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Abs t rac t

we prove a new separat ion theorem for  any t ; ;  subsets
n

o f  R" ,  w i th  d i ' s j o in t  convex  hu l l s r  by  l i nea r  ope ra to rs ,  o r  i so rno r -

ph i sms  r  o r  i somet r i es ,  i n  t he  sense  o f  t he  l ex j - cog raph ica l  o rde r
h

o f  R "  ( o r ,  e q u i v a l e n t l y ,  b y  " g e n e r a r i z e d  h a l f - s p a c e s " ) .  A l s o r  w e

prove that  i f  one of  the sets  is  the non-posi t ive or thant ,  then

the  i somet ry  can  be  taken  l ex i cog raph ica l l y  non -nega t i ve  ,  o r  t he

i somcrph ism non-nega t i ve  ( i n  t he  usua ]  o rde r ) .  we  g i ve  some appr i -

c a t i - o n s .

! 0 . fn t roduct ion

The a im of  the present  paper  is  to  g ive some theorems

on  separa t i on  ,  o f  . a  new ( " l ex i cog raph ica l " )  t ype ,  o f  two  subse ts
ri

of  R '^  ,  by l inear  operators,  
' in  

v iew of  appl icat . ions to  vector  opt i -

m i z a t i o n  ( s e e  [ f  z ]  I
t .

The usual  separat ion theorems of  two con\rex sets  in  lRn,

b y  l i n e a r  f u n c t i o n a l s  ( o r ,  e q u i v a l e n t t y ,  h y p e r p l a n e s ) ,  a n d  t h e

var ious known extensions of  these theorems to separat ion by l inear

opera to rs ,  i n  t he  sense  o f  t he  usua l  o rde r  o f  R t ,  regu i re  ra the r

s t r o n g  a s s u m p t i o n s  ( s e e  e . g .  L : ] ,  [ a ] ,  [ t a ]  a n d  r h e  r e f e r e n c e s

the re in ) .  A  theo rem o f  a  new t ype r  oD  the  separa t i on  o f  an  a rb i - t ra -

ry  convex set  in  R"  and any ou. ts ide point ,  by o: r thogonal  rnat r ices,

i n  t he  sense  o f  t he  l ex i cog raph ica l  o rde r  o f  Rn  ( i ns tead  o f  t he

usua l  o rde r  o f  Rn ) ,  has  been  g i ven  i n  [ r J  r  we  sha l l  r eca l l  i t  j - n
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theorem I  be low.  some geometr ic  vers ions and some appl icat ions of

th is  separat ion theorem have been g iven in  lg) ,  L ts ]  (see a lso re_

mar l<  1 ' l  be fow)  and  l r0 ] ,  [ r r ]  ( app l i ca t i ons  to  genera l i zed  Laq ran .

g i u l  d u a l i t y  f o r  v e c t o r  o p t i m i z a t i . o n ) .

.  r n  the  p resen t  paper r  w€  sha l l  ex te r i d  the  case  o f  sepa re i -

t j - on  o f  a  convex  se t  and  an  ou ts j -de  po in t ,  i n  t he  above  sense ,  t o

the  case  o f  sepa ra t i on  o f  two  subse ts  o f  R t ,  w i th  d i s jo in t  convex

hul ls  ,  by l inear  operators ,  or  isomorphisms (non_s j -ngular  matr j -ces )  .

o r  o r thogona l  ma t r i ces ,  i n  t he  sense  o f  t he  l ex i cog raph ica l  o rde r

o f  Rn  ( theo rem 2 ) .  Fu r the rmore ,  we  sha l l  g i ve .some resu l t s  on  the

par t i cu la r  case  when  the  second  se t  i s  t he  non -pos i t i ve  o r than t  i n

Rn  ( theo rem 3 ) ,  o r  t he  non -pos l t i ve  o r than t  w i thou t  t he  o r i q in

( theo rem 4 )  .  F lna l l y r  w€  sha l l  g i ve  two  app l i ca t i ons :  a  cha rac te r i -

zat ion of  the e lements of  the " in f i rnum, '  ( ln  the sense of  l f ]  ,  [Z ]  I

o f  a  set  in .  Rn ( theorem 5)  and an improvement  of  the mean value

theorem for  the in tegra l  o f  a  vector  funct ion .v , r i th  va l i :es in  a con-

vex  subse t  o f  Rn ;  f o r  f u r the r  app l i ca t j - ons  to  su r roga te  dua l i t y  i n

vec to r  op t i .m iza t i on  and  to  cha rac te r i za t i ons  o f  convex  se ts  w i th
convex  comp lemen ts ,  see  i r z ]  and  [ ro ]  respec t i ve rv .

C '
31 .  t1 re ] . l -m l -nar res Se rat ion of  a  convex set  f rorn a o in t

Let  us recal l  nov/  some not ions,  notat . j -ons anci  resul ts ,

wh ich  we  sha l l  use  i n  t he  seque l .

The  e lemen ts  o f  Rn  (where  R= [ - * ,+aJ )  w i l ] _  be  cons lde red

co lumn vec to rs  and  the  supersc r i p t  T  w i l l  mean  t ranspose .  we  reca l1

l L ^ !  - - - I t  
r F  - n

t h a t  * = ( ' 5 1 ' . .  t n )  
* € R " '  i s  s a i d  t o  b e  " l e x i c o g r a p h i c a l l y  l e s s  t h a n "

y = ( r l '  . . . 1 r r ) T e  f i n ,  i n  s y m b o l s ,  x  < L  y ,  i f  x l y  a n d  i f  f o r

k = m i n  { i  e  { r  , . . .  , " ]  I  { i l l i }  * "  h a v e  i r . . i r . "  w e  w r i r e  x  ( l  y  i f  x  < l  y

o r  x = y "  T h e  n o t a t i o n s  y  ) l  X r r e s p € c t i v e l y ,  y  D "  x , w i l l  b e  a l s o  u s e d . .

w e  s h a I l  d e n o t e  b y  f  ( R n )  ,  u  ( n n )  a n d  f  ( R n ) ,  t h e  f a m i l i e s

o f  a l l  l j -near  opera tors ,  a l t  i somorph isms,  and a l l  l i near  i somet r j -es



v: Rn*+Rn, respect i "veJ.y.

mat r ix 'w i th  respec t  to

i s ,  w e  s h a l l  w r i t e

r , * / -  \ I " I  '  . r yv : ( n i j ) i ,  j = l = ( m l . . . r n r )  
- " . ( * 1 . , . " n ) ,  

( 1 . 1 )

. T
w n e r " e  m i = ( m r l " .  " * i r r )  ( i = 1 , o .  o ; r ) .  a r e  t h e  r o w s  o f  ( * i j ) l r r = ,  a n d

" i = ( * t i " . m r . . , - i ) T = v ( e - . i )  ( j = 1 r , . . r n )  a r e  i t s  c o l u m ' s ,  w i t h  e . i  b e i n gJ  L  
J  t L J  

J  
' '  v v & q . " r r u  

, '  Y v

t h e  j - t h  u n i t  v e c " t o r  ( 0 . . . 0  I  0 . . . 0 ) T e R n ,

We sha l l  cons ide r  t r vo  o rde r inqs  o f  *  (Rn)  (hence  a l so  o f  1 / (Rn) ,

f (Rn)  )  ,  name ly ,  t he  usua l  o rde r  re la t i on  7  ( i n  t e rmwise  sense )  and

the  l ex i cog raph ica l  o rde r  u  , rL  o  i n  t he  sense  o f  [ ro ] ,  de f i ned  co -

l u m n w i s e  ( i . e .  ,  v  7 L  0  l f  a n d  o n r y  i f  a r l  c o r u m n s  o f  v  a r e  v L 0 ) .

Let  us recal l  now two proper t ies of  the lex icoqraphica l  orderr  ,?ro-
ved  i n  [ roJ  ,  wh ich  we  sha l l  need  i n  the  sec rue l  ( f o r  t he  sake  o f

comp le teness  r  we  i nc rude  s imp le  p roo fs  fo r  t hem)  .

L-q1gg* t . - l  t l ro ] ,  coro l la ry  2 .3 )  .  For  ved (Rn)  ,  we have v

3 *

TVe shal l_ ic lent j . fy each ve,f  (Rn) wi th i ts

the uni t  vector basis . l " . , l l_. ,  of  Rf l ,  that
"  J ' , l : r

lr e$*"rlly i f

v ( x )  > L  0  1 x € R I l  ,  x V } ) .  ( t _ . 2 )

P r g o - f ,  L e t  , r = ( c l . . . . r r ) ,  s o  . 1 r . . .  r c n  a r e  t h e  c o l u m n s  o f  v .

r f  ( I . 2 )  h o ] d s ,  t h e n ,  s i n c e  e *  ) 0 r  w €  h a v e
J

. c - i = v ( e t )  V r . 0  ( j = I , " . . , D ) ,  ( 1 . 3 )' J J r J n

i . e .  r u  , . L  0 .  C o n v e r s e l y ,  i f  ( 1 . 3 )  h o l d s  a n d  x = I I * i * j € R n ,  x V  0 ,
' '1 = |

t h e n  e ;  V O  ( j = 1 ,  .  .  .  , t r )  ,  w h e n c e  v  ( x ) = * o * r ,  { . *  ) i ,  0 .  WJ  _ i = I  l ' .  J '  
.  L

v L  o

r \ \
D )  ) .  L C E*t*

Then

L,9"rr*:*: 2-
h

' L = ( L ,  
" ) ' , '  - - ' € f ,- L J  r r J - r

0  t . , \  \&  \ A l  
" a

P r o o f .  W e

.{- (x) = (!r

I f  x  
" L  

0

n

have

0  L  t t- 2 1 )  I '  > 2 '  '

r n A  i  : m i n-o  " ' - "

\ c t

(Rn)

par t i cu la r  case o f  t fOJ  ,  coro l la ry  2 .2

be a uni tary  l -ovrer  t r ianqular  matr ix .

( x e n n ,  x 7 L  0 ) .  ( 1 " 4 )

I  t -  |

. Z t n , q i * i r r )  t  ( : ( ! r . . . f  n ) % n " ) .  ( r . s )
+ _ 1  I L J : J

{ i l  t r*o} ,  t t - ' . . ,  \ ,  > o and
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k-l :s:1
\ - n  f "  , t  - n  t i -  1  .  r \  \

4  - L v i ! + * ! r . = 0  ( k = 1 , . . " , i o - I ) ,  Z ^ L i  u E i * i r  = t i  ) 0 ,
j = f  ^ J  - J  / ^  

j = f  
-  t O J  ' J  ' a O  , t O

w h e n c e ,  b y  ( 1 . 5 )  ,  L ( x ) V t  0 .  W
'  For  any  subset  G o f  Rn,  we sha l l  denote  by  sup"  G,  in f "  Gr

the  supren l im,  respec t i r re ly ,  the  in f imum o f  G,  fo r  the  lex icogra-

ph ica l  o rder  o f  En,  by  co  G the  convex  hu l r  o f  G ando by  rNF G,

t h e  " i n f i m u m "  o f  G  i n  t h e  s e n s e  o f  l f j ,  1 2 ) ,  i . e . ,  t h e  s u b s e t  o f
!

Rn de f i ned .  as  fo l l ows :  xe rNF  G i f  xEG ( the  c losu re  o f  G  in  Rn)  and

i f  t h e r e  e x i s t s  n o  g e G  s u c h  t h a t  g < x  ( i . e . ,  s u c h . t h a t  g < x o  g # x ) "

Fo r  two  subse ts  G l ,  GZ  o f  R t ,  we  sha l l  say  tha t  an  ope ra to r

- ^  , - l l \vef , ' (R '^)  Fe-para lgg Gr E9* <; ,  ( in  the sense of  the lex icographica l

o r d e r  o f  n n ;  o i f

v ( y r )  < -  v ( v ^ )  ( y . , € G . , ,  y r € c r ) ;  ( 1 . 6 )- I .  L  . . r l - - - I .  r 2 - * -

n 1 a : 1 1  
"  

+ h ' i c  h : r r n a n c  i f  r n r l  r . r n l r r  i f  - \ t  q A n l r . a # r : c  C  f r n m  l r .  d Av l c o ' !  J - . y  r  L l L I >  I l c t P y c . ( I b  - L I  c L r u  v r r r J  r !  v  S ( 9 [ J d . I  d . t g S  U Z  f  f ( ) I n  t c 1  
r  S O

we can speak about  separat ion of  the -sets  Gl  ggg .GZ.

F ina l l y ,  f o r  s imp l i c i t y ,  we  sha l l  no t  assume tha t  t he  se ts

occurr ing in  our  separat ion theorems are #A (where @ denotes the

e m n ] - v  s o t ' )  h r i t -  i n q t e a r l -  w e  s h a l l  m a k e  t h e  c O n v e n t i o n  t h a t  i f  o n eJ \ . 9 | ,

of  them is  empty,  then the separat ion proper t ies wi l l  be consid.e i :ed

to  ho ld  ( vacuous ly )  .

The fo l lowing separat ion theorem has  been  p roved  j -n  [gJ  t

be a conrre ix  subset  o f  Rn andT h e o r e m  1 , 1  ( l g ]  ,  p " 2 5 8 ) .  L e t  G

xos G. Then  the re  ex i s t s  v€ f (Rn)  such  tha t

v ( y )  < "  v ( x o ) 1ye G)  " ( 1 . 7 )

Remark  1 "1 .a )  Theorem 1 "1  admi t s  t he  fo l J -ow ing  geomet r i c  i n -

te rp re ta t i on  (and  p roo f  ) .  We  reca l l  t ha t ,  f o l . I ow ing  F lammer  [0J ,  a
l inear l"irace E

set  S in  a, i 's "ca l led a ?e, I i . :s , ,pac?_gg xo (a Spj . {gon.q,  in  the termi-

no logy  o f  [ 8 ]  ) ,  i f  S  i s  a  rnax i rna l  convex  cone  w i th  ve r tex  xo ,  and

xo fs r  o I ,  equ iva len t l y ,  i f  S  i s  a  max ima l  convex  se t  such  tha t

n
x^ds ;  j .n  R"  th is  concept  has  been a lso  de f ined,  independent ly ,  bY

M o t z k i n  t I t : ] ,  l e c t u r e  r r r )  .  N o \ ^ r ,  b y  I o ] ,  t h e o r e m  1  ( o r  [ r s ]  ,  l e c -

tu re  r r r ) ,  i f  GcH i ' s  convex  and"  x^dc" t 'hen  there  ex is ts  <1  s€r ' r i *
L''" --



g"Pggg s

I , l ,  a

5 -

a t  x ^  s u c h  t h a t  G C S .  0 n  t h e
U

set S c Rn is a semi-'-sr:ace at x

ex is ts  ve  0(nn)  such tha t

s = { v e n n l v ( v )  ( L  r ( x o ) }

other  hand,  by

^€Rn  i f  and  on l y
IJ

I r s ] ,  l emma

i f  there

( r . 8 )

( a  b g  L

(no te  tha t  i n  t f  S ]  t h i s  resu l t  has  been  s ta ted  on l y  r v i t h  ve  U  (nn ; ,

b u t  t h e  p r o o f  i s  t h e  s a m e  f o r  v e t r ( n n ) ;  n o t e  a l s o  t h a t  i n  ( I . B )  a b o -

ve  we  have  co r rec ted  a  m isp r in t  o f  l rS j ,  name ly ,  w€  have  rep laced

x^  o f  [ 15 ]  by  - ' t "  \  \  1aaml - i n ing  these  two  resu l t s ,  one  ob ta ins- .O L . * - ,  v  \ ^O, l  , l  .  \ - \ J r tuJ-

aga in  the  separa t i on  theo rem 1 .1  above r  ds  has  been  obse rved r  es -

s e n t i a l l y ,  i n  t r S ] ;  h o w e v e r r . i n  [ 9 ] ,  t h e o r e m  1 . 1  a l : o v e  i s  o b t a j - n e d

by a s imple induct ion proof

b )  r f  v€O ' (Rn)  ,  t hen  fo r  each  z ( .Rn  v le  have  z=v (xo )  ,  where

- 1  h

x^=v t (z)eRt. Hencer ? set s cRn is a gq,ni"-Sp..a,qg-..i.5.. q]r4 o11y.'3!
o --*T-

there  ex is t  ve t / (Rn)  and zdRn such tha t

s = { y € R n l v  ( v )  < L  z J "  ( 1 . e )

H e n r : e -  s i n e e  v e f  ( R n )  i f  a n d  o n l y  i f  ^ v e t l R n ) ,  i t  f o l t o w s  t h a t

Sc  Rn  i s  a  semi -space  i f  anc l  on l y  i f  t he re  ex i s t  ve  f r (nn )  aqq

zeRn  such  tha r

5={v€nn lv (v )  ) r ,  z l . ( 1 . 1 0 )

c )  Any  se t  o f  t he  fo rm (1 .9 ) ,  w i th  ve  *  (Rn)  and  zeHn  ( i ns t ,ead

of ve tI(Rn) ancl zeRn) wil l  be called a gg.F.e.f,q.L+Je$-nglg-spage (such

se ts  have  been  ca l l - ed  "ha l f  - spaces  "  i n  [ g ]  )  .  As  has  been  obse rved

i n  [ g ] ,  i f  , =  ( q ]  . . . ( r , ) t  i n  ( 1 . 9 ) ,  a n d  1 r = - *  o r  { - o o ,  t h e n  ( r . 9 )

is  the empty set  or  the whole space respect ive ly ;  fur thermore [g ]  ,
r F - n

i f  n > 2 ,  t t . R  a n d  \ Z = - *  o r  + o o ,  t h e n ,  f o r  a n y  v = ( m r " . . m r r ) ' e S  ( R " )

w i r h  * l * 0 ,  ( 1 . 9 )  i s  t h e  o p e n  h a l f - s p a c e  { v e n t l * T O . ! r }  o t  t h e  c l o -

s e d  h a r f - s p a c e  t y u n t l  * T o  
"  I  r 1 ,  r e s p e c t i v e l y .

Q Z .  S e p a r a t i o n  o f  t w o  s e t s
v  H r : :  : -  r r  , :

T h e o r e m  2 " I .  F o r  a n v  s e t s

men ts  a re  equ iva len t :
#ii.t.#

G y , G 2 c  R n , the fo l lowinq s tat -e-



a)
I - "  c o  G ,  A c o

I

zo-40. There

- . 6
l a - r A

" z  
-  w '

exis ts  ve J .  (Rn) ,  veU(Rt) ,  verl(Rn1 ,,qg"Fp.e,c3iygtJ,

s a t i s f y i n q  ( 1 . 6 ) .
........'"@

so" Ibs:g*g'ilnH-s.i!l:-u:*"*-sgtgr-1lircg-Ie$:.gs?se s, c Rn ?u.qll
tnat '

G 1 G  S t  r  G 2  G  R n \  S "

o r  a  qenera - l i zed  ha l f - space
ffi.@"%&{''@

( 2 , 2 )

t h e n  0 g c o  G ,  c o  G - ,  w h i c h  i s  a'  r  z ,

there ex j -s ts  vEr I (Rn)  such that

( y € c q  G r - c o  G Z ) ,  ( 2 " 3 )

( i = 1 r .  . .  r k ; j = 1 r . . .  r m ) ,

( 2 . 1 )
/ / n

q  / -  D ' 4  n r ' n l r '  * - l
: r  r \  o  u v r l  u r - I E  t

r  / -  D l l \  e / /  c  -  e t l  b
L r l ! f r  \ D  r  \ : 2 ! = b

B:g".{ I  10 ..+ 40 " rf  ro holds ,

c o n v e x  s e t .  H e n c e ,  b y  t h e o r e m  l " f ,

v (y.)
_ J J

wh ich  imp l i es  40 .

The  imp l i ca t i ons  40  +  30  =+20  a re  obv ious .

20  ^ -+ lo .  Assume tha t  ve  S_  (Rn)  i s  as . i n  2o ,  bu t  10  does  no t
i.

. r = U - ) 1 )ho ld ,  say  Xx ,  v f  = f1 * . , y1 ,  whe re  v  j e  c ,  ,  y i eG2 r  \ r ,  
f  :  >  0  ( i =1 , . . .  , k ;

i = l  i = l ' r  r  L

[ *
j = 1 r . .  "  r m )  , > - : \ . ,  = f l  F + = 1 .  T h e n ,  b y  ( 1 . 6 )  ,

j - = l  *  j = 1 '  J

v tv ]  )  <L 
"  t r l l

v,rhence
k  k  r .v ( Z l x , v i ) = 7 ; x r v ( v j )  ( "  T a T  _  " r v i ) . "i : l -  

!  r -  
i = r  

r  - - L  r r  
I < i < k

rvlr <" 
# p juwlt=urfiy1vjt ,

k r - ! - )
i n  con  b rad j - c t i on  w i th  X ,  \ ,  V !=T , f  rV t  "

i=L * 
i :1' - ' '  -r

4 o  : 7 5 0 .  r f  v E f r ( n n )  i s  a s  i n  4 o  ,  t h e n ,  b y  ( r . 6 )  ,

* u p l  v ( G r )  ( l  i n f "  v ( G 2 ) .  ( 2 . 4 )

I f  
" u p l  

v ( G r ) f v ( G r ) r  t h e n ,  b y  ( 2 . 4 ) ,  f o r  e a c h  o f  t h e  g e n e r a - l i -

zed  ha l f - spaces

s { = { y e R n l v ( v )  . r  * u p l  v ( G r ) i  e  s ; = { y € R n l  v ( v )  . "  i n f "  v ( G r 1 } , 1 2 . s )

w e  h a v e  ( 2 .  1 )  .  S i m i l a r l y ,  i f  i n f  

"  

v  ( G ,  ) 4  v  ( c 2  )  r  t h e n ,  b y  ( 2 .  4 ) ,  f o r

each  o f  t i r e  genera l i zed  ha l f - spaces

s/ j={ve nn lv  (v)  >L supl  v(cr ) } ;  s i={vennf  v(y)  >"  in f "  v(cz) }  ,  Q.6)

w e  h a v e  ( 2 , 2 ) .  F i n a I I y ,  i f  n u p l  v ( G r ) e v ( c a ) ,  i n . f "  t 7 ( G z ) e v ( c r 1 ,



7 "

t h e n ,  b y  ( f . 6 ) ,  t h e r e  h o l d s

and

'  ' , $ u P L  , t ( G f  )  < L  i n f "  v ( G 2 ) ,

hence,  for  the semj- -spaces

Remeirk  2 . I .  .a)  J ,et  us

s j={vennf  v(v)  . "  in f "  v (cr ) } ,  s i= fvennlv(v l  >r  supr  v(Gr)  ! ,e"a)
w e  h a v e  ( 2 . L )  a n d  ( 2 . 2 ) ,  r e s p e c t i v e l y

5 0  4 2 o .  f f  S '  j - s  a  g e n e r a l i z e d  h a l f * s p a c e  o f  t h e  f o r m  ( r . 9 ) ,

s a t i s f y i n g  ( 2 .  r )  ,  w h e r e  v E l . I R n )  a n d  z e F n ,  t h e n
' - , ' '  

1 ( Y r ) < t  z < L  v ( y 2 ) - -  ( y r e  c ,  ,  y 2 e  G r )  .

-  F ina l l y ,  t he  case  o f  a .genera l i zed  ha l f - spaes  s "  sa t i s f y ing

(2 .2 )  i s  s im i la r .  f f i

also g ive the fo l lowing a l ternat ive : : )

proof  o f  the impl ic . "pt ion 20 410,  which does not- -use the characte-

r j .zat i -on of  co G as the set  o f  convex combinat ions of  po ints  of  G:

Assume 20 and le t  l
'  H={y€Rn}v (v )  . r ,  1 , ( y2 )  t yzec r ) l * ,  -  ( z .g )

x= {ve  nn l  v  ( v ,  )  < r ,  v  ( y )  ( y re  co  c ,  )  }  (2 .  r0  )

T h e n  H r K  a r e  c o n v e x  s e t s  a n d ,  b y  ( I " 6 ) ,  w €  h a v e  G r e . H .  H e n c e ,

co Gl  g  H,  that  i -s  ,  GZ a K.  Hence r  co GZ I  K,  which impl ies lo .  , [3

b )  One  canno t  rep lace  i n  50  "qenera l i zed  ha l f - space ' ,  
. by

"semi -space" r  ds  shown  e .g .  by  the  ( convex )  se ts

Gr={v= (1r  r2 l r .n2 |  1,  < o } ,  G2=o2\G'

or  by the (convex)  sets

( l ' t )cr=ty = (1r ol2)" ext I t, . o 1, G2=R' \ cr.

N o t e  a l s o  t h a t ,  f o r  ( 2 . 1 I ) ,  t h e  i d e n t i t y  o p e r a t o r  v = I  s a t i s f i e s

( I . 6 )  a n d  s u p "  v ( G f  ) = ( 0  * m ) ' = 1 n 1 "  v ( G 2 ) ,  w h i l e  f o r  ( 2 . L 2 \ ,  v = I  s a -

t i s f i e s  ( I . 6 )  a n d  s u p "  v ( G f  ) = ( 0  - * ) ' = i n f l  v ( c 2 ) .

c )  I n  t he  pa r t i cu la r  c .ase  when  c r= { *o } ,  t he  imp l i ca t i on  10  - r4c

o f  t heo rem 2 .1  y ie lds  aga j -n  theo rem 1 .1 .  I " l o reove r ,  by  remark  1 .1  d )  r .

i n  t h i s  c a s e  t h e r e  e x i s L s  a  s e m i - s p a i e  S '  ( n a m e I y ,  S ' = S  o f  ( 1 , 8 ) ) ,

s a t i s f y i n g  ( 2 . 1 )  ( w i t h  c r = { x o } ) ;  n o t e  t h a t  t h i s  a l s o  f o l l o w s  f r o m

{ - l - r a  = l ' r n r ra  r r ra ' 3 f  o f  t heo rem 2 .1 ,  s i nce  fo r  G . ,= / x^ ' }  we  haveu f  r E  c l u \ J  v g  y r \ J \ - / r  \ r !  L r r l : L / I  c l t t  L  t  L  1  b + l l \ i r . t  r L  
z  .

' :

( 2 ^ 7 J

( 2 . 1 1 )

( 2  
"  L 2 )



B *

i n f , . v ( G r ) e v l c r ; ,  s o  o n l y  t h e  e a s e s  ( 2 . 5 )  o r  ( 2 . 8 )  c a n  h o l d .L Z ' I

c ] )  S j . n c e  S , n  S , , , R n . . S ,  a n d  R n \ S , ,  o f  ( 2 " I )  a n c l  ( Z " Z )  a r e  c o n e s ,

the  imp l j - ca t i on  1o .=+4o  i s  a  " cone  separa t i on  theo rem, , ,  i n  a  s t ronq

sense  ( s i -nce ,  usua l l y ,  i n  such  a  theo rem,  the  comp lemen t .o f  a  cone

which "separates"  GI  f rom Grr  need not  be a convex se 'L i  see e"- .J" [T j ) "

e )  T f  G l ,  G . r c R n  a r e  c o n v e x  s e t s ,  c o n d i t i o n  1 0  b e c o m e s
f  4  

=  l E d ' ' - t r r ! t l ! ! : | f u

. l- '  .  Gt A GZ=fl "

f n  t h i s  case ,  t he  imp l i ca t i on  r ' = )30  i s  equ iva le r r t  t o  t he

we l - l - known  resu l t  ( see  e .  g ,  [ 6  ]  ,  co roL la ry  2

accord ing to  whieh,  for  any two convex sets

ce  F ,  w i th  G l ^G2=#  n  the re  ex i s t s  a  convex

i s  c o n v e x ,  G l c H  a n d  G 2 q F \ H ,  n a m e l y ,

-/--\
H : f  \ { v ,  +  s l ,

Y  2 € G z -  
-

'whe re  S  i s  a  ce r ta . j - n  semi -space  a t  0 .  I nc leed ,  s ince  fo r  any  semj -

- s p a c e  S  a t  0 ,  H  o f  ( 2 " 1 3 )  a n d  F \ H  a r e  c o n v e x ,  a n d .  G 2 c F \ I I  (  h 6 ] ,  [ B ]  ) /

j - t  r ema ins  to  show tha t ,  f o r  F=Rnr . the re  ex j - s t s  veu (nn )  as  i n  30

i f  and  on ry  j - f  t he re  ex i s t s  a  semi -space  s  a t  0  such  tha t  H  o f

( 2 .  1 3 )  s a t i s f  i e s  G ,  q  H .  N o w ,  i f  v € U ( R n )  i s  a s  i n  3 o ,  t h e n  f o r

s = { y e R n f  v ( V )  < L  0 }  w e  h a v e ,  b y  ( 1 . 6 )  t  G r - y r e s  ( y r e G r )  ,  w h e n c e

G r = y r +  ( c f - y Z )  e  y r + s  c  u .  C o n v e r s e l y ,  i f  f o r  S - { y e R n l v  ( V )  < L  0 } ,

w h e r e  v 6 2 / ( R n ) ,  t h e  s e t  H  o f  ( 2 , L 3 )  s a t i s f i e s  G l c  H ,  t h e n

c r  G f )  {o rno l  y€Rn,  v (y )  ( "  o }=_{ ;Xvun ' l v (v )  {L '  ( v ) ! ,
r 2-"2 | 2t"2

( 1 . 6 )  h o l d s ,  w h i c h  p r o v e s  o u r  a s s e r t i o n .

r r r  I n t  6 t z  # h a n r a r n  1 \
L " J  I  J L  r  I  u r r u v . L u r r (  r / ,

G "  , G ^  i n  a  f j n r . a r  q r . n -' - I ' - ' 2 " r - *

a

set  H such that  F\  I - I

( 2 . 1 3 )



a- :: : :.'r: ::::la.::Ya":'

J -

' '  :
f )  Fo r  any  two  se ts  G ,G,  cR" ,  we  have  I t  l f  and  on l y  i f

r -  z

0 + c 1  -  G 2 . ( 2 .  r + )

' I f '  ( 2 , 7 +  )  h o l d s  a n d Gr*Gz j - s  eonvex ,  t hen ,  by  theo rem 1 ,1 ,

there exists ver l (nn) such t t rat

r t  l r r \  - z  
:

v  \ J  /  - T .  0

w h e n c e  w e  o b t a i n  ( f . 6 )  F  T h u s ,

o f  t h e o r e m  2 . I .

,  53.  Separat ion of  a 'set  and the no4-:Pqr+rYe,qElbgnt

Now we shal l  consider the part icular case in which er=-Rf,

w h e r e  n f = { v e n t l y > o } .

T h e o r e m  3 . 1 .  F o r  a n y  s e t  G c R n  s u c h  t h a t  G
=#

+ RT is convex,
T @

"'1'

( v t f  -  r <  \
\ J = u 1  u ) l  r

t a

i n  t h i s  case r  we  a l so  have

( 2 .  1 5 )

Io and f,

thsr" .!9.1 I gwi n g s t at emeq t s -3,r.e:eq ui va-leP t :

n n
1 " .  0 + G  +  R ; .

2 0 .  c n ( - n f ; = 8 .
. 1 -

30 .  ( co  c )  r l  ( -R l )=0 .
T

n n
.  :  4 - -6 - .  The re  ex i s t s  ve  3  (nn )  ,  ve \ )  (Rn )  , vE r/ (nn ), rgg.pggliJg-1Y.,

' &

r ' i \
. l

' :



-  1 0  -

such that

v  ( g )  > "  v  ( y )

7a-go.  same as  40 ,  50  and

roo-tlo. $gg-Cg 4o gg1

Proof .  The equiva lences

(se G,  ye -n f  )  .

oo q.ersRq.S,!,*v_e]X", .yitL u ,.L o

5o lggp"S!+_r."Jv,....yl9h v >. 0 .

1 0  c = + . . .  e r  6 0  h o l d  b y  r e m a r k  2 . L  f  )

( 3 . 4 )

b y  ( 3 . 1 ) ,

( v e - n l )  .  ( 3 : 5 )
- 't-

( 3 . r . )

w i t h  G I = G ,  G Z = - R I ,  r e p l a c i n g  v  o f  ( I . 6 )  b y  - v .

60  =+  90 .  ro r  ve r f (nn )  as  i n  6o ,  I e t  us  cons ide r  t he  ma t r i x  re *

p r e s e n t a t i o n  ( 1 . 1 )  o f  v  a n d  l e t

, . ' - . . ' -  , ' ; ,  r  . r
r o = m r - n  

1 i e  { 1  t . . . , n }  |  ( m r . . . m i ) ' t n  
" "  

( m 1 . . . * r } ' ' y  ( g e c , z e - { l } .  t : . 2 :

S ince  (by  (3 .1 )  )  t he  se t  on  the  r i gh l  hand  s ide  con ta j -ns  i=n r

w e h a v e t < i o < n . W e . c ] . a i m t h a t ( * r : . . * i ^ ) T , . L 0 , i . e . , t h a t

( r r , , , . . . f f i .  * ) T  > ,  0  
o  

( j = l r . . . r n ) .  ( 3 . 3 )
L J  t o J  r r

I n d e e d ,  a s s u m e  f i r s t  t h a t  i o  o  1 .  T h e n ,  b Y  ( 3 "  1 )  a n d '  ( 3 . 2 )  ,

there exist  go€c and yoe-Rf such that

( * t .  .  . * r o - r )  T g o =  ( m t .  .  . * r o - l _ )  T y o .

But ,  s ince  yo+Ve-n f  1ye-n | )  r  w€ have,

( m r . . . * r o - r ) t n o  u "  ( m r .  .  . * r o - r ) T { v o + y )

F r o m  ( 3 . 4 )  a n d  ( 3 . 5 )  i t ,  f o l l o w s  t h a t

(mr .  .  .m i  - t )  
ry  <  r ,  o  (ye  -n f  )  ,  (  3 .6  )

- o

w h e n c e ,  b y  l e m m a  1 . 1 ,
rF

( 3 . 7 )( m t " . . * i ^ _ t ) *  r . L a ,
v

a n d  t h u s ,  b y  ( 1 .  I  )  '

( m ,  , . . . I n *  . ,  * ) T  2 2 ,  0  (  ) = I  , . . .  r n )  -  ( 3 " 8 )
L J  ' o - r r J  !

r f  ( m . , * . - - * .  -  . ) t  t r .  0 ,  t h e n  ( m r . . - - ^  . ) T  > -  0 '  s o  ( 3 . 3 )
L J  "  " " t o - t ,  j '  ' L  0  '  t h e n  ( m r j  " . . * l o j )  

-  > L

holds for  th i ,s  j .  Assume now that

( m r . . . o r i - - t ) T . i . = ( m t i . . . m i  - 1 , i ) f , = O "  
( 3 ' 9 )

.  
t o - I  )  L J  r o - r r J

T l r e n ,  b y  ( 3 . 4 )  a n d  ( 3 . 9 ) ,  ' ,  . . ,

( m r .  .  . m i  - r  )  
T g o =  ( m r .  .  . m i ^ - r )  T  ( v o - ) e - i  )  ( . \ e  R * )  .  ( 3  '  t 0  )

o - -L  
-  ( J  r  I o - J -  - 1 . , ,  

J  ' ,

on the  oLher  hand,  s ince  Yo- t re - ,e -n f  ( )e  R* )  ,  we have,  by

g o € G  a n d  ( 3 . 2 )  t



l . : f f r rF - - '

t l -

m r F
( i l ' . . . * * ^ ) t n o r "  ( * r .  . * i ^ ) T ( r o - t r e . )  ( t r e R n ) .  ( 3 . 1 1 )

t l _

'  F r o m  t : . l r )  a n d  ( 3 . 1 0 )  i t o f o l l o w s  a n t . "
i

- - T  - T  i  . - T  , . f u ,  ( ) e  R ,  )  ,  ( 3 .  1 2 )* i  9 o  )  * i ^ Y o - a m .  e i  ( ^ e l  +*o 
;o 

-o

whence m. ,=mt e- i  7rO (s ince otherwise,  tak ing , \ - r+oo,  we arr ive at
l - I* o J - o r '

a  c o n L r a d i c t i o n  w i t h  ( 3 . 1 2 ) ) .  H e n c e ,  b y  ( 3 . 9 ) r  w €  o b t a i n  t h a t  ( 3 . 3 )

ho lds  fo r  t h i s  . j ,  t oo

F i n a l l y ,  a s s u m e  t h a t  i o = l .  T h e n ,  b y  ( 3 . 2 ) ,  f o r  a n y  g o e G  a n d

a l l  j = l r . .  "  r n  w e  h a v e  ( 3 . 1 2 )  ( w i t h  i o = l ) ,  w h e n c e ,  d s  a b o v e ,  i t
' F :

f o l l . o w s  t h a t  * t j V  0  ( j = l r .  t .  r o ) .  . T h u s ,  
* i  , r L  0 ,  w h i c h  p r o v e s  t h e

c l a i m  ( 3 . 3 )  .

N e x t r  w €  c l a i m  t h a t  t h e r e  e x i s t s  ? = ( f i * * ) ?  + - . , 6 d ( n n )  ,  f t  > ,  0 ,
1 l  I r l = 1

such tha t

f r . , *  =  f r r . :  l 4 : 1  i  ' j = 1  t . . . r t t )  " p ' ) ' 3 )^ " i j  " ' i i  \ r * r t r o e  t r o '

Indeed, we shal l  construct  the f f i ** 's  by induct ion on i .  By
. L J

v e  d ( R n ) ,  ( * i r . . . * r . r ) *  ( i = 1 , . . .  r i o )  a r e  m u t u a l l y  o r t h o g o n a l  n o n - z e r a

v e c t o r s ;  a l s o ,  t h e y  s a t i s f y  ( 3 . 3 ) .  A s s u m e  n o w  t h a t  f o r  s o m e  k  w , j - t h

0gk4n- io -1  we  have  cons t ruc teC mutua l l y  o r thogona l  non -  ze ro  vecb .o rs

, f \ t  N  , T( f f r r .  .  . f r r _ r r )  '  , ( i = 1  i o + k )  s a t i s f y i n q  ' ( 3 .  1 3 )  a n d

t f f i r j " ' f r r o n o , j ) t  
" L o

( j = 1 r . " . r n ) " ( 3 . 1 4 )

Then,  by the or thoqonal i ty  assumpt ion,  we have

r a n k  ( f f i t : ) i = l r . . . , l o + k ;  j = l  r . .  i  r r . = i - o + k  
( 3 " 1 5 )

i " e . ,  t h . e r e  e x i s t  i n d i c e s  l <  t t ( 1 )  <  " .  "  (  r r ( i o + k )  (  n  s u c h  t h a t

d e t ( f f i r , , r ( j l ) i , J = r , . . . , i o + k l o '  
c  

( 3 ' 1 6 )

l- +K

c h o o s e  a n y  r ( i o + k + I ) e . t r , . . .  t n l \ t n ( l ) l * o " ' . T h e n ,  b Y  ( 3 . 1 6 ) ,
"  i = l

there  ex is t  (un ique)  rea l  numbers  9r , , . .  ,9 ,  *O ,  such tha t-  - o ' "

io+k
\  y  (  - x
*  

* i , * ( j  
)  5 j = - * i , n ( i ^ + k + l )

Let  us def ine

( i = 1 r " . .  f i o + k ) ,  ( 3 , 1 7 )



l \ )  
- ,* i ^ * k + t ,  t r ( j ) = l j  ( j = 1 , " . , i o + k )  ,  ( 3 . 1 8 )

(J

( 3 . 1 e )ff i ,  -  *o*I ,  rr  ( i^+k+l )  
=1 ,

\J

{r., .i +.L+l
f r .  . = Q  t ; e l l  -  1 \  (  , . . 1 * n ' " ' ' *

1 4-t  - t -  I- o . . - . * , j  ( l e t r " " ' n J \ t t ' t i ) j - " -  ) '  ( 3 ' 2 0 )
i=l-

T h e n ,  b y  t h e  i n d u c t i o n  a s s u m p t i o n  a n d  b y  ( 3 . 1 7 ) - ( 3 . 1 9 ) ,  t h e
t N  #  \ T  ( ; - 1  - a a - -v e c t o r s  ( * i 1 . . . f r i r , )  *  ( i = 1 r . . .  r i . r + k + l )  a r e  m u t u a l l y  o r t h o g o n a l ;  a l s o ,

b y  ( 3 . 1 4 ) ,  ( 3 . 1 6 ) ,  ( 3 , 1 9 )  a n d  ( 3 . 2 0 ) ,  w e  h a v e

t l !  N  
t T .  -  a ,  / i - r  \( m r  " { . . . m i  + t  + . r  - i t  y ' r  0  ( j = 1  r . . .  , r r )  ,  ( 3 " 2 L )L J  r O - r K t I r J  ' b  ' - - - ' - - "

which proves the c la im on the ex is t .ence of  " f fer r  (Rn)  ,  V >r .  o ,  sat is-- J J

f y i n g  ( 3 . 1 3 ) .

F i n a l l y ,  f r o m  ( 3 . 2 )  i t  f o l l o w s  t h a t

( m t . . . * i ^ ) t n t "  ( r t . . . m i  ) T y  ( g . c , y e - { ) ,  ( 3 . 2 2 )
o * * o

a n d  h e n c e ,  b y  ( 3 " 1 3 )  ,
' l Y r \ - N t n -
v  ( q l- J r

The  conve rse  imp l i ca t i on  90  =+  60  i s  obv ious . '

80  +1 Io .  f f  veU (Rn)  i s  as  i n  .Bo ;  t hen  -  l - r r z  r r  \  .  0  and  f f  O l  "- r r v r r ,  p J  , O  
l L  L  r .

co ro l l a ry  2 . r ,  t he re  ex i s t  a  un i ta ry  l - ower  t r i anqu la r  ma t r i x

ZeU(nn)  and a matr ix  pe*  (nn)  ,  g)z  0,  such that  v=/p.  Then p=Z.- l .vE

eu(nn)  and,  s ince  z -1  i s  a lso  un i ta ry  and rower  t r ianqu lar ,  we have,

b y  ( 3 . f )  a n d  l e m m a  I . 2 ,

p (x) =.{- ' r  (v (x) 1 7.L o l - , r F  a  t f l \  ( 7 .  ) A \
\ X e \ r  

- r  r t ,  /  .  \ r .  L +  )-r

B u t ,  b y  ( 3 .  r 1  a n d  s i n c e  L - L e u  ( R n )  ,  w €  h a v e  p  ( x )  = . L - L  ( v  ( x )  ) * 0
.  n -( x e  G  +  R * )  a n d  h e n c e ,  b y  Q . 2 4 )  |

P (x) )r-, o ( x e G  +  * l )  .  ( 3 . 2 s )

Thus,  we may take p as the operator  v  requi red in  1 lo .

F ina l l y ,  t he  imp l i ca t i ons  11o  '+Bo  - - ; 70  +  40  and  11o  =+  10o ,=*7o

are  obv ious .

Remark  3 .1 "  a )  One  can  q i ve  a  d i rec t  p roo f  o f  t he  imp l j . ca t i on

50 = 'e go,  s l ight ly  s impler  than the above proof  o f  60 - -+ 90.  Namely,

a f te r  p rov ing  (3 .3 )  as  above ,  no te  tha t ,  by  veU(Rn)  r  w€  have

r a n k  l m  m  ) T = i  . i  . -  t h e r e  e x i s t  i n d j - c e s  1 ( r r ( l )  <  .  " .  <  n ( i ^ ) { nr q r r r !  \ r r r l . .  c r r r i  J  
- - ( \ 1  - L t r 3 c  1  L r l c : I ! 3  c ^ f  J L  J l l u J - L , g i )  I \  i l \ _ L ,  

u- o



, l ?
'  4 J

c l t ^ h  4 - h r *p  q v l l  u r l g  L

r { z : *  { m  \  r ^
U G L  \ r t r {  r / - i \ / " i  + - : r  " !  f u "

" t " \ i t  r r . J - - L y o o r l I ^
U

.  T . a #

N

v = ( n l " " ' m i  e n ( i  + r ) -* o  i l \ r o ' r ,

w h e r e  4 r i ( i  + l )  r r t n ) l = J
L  O  

t  t " '  t  r r \ t t r l ) - L I t

s o  V € U  ( R n )  "  A t s o ,  b y  ( 3 . 2 7 )

f rom (3  .2 )  t he re  fo l l ov , r s  (g  "

( 3 . 2 3 )  . "

( 3 . 2 6 )

.  en. (n;  )  
Te J .  (Rn)  , ( 3  . 2 7  )

. . . , , " t J . \  { n ( l ) . . . . . n ( 1 o ) } ;  T h e n  d e t  ? 1 0

a n d  ( 3 . 3 ) ,  w €  h a v e  V  ) "  0  F . i n a l l y ,

2 2 )  ,  w h e n c e ,  b y  ( 3  . 2 7 )  ,  w e  o b t a i n

One can  a l so  g i ve  a 'd i rec t  p roo f  o f  t he

wh ich  i s .  even  s imp le r "  Name ly ,  a f te r  p rov ing

enough to take

N T
; =  ( m l .  .  . m .  0 .  .  . 0 )  

" t  
( n n )  ;

such that

i  n r l aa r l  i "  -  ,  
O

r n o e e o ,  v  ) L  0  a n d ,  b y  ( 3 . 2 2 )  a n d  ( 3 . 2 8 )  ,  w e  h a v e  ( 3 . 2 3 ) .

b )  O n e  c a n n o t  r e p l a c e ,  i n  1 l o ,  v € U ( R n )  ,  y V 0 ,  b y  t h e  s t r : o n q e r

p r o p e r t i e s  v 6 f r ( R n ) ,  y  > - 0 ,  s i - n c e  i t  i s  e a s y  t o  s e e .  t h a t  t h e  o n l y

nonnegat ive or thcgonal  matr ices are the permutat ion matr ices.

Le t  us  cons ide r  now the  pa r t i cu la r  case  G^=-R t r  \  t ^?  -  e  '  1 -uc rb ( i  r 2 - - *+  \ 1UJ  O I  t ne .

s i t u a t i o n  o f  t h e o r e m  2 . I .

lleglgg**:?.. F.or..ajry-. s?! c cRn F-r:ch. rhar G + *nJ ( .  ] . s  convex ,- r  @ '

!}1e -J g 1 I ow.i n q .s ! Lt.efl e"r*:? .*p,{ ?"" S{,g +y* I e"Ir F_:
. a )  nI " .  0 d c  +  ( R ; \ i 0 l ) .

2 0 "  c ^ ( - R l \ i o ] ) = 0 .

30.  (co  G)  n  ( -R l  \  to  l  )  =o

4o-Go.  There g l fF_qg v€g (Rn)  ,  ve U (p.n)  ,  ve $(Rn)  ,

impJ- icat ion 40 4 70 ,

( 3 . 3 )  a s  a b o v e ,  i t  i s

( 3 . 2 8 )

r o q n / ) r { -  i  r z o ' 1  r z
*---;*---------i*'

v ( g )  > l  v  ( y )

7 o - g o .  S a m e  a s  4 a ,  5 Q  a n c l

roo -11o .  same as  40  and  5c )

(seG, y.-Rl \ {o})  .  (3.2e)

60 resgeclive.l.y.r y*!h u 2 t, 0

LeEPSggLVSJ-Yr-*qiIi] v >, o,

P r o o f . The equiva lences 10 t " )  o  .  .  (=e 60 hold lcy  remark 2, I  f  )

wi th  Gr=G,  Gz=-R l \  t 0 ] ,  obse rv ing  rha r  -Gz=R l \  {0 }  anc t  rep lac ins

v  o f  ( 1 . 6 )  b y  - v .
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6 o  = *  9 o .  I f  0  $  c o  G ,  t h e n ,  b y  3 0 ,  w e  h a v e  ( c o  c )  n  t - n | ) = 0 ,  s o

v , ie  can app ly  theonem 3 . I ,  imp l ica t i .on  60  * *90"  On the  o ther  hand,

i f  0 e c o  G ,  t h e n ,  b y  t h e o r e m  2 . I  ( s e e  a l s o  ( 2 . 3 ) ) ,  t h e r e  e x i s t s

verl(.Rn) s af-isf'y.ing

'  v ( g )  ) ,  v ( y )
" l )

( n  /  r r ]  ( !  t t r , - r r l l \  { n L \  ( 2  ? n \
\ Y  L  v v  v t J \ :  \  ( " J  /  ,  \ J . J v /

w h e n c e  ( 3 "  2 9 )  .  r n  p a r t i c u l - a r ,  s i n c e  0  €  c o  G ,  w e  h a v e

t v . - R l \ t o ! ) ,  - ( 3 . 3 1 )

w h e n c e  O  V r  v ( y )  t y e - n | ) ,  a n d  h e n c e ,  b y  l e m m a  1 . 1 ,  u  2 , , L  0 .

The  conve rse  imp l i ca t i on  90  +60  i s  obv ious .

' nho  n rnn f  o f  t h r .  imn l  i ca t i on  80  =+  11o  i s ' s im i l a r  t o  t ha t  o fr r r e  
t / !  

v v !

t h e o r e m  3 . 1 ,  i m p l i c a t i o n  8 0  - -  l l o ,  r e p l a c i n g ,  i n  ( 3 . 2 4 )  a n d  ( 3 . 2 5 )  |

G  +  * l  r t y  G  +  ( R ? \ t o l l .  F i n a l l y ,  t h e  i m p l i c a t i o r i s  1 1 o : > 8 o * +  7 a =  4 c

and  11o  =+  10o  =>7o  a re  obv ious .

t  + .  Ap r : I i ca t i ons

As  an  app l i ca t j - on  o f  t heo rem 3 .2 ,  l e t  us  g i ve  he re  the  fo l l on r *

i ng  cha rac te r i za t i on  o f  t he  e lemen ts  o f  INF  G:

'  -  * t  
b*  such that  G + Rl  is  convex,  andghs,9:g*3:1.HccR'  ,  #

l e t  xeRn .  The  fo l l ow i r rq  s ta temen ts  a re  ec {u i va len t :
' #

l o .  x e I N F  G .

2 0 .  x e 6  a n d  t h e r e  e x i s t s  v e  U  ( n n ;  ,  v >  0 ,  s u c h  t h a t

v  ( g )  > "  v  ( y ) ( g e c ,  y € R n r  y < x )  .  ( 4  "  1 )

Sgggg: 10 =+ 20, We may assume, wi thout loss of  general i ty

(replacing G by G-x) that  x=0. Now, i f  10 holds 
.  
f  or  x-0 ,  l -hen

G  n ( - R l \ { 0 }  ) = @ ,  w h e n c e ,  b y  t h e o r e m  3 . 2 ,  t h e r e  e x i s t . s  v e u  ( n n )  ,  v } 0 ,

s a t i s f y i n g  ( 4 . 1 )  w i t h  x = 0 .

2 0  = = +  1 0 .  r f  v e  J -  ( R n )  s a t - i s f  i e s  ( 4 . 1 )  ,  t h e n  G n { y e  n t l y  <  x ] = 0 ,

a n d  h e n c e ,  b y  x e G ,  w e  h a v e  1 0 .

R e m a r k  4 . 1 - .  a )  U s i n g  t h e o r e m  3 , 2 ,  o n e  c a n  a l s o  q i v e  o t h e r

equ iva len t  cond i t i ons ,  wh ich  we  omj - t .

b )  o n e  c a n n o t  r e p l a c c  ( 4 .  r . )  o f  2 0  b t z

0  > L  v ( y )
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v  ( y )  > l  v  ( x )

a s  s h o w n  e . g .  b y  t h e

c= { (1 i  1  , f  ,o2  1

and rhe et-emenr 
"= (+

= (o  r fec  \  { * i  r  so  i f

( y e c \ { x } ) ,  ( 4 "2 )

s e t

T z o r  
1 r n ' l  2 > r | c R 2

l { F  G .  I n d e e d ,  e r = ( 1  O l r e C \ t * }  ,  e ) =

lds  fo r  some veJ  1Rn; ,  then

(convex)

t l r "  o '  ' l z
m

1 \ 1

* l  € c n r
z l

( 4 . 2 )  h o

( 4 . 3 )

( 4 . 7 )

v (x)="( l t  j " la) j ,  t " , I  r  t ,  rcz) >L v (x)  ,
wh ich  i s  imposs ib le .

F ina f l y ,  I e t  us  g i ve

Theorem 4 .2 .  Le t  G  be

an appl icat j -on of  theorem l .  .  l .

a  qonvex subset  o f  Rn and le t I _

= ( f  . t r  \  l\ - . t  r . . .  r r n r  o €  a  f u n c t j - o n
4  ! i  % I.Igg_e ,+naJ"g_l,nlefyal [a,b] c R i  n { - n  aJ r l  L v  u ,

with the componqllg fl, . . ., f, i l teg:able . (!e,qejq
' t ?

x o =  
6 i ;  J  f  ( t ) d t e G  ( 4 . 4 )

t t , . " " ,99.  Assume that  xodc.  Then,  by theorem I .  r ,  there ex is ts

v e  r r ( R n )  s a t i s f y i n g  ( r . 7 )  ,  w h e n c e ,  i n  o a r t i c u l a r ,

v ( f ( t ) )  . " y ( x o )  ( t e [ a , b ] ) .  ( 4 . 5 )

L e t  u s  c o n s i d e r  t h e  m a t r i x . r e p r e s e n t a t i o n  ( l . l )  o f  v  a n d  l e t
r  ( ,  - r  , r l  T - .  T  T  T  1^ i= t t€La , .b l l  m j t  ( t )=n j% ( j=1 , . . . , i - 1 ) ,m i f  ( t )<  * i " J  ( i=1 , . . . , n ) .  (4 .6 )

The  se ts  A i  a re  measurab le  (Lebesgue)  and  A ,  nA_=Q 1 '1 f j )  ,
n n

Vo . ,  
=  [u ,b ]  (by  (4  .5 )  )  ,  whenc .  t  F (A i  )  =b -a ,  where  p  deno tes  rhei = I  r -  . i  = l r  t

Lebesgue measure.  Let

i o=min  { t  e  i r  r .  .  .  , n }  |  p ta r )  ,  o } "

T h e n ,  b y  ( 4 . 5 )  -  ( 4 . 7 )  ,  w e  h a v e

T , T
* ;  f  ( t ) = m l x o  

f - . . e .  i n  L r , b ]

* l  ,  ( t )  < * l  * , - ,  / r -a.e.  in  l . , r ]  ,* o * o v l

t h e  i n e g u a l i t y  ( 4 . 9  )  b e i n g  s t r i c t  o n  s o m e

I ' l e n c e ,  b y  i n t e g r a t i o n  o f  ( 4 . g ) r  w €  o b b a i n

r F q . n
m j  I  f  ( t  ) d t  <  m l  x o  ( b - a )  ,- o a  - o

w h e n c e ,  b y  t h e  d e f i n i t i o n  ( 4 " 4 )  o f  x o ,

l : - 1  r  a ,
\ . , . - r r . . .  r L ^ - t 1 ,  ( 4 . 8 )

(J

( 4 . e )

se t ,  o f  pos i - t i ve  measure .



T Tm r  x o ( * i  X o  '- o -  - o

wh ich  is  imposs ib le .

Igg**5 3: Theorem 4.2 improves a

p.p "  20 0- 2 0 I  ,  where the conc lus ' i  on is x^e 6,o

r e s u l t  s t a t e d  e " 9 .

t h e  c l o s u r e  o f  G .

i n  [ s ] ,
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SURROGATN DUALTTY FOR VECTOR OPT]I i { IZATIO}I

Juan-Enq ique  ) l a rb . i nez=L ,egdz  anc l  I van  S inc ;e r

Depar tmcn t  o f  Fu r rc t i ona - l -  ) i c l i l a t i o r r s ,  Un ive rs iLy
o f  B a r t : c l o n a ,  G r a n  V i a ,  5 { i 5 ,  B a r c e l o n a  0 8 0 0 7 ,
Spa in ,  anC Dcpa : : t - r r i c r rL  o f  14a the i l a t i c : ; ,  INCREST r

I J d .  P i i c i  j  2 , 2 0 ,  R u c h a ; : c s 1 ,  7 9 6 2 2 ,  I t o m a n i a

ABSTRACT

Us incy  ou r  t l r eo rems ;  {o f  l l ZJ )  on  separa l j - o i r  oL  con -
v(ri :  sc't  s )-r '1 l  -Ll-r:,  l l .r  ot-.()r ir. t-ol:s / j-n t-hc, i i ( ' : I1 3i l  of thc .Lclxi-
cog: :aphic iL l .  o . rc1c: : :  o t l  l ln ,  we prove se ine theore i ls  o l -  sur*
roc ra to  d r rn l  i  f  r r  f o r '  vec to r  oo t im iza t i on  p rob lems  v , r i - t h
con \ rex  cons t r :a inLs  (bu t -  no  reg r - r1 -a : : i t - v  assunp t ion )  7  where
the  s r . r r roqa te  cons t : : a i r r t  se ts  a re  gcne : :a - l - i zed  ha l f * spa -
ccs  and  the  su r roga ' t -e  rnu lL . i i : 11 -c r : s  a r :e  l - i - uea r  ope : raLo rs ,
o r  i so rno rph j . sms  r  o r  i son re t r i es .  I n  t he  case  o f  i . ncqua-
1 :L ' t - y  cons t . ra r i -nLs ,  \ vc  p rove  th ; l t -  t hc  s ;u r rogaLe  : i t u l -L . i p1 i *
e rs  ca r r  be  tahen  l c i x i cog raph ica r l l y  non - : ; roga t l ve  i son te -
1 - r i e s  o r  1 ) o r l - n e g a t i v c  { i n  t h e  u s u a l  o r d e r )  . l - i n e a r  i s o -
mo: :phi  sms "

O. I I{ : IRODUCIIION

l ^ t re  rocar . l . -1 .  that ,  g ivet r  a  subset

non*emptyr  throuqhor- t t  the seq 'ucI )  '
I"l *

s e t " ,  a .  f u n c t j - o n a r I  h  :  I i 1 ' - + l l ' :  l - c . , * * J

func t ion t l - "  ,  a t rc l  the  pr ima l '  sc t l l .a r

.  G  o f  Rn  (assun ted

cal  led "  cot ts t . ra . i t t t

n  c a l l , c d " o b j e c t i v e
n n l -  i  r n ' i  o  r  { -  i  n n  n r n h ' l  , t t n
v L l  u I l t r , L  & u  u r v r t

( p i u = ' i . n f  h  ( G ) ( 0 . 1 )



' f

, /-_1.,
t h e  s e t  o f  " s i o l u t i o n s "  o f  ( P )  . i s  d e f i n e d  b y  I

:  l .

s P  ( i r ) = 1  q - ( G i  h  ( q - . ) < i r  ( g )  ( g e  G )  ) =-  U ^- G '  '  - t - . r  :  .

= { q  c G I G n A -  -  ( n l = r / }. 7 o - *  ^ h ( g , r )  . " ,  ( 0 ' 2 )

w h e r e  O  i s  t h e  e m 1 : t y  . s e t  a u c l  A - , ^  ( l r )  i s  t h o  l e v e l  s e l :

!
.  1 ' l . r -

A _  ( h I - { r z r n " l h ( V )  < h ( y -  ) } .  ( 0 . 3 )
h ( V o )  

r - z - r r  l ' ^ \ r ' ' r r \ J o l . r '  '

:
Fur ther lmore ,  a  "sur rogate  dua l  p rob lem"  to  (P)  ,  in

the  sense o f  L14)  (see a lso  [ t  g ]  )  ,  i s  any  op t {miza t ion

n i - c ) i 1  l e rn  O f  t he  f  O rm

' n * r r *
( 0 )  B = s u p  ) . ( ( R " )  ) ;  ) , ( Y 1 = 1 t r g  h ( A " , , u )  ( \ ' e ( R " )  ) ,  ( 0 . 4 )

n *
where  (R" )  dcnotes  the  famj . l y  o f  a l l  l i near  func t io -

n a r s  v : R n + R  a n d  w h e r e  a ^  , , ,  g l l n  ( v e  ( n n ) * )  ;  t h e  s e t s
b r Y

A , -  , r  a r e  c a l l c d  " s r l r r o g a t e  c o n s t r a i n t  s e t - s " ;  f o r  t h e
b , Y

c l a s s i c a l  p a r t i c u l a r  c a s e s ,  s e e  e . g .  [ : ] ,  L l ) ,  t 4 l  ( s e e

a l s o  [ 2 ] ,  f S ]  a n d  t h e  r e f e r e n c e s  t h e r e j . n )  .  D u e  t o  t h e

s e c o n d  e c 1 u a l . i t y  i n  ( Q . 2 )  ,  a  s u i t a i r l e  t o o l  f o r  o ) : l - a i n i . n g

c h a r a c t e r i z ; i t i o n s  o f  t h e  s o l u l - i o n s  o f  ( P )  c o n s i s t s  ( s e e
f o ]  t a

l 7  J  ,  L1  5 l  )  i n  sepa ra t i on  o f  t he  cons t ra in t  se t  G  f rom
r r *'  

t h e  l e v e l  s e r t  A n , o  )  
( h ) ,  b y  l i n e a r  f u n c t i o n a l s  \ / e  ( R " )  .

' - o '

reo l  ace r l  l ' : v  ^n  ' t nh iec t i v r+  maDn ' i  nq "  h :  Rn* r  Rm.  and  ;p^  (h )!  v r r u v v  , . .  , . r  
\ ]

i s  r e p l a c e c l  b y  t h e  s e t  o f  a l l  " P a r e t o - s o l u t i o n s "  o f  t h e

co r respo r id ing  p r ima l  vec to r  op t im iza t i on  p rob lem (P )  ,

i . e . ,  b y

V ( i r )  = 1 g ^ € c l h ( g ^ )  l t r 1 g 1  ( g e c 1  ] =
( f '  - O  '  - ( )

. - 1 9 o € c l c n A h ( . r , ( h )  - 0 ) ,  ( 0 . 5 ) .
,  

t t  t Y o '

- - m.  wher :e  >  i s  t h t :  na l -u : :a l  pa r t i a l  o rdc r  o f  I { " ' ,  I  deno tes

the  nega t ion  o f

A  ( h )  i s  s t i l l  t h e  " I e v e l  s e t "  ( 0 . 3 )  , ' w i t h  <  i n  t h e" 1 ^ t -  \  \
r l  \ L J ^ '



r{

sense  oJ :  t he  naLu l :a l  pa rL ia l  o rde r  on  RT .  A .ga in .  t he  
: ,
:' second  

equa l i Ly  i n  (0 .5 )  sugges ts  t i r a t  a  su j - t ak j l e  t oo l '
€^ r  n1 - . r -  r  i  n  i  na  cha racL  e r i za t i ons  o f  t he  pa re to -so lu t i ons
. l - U I  \ - , ' J J L C I I T T I ] 1 V  \ - l I ( a I ( A U  L t : I  J ' C I .

o f  ( P )  ,  o f  " s u r r o g a t e  d u a l i b y "  t y p e ,  s h o u l d  b e  t . h e  s e -

pa ra t i on  o f  t he  cons t ra in t  se t  G  f rom the  l eve l  se t

A "  1 ^  , ,  ( h )  ;  g e n e r a l i z i n g  t h e  t e r m i n o l o g y  o f  [ 1 4 ]  -  [ 1 6 ]  ,. . . r O ,  
:

t h i s  may  be  ca l l ed  " vec to r  op t im iza t i on  by  l eve l  se t

methods "  .

S ince the usual  separat ion theorems of  ! . rvo convex
]1

se ts  i n  R ' ^ ,  and  the  va r ious  knov rn  ex tens ions  o f  t hese

theo rems  to  separa t i on  b1z  l i nea r  ope raLors ,  i n  L i re

u s u a l  p a r t i a l  o r d e r  o f  R t ,  r e q u i r e  r a t h c r  s t r o n g  a s s u m -

n { - ' i n n o  # } r n  t { r r e l  i 1 - r r  { - h r . n r r : * a  6 n r  . / n n = ' l  =p t l - O n S  r  t - l l c  C l  u u r r u y  u r r u - v r u l [ l S  I t ) . f .  t S C c t l - d . f  O f  V e C t . O f  )

op t : . * i za . t , i on  ,  ob ta inec l  f  r om t i r em,  requ i re  so rne  "  regu*

l a r i t y  a s s u m p t i o n s " .  T h e r e f o r e ,  a  t h e o r e m  o f  a  n e w

type  (g i vcn  i -n  [g ]  ) ,  on  the  separa t . i - on  o f  i n  a rb i t ra r : y

c o n v e x : ; e ' L  i n  R n  a n c l  a n y  o u l - s i d e  p o i - n t ,  b y  l i n e a r  o P e -

ra to rs ,  i l  t he  sense  o f  Lhe  l e> r i cog raph ica l  .  o rc rc r  o f

R n  ( i n s t e a d  o f  t h e  u s u a l  o r d e r  o f  R n ) ,  h a s  b e e n  u s e d

i r  [ 1 1 ) ,  t o  o b t a i n  t h e o r e m s  o f  g e n e r a l i z e d  " L a g r a n g i a n "

dua l i t y  f o r  vec to r  op t im iza t i on .

fn  the  p resen t  paper  r  we  sha l l  deve lop  a  theo ry

o f  s r r r r o o a l - e -  d r r e l i i - r r  1 : n r  r r e c t . o r  o n t i m i z e { -  i o n -  h a q , c d  o nv ! D u ! ! v Y q g 9 q q g ! r u / ! v ! V \ - v 9 t J ! v y 9 r r l l J . . / - q

t he  theo t?ems  o f  f "12 )  on  the  separa t i on  o f  two  subse ts
1 1  n n

o f  R . "  b y  l i n e a r  o p e r a t o r s  v : R " ' + R " ,  i n  t h e  s e n s e  o f  t h e

l e x i c o g r a p h - i - c a l  o r d e r  o f  R n .  f n  5 g 1 - 5 ,  w e  s h a l l  c o n s i -
n

der  abs t rac t l l '  g i ven  subse ts  G  o f  R"  and  we  sha l t  re -

place t ire sur:rogate constraint set--s L,- , , ,  n€ntioued above

uy su i tau ie  .u t= a, -  ,  which .o t tu=o! , "5  to  those g i -
\ : r V

ven ,  f o r  sca la r  op l - im iza t i on ,  i n  [ t  O ]  ,  f  o rn tu la  (2  .  5  )  .

I l es i . c l es  che r rac ' t e : r i za t i ons  o f  t he  Pa l reLo -so l .u t i . ons  o f

t p )  i n  t r - r m S  n r :  - n r - r r r { - ' i n r ^  - ' ^ r  ^ " - - ^ ^ - l e  C O n S t f a i n t\ *  /  U . L  b t ' P c r l c t L - - l . \ J l r  c l l r L i .  : - ' L l r l - ( J V c l L

s e t s  ( 5 1 )  ,  \ ^ / e  s h a l l  a l t o  g i v c  c h a r a c t - e r j - z a t i o n s  o f



t h e m  i n  t e r m s  o f  s u r : : o g a t e  s u b l i r - f f e r e n t j . a l s  ( $ Z ; ,  s u r -

roga te  Lag rang ians  (53 )  ,  and  su r r :oga te  Lag range  n ru l t i -

pJ - i r : r s ;  ( i " c : .  ,  so lu t - i - ons  o f  a  su r roge r te  c1u ; r l  p rob lem o f

: van  S lyke - l r Je ts  [ z t ]  * ; e rnn  IOJ  t vpe i  see  94 i  ,  wh ich  v re

sha l l -  i nL roduce  he re r  e i s  we l l .  as  cha rac te r i za t i ons , ,o f

n a i r q  c r t  r r r i m a l - d u a l .  s o l u t i o n s  i n  t e r m s  o f  t h e  s a d d l e -
| - n n i n { - q  I i n  { - h a  c a n a a  n f  t e n l  a n d  f 1  ? 1' v r r r L u  \ r r r  u r r €  b e r r u c  u r  [ 2 0 ]  a n d  [ 1  3 ]  )  o f  o u r  s u r r o -

q a t e  L d g r d n g i a n s .  I n l S 6 ,  w e  s h a l l  c o n s i d e r  s u b s e t s  G  o f
n

.R '^  g iven  by  (a  f in i te  number  o f )  lnequa l i t y  cons t ra in ts ,

i - r - -  o f  t h e  f o r mI  v +

c=  {sen t  l  u  ( s )  <o  }=o l1  t  -o f t  ,

v r h e r e  u : R D - - o R k  a n d  o f = { x e R k l x > 0 } ;  t h u s ,

b y  ( 0 . 6 )  a n d  ( 0 " 5 ) ,  f o r  a n y  h , R o - - * F l n  w e

\ fG (  h )  =  {  90€c  l t  (A f ,  (  go )
h

( h )  ) r )  ( - R ' . ^ )  = 0 j  .
T

,  I n  t h i s  case ,  rde  sha l l . . i n t roduce  o the r  su r roga te

(where v :Rk*r l tk  ar i :  l inear :  op-
u t  v

'  e r ' . r t o r s )  ,  c o r r e s p o n d - L n g  t o  t h o s e  g i v e n ,  f o r  s c a l a r

op t i .m i . za t . i on ,  by  Luenberge r  t l l  and  h '€  sha l l  g i ve  fo r

i t h e m S o m e ' r e s u 1 t ' s c o r r e S p o n d i n g t o t h q s e o f 9 5 1 * 5 ;

moreov,er ,  v /e  shal l  s l1ow that  i t  is  suf f ic j -ent  to  con-

, s i c le r  non -nega t i ve  l i nea r  ope ra to rs  v .
i
I  Note that  the resul ts  of  the presenL pape: :  are new

e v e n  i n  t h e  p a r t i c u l a r  c a s e  o f  s c a l a r  o p t i r n i z a t i o n ,

s ince  even  i n  t - . ha t  case  \ {e  use  l i nea r  ope ra to rs  i ns tead
-  -  1  r  a . -  -  - ,  f  ^ - -  ^  1  -,  o f  l i n e a r  f u n c t i o n a l s .

i i
Le t  us  r c l ca l l  no r , J  some no t i ons ,  no ta t i ons  and  re -

l s u l t s ,  w h i c h  w e  s h a l l  u s e  i n  t h e  s e q u e l o  i
i -
l :  The  e lenen ts  o f  Fn  w i l l  be  cons ide red  co lumn vec -

:' t o rs  
and  the  supersc r i p t  T  w i ' I l  mean  t ranspose .  We

' .  fF -n

r e c a l - }  t h a t  x =  ( i t . . .  { n ) t a R n  j - s  s a i d  t o  b e  " l e x i c o g r a -
rll -rr

p h i c a l l y  l e s s  t h a n "  y =  ( n ,  .  .  . l r r )  
- € R ' ^ ,  

i n  s y m b o l s ,

x  < r  y ,  i f  x / y  a n d  i f  f o r  k = i n i n { i e 1 1 r .  - 1 l r  ' t r n  }  w e
.  L  

J  
q r r ! 4  r !  . . l J r ,  l 9 i f  

' l i J

( 0 . 5 )

' i  n  { - h ' i  c  . . A  c a

have

( o " z )



]Lavc l .  <, - . ,  T^T^ _' l i  ' ' J - "  rY ( :  w f - i t c l  x  ( -  \ r
t ions v  )  r ,  

'L  r
.,  ,  

L ) i  t  t le.spec L : i  vcl lz y! - r : rhhermorcr , \,ve shal. l  clenoce
t t u l l * r l cgc l t  j _ r ze  Or : t hAn to ,  C r f  oRn ,

i . f  x

' L ' , \ r

bv r--' -L

i " c l .  r

l ,  -Y or  X=y, .  t - .hc nota_
'  - J  a  .w- i -J - I  be  a- l_so  usec l  .
f - h ^  n 1,,1= r_cxlcogrraphical

c r = { y e R t l y  ) i ,  o } .

We sha l  l  c , Jo r r ^ r -  ^  i -  ^
nrir jes .of .r, ir";'.j, iJ.Iji"];,
a l l  l i nea r  i somet r - i es  v :  Rn* rRn ,consj .der  two
o'(nn; ;, ,."*.,.;:t;j"::r;i ;J;"]

.  v 2 0 . . _  v  ( x )  > O
and  t J i c  l - ex i coo r , . n l a  i  ^ ^  1
which 

ogrra.Phica l  order

u )f,  0 c+, v(x) ) l

i { e  reca l l  t ha t  any  subse t  . q

:  s = { y e R  l v ( v )  . L  z } ,

s = { y e n t l , r ' { y )  , L  z , } ,  
( a . 1 2 )

wherc  v 'e  
"8  

(nn)  anc l  z  le i ln .  As  has  beenand U2 l  ,  the  g"nerar iz "o  ha l f -spaces  
observec l  in  t9 l

: ; : : 1  , .  
. .  {n )e  Hn  inc rude ,  amore  o rhe rs  j t ; , ] l l . _ l : . n

(  tor c 1 
=-*) ,  rhe wjrore 

"o."" 

-- , ' ; . : ' : , . , :1.,  
.  

an* 'empty 
ser

open  ha l f - s r :a rcL :s  ( f o : :  .  , , ] " "_  
( f o : :  c , I  -+ - ;  ,  t he  (usua r )

l s p . a c e s  ( f o r  
t ' t e l l '  1 z = * * )  ,  t h e  c L o s e d  h a l . f -

carr thar a 
"j; j l ; 

jn;r-,1"""t 're semj.*spaces. r,tre re-
at Xo",  where xoeRn, i ;  ,  , ; ""T]f f .Jt ,  

a "se'r i -s] :ace
o n v e x  s e t  s u c h

? /  /  h n  Ic t ( l (  - )  
a n d  0 ( R n )  ,  t h e  f a _

al l  i .somclrphisms 
r  and

resPec t . i ve l y .  
We  sha l l

( h e n c e  a l s o  o f  k ( R n )  ,: : c l a t i _on  > t  i n  wh ich

( x E R n  ,  x Z 1 )  ,
' I  n  + L ^L r r . ( j  S e n S e  O f

( 0 .  e )

[ 1 0 J ,  i n

1 0 )
, 1 1( x € R " ,  x 2 0 ) .  ( 0 .

- t . r
A +vL rr  oI  the fornr

( 0 .  r

i

l

where  veJ(Rn)  and z€Fr . r
h a l f  * s p a c e , ,  ( s u c h  s e t s
- i *  l ' n r .r r r  L v )  ) ;  , s i n c e  v e  g ( n n )
i s  egu iva len t  t o

' " ] :  c l r rea  U2J a  , ,senera t ized

;; ":";':;,; "i: ":";::if;,,:;:; ;,

1 )



r;o;*iriii;n;

:1"\
: r ,4 ,

t l r a t  x ^ d s ;  b y  l 1 2 J  ,  r e m a r k  1 . 2  a )  ,  a  s e t .  S  c R n  i s  a  s e -o ' n

rn i - ' space  (a t  some xo€Rr r )  i f  an ( l  on l y  i f  t he re  ex i s t

v e  f r ( R n )  ( o : :  v € U ( R n ) )  e i n d  z e  R t r  s u c h  t h a - t  w e  h a v e  ( 0 . 1 1 )

( o r ,  e q u i v a l e n t l y ,  ( q . 1 2 ) ) .  I n  [ 9 1 - 5 ,  t h e  s u r r o g a t e

c o n s t r a i n t  s e t . s  A " - . ,  w i l l  b e  q e n e r a l i z e d  h a l f - s p a c e s  o r

comp lemen ts  o f  n * I l l " t i zed  .ha t f - spaces
'  Ior  two subsets G. , ,  ,  G,  o f  Rt ,  we shal - l  say that. t z
a n  o p e r a t o r  v e g ( R " )  " s e p a r a L e g  G l  f r o m  G r "  ( i n  t h e

sense  o f  t he  l ex i cog raph ica l  o rc le r  o f  Rn )  ,  i f

, 7  ( 9 t  )  . "  v  ( 9 2 ) ( 9 . , e  G ,  ,  g r e G r l  i  ( 0 . 1 3 )

^ 1 ^ ^ - 1 "  L l ' ' :  ^  h a n n r - n e  i  f  e n d  n n ' l  r z  i  f  - \ /  q . r ) l - r ^ r : r { - . r : q  t . ]W L W c a J - - L l  1  L l l - L >  r r q I / ! J E r r J  a r  e r r u  v r L L I  r !  v  S ( : P d f  d L e S  O z

€-^-.  / \I I U l t t  ( r , .
' I

, .  . Le t  us  reca l l  some pa r t s  o f  . t he  t v . ro  ma in  separa*

t i o n  t h e o r e r n s  o f  [ i Z ] ,  v . r h i c h  w e  s h a l l  u s e  i n  t h e  s e q u e ] .

-  
Theorg r  . 0 . .1 ,

c o n v e x  s e t s  G n  r G ^
;;;: 

' z
s - Y  v r

1 o .  G .  A  G - = 0 .- 1 '  z .

2 o - 4 o ' ,  T h e r e  e x i s L s  v e  t g ( R n )  ,  v e u ( R n )  ,  v € o ( R n )  ,
rggpgs!rysbf,  sat is. f :z i l_o (0.  1 3) .

T h e o r : e m  0 . 2  ( p a r t  o f  l l Z l  ,  t h e o r c : m  3 . 1 ) .  F o r  a r u
.  ^  * x - l l .  * kset Q cR'- sr-rcllghrgg A+R; is convg_r,*thg_fsllglr.rLg_sta-

temcnt -s  a re  equ iva l .sn t : .

1 o .  e  n  ( - n k ) = o

20. .4o .  r r ,e le  e* is ts  ve9, (Rk)  ,  ve t t (L tk )  ,  ve  0 r (Rk) ,

{qspect ivef :_,__q gch !!a!

v ( o )  > l  v { z ) (1uno t z€:RT) . ( 0 . 1 4 )

-  f  -  ^ a

{ p a r t  o f  l 1 2 l  ,  l - h e o r e m  2 " 1 )  .  F o r  a l v
n

C R ' ^ ,  t h e  f o J l o r v i r r q  s t a t e m c n t - s  a r e

- o - ^ o ^ o- l  .  b ;ome as  z  ,  J  ano , oL  T a a n o - r r r r n ' l r r  r ^ l i  l - l r=  ! L - r J ^ J L - u L - r v u ! ) ' ,  v Y r L r r

^ ^ . 1 . r . - ^ 1 . ,  w i t h  v ) 0 .l -  u:  J IJL;\-  L J V L: -L-y t

- o. : )

v  , .L  0.

B O

I{c:

^ o ^ ^ o . ^ o- v  .  S a m e  a s  I  a n o  J

r a n . r l  I  t t t l  t f i i r t  t h e  s e t . s  G n  ,  G ^  a n d  C I  i n  t i r c O -r  1 , 6 - r  r : r r ! { u  
I  z



rems

the

then

holcl

i
n  1  : n r ' l  n  )  a r e  n o l -  a s s u m e d  t O  b e  l O ,  b u t ,  i n s t e a d  ,\ J .  I  C l  l l l t  V . 6  q ! g  l l v u  G r ; ) u l t r

convert t j -o i - t  is  maclc t -hat  j - f  one of  l -hct t t  is  enrpty t

( 0 . 1 3 ) ,  r e . s p e c t l v e l y ,  ( 0 . 1 4 l r  ,  a r e  c o n s i d e r e c l  t o

4 r

(vacuous ly )  .

hte shal . l  use

conponentwise (we

I  on  R  i s  de f i ned .

t h e  o t h e r  a , b e  n 1  .

t l r r '  r r r r rBnr " ' r  ; r r l c l i t ion ' r  j -  on  Fm def inedu r  r v

reca l l  t ha t  t he  usua l  upper .add i t i on

by  a ib=+*  i f  1= - ]2= l l oo  and  a ib=a+b  fo r

:

R D ,  v e g ( R n )  a n d  l e tP r o p o s i t i g n  ' 1  . 1  .  L e t  G  c
4

A G , r = r - . '  ( . r ( G ) + C I )  = 1 y e  n n l

=  { yenn  I  | eG ,  v  ( y )  >L

a)  We have

1 .- SURITOGryTII. CONSTRATNT SETS. SEPARATTON

I

( 1 . 1 )

G g

b) I ie  have

A^ . ,=  {ye nn I
\ : , V

v, 'hcre in f ,  v  (G)
!

o " ,  t

v  ( y )  p i n f "  v  ( c )  \  ,

denotes  the  in f imum

( 1 . 2 1

( 1  . 3 )

v  ( G )  f o r  t h e  I e -o f

(  > ,  i f  i - n f ,  v  ( G ) E  v  ( G )
I  L  L  ( 1 . 4 )p = (
I'  I  r -  i f  . i - n f .  v ( G ) ( v ( G )  ,
t L L r

ge  A" , ,  i s  e i t he r  q .ge - i re ra l i z -ed  ha l f - space ,  o r . * !hg -sgg -

p lemen t  o f  a  genc : ra l i zcd  ha l - f - space

x i cos raph ica l  o rde r  o f  Rn  and  wherex a c o g r a p n a c a l  o r o e r  o r

P r o o f .  a )  I f  g € G ,  t h e n  f o r  y = g e R n  w e  h a v e

v ( y )  ) r  v ( g )  ,  a n d  t h u s ,  b Y  ( 1 . 1 )  ,  9 . A G , , r .

b )  L e t  Y u A c , , r .  l l h e i r ,  b Y  ( 1 . 1 ) ,  t h e : : e  e x i s t s  g e G

such  tha t  v  ( y )  ) : ,  v  (g )  )L  i n f  v  (G)  .  Moreove r  '  i f

i n f -  v  ( G ) s v  ( G )  ,  t h e n  v  ( y )  > f  v  ( - q )  ) ,  i r r f  v  ( G )  .  T h u s ,
L  

. L  "  L



:

v ( y ) o  i n f -  v ( G ) .
n

Corrvc: r :sc.Ly ,  1c b.  y  r :R '^  ,  v  (y)  r l  in f  . -,
i n f -  v  ( G )  c  v  ( C )  ,  s a r y ,  i n f ,  v  ( G )  = v  ( g )  ,

L - . t r

b y  ( 1 . 4 ) ,  v ( ) ' )  > L  v ( E )  . r n d  h e t r c c ,  b ) '

i n f -  v ( c ) r / v ( G ) ,  t h e n ,  b p  ( 1 . 4 ) ,  v ( y )
L  

'  - ,

h e n c e  t h e r e  e x i s t s  g € G  s u c h  t h a l :  v ( y )

l 1  1 \  r z r A
\  f  .  | /'  \ : r V

,  ( 1  . 4 )  ,  t h e  s e t s  A ^  - -  c o r -
.  \ r l V

sca la r  op t i -m iza t i on ,  j - n  116 ] ,

,  f o r m u l a  ( 3 . 7 8 ) ) .  .
1 . 1  )  i n  t h e  f o r m

'

W n f t \  = { y e  R n  l v  ( v )  , L  v  ( g ) } ( 1 . 6 )

Thcn i i lg - - (w)  J  i s ;  a  fami ly  o f  "para l le l "  coml>J-ements
Y 

'  '  'ct€G

n f  r r r - r ' r p r A - l ' i  v . o d ,  i i a  I  f  - s n A C e s ,  t o t a l l y  o r d c r c d  b y  i n c l - u -v I  Y ! - r r u r

s i c r r .  I n d e e c l  ,  i f  . q , c 1 ' r . G ,  t h e n  e j - t h e r  v ( g )  ' . L r ( g ' ) ,  o r

v ( g ' l  , . ,  v ( g )  .  i 3 u t ,  : . . f .  v { g )  7 u  u  ( g ' )  ,  t } r e n  } \ ( v )  e

e  l 8 U ,  ( v )  ( s i n c e  i f  y r V g ( v )  '  t h e n  v ( y )  > "  v ( U )  ) L  u  ( g ' )  ,

i o  y  r W g ,  ( v )  ) .  o n  t h e  o t h e r  h a n d ,  i f  v ( g ' ) ,  > L  v ( g )  |  ,
t i r e n  ^ % ,  ( v )  e  i ! \ ( v )  .

c )  I f  r r e  L t ( R n )  ,  t h e n ,  b Y  ( 1 . 1 )  ,  w e  h a v e  '  .

1  ' - 1  .  - 1
a c , r = t  

' ( v ( G )  
) + v  

' ( c r , )  = G + Y  ' ( c L )  
,  ( 1 ' 7 )

4 *

where  , r - - '  (c " )  =  {v .n t  l v  (y )  > i ,  0  i  ' i s  the  complen ten t  o f  a

s e m i * s p a c d  a t  0 .

v ( G )  .  r f

v r h e r e  9 ( G ,  t h e n ,
( 1  1 )  -  v e A  I f\  r .  r ,  ,  J - ^ G r v

>*  i . n f_  v  (G)  ,  and
L I I

7 t  ,  ( c J )  .  T h e n ,  b y

l g e G ) . .

corrVCrX su] :set  q f  RD, le t

R e m a { } < .  f  . i - . . a )  B \ '  ( 1 . 3 )

- ^  - ^ ^ ' i , {  ' l - n  l . . ] r n  ^ ^  n  i  ' nn  Fa "
! L , r 1 , v r r u  u v  - , , J S e  g I V e n  I  L Q f

fo rmul -a  (2  .  5  )  (see  a lso  117)
b)  One  ca t t  a l so  wr l t e  (

A. .  . .=  \ )  W^(v)  ,
u t v  

g € G  Y

whcre

T h e o r e m  1 . 1 . Lct  G be  6 t

v  t u anr l  le t -  h : I ln- rRtn be such that A .  i s  convcx .
11 (9o

Tire fo l lorv i i rg.  statcnrents a5e -S..gr.r iva1ent:

1 ' .  q  € ' u ^  ( l ] )  .
" o b



rgfiP-qs!}-Ygu-' a gg"n-il L':!

ve  . f  {Rn )  ,  ve  i l , ( nn }  ,  ved (R t t }  ,

a

v  ( y )  < "  t i  ( v )

5o-7o.  I 'here

t-g:pqgLlvgUr-*l-ug!
q  € t ^  ( h )  ,i o  a r .

\ ] t v

A -  e  r r n  i s  t h e  s e t l d b f  i n e d  b Y
' GrV -----:--.--.-_---'-".---

t

+

where

only

tha't

P_rog ! .  S ince  G .  and  41 . , { . ,  )  
( h )  a re  convex ,  t he  equ i -

, r o r . r * * o  * = - - ,  . . .  + +  4 0  r " i i : * ' r r o r n  ( 0 . 5 )  a n d  t h e o r e i n  0 . 1 .

4 0  *  7 0 .  r f  v e  t l ( R n )  o f  4 0  d o e s  n o t  s a t i s f y  ( 1 . 9 )  '

t h e . n  t h e r e  e x j - s t s  y ' c A c  _ . r A A l - ,  ( o  ) " ( h )  
.  T h e n . ,  

.  
b y .  y ' € O ' " r ,

.  
u r V  , r t y O l

a n c l  ( 1 . 1 ) ,  t h e r e  e x i s t s  9 ' € G  s u c h  t h a t  v ( y ' \  ' . "  v ( g ' ) '

w h i c h  v i o l a t e s  ( 1 . S ) .

The  imp l i ca t i ons  70=+6o=+50  a re  obv iou -s .

.  50  = '+zo .  r f  ,  f o r  ve  J (Rn)  as  i , r r  50 ,  t he re  ex j - s t

y ' G A - , -  ' ,  ( h )  a n d  g ' € G  s u c l l  t h a t  y ( y ' l  2 ,  v ( g ' ) ,  t i r e n ,_  6  t 9 o ,

b y  ( 1 " 1 ) r  w €  h a v e  o ' n t g , r r .  T h u s ,  A c , r ^ A h ( s o )  ( h ) * 0 ,

w l r e . n c e ,  b y  ( 0 . 5 )  ,  9 o 4 - U A ^  _ . ( h )'  \r I  v 
1 
oe+ 50 , we s.hallRemar .k .  1 . .2 .  a )  By  the  equ iva lence

- - r 1  ^  - , ' r O  a  s r r r r : O q a t e  C O n S t f a i n t  S e t .C a I J -  ^ G  
r ,  

=  ^  c i  b L r r  r -  u Y r u

b) Tl-re convexi ty of  G u.d Ah(o )  
(h)  j "s ne-eded

i n  t h e  p r o o f  s  o f  1 o = + n o  ( n = 2 ,  . ? .  , l l  .

c )  T h c  f  a c t  t h a t  g o € G  a n d  
' ( 1  

. 9 )  i m p l y  1 4 . ,  m e a r l s

cn t /^  (h) e 1I ;  (h)  ,uG 
r t  

b '

anc l  ca rn  bc  a l so  P rovcd  d i : : ec t lY ,  &s

a n d  ( 1 . 9 )  i n t p l y  o " , r ^ A h ( S o )  ( h \ = @ i

G A  Ar . ,  r . ,  , ,  ( h )  =0 ,  so  goa  
% 

(h )  .  Thus  '
l l  I  v  I.  J ^ :

U

( y € A r  r -  \  ( h )  '  g e  G )  .  ( 1  . 8 )
, ,  a  Y o ,

e x i s t s  v e  J ( R n )  ,  v e l l l R n )  ,  v e U ( R t )  ,  . . ' -
r - L ^ J -
L I I C I  L

{ 1 " e )

l 1  1 \

:  
1 -  1 0 )

€ n 1  l n t . r c .  n  a f - C A
! v ! r v r Y U .  y ^ ' _ u = a J l t  - -- Q  

b r V

. ' L ^ - a n  k r r  t 1  ? )
W I I L ; r r u l ,  v J  \ r . & r f

. , h a r , r n  l r r z  t - h Ca J  D r r v w r r  p l



,'.j

:1j

a.bove proof  $ ,  .Lhc . i rnp l icat  j -ons

nra in va l . i i t  for  A"  _. ,  rc1: Iuced } :y
I  r  h  

. , r v

U l: 1.-\ r

, j . '

r ) l . ) i
n " = + 1 "  ( n = 2 ,  .  .  " , 7 )  r : e -

. l-t
alry scl- A g i i . '  such i lra.t:

A r . , ^  r  ( h )  i s  c o n v e x  f o r  e a c hr r \ v o t  -

C o r o l l a r y  f .  i ;
2-;- .;

l e t  i r : 11 ' ^ . . * I l " '  bc  such

gerellerl_1 ."_a.
l - e t  h n , . . . , h : R n - - r 1 1

t m
t i o n a l s ,  a n d  l e t

imp l i cs  t , he  convcx i t y  o f

a p p l i c s .

99"L91_Lgy_l_.1. Ler G
Iet  l - r :Rl]*oi{ I t i  } re such t} i , i t

Le t  G  be  a  convcx  subse t  o f  Rn  and

tha L

Let G be a con\. /ex strJ:se.L of

be expl  j .c  i t f  r . luas - i - . """""
- L  

' : 1  s * v r

( 1 " 1 1 )
:

n
11 |

f unc -

h  ( y ) =  ( h 1  ( y )  , .  .  .  , h n ,  ( y )  ) e  n m

T h e n  \ d e  h e t . ; e  ( 1 . 1 1 ) ,

P i :oo f  " The  expJ - i c i t

f n  t he  nex t  co ro l l a ry ,  we  sha l l  use  the  s tandard
iden ' t - i f icat i -on of  each ve . f , (Rn)  r r , - i th  i ts  matr lx  wi th
r a  c n a n t  4 - n  +  } ar c ) r r L i \ r ' L  L r . ,  u r r €  u n i t  v e c t o r  b a s i s  { e *  } l _  ^  * n

I  l = 1  
o r  R  '  ' l - ' e ' r

we sha l - l  v r i : i te

. n  . T  r '
. , r = 1 m . , r ) l -  = / r n  h  ) -  |  ( 1 " 1 3 )

' J ' J  * , i = 1  
\ 1 1 ' 1  ' ' " " ' n I  I

rn
r . r l r o r a  m ' - =  1 m  . . . m * - )  ( i - 1 . . . n )  a r c )  t h e  r o l s  o fl " i  " " i 1 ' - ' - " i n
,  . n  . T( m ; ; ) l -  i _ 1  a n d  ( m r + . . . m , . . ) * = v ( e + )  ( J = 1  , . . " r n )  a r e  i t sr - J  t r ) -  r  l J  t r J  J  

-

c o l u r n n s .  A l s o r  w €  r e c a l ]  t . h a t ,  f o : :  a  l i n c a r  s u b s p a c c  G

G r = { p T =  ( [ 1 . , . u r r ) e  l t n  l , r T g = 0  ( g e  G )  ] .

n
( y e n " )  .  ( 1  " 1 2 1 .

q u a s i * c o n v e x j " t y  o f  t h e  h  .  ' s- 
,l_

A , .  , . ,  1  ( h )  ,  s o  c o r o l l a r y  1  . 1
, .  \  y z r  /

v

i

i
l +
j

b e  a  l i n . e a r  s r : l t s p a c e

( 1  . 1  4 )

)1

o f  R ^ ' ,
n  / h \  i  -  n ^ - r  ' r
f \ L r ^  \  t t r /  l _ s  c ( ) I t v t ) x ,  a n c t  J - e t

r r  \  V ^



j  ( : ,

g, <:C; . 'Ihen vre ha rrc
o- ( )

9gn3g5g v= (m, . " .,orr)it
1 .  " . l ' , l '

. . o  ^ o  , . o1 - 4 ' = + 2 - < . + 5 -  o J -  t i t c o r e m  1 . 1 ,  w i r e ; : e  w e
. T

s u c n  L l l a t  m -
1  

r .  "  .  r l 1 ' l

rn

o=  
( tn ,  "  .  .  * r , )  

' '  
sa t i s f  y  (1

' .  , n ) .

]:tave

( h )  ,  g e G )  r

( 1 . 1 s )

o f  R " ,  w e  o b t a i n
r n l
I ^ +

. . r m .  n 6 G  . l 5 Y
t - l

T ^ I
€ bn

. B )  "  T h e n '

( 1 . 1 6 )

' n

a n d  y o € R " ,  w G  s h a l l

h  at  ) '^  the se1:
v

P r o o f .  L e t  v

v rhence ,  s ince  G  i s  a  1 inea r
rTr I

m - r G * -  A s s r r m e  n o w  t h a t  i - 1 < n
I

( 1 . .  1 5 )  ,  l - h e r e  a r e  t v r o  c a s e s :

C a s e  ( a ) .  T h e r e  e x i s t  Y

c l e a r l y ,

m r F
( m . . . . t t t , ) ' y'  

|  1 - '  -  r L  -  
|  J - '

( y c A h { S o )  ( h )  ,  9 € G ,  

' L = 1  
, .

I n  pa r t i - cu la r ,  f  o r  i =  1  ,  r ve  mus t

T T
m 1 y ( m 1 g ( t r c 7 \. r  - . . h  ( g o )

subspace
r||

dfr{l ITrl r .

?.--q-qB'lq94fE"-!!!-qUfr-ryIUAI€
n --tYt

! . t - j : f i t i on  2 . - ! .  Fo r  h :R" *+ lR" '

^ - , ' l  1  a , r r r ^ n r r r ' t - ^  . : r r l r r l  i  { :  f t - r ^ . . n  t - i a l  O fu c l ,  l - - 1 -  ) t l . l .  L l / \ . j  G \ - ( : ;  r L ( u \ (

' G A " _ ,  
^  , ,  ( h )  a n d  g ' € G  s u c l l

r r \ y O ,

t ha t  :
T 1  r r '  T  . . 7

( m l  . . " m i ) ' y ' = ( m l  .  . * i ) ' g ' = ( 0 . . . 0  m i g ' ) ' .  ( 1 - 1 7 )

i  Thenr .  s i nce  G  i s  a  l i r r ea r  subspace  o f  Rn" r /e  have

g r + g  €  G  f o r  a l l  g € G ,  w h e n c e ,  b y  ( 1  , 1 1 ' )  |  ( 1 . 1 5 )  a n d
r n T t l

. . a  , - r  r f t *
l l t a l e o + ; l l l . _ 1 c u  I

l -  l - l
qr rt rn

,  f 0 . . . 0  * i g ' ) ' = ( m 1  . ' . . m i 1 ' Y '  - < L  .

< lm ,  
l t  T -  r l

( L r * 1  . . . , n i ) ' ( g ' * g ) =  ( O - . . 0  * i ( g ' + g ) )  *  
1 ' g e c )  .

. f F r F

C o n s e q u e n t l y ,  * i . g ' - < m i ( g ' + g )  ( g e G )  '  w h e n c e ,  s i n c e  G

is  a  l i nea r  subspace*o f  R f i ,  \ ' / c  ob ta in  mT 'ec f  .

C a s e  ( b ) .  A l l  i n e q u a l i t i e s  i n  ( 1 . 1 5 )  a r e  s t r i c t '

T i r e n ,  c ] . c a r l y ,  a n y  m a t r i x  v ' -  ( , n 1  . . . m i - l  
l i . . . t r " , I t . ,

( f . (Rn )  sa t i s f  i es  (1  .  B )  '  so  we  ccL l l  t ake  ' ' r '  - ' r ' r c *
i t ' . "  

r - n - -



'  
a Y r r ( y ^ )  c " f ( u n )  c t e j : j . n c c l  b y

. .
.  a Y h  ( ) ' o ; , ' = { i 7 e  . r ? ( R " l  l y c * r t [ r . ,  . , .  , , ( h )  

J -

h e r e  t h e  l . i . s t  e q u a l  i t y  h o l d s  b y  p r o p o s l - t i o n  1 . 1  b )  .

Pr-o l :os i t  j  on 2.  1  .  t ie  h-ave

a Y f r  ( y o )  =  { v e  8 1 n t t  l v  ( y )  < r ,  y  ( y o )  ( y E A h  
i . ,  )  

( h )  )  }  .  ( z . Z )

P r g o f  .  B y  ( 2 . 1 )  t  : v € a Y f r ( y ^ )  i f  a n c l  o n t y  i f' -  o '

i  Rgmark  2 .  .1  .  Geomet r ica l l y ,  p ropos i t ion  2 .  1  means

t h a t  a Y t r l y . - 1  i s  t h e  s e t  o f  a l l  v e  g ( R n )  w h i c h  s e p a r a t e

A  l h l  f r o n r
5  ( r . r  )  t l l . |  r r e l i l  Y o '' , r o ,

D r n n n c i f  i n n  )  )  T f  r  , _ _  ,  ( h )  i s  c o n v e x .  t h e n- . : o

.  aYn  (v  )  f o .' "  o . '

P roo€"  S ince  Ah  r . , ,  I  ( h )  i s  convex  and  y^ {A .  , . -  , . ( h }  ,t '  1 J o ,  - , o '  l 1 t Y o ,

t h e r e  e x i . s t s  ( b y  t h c o r e m  0 .  1  )  v e  J ( n n )  s a t i s f y i n g  1 2 . 4 )  ,

w h e n c e ,  b y  p r o p o s i t i o n  2 . 1  ,  v € D I h ( V o )  .

I lema_L]! ?:2.. a) I{e }rar, 'e the fol lorving result of r
I  '  

c o n v e r s e  t ) , p e :  I f  m = 1  a n d  A Y h ( y ^ ' t f r l  t o r  a l l  y ^ e R n ,  t h e n
h

" .  i s  q u a s i - c o n v c x  ( i . e .  ,  A ^ ( f t )  i s  c o n v e x  f o r  e a c h  c e  R )  .s . ' c l U'  
I n d e e d ,  i f -  c € R  a n d  y ^ e  R n \ A ^  { i r )  ,  t h e n  h  ( y ^  |  > i ,  w h e n c e- o  c  o "  ' . ^ ,

A ^ ( h )  G  A , _ , . .  ,  ( h )  .  T h c n ,  b y  ( 2 " 2 j  ,  f o r  a n y  v e E r h ( y ^ )  w e
c  i l  (  ) ' ^ ,  

' '  o '
have

v ( ) ' )  t L  Y ( r ' o )  ( Y c A c ( h )  ) ,  ( 2 ' 5 )

h ( y )  {  h ( y o )

wh ich  i s  equ iva len t  t o

v  ( y )  . l  t  ( y o )

i  i l : i .

:

'"i 
. I 

'.n



, :  
' : 1  .  l :  , ,

so  A^ (h )  can  be  separa ted .  f rom any  o r . r t s i de  po inL  y^  I l y
- vc '  n

so tne  vc . t ' ; ( i i " )  ,  e tnc l  hc i l ce  A_ -  (h )  i s  an  i n t c rsec t j -on  o f  ge*
(l

n e r a l i z e d .  h a l - f ' - s p a c c s  ( b y  [ 1 8 ]  ,  p r o p o s i t i o n  1  . 3 ]  ;  t h u s ,

C '
s  r  f r o r n  [ 9 ]  ,  I r r o p o s i t i o r r s  2 , 9  ( i m p . L i c a t i o n  a )  = +  b )  )  ,  2 . 3 ,,

2 . 4  a n d  c o r o l l a r y  2 " 5 ". ,  
.  

- q l ]  L .  J .

y  t  v l l g  v L

t ia l  o f  h  at  y . . ,  ,  by

-  ^ . Y .  '  \  (  - . . r ^ I I r  |  - 4 p  r u r  iA ; h ( y o ; = ' { v € U ( R " )  l V o e i { .  .  
( h )  } .  :  ( 2 . 6 ):

:  -  - l \ /  
l r Vi  L J o r  r u

l

T h e n ,  c l e a : - ' l 1 r ,  a I n  t y ^ )  c  a Y n  ( y ^  )  ,  a n d  t h e  n r c c e c l i n g'  o  ' - o  ' - o '
.  

' resu l ts  
remain  va l i c l  fo r  aYf r (y^ )  rep l -aced by  a l i r t v^ )  .' - o  o  " o

n
Sj -m i la r  re raa rks  can ,  a l so  made  fo r  U (R" )  rep laced  by

. n

.  ( f ( R " )  .  f n  t h e  s e q u e l ,  f o r  s i m l : J - i c i t . y r  w €  s h a l l  c o n s i d e r
^ * ' l ' -  -  ' n t '  f l t.  onJ -y  v€  JJ  (R  )  .

'  W e  r e c a . I l  ( s e e  e .  g .  [ 1 J  ,  C h  u  I I  ,  {  1  )  t h a l  t } r e  i n d i -
n * m f l

ca to r  ope ra to r  X^ rR" - rR" '  o f  a  se t  G  <=R. "  i s  dc f i ned  by-  " t r

:  r  A  : c  - - - ^
l ' )  ? \

X " ( y ) =  {  "  
r - L  Y c t :  

\ / - . t t' . L :  -  . |  i ,  
.  

. .  .  , , . .  
,  

j .

I  n""  i f  YdG '
L

' tTt -m'  
w h e r e  + m  d e n o t e s  t h e  e l e m e n t  ( + - .  .  .  + * )  * € R " ' .

. :
n n - mT ) r n , r n c . i . { _ i n n  )  1  n a _  _ . . . ,  ^  C R . .  a n d  h : R , , _ l I t , , . _  1 4 7 af , L v _ J r _ ! - / J r - _ L _ * y j _ _ 1 .  r .  - L U r  c - t t ] y  \ f  . : - - , r \  r  \ y c :

have

t " ( h )=6^v * r  ( h+x " )  ,

where  y i  (+ - )  =aoo (xe  i l In ' )  .

P r o _ o f  .  I f  g ^ € G \ U " -  1 h i X ^ )  t h e n  t h e r e  e x i s t s  y 6 R n
.  " o  

R n '  
, . G -  .

s u c h  t h a t  h  ( y )  i X a  ( V )  < h  ( 9 o )  i X C  ( g o )  = h  ( S o )  .  H e n c e ,  X c  ( y ) = 0 ,

s o  y e G ,  a : t c 1  h  ( y )  ' : t r  ( O o )  .  .  t ' i t u s ; ,  9 o i 1 l a  ( 5 )  .

C o n v e r s e l y ,  i f  q " ^ € G \ l t ( h )  ,  t h e n  t h e r e  e x i s t s  g c c- O  G
^ , , ^ l .  r ] - r * .  r .  / ^ )  < h ( c r - )  ,  r v h e n c e  X ^  ( q ) = y ^  ( c l ^ ) = 0  a n d  i r ( c I ) i5 L l U 1 1  L . l l c r L  r l \ y ,  - - \ r o , ,  . . b  . . u  - o ,  . . \ : ) ,



12 .  e ' )

( 2 . 1 0 )

Fina11y,  the

, . .

i rnp l i ca t ion  90  =9 3o  ' s  obv ious .

3. SIIRROGATE T,AGRANGTANS

D e f i n i t i o n  3 . 1 .  W e  s h a l l  c a l l

fo i  problenr (P) the operator l . :RnX

l .  ( y , v )  = h  ( y )  i X n  ( y )
* G , V

nwhere A^ _- ER- '  is  the set (1 .  1 )  .
\ t r  V

s ur ro qa te_ La cjra._l g ia n
l1 _m

S (R^ ' ) - r  R | ' '  de f  i ned  by

( y e R n )  , l a  1 l
\ J .  I ,

,
.

. , i
j

'  
Lheo rem 3 .1 .  Un{s r  t he  assun tp t j . _on -s -g !  t h_eore !  1 .1  ,

t hc  a l : ovc  s ta te rnc ; r t s  tQ*90  a rc )  ec lu i va l . en t  t o  cach  o f

1 0 o - 1 2 0 .  T h e r e  e x i s t s  v € g ( R n )  ,  v e  U ( R n )  ,  v e  f l ( R n )  ,

t x . ( s ) < h ( o o l i X . ( v o )  .  r h n s ,  E o + % r , h i x " )  .

fhg.o::em 2 . 1 . under . lllg*tg j_@ 1 . 1
t he  s ta te rnen ts  1o -7o  o f t h e o r e m  1 . 1  a r e  e q u i v a l e n t  t o

the fo l - l -ovr i -nq ones_:

.go .  CIeaY{h+xr )  [9o)  ,

9 0 "  a Y  ( h + x c )  ( 9 o )  = # ( R n )  .

i roor.  go ==p 1o- Note Lhat

A{ t ,  }  ,  o= {yEpJ  lo  ( y )  )L  o  ( vo )  }=Rn
\ J  

o )  
t  "

.  H e n c e ,  b y  ( 2 . 1 1 r  w €  h a v e  B o  i f  a n d  o n l y  i f

.  
( h + X 6 )  ( y )  /  ( h  i x " )  ( o o )  ( y e n h )  ,

o r r  e q u i v a l e n t l y ,  h  ( ) ' )  d h  ( 9 o )  ( y e  G )

1 0 = - l  9 0 .  r f  l o  h o l d s ,  t h e n  w e  h a . v e  ( 2 . 1 0 )  f o r  a l l

y € R n ,  v r h e n c e  a l s o  f o r  a l l  y e R n  s u c h  t h a t  v ( y )  ) L  r , ( g o ) ,

r . r h e r e  v e  " f  
( R n )  i s  a r b i t r a r y .  I I e n c e ,  b y  ( 2 . 1 )  r  w €  E e t

, ve  3Y  (h i xe  )  ( so ) -

ros : , no r : f  i  vo l  v  .  s l t eh  t - . ha t! \ - v t J v v  v +  t  \  J -  /  t  
_



( 3 . 2 )

n
l - 1 r r . l -  t : . - r  - h r '  I / z ' , . 0 i D " \L I I c l L T  I L . / 1 .  d , L I y  V c h L t I \  I  f

( 1 , 9 )  i s  e q u i v a ] - e n t  t o  t 3 . Z )  _ : . .
I f  g o 6 c \ { r .  ( 9 " ( . , v )  } ,  t h e r r  t h e r e  e x i s t s  y € R n  s u c h

l(

{ - h a { -  Q l t t  r r \ z 0  l - i 1 . r \ i . ,  / r r lL i r q u  r , \ J r v . , f  \ & ( g o r v )  ,  i . e .  h ( y ) i X n  ( ) ' )  < h ( S . , ) i X n  ( g o ) =
t t G  

r v  
v  t t G  

r v

,  
=n  (vo)  (s ince  go€G G aG 

r , r )  
.  Hence ,  *oO 

r r ,  
(o )  =o  ,  so

ynAG 
r r ,  ,  and  h  (y )  <h  (go)  ,  Thus  ,  So* ' t r6 " , , ,  (n )  .

Converse ly r  i f  go€ 'c \ fn^  (h )  ,  then there  ex is ts
- G  

r v

Y . A G , , ,  s u c h  t h a t  h ( y ) < h ( g o )  ,  r v h e n c e  X A a , r r l o , = t o " , r r ( 9 o ) = 0

( b y  s ^ € c  e  4 . .  v )  a n d  0 ( y , v ) < g ( 9 o , v )  .  T h u s  ,  g o d ' | I - r , ( 1 . ( . , v )  ) ." o  G r v '  ' ' o '  
R n

4 ,  SURROG/\TJI DUAL P}]OBI,EI"IS. SUN.ROGATE I,AGRAI.]GE

,"-{h"
ril lo

Proof  ,  I 'L  is  r :nouqh to s i row

' j -  o

I IULTIPLI ] . iRS

pe! f l * fgn- .gJ_"  Given the vector  opt i rn izat ion pro-

b l e m  ( P )  r : f  ( 0 .  5  )  ,  l e t -
-  

m ,  1 1  : .  n

l r [ = { z € R ' "  1 3 v e " 9 ( R " )  ,  L ( y , v )  4 z  ( y e  n " 1  1 ,  ( 4 . 1 )

w h e r e  I  i s  t h e  s u r r o g a t e  L a g r a n g i a n  ( 3 . 1 ) .  W e  s h a l l  c a l l

surlqga!.e_dpal p;gh:|em to (P) , the probl,em

( Q )  f  i n d  t h e  P a r e L o  m a x i m a l  e l e r n e - n L s  o f  U I .  ( 4 . 2 )

' . A n y . e l . e m e n t  
z e \ l  w i l l  b e  c a l l e d  a  f e a s i b l e  c l e m e n t

fo r  (Q)  ;  any  Pare to .  max ima l  zeV t r  w i l l  be  ca l l ed a so l -u-

t i o n  o f  ( Q )  ,  a n d  a n y  v e  V ( R " )  a s  i n  ( 4 . 1 )  w i l l

a slrlrcqa"te . Lagrjrqg_Wi*led tg

t i o n  z .

a s s u r n p t j . o n s  o f  . t h e o r e r n  1 . ' 1  ,

;;;;;;;;il;;-"-* ",
r r O  l r r / r '  \ r f t 7
t J  .  r r \ ' : J O r ! r r . .

1 4 o .  h ( q ^ )  i s  a  s o l u t i o n  o f  ( 0 ) .
- ( J _

b e  c a l l e d

the  so lu -

!  l , ;
L l t \ ;

-$-ep-rs-* I .1-. -!Eeer*!bq
a b o v c -  s  t - a l * r ' m c r r r s  1 o *  1  2 o



:il :

i' rr:

Proof . 50 ==) 1

1 3 ( )  = . +  1 4 0 .  A s s u m e  t h a t  h  ( V o ) e  w

. t h e r e  e x i s t s  v ' e S ( R n )  s u c h ' b h a t

h ( y ) i X , r  ( y )  =  L ( y , v ' )  4 - z '
- G r v t

' : i | l t  t
.r.!r 

-

ar t'l . -o3 " "  I f  v c ' * ( R " )  i . s  a s  i n  ! " ,  t h e n

(YtAcr,r)

(yfA",u.) ,

a n d  l e t  z ' € I n l .  T h e n

?1

( y e R " )  ,  ( 4 . 3 )

[ 2 0 ]  ,  [ 1 3 ]  )  t h a t  i f  F ,  V  a r e  t w o

a po i .n t  (y  ,  v )  (  l r x  V  is  sa id  to  be

i f

f 
h(v) *h(cro)

I

L **.l,tr (go)f '

,i

w h e n c e ,  s i n c e  g ^ € G  G  A , -  * . r  ( b y  ( 1  . 2 1 )  ,  w e  o b t a i n
( J  L z r V

h ( g ^ ) = h ( g ^ ) i x n  ( g ^ ) =  9 " ( q ^ , v ' \  4 z '  i  i- .  \ J O  ( J  a r : . . r r  v '  
' ' O '  

:U . ,  v

h o n r - . .  -  q i  n r - o  z t € W  v l a s  a r b i t r a r y ,  h  ( q -  )  i s  a  P a r : e t o  m a -r r v r r v v '  ' - : o '

x i m a l  e l e m e n t  o f  W .

The  imp l i ca t i o t r  14o  : ;  1  30  i s  obv ious  
"  

'

1 3 0 = = - 1 5 0 .  r f  1 1  ( 9 o ) e l ' r ,  t h e n  t h e r e  e x i s t s  v e " Y ( R n )

such tha l -

r  !  ,  r  l !  ,  \  I  
Y . l

h ( y ) i - x n _  " ( v ) * h ( v o )  ( v e R " )  ,  ( 4 . 4 )
.  L l l r  _ -G r v

a \ :

v r h e n c e  h ( y ) * h ( S o )  f o r  a l l  Y n A c , , ,  ,  s o  5 "  h o l d s .  
,:

Remark  4 .1 .  As  shown  by  the  above  p roo f ,  t he  equ i *

, ro l - "n" . "  ,o  **  t  3o<=+ 140 r :ema. in  r ra l ic l  i f  we 
' rep l .ace

eve ry rvhe re  ( i nc lud ing  the  de f i n i t i on  o f  t he  Lag rang . i . qn

.q, )  i -he snrrogal -c  cousl - ra in t  set  A. .  . ,  bY anl r  5ua A c RI1
l J t v

s u c h  t h a L  G q A

5. SADDLE_POIN'J]S O]I  SURI?OGATE LAGiIANG]ANS

W e  r e c a l l  ( s e e
--m

s c t s  a n d  K : F X V - ) R " '

a. j ;aclt l te*l;o iLt--o f K

'  
r r  l . . l  

" \ . l r z  
1 . '  . ' \

K t y  r v i  l - r \ ( ) / 7 v l

t



We shal - l

a n d  K = { , r  t h e

qer f , -n t - { -10n i .

Theorem

cons ider
'srrrrogate

4 . \
t J .

5 . 1 . , L e t  G

n n
now t l i e  case  when  F= I l ' ^ ,  V=S(R" ' )

LaEranE ian  fo r  p rc le lem (P )  ( see

be a corr, 'ex, subset of Rn, :  ^ !

{ i :} i 's convex for eac}r
' -lf =111 "I l :  I t  --+K De sueh that At, 

{vol

c l l e :po in t  o f  9 - ,  i . e .  ,  such  tha t

9{ n,ovJ *n{v"v) t!..[y,v'J

?roof ,  1o=+2o- Assume

impl ica t ion  1o=+1 30 ,  there

{ r i s ing  a lso  y€c  and i ' i . -2 )  i

! e

s  € G  a n d- D  -

GR dam hl@,

$v-!qrg riom h=:{y'e nn:i.h,{ynJ <+*}, ;+pai. +qq y€Rr3

"?q, 91
t r -  4 t

:L'ne Io;:l-low-

{yo";} j.-$ .a ,sad-

, { 5 _ : )

A 1
A .  I  t

that

,i.39_Ela,fer*:pt: .are equ'iva.lents .
'i "* yeV^|lnJ .

" f,- ghele exists 've,"g1pt} such rhart:

{ 5 . 4 }

( 5 . s )

ry"rf, rr'cg{ff1J . '

10 .  Then ,  by  theo r :en r

ex . i sLs  v€g (Rn)  such

9 - ( y '  , v )  * h ( y )  = l :  ( - v )  i x o  ( y )  = 1 , ( y . v )  ( y ' e n n ) .
*r  -*( J t V

I l r r r i -  t n a r m n v a
s r r v r  u  i usrr :g  again y€G ar- rd ' {1  .2}  ,

( y )=1  ( y , v , )  ( v ,6S(Rn)  )  ,J-{yrr7} =h(}') *hL-!=h(rw) i.Xo
-Ett7'

?o==+1€- t et v€,g{*} :u* *u iq 20, Tr y€s., Lhen"
n

*s" i .nce G j -s  convexi .  there ex is ts  (by theorem' .0.1)  v 'e$(11 ' )

such thai

v '  ( y )  . L  v '  ( g )

T h e n ,  b y  ( 1 . 1 ) r - w e

. 0  ( y  , y ,  )  =h  ( y )  i l l a  
, . ,  ,

and  hence ,  by  thg  second

t h e n ,  f o r - -  a n y  y ' e G n  c l o m

.  { s e G }  .

ha r r , :  r zdA  -  \ ^7h ,a r1  aAr r s v u  J Y U n  . - l  t  v v r r u r r v u-  
\ - f t v

( r z \  = + c o\ _ l  t  f

p a r t  o f  ( 5 . 3 ) ,  . e  ( y , v ) = + - .  B u t

h g A^ --  A c lonr l r ,  we havc
\ . : r v

( y , ) . + * = 9 , ( y r v )  ,

t ,
i i

. [  ( y '  , v )  = h  ( ] r ' )  i X n
' ' ,^

L a r v



!_ _--: .  J
. . J

t l i

: 1 . 5
. - t

.l
t

I

t:

* :. i

i
q

. * l' : i

. !

'. -x

'",t
i ,

. t
t

l
I

'J
J

J

. t
x '
,t

I
I

,i

i n  con t . rac l i c t ion  r . / i th  thc . f i rs t
i t r c f

. J  \ u r

T - a . i  * ^  r  1i_nai . ly r  s ince y€G gA-_

;haven ]rt, the frrsr p.rrt 
"r*;X"=,I

h  i y ' l  =  ! .  ( y , ?  v i  { :  ! ,  ( y  , v )  = h
and fhus 1'<ti"{hi -

P a r t  o f  { 5 . 3 } -  T h u s r

Coro. l .1

the {:g-qfgyus ones:

eaf,h .:y 
n€G 

fi A^ _, lve
v t  v

.  I  a f e  C . {n l i \ 7 . 1  I 6h+
_ _ .  J _ , ' _ w \ ^ + _ u r t u

for

?

(y) 
"

,@3z,in the prr:o.i o.f the impf i.rtionesdent la i i y ,  
{5 .2 }  j s  no-s=race .if, €,ndon h=0, :...e*:*[flf

r:Qbvj-nusly, 
G=?d'{h} .

;

assuftption i5..2i
. - i o  - , oz' ;+'J , Note .F41n+.

of fhe -;;;JJ;
{y '€G} r  then,

b) one c
rar  to.ororr l ;T: ; ,a 

coroLlarv or  theorem 5.r ,  s in i i -

. .  
Cor lb in ing theorems 5.  1  and Q .1 r  we obta in

5 . 1

to
ffih#; if#**l"*r
r O. t  .  ) ' e G  a n c j  h { r , - i c r . l

a
, vq  .  y € u c { h }  a n d  h { y i

6. _TNJteUliLr_Ty CONSTP_AINTS
'  

1 * ia  - r :L - : ' :  - - - - .  iurrsr j .  uunsj .oer  now Ll i t l  case wh{ 0 . e 3 . ,  d r d  h
f o r  r h i s  

" o = t t " "  

% { h )  i s  t h e  s e t  ( 0 ' T } .  

" t  
; " ; ; ; ;e  one ca,n co l ls ider  the sursets or,, (ve slpn; ) derine;-;" l;. ;;; 

'ffi.:":"::;'. '".
a p p l l z  t h e  r e s u l - t s  o f  g g  1 _ 5 .  H o w e v e r ,  e x p l o i t i n g  ( 0 .  O 1a n d  ( 0 . 7 ) , .  w €  s h a l t  l n r r o d u c e  ; ; ; - ; . ; ,constraint  sers a, .  _-  sRn rrru.gtni)  ;  ; ; ; t t  

surrosate

cof fesponc l jns  r "= . l iX" - ;o , ' .no ; ; '  
; r ; ; . - "  

sha t l  p rove

;; l:.;':ii.un*v  > L  0 ,  o r  e v e n  s u c h  t h a t  v > 0 .
Nanrely,  in v ievr of  G of  (  0 .  6)  ,  where.  u, :  Rr1** Rk ,  let



, -

i . - 9 i

.  - , *  i t : '

l l c l  r l ^ ' { - ' i  r , a  € ^  
1 '  * : 1 :

uv  uv ! * . r L_1  r v r  cach  v6g i I t ' ' )  ,  t t b  se t

A '
A  = l v G l ? " l r z f i r { . ' l l  <  n }- u r v  ( - r - ' r \  [ v \ u \ 1 " ' i  * ] ,  

" ' . '

Rernark  6J .  a )  'For  v>0,  the  :seLs  A
: to thcse gj-1'e:t,  f .ar scal-a-L= f i i l t i i i i izatiCIn, in {?1"
'  I r )  In  'b .he par t j "cu lar  cas€:  when k=n and u=T,  t .he '  

-

' i den t i t y  
ope ra to r ,  {0 .5 }  and  (G . -1 )  beccme,  respecL ive }y ,

g=tge nt  ig- .o  j=-* l  ,  46-21

f {c te  that  a ,  - ,  is  not  a  par t icu l -ar  case of  a^ * -  o f  { l . . l i ;I + V  - G r V
' i nAnaA  a  d  f o r  v= i ,  ) l p_  ha r re  A -  -_=*C_  ,  bu tt  L . : J . t  L v L  v - I t  v r - -  ,  

* r ,  J )

A G , r = { y o R * l 3 g e - n n  r  y  > L  g } = R n

U r V

{ 5 : 1 )

corresB r:d_

and. A of
t f  r v

co r respond ing

{ 1 ' 1 ' } n  w l : e r e

'{6 
.'rl _}

T ) r n n n c  i  { -  i  n r '
r  L ! v l / 6 . 1 .  I ' o r  G n ' F  / n .  6 1' \ v . v /

v
gn4 r 's#{I t ' ' )  ,  t ' }0,

we have

\ f E A
U r v

. :

Thc, :o 'e ] r i  6 .1 .  I ,eq  u :R**>nk  be  a  c l *vex  m?pt1 in_g,  teb

J ^ € G ,  w h e r e  G  j . s  d e f i n e d  b v  ( 0 . 6 )  -  e r r r t  l e t  [ : R n - r R *  L r .(
v  - ' . - " - I  \ v ' v /  t  * " " - - -

suc - i r  1 -ha t  On(q^ )  (h )  .  i . s  convex .  Thc  : f o * l l ow ing  s ta temen ls
:  ' - o '

\
' :

j

| , v

v e U , ( R ^ )  ,  v € g ( R ^ )  ,
r a c n a n # ' i  r r a - l  r r  S U C I f  t h a t+  e e f J v v  u r  v  L  ! _ z  ,

v ( x )  ) ,  0  ( x e R K ,
!

-o  - . o  . . o  ^o1 - t  .  s a n e  a s  z  . 7  J

. W e  s h a l l  p r o v e  n o w ,  f o r  G  o f  { 0 . 6 }

t6 .1 )  ,  r+he r :e  v€ , f  (R r ' - )  ,  \ r ) .A ,  some : : csu l t s

to  those  o f  51  on  any  GeRn and 'A^  __  o f

v e # ( R n ) .  
\ r r V

ar_e_. equiva le}-t :

1 o .  9 . , . f c  ( h )  .

zo-qo . " .  There  ex is ts  v€g(Rk)  ,

i

. 3 y e A r . , ^  , ,  ( h )  ,  u ( y ) ( x ) . ( 6 . 5 )
.  , .  t Y o ,

a'\
and 4--  : :cspcqt iycr l .y ,  wj - l -h



t

a -

respec t i ve l y ,  saL i s f y inq  v

tz )1")

9;o.vn ii"i,-
-  U r V

1  30 - ' l  40 .  Same as  : l  0o  and  1  10

l .r

Bo* 90,  sa l ic  a  s j  20 anr l
. ^ o  . ^ o  -  

-
1 t J - - 1 2 - .  T h c r c  e x i s t s

1 "  r - o q n o r - f  i  r i c ' l  r z  -  r ^ r ' i  { .  h  r r > O
t r v t -

v € g ( R ^ )  ,  v e 1 , t { R ^ )  ,  v € 0 { R ^ )  ,
\  n  - , n ' l
, -  u  c l i r r t

L

d6* 6, i

r.especti-ve1)r, wlth

t

proCIf  ,  1o*=p.. , .*=#9o" Since A- r*  .  {h,}  and u .are con*

vex ,  so  is  u {A-  .  ,  f i ' . , }  i+nk  
n lgo l  -A t  ( g o )  1 5 1  ; + P . * ;  i n d c e c ' - i f  Y 1 , Y 2 r - i i h ( g o )  i h )  ,

L

"  1 , r 2 c R . ; ,  0 i ; \ q 1  ,  i - h e n  i y t  ( i  - i )  y 2 € F , n { V o )  i i . )  a n d  i u ( y . ' i +

+ ( 1 - t r ) u ( v r ) = u ( 1 y 1  ( 1 - ) , ) y ) + z  f o r  s o m e  z € R l , ,  w h e n c e

r ( u { y 1 l n - r 1  } * ( 1 - ) , )  ( u ( y 2 ) + z 2 i e  u ( A h ( n o )  ( n ) ) * R f  .  A l s o ,  o b -

v i o u s l y ;
L- 

',l

u { A * , . ,  
)  

( h ) )  n R k = { * e R k  j J 1 ' e  n n , , ,  )  
( h )  ,  o ( y ) < * 1 ,  ( 6 . 7 )

.  
u { Y o J  ' f  .  r l l r - j ^ J

L - . . ^ ^  f  a  r \i c r l u  r L : r r u L :  t n . 5 )  i s  e q u i v a i e r r - u  t o

I  :  v {u {v )  }  tu  v {z }  {y€A*{9o}  {h }  ,  ze-n f }  .  t6 .s }

;  HpncL., the ec,p:iva-l ence-*e 1u** = = " H) 9b f ot-tow frorn

i  ( 0 . 7 )  a n d  t h e o r e m  0 . 2 .  ,' .  
l o = + 1 2 0 .  T f  v e g ( n k )  o f  7 0  c l o e s  n o t  s a t i s f y  ( 6 . 6  )  ,

' t h e n  
t h e r e  e x i s t s  y ' € A u , , r f l A l . . ,  ( . ,  )  

( h )  .  T h e n r ' b y  y ' u A , r r . ,
r r  \  Y o  

r g R k
, t "  

h a v e  v ( u ( y ' ) )  < L  0 .  O n  t h e  o t h e r  h a n d ,  f o r x = u ( y ' )

w e  o b t a i r r ,  b y  y ' a n h ( o  
)  

( h )  a n d  ( 6 . 5 )  ,  v ( u ( y ' ) ) = v ( x )  t L  0 ,
.  .  Y o '

a  con t rac l i c t i on .  The  i t oo t  o f  t he  imp l i ca t i o i r  9o=+140

i s  s i m i l a r  '  :

a rc  obv iou r ;

1 0 o = . r 5 o .  r f  . v e  $ ( n k 1  o f  1 0 o  d o e s  n o t  s a t i s f , y  ( 6 . 5 )  ,
t .

t h e n  f o r :  s o m e  x e  i t \ t h e r e  e x j - s t s  y € A h  
t O o )  

( h )  w i L h  u ( y )  5 x , '

s u c h  t h a t  v ( x )  ( L  0 .  T h e n . ,  s i n c e  v  ) i ,  0 r  . w €  o i r t a i n ,  b Y



( . 0 . 1 0 ) '  v ( u ( y ) )  < r  v ( x )  ( ,  0 ,  $ o  y 6 A . -  ,  a n d  t h u s
l L  l L  

-  
U r V

q  d U  ( 1 r ) .
- ' r \  .  / \

o
U r V

!gm1f[=fu?. The above proof of i lre implicar.ion
7o=+120 shovrs  tha t ,  fo r  any  v€#(Rk)  (no t  neces isar i l y  _Lj - i i  0 ' ( R " l  a n d  n o i -  n e c e s s a r i l y  2 T , 0 ) ,  ( 6 . 5 )  i r r r P l i e s  ( 6 , 0 ) .

r ) r \
T h u . s ,  2 " : 4 "  ' i m p l y /  r e s p e c t i v e l y ,  t h a t  t i r e r e  e x i s t s

.  1 .  ] -  t -

. v c # ( R ^ )  ,  v e T l ( R o )  ,  v e  f f ( R K 1  ,  s a l : i s f y i n g  ( 6  "  6 )  . '  I l o w e v e r ,
fo r  imp l i ca t i ons  o f  t he  conve rse  r ype  ( see . . t he  above
proof  o f  10o=+5o)  vre need the ac ic l i t ional  assumpt ion

some concep ts  and  resu l t s  o f  t he  p reced ing  sec t i ons

c a n b e  c a r r i e d  o v e r ,  m u t a t i s  m u t a n d i s ,  t o  t h e  c a s e  o f
cons t ra in t  se ts  G  o f  l he  fo rm (0 . .E t  ,  r ep lac ing  ve . f {nn )
(o r  t / (Rn ) )  by  ve , f , (nk )  (o r  ' l l ( n } t1  

L  v  7 ,  0  (o r  v>0 )  and
A . '  , ,  b y  4 , "  " .  o f  ( 6 . 1 )  ;  i n  s o m e  

" u r o = i  
v e  g ( n l ( )  a . L s ob r v  '  u r v

worJ<s.  For  examp. le ,  one can c.ons i -der  the surrog.ate

Lagrang ian

{. (12 ,v) =h (),) i  ;{ r. . ,  - r /- -\  ,  .  -^11 . v
,1r 'en j t  rv  (u  (y ' ) )  - ( ,  O 1 

(V)  (ye L 
' ' r 'cJ(R' )  

'v l l0)  '  (6  '  9)
I,

and the surrogaie c lua l  problern

T l l  r -  L
w = t z e R " l l v € S ( R ' ) ,  v  2 ,  0 ,  [ ( y , v )' L

w h e t ' e  [ ( y r v )  i s  d e f i . n e c l  b y  ( 6 . 9 )  .  t { e  o m i - t  t h e  d e t a i r s .

. , . t

' - 2 t  o '

e l e m e n t s  o f

4z 11'eRr') ), t 6 . 1 0 )
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