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1" !r:trr-;,$ueti*n sn"'-J $'rstes:snt of tvlain ltesults

When trying to understand the topoiogical sypmetry of homogenotts

spaees of the form lvl . .  G/l(,  where G ancl K are contpaet conneeted Lie gror-rps of

the sarne rank, one is quiekly led to eoneentrate on the r:ohomolog;!cal aspeet, for

several reasons. First of al l ,  the ccrhomology algebras (for eharaeierist ic z-ero

eoeff icients S) harre niee eonvenient deseript ions in ternrs .of inirai ' iants of 1'1'evl

groups [4i. Next, i t  is kncnrn that, for tuto sueh manifo]ds i \4 a.nd l\-4',  the set of

homotopy elasses of rnaps l;et., , ;eeri their rat ionalizations is in naturaL bi jection v"ith

the set of gradeci a. lgebra morphisms betvueen t lreir rat ionatr eohomology algetrr:as

(see gre proof of Theorenr 1.1, t l t l l ) .  iy 'roreover sirrce they are 1-eonnected f inite

formal eompiexe.s [24J, i t  fol iows, again by [24], that the knowledile cf [ l \ ,1", lr ' i l l ,  i .e.

of rat ionai eoliomologv morphisms, offers t l te hoinotoptr elassif ieatian of rnaps

between i l i  and I \Tr ,  up to  f in i te  a ln l . r igu i ty  (see e lsc I i0 ] ,  [22] ,  t16 l ) .  Var ious l< inds of

a p p } i c a t i o n s a r e p c s s i L - ' 1 c , s e e e . g . C o r o i l r r r y 1 . . 3 ' a n d T h e o r e m s i . 4 - 1 ' 6 b e l o w ,

T,he main air l  of this paper is to begin a .t ;yst{Ji 'natie sttrdv of cohomology

autc,morphisms of such i\4, both crrer Q a-rrcl over ft i  l iere we stral l  be coneerned ouly

rnrith the casc I{ = T, B maximal toru$, rvlr ieh is the rnost nntural to stnrt ' ; i ' i t i r .  In

f i le last des.rr ide rnucii  lvci ik has berx <Jonc in the direction of cleterminirr, '-  t i le

rational coho6ology ernComorphisrns and/or automorph!sms coLnplex f lag

man l fo lCs  1 ' ;  =  f f / i {  :  L i ( ; r r+ . . .  onk )  mod  U(n r )  x  " . .  x  U (nu ) ,  seb  e 'g '  [ 10 ] '  [ 1 ' q ] "  [ 17 ]

anCi thClr. refert nees"' i ' i re methotls \{ert: [ :nr:t lr . ]  t)tor0 Or lC.qsi Ctt dircet *Orn;;t i tCtiOnS

usil ip; lhe special fcirturers of the colrotnol,cgic:, i}  s;tructt lrc of complex f l t tgs ant)

eornplcte rcr;ults or.c rrvir i l i r i : i r  oi i lv in n ferrv pl lrt i t :uinr 'caires ( irp ta our l trcscitt

i< ito t", ' I trC:,;t:).
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For fu1 = G/T, G eompact connceted arbitrafy, we obtain a eomplete antl simpie

dcseript ion of the eohomologir:al svnr mel"r-v (both rational anrj integrnl). Our

rnetlrr:d rel ic,s on t lre i :r l lo.t icnship betrreen the invariants of the Wevl group nnd the

geometrv of the $tiefet diagram of G and it  was inspired by the results {for

elassifying- spaces of t2l;  i t  ha.s t l ie advantage of r,vorl<ing uniformly and of

min inr iz i r :g  the eonrputat ional  c f for t .

The pr<lofs of the results on eolromology autormorphisms ocellpy the next

section. In more detai l ,  reeall  that the l \ ie:/ l  group 1{ aets on the Lie algebra V of T

and preserves the i i i tegral latt iee l ' -  (roru on notations may be found at the

(
besinning of b Z). The elassieal deseript ion bv Borel t4l of i- I{(GlTtf) in terms of

)

invariants of W in the polvnomiai gradecl aigebra on lt6,n irnpl ies that the graded

algebra automorplr isnrs of G/T over S may be identif iecl with those tr - l inear

rn
automorphisirs of I  6F it 'hose polvnomial extension preserves the ideai generuted

by the posit ive degree invariants of tr^J (Proposit ion 2.1). Obvious examples are the

f't

elements of  the r rormal izer  of  W in  Ct  (  |  8rF) ;  when F = Q,  th is  normal izer

eoineides wi t l r  the admiss ib le  automorphisms of  [2 ] .  Our  f i rs t  resul t  establ ishes that

there are no other: colromolcgy automorphisms of G/' f"

1-1. Theorern. The group of gracied algebra automorplr isms of I{*(C/T; lF)

is anti isornorphie to the normalizer of trtr in GL( i l{S,1"),F = rR. or'Q.

F'or eonvenienee we f irst give the proof for F = R, and then .deduee t lre

resui t  forF = Q in  a s t ra ight forward manner .

L.2. Ttrsareir:.  The group of graded algebra automorphisms of H*(G/T;Z) is

anti isomorphie tb the group of automorphisms of t lre root system of G.

The result orrerT/ is nlso <lerived frcum our l tnowiedge of the picture over i [ i .

1"3" CercStrr:rv. T'he groi lp cf homotopv clesses of seif-homotopv ecluiva-

lenees of  G/T is  f in i te .

Fi:**f.  l3.y f l ie al;oge theeronr t lrc $r 'or:n cf integrai eclromciogv
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autoinorphisss is f inite. On the other hand we have seen that there are only

f initely many hornr:top5r eiasscs of scif-nraps in<lucing the i<lentity in rationtl l

eoltomoloi l5r.

i{e chose to say thet I\4 = G/l{ {or l \ ,1 = BG) has the rigirJity property with

r e s p e e t t o s o r n e t l u e s t i t - l n r e i a t e c t o , ! t s t o p o l o g i e a l s 3 i r r r m e t r v i f t h e a n s w e r m a y b e

formulatecj in terir is of the eorresponditrg Lie theory" Exa;npiesl vuhat is t lre

strueture of the grc,up of self-homotopv equivalenees of l \4o?'For I\T = G/K a

eolnpiex f lag rnanifold, in al l  l tnonrn eases this group tt irns out to be generated by

grading automorphisms (wl r ieh aet  on eaeh Hzt{nt ;  Q)  as / , i . io ,  for  some nonzero

r{ €q, anct whie}r eorne from Frobenius self-maps in posit ive eharaeterist ie Lie

theory,  b5, l$J)  together  vv i th  the rat ional  automorphisms eoming f rom the act ion of

the normalizer Na(l{) on l\ ,T. A snbtier question was forrnulated, for I\ / t  = BG, in [2]:

whieh self-equivalenees of f t{o are defined after { inite loo:r l ization (for a f inite 1-

eonnectecl copplex ft1 the answer is: al l  of t lrenr, see e.g. t16l)? Bv [2] this subgror-rp

of  t le  ra t ional  automorphisms of  Nl l  =  BG may be ident i f ied 'w i th

hT r . .  . f I , \ r \ / I { .
" G L (  |  i x l  G t ) ' t v / t  

f \ '

The seeond aim of this paper is to improve the rather vagirely fornrulated

definit ion of the r igicl i ty i :rropert ies" Theorems 1.L and 1.2 above may be considered

as t,,rpieal exemples in this direction. \t?e shall  next state in preeise form three

more exelnples of r igicl i tv (theoreins 1"4, 1"5 ancl 
-r.6 belon') anrl later give the

proofs as applieations of our results on eohonrology atttomorphisms (in seetions 3,4

i  r lano  Dr "

The main application is devoted to geometry. Let l \4 be a elosed 1-

eonneeted lt iemannian nianifold and let f  be an isornetry of [4. A geodesie curve e

is cal ied f*invariant i f  i t  is nonc.onstant and there exists a period t such that

f(c(x)) = c(5-F t)n Any y," l , \ 'hen f = id one feeovers the eiassieal notion of closed

geodesie. The question ot '  the existencc ancl of the abun<lance of various ki ircls of

gec,d*sies is a cential ppoblem in I l . ierni, i t ' l t ' t ian geomc:tt"7. A nlnjcr development in

6tisj &rea is contrr inetl  in the paper [2l i l ;  i l re] '  pointet- i  out t l le relaticnsl i ip between
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the rational honrotopv prcpert ies of i \ 'T and the ex-istenee of eiosed geodesics on i\{.

Irurther re f inements r:f  both i l / iorse thecry' nrid rational homotop}t theCIrv involveci

here le<j to the conclr:sion that the norrexistcnce of (many) f- invariant geodesics

irnposes scvcre restr ict i i :ns on the rational lromotopy propert ies of f .  The fol lowing

resul t  in  th is  d i reet ior i  wi l l  be s t$:ng enough for  our  present  purposcs (subt ler

T

statements may be founcl  in [12] ,  [ ] .41,  see also 3. .4) .  Denot ing by I r&(m) 6 Q] '  t t . te

f ixed points of  the obviorts aet ion of  f ,  or te has:

Theorern (see [12J,  [14] ,  [13] ) .

(i) If there afe no f-invariarrt geodesies ttren oi*tn'?dd(n4) (D Qtlf = o"

( i i)  I f  there are only f initely manlr geome$ieally dist inet f* invariant

geodesies then diml7rfdd(nt)  I  q l l  <q.

Using this approaeh, strong existenee thccrems v.,ere obtained in [1.3,]:  i f  M

is ocki-dim ensional e\rery iscm etry has an invariant geodesie; i f

Oim f i ( t r l )  e  q =f f i , .  every isornetry  has in f in i te ly  n ' lanv invar iant  gcot ies ics.

These leave sti l l  open the case i\ f  = C/l(r I{ a cioi;ecJ connectecl subgroup of maximal

rank. For i{ = T we erre i lble, bv cornputing t lre rational hoinotopy f ixed pcints of

the self homotopv eqrrivalences of [{,  to obtain a complete solution of .  t lre

existenee problenr for invariant geotlesies on I! ' i .

1"4" Thecrem. Let f be an isometry of i \{ = G/T (for an arbitrarv metrie).

(i) dimtfl!dd(n't) S qlf > o"

(i i) dirnti i- ldti i t i) ,.8 qtf ) ' .1,, unless I\,{ = (su(n) /T){',n= 2 or 3, and f* equals

.  the eohomology automorphism eorrcsponding by the isontorphism of  Theorcrn 1.2 to

r_* the root s,vstetn arttomorpli isnr givett by

a(v1' "  .  . ,uf l , i .u-J - (ni(vr)- ' r1(v, ) .  .  .  .  .ng-r(vt,*1))

wlrere Bj are automorplr isms of the eorrcsponding type Ar. or r 'ype A, r:oot systems,

a i i t l  ( i l r  the A,  case)  thcy r r ro  s i rb jcct  t r :  the ccr i r l i t ion tha i  1r .42. . .  n lJ i r t r luces the

rrorr t r iv i r l  inr tomorpl r is rn of  t .hc i lVnl< in c i iagrat t r ;  i r t  n l l  t l tcs i l  enses
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^ A A  f' , 1 i rn [ ' f  iY ' ' ' (n t )  ' ' r ]  f t ]o  = '1 .
v " ' t L J . t  

*  
. . ' ^ ,  r . : ! ,  1 t J

T'h is  resrr l t  is  t l - rc  bes i  one can hope,  see 3.4.

Section 4 dcais nrit ir  f ixeci points of transformation groups. On hl = G/l{

(whcre ranlr K = rank G) there is a natural free aetion of the f inite group NC{K)/l(.

For I( = T, by using our knoivledge of coi"rornol.ogy automorphisms of l \4 togcther

v, r i th  a cornputnt ion re la t ing Lefsehetz nun ' rbcrs to  rat ional  homotopy f ixer j  po ints ,

\/e clecJuee that this natrrrai aetion represcnts an upper borrnrl for the free

symmetrv of 1\f.  This result helps to nrake rnore preeise in t l t is ease the general

restr l t ,  eonjeetured for i \ f  = GII( bv 1,{.Y.Fisiang [20) and proved in [3i,  urhich states

that  any c i rc le  aet ion on I \4  must  have a f ixed point ;  th is  beeomes an immediate

eon$equcnce of the theorem below (b. ' l  lcol<ing at the aetion of a generator of thb

e i re le) .

tr.5. ?heorem. The cardinali ty of a group acting freely on G/T does not

exeeed t lre cardinali ty of the l ,Veyl group of G.

This  resul t  ur i l l  be proved in  a s l ight ly  s t rengt l renecl  for rn (T l raorern 4.1) .

Bv Sul t ivan [?3]  a  horr rotopy t5rpe Nl  rnay be descr ibed as the eol leet ion of
( f l

i ts trocalizations 
l i l tO I U a Rrime 3 

tcgcther rn' i th the eoherence ir i folmation
i ' . }

prov i<}ed bv the rat ional izr - l t icn nraps i . l \ i lp- -> I \ {o i .  The s implest  s i tuat ions ar iso

rvhen the colleetion of the loca}izaticns l frf"]  already deterrnines ffI" Thus, a

homctop5r tvpe I\4 is eallecl ggle_Lgg[yJg"rg (t111) if the genus of [4, defined as the

set of horrrotopy tvpes Mt with the prc.iperty t lrat i \{ i l l14^ , for al l  primes p, consists
t-' u

of  M a lone.

L"S, "fheorern . G/T is generical ly r igidu for etnv G.

'fhis rcsrrl t  is entitLecl to be called a r igicl i tv pi 'operty ( in otrr settse) by

more than philolog;icnl reasoti.^;. ' f ! te netltc.rr j  cicrrerloped fn [11] indir:ates that, for a

L*ccr: nrlct*d f ini ic forirr. : i  ccrrip!cx fui, t lr t  i ;r-:ncric r i l f i t i i t lT ! i :  n eonseqllcl lce of the

fa*t t irat t i ie gfoup of scl i ' -hcrnotop-! 'ccuir ' tr}eitces r:f  lr lo " to bc clcnr:te<j in t l te

sequel b]r Eo(1.,1), i i ;  gcnnrir.te<l bv rationali :<atir:ns ot '- self* lrt imotopy eqtt iv:r lences



6 -

which arc tJefined i i f ter inver.t ing a't ctost cnc prin-le. I ' t /hen I,t  = G/K, this in turn is

a cl ireei cjoi iscqucnce, vin etalc l iori i , ' . , | i ;py iht;rrrv {gl, [9]), of the r igidity of ] i"( l \4).

l ,Ve ir i , ;an b.; this t i)r i t  l io(n' i)  is genei"ntcc! try: i#lf*mefls rvhich eotle from tlre purel lz

inseparai: le isio?lc:nies of the corro:rporiding Lie theory. For K = T this r igit l i ty

DroDert\/  foi lorrs f rorn t ire detr i led ciescript ion of rational cohornolo6gy

automorphisms of  Nf  g ivcn in  2.8 and 2"9 (sec the proof  o f  Proposi t ion 5.1 and the

remarks preceding l is staternent); the ba-qle arguments for establishing the rigit i i tv

of  E^(n{)  are ext raete<l  f rom [2] ,  proposi t ions 2.13 and 2.15.  As far  as gener ie
0

r ig id i tv  is  eoneerned,  we fo l lcw I t t ] ,  obta i r r ing a l i t t le  more (see Theorem 5.3) .

?" Coliowrclcgy A utom orph isr,n s

Let G be a con":paet eonneetE:ri  Lier g;routrv anrj let T be a maximal torus. By

elassical Lie theory (see [4]), G/T = G1/T1, ur] iere in adcli t ion C, is l"-conneeted

(and its Lie algebra ec;rrals t lre semisinrple prrrt of the l , ie erlgeLrra of C). Therefore

ure ff i&V and v,,c shail  incleed from novJ on sirppose that C is l-eonnected. I{e ean

furthcr write C =JTG, as tho product of i t-s simple eomponents. I jenoting by V the

Lie aigebra of T anrJ by la the l<ernet'  of the exponential rnap of T, there is a

corrcsponding prociuct spl i t t ing for '1, V and $*.

The real  veetor  spaee V is  endowed rn; i th  the euci ic lean metr ie  coming

from the i{ i l l ing forn of G. This clrcriee of metrie provicies & eanoniea} isomorphism

V5+ V* anC an cuciidean structure on the ciual space V* (ever"ytlr ing being

eompat ibJe wi th  the sp l i t t ings i "  Denote t ,v{ ,  *CVo the root  svstem ( in  the

axiornat ic  se l tse of  t21 l )  consis t inp;  o f  the roots  of  the aCjo int  rcprescntat ion of  T in

the L ie a lg*bra of  C (see I1 l ) " ' fne.p, roup l . r / - ( f ) lT  is  enno: i i ra l ly  isorncrphie to  thc

IVeyi grorip of this root svsteln. nnd Uorf 'r *,; : l  i re clenoter-i  in t i te sequel l :rr trV (see

ilgnin It j) .  f 'ne t lerorlposrit ion of G into sintple components correspr:ttds to the

ci.:caryl l :o*;t iori  of i"" t" '  
= j-",-r i ; ' ,  i i i to i i"r 'r . .cjr ir : ; i- , lr :  conrponc!' l ts; s; irnf lartry, the i{evl

t:roui) df{::otrr i}osci i  r i : j  r i  cl ircr: i  pic(Ji. ir l t" I t  ir ,r i l i  bt 'col l lr t l i i iont to norrral ize thc

..',/
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lncjtr ie on r)r lch crornporleni of V (V ="i l*V,) in order to make al l  short roots of the
i

,  and E lvc eonsidcr  l l rn t

a l l  roots  r t re  shor t ) .  Denot ing b) , ( ,  )  t i le  resul t ing metr ie  on V and by '? .1:  V--#V*
r

t l ie corresporrding isornetry v' le obtain a rt ioi svstern qDCV whieh is isonretr ieal iy
'".

d 
isomorphi* ,o ':l * and wiiose lYeyl gl"aup action or"r V corresponds to the adjaint

aet ion of  thc [ {e \ '1  group of  G( l ' i ] ) .

1?ecal l  next  f rom [4]  that ,  wi th ,eharseter is t ic  zero coef f ic ients  f f ,  the

spectral sequence of the f ibr"ation G/1'c+BT-+ BG gives the isomorphism

H*(G/T;ir) = IJ's(BT;s)l icleai (H+{sr;ei)t{).  Denoting bv tr l  t*6 r i  the graded {F-al-

gebra of polynornial funeticns on [ ' ,1) , f  ( i .vith clegree of the generators = '1), on

whieh I{r natural ly aets by p\{ l '* perv, fol p,5rg,l  f-@iFl and w(i i ,{,  t lre na-tural

. F - . nisonrorph!srn l. [t: uf *+ I-1"(H'f ;F) gives rise tc an algebra isomorphism

t s t  + i i 7 , r ,

rrt I Cgt #l/idenI (,F[ l-t ' iF]- '"):v+ t+*(c/'r;,f )

vvhieh cJcrirbles the rlegrees"
q 2 f l

Denote rr.v EIp:1( Tti]ri?i ti i* subinrrnoicl consisting of those F'*linear meps

s1 iF--> l-g * u,,itlr the propertly that, for any p€S't f' (S pl*uu,

po b&.ideai ($l f",1,: ,Fl*!\ ' ) ,  and b5r;t.  tne group of invert ible element, oi{;"

3"L" t lncposit lon" ' fhe corresporidenre which associates to eaeh U,i"fr,  t fre

indueed gladed algebr:a endomorphism of H*(G/T$f), via (1), estabiishes an

antimult ipl ieative isornorphism onto t lre crrhomologv endornorphisrns ,rf G/T over F,
'i 4,

under rt,hii:h the cohorrrc,iogy rrutomr-rr;rhisnrs correspond to the eleinents otJ'{.

3 !  
Pr"c* f "  S incc G is  in  par t ieu iar  sern is i rnp le eael t  lVcv l  group I { t  aets

ir"redueiblv on V. f211. It  fol lorvs th;rt t lrere ftre no noirzero degree one invtr iants of

the 1,!7r;rr l  iTl"otip l tr in rF[f $ ,f  t  for f l i  = r[t  arrd eonseqrlei l t iv (sce [0], pri26) for any

S;" I ierrcc the projcr:t ion ir l  i -  rJl I?l '*+'I{q'{{ l / ' f ; f f) indrrees nn isomorpir isrn

. n r l * ' :  
' l  ' '  '

i t : ' l  i  i i i , , i l i ' t  J.-: l l r(n/ ' t ' ; ' :r) ;r i  the ierr,: l  r , !- incieeonrposohle nlgcbt'a geiterntors. LIsinf

this fr: .ctu al l  t ire; u,,nsor' l ioirs of the proposit ion fal lerw easily,

\ I I

t"1
h .  l

b
n =ta
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1  ' . :

d, :'.1:

i . :

From now on Bie shal l  use' for the, inverse of t i re at love isomorphism,
:.{';

f i

Enrl l l*(G/'r; tr):y-"" '?,, the notatinn f-*+ H.r(f; iF).' 1 ,

I{e are now rnovit:g totr.rards th.* proof
:  

. d *

Consider  the subgrorrp DLi ICL( \ t i )  eonsis t ing of

nrult ipl ieatlon by some posit ive reai nurnber on each
.t

plainiy have Df Jt.

of Theorem 1.1.  Set lF ={R.

automorphisms r,yhich aet as

V..  Sinee D eentrai izes 117, we

"J"

Pr*of. Assurne a e''€. Since we just saw tliat there are no nonzero

* * 4  I ^ i  4
elernents in etf\ t ja to i t  fof lows from the definit ion of ?i tnat the action of a on ff i . IVJ

q r^7 2 yJ.
musr preserve rne l inear  snbspaee &[V] 'uu = O r i t [V; ] * " i .  By i r redueib i l i ty  (see [6 ]o

. I

? w
p"6S) each iR[V,]" " i  is one dimensicnal, generated by t lre invariant quadratie' form

e

Qi def ined by qi(*)  = (x,ux') ,  for  x =-fx, f t .v.  F{eneu qi  = 
?ot:o: ,  

anV i -  Summation
*# tr -l

gives (ax,ax)  = lA,q, (x) ,  for  any x€"*V.  i f  a€Jfp ick a nonzero x i€v i  and deduee
J J

that A. ) 0. for anv i" Define then cj nv O =JT/, , iryi i lr 1,, = t/ \ lE.- - ' - " - - l  
I  I  I

c
The same methoci gives the fol lowing result,  whieh wil l  be useful inQ+:

. r f

2"2. Lernrca. For eaeh aey'fthere exists dgD sueh that ad is an isometry.

8.3. Lemma" For is tr{-invariant,any a€{ , ,  ker  a

=f qgto'{*) = (awx,a,,ryx).

<-

Proof. I f  ax = 0 then rve may write" for any wr-*-lv, 0 = (ax,ax) =fqi(x) =

6.6f . r t-(JvL uL l l lglJr(.: l l l  r.f tLrt t l '  - t l t

t?
1>

rrf;#*ii,r' 
i I{e have to show that#|n, N being tiie norinaliaer of the tr'1'eyl group in

"  
' -  

.  a f

- .  
' '  o '  

GL(V) .  By Lem ma 2.2 i t  is  enougl r  to  shor ,v  t i ra t  any isometr ie  a l ,TYnormal izes.W.
' - F

/  

. . ,  .  i ie claim that i t  suff iees to prove that any sueir a leaves I{ invariant. Indeed,
- - :  . f  -

r '  .  *  - -  , .1 f r -n ing  t i rn t  fo r  anyc , -c {  there  ex is t .s  
FO*  

sue l t  tha t  a (F ic { )=Hp,  i t  i s

*\- 
in-,r,"rj iate to see, using tfre faet i.hirt n is iscrrctit", *n*, **-, u-l = st , urhere s*

; \  : ; : , '  
o d  r'- .:*q.:, *ga"r* al.e the refleciicns ir: ti,'e coruesp*nding fr-vpt-:rplanes; sinee the refieetions

-  ' t s r A ; ' \ ' d ' l 5
d - n z ' {

\ *  * - .  
a  . '

- \  
' ' t l ' - ' " ."  .*ErF; ' : :

"  

, t  ' . -  

" , . '  

t '  

, . ,  
t .  

. . , .  
* -
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s f lcnerate hi i t  fol lou,s that a f I '1,
V!

' trn o)'clcr to pl"ove ttiet tire *eticn *f a prescrves H hre proeeecl ta' the

rJetermination of t l ie cr:ho:loLot{v classes ;n i ;2(C/:f; i l t)  lvhicir ha.ve rnaxinlai. heig'ht

(a eornputation f icr conrplex f lag rnanifolcls mav bc found in [19])"

Denoting by n t lre number of posit ive roots (an<j reeall ing t lrat

2n = d imerrs i r :n  of  CIT ' )  rve s f ra l l  eonsic ier  thc fo l lowing polvnomia l  funet ion

p(. iH[V]l l ,  constructerJ by euaiuating n-t ir powers of 2-dimensional co]romologly

classes of GIT on t l-re fundamental elass of G/T: p(x) = <z(x)t], fG/Tl), any x€V. For

any i v { l t J :

!:f

= (<leg(w )"T(x)Ir,[C; /T]> = r jet(vr).p(x). i t  is norv easv to infer that p(x) =

t +*"r' i /
A" I  I  Jc t , "x) ,  an ly  x(V,  for  r :orne / r  ' l r i l  ( [s ] ,  p .1 i3) .  l \ loreorrer ,  A must  be

'-{ C T-' ,)*
norrzero,  for  o therr i r ise (use [2 i ] ,  p .1.34)  lve ' , r rou ld have I '1"" (G/T; lR)  = 0.

Coming bnel< to our given orthc,rg;onal arr"u.;#, i t  is elear that a* ntust

preserve t lre zeroes of p"A*l, r,vhieh irnpl ies that a"i preserves the zero set of p,

n'hieh is just I 'T.

Our next tasl< is to r icscri l :e the group struetrrre of I \ .  Let us ehoose a
, t -

s.vstem of s imple roots SC+; i f  
*  

=l l t ,  is  the dceoinposi t ion into i r redr-rc ib lc

eomponcnts, there is a eorresponding splitt ing S =-j,I ,, lvit lr S,{:fr ' . a systein of
I  I  l _ l

sinrple roots. We shall  clenote i :v Graphaut (S) the group of 6:errnutations of $ which

are autoi 'norphisms of the Coxeter graph strueture. I t  contains the subgroup Dgraut

(S), consls;t ing of g;raph auiomolphisms nrhieh preserve short an<1 iong roots.

2,S. Prog:ositEr:n. ' fhere is a sptit  exaet soquenec

{
{-+ D x Ir7 ** N ;* crnphaut($) * 'F'1

$'

Frcaf. The pi '*of is inspireci $5' [21, Propos!t ian 2.13. "fhe noveity ccnsists

in  the construct ion of  the sp l i t t i r rg  ( in  [2 ]  the sur jeet iv i iy  o f  f  is  ver i f iec i  by

easr:*lrv*ensc c:hccl i inig); I lrorr l ; ! ' i  pcr]r lrps l in,:\ ,u:n to ;\r iarns anct iuicint irtd, this explicit

r.r*:rrstruction wii. !  1)iA." 'a l . lev rr: lr :  j1 y,r irat foi. ioir, is, L|crcfcre u'r: slt i i i l  treat t?ris 1:oint
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eerefullv. As a word of caution, not*: t l iat

[2] ciiagra m isomolpltisms.

graph-automorplrisms afe ea].led in
.r,l 

' 
.

6\

Deticte bv C t l te ' ["7eyi ehanrber ccrle..;pLrnding to.5. The angun:ients of 2.4

sholv  that  the c lements of  N aet  on ! \ iev l  eharnbers.  Cal l  the s tabi l i tv  gror i t )  o f  C,

nC.  An e let 'nent  a6N" permutes the wai ls  o f  C and thus induees a permutat ion of

s ,  cJenoted uy )  
(a) ,  ehalaeter ized bv:  a( l {o)  = I {y(a) , " - ,  any c /  €s.  I t  ean be

eheekecl (tzl) that T 
(a) is a graph*autonrorphism anci that we have an exaet

sequence L*4D -+*- [ *  Graphaut(S) .  crant ing for  the moment  the ex is tenee of

a spl i t t ing<f : Graphaut(S)*+l ' l6 , rvo ean easil .rr f inish the proof. The transit ivi ty

of the IVetri  gfoup aetion on ehambers provicies a natural group surjection

NC/D - )  ru /n"W, whieh is  in  faet  an isomorphisrn (us ing the s imple t rans i t iv i ty) .

The existence of 
f  

ano $ for NC gives thus rise to the eoruesponding

eonstructions for N and the ssserted spli t  exactsequenee is establishecl. I t  renrains

to construet  t l re  sp l i t t ing for  Na.

Pick g€Ciraphaut(S) .  tVe e la i rn  t l ia t  there ex is ts  un iqueiy  ; * :  S*?f i l *  suel r

that  def in ing b€cL(V)  b5r  l>(oc)  =1, i (X) ' f ( ' { ) ,  for  any, l .€S,  * "  t1auJ

bs*b"l = ,g(*; : for sny o{€s

and 
*ff i 

1r( f ) = 4, fr:r anv i

F  * u '  I

( 1 )

(2 )

3"

where s =.JIS.. is t l re spl i t t ing given by the i r redueibie eomponents of  $" Defer ing

the proof ,  not ice that ,  bv (1) ,  baN,  and that  in  orcJer  to  show beNC anA 
$n)  

= g i t

is  harmless to  assume (by Lemma 2.2)  that  b  is  ar r  isornetry ,  eventual iy  e l ranging

p(oC) to  some other ,pos i t ive$ (o<) .  I f  x4=C, t l ien,  for  any x*S,  we l rave 0 (  (x ,* . )  =

= (b(>r),h(ea)) ="f (ci)"(b(x),g(or)), whielr slrows that f){ NC , and again b},

o r t l r o g o n a l i t v b ( I t ) = F I g ( * ) , a h y c . r ( S ,  l r e r r e e f f r : l = g " P u t t h e n c i * ( g ) = b n n c l

emphasiee the t. lepenrJcnce on g writ ing [r* i l rstortcl of p" The'fact that (f is a group

mcrphisrn is ecluivalent to Ltg;g, ir*," i l i* " I l ' ) ,  f 'cr an:/ p,,g' {3). $i inee an easy

conrprr ta t ion s l ro"u i ,s  t i r . r t  eor ic l i i ic ,ns (1)  nrc  e<iu iv i : lcnt  to
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l r (F ) / t r ( ,x ) -  < l i . * ) /< r i1 l ) . f ( * ) ) ,  f *  {n r - /  r { ,P ,u ,  sueh tha t  < i i , c " :>  l0  ( , r )

(wh*"r:c (,) 'C'tt :ote Cartan i l i t*gers" sr: i i r  [21J) one n]&y use {4} arrd (2) for rr rei: id

proof of ( i i ) .  eJhserving fr:rt lrer" t l int cond!t ir: ,rs (4) are involving independenLly the

variotts ir:redi lr: iblc eornl ionerrtB s.rrd that i t  i : l  enoiigh to clreel< them only wlren

I,y. i  < i  F \ ,  i t  is elear holr, tcr plcr,,{r i l :e existenee ancl the uniguencss of a' t

so lut ion p of  (1)  vr , i th  srb i t rar i ly  preser ibed va l r res at  the I 'eentra l  nodesi l  o f  eaeh

cornponent (specif icsi]-\2, we rnay ehoose the irocje'J. for each n* C{ancl for G2, the

rrode f for each Bgr the noOe f-Z for each ng, ihe nocle 4 for eaeh Eg and for Fn, in

the notnt ions of  [?1 i ,  p .58)"  For  each eompcnent  
$,  chc,ose such at reentra l  noder t

F o *n,1, for any other 
F 

n tt ,  b'r ehcosiirg a str ing of nodes joining p o ," 
F, and

i terat i i ig (4),  cleciuce , ' ,* ,  u*i l* :  u(po).c, ,  tr : : ' ' ,*  the posit ive eonsranr oF is

inclepencient of p; t l rerefore J- i-  l , (p ) = i , tpo)is; l  -o.,  wlrere 
" i  

is posit ive and
1 . 1  € $ ,  t  I

a >

lj: 
's- 

.!j . 
r I

in rJepenclent  o f  i l "  Th is  helps to  eomftetc  thc proof .

.6. Renrnri<" .Let us say thnt twr: Dynkin diagranis ar"e S*igoDolphiq i l l  the

undcr lv ing g^ l 'u1>hs arc isornorp l r ie ;  antonf i  ronncctec i  oncs t l . ,c  on ly  Q* isc,nrorphic  brr t

not isr:nrorphic on€s ar?r i}tr) and {:* Let us :i&y that a ciiagram is S::'S!.yUlS"

!:glYjf jg i f  ait  i ts iredueible eomponents are Q*isorncrphic { isomorphie); there a.re

the obvioLrs noti,:rrs of dceornr-rosition intc ff:i,:glyg$*qg3pg:l5tlt and Into fqt.ypig

gggt?9!q1ltq. A sinri lar term!n<.rlog'y applles to loot s3/sterrs, Lie al,gebras aird Lie

grottps. These notions naturai lv arise in conneetion wit lr graph (diagrarn)

automoiphisln groups, u'hich obviouslv spl i t  a:; direet proriuets, aeeording to the

cleeompr:sit iorr into t)* isotv;: ie ( isotvpie) eornponents. As a bvproduet of the rrbove
'"t*-i'-'

proof ,  i f  G = |  I  f l ,  is  t l re  f t -  isoty ; : ie  c lecor lpos i t ion,  i t  fo l lows thnt  a l l  the grcups in

t i lc  s ia ie t ' , rcn i  o f  
j .s  

upf i t , r .  t t ' , . ' * i .uct  p i 'c r i i ie t  o f  the grout)s  eor i 'cspondingl  to  eael r

O, "  i n  $  t f l p . i l nc r  co l ] , 1 i l s l t i l , ; l e  v , , i t h  Y  a i l d  r f .
.l 1.,!

?"?" Pr**f *f Ti:*s:re;lr 1-L fi:r tF = fi,

grrclc<i  algel :ra sutomorpl i i i i i l rs of  I I+(( l i ' f ; t . f . l

extensicn of sq:alars the group

irJrni i f ied v,r i t l i  tha subi:,roup

U I

u ' l

t J  1 t- ' . l

t . t ]
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*
graded algebra automorphisms of H*(C/l 'Sl ,)  whieh preserve the rat ional strueture

,  , .
i tz(C/'t ' ;e)cLlz(C/T;in). Using the inverse of the isomorphism establisfred in

' :

Froposit ion ?.. l .  'vve m&y further icientify ttre rational eohontology automorplr isnls

t'7 n 14

with"f{-{ lCt,( t  ,& q'} l  rvlr iclr,  hy the result for f f  = Sl, is nothing else but the

normalizcr of I t i  in G1-,( f"S ql.

lrle shall denole in the sequei by Ne this norm alir-er groi.tp; set also

D^ = group of automor:pl i isms of V whieh an:l i  as rational posit ive sealars on eaelr
q{

i rrerlueible eomponent V,. As far as the group strueture of NU is eoneernedu we

have the fol iowing repliea of Proposit ion 2.5:

2.$. Praposit ion. The spii t  exact sequence of Proposit ion 2.5 restr iets tcl

an exaet  sequenee
Y
fi

.  '1 *, Dq x 1\ '-*Y *e & GraPhaut(S) -+ {

whieh spli ts as the direet produet of the analogous exar:t segllenees corresponding

to the Q- isotyp ie eomponents of  V.

Proof. tr{e on)5, hgrvg to eheck that the restr iet ion ,, 
{ 

to N* is st i l l  onto.

Actualiy i t  ean be shown that for any g'€ Craplraut(S) there exists d€D such t lrat

$(g)de CL(  l '@ q l ,  us ing the ecnstruct ion of  Cgiven in  t l re  proof  o f  Proposi t ion

2.5 and keeping in  rn in<l  that  Sef  (see 2.10) .  Uere is  an a l ternat ive proof ,  basod on

[2], Proposit ion 2,13, rn,hleh dispcses of the case when G is simple. For a Q-isotypic

G it is immediate to see that we have a spli t  exact sequence (whieh rrui i l  be useful

again la ter  on)

(1")e
n'l

uaTf 
".aphau 

t(s,)
l = l

j[
*a Giaphaut(s) €2"f ;* o

t n

rvlrere {F = j-f-ip, ir the <Jecornposition into iruecJueible components anrj lfo(p;)
) '  i=1

represents t le perntutation of the eonneeteci eomponcnts of the Coxeter graph

inc luccd by g6Cir rphaui (S) .  I l .  is  equi l ly  i t t t tncr l i r te  to  see t l rn t  ) io" { :  NO*-+7- ]n i *



:_ 1"3

onto, urhich impl.ies the result for the Q-isotfpie e&se. The general esrse foilows by
d -
' ' - t n . .

Remar l<  2 .6 .

?"$" Etennariss. i \ssi lrne G is simple. In most eases, nameiy exeepting
.?

$ 
= t)2,It4 ar C2,lve i tal '€ equali ty betv;een rJraph*automorphisnns and diagrarn*au*

tomot'phisrnsl in the exceptional eases there is only one automorphism of the

diagram but  therr r  is  one more exot ie  graph-automorpi r ism,  whieh turns the graph

end for  enc i .  I f  g€ Dgraut  t l ren g preserves Car tan in tegcrs 'henee,  by (a)  and (2)  in

the proof  o f  Froposi t ion 2.5,  Fg=4;  s ince Sdf  (? .10) ,  i t  fo l lorvs i l ra t  the sp l i t t ing

{5iof Proposit ion 2.5 also spli ts.the exaet sequenee of Froposit ion Z"B, i ,r:hen

Graphaut (S) eontains ontrv diagram automorphisms. I{owever i t  is not rJif f ieult to

see that the exact sequenee rloes not sgtl i t ,  for G = B'Fn or Gz (c]ue to the

presenee of t i  sqtrare root faetor in the expression of !rU, g being the nontrivial

graph*autornorplr ism). In the genet"al ease, one ean see that N* is generated by

rJireet pro<ltrets cf grading automorphisms antj the autonrorphisms of the root

system, eventuallv together v,r i th the exotic a<jmissible isomorpli isnis of [2],,

eorresponding to the graph isornorphisms betrveen in'erJueible Dvnkin diagrarng

rvhieh do not respect the length of the roots (for morc detai ls see the proof of

Proposi t ion 5. i  ) .

The fol lowing simple lemma is vcr-y useful.

?"10.  Leni** .  i 'eo ine ides rv i th  the f ree

z , x . / ( a , { ) ,  c t e s  . I n  p a r t i e u l a r  S c l a .

abelian groirp generated b5t

?

;r
5,

Frocf. The simple conneetivity of G implies that I 
'  

is generateci by

?tx/( 'x ,J.) . ,  x E( j t  ,  see [11, p.129. on the other hand, i t  is  stanc]ard that ,  for  any
.:

r {€1 | ' ,Zc t /0 ! . , x )  i s  a  W - l i nea r  eo rnb ina t ion  o f  z f / ( f , f l ) , [ , e  s  ,  see  e .€ f .

iZCt , -p .z t .  IV i t i r  oLrr  choice of  metr ie ,  i t  fo l lov, ,s  i rnmecl is te lv  that  Sc" I ' .

2.tr.1" []roc'f  CIf ' i lheort:m J:.1*. sinee I ' lx{$/T;Z) is tc;,rs. ion frcc [5], extcnsion

of  seal r i rs  id t rn t i f ics  ,1r r t  11* ' (G/T ' ;?r )  '+ , , i t i r  i t  ccr t i i in  sr r ix r ro i : r r  r ' ) f  Ant  IT*{ r '17 'J ' . ' * ; ,
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1 A_ r . t

.whieh is plaintv eontaineci in the subg'r"or.rp of those elements of Aut II"(GiT;ff{)
r )

l*; l i ich in<iutle un!nToduinr seif*maps oi I l"(Gi ' f ; ts). I) i :e to the 1-conneetcdness

assumpticn an G this latter group is identif !ed, via the inverse of the isomcrphism

deser . ibed in  Proposi t ion 2""J .0 wi th  Nf lCt( I ' ) .  Our  f i rs t  a im is  to  show that

Nn cl(f  )  = nrl t({r) .  
r '

The exaet sequonee of Proposit ion 2.5 easily describes Aut (rb )
.L

I tr-t l .(Dgraut(S)). Sinee al. l  slrort roots have t lre s&me length, we infer from
i ^

previous lein ma that A ut (t| )c FI f l GL( f ).

in orcier to prove tire other inelusion, we have to start wjth an element

a€N/1GL(f  ) ,  of  the form a = d",1.(g),  wi th c l r . : I )  tnd g€Graphaut(S),  and shovr that

necessrrr i ly  ggDgraut(s) .  (s ince DfIGL(f  l  = i . r !  i t  ro, i t t  fo l low that ae eut (r , f  l ) .

l{rit ing d = dia$(dO )tt 6 S, with .i* 
f 

R*, we know that a(c{.) =

= d.--  t j . . (d) .g( ,Jt-)  for  any Dd€S. l iy  Lemmn 1.10 the r .ondi t ion n(t ' )c- l l  s imply
6w" Hr

means that for every o{.€ S, a (2cl /{*",ct )) = n " (2gJct-}/{g(ot),g(a))), for sonre
t{

n .+.71, u,hieh nrav be rervr i t ten as
r - ' . '

6..  ,  u."# )  -  [ (x,c ) / (gs ,S,< ) ]"n .  (n- .G ?*)o any x€ S ( t )
gci . t4

Aclci ing the eonri i t ion that <Jet(a) = +4. ancJ reeall ing that Cet(g(g)) =+{.r for '&ny

ge Craphaut($) (by eonstruction), anti then muit iplying the eondit ions (1), r,ve f ind

out that t(,e must lrave 
k 

= u, for any i{ e S. Tal<e any c,{ ,.F n U such that

<t r ,F > t  0 .  S inee g is  a  graph*autornorphism at rd d{D,  we know that  d  =r i
, I

Dividing the equali t .y (1) eoi:respontl ing to p by that eorresl:onding to c( and using

the defining propert ies of p." (namely (A) in the proof of Proposit ion 2.5) we rledr:ce

that  (gr* ,gF)  = <x,$ ) ,  ther .efore gtDg-raut(S)  anr i  the procf  o f  our  f l rs t  c la im is-  - - l  t

eompleted.

On the otl ier hnnd, i t  fol lows lrrr el irss!r 'al Lie t lrcory t lrnt for anv

ggDgraut($)  t l rere ex is ts  a group ar : tomorpl r isn i  h  of  t l  w l r ieh icaves T invar iant

and s;rrch that ) i  ( l f  ?(ir. ; i i l )) 
'= g1, r l ircrc. i  dr,nctes t lre inducecl rnit l :  on G/'1" (see [?],

'y  
t l ,  anC a lso [2 i .  p .14] .  ' l ' l rc rc ' ic le  a i l  n t r tomorp] r isnrs of  thc root  systc tn arc

as

the

e
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ineiur:ed, bv extension of scalnrs, t iy eutomorphisms of I is(r i /T;ff),  which eonclucies

the irroof of orlr t ir*:orem {: lnd also shcn,s that a!1 integral eohornology

autonrorphisrns si:e induced b5r sglg-rl l i :ps of G/' lu by eontrast rtr i th the case of

eias:si f  vi ng r;paces).

F

3" Invnrisnt Geociesies

As expiainetJ in the int ioduction, the results of K.Grove, S.l latperin and
J

[ , i .Vip. 'ud reCuce the geometrie problem to the computation of rational homotopy

fixed points of rational homotopy equivalenees of G/T'. These in turn eorrespond

bijeetively []  0l to the automorphisms of tfre eohomologv, whieh may lre identif ied

as in the prerrious seetion with ttre norrnalizer of the trVeyi group. We are going to

associate a number F(a) to eaeh a €N in sueh a way that
^ A . 1  h

F(a) = cirr i ["T!ac(c/T)88]n v,,henever a = l lr(h*; iR) anct !r is an lsornetry of G/T,

and then proeeed to the effeetive eonrputation of these ltumbers.

Denote by I the subalgobra of the invariants of the Weyl group in tR[V1

(which is a eommirtative graded algebra freeiy generated bry r: elements, r = dim V,

see [6], p.10?) anci bv i* the posit ive ctegree invariants. In the notations of section 2

(whieh wi l i  l>e used t i r roughorr t  th is  paper)  the natura l  aet ion on fS[V]  o f  any a *N
+ + + +

inc]uees a l inear map, dencted by f i la) ,  inl l*. In*+ I*/I*" i*. Define then:

+  +  + , j ] ( a )
F(a )  =  d i rn ( t '  / t '  . t ' )

3.1. Proposit ion" For any rational honrotopy equivalenee h: G/T-+C/T we

have dim[-47?dd(clr l  ,8 q]h = r-{Flr{h*ff i)}.

r 
roof, The proof uscs rationai hermotopv theory (t241). We nray safely

replace Q byR in the left hanri side and then r-rse minimal models overR, Sinee G/'f

is  for f f ra l  ( t24J)  i ts  min imal  nrodel  co ineic les wi th  the rn in imal  model  o f  i ts

cohornology algebra consir iered lvith tr ivial <i i f feronti*1. The minimal model
'']., t.  .  r l i r .El) -+ ( l l  "(G1T,0) is eonstnrctcd as fol lours. Piek lromr:gettous elementsv .  \ " i

)
- ,"f- , 

4/.n

Dg,. . . ,p .OI '  r , r 'h ieh f rce ly  gencrnte the gr t rder l  i i lp lebra I "  Construct  l r '1 ,  as * t  f ree
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eommutetive grarJcd algebrri  by sr;tt ing ! ' ! t . . ,  yT,, Qi AZ, (wherc V ancl { indir_,ate

svntt i ietr ic, rcsl:cc:i . iv* exteriol l lgebr:ns) rvi i l r  za= vu anrl cieg(z) = 2, for any
f

z&7,o,  anc i  l ;1r  = ' i i : i *s i :nn 
i . t1 , . . . ,y . i  w i th  rJcg(y, )  = <Jeg(p, )  * "1 ( r .vhere Oeg(p, i  is

consicierecl bv id*nti iving f i t lVl and V?,* as ffgiogl alp;ebras). Set dz = 0 for z&Zo

and d5r, - P' for" an;u !.  Si i" lca t i le::e f irc r iLr nofizoro ir ivnr. iairts 6f 1{ in V,t (renrcmber

that G is st i l l  l issunrer] to be 1*eonnsctecl). i i  fol iov,rs tt irat ( l , l ,O) is indeed rninimat.

Dc f i ne  
3 "=  

z  fo ; "  zL .zo  a r td  g  y i  =  0  fo r  any  i .  r $ inee  ( i r t , " . . . , p , , )  i s  a  reg* ia r

sequenee in  t I lhr l  {see [6 ] ,  p .115) ,  i t  fo l lo lvs f rorn [24 j  i l ra t  
$  

is  a  min i rna l  model

map. ci ' , ten hE:H8(c/T)'*ry FI* '(f i iT), i t  is eas3r to cr:nstruet a differcntial graclecl

algcbra ,nap'f,{1.. ' ] ,cj). . .r(, i i l ,cf) such rirat i-3'1} = t," ' ' t /  .  Ry tt Ol t  wiff  represent a
) )

mininta.i  madei of lr ,  therefare, by rational homo.i.erp5r f lreory, the cjual of the aetion
. \ - :A  

Aof h on i i '11' ' ' '(c/t ')rP'a is i<jcntif iec with the actir:n of'tr on the inrlceoiirpcsables of

or lc l  < icgi 'ce or l?1.  i .e.  v,r i t l i  the i i r iear pnrt  of  t l re restr ict iont f  t ""  Not iee grat
/ . t r . r " ,  

\ r t r n  $ .  
i  - ' -

r r (vzo)C'  t / t 'o  anr)  thnt  the rcst r ic t io t r ' t r  lvZo co inc ic les i^ , r i th  ure aet ion on iFt lV l  o f

a = tr ' Ir(h+;f,t),  hV eonstrustion. Denoting bv J the ideai of uR[V] generatecJ 6y I+, i .e.

J  = (YZo) ' r1z,  v , rc  in fcr  tnat  t ( r ie  J .  To be mcl re preei :se,  deeompose' l l r ,  as

f ollcivs: 
-r\
hi7, l ,  = h1 + h2, i , .rhei 'e h., :  Zr-rr f tZr). Z, and

l t r tZ ' r *1{Vzo € l ' ,Zr ) "Z, l lZr  v ; r i te  t i re .comrnutat icn eondi t ion lv i th  d and f ind
.  . :  / \  ^ s s Aout tl iat hd lZ, 

= dir,. t{ri ' t ing; furt}rer t.r, = ,Fo"a(ii) r- hl, where
.',t s /'.

7ior17(h):7,r ; l  Z,  a,nr i  I r ' ,  :  Zr-- , r  tv-rr , r ) .  z,  <jcduc:e t i rat ' tc t ' iZ i  = c i : iodd{r , ) ,  in

l/(V-rf,r) " :1. All i l irse eonr-icJelr.rt ions togc:i lrer irnpl5, that thc aetion of lr dn
n,'!rl .

i j - ;-"{G/T} Q'irfr mav be icienti l ied v: i th i lre action of a in J/{,{" 'z^). J. consicrer
, v

now the nsturir l  sur. jc*i ion, Io / i .o . ln.- i  J/(V+Zo) " , I ,  which is an isomorplr isin, due

to the fa*t that i : i t [ t1] is a free g'racred rrodure over I ([6j,  p"10s), and eonchide the

proof.

$inee in the geornetric applir:at ions lr wii l  l - :e a self*hornctopv cctuivalenee

attd since r,rre krrow in that erlr je, bv Thcr;r 'errn r.2, t trat l iz(h*; i f t) must l ie in

| i t  " S(l)1'1r 'arrt(S)) a nd sincc obrrici*-r iy F(wn) = F(n), for alv \^,f I t7 ancl a* N, we eorrlcl
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'

jus t  eompute F( f (g) ) ,  geDgrnut{S) ,  eheel< ing ense by ense,  in  order  to  g ive the

.proof of Theorem 1,4. FTowever, ive shall  not pursue this v;ay. but we choose to use

the foi lov,, ing general result,  whieh provides both a very eon\renient new descript ion

of  F(< i (g) ) ,  g€Dgraut(S) ,  and a usefu l  in format ion re la ted to  Lefse l retz  numbers

(see the next seetion).
;

>

3.3. I;emma. If a€N has finite order and ieaves some Weyl chamber

invariant, then F(a) = dim,Va and.this number is positive.

Proof. Assume a(C) = Cs for some Weyll ehamber C, and let

ord(a) = rn(*.  We f i rst  show that a has a f ixed point  in C. ' Indeed, start ing wi th
m

any yeCr set  x=X at(y) ;  then x(C and a(x) = x.  In part ieular th is pnoves the
i=1

) .seeond assertion. c

For any l inear map b, denote by m.,(b) the mult ipl ieity of the eigenvalue
" L

4. In : '  Qrder to eompute F(a) = ml(t-(a)) - ehoose homogenous elements

+ ,
p1, . . . ,p .€I* ( r  =  d im,V)  w.h ieh f ree ly  generate the a lgebra I  and,  wr i t ing that

p let ,  for  any i ,  deduee the ex is tenee of  a  polynomia l  funet ion A: lRr-+g.r  wi th' t  -  '

the property that p o a = A o p (x), where p : V*Rr has p, as i ts i-th eomponentl' l

by the very definit ion of TG), i t  has the same eharaeterist ie polynomial as the

l inear  par t  o f  A,  henee F(a)  = mr(DoA).  By tak ing der ivat ives in  (* ) ,  in  a point  xeC

whieh is f ixed by a, and reeall ing that the jaeobian of p is nonsingular, in: al l  points

of C (see [6J, p.113),:we infer that mr(a) = m1(Do1*;A),,whieh of course also equals
6 .

dim Va. We know in faet that, for any t€!R+, Dp(t*;A has the'same eharaeterlst ie
l

polynomial as a (using tx in plaee of x),  henee, let t ing t  go to zero, we eonelude
, .

that a and D^A have the same eharaeter ist ie polynomial,  and this f in ishes the(,,
' '  "  

:  .  :  '
proof.

3.3. Proof of. Theorem 1.4. I f  f€Isom(C/T) then, bv Theorem L,2,

FI2(f*;tR.) = w.6(9), with w €.W and g6 Dg'raut(S)o ando by Proposit ion 3.1,

nrlrl f

dimhI i " " (G/T)EQl '= p(c(g)) .  I ;emma 3.2 appl ies then to  g(e)  (see the

eonstruet ion of  S in  Proposi t ion 2.5)  and e lar i f ies the f i rs t  asser t ion of  the

jL.PrdL\ffiLl
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theorem. [4oreover ,  reeal l i r r6 l  that  F*  = { . ,  for  any ge Dgraut($) ,  the s&me lern ina

'g ives that  F(c; (g) )  equl r ls  the number of  cyc les of  g ,  eonsidered as a permutat ion of

t i '  T l le  fact  that  ar ty  d iagrant  Rutornorphisrn respeets the isotyp ic  eomponents (sec

Remark 2.G) impries that crimtJi?dd(c/T) Gi qtf ) ,r unicss S is isotypic, say
A -,{ l  l t  t t  . ir  f , .  i
g  =Y  

&rL . " . [ q  f  w i th  p . ' .  = . . .  -  yp=  i r redue ib le .  Fo r  such  an  i so tvp ie  roo t
!

system, the spli t  exaet sequenee (1) eonstructecl in the proof of proposit ion 2.8

rest r ic ts  to  a s i rn i lar  sp l i t  exaet  sequenee,  in  whieh Dgraut  rep laees Graphaut .  We

thus see that dimif idd(c/r) g @if ) i  unless'%te. l  is a eyeie, say (1 2.. .  $, ano
in  th is  ease g aets  on s ,  as g,  :  s1-)  s ia l  where g,  is  a  c i iagram isomorphism, for

any i .  s inee i t  is  e lear  that  g  acts  as a eyc le on s  i f  and onlv  i f  gggLr  . . .  s4 aets  as

a eyele on Sn and sinee the only eyelie diagranr automorphisms of the eonneeted

Dynkin d iagrams are the ident i ty  o f  the type A,  and the nontr iv ia l  d iagram

automorphism of the type Az, the seeond assert ion of our theorem fol lows

(remember that  the order  of  tak ing produets in  Dgraut  (Ao)  is  i r r .e levant ! ) .

3"4. Remarks. It  is shown in [14] that the f initeness assumption on

number of  f - invar iant  geodesies imposes a s t ronger  rest r ic t ion on f  than the one

quoted in  the In t roduet ion.  namelv

oimtTiven(m) 6l qif S oiml: i ldd(nn) & elf <a

Hewevenr in our ease the f irst inequali ty alv*,ays holds.

'  Th is  ean be seen as fo l lows:  for  any f6  Isom( l t t ) , |T* f f )  @ e has f in i te

order, by Cbroltarv 1.3.

The desi r .ed inequat i ty  may thus be re lcr i t ten as

t r(Z"u"n(f) @ a)J mt({dd(f) & Q)

tn th ie i i  is  a  d i reet  eonsequenee of  a  resul t  o f  S.Halper in ,  see [15] ,  T l reorem 3 ( for  a

c ieta i led s t i l tement  of  th is  resul t ,  see the pror ; f  o f  ' l 'heorcm 4.1;  the key fact  here is

thnt dim 
' l f  

*tt ; / l)  €) qicr:,  see the eonstruction ol '  the minimal moctel of GrT

givcn in  t l re  proof  o f  Frot ros i t ion 3.1) .

t he

W E
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We f ina. I lv  ment ion the existence of  examples of  isometr ies f  having only

f in i te$ many invar iant  geodesies ond vr i th Hz(f* ;R) as in the statement of  our
' 1 c l \

theorem (see a lso I1  3 l ) .

I 4" Fnee Transformation Groups

The result staterj in Theorem 1.5 was obtained in the speeial ease G = U(n)

in [1S] as a eorol lary of a sl ightly more general assert ion about noneoincidence

indiees. The proof of Theorem 1.5 to be given below, albeit independent of this kind

of general ization, aiso works and produees information about the noneoineidenee

index,  wi th  only  minor  ehanges.

.  We shal l  therefore reformulate the s tatemqnt  of  Theorem L.5,  us ing the

terminology of  [18J.  Def ine the noqgoineidenee i i ' ldex of  M,  n(nT) ,  as the maximum k

for whieh there exist k-4. f ixed point free self*rnaps of M, no two of which having a

eoineidence, see [18]; also define the tree symrne_try index of I \{,  f(M), as the

maximum of the eardinali t ies of the groups whieh ean aet freely on 14. We always

have f( l \{)( n(lu), and, for I\4 = G/T, f(m)) order of l tr.  we shall  prove Theorem 1.S

in the fo l lowing s t rengthened form:

4.L. Theorem- Set G/T = M.

( i )  f (M) = order  of  W.

( i i )  n(M) = @ unless G is  s imple"  and ' in  th is  ease n(wt)  = f (M).

Proof. I f  G = G, x G, t lren I\{ = I\4, x iVI, anci i t  is immediate to prociuee

arbitrari ly large farni l ies of f ixed point free self-maps of i \{ without eoineidenees.

From now on we shall  treat ( i) ancl ( i i )  simultaneously, and urr,,n.,* that G is simple

in  ( i i ) .

J
l

l:

I

trorn eom orphisrns (resp. self-maps)

11,' .  Notice f irst thnt the fanr i l .y

au tomorp l r i sn rs  o f  I I s (G /T ;R) " ' 1 ' l i i s

.A
lVe harre to show that, given a family J eonsisting of l< fixed point free

nr i thout  co inc idenees.  we must  have k (  order  of
F , . , .  /  . , .  I  ^  _ p )

Y o ' = ) F I * ( q , r r n ) l , { ( f  ! "  m r r s t  c o r r . s j s t  o n l v  o f
L  I  r \ " -  j

fo l lows fr ;om t f re fact  t l rut  l ' ( t ;  R) is indueecl



, . l f l

by the action on di-?-hrl of some at{;, ,  see Proposit ion 2,.1.; i f  a is not a l inear

isornorphism then t irer irreclucibi l i tV of the l ,Vevl f ,roup action on V irnplies, via

T,emma 2.3,  that  H*( t {J  lR)  is  t r iv ia l ,  wl r ieh cr :n t rac l ic ts  the faet  th{ r t  \ r  has no f ixec l

points, by the Lefschetz f ixerl point t}:ecrern. Observe next t lratY* no, the sanre
r4w

eardinali ty as J , by the Lefsehetz coincidence t lreorem t?gl (see also [18.1.

Theorenr 4.1 and Pr:oposit i , rn 4.2). Considering $re family V=lnrt, . f  * ;R)lqt{},

eonsis t ing of  k  d is t inct  e lcments,  we know that  L(a)  = 0 for 'un5,  ,  tF  and L(a,b)  = 0

"-4 tr
for any a,bt f  ,  a I b (by the Lefsehetz theorenrs), anrJ i 'Cttr" (f(Graphaut) (see the

proof  o f  Theorem 1.2 ' ) ,  respeet iveWYCNCl(v) ( tV)  (by t l . re  prev ious remartcs) ;  we

have denoted here by L(a,b), for a,b€'{,.  the Lefsehetz eoineidence number. (see

[26], [1S]) of the endomorphisms of I-I*(G/T';$I) nrhieh eorrespond to a and b bv

Proposit ion 2.1, and L(a) = L(a,icl),  fc'rr anv ae(C, as usual" The kev step.of the proof

is  eonta ined in  the fo l lowing:

2 .5 ,  a  =  w" r f  (g ) ,  w i th  w6W and

lR*,  w6-W and g€Graphaut) .  i f

Granting the elaim, \ 're are going to f inish quiel<lv the proof of the

tlreorem. Sinee we knr:w that V c (trr ' l  f- ici  ]  ).  6"(Craphaut), we may write

f=Jlu*'u. a(g), wlrue

rv*.  = 
lw{h?, w I  id lw"s(s)c

I f  w€ I ' i^.f \  i ,Vh ttren l,(wd(g),r,v€(h))
H  I I

andn s inee th is  number is  nonzero by

S = lt .  fhis shov;s that k ( order of l t i r .

'  
The pr:oof of the claim uses rational homotopy theorv. lVe reeali  the

fo l lovr inq rcsul t .  chrc to  S. l la lpor in  ( [ t  S] ,  Thcorcnr  3) .  u ,h ieh re la tes Lcfsehetz

nurxbers to  rat ionel  homotopy f jxc<J points : le t  X be a 1-eonneetec j  ra t ional  sp&ee

tv i th  the oroper t - i7  t i rn t  c l i rn  l iu(X)  ( {s  an<j  c l inr { . (X)  < ' "x i ,  nnd le t  
Y 

,  
" - -bX 

be

anv rnap; then rnr(i7" ,r, ,(t i  )) ) rnt( i io",,n(. i ' )) ( i : .r l i ipnre u' i th f i .enarl< 3.4), wlrere

C-laiq.  Wri te,  aeeording to Proposi t ion

g(Graphaut (respeet ively *  = A w. r ' (g) ,  wi t t r  (g

L(a) = 0 then v; I id (resp. r{ = t ancl w I id).

= +L(r1

the pre

fJ", ro, rno

(glr- 1)), see

vious e ia inr .

g  6Craphaut

e.g.  [18J,  Proposi t ion 4"2,

oirr hypotlteses imply that
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a r l*  a l .

m, denotes the mul t ip l ie i ty  o f  the e igenvalue { ,  and equal i ty  ho ids i f  and onl i t  i f

L(V*)  10"  Set t ing X = (C;7 'p ;^  ,  r re  mf tv  apply  th is  rcsui t ,  ta i< ing t f  to  be the for rnal
t " o t

map urhiclr incluces t ire eohcrnologv autornorpl i ism eorresponding to a (renren"lber

that G/T is a formai spaee bv [2a]). Denoting UV (]/ l ,cl) the minimal rnodel of X (see

z\

the proof of  Proposi t ion 3.1) and bv"tg t i r*  mininral  mociel  of  
f  ,  we may compute' n

m, using the induced rnap on de l lham homotopv, cienotecl UV i i*(t().  Reeali from

the proof of proposition 3.1 that ffven(fi1) = v* and poacl)i i) = I*/l*.In, and that

uun, t )= a*  
"no-r i 'odd(Q' )=JTh) . rc  

l ,  * '1 ,  i t  is  easy to  see that  mr(a*)= 0 and

mr(fr(a)) = 0, due to the faet that ord(w<r(g)) <cc,wtrieh implies in turn that

I , (a)  10.  I t  remains to  shorv that  L(c , t (g) )  10,  for  any g@Graphaut .  By the prev ious

renrarks,  t i r is  is  equiva lent  to  p(a (g) )  = d im ut ' I (S) ,  i r r  t l re  notat ions of  
I  

s ,  anc l  i t  is

a eonsequence.  of  Lemma 3.2,  which is  avai lab le s inee f (g)  leaves some l t rey l

ehamber invar iant  bv eonstruet ion (see the proof  o f  Proposi t ion 2.5) .  The proof  o f

Theorem 4.1 is  now eomplete.

5" Generie Rigidity

Our f irst task wil l  be to elarify the assert ions nrade in the Introduetion

connect ion wi th  the r ig id i ty  o f  Eo( [4)  and i ts  le la t ionship vr i th  the amount

loeai izat ion ncedecJ to  eonstnret  generators for  E^( [ { ) .o

Given a set of primes P, we slral l  denote bv Ep(M) the subgroup of Eo(n4)

eonsist ing of rationalizations of self-homotopy equivalenees of h{nn the loea}ization

of  1 \4 at  P;  the same eonstruct ior r ,  appl ied to  the eomplementary set  o f  pr imes,  wi } l

Lre denoted UV .ErrO(l\{h for notational eonvenienee, E j (n4) wil l  stand for the

rationalizations of seif-homotopy equivalcnces of I \4. The isomorphisnr establishecJ

in Seet ion 2,  g iven bv f  ;+ l ' l , ( f { ' ;Q)o nr i l l  serve to  ident i fy  Eo(M) anr i  N*,  when

i \ {  =  C/T.  In  the notat ions of  Proposi t ion 2.8,  wl r ich < jeser ibe.q t l re  group st ruct t t re  of

N^, we obviousiv have I{r( f i . ,  and, ars far as the products of grading automorphisms

&re eoncerneci" w<l l<now b-1r [9] th!]rt ,  foi.  anv sirnple G, i f  cleDn is a prime, then

d* Ei/rt  aricl i t  is i i ' rrhrce<l b5r the eorresponding Fn'l :cnitrs is,:g;en)" T'he generators of

qe
))

I

;
1 n

of



- 2 2

N,r \  corresponr i ing to  g ' raph-autornorphisms ere set t led in  the next  proposi t ion
t {{  - i ' . ' ,

(plainl:f  i t  is ettou5l 'h to eonsider thc Q-isotypie case)"

5"1, Freipeislt icn" l f  C is { l* isotvpic then

denotes the maximirm number of  boncls  a1>pear ing in

Rnd use Proposi t ior r  5 .1 and the rcmat 'ks preeeding i t .

Given the eoroi lary, the theorem hrelor^'r resdiiv

Kl tvo  ' u

the Dynkin

sti l l  onto, where q

d iag ram.

of Eo(lt t t) = Nq

{3 Prcof. The group strueture of Graphaut (S) is deseribed by the exaet
'r

sequenee (1)  which r ,vas der ived in  the proof  o f  Proposi t ion 2.8.  I f  tp  is  not  isotyp ie '

then 'a l l  i ts  i r rec lue ib le  eonrponents are of  tvpe Br  or  Cr ,  for  some r )3,  and have

no nontr iv ia i  graph-automorphisms,  and our  e la im amounts to  the ex is tenee of  a

homotopv equiva lenee betweerr  (8 , , /T)*  and (C"/T)z! .  This  is  prov ided by [9 ]  anc

eomes f rom the exeept ionai  isogeny in  c l iaracter is t ie  2 re la t ing the or thogonal  and

sympleet ie  groups.  S inee for  an isotvp ie G the eomposi t ion 7%"[ lE,  is  p la in ly

onto,  we are redueed to the ease when C is  s imple.  S inee moreover  Dgraut  CI tnr l

by eharacter is t ie  zero L ie theory (see the proof  o f  Theorem 1.2)o we are f ina l ly  te f t

with three eases: $ 
= Ur,Un or C' eaeh one r,vith a single graph-automorplr ism

whieh does not ,"Jpu"t the lengths. ' f l re f irst one. fol lows by using the already

ment ioned homotop5r  equi r ra lence (SO(5) /T)+:p(sp(2) /T) i -  and the other  ones by

reenl l i r rg  the sc l f *homotopy equiva lences of  K; /T) t /qeonstnreted in  I8 l  for  G = Fn

and G, from the exeeptional isogenies in charaeterist ic 2 (respeetively 3) of these

groups (see a lso i2 l ,  Proposi t ion 2.15)"

5.2. Ccrotrier3t. For rrnv G,l\,1 = G/T has the follor,r,'ing property:

( * ) given a set  o f  pr imes P,  for  any f  €-Eo(n/ i )  there ex is t

f l  €Ep( l \4)  and f r€  l l r lp( l \4)  sueh that  f  =  f  . r f  , .

Pnoof" 1?eclree to the Q-isoti ,pic erlse, reeil l l  the struetttre

imp l i es  Theorem 1 .6 .

5.3. ' f tr*orem" Lct tr i  be a 1*ronnn:etccl f initcr forntr l  eomplex. If  l \{  lras t lre
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property (*) steted in Corollary 5.2, then ['t 
i lyenericallv 

rigid.

Froof. If Ir,I = C/l( is a eomplex ffrJ *onitolcl, the generie rigiditv of I\4

was der ived in  I t i ] ,  f rom the assumpt ion that  Eo{ lv t )  is  generated by grading

automorphisnts  together  wi th  ru"(x) /K;  us ing [9 ]  i t  is  eady,  to  see that  th is

assumpt i< ln  impl ies the proper ty  (* ) .  Our  eontr ibut ion eonsis ts  in  observ ing that  the

arguments of  I i1 ]  s t i l l  work for  a i r  arb i t rarv  L-eonneqted f in i te  formal  eomplex,

prov ided the propcr ty  (x)  ho lc is .  The gener ie  r ig i rJ i ty  o f  i \ {  fo l lows immediate ly  i f  M

sat is f ies the hypotheses of  Lemma 1.3 t11 l  and the eoneius ion of  Lemma 2.2tL l l .

The argument  showing that  Lemma.1.3 is  avai lab le for  our  14 is  the same as in  [11] .

i { r i t i ng  p  = {p t . , . . . , pn } ,  an  easy  i ndue t i on  wh ieh  uses  p rope r t y  ( * )  shows  tha t  f o r

any  f r , . . . , f ne .Eo(M)  the re  ex i s t s  f  €E l l p ( i \ 4 )  sueh  tha t  f f ,U r ' , l no ) ,  f o r  any ' i .  I n
' 1 .

partieular the coneiusion of Lemma 2.2 t"L1l holds for i l4.
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