for the systcn ( 2.1?) nre called e.vq,fgtlqlgly*Sg$.tlogp."

fr:'bhe context of $ 2 tire set of evoluti.onary conditions. contaitrs

the deterninecy conclrti.ons CET, together with the (possible) dematrd

tiiat u, i*r'rcl u, shoul-cl be closeo Fron (L.ZZ) a1d (t.241 it eppeerr$

that in ci lse of a single con$ervation lanr lD 5-n space, the evolut io-

nary conditior:s cone d,orrrn to deterininacy conuitj-ons (see remarlc 1.'2).

2 .3 " Iinp ar.i.z e cl F3 3 b i }i-tdq_r_{,i Leg r j, z,e d. \'S} l:-l.-p q s e dpe s,s

Accorcl ing to lemna 2"2 vte can express

1 0 4

..rrt' o Y : D 0 /  u o L - L ^ j \ u e i  - j { z } e  c l z + "
o

. . *il; iu" [* [^,r( u, ) -i{ z}
o

" { 
u"[- [r, { u-) -:;]r} e- *'d."

a W t -

e  C l z f

( 2 " 2 7 )
J o "

*il, / io i* [rr( u") *C"]
'  n a

and thus find

: k  I  i  k  t(2.24) v( t ;= +,uu f  f iof . . f t , . (uu)*n]" ] , r r+ ,*  b* f iof- [ ln(u")-rr ]z]dc
1.f!*'J 

o 
r!-r. 

o

1
-G rZ  -  Y

e  c i z J - . . . * o

I t  is  easy to for ' : r ,u late an analogue of  dcf  in i t ion 1.2"

\Je chal-l nolr e:it,cnci thc tireorcn 1.1 by

Tiili0lrtr*,LI 2,2. ff tbe evolutioxittry conclitions are fulfilleci 'bhcn

tire J-ine arizccl problcn ivith data in 6u is vrell-poseci ir: the clas s € .

S i rccord ing to (2.2t)  and" I laar es 'Lr: lates (see f iTr[g]) .  b

')n Lii{iirrltrZii} fli0i3Lr-li FOR r! SySTIIil 0F Cili'l$l:RViiTf0l'tr ilil,l$

T ' r r  a \ : 1 4  r r ; t
J-iil Jr'{'}"vJ.:

?  
- l  

t t l n  ' e  . l' J t r c u t t r y f , ! t ;

J.,e t i ts r iov,/ e :ctcncJ, in cgse of '  'br, ' ;o spacc ci: lm.crtsj-otrs , t t :e coitsiclo-

rat icnc of '  $ 2,

f r rs tcaC.  o f  t i lc  1 : r 'ob len (z" t ;  ,  (2 .2)  wc have here

c)L
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o ,  * r r
U .L'

?r + a-.f (s) *. ?g'ltt)- * s
Z" l ,  ?x  \ r  n ; y

(  " g  
f o r : r < 0

u ( x r ; t r o )  =  {
I  u r  f o r  x > 0

vector func-[j-ons v,/ith ln, colnponents and u

r r r . r r n n * n F . . l  r r o  I  U * , "r - J  v u v v u l u t  , . 9 ,  * f r "

shalf a$$urle that' ug r ur are convenieritly n  I  n< : r s

{ . a ' ! \

( . "s .2 )

v;hcre Lr, f a:r:d S al':e

0re r:onstcnt t: : : ir i '1,:: lr

In  3"1 -  ' ) ,7  
v , ie

in &1n nnd co relatecl L,irat the solution of thc problcrn sirould contain

oil l;r p11s shock togctirer v;ith the constant regions adjacent to It"

0n 'bire shocll l ine the iuilp conciit ions

["]#r + [: i ' (")] * + [e(u)] z + * n
r y - v(3 " ' .J)

are ful f i l led

5#$eE[_2_.L. ir1 case 01'g.lgagu qnct pg#3} slioc.l; drscontrnuity, tn*

pos$t-bl-h-by of such a solutron/ti:e nature ol denands fornulated above

is srrai lar to that prescnted in $ 2.

The snall parameter e of the problcin has to be characterj-aed the

saae i)$ :-r1 .! 2.

Froceecl ing as in 1.1 ancL 2"1 bui  using instead of  (1.10) t i :e

mapping 
6

( y . 4 j  i = x - D t , - v ( y , t ) ,  t = t r  y = y ,

we fincl for tirc linearizcci problcla ttle fotlo',ving form

( ? f r r , ^  a 7 , ) P

I  * t u  
+  i \ e  

* O u  
+  b ( u u '  

* ' u u  
=  c '  i <  o

( 3 . r )  {
I  7  f r  r_  , .  7  f r  ,  t . / . - , ,  ?  ? ' ,

L # 
r" + i ir,  

* 
rt + b("") 

fr 
u" = 0r x>0

f 5 . u )  A r f i r  = i i u T t s + [ u ] l  4 r ' * [ r ; { * l n f r v  f o r f ;
? t ,  a t

3 . 7 )  f r t f , f , Q r = f r O ( ; , f ) ,  Y ( t , o )  x Q

vrith notationn sisri lnr'. to 'birose of $$ Lr?,
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'5 ,2 o l:-eJgtn]$3gx"*-Eygl*l.*gmrL g!*Sl]i ong

i ie assunre 'bhat i: ire sys;-Le,l (3"1) is strictly l,ryi:erbo)-ic v,' i th {

tisre -ii,re vrhich ileailfl, in 2.l}, iir:po;rirr6; - in either arljercept region

or ci 'scontinr-rity * 1'he cr:nditicn tirat fol every 1' Y € l i l  lve flre ablo

to f '1nd n real  d ist inc 'L,  rcots -( \ r r )  of  the eqr-rat ion

( 5 " f J )  d e t  [ a r l  +  ] r i  +  b Y ]  =  0 .

Since the cl iscont inurty is nornal ,  ive shal l  const ier  solut , rons

of the form

r H  ^ \  r  I r 1  -  ^ * i " S f f i ' -  : - i  ' ' ; r r - r - l
r ) , y i  L  u ( f r y r { ) ,  v ( f , t ) J  =  e  - ' L u ( f r , t ) '  Y ( t , ) J

v
Carri lg (3 .9) into (t ,51 encl ( 1. b) wo obtatrt

( 7 i, , .,, ? 7, ;-,r. fr
I  - U ,  

' 1 - t r n * - U e  - r , < b r U .  = 0 r  x < 0' |  ? t  v  ' ? ' : ;
q 3 , 1 O )  {  ?  x .  , .  ?  x  . ,  c f r

I ;: u,' n iir- * Ur. - i'(b"u' = or x > o
L  ? t  +  { ? x "

(1.11)  AJr  -  i ' rTJs + [u ]v ' ( t )  -  i<  [s(u) ]Y for  i i  =  0

TTnin.  the Lu i r lace t rar t rs fovn v /e  f indr  &$ in  (2 .10) ,  for  e i thcr
vu &r:c)

systen (3 .10)  the forn

(5' t2, L $ = Pf i  *  r
dffi

i'dncre
- 1  '  n  n - l  f ;

$ . 1 3 )  P = - A - ' ' [ * i - i x b ] ' r f  = 5 r - - t O

to n'it ich vre adcl, itccorclir l$ to (5"tf) , t ire iun:p relaticns

( v . ,  l  l )  A  

' i f  #  |  -  n  '  t f  r  r - l l '  #

\ t .&at  . - "Ur= i \uU* - r ' t - [ " ]  -  i " lh(u) l l jv  for  x  = O

4

i is rn 2.2, r,,, 'c cleno'te by 1ttre eigenval-ue,s of rnatrix ll. Using the

renarii '7.Lt we Cen pi,ove an a.naloSuc of the ii ':.oorem 2.1.

&ryUg-zu. The lir:earizectr problcm ie detennined iff the con*

clrt , ions
n 4

r l e  l r ( u r )>  0> l t e  I
( i . 1 5 )  A

R e l .  r ( u r ) > 0 > I t c
rJ -r

are fulf i l lect for sone l-nclex i, I < j S n.

, ( u r )

^ / \
n .i -,-1 \ U," I

t J  
' ' r -  I



r f  ( 'J,r l )

r',thrch r,ye ]rave

Since 't,he

e n d d . r

L 7 *

tro]<.l "Lhcn j is the nuilber of, the
J:ic I > 6 j"n the ri;;Jit. iir:nCccl regrori
e i1,;cnval-u*o f, dopenC arl ot and o< r

eigenva_Lu** X *.o"

o:i' d j"sc oi:t 5.nuity"
j uri;ht clepeilct 0n

de 'e  f *  i . . , I  +  ( Im i lA  _  x  b ]  *  g
systera is i rypcrbol ic,  vre have (accor i l ing to ( I .g))
0 for every t:a i e [t an<] < e ft, p

together r,{eil: the (pos_

U/n Ur  e t re  c lose,  con*

*w*lijj_-:ag-Lo

trs conside-

a  s o l u * .

,.,uhictr

is cal leci

:::Hy 
ir we ca' 

li*c,:. 
u, r ci,sr ror a ,,o.*" ;;:. *,. q  u L ,t ion (7.9) -  co.*si-st ing 

-or 
fr  a*cl y * of l inenrizet i  probrcn

grolr$ iroirndlessJ.y r,,,.hen i * .o
" i f i re cl i"*ccntinuous solut ion

$IggEg{*Lg. ([6J). ],r:e numl:cr j is inclepende*t on c,r ancl o( G

S ft' ti:e nr-r:nber j Cepends on &) uncl x , i,ye can j:ind (*  
n mL^ -    

- - *  '  r  v 'v  vct , r . r  l - . l i lo  t@or ot  
o)  

so tna1{e  ̂  ( -orda) = O. The ergcnvaiuon i  can be cj .etennined, ; ;_"; ; r ;a ; ;\ 3 , I t )  ,  b y

( 5 " t 6 ;  
d e !  [ a , r  *  i A  _  i " ( b ]  t  g

rvr t i r  the rcs 'br lctron Re a. ,>o i : rposecl  by the raplace trensforn" in( 'o rao)  
,  $ , t6 )  g r -ves

and,  sutce tne
- r , * l :  \
- ! - l j t \  {&) / r  *  t (€  a t  -

1 \ l a r  r  ^  h - .
Lttt.,.tl.ftK '1 

2
% % - _ 1 _ a

( i )  nn ar:a,-o. , l1e,  e*sry Lo for i , iu later of  renark 2.2 vr . : ,ks./ . : -  \  , . ^ ^\-rrl -Ln case ot. $ s.feady encl norrlraJ. shock leiarre Z.l tceel:s,reled.(accorci'ng to the reaerk }.ri r,he forri i,.:-fu]tior: of the enal0gue ofIe:.lrna Z,l depencis onj# on tire n&turs of f in (3"t)) ane lenr,na Z,A^can be caeiJg extended (hcl'o'rever its fori iru.f;:t icn dependr: on tjre na*t u r e  o f  g  i n  ( 5 . l ) ) .

( i i i )  The detcr : r inacy cor :c i i t io r rs  (3 . t i )
sible) rest: , : ict ion (rren-h. ioned in ( i : . ))  thert
stitute rhc set ot sggfuLt_rqqqry*qgsi{^}re.

i;1:,*ffs!!ruTlcjill_"2" 1'/e say that uhe discont inuoLrs soJut ion

lr.*f"t1 u$U
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stable if "bhe solution (3.g) o:t ' t ire l irte ariaed' problcil i  is ke;l 'b bot-tlt*

ded, for  everY . t6 lRr ' , ' , 'hen t  +*-

To l-rrove the r,vell*posedness of l- inearizeii problcni t 've have to

shrow again that t ir is plcbiein io evolutioll:try and stable "

Irron tl ieore:rs}.I anri 5o2 i.t appears thut t ire prr;sing fron 1) t 'o

21 1r.o.ns rrnehiinr;ed,the forn/tirc nsrtttre of evcilutioll l lry concli i, ions.
L J )  ) t v  \ '  l J t r

0n t l re  o t lo r  hanc l , the  s t&b i l - i t y  res ' ; } t  o f ' t i r corcn  2 .2  cannot

be obteiined any nore r,vhitlr'out a ng\ji-Igg-lglgllqp' Irrc"leedt the iianr

est iua'L,cs (eee I f ] , [9])  * f tc, ,u t i iat  t i re stabi l i t .y  of  so]urt ion ot '  ] inea-

rized problela cit:pends on tl ie stabii-ity of Y . fn 2D tire 'Jrs"LriDution

of eingularr t ies of  Y <1ci :ends o11 {  o l 'et  v -  [d(a '*) / t ( tu '*)J b* the

expression obtained according to the artalogue of lenna 2.2n The Jlunc*

t ion  g  (see (7"1) )  con t r ibu tes  by  l , (c . r ,n<)  to  the  s tab i l i t y  cond i t io l t s *

\!tre* o< = 0 ttris contribu-tion' vanistreo fto,gettrer v,rith thc d'epcndcnce

on F; accord. i r : .g to ( ] .9) l ;  i (c.r ,g)  l ias on)-y one zeTa in to= O. l iovr*

ever, r.rhen or l0r it is possible - depencling on tire form f a'nc1 g iJ}

(5 .1 )  *  tha t ,$o ; j le  o1 ' the  zero f i  c f  L ( . * r , * )  1 l *  Sr laced in1he re5 ian

Ite ar > $ thus iini:lying instability e ven f'or c1s'ta tn (r.

Rlii'iARK 7 .'5 '

( i) In 2D l.re requirc stabi:l. i ty for all <e R, partlcularly for

( = 0. Ttren we sirall terl;e data tn €O.

(ij-i 'rThen x I 0 -r,re heve to f,ind tire conclitions

ros oi j  L(  c, t ,a)  are el}  p lacec in ] iee)*40. This is the

vie nea'l,ionqd. hereinabove "

Irt- tirg*'cgr't'si;L .c:f J,rpguq[rni-q*s. it can be s}ro$,n tirai; these coridi-

' l , ion$ do not dcpend on o( eittd ar(t relatetl ,  t t$ r 'c/e huve already i lcntj-o-

necl,. only on tire forur. oJ:' f anci 5 .i.n ().1) " 
'I]:is form d'epends i'n its

turn onthe equation o;'l state cousj-dered" Sr-rch gl}1-el:g of stabilit;r

are given ir  [4] *nA IA] (see lr ]  for urngnetoclynernics). l i  statr i)- i" ty

criterion retloves the glips.tlgp!33}H unstable evolutions '

fo:r: v';hich the ne-

nev/ re$'ir: iction
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( i i i )  i : .or  ccr, ' t ,o j -n cqu.at ior i$ ot 'st i . l tc ,  t i re cor ld iL ion rLe<.:a0 ce.I l*

not i - rc fu l - f i l . .Lct l  str j .ct , l -y,  uncler, ' i tabi l - i ty  requirc. : tents,  by ' the sct

of  zcros c l f  1. , (  ar ,a j .  l .n such a cese, ivhen (a part  of)  zeros cf  L(  a, ,<)

ere p-Laced on 'Lire U-r:.e fie a", = 0 r rve have e:l;ilicitly bo study the pos*

ui-bil i ty of (nonexporrcr:t ial) str:b:rLity. Such a study is prcsenteci

ln ' t  4.

The sche i l i i t  ' )nL  co l lp&res  thc  fnc ts  o f  $$  1r2r '5q

4 * r,$ffeffi idt--g"fq3!li'i *Q{- q o.i{suiivsgfpl{ &!1.i,$"'

zl ltt, $fq:L4 . -gH- jrgJ ;!13*T IQ . t,iillrl{ Srtr#9j$

4^1^ I j ' lo:"ci i i t  up c:L' l- incarrzctj  proi; lcu
r  -  - $  4  -  -

Let us nc\./ reaa. Ke tne con$iri0rations of. .s 7 starting, in acria-

rrr.r ' t" ir .  .r i-rsr/-1*,/r)r): i ics (wibh t;re usu,al notations), f ' r 'ot i t  t l ie 1-.rroblenlL ' , < . 4  U * v  i j q u u r t ; r u ! :

4 'uoge tner nrth ti:e eqqation of sta be e = coT = 8'+ * rvhich vre si:all

. 
""rite 

in the form

p- f $*"i,, 1
( 4 , , ) )  p  = * g " o * p i # i

g L '  -  - v

The ju:np rcl-ations on cliscoirtinuity l ine have thc; forru



2 0

'l 
n .)no

L u  I  v ! . v

r]o-4-armi n:mz

conditions
(1"  20 )  or  ( l  

"2

deterrninaq/ conditj,ons (3 " 15 )

lD, systenrs

(lross jJrle) ns,r restriction

the rsruireJr€nt of con-

venient neanress of u*,u

A > L >  i n  €

stabilit r

the requi-rer',en't of convenien
nearnesls of u--,ut "'L

ne\,v restriction
Lhe sinqularit.ies of
+
P shoiild be in Re<eOevolutiona

conditions

c* ' rh- i  I  i  { - rz



2T

?+ r- -!t 2Q
i"."r + liev ll ;* - o
d i ' -  4  0J[v] *f . [r"]

r  2 n x 6
{l-t: 

'r- e"*j ff 
= u

2 r - l l ? d  F  r  1  t  c r - J lu'I_ilr; + ilsu[i* ]t"2*"21i jl $= o

ontinuity, rnre shall use in

ion of  ,  (4 . .1)

-.
U

t T " r l

lfr J.e+ i;

a.i'rc1, in t

nl nn':. nf'

( 4." 4)

r r  t ; 2  , . o 2 ,
i i i  \rr l  I  .

['yu-]l # .' [o * suz] # o [Eu,'] ff * s

[g"] # -" [g"u] f* ,"
c r 

'll 
e,[(*2*,,2)f "l #t . [s,, [i* ]c"2*

t rc edjacent rcgions of '  c i isc

(4"f), , .  -  the concave extet:e

(+ . t )1  $ t  -  =
'i

r,,;here s = gS is ihe er:tr;opy"

Given (p l , r l1v1rs1)  a ,s  a  s ta te  be fore  c l i scont inu i ty ,  tue  can f ind

f *., r ' ,- 'rr- -sr--\ or: t ire eLlrve of states vrhici-L cetr be rela'bed with, I t z t u 2 ,  !  
2 r " 2 t

(  , ,  ' ,  17 , :  \  i  rnnr-,  f  - i  r rr i i ' l - , i  rn cusc of '  a nor;aal t l iscc-. ,n-ry f  r * l r  " I r - I ,  by  U : t9 j i f l .X .  d r i ,u ' . ) ' rL r l tL t r t ' J  g

t inr : i ' l - . r r  for"  th i r :  curve t i re lc;nne 2.1 is val id.v  { r  rL^  &  vd f

\lie shalt v,rit,e the i:roblcrn in a dimensi.onless form by taking the

( 4.o) irr=gtrr ?-F=i.t(F-i,i) r i,iu--|,], * 
(l,lp-"T) = 

-*

i , ' r 'or1 (4,6)  ,vc can obta: -n,  in  pnr t ic i t l . l r ,

( 4 " ' T )  ( v - t ) l : /  ( r + l ) i r , f r + 2 = Q

For  s  norna l  c l i scont j .nu i ty  we hr - rve  i . ! ,=  0  and,  fo r  a  4 -shockr  O<. i , :<1 .
.)

ch;;l ' i icteri.s't, ic values

[ t ]  *  L ,  L :c l  =  ; ,  [ f J=  |Z ,
" 2

anrl clcnoteng

[uJ  = e2r  [p ]  =  92" t ,  [s ]  =  .p  , '  *2= o 
\

up. ur \ r  9 ' r  F2 = I :1 r  * l
1.1= f"r; iJ= n*, '5= dS" 9= #', P= ;5f' F= ;pf, e = ilfr

|  , t  r : \\ + . > )
d g ' t N u r v i p i s igi* *f' 

tti= fd, ti= fif ' Pi* fFT' 
*i* ffi

(fu.rtherinore v,re sitall ignore tire ltrbels of perti;rbationc v/hich corres*

nnrr r l  f  n  * . l rn  .eo ion uf ter .  e i iscont inu i ty) .
l . ' v r r u  

4  v ( ) c  v - -  { F - - e . -  v u  ,  r

The zcroth ori ler of' the iu"inp rc-l ntions gives



2 2

In t .h ic cor l t*xt1 'b i rc $.y i 'Lcl l  ( }" I0)  nay be v,rr i t tcn

,  T T  ? ' ' -
t- t:i ;;l P..!.

i - i  ? ,  r y
i ,  f f i t  I t' ' '  7r"' *t

1 i  ? ' : ' -
r,l :if;/ v'i
p  0 L  - L

; , ,  - - t  q 1L ' t  
z 'N t  " I

nf {
d u -

l r r /
+ 1** - ;-rV, :: 0

d ) (  r

r f ; '
d V r

" P  * *  ;  i l

d X

r r y
*  f , .<Fl  ;  U

(  4 "C I )

v,/here

(  + , v )

8nd

(  4 , 1 0 )

rrr lr  ar,o

( , 1  l 1 \

{ i .Lu u t

(  4 .  t e )

v,/hi:re t/-

I  ( d*F \.xr
r c -  0 v
U

o ( -::- -,"
\  \  a - L-  e u

; r *? *  +
) \ f +

, 2
t r y  - f

O L ,

f o r  x < C I

f o r  x >  0

lJ-l

'. -',) * .- *')
:  c : -9 - r  *  ' { c . "

J J .
J - l

J

t a\;T

1 d\;T

t d\:T

I Q\57

] " (V

LJ

U

F = !'-r E

rne relatrons (: i . t r)  i jsco:ne

3 . =u" .6 *i , .fl +il , 'fr *r.r 
"t 

+b.., v'-i-uc., v
'1 '  I -L -L( '  -  L)  -L+ r  r

F-n=a2rfr- "zz5**o:j i*n-ar,3-+b rvt*racrY ,t ' o r x = 0

-r

' l  q ' ^ r ' ' - l  n
. L , ( I  U U  J . J

tu,'u r r?' ., *e 
1 2F -*a r rf; *+r:, nt *+u, v' -Lo1. c 5Y

6 *a , - t  + -a^ , .Tr  - r " l . t , .n?  +b ,y ' - i xc rY
+("^ " {t ) ri-{l +

after'/frcnt sj"de oj-' cliscontirrr-r.ity trrtd lye hnve

^zz =

= i l  - -
/1 ,

- t - ' , ^

(  4 . 1 )  )

*1 .,1
J J - "

q r -

,;*c-

;i." ",I )
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(
I

t
(4 . .1 ,1 )  {

I
I
I\

4 . 2 ,
, i l J )  l l ' " 1
. L  q 2 l i -

{  t  - 1  a \
\ " t o t " . / l

lTi: i:'i"r:C

rr c rr -. nr+ l l
4  - ,  r -  J ' i : t u

(q" : - ; )  i r= i :1. . ; : "2)*1[ ' : ; ; .0 , r (* : ;J ,  t ; - . ( ] -* . . , ,1  - . t1,2t*s(#) l  
,  i , ,= 1, , r , .  ^  r ,

(ilr,12,i= arc g;1!-.!}g.! eigcr:ve.l-r.:.e i; of ;'edrir;od ni,:-Lri:r rri:1.*.i::i:cl .ii:ai:r "g

by rjc-Lctj-:il:l tire r-oii arici -blrc cL',l"r.i:"rr co.rrlcr;pc;rci-irl; i,o s) *

Sir ic*  l , . i< l -  we h i :v*  j l r 'cxn.  (4 . .1o)  [see (3"15)"J

{ 4 , J J I }  E n ' i r > u ,  E u l * o c , R * 1 ^ * 0 .

; " "cco: : i l . in i , i -1CI ' f l : .e  : :er t ia : 'k  3* i  wc c i tn  cbLi ; r i : r . r . i - t :  t i re  cot i - i ,e : l t  c j ' th : ln

Jiiji '{ii:r"&jrh, 
'vi'i.}icru't 

tl:e; r*s'L::j.c"tiiin t!:at L{,. r ug sii*uirj be cJ_gse ;

(  , "  ] r? ' i  $r r . ,  - .  . ' r { - i  
" .  

dr { t * ) ' l r t r ( ' . r )
i l i q r L ' /  r  \ @ , ,

. , ; , . , . . . . ^] j ,  r t : . i t . u

{ , ' .  
^ i . \  

, t  i - ' . \ * .
\  , r  +  _L :  . - f  i - t . l  \ { . ,  I  . -

J,

.  t (  I  * f  t +
'  ! " t . ) . ; ,L t  l * .  k i l : t , . -  1  i j

( - J  * ' , t  L  / L
t n n t i

/.i. Lit *-

l r u
I tr -.-iii-"
q -  v  

i . - , - _  a
l::i *,,i-

( 4" 2i.)) . v l l
i ]  r y & i l -" - f r  . '  I

"  r , r ' *  t  *

ili *'L
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- ( a  I  N  i i  - 1

t  r^ ) l+  * ; : -  -  q  -#*-  l_L ' o  " , , 2  .  
- - o  

_ " 2  -  J
Ll *r til *I

r(a) :a zi:,?a[otal +;] + (t - m2)(or' - iot)
ti:e consicierntions l', 'hich fol"lor,v it is convenicnt to put

I t{r(a)
rffiT = qT-ff

Lr:.r' * ? (r-;.i2) - 2l:7f * n2( t-;,;2) - zt,ila[o (a) - ua]

pi,;z ̂ s ir-i,:21] 2- +;,.,5 | * zazni(r-r.r2) .

r  N r r  - i ' ,  t ; ' )Y
i a v . . s l e  4  d g

"  l i T /
l t l

(  4 "  21 )

For

( 4.22)

wfiere

N l ( a ) :

ri2( a) :;

S i n c e  L < Y 1 2
) r

t 4"-27)

Tl:.en'we iravo

( .4"24)

"'.'hr*f 
e

l.r\ ctl

. [zti2 - ?r]-rri2) 2i;:4J + [".2tr-;,i2)J2
for I ; i< 1 lve obtain eesi ly from (4"7)

2i.2 - q ( i - ; , i2),  Qi, ;5, z;t4, o

By scelting fcrLite roots of i'{r(6) , v,,e enal} remark i}rat the

* 2
Q

- L r
c o ' l

L

'<'l -l
A , . , - /  I * J
{tl, 

) I li=

/  ^ r n -  i  \

t ci''Lil-I,/

* * lzr,,;2*! (t-*iz) +.

(
I

' u 1  )  = {
+ a G  '

L

f  
i  

=  { [ *

cirscrininalrt A is c'blictly positive :

A = f* 
2t t-::21f 2 

{ [2,,i2- ! t r-rr2] -z;,:4J?

t  ' )  2 ' - r(a'r. 6i) - k'? fc(a) - j,i;]
=ae**:fuffi

(a'+ai) (a "+ afi)

3
..,
L

{z

t-?

."'2 , r^..
ii, .f LC).

r - ]

"2
J l

. 1

t.(_ yt/z

Llz

-2',,;\

r; l  flrult 
I* )

J

l : 2  \

L/2

\ I

r-rt
. "(-lit

\ + " ( 2 ) v+1 '13quf r.
:
3 Zi:'Sut*}) 2

2{ r-r,i2)J / fz:,;z * g (r-:J2) * ai,il} 1/2

ai:c l ,  i - tccoi 'c i j . i :g to '  (4.?l i ) ,  in (4."25) ' t t rc exprc$si , rns und.crbhe ruCj.*

cnJ-  a rc  oo l ; i t i "ve .

- [c z";l?* 3 ( 1-li2) ) 2- 4i,r5J ] =
(zu2o2)2(t-r:z) 5{g -u2) = ? ( ztn?*Z)z (r-r,r2) }(r - [,ff) ,:

l i ry  (4 .7)J  *  4  + i *  3  [ , t r - r ( l - i ' J2)J4"o.

Rtriilli'iH{ 4." l-. Tire g&$c1;rp;1;;,i" c onte-rit re] nte ci to ( 4.."t ) hee bire
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(1 ' [
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C..,  . l  t i ; , : i_ i , r 'L^i ,
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|  / , r '
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r , t r r , .
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l t^ : lp l ' f  r . rr1t ; j ryu

l fhc c){pi.ci ision of V

(  r ,  ,Z t )  ,  
.  (  4 .  i9r  )  r  (  z i . ,  Z0)  *nd

' i i ierr cc::;e s, usin;1 t1rr: ' i :al: lcs, f i,oi: l ( 4.1S1 ,
(  / i  ,? i , )  r

.tit,esi €u j"r i,:g-'l f-rl3:lr:g in hire clLil.t t/"
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APPENDIX.

:,

Le t  us  cons ider  the  sys tem

+ 8 1 { = 0

with A and B, 
"orrsta)-rt 

matrices fsee

The e igenva lues  11 ,  .  .  .  , l *  o f  mat r i x

Let P be a matr ix which diagonal izes
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P ' A P = [
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,a

( 2 , 3 )  /  ( 3 . t 0 )  /  ( 4 , 8 ) ,  ( a . r o l ]

A a re  rea l  and  d i s t i nc t .

A :

( 3 )

and put

( A \
\ T , /

where

d a  a q

f

v=P -q .  l { u l t i p l y i ng  (1 )

I r .  o .  , I r  i

by  P-1  to  the  le f t  we f ind

, ; ]
B=p *Blp

Le t  us  take  the  po in t  ( ! r t )  ;  n>CI .  By  i n teg ra t i nq

the character is t i -cs we obta in

1} "  
*  Bv = 0,

( 3 )  a l o n g

- ' l
i (  n ;  c t = P  * q ^

{. 4U

corresponden*

rda l -  ax i s .

the determi-na*

and put

:

r  1  f "r *  ( E , 2 ) = e i L x ,  f o  i \ , z ) l  -  j  Z  a ,- ; i n r

the po inrs  O(  g,z)  and 3.  [x ,  to

be long ing  to  the  cha rac te r i s t

. v _ . , ( X * r t ) d t ;  I 1
J J I

.1

; E , 2 )  , o J  a r e  i n .

i . "  *=X i  ( t ;  E ,? )  .

interval o.f the

in te rsec t i -on  o f

s t r i p  0  < L K  q

I  r r  t,  " i ,

We

cy

i _ - r -l ec  now L* I r *21  be  a  compac t

denote by 0,  the c losure of  the

domain.  o f  th is  in terva l  wi th  the

H  =  m a x  l v  ( 0 ) {
. QeQz

l v l  (  m a x
l<icn

L e t .  p ( x n ,  t R ) € t ?  b e  a  p o i n t  a t  w h i c h  l v ( e ) l  r e a c h e s  t h e
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rl

" , j r j . ) a t i g
v

value Denot ing

we  ob ta in  f rom (4 )

l v  ( P ) l  ( l v  ( n )  |

l l  g l l  -  max
[T1 '"r l  1{ i {  n

| .
3 5

s u p  J g ,  ( x ) J
x  e  [ x  1 , x 2 ) '  

-
l *K  =  m a x  l B .

a l
a .  r  Jr t  t

l lg l l  +n+7KH
-
L^.t r ^ oJ

L '

/  |  , - . t -
+  max  l v . i  (R )  I  =

1 < i $ n  +

+ n

lv, tnr,- i"- ,E,
- ) -

( 5 )

and further

* ,  ,  t  -  IH*C (q)  l l  g  l l  ,  C (o )  -  - : ; *  tor  T <:+- 
f-- v -1 '  L' 1-n+2K c '  nK
L ^ 1 r ^ 2 )

When ,1>$/nX) the procedure has to  be repeated.  Let  us ad-

vance ,  i n  t h i s  case ,  by  s t r l ps  o f  b read th  r /2nK  and  pa ra l l e l  t o

a x i s  t = 0 .  f n  s u c h  a  s t r i - p  E Q I < Z  s o  t h a t

T 1 4 2 u g i l  < 2  l i g 1 1
f x " , x  1

'  L - - L ' , - - 2 J

where  the  cons tan t  l l g l t  ma jo r i zes  the  i n i t i a l _ ' d .a ta  (on  a  g i ven  i n -

te rva l )  .

The  men t ioned  p rocedure  can  be  app l i ed  d i rec t l y . t o  t he  p ro -

b l e m  ( 4 . 8 ) ,  ( 4 . t 4 ) r  b e c a u s e  t h e  d e t e r m i n a c y  d o m a i n  o f  t h e  i n t e r v a -

x < 0 ,  t  =  0  i s  t h e  w h . o l e  r e g i o n  x < 0 ,  t ) 0 .  r f  t h e  i n i t i a l  d a t a

a re  bounded ,  t hen  f rom (5 )  t he  so lu t i on  ( co r respond ing  to  them,

in the domain of  determinacy)  ls  bounded.

T o  s t u d y  t h e  $ i . T e d  p r o b l g l  ( 4 . 1 0 ) ,  ( 4 . 1 , 2 )  ,  ( 4 . 1 4 ) 2 , 3 * .

need ,  moreove r ,  t he  exp ress ion  o f  V .  rn  f i g ,8  \ , Je  dep ic t ,  j - n  such

a  case ,  t he  cu rve  wh ich  ca r r i es  the  i n i t i a l  t f f 6 l  o r  boundary  (V )

I



f

1'

1

' -  3 5  '  
"

data and i t ,s  domain of  determinacy.  The procedure expounded abo-

ve keeps va l id  i f  one makes cer ta j -n  minor  and obvious modi f ica*

t ions re la tbd to  the est imates.  corresponding to  the points  of  d is .

cont inu i ty .  The boundedness of  so lut ion depends now,  moreover f  on

the boundedness of r/ and y.r r .

The  es t ima te  (5 ) ,  and  the  ana loque  es t j .ma tes  wh ich  bo r res_

pond to the mixed problem, have to  be regarded as Haaq,  est imatqg

because they a l l -ow to evaluate the so l -ut ion by means of  in i t ia t

and boundary data

fv.a

l

.\


