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GBNI1RALIZATIONS OF CONVEX SUPREI,IIZATION DUALITY

f van  S inqe r

,  f l : , , .  . ,  ,
of  l " la t .hernei t ics  ,  INCREST,
,  7 9 6 2 2  B u c u r e g t i ,  R o m a n i a

:

ngF, IL*g. ! .  We g ive some extensions of  our  dual i ty  theorems of  [ r3 ] -
-  

t I 5 ]  ,  t o  t h e  o p i - i m i z a t i o n  p r o b l e m s  ( p ) c r = s u p  h  ( c )  a n d  ( P ) q = s u p  ( h - f  )  ( F )  ,

where  G  i s  a  subse t  o f  a  se t  F ,  h :F  - l  F=  [ -m ,  +oo ]  i s  a  l t l - quas i - convex
*Tr

(  [5 ] ,  [Z t ]  I  o r  a  t { -convex  L4 ]  func t iona l ,  W be ing  a  su i :se t  o f  R '  , . .anc l

f  : F  - > F  i s  a r b i t r a r v .

$ 1 . Tn t roduc t i on

G iven  a  se t  F ,  a  subse t  G  o f  F  (assumed  to  be  non ' -empty ,  t h rough-

o r r i -  { -ho  se r l r r r . } )  apc l  a  func t i ona l  h  : I r  - - r  F=  [ - * ,  +co ] ,  v /e  sha I l  cons i i e r  t : r e

f o l l o w i n g  ( g 1 o b a 1 ,  s c a l a r )  p r i m a l  s u p r e m i z a t i o n  p r o b l e m :

( P ) =  ( P a , n ) o  = o G ,  
h = " u p  

h  ( G )  . ( 1 . 1 )

In  the paper  [ t : ]  (see a lso [O]  I  we have provecl  sorne theorens of

" l l n n o r i - r r r h a t i o n a l  q r r r r o c r a f o  d r r a l ' i  f v "  t v D e  ( i n  a  s e n s e  s i r n i l a r  t - o  [ Z O ] ,u r r . L - l u r -  u u ! v q

f  ^ ^ 1  .  - ! - a  -

L t / . )  )  r o r  r n e  p a r L i c u l a r  c a s e  o f  p r o b l e m  ( f ' - l ) ,  i n  w h i c h  F  i s  a  l o c a l -

1y  convex  space ,  G  i s  a  bounded  subse t  o f  F  and  h  i s  convex  anc l  l ower

semi -con t i nuous ,  w i th  va lues  i n  Ru l - * l  (where  R+( -m,  +c ' r )  ) .  Fu r the rmore r
.  r -  - 1
l -n  L r fJ  we nave pr :oved some theorems o f  "unper tu rba t iona l  Lagranc ian

r l n a t i t - r z r r r r r n e  ( i n  a  s e n s e  s i m i l a r  t o  I Z Z ) 1 ,  f o r  ( I . 1 )  w i t h  ! ' a  l o c a 1 I y
v u q r r  u J

convex  space ,  G  a  boundec l  subse t  o f  F  and  h :F*>F  a  p rope r  l ower  semi -

- con t i nuous  convex  fu r i c t i ona l . .  I n  [ t a ]  v re  have  ex tended  the  ma in  dua -

t i f v  f h r . o r e m  o f  [ t S ]  t o  a  d u a l i t y  t h e o r e m  f o r  t h e  p r o b l e m  o f  s u p r e m i l a -
4 *  v  I

t i o n  o f  t h e  d i f f e r e n c e  h f - h Z  o n  a  I o c a I l y  c o n v e x  s p a c e  F ,  v r h e r e

h . , :F - ->E  i s  a  p rope r  l ov le r  semi -con t i nuous  convex  func t i ona l  on  F  an i
I

h,  :  F -+ - f l  
is  arb i t rary  ,  wi th  the convent ion + oo -  (+oc1 =-o,  ( thr" rs  ,  tak i  r rg

h ^ = t h e  i n c l . i - c a t o r  f u n c t i o n a l  o f  a  b o u n d e d  s u b s e t  G  o f  I ? ,  i . e . ,  h - ; ( y ) = 0
z

f o : :  y e G  a n d  h 2  ( y ) = + *  f o r  y e ! ' \ G ,  w e  o b t a i n  t h e  c a s e  o f  [ t S ]  l .  T h e  r e s u l t

o f  [ f  q ]  ] r as  been  a l so  ob ta inec l ,  i nc l cpenden t l y ,  i t l  an  ec lu i va len t  f o rm

(name ly ,  ds  a  dua l i t y  t heo rem fo r  t he  i n f i r n i za t i o t t  p rob lem

i n f  ( ] r , - h . )  ( F ) ,  w h e r e  h .  : F - - ; ' F - i s  a r b i t r a r y  a n d  h " : F - > F  i s  p r o D e r  l c ' . , ' . r r
'  r  /  " - t  -  L-  

t  f r o m  a  c l i f  f e r : c n t  s t a r t i n o  p o r n tsemi -con t i nuous ,  v l i L f t  * ca -  ( * co )= 'a *1  ,  and  f rOm a  d i f  f e  ]

(naure ly ,  sorne non- l inea: :  prcb lerns in  l :he ca lcu l r . rs  of  r ' : . r r iaL ions,  vrh j -c j r

Depar tment
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. , . a r i s e i n m e c h a n j - c s , s u c h a S t ] r e a n a 1 y s i s o f a s t e a d i 1 t ' r o t a t i n g h e a r r y

chain) by Toland lzsJ t  moreover,  Toland has developed, i r r  lzaJ' ,  a an-r-
ry  o f  ' rper tu rba t iona l  Lagranq ian  dua l i t y "  type  ( in  a  sense i  s im i le . r  tor 1

L 2 2 J  )  ,  w h i c h  c o n t a i n s  r  d s  a  s p e c i . a l  c a s e ,  t h e  d u a l i t y  t h e o r y  o f  [ 2 5 J  .
The  I -mpor tance  o f  p rob lem (1 .1 )  w i th  F=Rn ,  G  a  c losed  convex  (poss i , , l , r
u n b o u n d e d )  s u b s e t  o f  R n ,  a n d  h : F - - + R  a  f i n i t e  c o n v e x  f u n c t i o n a l ,  h a s
been  s t ' r essec l  by  Tuy  Lza ) ,  who  has  shov rn  tha t  i t  i nc luc les  a  v r i c l e  c lass

-of  mathemat ica l  programming problems (such as l - . inear  and convex pro*
' ,  gramming,  0-1 in teger  programming,  b i l j -near  prosrarTrrn i rg ,  l inear  and

convex  comp lemen ta r i t y  p rob lemsr ,and  "convex -d i f  f e rence , ,  p rog ramrn ing )  .
M o t i v a t e d  b y  t h e  a b o v e  m e n t i o n e d  r e s u r t s  o f  l r : ] ,  [ r s 1  ( s e e  e . q .

c o r o l l a r y  3 . 2  a n d  r e m a r k  5 . 3  b e l o w ) r  w €  i n t r o d u c c  h e r e  t h e  f o l l o v r i n g
.  concep t  o f  "d .ua l  p rob le rn "  t o  (p )  q f  (1 .1 )  (w i thou t  any  assumpt ions  ; "

F ,  G ,  h ) :

De f  i n i  t - i on  1  .  1

m iza t i on  p rob lem

( o )  =  ( eG ,  h )

where trnl=wG'h,  is a

a n d  \ = \ G ' h : w - + H

o f

By a dual  probl -em to

the form

/'r L

A=[5" ' "= . , r r - -  \  / r ^ r \
l -  l -  " u J . .  / \ \ v r l  t

(P )  we  sha l l  mean  any  sup re -

se t  (assumed  non-empty , -w i thou t  l oss  o f  qenera l i t y )

i s  a  f  u n c t i o n a l - .

Sg fg :L . l : . I .  a )  we  assume no  re la t i on  be tween  c<  and  p  .

.  b )  The re  i s  a  marked  d i f f e rence  be tv reen  the  above  dua l  p rob le rns
( 1 . 2 )  a n d  t h e  " u s u a l "  d u a l  p r o b l e m s  [ 2 2 ]  t o  

' ( p )  
( e x t e n d - i n g  t h e  u s r _ r a l

U " . u . t  p r o b l e r n s  f o r  c o n c a v e  s u p r e r n i z a t i o n ,  i . e . ,  f o r  ( p )  o f  ( 1 . 1 )  w i t h  F
a  f - i n e a r  s p a c e ,  h  c o n c a v e  a n d  G  c o n v e x ) ,  i n  w h i c h  p = i n f  \ ( W )  t  e r r
e q u i - v a l e n t l y  ( s e e  e . g .  [ S ]  )  ,  F = - " r r p  \ ( f v )  .  T h e r e f o r e ,  d s  i n  l l J J  ,  w e
s h a 1 l  c a l l  t h e  d u a l  p r o b l e m s  ( I . 2 )  , ' u n u s u a l - "  d u a l  p r o b l e m s  t o  ( p ) .

We sha l l - .  f i r s t  cons j -de r  "unper tu rba t i ona l  su r roga te  dua l  p rob lems , ,
t o  ( P ) ,  i n  a  s e n s e  s i m i l a r  t o  l z z )  ( s e e  a l - s o  [ z o ]  ) ,  n a m e ] y ,  t h e  c a s e
w h e n  X  o f  Q . 2 )  i s  o f  t h e  f o r m

(0 )  becon te  i n f im iza t i on

in te rchange  eve rywhere

r r r n l r ' l  b n r c  r n r l  A  n f  t 1  nr . v r r r r  q r ^ u  
l J  

v r -  \ r .  =

( L . 2 )

I r . r r l r 7 \  , I  2 \
\ y v \ r r l ,  \ t o J l

o f  ( " s u r r o g a t e  c o n s t r a i n t " )  s e t s  i

, 1  '  \( r " * , l

s u p  a n q  i n f  ,  t h e n  ( p )  a r d

)  w i l l  b e  r e p l a c e d  b y

\ twl=\f f ;h (w)=inf n (o",*-)

where  O" r r tF  (we l ^ I )  i s  a  g i ven  fam i l y

t h u s ,  b y  ( I ' . 2 )  a n d  ( 1 . 3 )  r  w €  h a v e

F="YP, inf  n (Ac,*)  .
w e W

R e m a r k  I . 2 .  f f  w e

, ,  ' l ; ' r  .



-"--"-?,'i

.*")
i

B ' = i n f
I  _ _w € w

There
.  A r  =q . r r n  ' i  n  f

we.W

Ac (h) ={ve r ' l  t r

s c ( h ) : { l e n l h

o f  h ;  w e  r e c a l l  t

a re  the  e lemen ts

l : 'r i  .:. i ; lr i . lr:: i , ; ' ,. i  :., i i

s u p  h  ( A ^  - - ) ,
L : r w

i s  a  m a r k e d  d i f f e r e n c e

h ( A ^  . , )  o f  t h e  " u s u a l "
u r w

( P '  )  c ' = i n f  h  ( C j )  ,

i . . i ,,t.

b e t w e e n  ( 1 . 5 ) ,  t h e  v a l u e s

su r roga te  dua l  p rob lems  to

i : i  i i i i , r ; , .

( 1 . s )

( r . 6 )

a n d  t h e  v a l u e s  P ' = i t t f  i n f  h ( A r : , ^ , )  o f  t h e  " u n u s u a l "  s u r r o g a t e  d u a l  p r o -'  
W € W  

\ J l W

b l e m s  t o  ( P ' )  o f  ( r . 6 )  ,  s t u d i e d ,  i "  [ 2 3 ]  ( s e e  a r s o  [ r o ]  ,  [ 7 ]  )  ;  i n  [ z : ]  ,
t h e  l a t t e r  o n e s  a n d  t h e  d u a l  p r o b l e m s  w i t h  P ' o f  ( f . 5 )  h a v e  b e e n  c a l l e d

"unusua l  su r roga te  dua l  p rob lems  o f  t he  f i r s t  t ype "  and  "unusua l  su r ro -
g a t e  d u a l  p r o b l e m s  o f  t h e  s e c o n d  t y p e " ,  r e s p e c t i v e l y . '

I n  92  we .  sha l l  g i ve  some nec .essa ry  and  su i f i c i en t .  cond i t i ons  fo r
6 e A r - . ,c l . z l S t  f o r  a ( f 5  a n d  f o r  o r = 1 5  ,  w i t h  c ( € R  a r h i t f a : r y  a n d  p  o f  ( 1 . 4 ) ,  a n d  s o m e

s l n i u l t a n e o u s  c h a r a C t e r i z a t j . ' o n s  o f  " s o l u t i o n s "  o f  ( p )  ( o f  ( 1 .  i ) )  a n d  o f

" w e a k  d u a l i t y "  f o r  ( P ) ,  ( Q )  ( i . e . ,  c o n d i t j - o n s  i n  o r d e r  t o  h a v e  q = f ] ,

w i t h  x ,  p  o f  ( 1 . 1 ) ,  ( 1  . 4 ) )  ,  i - n v o l v i n g  t h e  l e v e l  s e t s

l 1  ? \

( r . B )

\ /  d e f  i n i  t i n n  t h e  " S O I U t i o n S ",  - - - - "  
.

( P o s s i b l - v  e m p t y )  s e t

o f  ( P )  ( o f  ( I . 1 ) )

1

t y i < c I

( v ) <  c 1

1 - - I -  1 ^
t L ( J - L / '  t )

o f  t he

( c e  R )  ,

"  ( c e n )

( 1 .  e  )

t a j - n  f a m i l i e s  o f  s t r r r o o a f p r  c o n s t r a i n t  s e t s  A |  . , S n  ( w e W ,  I = 1 , . .  . , 6 )  ,'  - ! .  n  U r W

where I , {eFr  (vre recal l  that  Hr  c lenotes the farn i ly  o f  a l l  funct ionals

w : f ' - > F ) ;  i n  t h e  p a r t i c u l a r  c a s e  w h e n  F  i s  a  l o c a I l y  c o n v e x  s p a c e  a n d
*  *  

deno tes  the  con iuqa te  space  o f  r r )  ,  t hese  se ts  A l  ac lm i tW G I r ^  ( w h c r e  F ^  d e n o t e s  t h e  u , J r r 1  l r v d L - . :  : p i 1 c €  o f  t r )  ,  t h - - -  - G r w

convenient  geometr ic  in terpretat j -ons .

f n  $4  we  s i ra l l  sho ' , v  how the  resu l t s  o f  su r roga te  dua l . i Ly  o f  $3

c a n  b e  a p p l i e d  t o . p r o b l e m  ( P )  o f  ( 1 . 1 )  w i t h  G = u  
t  ( 0 ) ,  w h e r e  u  i s  a  m a p *

p i n g  o f  F  i n t o  a  " p a r a m e t e r  s e t "  X  a n d , O , i s  a  s u b s c t  o f  X ,  w i t h

u ( F ) n O l O  ( w h e r e  p  d e n o t e s  t h e  e m p t y  s e t )  ;  i n  t h i s  c a s e  w e  s h a l l  t a k e
v

WER^ ( ra the r  t han  Ws f r "  )  and  we '  sha l t  de f i ne  su r roga te  cons t ra in t  se ts

A i - , . ,  <F  (we  w)  co r respond ing  to  those  o f  $ : .
u- '  ( f l )  ,  t

F i n a l i y ,  1 n  $ S ,  c o n s i d e r i n g  t h e  " L a o r a n q i a n  d u a l  n r o b l e m "  t o  ( P )

o f  ( I . r ) ,  i . e . ,  p r o b l e m  ( I . 2 ) ,  w i t h  w E f r r  a n d  . \  o f  t h e  f o r m

Jtc  (h)  ={voe G lh  (eo)  =sup h (c) }  .

\ t r ) = \ S ' h  ( r u ) - s n p  w  ( c ) - r i n f  { h  ( y 1 i - v r  ( y ) }
y€tr

( w e  W ) ( 1 . . 1 0 )



ii

- -  ' '  
l f o r  t ,  { ,  s -ee  (5 .2 ) ' and  (5 .3 )  )  ,  we  sha l l ' show  tha t  , n *  * i r n  , * i u r *  , ' * , : ,
f t s i  can  be  ex tended to  w-convcx  t+ ]  func t iona l -s  h  on  a  se t  F ,  

"1 , " r "wer r ,  and to  a rb i r r :a r :v  subsets  c  
" t "o .  

The- "= . t ; t " . ; ;  ; t " ; ; " ; ' " ; " " ; -
tens ion  cons is ts  in  the  poss ib i l i t y  o f t  app ly ing  i t  to  var ious  cho ices

:  o f  w 's ,  wh ich  permi ts  a  un i f iec l  t rea t ,T ln t  o f  "augmented Lagrang ians , r
( f o r  t h e  c o r r e s p o n d i n q J  t h e o r y  f o r :  p r o b l e m  ( p , )  , ;  ( r " 6 ) ,  s e e  

" . n .  i n : , .
A lso ,  we sha l l  ex tend the  maj -n  resu l - t  o f  [ ra ]  to  the  l ^ I -convex  case,
where wgHF 

-- '  - . .

, ,.:---,
Throughout the paper,  we adopt the usual  convent ions

in f  Q=*a , sup Q=-a . ( 1 . 1 1 )

-  A l s o r  d s  i n  [ t z ] -  [ r g ] ,  w e  m a k e  t h e  c o n v e n t j - o n  t h a t  i f  A ^  ( h ) = l  o r
'  sc  (h1=Q ' fo r  some c€R,  then  the  cond i t j - ons  i nvo l v ing  these  a^ i r , )  ,  sc  (h )" c
.  

( s e e  e '  g '  ( 2 .  1 )  ,  ( 2 . 2 )  ,  e t c .  )  w i l l  b e  c o n s i d e r e d  s a t i s f  i e d  ( v a c u o u s l y )
By  " l i nea r  space"  ( v r i t h  o r  w i thou t  a  topo logy )  we  sha l l  mean :  rea l
l i n e a r  s p a c e .

s2.Sur a t e  d u a l i t r e s u l t s  i n  t h e e n e r a l  c a s e

Let  us  f i rs t  reca l l -

L e m m a  2 . I
%

c o { -  A r l r  h . E .o s u ,  a = x ,  I I ; . r  - >

r  F r  o 1\ L - - J r  r / , . v p r r b i t i o n  1 . 1 a n d  c o r o l l a r y  1 . I ) .  L e t F b e a

( A ) 2 c  i f  a n d  o n l y
" ( h ) = 0 .b )  J t  i n f  h ( A ) > c ,  l h e n

g5gg.I [rg] . t1 yo€^nAc
i s  s i m i l a r .  F i n a l 1 y ,  i f  i n f

h  ( y o ) < c ,  = o  y o e A n A "  ( h )  .

D r n n n q i i - i ^ - . ,  r
# %

re t  cxeF be  arb l t ra rv .

i f  ana

F ,  G ,  h ,  I {  a n d  A  € F
9 r W

r o t r o w a n q  s t a t e m e n t s

A n S  ( h  )  = d .
c

( h ) ,  t h e n  i n f  h ( A ) g h ( y o ) < c .  T h e

h ( A ) < c ,  t h e n  t h e r e  e x i s t s  y b 6 A

it *1.*
in f  h

r t T )

T ^ !
! c L

The

(we W) b e  a s  i n

p r o o f  o f  b )

such  tha t

$r,  glg

ro .  we have

AG,r_nA" (h) fo.

2o. gglgy.g

Ac,*^s.  (h)  lQ

30 .  we  have

are i r z : ' l a n { - .

: .
( w e  W ,  c € R r  c > c ( )  . ( 2 . r )

( 2  . 2 )

( h  ' l
. l G r w ,( 7  f 5  = s u P .  i n f  h

w€W

( w c l n l ,  c e R r  c > o < ) .

( 2 . 3 )



r c ; ; !  i ;  i

t--
. " /
.  j ;  

- ; . , .  , i ; . 1

i '

l - ' :  '

t.--- 
iF

I

20 =9 30 .  r f  20  ho lds  ,  sdy  y* ,  
"uAG,rons"  

(h  )  ,  then

obvious.

l , r )  
= in f  f r  (Ac , r ) (  h  ( y r r ,  

" )a "
v rhence  P==up  \ ( t t )< in r  c=o ( .

(v le  I r I ,  c€R r  c)^)  ,

c ) d r  w e  h a v e

C>c,(
. . )  a1 r)
3 " : 4 1 - .  f  f  3 "  h o l d s ,  t h e n  f o r  e a c h  c € R ,

,r:

(we W) , then

Hence,  p ropos i -

( 2 . 4 )

c 1 6 t  t h e r e  e x i s t s v/ € l^/

A..  , . ,  ns^ (h) =@
\J r \{ \-

U

^ o5 . UJe nave

o(<p="yp  in f  h . (oa , * )  .
w€w

Proof .  to --+ 30. r f  c and w

we have

.  \ ( w c )  = i n f  h  ( A G  
, *  

" r r " ,
whence  [3=" r rp  \ (w )>sup  \ {w" )>sup  c=o(  .

such  tha t
F:€:*:I@

' . ' ' . '

a re  as  Ln  I  ,  t nen ,  bY

(') q, \
\ L .  J  I

.  t 4  a  \. t 2 . .  o ,

l e m m a  2 . I  a )  ,

there

have

' c < d , c<0(

/ r n m l - i n i n n  ^ r A h  ^ - i f  i a - c  1  
' l  

r n . {  )  )\ . \ , r r r r i J r r r a r l Y  y r \ J I J V > I L . L ( r t . r J  L .  - a  c l t I L r  ! .  L  t

T h e o r e m  2 . 1 .  L e t  c x e f r  b e  a r : b i t r : a i : v .

3 0  - > 2 o .  r f  3 0  h o l d s  a n d  c e  R ,  . a o ,  t h e n

e x i s t s  w ^ e W  s u c h  t h a t  c c i n f  h ( A ^  - -  ) .c  G r W ^ .
t 4  -  \  \ i

\ Z , J ]

c < P ,

Then ,

obta in

. to  l_  lowl-n

r n d  h o n n a  l - . r z  l 1  I  \q r l u  j r E l l v g t  P X  \ f  . A / t ,

b y  l e m m a  2 . I  b ) ,  w e

F ina l t y ,  t he  imp l i ca t i on  20 - - r .  I o  i s  obv ious .

.  Benark  ? .3 .  Fo r  t he  pa r t i cu la : :  case  when  c r= in f  h (G)  and  GcA^'  
G , W

( w e W )  ,  w h e n c e  o > r F ,  t h e  a b o v e  a r g u m e n t  h a s  b e e n  g i v e n ,  e s s e n t i a l l l ' ,  i n

t r g J  ,  p r o o f  o f  t h e o r e n  I . 1 .

we

m L ^
a l l g

" o F = : y p  
i n f  n , O " r r r ,  w h e n c e ,  b y  l e m m a  2 . L  a )  r  w e  o b t a i n  ( 2 .  f  ) .

W € W  
v t  ' '

39'mq:} -? , ,=1.  rn  par t icu ldr r  i f  u= i l f  h(c)  and Gs^- G  
r w

Qt 'cna^(h)cA^  ,nA"  
(h )  (wew,  ceR,  c>o( )  ,  so  we have ro -30 . .t -  \ J f W  U

t i o n  2 . 1 ' p e r m i t s  a n  i m p r o v e m e n t  o f .  t h e  r e s u l t s  o f  [ r g ] .

Propos i t i on  2 :2 .  Lg !  ueF  be  q rb i t ra ry .  The  fo r l ov r i nq  s ta :e r i en ts
a r e  e q u i v a l e n t :

r't'icl:|r-.'.fu

10. Ig5_,*.gh ceR, cld,

A. .  , . ,  AA . ,  (h )=Q.
- r * C

2 0 .  F o r  e a c h  c € R ,

there  ex i -s ts  w-eW such tha t

e q u i v a l e n t :
+ '  . a  r t

s t a t e m e n t s  a r e



I

r o .  I n t e  h a v e  ( 2 " r ) ,  a n c l  f o l  - e q q !  c € R ,  c ( d r there exist--s w eW

s a t i . s f y i n q ' ( 2 . 4 ) .
#**J*-,---1.

^ oz .  \vc  nave

aG,  *ns "

a n ( l  l o r  e a c n

( 2 . 2 ) ,  a r n c l  f o r  e e i c h  c c R ,  c L d r  t h e r e  e x j . s t s

r

w  e W  s a -c
r r s r y ] . n g  \ 2 . 5  )  .**:**:o: 

--J  .  We  nave

. { = q r r n  ' i  n f  h  f  A  )

w € w  
u t v ' /

Concern ing  s imu l taneous  cha rac t -e r i za t i ons  o f  so lu t l ons

o f  w e a k  d u a l i t y  f o r  - [ ( n ) ,  ( O ) ]  o f  ( I . i )  ,  ( I . 4 ) ,  l e t  u s  p r o v e

I!"g9I9,s.,.?-:-?,. ggr*e!*s.l9q9!! s^€c' crl{gr c{=sup h (c) '- ( J

*99".-:,!-ale.Le.l-q:..3=r9:9S11iy.il-e.*,!*:

ro .  we have

ac,  tno"  
(h)  lQ

a n d  f o r  e a c h  c € R ,  c 1 d  r

^ oI  .  We  nave

the re  ex i s t s  w  e I , {

( 2 , 7 )

o f  (P  )  and

inu fol lovr-

( h )  f @

C € K ,  C ( c {  r  t n e f C

'  
( w c V I ,  c € P , ,  c t h ( g o ) )

r 1 ^ 1  a r r i o . { : " i - ^  ( 1  q \
_ L t V  D C L L T D . t - \ / J . ) t y  \ a . J l  o

C "---*:--#

( 2 . e )

( 2 . 1 0 )

h r r  J - l r oc r -u ,

3 0 .  I V e  h a r r e  g J / ' t ^  ( h )  a n d  ( 2 . 7 ) ,
\-J Lr

P r o o f  .  1 o  : '  3 0 .  .  A s s u m e  1 0 .  T h e n  ,  b y  ( 2  . 8 )  a n c l  p r o p o s  i  t i o n  2  .  L

( w i t h  c < = h  ( g ^ )  )  ,  v r e  h a v e  h  ( q ^ ) > F .  F u r t h e r r n o r e ,
. o  . ' , - oo f  1 "  a n d  b y  p r o p o s i t i o n  2 . 2 ,  w e  h a v e  ( 2 . 6 ) .

[ 5zc r  =sup  h  ( c )7h  (9 )> .h  .

^ o  - o  ^ o
J  : )  f  .  I I  J  n O I d S ,  t n e n  6  t g O /  = S U p

r e m  ? - 1 -  v r o  h a v e  1 0 .

I r . i - ^ 1 1 . .  1 L ^  ^ r ^ ^ t  ^ F  . t - l - r n  ^ ^ , r i . r - ' l n '- b ' l - n a l l Y ,  c l l e  P r o ( J r  o r  t n e  e q u l v a l e n c e

by 'b"he second condi t ion

L f A h ^ a  F , r r  d  z f  i . ? n  n h , l .  r  i  n

h  1 r - l - r u  r r r A  l - t r r n n c :L I  \ \ r /  
-  \ 4 ,  C l l l u  l l u r r v E ,

2 " e 3 "  i s  s i r n i l a r .

5*lS{: . ,2r .1, .  Simi lar ly,  one can prove the fol . lov,z ing resul t  for  j -n-

f i m i  z a { - i o n -  w h i c h .  e x t e n c l s  [ f  g ]  ,  t h e o r e m  1 . 4  ( a n d  h e n c e  a l s o  t h e  p a r t i *,  " -  -

cu ra r  cases  o f  L rg ] ,  t heo rem L ,4 ,  g - i ven  in  [ t g ]  l :  l 1o [ . *an  e ren? . l t '  9o€G

ggq_€g l  a= in f  h (G)  ,  g  re " -egu i=Y9 l3n t :
' r \

l ' .  W e  h a v e  ( 2 . I ) ,  a n d  f o r  e a c h  c 6 R ,  c c h ( g ^ )  ,  t h e r e  e x i s t s  w , - e W- t  \ ,

9*:gjy*rg Q.4) .
2 0 .  I r l e  l l a v e  ( 2 . 2 ) ,  a n d  f o r  e a c !

n ^ r _ . i  r . J : . . . i  - -  r " .  
5 )  .3*!*5l*li{ \4

. .o
J .  VVe l ' lave

c c R ,  c . h  ( q o )  , t h e r e  e x i s t s  w e !.1



( 2 . I 0 )  a r e  n o w  r e p l a c e d  b y

.  l  a  1 a \
' '  \ 4 t L Z )

(wew) . ( 3 . 1 )

f unc t i ona l  on  F )

h ( F ) .  H e n c e ,

( 3 . 2 )

, .  r r l
-f-

i ',1; ;ii'; gr..i i.;i ;; .. ;
t ti 

.

,  , ( 2  .  1 1 )

f , " r  n  - - - -  1  u r roqate  At ' , t l f  i - t , ,  f  o r  sunremiza t ion33. App.Ji-ggti-g*s-tq , surrog?te. dgj*,:y, L u,r._>u.yl-: -

-Er _
I n  t h i s  sec t i on  we  sha l l  assume tha t  F  i s  a  se t  and  WeR ' . -  A l so ,

as bef  ore,  le t  GcF and h :  F - -+ F.

. 1 )  
L e t  u s  d e f i n e . a  f a m i l y  o f  s e t s  O L r r . U  ( w e W )  b y

ol , *={yePl  vr  (v)>sup w (c) }

'  Remark  3 .  1 .  a )  I f  OeW (where  0  deno tes  the  ze ro
_ -T-**

t h e n  A ;  ^ = F ,  v r h e n c e ,  b y  ( 1 . 3 ) ,  X ( 0 ) = i n f  h  ( A :  , . . , ) = i - n f( z 7 U

F  =  s u p  i n f  h  ( A :  . . ) .'  o lwew \ : rw

sup  w  (G)  =+*  r  wo  have  A1  ,=Q,- G ,  
w

'l

A ;  . .  i s  a  c l o s e d  h a l f - s p a c e  i n

1
GnTnt  L )  . ,=Q and  the  boundary

\ : r  w

f o r  t he  de f i n i t i on  o f  suppor t

have

[5 ==rrp in f  h  (A;  , . , )  |

w e c s  
\ : r w

dt

b)  I f  F  i s  a  1oca1 ly  convex  space ,  t hen  fo r  0 fweF^  such  tha t

where

c=={. I

we lrr I

W=F^

w h i l e  f g t  0 l w e n *  i u c h  t h a t  s u p  w ( G ) < + o o ,

F ,  s u p p o r t i n g  t h e  s e t  G  ( i . e . ,
'l

o f  A :  , "  i s  a  s u p o o r t  h y p e r p l a n e  o f  G ;
\ : r W

h y p e r o l a n e s ,  s e e  e . g .  [ r z ] ,  r . 0 ) r ' a n d  w e

( 3 . 3 )

( 3 . 4 )wt ' }  ,  sup w (G)< +oo] .

- -  - * .  ( ^  !or  W=F^\ t0 ]  '  fo rmula  (3 .3 )  means tha tT h u s ,  i f

F  =  s u p  i n f  h ' ( D ) ,
D€S^

b

where  g ! ^  deno tes  the  co l l ec t i on
(.J

suppor t  t he  se t  G .  We sha l l  om i t

t a t i o n s  o f  t h e  F ' s  o c c u r r i n g  i n

sha l l  wo rk  on l y  w i th  p ' s  w r i t t en

For  a  se t  F  and  func t i ona ls

( 3 .  s )

o f  a t l  c l o s e d  h a l f - s p a c e s  i n  F ,  w h i c t r

the corresponding geo:netr ic  in terpre-

t h e  s e q u e l ,  a n d ,  
' f o r  

s i m P l i c i t y ,  w e

s i m i l a r l y  t o  ( 3 . 2 ) ,

"  J n  l o i -n r w : l : - * > I ( r  w , - ,  * Y Y



I -

g ( c ) = p . . .  ( c ) =  i n f  h  ( y )
-  

T r I

y € F
w ( y ) > c

n n { r

i n  t h e  p a r t i c u l a r  c a s e  f ' = R " ,  0 / - w  € ( R " ) ^ ,  t h e

f . . : i l - + F  h a v c  b c e n  s t u c l i e c l  i n  [ 3 ] ,  l 2 l  ,  [ g :' w
^ l ' - - ' 1 ' l  ' - L  ^ { -  h  i  e  r r . n r r ] : r -  l a r  n i z f n ' n r f ':> I l c t I r  : ;dy  L I l c l  *  - .  : * : : :_ : : : ] l  tOf  ,  eXtenOIng

t he  tenn  "  semi - regu la r  "  )  r v i t h  : : e  s  pcc t  t o  v t ,

q . - ( c ) =  s u p  < e - - ( c ' )' w  
c ' e  i t  w
c t < c

{*.i

i i

R e m a r k  3 . 2 .

A , .  i s  c o n v e x ,  f o r' w

t , r l ' r  an  na  l - r r r

\ ,
A  (w,1  =

r t  h : R n - - - + F  i s  c o n v e x ,  t h e n ,  b y  f - 2 ) ,  t h e o r e m  1 1  i )  ,
, * n .  * \a r r  w € ( t {  )  \ { 0 }  ,  a n d  h e n c e ,  i f . '  h  i s  c o n v e x  a n d

non-dec reas  i nq

.  E x t e n d i n g  [ 3 ]

[ 9 ] ,  p . 6 6 ,  o n e

i f

( c e n ) i  ' { 3 . 6 )

f  unct ior"rs

,  p . 2 I 1 ,  w e

m i c h t  u s e

( c e n j  . ( 3 . 7 )

wi th  respec t

s ta temen ts

n n  h \ 1 6  r c  a  I  r r

i f  a l l -  q
' r r 7

i s  c o n v e x .

t . '  a h n  h .
J .  l

( g e G )  ,

Y1

h  ( R " ) e  R ,  t h e n ,  b y  I r ]  ,  p . 4 B  a n d  L g l  ,  p . 6 6  I  h  i s  r e g u r a r

t o  a l l  w  €  ( R n ) x \ { 0 }  ( a l t e r n a t i v e l y ,  o n e  c a n  p r o v e  t } r e s e

s i r n i l a r l y  t o  [ r : J  ,  l e m m a  2 . I )  .  L e t  u s  a l s o  m e n t i o n  t h a . t ,
i f  h :Rn-*F  is  quas i -convex  and lower  semi -cont inuous  anc l
( w e  ( R n ) x \ { 0 }  )  a r e  c o n v e x ,  t h e n ,  b y  1 2 ) ,  t h e o r e m  1 l  i i ) ,  h

"-tr\
P r o p o s i t i o n  3 . 1 .  L e t  F  b e  a  s e t ,  I ' V c R ' ,  G  a .  s u b s e t  o f

#

c *  ( w  ( g )  )  =  i n f  h  ( y ) <  h  ( g ) < c <
y € r

w  ( y )  > , w  ( 9 )

: F --+ R p ,5u.n9_t.r.o.nil ,,_:g!f9!_-t:_r_"._-.r3kr_y'i*_J:g.:Xgl*l%3] L we I.r\{0}

glr*Ig: o(=sup h (c) gg f l  g[ (3.2) ,  vrg*Isy9 Q.3). .

P::oof  .  For  any we w\{O} we have

( 3 . 8 )

( 3 . 7 )  ( w i t . h  c = s u p  v r  ( G )  )  a n d

i n f  h  ( v  )  = p  ( s u p  w  ( G )
y € F  

\ J  t  ' w ' - - ' -

( y ) >  s u p  w  ( G )

s ince  q__  i s  non -dec reas  j -nc ,
w

\ =
t  . r v l !  Y v  \ v  , / \

r l a D
v  L J !

c ' <  s u p  w  ( G )

(we Iv\{0} ) ;<suP 9* (w (g) )< "(
g € G

h e n c e ,  b y  ( 3  . 2 )  r  w e  o b t a i n  p  < c x . .

W e  r e c a l l  t l i a t ,  f o l l o w i n g  I ( y  ! ' a n  [ S ] ,  .  s u b s e t  ] ' 1  o f  a  s e t  F  i s

sa ic l  to  be W-go- lyr : ,  where WsFF,  i f  for  each y{ l , t  ther 'e  ex is ts  wc\ ' I ,  w i0,

q r r c h  f  h . r j -  q n n  w  ( t i t ) <  w  ( y )  ;  I p  p a r t i c u l a r ,  f o r  a  } o c a } l y  c o n v e x  S p a c e  F
" *_v

rk 'lr

and  W=F" '  o r  W=F^ \ {0 } ,  f r om the  s t r i c t  sepa ra t i on  theo rem i t  f o l ] ows

tha t  a  se t  MsF  i s  W-convex  i f  and  on l - v  i f  i t  i s  c losed  and  conves  ( see
| . , a  r

e . g .  L 4 J , l .
*Ii

D r n n n q i + - i n n  2 ,  )  T . o . l -  f J  h a  r  e a { -  I ^ 7 r 1 f '
L  I V l - , V . ' . L L l . v r l  J . 4 .  ! 9 L  l .  U V  A  - C L ,  l l = l \

( :  a  q r r h q o l -  r r f  F -  a n d
,  \ : r  ( l  J \ 4 v r u  L  I

h : F *> tt *-jsgj!:s**L*-q1tsl*}:t!--tgr.*9ggl c<c{=sut)h  ( G )  ,  t h e  l . c v e l l  s ; o t



t ' i
: t'j

t . - . . ' . .

S ^  ( h )  i s  W - c o n v e x .  T h e n ,  f o r  1 5  c ' f  ( 3 , 2 ) ,  w €  h a v e  ( 2 . 6 )
. c

P r o o f  .  r o r  e a c h  c < q = s u p  h  ( G )  t h e r e  e x i s t s  g ^ € G  s u c h r  t h a t  t r  ( g ^ ) > c ,

t h a t  i s ,  o , ^ ( 5 . . ( h ) .  I { e n c e ,  s i n c e  S ^ ( h )  i s  t r r l - c o n v e x ,  t h e r e  e x i s t s  \ . / ^ € 1 . { ,
C C ' t .

w  f 0 ,  s u c h  t h a t  l
c '

w -  ( c r -  ) > s u 1 :  w -  ( S ^  ( h )  ) .c  ' - c  c '  c '
-:'

T h e n ,  b y  g ^ € G  a n d  ( 3 . 9 ) ,  w e  o b t a i n
&

( 3 . e )

( y e  s " ( h ) ) ,  ( 3 ' r o )

1
*  a n d  t h u s  w ^  s a t i s f i e s  ( 2 . 5 )  ( w i t h  A = A r ) .  H e n c e ,  b y  p r o p o s i t i o n  2 . 2 ,  w e

h a v e  ( 2  . 6 ) :  . .

e a c h  h : F  - + F  v t h i c h  i s  " l r / - c f u a s  j - - c o n v e x "  i n  t h e  s e n s e  o f  [ 2 1 ]  ,  i . e .  ,  f . o r

w h i c h a ] . 1 l e v e l s e t s S ^ ( h ) ( c c n ) a r e 1 { - c o n v e X . I n p a r t i c u l a r , i fc  
j - s  t r { -quas i *convex  i floca l ly  convex space and t r , ]= t r*  or  r t * \ {O}  ,  then h

and  on ty  i f  i t  i s  quas i - cg4ye I  ( j . n  t he  usua l  sense )  a4d  l o rve r  semi -co l t -
'  

_L l lgogq (see [21 ]  )  .

C o m b i n i n g  D r o l l o s i t i o n s  3 .  I  a n d  3  " 2  ,  w e  o b t a i n

-!t R
T h e o r e n t  3 . 1 .  L e t  F  b e  a  s e t ,  I { e R ^ ,  G  a  s u b s c t  o f  I "  a n d  h : F * > i {  a

fupc t i ona l - ,  r ; h i c l r  i s  l : equ la r :  - , . r j  t : h  r csnec t  t -o  a l - l -  v r c l ^ l \ 10 ]  ,  a l ^ td  sqqL  tL t ! '

il;A-ffi rrs---
:  sup h ( . ,=oi ; f *  

; : f  
r r  (y)  (3 .  i  1)

w  ( y ) 2 l . t p  w  ( c )

F r o m  t h e o r e m  3 . l  a n d  r e m a r k s  3 . 2 ,  3 - 3 ,  t h e r e  f o l l o w s

99r91krv--::1. lgt n L";=*..-lg-g*1v .,gg+vu:*,gPq.c-9; c g*g=ts!:sl:gf r

Sllg h: Ir *-> R g*grrllg lgygt=.,="9T.=9gtF.l"y-gYq,,.,g9*YsI. f \ll"tlol+l: .-Tb=gl ..rye
+

h a v e  ( 3 .  i  1 )  w i t h  I { = F "

2 )  I f  W=-W,  then  the  fam i l y  o f  se ts

) e

t f ;  , . , = { ven l  w  ( v ) ( i n f  w  ( c ) }
u l w

c o i n c i d e s  w i t h  ( 3 .  I )  ,  s i u c e

n f  - n 2
a d  - -G , W  G , _ W

I lence, if W=-lv, t-h-qg-fcryyl3 (3. l 1 ) *:-g$SLy+lglt-*!g

sup  i r  (G)  =  s l rp  i n f  h  ( y )  .
011,,'e lrt y€ It

w  ( y ) < . i n f  w  ( c )

( w € w l

( w € r ! / .

( 3 .  1 2 )

( 3 . 1 3 )

( 3 . : l  4 )



3)  Let  us

? . r
A[  

"={ven l

f3 = sup
l n t

u lw€  w

def ine  a

w  ( y )  = s u p

, ' . '

fami Iy

- .  r n r ' )w \ u i r-  ' )

(weW) by

(we w)

^. (
of sets L"^ --qf\ : r W

'  ' - 1

R e m a r k  3 . 4 .

( 3 " 1 5 )

( 3 . 1 5 )

( 3 . 1 7 )

then fo r  O lwen*  such tha t
*

0 f w e  F " '  s u c h  t h a t . s u p  w  ( C ) < + w ,

C o r o l l a r y  3 . 2
@

3 .  1 ,  w e  h a v e

s u p  h ( G ) =  s u p  +  i n f
O l w e F ^  y € F

w (y)  =suf)

P r o o f .  B y  p r o p o s i t i o n  3 .

h ( y ) .  
, "

w  ( G )

3  a n d  c o r o l l a r y  3 . 1 ,  w e  h a v e

h  ( y ) >

w (c )

h  ( y ) = s u p  h  ( c )  .

r  l .  ^ r( | - 1 3 j ,  t h e o r e m  2 . 1 ) .  U n d e r  t h e  a s s u m p t i o n s  o f  c o r o l -

]  a rrz

sup  h  (G)?  sup  { ,  i n f
fweF^  y€F

'  Y (Yl=j tp

>/ sup* inf
0 fwe P ' "  y€F

( 3 . 1 8 )

4 )  C o n s i d e r : i n g

A .
A ^  . . = J y e r l  w ( y )

ur vr '

s e e ' t h a t  ( s i n c e

w (Y )>  sL lP  w  (G)  .

t h o  f a m i l w  o f  s e t s

'  ̂ t 1= r r l f  w  ( G ) J  -

* n r

F^=- 'F '^)  for :mrr l .a

(we W) ,

?
a)  I - f .  0e  I { ,  then Ad,  O* t :  Hence,

i n r  i r  ta l  . .1  .
L : r w

b )  I f  F  i s  a  l o c a l l y  c o n v e x  s p a c e ,

s u p  w ( G ; = - , - -  w e  h a v e  A )  . - = Q ,  w h i l e  f o r
a  t i r w

' JAi  , ,  i s  a  suppor t  hyperp tane o f  G.
U ,  w

For  a  se t  F  and func t j -ona ls  h rw:F  - * rF ,  w lT ,  le t

y ( c )  = ^ 1 . , ^ , ( c ) =  i n f  h  ( y )  ( c e  R )  ;
y 6 F

w  ( y )  = c
" t Li n  t he  pa r t i - cu1a r  case  v rhen  F  i s  a  l i nea r  space  and  0 lwer l l  ( t he  a lge -

b r a i c  c o n j u g a t e  s p a c e  o f  F ) ,  t h e  f u n c t i o n s  y - - : R - > F  h a v e  b e e n  s t u d i e c l-  ' w
a n  L I 3 J  .  I n  c o n t r a s t  w i t h  V . .  ( o f  ( 3 . 6 ) ) ,  t h e  f u n c t j _ o n s  f - _ : R - . + . R  n e e dw  ' w
no t  be  non -dec reas ing .  Neve r the less ,  we  have

D r n n n c i J - i n n  ?  ?I  U r v l t .  J .  J (  [ f  3 ]  ,  l e m m a  2 . I  a n d  r e m a r k  2 . 2  a ) )  "  L e t  F  h e  a

l j  n e a r  s p a c e ,  h :  F  - >  R a  f i n i t e  c o n v e x  f u n c t i o n a l  a n d  w l O  a  l i n e a r  f u n c -

t . i ona l  on  F .  Then  the f t r n c t i  o r 1  1 , . .  o f  ( 3 .  1 7 )  i s  f  i n i t e ,  c o n v e x  a n d  c o n -

t i nuous  on  R .  I l ence , f ' p l ' < = s u p  h ( c )  g $  p  g l  ( 3 . 1 6 ) ,  w e : . h g v g .  ( 2 . 3 ) .

From the  above ,  v /e  ob ta in

l- L/

. i . ,

n

we ( 3 . 1 8 )  i s  e q u i v a l e n t  t o

( 3 . I e )



/ ; {
J * L

. . 1
L..,. k.,

, i

sup h  (G)=  sup ,&
0fwe F^

j :

i n f  h  ( y )  .
y € F

w  ( y )  = i n f  w  ( c )

( 3 . 2 1 )

5)  Le t  us  de f ine  a  fami ly  o f  se ts  A3, r r I  (we l { )  by

5 ,
A i , *= t vnn lw  ( v )>  sup  w  ( c ) ]  (wew)  .

(
}g f3 |h_ i j .  " )  

T f  0e  w,  rhen A:  n=Q ,  whence,  by  (  1 .  3  )  ,  X( rz )  : i_n f  Q=
r  A  . \  r - - r  -  

( f , t u

= * @ ,  a n d  h e n c e  [ ] = s u p  A ( W ) = + o o  ;  t h u s ,  i n  g e n e r a l  ,  f o r  f i  o f  ( I . 4 ) ,  w i t h
q

A = A ' ,  \ ^ I e  n e e d  n o t  h a v e  t h e  e q u a l i t y  c o r r e s p o n d i n g  t o  ( 3 , 2 )  a n d  ( 3 ; I r 5 ) .

One can avoid th is  problem by ' rork ing d i rect ly  wi th  W\{0}  ,  instead of  i { .

b )  r f  F  i s  a  l oca l l y  convex  space ,  t hen  fo r  0 lwen*  such  tha t

sup  w(G)=+oo  we  have  o3 , r=0 ,  wh l - l e  f o r  0 lweFx  such  tha t  sup  w(c )<+oo  I
^ )  r
L ; , . ,  i s  a n  o p e n  h a l f - s p a c e  i n  F ,  s u p p o r t i n g  t h e  s e t  G  ( i . e . ,  c n n l  - 6

b r w  :  L l r w  
Y

aqd the boundary of  A:  .^ ,  is  a  s .uppor t  hyperp lane of  { )  .
, \ J T  W

"  F rom theo rem 3 .  1 ,  t he re  fo l_ Iows

Coro l l a rv  3 .  3 .  Unde : :  t he
@ 3es:illplignp" o€_=gbsgffi$ 3. 1, i: F .l_s a

l oca l l y  convex  soace ,  t rn l sE^  and h :  t r  - -+ n is  upper  semi-cont inuous ,  then

s u p  h ( C ) =  s u p
0 lweW

w  ( y ) >

i n f  h  ( y )  .
y € F
sup  w  (G)

h  i s  u p p e r  s e m i - c o n t i n u o u s  o n  F ,  f o r  e v e r y  s u b s e t  M

(M)  - i n t  h  (M)  (where  M i s  t he  c losu re  o f  M)  .  Thuq  ,
. '  ^  )  - *each  O lweF ' -  we  have

@|=. [ye r ' l  w (v)>sup w (G) ]  , ( 3 . 2 3 )

3 .  I ,  . w e  o b t a i n  ( 3 . 2 2 )  .

co ro l l a rv  3 .  I  t he re  fo l l - ov rs

3 . 1 ,  i f  h

( 3  . 2 2 )

( 3 .  2 {  )

P r o o f .  S i n c e

o f  F  we  have  i n f  h

obse rv ing  tha t  f o r

{ v e n l  w  ( Y ) >  s u P  w

and  app ly ing  theo rem

S i m i l a r l y ,  f r o m

Coro l l a rv  3 .4 .  Under  the  as .sumpt ions  o f  co ro l l a rv
+ -

a l s o  c o n t i n n o u s  o n  F ,  t h e n  w e  h a v e  ( 3 . 2 2 )  w i t h , t r { = } ' ^ .

l_s

6 )  C o n s i d e r i n g  t h e  f a m i l y . o f

A :  . . = { y e  r l  w  ( y ) <  j - n f  w  ( c ) }
G , W

we see  thaL  i f  W=-W,  then  fo rmu la

s e t s

(weW) ,

( 3 . 2 2 )  i s  e c r u i v a l e n t  t o

s u p  h  ( c ) =  s u p  i n f
0 lwe l {  Y€F

w  ( y ) <  i n f  w  ( G )

h  ( y )

' . . . - ' : l i  r, :; : i

( 3 . 2 5 )
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.  By  a  ! ' sys tem ' i  we  sha l l  mean  a  t r i p le  ( I r  t - iX )  
,  cons i s t i nc t  o f  two

l l

s e t s  t s r X  a n d  a  m a p p i n g  u  o f  F  i n t o  X .  F o r  a  s y s t e m  ( f  - 9 + X )  ,  w e  s h a l l
/ \

cons j .c le : :  now the  pr ima l  supremiza t . ion 'p rob lem

u  * ( f ) ) , h  u
l

H and Acx, u

a  " t a r g e t  s e t " ) .  F u r t h e r m o r e r  w €  s h a l l  a s s u m e  t h a t

1 )  L e t  u s  d e f i n e  a  f a m i l y  o f  s e t s  O t - r . ^ .  s F
u 

* (f)) ,w

_ 1  =  s u p  h ( y )  ,
I .  , n  \( J r ) , n  v € | '

u (Y )e .Cl

( 4  '  r )

( r )n f i fT  ( .C  is  ca l led

y \ = r \

/r^re TrT \ hr r
\ v Y v r ! /

V=V,. ,={v- .  lweW} 6HF,
W L W

r r l rere

(r )^CI)] (we w)  .

( w e W )  ,

(we  W)  ,

( 4  . 2 )

( 4  . 3 )

( 4  . 4 )

( 4 .  s I

.  The main too l  in  s tudy j -ng '  surrogate

low inq  obse rva t i on :

r l r r a ' l i l - r r  € n r  t A  1 \  ' i -  + 1 . ' ar v +  t 4 . / )  r  a S  C n e  t o I -

Seqq{b-*a-:-l. -9-srrgq*!e, gyg.l+Jv.Jg: (4.2) }:-9:s*+yll9l!:!,o::yrtosg!"?
c l u a l i t y  f o r  a  f a m i l y  o f  t y l : €  ( 3 . 1 ) .  I n d e e d ,  c l e a r l y ,  ( 3 . I )  i s  t h e  p a r -

#

t i cu la r  case  X=F ,  u= I ' '  ( t he  i den t i t y  opeLa to r  )  and .  l - I=G ,  o f  (4  .2 )  .  Con-

v e r s e l y ,  g i v e n  ( 4 . 2 )  a s  a b o v e ,  l e t

v =wu
w

rTh arr

sup w

- ' l

f o r  G = u  
t  ( J 2 ) s F , we have

/  / r . \  A \(u  ( r ' ' r nJ t /  =

u

w h e n c e ,  b y  ( 4 . 2 )  a n d

lgrndj .ns . re:ur ! . . for  (4.2) ,  IgpJgSj! .g G, I , r  etg
fg" :p_eq! ivg}: .  Note that  the condi t ion wlO of

wu lO;  a lso ,  the  assumpt ion  occur r ing  in  sone

a loca l l y  convex  space,  w i l l  now be rep laced

and X are  l .oca l l y  convex  spaces  anc l  u :F- -+X

(wew) . ( 4 . 6 )

(3 . 1) , 9_Uq--9* ;9,P!?+1"-e _99I.[q-
- l

w pg u - (fI) , V -*lg vw=wu,

$3 w i l l  nbw be rep laced by

r e s u l t s  o f  5 3 ,  t h a t  F  i s

h r r  + h a  : e e r r m p t i o n  t h a t  Fp J

i s  a  con t i nuous  l i nea r  map-

1 1

A ' - ' t  = A :

, r - t  ( , f } ) , r  G ' V w

Thus ,  W €3 '  9 *

p i n g  ( w h i c h  w i l l  e n s u r e  t h a t  v . , = w u € I . *  f o r  a l l  w e x x ) .  A s  a n  e x a m p l e ,



l e t  u s  m e n t i o n  t h a t  f : o r m u l ; r  ( 3 "  t . t )  w i l t  b e

s u p  h  ( G ) =  s u p  1 n f
yeF v rc t r {  y (F

u ( y ) e S )  w u l O  v r ( u ( y ) ) > s u p  v r ( u

2 ) - ' 6 )  O n e  c a n  d e f i n e ,  s i n r i l a r : 1 y  t o
c o n s i t * r ; r j . n t  s e t s  o ' - ,  | . . .  t o 6 _ - ,

u * (0) ,vr u ' (f)) ,w
s p o n d i n g  t o  2 ) - A )  o f  $ 3 .  F o r  t h e s e  s e t s ,

m a r k s  t o  r e m a r k  4 . I  ( m u t a t i s  m u t a n d i s ) .

(I '  )n .0 )

( 4  . 2 )  ,  f  a m i l - i e s  o f  s u : : r o g a t e
\/

e  F  ( v rc tq )  ,  where  i vc i { ^ ,  co r re -

aga j -n ,  t i r e re  ho ld  s im- i - l a r  re -

W e  o m i . t  t h e  d e t a i l s .

rep laced h- iy

h ( y )  . ( 4 . 1 )

c -
35 .  Lag ranq j ,an  c iua l i t y  f o r :  sup remi -zaL ion

Mot ivated

de f ine  he re  the

assunp t ions  on

\ ( v r 1 = = ' O  t

we  r cca l l  t ha r -

{ -  i n - l t  ^ -  F  A ^ . f :u r v l t  v I 1  j \ ,  u u L

1- . ,  { - } -  ^p 1  L l l E

u a 9 L  a

P ,  G ,  h

( G )  - t - i  n f\ - /  ;  * , . *
r r r F
J  " -

i  ancl f
i  n r t d  / c

\ U

r e s u l t s  o f  [ t S ]  ( s e e  e . g .  r e m a . r k  5 . 3

ng ian  dua  l "  p rob lem "  t o  (p  )  o f  ( f  .  r  )

) ,  a s  t h e  d u a l  p r o b l e m  ( 1 . 2 ) ,  w i t h  \

( , ,  r , r  ,  . 1 (we W) ;1  r y J  + - w  ( y i j

d e n o t e . t h e  " u p p e r  a d d i i : i o n "  a n d  t h e

c e  f r o l  ,  [ r r ] )  b v

R n{a ,b j  lA or  a- [=f  oo ,

i f  a__b= t  oo  .

b e l o w )  r  w €
rf ' . ' ' i  {- 1- ^ 

" 
+-

\ w r  L r r u u L  q l t y

of  the form

( s .  r )

" l ower  add i -

( s  . 2 )

( s . 3 )

a- ib=atb=a+b i  f

a ib=+-  I  d * f= *o r

R e n a r k  5 .  1 .  f n  [ t S ]  w e  h a v e  u s e c l  ,  f  o r  p r o b l e m  ( I . 2 ) ,  ( 5 .  t  )  a b o v e ,

t h e  t - e r m  t t c t l r A , s i  - T , a o r - a n o i  a n  d r r e ' l  n r ^ n l r l  a m t t!  q r r Y  r  q r r  u  u q . !  j / !  v v  r  u r t r  I

L a g r a n g i a n  d u a l  p r o b l e r n  t o  ( p '  )  o f  ( I  .  6  )  ,
a s  p r : o b l e r n  ( I . 2 ) ,  w i . t h  X  o f  t h e  f o r m

\ '  (w)  = in f  w  (c )  r - in f  f t - t  tV) - i - -w (V) ]
y € F

s i n c e  i t  c o r r e s p o n d s  t o  t h e

r l o f i  n r . d  / q , = , .  l . I 2 ) ,  l Z t 1 , .  l 2 2 l  )s v ! 4 r r \ 4 \ v v v L

. ( w e W ) ; ( s .  4  )

hnr^ ro rzo - i  n  c t rhq ,o r r t r pnJ_  nAr )e rs  v l e  i r ave  used  the  te rm " . r ' r ' 1  nq i  -T . ; r . t r ^ t - , g . i a r ) t tr ^ v Y r v v u !  t  u u u r u Y u u i r L  y ( r } / e ! J  v J g  J . r q v g  u D g q  u l I 9  u E r l r r .  Y u q - r  ! q Y ! q t l

i n  a  c l i f f e r e n t  s e n s e ,  a n d  t h e r e f o r e ,  v r e  c a l l  h e r e  p r o b l e m  ( I . 2 ) ,  ( 5 . I )

a h o v r . .  s i m r r l v .  f  h e  " T , a o r a n c r i  a n  r i r r a l  n r o b l e m "  t o  ( P )  o f  ( 1 .  t ) .  N o t e,  L l r u  u r t v  r u r r  v u q r  
- y r  

v

t h a t ,  b y  r e r n a r k  1 . 1  b ) ,  t h i s  i s  a n  " u n u s u a l "  c l u a l  p r o b l e m  t o  ( P ) .

Now we  sha l I  show t . ] r a t  t l i e  ma in  r csu l t s  o f .  [ t 5 ]  anc l  f t . 1 ]  on

T , a r r r a n c r i  a n  { . r r n o  r i r r e ' l  ' i  1 . r z  f n r  S u p r e m i Z a t i O n ,  i n V O l V i n g  p 1 . o p e f  l O W e f  S e m i -
- .  v r L ,  r r r v v

- c o n t i n u o u s  c o n v e x  f u n c t j . o n a l s  a n c l  b o u r - i d e c l  s u b s e t s  i n  I o c a l l y  c o n v e ) {

s l l a c e s  I . ,  c a n  b e  e x t e n d e d  t o  W - c o n v e x  f u n c t j - o n . r l s  e n  a  s e t  l ' ,  w h e r c
- -  = rWs} l ' ,  . and  to  a r :b i t : : a ry  subse ts  o f  I r .  We  reca l l -  t ha t  t l - r e  "W-convex  hu l ) J '

o f  h :F*+ j I  . i s ;  t he  func t - i - r : na l -  h . r , , , , . , ,  i F . - - ' j i  c l c f i nec l  I a :  by
. i L \ \ r y /

. .  ; .  . l r .



1 :  : '  I  i " i ; i  . i i i  1
1 ' , . . ' " .
'  . i  : i

l

. i i .:,:: i , r"lr ' l i t :r l" :,: i  ir, i l  i i t l  i !, i  i , i , i ;., i .; i :" i,:1:1r' ;.. j

hvr t r^r \  =suP w,
o L \ Y Y l  - - z r ' , 1

w c  y Y

.  w < h

a n d  t h a t .  h  i s  s a i d  t o  b e  " W - c o n v e x ' , t  [ 4 ]

,  o f  h ;  F  +  H  a n c l  t h e  t r g g g n n r : l  I n l - n n n  - i  r r n l l g r lr u u v f  t u  Y Y  v v l r J  u Y c

the functj-onals hW: W --+ H and hwl{: tr -+ F

TrT

h"  (v . r )  =sup 
{v r  (y )  t -h  (v ) }

i i . .  . .  y 6 F

' ,  i  , - W W  r - , \  - ^ , . *  f  . .  r - - r  ,  , ^ W  r - - 1 1,  n ,0,  =; : f i  t *  ty)  t -h (w) j  D

,  L f  h r z r r n r = h ,  T i r e  " W - c o n j u g a t e "
dL \w  I

o f  h  a r e  ( s e e  e . g .  [ t t ]  ,  [ . 1  ] )
de f i ned  by

i l ii ;..r'iri"ir tr.r, i,:,. i i ' ;i ; i.l,\t i,j

(welnl)  ,

(ye r ' )  ,

v  € F ,  a n d  h : F  - - ; F  a- o

i '; {.:-i; ;, ^, ; -r t l;l

L e m m a  5 . 1 .  L e t  F
@

f unc t i ona l .  Then

b e  a  s e t ,  W e F F ,

F  and  fo r
r \ . I ^ * . , - -
t  I  ,  l_c l ru [c r

,  w€ have

I { -convex

I,r i=Fx+R (the

5 . 1  y i e l d s

( s . 6 )

( 5 . 7 )

( s . r 0 )

I A M I _

agar_ :1

.  . w w .  (
6  ( Y o )  = h " '  ( Y o )  = s u p  j *  ( y o )  l i n r

W G W  L  :  Y E F
{ir (y) +-w rv)$

- '

P r o o f .  B y  [ Z f ] ,  t h e o r e m  4 . L ,  f o r  a n y  h : f . - + F  w e  h a v e
, \^rW . :-n  =n ,C( rv+n1(h ,  v ihe re  R=( -e  ,+@ )  i s  i den t i f t ed  w i th  the  fam i l y  o . f  a l l

r e a l - v a l u e d  c o n s t a n t  f u n c t i o n a l s  o n  F ;  f u r t h e r m o r e ,  b y  ( 5 . 5 ) ,
1 -  z t  H o n c . o .  ' i f  h  i S  W - C O n V e x ,  t h e n
" X ( W ) = " 7 6 1 1 i + R )  

'  r l E i r u E t  J - L  r r  - L l j  w - s ( J r l V e x t

n=^yg(*) nh7e(w*R) =hww<h '

, I,/IVw h e n c e  h = L r " " .  F i n a l l y ,  b y  l Z t J  ,  f o r m u l a

yoeF  we  have  the  . second  equa l i t y  i n  (5 .

SSI3:! :L?. u) rn general,  r ,wlhAe (w) (see [ 2 r]  )  ;
t he  ex i s tence  o f  a  concep t  o f  " con juga t i on "  f o r  wh ich

i t t o a f  e ' t  o f  h  c O i n C i d e S  W i t h  h  r = i  -  r ^ ^ 1
J  u y q L s  v !  r ,  n  t H ( W )  r  f a l - S e d  A n  L Z I J  , .  n a s

t h e  a f f i r m a t i v e ,  i n  l 2 7 l  ,  
d L \ Y Y /

b )  W h e n  F  i s  a  l - o c a l - l y . c o n v e x  s p a c e ,  a  f u n c t i o n a l
rk

1 n 1 + n ) - c o n v e x  i f  a n d  o n l y  i f  e i t h e r  h = - o o ,  o r  h = * o o ,  o r

a n d  h  i s  l o w e r  s e m i * c o n t i n u o u s  c o n v e x  ( s e e  f - 4 J ,  p . 2 7 g )

i n g  t h a t ,  b y  ( 5 . B )  w e  h a v e

nF*+R, I . *+R- 'F* ,  F*  
,

( 5 . 8 )

.  / R  A ' l
\ J .  J  I

g

l a  ) h l  f n r  A n \ /  l r : I r  - - + R  ^ n . d
\ L . e v l  I  s r r - Y  7 . \  q

R \
v l .

the problem of

the "second co:1*

h 6 a n  c A  |  \ 7 a d  1  n

n : | ' : - - > K  l _ s

h (F)e  nu{+co}

-  H e n r : c .  o b s e r v -
f  

v v  v  v

1 t ' f o l l o w s  L h a t  f o r  a

I y  o f  a l l  con t i nuous

[ r s ]  ,  l e m m a  2 .  r .

W e  r e c a l I  t h a t ,

a+  (b tc )  >  (a i r , )  1c

'  ' l  
n n r ' l  

' l  
r t  ^ n  n \ /- - , ,  "  ex  space

a f f i ne  func t i ona ls  o r l

b y  [ t r ] ,  f o r m u l a  ( 3 . 2 )

l e  r  1 \
\ J . r - L , li a , b  ,  c e H )  .



i . , , ILggIgS_9J. ISI r Lg_g_g,g!,, w*Hr. c g-Sgh,gg!_9i. r,, *4 r, rn *, jT

l r

sup h  (G)=sup 
{="0  w (c ) f  in f  { f - ,  tV) - l - -w r , . , , ' r } }

w € t l '  y € r  
( Y / J J '  ( 5 ' 1 2 )

R l g g g .  L e t  v r e W  a n d  c < s u p  w ( G ) .  T h e l  t h e r e  e x i s t .  q , = q - , ,  € G  s u c i r-  
l w r C

t l r a t  w ( g ' ) > c ,  w h e n c e ,  b y  [ r . r ] ,  f o r n i u l . a  ( 2 . I )  a n d  p " 1 2 0 ,  c o r o l l d r y ,  w e' h a v e  
0 > - w ( S ' ) 1 c .  C o n s e q u e n t l y ,  b y  ( 5 . 1 I ) ,

. ,  s u p  h ( c ) > h  ( g , ) r - h ( g ' ) i ( - w ( g , ) t c ) z

^ - t  \  \  |  -  I>  ( h  ( s '  )  i - w  ( g '  )  )  f  c T c f  i n f  { h  ( y  )  i - w  f v  ) }  ,  ( 5 .  1 3  ):  
Y c ' "J ' r

whence. ,  s ince c isup w (G) and we W were arb i t rary ,  r i re  obta in

sup h , " , r ; : f i  
{ " "0  

w (G)  * ; : f  {h  (y)  i -w rvr$ i  (s .  14 )

note that .!h:g_:q,_.,ygig,_,f.g,r h.:F -"* p.
o n  t h e  o t h e r  h a n d ,  i f  h  i s  w - c o n v e x " ,  t h e n ,  b y  l e n r m a  5 . r ,  w e  h a v e

(
h (s )=sup - f  w  (s )1 in r  { i - r  f v )  i -w  (v ) } }  <

w e W  L  -  
y € F  

c  ' J '  " ' " . J J t

< " . ,p  { "un  w (c ) r - in f  { r r  t v )  i -w  tv l } }  (se  G)  .  (s . l s )
w 6 W  "  y € F

"  H e n c e ,  b y  ( 5 . I 4 )  a n d  ( 5 . 1 5 ) ,  w e  o b t a i n  ( 5 . 1 2 ) .

IgT3:5:5 j .  rn  the par t icu lar  case when F is  a  local ly  convex
s p a c e  a n d  W = F * + R ,  b y  r e m a r k  5 . I  b )  w e  s e e  t h a t  t h e o r e m  5 . 1  y i e l d s . a n
improvemen t  o f  [ rS ] ,  t heo rem 2 . I  (name ly ,  t he  assumpt i -on  o f  bounded-
n e s s  o f  G ,  m a d e  i n  [ r S ] ,  i s  o m i t t c d )  .

w e  r e c a l - l  t h a t ,  b y  [ r r ] ,  f o r m u l a e  ( 4 . 8 )  a n c l  ( ? " 1 ) ,  f o r  a n y  s e t  E
.  a n d  a n y  k : E  - - + F  a n d  & r b r c e F  w e  h a v e

*.  W-goly_"_x {unct ional . .  Then

x € E  x e E
-  (a1b)  =-a i -b

Slserss_:J. lel,

sup k  (x)  +c=sup. [ r  t " l  tc ]  , ( 5 . 1 6 )

( 5 . 1 7 )

F  1 ? g  g . - s e t ,  W e R F ,  h : F  - - + H  a  W - c o n v e x  f u n c t i o n a l ,

a n d  f  : F  - ) H  a n  a r b i - t r a r v  f u n c t i o n a l .  T h e n

-  c ,  ,  \  ,  -  |  r J  T rT  T^ r
sup  Jh  (v )  f - f  ( y ) j  =sup  

t t ' -  (W)  1 - - l - t "  (w ) l  .  (5 .  rB )r L

y € F  w e W

iP r : o o f  .  S i n c e  h  i s  W - c o n v e x ,  b y  l e m m a  5 . 1 ,  ( 5 .  I 6 )  ,  ( 5 . 6 )  a n d
( 5  .  1 7 ; ;  o b t a i n  

:  '

'  ' 1  ' r : , t i  ' i : ' i . .  , r . ' : r -  . " 1  
'  t



.1 r'
q  i ' \

s u p
\ ra  T ;1
_ t - -

-t- i_n f
y ' e  F

'1"- r  (y)

1 - f  ( v )

)  t - r  (y

r^1

r w / J .

"  a )  r n  t h e  p a r t i c u l a r  c a s e

f u n c t i o n a l  o f  a  s u b s e t  G  o f  F  ( i . e .  ,  X n ( y ) = O
y e  F \ G ) ,  v / e  h a v e

w l r  o n  f  = !  f  h e  i - n d i c a t o r- 4 G t v '

F r t r  t r c ( 1  a n A  !  ( t t  ' l : - L m  
€ n rl v r  1 s \ r  * r . *  

A G \ / / - r w  
r u r

(weW) I ( 5 .  t 9 )

J i . . ,  ( . r  r  ) - i - . r ^ i  1 r '  r  1 t  T  ,  "  , .  , J
I , ' r . y  /  r  r /  \ . y  / J J - l - 1 _  ( y l j  =

- t  i  r r  f :  !  h  1 , , ,  \  - r - - , . ,  r , , I  r t  
- l  

I- r . r . i l . r _  - L l r  \ y  i  - 1 - - w ( y '  / l l  |  =
r r , c l l  

- t )

J  " -

J i n f  { i r  ( r ' )  i - w  ( v , ) } ] }  =
Y , e T '

\ l - r - i - €  J u  t - , r t i - - , . , 1 . , r r t 1t !  ! , L t r r  1 r r \ y  / r - - w \ y  ) l l =
P  v t a T l

J  * '

+ * f  ( y ) l =

( r

. {  s u p  l w  ( v  )
l - 1 ,L wc l^J

i s u p l w ( y )' w € w

{ "ui,, [r 
(v)

L y € F

{ *rn {* (v
" y e  F
. | J

t f  "  ( t )  t -h

J h  / . , \
L . '  \ J  /

= e l l n
"  

* l :

\ r r  T l
J \ 1 ,

" " v
r r r  F
. 1  \ -

= c : t 1 1 1
" *_v

w€ l{

= c 1 t ) 1
" " v
we i{

" * r
w € w

r-1r qD ^ , - -
1 \ 8 1 i l O

- w .  \  rr  ( w ) = s u p  t v /
y € F

a n d  h e n c e  t h e o r e m  5 . 2  y i e l d s  a g a i n  t h e o r e m  5  "  1 .

b )  f n  t h e  p a r t i c u l a r  c a s e  w h e n  F  i s  - a  l o c a l l y .  c o n v e x  s p a c e  a n d

I { = F ' . ' " 1 - R ,  b : {  r e m a r k  5 . 2  b )  w e  s e e  t h a t  t h e o r e m  5 . 2  y i e l d s  L h e . m a j - n  r e s u l t

o f  [ t q ]  .
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oPTrMrzATroN BY LrvEL $Irr t '{ETHoDs" vrs GENERALTZATTONS
gr_sjjssp-s4rF :{y.II_*nElHIgs, ggllvgx prJ+!$g

Ivan Singer

Department of  l " lathematJ-cs,  INCRE$T, Bd"pdel i  220 |  79622
Buchares t  and rns t i t "u te  o f  Mathemat ics ,  s t r .Academle i  14 ,
70109 Buchares t ,  Romanj -a

We give some extensions of  our c iual l ty theorems of  [g]  on the
opt lmizat ion problem (P) q=ln ' f  h(c) ,  where G ls a subset of  a J.oeal-
]"y convex space F such that F\G and h:F-- 'F i [ -oor+*]  are convex,
t ,o  the  case when G ls 'a  subset  o f  an  arb l t ra ry  se t  F  and h :F  - " - *E

ls an arbl t rary funct ional .  we cr ive some appl lcat , lons to the case
when G ls  e rnbedded in to  a  faml ly  o f  se ts  f (x )s f  (xeX) ,  where  X is
a  parameter  seLr  ,

(-
. .. ,-',
' : :

' " , t /

[ 1 . f  ntroduct l .on

Given a set  Fr & subset,  G of  F (assunred to be non-empty,
throughoir t  the sequel)  and a funct ional"  h lF*rE*[-oco+coJ, J-et .  us
eons lder  the  fo l lov r t rng  (g loba l ,  ssa la r )  p r tma l  in f lm lza t ion  pro*.T-
b lem:

( P ) = ( n c , h ) o  =oG 
r l= ing  

h  ( c )  . ( 1 . 1 )

Tn the paper 19] (see al"so t4l ) we have proved some theorems
'of  "unpert .urbat ional  surrogate dual i ty"  type ( ln a sense sfrni lar

to [ fS]  r  [ f0]  l ,  for  a certai-n "reverse convex lnf imlzat, ion" pro*

b lem,  namelyu  fo r  the  par t , i cu la r  case o f  p rob lem (1 .1 - )  r  in  whLc l r

F is a l lnear space and f ' \G and. h are eonvex ( t l re general  , ' re-

verse  convex  in f im iza t lon 'n ,  as  s tud led  € .g"  in  [ f  g j  anr ]  the  re fe -

rences therein,  is  the case when F ls a l inear-  space, h is convex
and G=G1^G2,  w i re re  Gt  and r \Gz &re  convex ;  tak ing  Gl=Fr  w€ oh*
t ,a ln the e ase of  [gJ )  .  \

t {ot ivatecl  by t } re above ment ionecl  resuLts of  [g]  (see €ng. re*

mark 5 "  4 l :e low) ,  we int , roduce here the fol lowing concept,  of  "dual
p r o b l e m "  t o  ( p )  o f  ( 1 . 1 )  ( w l t h o u t  a h y  a s s u m p t i o n s  o n  F ,  G ,  h ) :

Def in i t ion t r - .1 . ,  By a dual  t :qohl -em to (P)

ln f imizat isn prra l : l .em of  the form

we sha1l  mean any



(e)  =  (oG'h ) l3=f5c 'h  *  ln f  \ (w) , ( 1 . 2 )

where l rJ*InlGth is a set  (assumed. non-enrpty,  vr i thcut loss of  genera*
l l t y )  and A=t rG,h :w-*H is  a  func t iona l - .

Igryg5[l*]* a) trrle assune no relatlon between cr and {3 "
b)  T i re: re is  a  markecl  c l i f fe : :ence between the above c iua l  pro-

b l e m s  ( 1 . 2 )  a n c l  t h e  " u s u a l "  d u a l  p r o b r e r n s  l r o ]  t o  ( p ]  ( e x e e n d i n g
t h e  ' u s u a L  

d u a l  p r o b l e m s  f o r  c o n v e x  i r r f l m l z a t i o n r  1 . € n r  f o r  ( p )
o f  ( 1 . 1 . )  w l t h  F  a  l i n e a r  s r r a c e  a n d  h r G  c o n v e x ) ,  i n  w h i c h

F*" . rp , \ (w)  ,  o f , ,  equiva lent l ;  (see €.9.  L5 l  ) ,  F=- i ' f  t r {v l1  .  Therefore,
! { e  sha f l  ca l l  t he  above  p rob lems  (1 .2 )  "unusua l - , ,  dua l  p rob lems
t o  ( P ) .

I ' \ Ie  shal l  f i rs t  conslder .  "unper turbat ional  surrogate dual  pro-
b l e m s "  t o  ( P ) ,  i n  a  s e n s e  s i m j - l a r  t o  f 1 6 ]  ( s e e  a l s o  [ r s ]  t ,  n a m e l y ,
the  case  rn "hen  \  o f  (1 "2 )  i s  o f  t he  f c rm

\  1 , . , r  - t  G r h  r . . r  - : . -  t  1 -  |    r. A ( v / ) = , \ * - - ( v r ) = 1 t t 1  h ( O " r " )  ( w e W ) r  ( 1 . 3 )

w h e r e  o " r r a "  ( w e I ' I )  i s  a  g i v e n  f a m i l y  o f  ( " s u r r o g a t e  c o n s t r a l n t " )
s e t s ;  t h u s ,  b y  ( 1 . 2 )  a n d  ( 1 . 3 ) ,  \ / e  h a v e

f3 = 
l1 i  inf  h (o. ,0,)  .
vre lti

leqal5 1.2-"  The::e j .s a markecl  d i f ference betr+een prcblens
( 1 .  s 1  r  ( 1 . 4 1 ,  w h i c h  m a y  l : e  c a l l e d  " u n u s u a l  s u r r o g a t e  d u a r  p r o *
b l e r n s  o f  t h e  f i r s t  t y p e " ,  a n d  t h e  p r o b l e n r s  w h e r e  I  o f  ( l . . z i  i s
o f  t h e  f o r m  ) 1 w 1 = s . , t  h ( A c  v r )  

( a n d  h e n c e  p =  1 n 3  s u p  h { A p , , , ) ) e

s tud ied  in  [ rzJ  ,  wh ich  * ]o 'o*  ca l1ed , iunus" : ; *=r r ;onu* ] ' ; - . ;  p ro -
b lems o f  the  second type" .

rn $Z we siral l  g ive sonte necessary and suff ic ient  condi t ions for
. -  n  F  nd<{3, for  or7{ i  anA for a=P, vr i th p of  (1.4) and o<ei i  a€hi . , t l *Uq_y or,  in

p a r t i c u l a r o  { = i n f  h ( C ) ,  a n d  s o n e  s i r n u l t a n e o u s  c h a r a c t e r L z a t i o n s
of  "so1ut , ions"  o f  (p )  (o f  (1 "1 . )  )  a r :d  o f  l ,weak  dua l i t y ' ,  fo r
t ( P ) ,  ( 0 ) ]  ( i . e . ,  c o n C i t i o n s  j - n  o : : d e r  t o  h a v e  o = F ,  v r i t h  x r p  o : l
( 1 . I ) r  ( 1 . 4 ) J  ,  i n v o l v i n g  t h e  l e v e l  s e t s

A c  ( h 1 = { y e  F l h  ( t / ) < c }

s " ( l r ) = { v e F l h ( y ) < " }

of  h,  which co: : responcl  to  our  : :esul ts  of  l - t r l  -  f - t  3 i  on the , ,usual , ,
.  L - - J  L r J J  v r r

dua l  p r ro i r l e  l ns  o f  rena rk  1 .1  i l )  above  I  v /€  reca l l  t l t r . r t ,  by  i l e f i n i *
t i on .  t he  " so ln t i ons "  o f  (p )  a re  t l . r e  e lemen ts  o f  t he  (noss i l : 1y

e  np ty  )  se t

( 1 . 4 )

( c e n l r  ( 1 " 5 )

( c e R ) , l 1  r \
\ I o V , l

9* t t - t ) = { s roec ln t vo )= i n f  l f c l l^ "  \ ' . , /  J  . ( 1 . 7 )
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rn $3 rve shalr upprv t ie results of 92 to surroqate eiual
problems r lef inecl  hy "pertur l :a* icn mul- t i funet ions, ,  r rx **zF, where
x is a paramete::  set  anci  2F <ieno"bes the coi lect i -c ln of  a l l  subsets
o f  F ,  and to  cer ta in  fami l - ies  o f  "sur roqate  cons t ra j -n t  se t ,s , ,. t ,
n *  r F  l t t r l o l  . i - 1  Gz r r ( x o ) r r r G F  ( w € w ,  i = l  p " o 1 7 J ,  v r h e : : e  * o = * I  e  X  i s  s u c h  t 6 a t  f ( x o ) * G

a'nc1 where l f  s i ix  (we recal , l "  that  RX cl"enotes. the farni lv of  a l l "  fu 'c*.
t lona ls  v f tx  * "R)  u  rn  $4  v re  sha l l  cons ider  the  par t l cu la r  c f rse  o f
the "natural-  perturbat ion mult i f r :nct ion f  * l 'n associ .ated to (u.pJ),) ,
tn/here u:F**X is a mapping end f lcx is a 'otarqet set , , ,  and where
G*f (xo)=o-1(f l )  

"  The part icular case when x=Fo u=Tr ( the ic lent l ty
opera tor )  andCI=GcFr  v r i l l  be  cons idered in  $5 .  ro r  loca l l y  convex
spac€s, the surrogate constraint  sets of  $4 and $S adrni t  conve_
nlent geometr ic interpretat ions.

Throughotrt the papern we aciopt the usuar conventions

inf 9=*oor sup d=-rr., f i . . 8 )
where  @ deno tes  the  e rnp ty  se t .  A l so r  . l s  i n  l l i l  - [ t g ] ,  we  make  the
conven t ion  tha t  i f  Ac (h )=g  o r  S "  (h )=p  , -o ,  some eeR,  then  the  con !_
d i t i o n s  i n v o l v i n g  t h e s e  A * ( h ) ,  s c ( h )  ( s e e  € " e .  ( 2 , 1 0 ) ,  ( 2 . 1 1 ) ,
e t - c . )  w l11  be  cons l< le red  sa t l s f i "ed  . ( vaeuous ly ) .  By  ' , l l nea r  space , ,
(w i th  o r  v r j . t hou t  a  topo logy )  we  eha l l  mean :  rea l  l i nea r . space"
' $2, :lt:,r{-ojegg*ql3}:3LJ.egg-LLg-@

_  Le t  us  f i r s t  reca l l

lggryg_3, . -L  ( [13] ,  proposi r ion 1.1 i .  I ,q_t ,  F  be a segrAe F,  h :
:F -+R t !9  ceR.

D r n n €  f t  a " l&  ! v v L  I L J J

i f  i n f  h  ( r1 )<c ,

y o € a  n A c  ( h  )  .

sry-

Lve*Igys inf h (a)7c +f qncl qn]y, i{
.  f f  y o 6 4 n A c ( h ) ,  t h e n  i n f  h ( a ) < n
then there ex is ts  yo€A sueh that

4 n A c  ( h ) =  d  "
(yo) .  *  "  converse ly ,

6  ( Y c r ) < e ,  s o

51' 9.3g
gfg l :gg l j lg  ?*r1"  Ip t  r ,G,h,wn A. , ,GF (wew) as in
.x e Ro -elg. "r"giJ?*i",T F tn sl{-ss}Lvergirg, 

*

l-o. I.rre have

o " n * A A " ( h ) = p

^ oz .  we nave

o a r * A S *  { h ) = F
-.o
J  o  | i , je  nave

( w e W r  c € R r  c c q )  .  ( 2 , 1 )

( w c . W ,  c e R a  c ( o r )  .  ( 2 , 2 J

.  :  P =  
* : , {  

i n r  h , o . , * ,  .  ( 2 , 3 )

1o<.+3o" By lemma ?,1-, eondit lon 1o is eqr: ivalent t<:]Jroof ,

i n f  h  { A *  
r r )  

Z c ( w e W r  c ( R r  c < r x )  r  ( 2 , 4 1
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i .€ " ,  to  in f  h (A.  o r )zc r  (v reW) ,  v rh lch  ls  egu iva len t  to  30

Flnal ty,  t i l l . 'uquivarenee Loe+2o fol- lows from the inelusJ.sns

A c  ( h )  s  S c  ( h )  s  A d  ( h )

QPfq-1*Sgr,?* I '- a ) Igf r, G ch 'w 119
i f  v ie  have

( c  r c l e  R ,  e c d c o < )  "  
( 2 . 5 )

. ( w E W ) ,  ( 2 " 6 1

Aarr *o (wew) es.. j ."n $1,

a ^  - -  G G
l l f V /

r }_qg cx=tnf  h(c)  s4 l lg f leq (2 .3) .

b) rf F *:-g*topc:iogiea] q_paqe, h:F*H i"_gp_pgg qe$i-:qgntl:
nuous and

A ^  - -  s dt r i w
( w e w )  ( 2 . 7 )

(ryhefq 6 Cgpggeu tbe. clo€*qq_g[ c) , the,n cr=inf h (c) sarisfles
( 2 . 3 ) .

P r o o f .  a )  C l e a r l y ,

G n A c  ( i n l = 6 ( e e R r c q c r = i n f  h ( G ) ) .

H e n c e ,  i f  ( 2 " 6 ,  h o L d s ,  t h e n

G r , ,  n A c  ( h )  e  G r r A c  $ t \ * E  ( w e w r b e R ,  c < a )  ,

so  the  resu l t  fo l lows f rom propos i ! . ion  2" I "
b )  I f  h  i s  u p p e r  s e r n i - c o n t l n u o u s  o n  F r  t h e r l  i n f  h ( d ; = 1 r . g  l . r ( G ) ,

and hence the conclusj"on fol lows from part  a)  (appl ied wi th G : :e-
p laced ] ry  G,  and w i th  Acour= fur * ) .

39gg lh-3 ; "L  a )  r f  wewn aG 
pv=f r t  then,  by  (1 .3 ) r  w€ have

. \ ( r )  = i t tg  6=+n,Hence,  by  (  1 .4  )  ,  
'

i n f  h  (O" r * )  , { 2 . 9 }

vrhere

6r ={wew I o" 
ou, 

+ p}, ( 2 . 9 1

F= i t tg

w€Gr

( 2 , 1 0 )

( 2  . 1 1 )

b )  I f  A c  
, * = 6  

( w e w ; ,  t h e n  ( 2 . 6 )  i s  s a t i s f i e d  a n d ,  b y  ( 2 . 8 )  n
( 2 " 9 ) r  w €  h a v e  l r * i t t f  # = + * Z d  "

Sfgpggi. l -{g} 3".?. tgl  FoGph'I{rac-,. ,  €F (wew) as-}n 5r, a}d
t : tw ' - -1-

enf cr eR, !]ig-_ fql-1gr:t1.ng s.!*tglgqeq. eg:g g.gui-valgnt:
I n'  

l . , .  FoF  eaeh  e€Rn  eT ' xa  the re  ex i s t , s  w_eW such  tha t- (-;

a6
,* .  nAc (h l * f r .

2- ,  Fo r  eaeh  ccR,  c la r  t he re  exJ ,s t s  w^eW sueh  tha t
U

f\

3" " tr{e have
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d'>P* - t i  in f  h (o* , r )  "w€l"|

{ fgg l "  The impl lcat lon lo=+io
.  ^ o  - - ol -= )3 - ,  f  f  ceR e  c>6  anc l  w , .€W

n  S c ( h ) ,  t h e n ,  b y  ( 1 " 4 ; ,

0=  _ l r ] j  i n f  h  ( ^cn ,o lg in f  h  (ac .o ,  )<h  (yc )<c ;
W g l . I  E t w  t - z p W a ' -

h e n c e ,  I l n l : f  c = c ( , o n  t h e  o t h e r  h a n d ,  l t  t h e r e .  e x j . s t s
C>14 '

that  c76o then f51+ou=a1.  n

i s  obv ious .

s a t l s f y  ( 2  
"  I 0 )  ,  s a y

( 2 . 1 2 )

Y"nac ,*n A

( 2 " . 1 3 )

n o  c E R  s u e h

$1 ,  t {  t he rg

( 2 , 1 4 l

"  3o=91o.  r f  30  ho lds  and ceR,

there exist .s r .uW such. that  c>lnf
2 . I  t  r :  o b t a l n  ( 2 .  t 0  )  .

a>a.>,P*!: . , f  t" t  h(o*rrr),  then

h (o" 
-- ) ,  whehce , by lemma

" f , , C

as in

t" 
Ho*,* ,

then  x=1nf h (G)  gg! . ipJ ies (2 . r21 .

qrgq{ .  I f  c€Rr  c>(xsLnf  h (G)  r  then there  ax ls ts  g*eG sueh

: l - t  
c > h ( 9 . )  .  H e n c e ,  i f  ( 2 , t a )  h o l d s ,  t h e n  t h e r e e x i s t . s  v r * e w  s u e h

t h a t  n " e c s a c o w c o  u o  g c t o " o r % ^ o * ( h i # / . r h u s ,  h y  p r o p o s i r i o n  2 . 2 ,
w e  o b t a i n  t Z , L Z j  ,

Combln ing  propos i tLons  2"L  and Z ,Z ,  \de  ob ta in

- =
c {  € K ,

ThggFqry 2.1:  I9 I  F,Gr i r r lJ  i I {  A.  * . ,  €  F (wew) as in
A L ^  c ^ 1 a  -

$1. , a*d *agxthe fo l loJ, ' ipg statements are u l .va len t :

t a t i g f y i r g  ( 2 . 1 0  )  "

there ex is ts  r \ r  e l {G % - " d q _  
C -

there ex is t .s  w eWe

20  ,  I ' t r e  have  (2 .2 )

. sgg{s$y lng  (2 . }1 ) .

^ OJ  o  We nave

c ( =  t n f  l n f  h ( a . .  
" . ) .wgiti Lr t w

( 2 . 1 5  )

combin*ng cor :o r ra ry  2" r  anc l  p ropos i t ion  z ,z ,  we ob ta in

9-gq9] fa {Y*3 'J "  {g I  recrhrW 4 Id  a .  , . " (F  (wew)  sa t is fv inq  the
v F t r  | % ; , t u

FPS u,np q4 plg q5 *g9Jg]l3AY t he  fo l *
pry qJ *co'gsrJkray 2 "1 a) oq b) gl-4_f'or cx=inf h (G) r lhg*ggt]s

10.  i r le  have lo  ofo f  p ronos i t i on

C o r o 1 I l r y . 2 . . ? *  F o r  F r G r h r h i r A ^  , . ,  q F  ( w e w )
u t w

ho lds

'  a ,fl --{g{ .ggq! ceR, c>qr

2 " 2 0

2 , 2 - ,

1" .  I {e  have (z . r ) ,  e l iq  {o , { l la_eh ceR,  c }c { ,

n
2u , i 'Jc heivc zo ?I il*i;or;itlj?-:t.
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30. Hglgyg (2. ls)

Fengrk.?* i , .  The assunrpt ions of  corot lary  Z"L a)

needecl only i .n the proofs r: f  , i ;he inpl icat lons 1o->30

Comh in ing  co ro l l a r i es  Z " \  and  Z .Zo  r r / e  ob ta in

or  b)  are

and 20,1130 .

apgellgfX . z":.9. e*er"*r4g .-q3q_tlTprl9{l3- qf -eorp}.Lefy- z . I a)
,95  b) ,  l t  J , [e , re  bo ] -de  {2 .14}  g  _ lbg l  v re  have (2 .15) .

Xgna{hl": .L rf  (2"6) holds, then (2"L4) ts equival"enr r,o

e =\*J
w€!{

Coneernlng simultaneous eharacter izat ions
( P )  a n d  o f  w e a k  d u a l l r y  f o r  - [ ( p )  |  ( 0 ) ]  o f  ( 1 . 1 ) ,

prove

$cgrq.L}3: Iprs!._efqlrsnr s^ 6c- o
sollqy.t I e* f -!? lgfen t-s .. are ecr u&lg]gng c

' n

1".  We ha.ve

A n  . . n A _  ( h 1 = B
\ t 9 \ f /  u

ql ld" {qq. e+eb ceR, c}dr t}gfS gXtggl
, lo  r . 'aL I  yyc  i rave

A  n  q  l r . . \ - - d .- r :  
r . r 7 1 r r ^ \ . { L l * y rv

q n d _ f q r  e a e h  c e R ,  c ) n  r  t h e r e  e x i s t s

' ( 2 . 1 6 )

of  so lut l "ons of
( 1 . 4 ) ,  I e t  u s

and for  cx=inf h (c) , pllq

( w e  W r c e l i r c < h  ( g o )  )  .  ( Z . L 7  j

w* el'l ggglgJgg ( Z .10 ) "

( w e  V I r c e  R u c < h  ( S o )  )  .  ( 2  
"  l g )

w " e W  s _ a t i g f y l n q  ( 2 .  1 I )  "

( 2 . 1 9  )

and hence,  by

Ac
t w  

s

30.  t r , i re  } : .aye go€. fG(h)  af ,c l  (2"15) .

qroqg.  1o=+3. , .  Assume ro.  Then,  by (z , r7 l  and proposi "* isn
2"1  ( v r i t h  q= l r ( l o t l ,  l r e  have  h (go )s l ] ,  F r r r the rmore r  hy  thc  seconc
c o n c l i t i o n  o f  l o  a n d  b y  n r o p o s i t i o n  2 " Z t  w e  h a v e  ( Z , L Z ) , I { e n c e ,  l { 1 ,
gocGr  We ob ta in

c (  =  i n f  h ( c ) ( h

3 o + l o .  r f  3 0  h c l l d s ,  t h e n
theo re rn  2 . Io  r re  have  10"

r ra l l yo  the  proo f  o f  the  equ lva lence 2o++30 is  s im i l -a r "

Bqr 'erF L4: s:-ni i rar l -y '  one car l  prove the f . l rowrnc{ resur- t
fa r  supremiza t ion  ( ins tead c l f  thc  j .n f i r , l i . za t ion  prob l -em (1"  l )  )  r
L9-t' i ' ,G,h,w *.1 acrrre F (vreb;) he -eq_qFgye._Tben_u. "[qr: 9o€G and
ct=sup h (G), Shg*fql]_g:rjg5J*_starenrenrs arg*ggglJgilent :*"*-*&*-*.;;_;-:.-;".* --:. t :-;-_;J,;:-.*:::::::

1*"  IJc ha-yg G.L)  (y l * !L f  c{*sgp t r  (G)  )  I  4 !_d fo t :
*r,llllil* tu ru - ur^'Iil

( g o ) < P .  
"  

e

h  ( q o )  = j . n f  h  ( G )  =  6 ,

c>lt ( I ol t i ].tel.g glf g.Lg_ rv.€tir g*liggy}1g (2 . 10 ) "

e  ach Cf '11 .e



2 0  .  { e  h a v e  ( 2 , 2 1

sql i ,EjFying (2 ,  11) ,
^ oJ . l/Ve nave

7 *

g3d fqq each ceR, c>h (eo) , !b'glL*$q!gI

\rJ gtr{

l r  (eo)=sup h (c)  =* :$  i " t ( 2  " 2 0 )

( 2 . L 9  )  a r e  n o v z  r e p l a *

l t  (oa , * )  .

I r r c l ee r l ,  i n  t he  p ron fo  the  i neq r ra l i t i es
ced by

f l n l ( c o ) < s u p  h ( c ) < p .

" $:.  ApFlicg$i-o*S. tg_
by ge.rtgrbat.i-on nnulti f uncbions

assu ine  tha t  p rob lem (P )  o f  (1 .1 )  i s  "embedded , ,  i n to  a
ly  of  "per turbed"  constra i r red opt lmizat lon problems

( p x 1 = ( n [ , n ) x xo<-  =or r r  , .= in ' f  h  ( I -  (x )  )\ )  ,  r r ( xeX)  ,

fami -

( 3 . 1 )

w h e r e  x  l s  a  p a r a m e t e r  s e t  a n d  f = % t x - * 2 F  i s  a , , p e r t u r b a t i o n  m u r _ -
t j . funct ion",  such that for  some ooJ*f ;uX there holc ls

G  = i - ( x o ) ;  ( 3 . 2 )

t h e n o  b y  ( 1 . 1 )  a n d  ( 3 . 2 ) r  v , c  c a n  r . r r i t e  ( 1 " 1 )  i n  t h e  f o r m
( P ) = ( P r { * o ) o h ) d = f i . , . ,  ,  " = i f l f  

h ( f  ( x o )  ) .r  \ ^ o , r  r 1 r
( 3 . 3 )

Fur the rno re  r  ! 1  ! h i$  see t i on  we  sha t l t !1 i !Ue fhat wgEX,

1)  Le t  us  de f i ne  a  fam i l y  o f  se ts  a l .  r : r i  (wew!  h r r
,. '  

*o usr-rrr(: c1 r l \Ftro) 
,0, 

e F (weW) by

i t *o l  n ro= {yeF lo t ( xo )< in f  r ^ t ( x \ f  
- l  

t y l  t }  (wew) ,  (3 .4 )

where  f - l ,  F .+2X  i *  t he  " j . nve rse  rnu l t i f une t i on , , rde f i ned  bv

f - r  ( y i = l > r e  x f  v e  f t * ) ]  ( y c " F ) .  ( 3 . 5 )

T h e  f a m i l v  ( 3 . 4 )  s a t i s f i e s '  ( 2 . 6 ) ;  i n d e e d ,  f o r  G = F  o  ( 2 . 6 \
i s  obv ious ,  wh i l e  i f  c * f  and  y {C= f (xo )  ,  t hen  xod l - - l  t f ) ,  whence
t o ' ( x o ) p l n f  w ( x \ f - t ( y )  ) ,  s o  y f a f , , -  ,  , , :  N o t e  a r s o  t h a t  i f  o e w s R X

( i+here o denotes rhe r .era t , * ; ; : ; ; ;  on 
1x)  r  then a i t r ro  j  ,o=@u

w h e n c e o  ] : y  ( 1 " 3 ) n  t r ( O ) * i n f  i . , r , r { .  \ :n  (  / - t i { r r ^ )  
n6  

)  =+ . *  
"  I l ence  o

p  =  ln f  i n f  h  (A l .  ' t
o / . r + e w  

r  n ( A i { : c o ) n w } "  ( 3 ' 6 }

I , r l e  reaa l - l  t ha t ,  f o l l o rv inq  Ky  Fa .n  [ : ] o  a  subse t  M  o f  a  se t
x  ls  sa i .c1 t ' l re  " r { -g ! ! * !sr 'or  rohe: :e  r , . , le f rx ,  i f  f * r  eaeh x{r4 there
ex j - s t s  v ;C l ' / ,  wyOo snc i r  t ha t  sup  v i  ( l t )< *q* , ,  hence ,  I r , i  l s  ( . .W) -convex
i f  f o r  each  x$ t4  the re  ex i s t , s  we l ^ / r  t s fO0 .  such  tha t  sup (_w)  (F { )< (_w)  { x } .



i . e o ,  l n f  w { S I ) > w ( x }  
"

and w*x* or w=x*\. lo]
the s t r ic t  separat ion
vex i f  and on)_y j . f  i t

8 *

frr  part icular,  for  a local ly eonvex
(where x* is the conjugate spaee of
theo:rem. i t  fc, l lows i t rat  a set  McX ls
ls g-lg-qe-*-g1,1 g-qpy.qo (see €.9" Lzl ).

h bs*gslg tt, lej x be- e Jqsie$J
ghsssgnl_+ lsg F,c ff-{

S.il*;ygf^*ff?*g$.o r.refr/', ancL f': x _r2F
for some x *xc%** --o . . ;ux, qFcb,.qba-!= x\t-
g€c "  Then

l n f  h  i l - (xo)  )  = ln f  In f
o*weit  yEI,  -  

h (Y) '

f r  (xo)<inf  u,(x\ r -1 ( r r )  )

,,. *,_l , PS: 
For eae h Ee G=l* (xu) r,re have *oe f 

-1 
{o)

x \ f '  * (E)  
i s  ( -w) -convexr  there  ex is ts  a  func t iona l

such that

space X
X) r  f rom

Itr-eon-

( 3 . 7 )

a mqlt i funcrioi-T
*hrs:L_lt_t$Agqlgn*gggigfslltt { 3 " z }

(s ) ls (-i,I) *cgnvelcr fgf -.gqq.b

Henee,  s ince
rguW,  wU*A,

t g ( * o ) < i n f  v r n ( X \ I "  t ( n ) ) .  
( 3 . g )

1 -

so g tA i ( *o )  
r *o  

o f  (3 "4 ;  
"  Hencen by  coro l la ry  2"4  and fo rmula

( 3 . 0 ;  r  w @  o b t i i n  ( 3 " 7 )

f { n n t t J-c r x -.n2T
R e m a : : k  3 . 1 .
-%

i s  c ie f lne i i  (see  e .g .  l l l  )  by

tr^Ie recall that. gh* "qo{Rlglentqry mul.t j.fp.ss_

r c  ( x )  =  F \ f  ( x )

B y  ( 3 . 5 ) r  . w €  h a v e

( f  "  )  
- - '  (y)  ={ :<e x I  y . r \ r (x}}  =xtr l - l  (y}

and thus the assumpt, ion of  theorern 3"r  mea.ns that ( rc)-1(q) is
(-W)-conruf  ,  for  each geG. This _assulnpt ig l  ls  ,sat{gf ; iecl  e "s;  vrhen* a  e " g ;  V / h e R

y{A

4F rr 
^r r 

% 
"."J." _y?"9*I{=X-' (q_r x^\{o}}o F *F,_8 ffi

l n . ! -1eon t " j . . r : r ro r r s  ( t  
"e . ,  

( f c )  = i  f n t  = t  f r i . i ; f * r . , r  *  r - - . -o ,  I  r ' c r ,ry}:- , f"g_l tr i i lunrrs ( t .e.o (rc) =.t  (a)=Vf f . )  -r  
tv l* i* i* ;  1g,")  q; ; f f f f ;

( y e  F ) ,

(wcw1 ;

{ 3 " 7} !;l*g,S$lvgie,frt _tq

( x e X ) . ( 3 . 9 )

( 3 . 1 0 )

(weW),  (  3 .  L I  )

c l o s e d .  f o r

tire sense

each  c losed  suhse f r  i r f  f  )  e rnd  f  f c t  
. . 1  . t  c  r

. - . r ' - a ,  r r * f  
i : g t i t  

WqI-gFqLtl  loj  t i  "e " ,  (r*) -1 
(e) is convex

f o r  each  convex  subse t ,  A  o f  F ) .

2l rhq famtl-y of sets A?t*.t  
r*eF 

(wew), deftned by

o i t oo )  
n r  

= t l oe r f  w ( , xo )>sup  w (x \F -1 ( v ) )1
ser t ie f ie  s  (z ,6 r . Iu roreover ,  i r  weHx sa t is f les  w=-w,  then the  famr . tv
( 3 " I I )  e c l n c i c t e s  w i t h  ( 3 . a 1 0  s i n c e

Ar1't*ot 
rn 

=oi{*
o )  u : w

for"rrrirl.ahencer i t  tS**Wr l i lerr

( 3 . 1 2 )



3)  The faml ly  o f  se t$  A1, . .  r  , ,  Gt '  (weW),  de f ined by

, . 3  - ,  
[ x o " w *  ' t  - - -

a i t *o t ,w * { ve  n lw (xo )Sw(x \ r - 1  ( v )  ) }  (wew} ,  ( 3 .14 )

s a . t l s f  L e s  ( 2 " 6 ) ;  i n d e e d ,  : f o r  G = F  t h i s  i s  o b v i o u s ,  w h i l e  i f  G I F
and y fG=f  (xo)  r  then xo#f  

-1  
(y )  ,  whence v r  (xo)  e  *  (x \ f - f  (y )  )  ,  so

?
Vfai ls 1rw. 

lv loreo*;err 
.w€ 

have

,.I 
'- 

^z^ f  ( xo )  , v , r * * r t xo )  rw
a n d  h e n c e ,  b y  c o r o l l a r y  Z , L  a )  r

i n f  i n f  h  (41 - .  t  > i
olwe hr 

h (^-r(*o) 
,r) '31*urn t" t

conseguent ly ,  f rom theorem 3.1"  we obta in

ggr?Ug:x_*1_11" lhdgrlbg* 3. t,
have

9 "

i n f  h  ( i * ( x ^ )  ) * l n f  i n fv  
0*weW yeF

w  ( x ^ ) > s u p
. u

o $ v l .

(w€W) r

n  t a i ( x o )  
, * ) Z i n f  h  ( c )  ;  ( 3 . 1 6 )

i n f  h ( f ( x . . , ) ) = i n f  i n f  h ( y ) ,
0 lwet f  yeF

;a ; " )4w{x \ r -1  1y1  I

4)  Le t  us  cons ide r  now fam iLv  o f  se ts

aar , *  , ,  , . ,= {yeF lw(xu )= in f  w (x \ . r *1  ( v )  ) }I  ( X o , t r V /  ( *

wh ich ,  i n  genera l ,  need  no t  sa t i s f y  (2 .61 ,
0 e w g R x o  u r e n  o f , * o ) r 0 = F * G ,  a n c t  t h e r e f o r e
that

I n

llie

( 3 " 1 5 )

(  3 . 1 7  )

( w s W ) ,  ( 3 " 1 8 )

par t i cu la r ,  t f

shall assurne nolt

( a  1 q \

set  o f

f : X + 2 F

that.

X) r  !J i :  harre

proq"-qlFtqq-l: 1, lgg F te--?*!gp91o9i9*l -spqgg, c a j.BF-*
F, h:F-.I1 *.tuqqt,lqlg_lo x g rogfllv_gglygr_imsfu-gng

I (3"2) Ieg-gg$g xo=x$exo gggb

{y.r'; oo.FT6} E fr{ " ( 3 " 2 0 )

sb-nge*Iqr w=xx\ [0J (v;here_ x* i]L tbe coq*ju1ale S_pggg.*g,g,

] ' l t u

A?,* L",  G l - (xo) =d
I  \ , \o , r  a  \Y  , ( w e W )  . ( 3 " 2 1 )

pig"{ "  r f  Olwex*  and yuAl , . ,  r  " ,  e  then xodrnt (x \ r - t  to)  }( X o  I  r W
( s e e  € . g .  [ r : . i  ,  p r o o f  o f  l e m m a  2 , L ) ,  w h e n c e  x o . r - l i y ) .  H e n c e ,  i : y
( 3 " 2 0 )  a n c l  ( 3 , 2 ) r  w €  o b f a i n  ( 3 " 2 1 - ) "



t 0

4gr*r{ -3,'"3. I!:g*bgye

La

r,,lire ::e l: X ->2' i E

f=\r)e,F-t ry)
thrc.: mul. t..i- funct.-ton de finecl

(Ye n1 '

( s e e  e  " 9 "  [ l ]  )

( 3  " 2 2 )

hX
( 3 . 2 3 )

then,  by
r F7**?

, ) I = I  
( X o ' l  

"

n(x) *16 (xe x) ,
#" f ,Sq- t r1 ]$  {3 '20) ,  rnc leedo i f  yeF and xref - l  {1 , ; ,

P ;  * . r 1 , , '  ^ * ^ a ! - - . - , -  , -  
-  ' c

,  x e € l  - ( y )  
p  a n d  h e n * e ,  b y  ( 3 " . S )  r  w e  o b t . a l n  y e  f  { x

SJ}9"9[9LJ.:3* le!: t'hs-s*Mo c s*gghg*g*gf
rp h r F --H %".giingI*ggn{,$st-!,L}-ggsg-isggLlp_t}t1., x g_!gr[,ggit;C-
tP33?r  : l *  r : x -+?"  (3 "21  g lg  (3 .20 ) fu .
e n m ^  i '  * ! ' v / a t  ^ * . l  - , - - - L .  r  r -  -  !  

t  
.  ; - - , .-yi,t":  ̂ o-"noc..i, *gg"^g:g_Llhgt*gilg[ x\r*a(q) (geG) 1g either a hor:n-

{ggxslvs{ ssLy::LW
s e t .  T h e n

Proo f "  Fo r

our assumptions on
Acl<lendum, for  each

"  
h ( Y )  '

- 1
(x \ f  ' '  (y )  )

(  3 . 2 4  )

(we lq ) ( 3 . 2 6 )

(vreW) ; ( 3  , 2 7  '

i n f  h  1P  (x . . , )  )  = in f  da  i n f
O*weX^  ys f

w (xo)  *Lnf  vr

eaeh geG=f  (xo)  we have xoef - l  (g ) .  Hence,  by
x \ r . * ' (g )  and by"  [B ] ,  coro l la ry  z  and lg i  ,
geG there exist ,c r^roeXE'r{0}*W such that,

i

so g€1J i /s r  I  r . r  o f
'  t " 0 '  o  " g

(r^rith tv=X:c 11gi ) ,

* o ( r . , ) = i n f  r , , . , ( x \ i ' - l  ( E ) ) o  ( 3 " 2 5 )
Y  v  . v

(  3 . 1 " 8  )  ,  H e n c e ,  b y  (  3 .  Z l  )  a n d  c o r o l l a r l ,  2  "  4

o b t a l n  ( 3 " 2 4 ) .

sa t i s f i * s  I { * -Wr  then  the  fam i l y  o f  sees5 )  r f  w 6

YrTA

"*Y

^ 3  (  - - t  - 1
o f { *o }  

,w=1Ye  
n lw  ( xo )  =sup  r ' r  ( x \ f  *  ( y )  ) J

c o i n c i c i e s  v r j - t h  ( 3 , 1 B ) ,  s j - n c e

^ 5  - ^ 4
l- (r: .r) or,r--^rqxo) , *trr

hencer g-gsryglg (3.24) iS-liqtrlval.e$F qo

tnr h ( t(xo, ,=oll*r** 
;:f
w (xo  )  =sup

6 ) l,et us consi-der nciw the

. 6  (/ - \ r , , - -  ,  B i l r * I ' l r v ( r : o ) r < i n f  w  ( X \ f ' * 1  t V t  l !1 (Xcf  )  ,h '  t

.  The renarks ma.de -r.,   4

3.1,  rem;r in  va l ic i ,  v r t th  * r ; ; t ; : ' ; ; jo : " ,

A7,-  1  " . , .  
Moreovere wn)  have

!  \ a ( ) 1 r v i

h l v ) .  ( 3 " 2 8 )

w ( x \ r - l ( y )  )

f am i l y  o f  se ts

( w e l 1  .  ( 3 " 2 9 )

as  we i  I  as  p ropos l t ion

4
f o r  A , - / - -  ,  __  rep laced  byr  ( ) t O ,  , w



* L t

"  n 4  - 1 1 6^r{xo)  
, t  

c  ' l i ( r *6}  
rv i  

(we l { )  o

a n d  h e n c e o  b y  c o r o l l . a r y  2 " 1  b )  ,

l n f  i n f  h  ( A 1 , ,  ) > i n f  i n f  l r  ' n - 6 -

\de r^t r  
^r ' {*o l  

, r ' ' i? ,1 
i "nf  : ] ' :a f  {xo) ,w)} inf  h (G) r

( 3 . 3 0 )

( 3 " 3 1 )

( 3 . 3 2 )

s e t s

( 3 . 3 3 )

r+henev*r  h  is  a  topoJ_oqica l .  sp. . lce; tnc l  h :F. -+ i i  l .s  upper  seml_eont j - *
nuous i  consequen t , l yA  . f rom t .heo rem 3 "2  we  ob ta in

c.orollaly 1.3: !k4Sf_-ttr,p gS:qpeF+q,f" pLgrrqg;ef 3,2, gg
have

inr h (r(xo, ,=il ' l .*_ 
;:$
w ( x o ) s i n f  w ( x \ r - ' ( ) ' )

7 ' t  I f  weHx sat ls f ies  W=-hr ,  then

a 7 ( laF t *o )  
rw= tve  F l ' u ( xo )7sup  r v  (X \ f  - 1 t v t  

l ]

e o l n c  j . d e s  w i t h  ( 3 , Z g I  ,  s i n e e

A 7  - ^ 6* l ' ( xo)  
,v r -^ f  (xo)  o - r+\,

hence. {.g,ftula t3"3z) ts eggtygl -lL*lg
ln f  h  ( f  (x . . )  = j .n f  .4 ,  j -n f

-  
Of lve X^ y .  F

w (  xo)7 sup r , r

h ( Y ) '

)

fhe farni ly of

(we W)

/ t,rcTaT \ . ( 3 . 3 4 )

Genera l i z i ng  [ f a ] ,  de f i n i t , i on  3 .1 ,  by  a  , , gyq_ tem,o  w ,e  sha I . l "
mean  a  t r i p le  ( r  *q+x ) ,  eons i s t i ng  o f  t v ro  se ts  F rx  and  a  mapp inc
u of  F ln to X"  Glven a syst .em ( ] l  -g+.X)  u vrhere X is  a  l j -near  s .psce,
a -  " t a rge t  . se t " f l cx ,  w i i l r  u (F ) r i  f L# l z ,  and  a  func t tona l  h :F_> f t ,  we
shal l  eonsi .der  now thd pr imal  in f lmizat lon problem

i .  e.  ,  ( l  . l  )  wi t t r  G=,r- l  ( , f ) )  .  Then r  the , ,natural . , ,  mult i funct , ion
f 3 1 : x ' - - r 2 F o  r l e f i n e d  ( s e e  [ f 0 J ,  [ i s ]  I  b y

I 'n (* ) =u-1 (.o+y 1

s a t L s f i e s  ( 3  
"  2  )  v r i t h  * o = 0  a n d ,  e l e a r l y ,

$4.  App l iea . t ions  to  sur ro

( x ) r *1  ( y )  )

ate dua1i . t "

h ( Y )  .

for  systems

( 3 " 3 5 )

( 4 . 1 )

( 4  
" 2 J

{ 4 " 3 )

",r*0 
ernri

( x e X ) ,

( y e F ) ,

f l * d ]  o f  ( 4 . 2 ) ,- ! le.gq1^k 4.1" a) For G*u- l  (n,)  ,



( '

w e xlf (vrhere xfr is
l y  ( 3 i 4 )  b e c o m e s

L 2

the algebraic conjugate spaee o f  X)  e the farni*

1

A l - 1 , ^ .  = { y e r l w ( u ( y }  ) > s u p  w ( x \ O " ) }
u  *  ( o ) , w

y 6 F
u (y )e .Q

see that lJ W=-ito then forinul.a

a l te rna t l ve l y ,  us ing
, .  4 a

1 4 .  l )  i - s  e g u i v a l e n t  t o

(weW) . ( 4  . 4  )

( w e W ) "  ( 4 " 5 )

( 3 " L 3 )  )  p  w e

( 4 " 9 )

x^=0 g.11d I'f e X# n(J

" L/) rr
f  " ' ( 0  )  ' w

Indeedo by  (  3 .  4  )  anc l  (4  .  3 )  u

= { y . f ' l O . i r , f  w ( x r ) }
x , $ u  ( V )  - J ?

o b s e r v e  n o w  t h a t  x r d u ( y ) - C I l r  a n d  o n l y  i f , t i ( y ) - x ' e  ) i \ " 0 . ,
and thus . .  wr i t ing  x t=u( : ' )  * (u  (y )  -x ,  )  r  r1 /e  have

x \ ( u ( y ) - n ) = u ( y ) - ( x \ f i )  ( y € r ) .  ( 4 . 6 J

I lence, by f t  (O )  *G*u-I  (O) and W e X{f  ,  vre obtain

I
A*r-t (t)

f r= t ye  r f  O<vr  (u  ( y )  )+ in f  w  ( : - s ) l ,  =
xeX\f,r

iyur l  o<* (u (y)  )  -sup w (x\r r ) l  (we w)

1 n e " ,  ( 4 " 4 J '  N o t e  a r s o  t h a t . o  h y "  ( 4 . 3 )  a n d  ( 4 . a ) ,  x \ ( r n ) - t ( o )
(vrhqre ye F) ,Lg (-Iol; *coon*,n-_Lf_g*g*glll_y*_Ll x\CI is w-conygx*"

b)  r f  1r -9- 'y1 is  a-  " r jnear . . .s r - :gqr"  in  the sense . f  l r .4 l
( i . e . ,  P  and  x  a re  l oca r r - y  i onvex  spaces  "an tL  usF*?x  i s  a  eon t j - *
nuous l . inear mapping) n therr  for  OfxeXH such thaf suTr \ . / (X\g;=a"o
vre have At*r- ,  =fr0 whi le for  0f ,1,e Xx siuch t l iat  sup \ , r (X\-A)<*o*,

g ^  ( I l )  ,w
I

A*_ t  i s  an  open  ha l f - spaee  in  f ' o
u-t (.o) , w

From theorem 3.1 ant l  remark 4.1 a)  o  vre obta in

LheoFSry 1-" L Ft (r -'9+x) lS*g*:yetelk_i3_;g1ggh x lp*e
IUT:tr. F-l:raqe-r lt! I 'I c x ir, :gljlLe*-L:qbFe'b._gg x, vllr! u (r.)^JWtJ,
gpgh -gng! x\nig lv*ggqyg3***e*fl_Lef h:F-*"fr. Ibgr

i n f  h  ( y )  = in f  i n f h ( x ) . ( 4 , 7 1
0 /veW yeF

w ( u ( y ' )  ) > s u p  w ( X \ d t )

Replac ing w by -w (or ,

, w

{

l

l n f  h  ( y )  =  i n f  l n f
yel i '  Ot'welrt yeF
u (y )e{?. vr (rr (y)

R-erTgr\*4 . 2... I'g{ c=u

h ( Y )  '

)<  in f  w  {x \ f I )
-, 't- ' ( f ) )  

o  I .  =1 "  o f  (4  ,2 )  ,
the ,Jami ly  (3 .14  )  beeome.s

2
t J (

A--r  - .  = ty* r lw(u(y)  ) *1vr (x \ .Q)1
u  " ' ( J i )  

, w
( w e W )  . ( r 1  

" 9 )



rndeec l ,  by  fn  (o  )  =G=u- l ( , f i )  ,  (4 .  3 )  and (4  .6 )  r  ! {€  have
? r

A" -1 . , ^ .  =A_1r , , ^ .  = {y .n f  o4w(x \ (u  ( y )  *o )  ) }=u . ' ' ( f r ) r w  [ ' " ( 0 ) r v r

s {y . r  I  o4vr  (u  (y )  )  - rv (x \ ,O) }  (we r { )  o
F r a m  c c l r o l l a r y  3 " 1  a n i l  r e m a r k s  4 . 2 0  4 . 1  a )  ( o r o  f r o m

t ,heorem 4"1)  r  we ob ta in

9oqq l leq : : l " J *  g  4 , r ,  wg
have D

l o f  h  ( y )  = i n f  i n f  h  ( y )  .
Y-ur.  Olwew ye.F
u (  y )e  f r  w  (u  (y )  )#w (x \ , f t )

( 4  . 1 0  )

S l m i i a r l y  1 q  r e m a r k  4 , I  a ) ,  f o r  G = u - l
.  S e - g e f { 4 . 3 "  a )

% (J))
f  = r n  g E  ( 4 , 2 ,  , X  = 0  e n A  l a l r - v #  ! r - -  F -^o - ,  : l r r L r  w  e  r ' ,  r  t he  f  am i l I  ( 3 .19 )  heco r ras

t  %_

"l-t (o) ,,o 
{ve Ff w (u (v) ) =sup vr (x\fI)} (we Vil) . ( 4  "  1 1 )

rf (r l l-3)X) is a l inear syseem, then for Olwexf such
that sup w (X\n)=+oo we have A4

; l - t , rr ,  ,*-#, 
vrhi le for O#rex* such thatA

i

) j

( y e  r ) ,

suP  r \ t ( x \o )<* * ,A ! - ^ r , ^ ,  i s  &  ( c losee l )  hyperp rane  in  F .
r:)  r ' fhen t_J?' l t topotosical sr laee anrr x is a i-ocarr.y con*

v e x  s p a c e ,  f o r  f = . { ' n  o f  ( 4 , 2 , )  a . n c i  
" o = 0  

\ . / e  h a v e ,  b y  ( 4 . 3 ) ,

(t ')1r) =;ETn=u (y)*fr ( 4 , r z j
and hence fn  sggisg*gg (3"20)  (y , i r \  *o=0lM

* 1
u-*1 f r )= {yer lu ( rz lo f l j  e  Jy , , - . : . f  . , , v1 .S=;=6,  (4 .13)

i n  p a r t i c u l a i : u  w h e  n  u ; F * + X  - i s  o n e - t o * o n e ,  ( 4 . 1 3 y  j _ s  e q r - r i v a l e n t  t o
t h e  c o n t i n u i t y  o f  u - I .  L e t  u s  a l s o  n o t e  t h a t ,  i f  u  i s  n n n r i n r r n , , c- 1  L  + '  q  : . d  { - ( J I } 6 I p U O U S ,

then u *  ( f ) )  j -s  e losecl ,  anc i  hence r^ , ro  have the opposi tc  inc lus ion
t o  ( 4 . 1 3 ) ;  t h u s .  i n  t h i s  c a s e ,  ( 4 . 1 3 )  i s  e q u i v a l e n t  t o

,r-1 (fr) =. . 
'  

(4 .14 )
From theo rem 3 .2  and  remark  4 ,3 t  v re  ob ta in

rlte?59m" a'-?' 3g! (r*1i*x) l$*g w F r! a
!-oJ:93gjtlst_l:*si-*tt{ * *- pff*.,i,-
aq3*s x' $-qn u (r')n$'*6, s-q.[,! q*f.y1rrqt (/r . r 3 ) nncr suci] " q.F.:! ilt *._gls}-er^-*ls"t:.1{q'**qgrvgig*s-€*J-*l:*iig*;.*Jrpgy*}1!s_rr_9:r*g.r_a 

,ho'nciedq,19-qf9 qalr,:ex*sg.L, and ljt t-,:F-*ii y-,6 *n_.rrng" iffi;;_
Lio i r ; i i - .  Then



t n f  h
y6r'
u  ( y ) € O

y d r
u  ( y l e f i

( y ) = i n f  d ,
0fvre X""

o zito,x'h
h ( y ) .

( 4 . L 5 )

( 4  . 1 6  )

l '4

i n f  h  ( y )  .
y 4 F
vr{u {yi  i  *surr w (x\J}")

Replac ing

,see that fo::mula (zI

4  n €  h  f  r r l  - . i  - .  -
r L l J -  l l  t _ y  r  - . . l .  I i I

w  h r y  * w  ( o r ,  a l t e r n a t i r r e l y ,  u s l n g  { 3 . 2 6 } )  r  w e
. I 5 ) i :"srsj,y.f,!er[*t"s

'l ?r .i'

J * "

=u - (,|t)

A 6
t J  - l

u

w (u ( : r )  )  " inf  vr  iX\J l )

Ier i r_ar ic_ l . j - .  Simi lar ly to remark 4.L a) a.bove, for  e=
,  I "  * f n  o f  ( 4 " 2 ) ,  x o * O  : 1 1 f l  W g  X S  F

,Ar  
={yur lw  (u  (y )  }>sup rv  (x \ f t ) }

(f)) , vr

r f  (F -u"x )  i s  a  l inear  sy$ tem,  then fo r  0 f iwex*  such r tha t ,
sup w(x\n)=+oo we have Au- l  ^  =#t whj . re for  o" lwex* such that

u-' 1,f)y ,vr
sup w(x\ . f } )<+*rA6_] is a c10, ecl  hal f*sFace j .n F, .

u  * ( Q ) r w

F r o m  c o r o l l a r y  3 . 2  a n d  r e r n a r k  , 4 . 4  ( o r ,  f r o m  t h e o r e m  4 . 2 .
and (3 .31)  fo r  f '= - t 'n ,  xo=O) ,  r . /e  ob tb in

Coro l l  e , r v  4 ,7 .  "@'d>d@

Un<ler  the assumpt lons e i f  theorem 4 . 2  o  w e
have

t.Fg Aeni]y (3 " ;le ) beeon:e s

(wet r i r ) . ( 4  " 1 " 7 1

i n f  h  ( y )  = i n f  r ! ,  i n f
yeF OlwcX' '  y€F
u  {y )e  f I  v r  (u  ( y )

Repi"acine vr by -w

s e e  t h a t  f o r m u l a  ( 4 , 1 8 )  t s

) ;  s l lp vr (X\ s l . )

( o r u  a l t e r n a t . l v e l " y ,  u s i n g  ( 3 . 3 3 )  ) ,  w e
equ iva len t  to

h ( y ) " ( 4 " 1 8 )

( 4 . 1 9 )

( 5 " 1 )

f * {  h  (y )  = in f  4 .  ln f  h  (y )  ,
y€F 0#wex*  y€F
u (y )  e  S l  v r  (u  (y )  )<  in f  w  (x \n )

I '

r*
$5. :Lq-Jerf"lsl,ler_sqqs _qg*eyelsne (r *-:-.n)

Let  us  cons ider  separa te ly  the  par t i cu la r  ease when X=
=F,  *=rF  ( t r re  i c len t i t . y  opera tor )  and - f )=GcF.  rn  th is  case,
( F  ' 1 1 0 1 1  1 u  a  s y s t e m ,  p r o b l e m  ( 4 . 1 )  r e d u c e s  t o  p r o b l e m  ( 1 . 1 ) ,  a n d

t l ie  na tura i  mu l t i func t j .on  fn  o f  (4 "2 j  reduces  to  t l re  , ' -q tandard , ,

mult , i funct ion . | -s:F -*2F, d€f ined (see [10J ,  i l5 j  )  $y
- s ,
1 - ( x ) = C * x

wh lch  sq t , i s f i es  {3 "2 }  r " r i t h  x^=0  and' ( )

r r - S r  - l
\ r  r  

' ( y ) * y - G

( x c F ) ,

fn  th i s  se i t i on  we  shn l l  assume

( Y e r 1 .
fi

t h a t  W € R - "

l l e m a r k  5 . 1 .  a ) The f arini l-y (4 
" 4j ] :ecom.es now

( 5 . 2 )



^* ,oo

such

sup r{

={Ver  lv r  (y)> sup

1 5

w ( r ' \  c ) ] ( w e W )  . ( 5 . 3 )

b)  r f  r '  l s  a  loca l ry  convex  space,  then fo r  0 l r+eFf r
that  sup w(r\G)*+oo v/e have Al  -"=#, whi le for  0#werk such * i rat
(F \c )<+mnol ,u ,  i s  an  open , ru r - r l lp " " " ,  suppor t lng  the  se t ,

perp lane  o f  F \G ;

e . g o  l l q ,  * : " 0 ) ,

where

Rema.rk 5 " 2.

where $u\a c lenot 'es ths co l lect ion of  a l l  open hal f -spaces whr lch
suppor : t  the set  r ' \G.  l {e  shal l  omi t  the eorresponding geometr ic
i n te rp re ta t i ons  o f  t he  l i o=  oceu . r r i ng  i n  t he  seq 'ue l ,  anc l ,  f o r  s im-
p l i c i t y r  t r {e  sha l l  v ro rk  on l y  v r i t ? r  p ' s  ru r t t t en  s . tm i ) .a r l y  t o  {3 .6y "

F r o m  t h e o r e m  4 . 1  a n c l  r e m a r k  5 . I  a ) ,  w e  o b t a i n

T h e o r e m  5 , 1 .  L e t  F  h e  a
-'-Eh1F!N@

l i n n . : r r  c i Y \ n ^ a  ' l a . t -  
r ^ r - t . J i  t , , rr _ ' l r \ r v ! -  I^_  .__ , ._  re t  n r r : I  r io  

*s3  G

b-e__A*Fubset of F sueh that, r'\c iq w-S:o: Iyex;  and lq j l  t r :F-+H, qhq!

i n f  .  h  ( G )  * i n f  i n f
0 lwetr t  yeF

w (y ) . \  sup  w  ( f  \G )

Aqa inn  i f  V t r * * I ^ tn  then  fonnu la  (5 ,T )  i s  equ iva l -en t  t o

j " n f  h  ( C ;  = i t t t  
* *  i n f  h  ( y )  .  (  5 .  g  )

0 fwcF^  ye t r
w  ( y ) < i n f  w  ( F \ c )

The fami ly  (4 .9 )  becomes Row

A3,ro= tyu Fi v, (y) cfw (n\c)] ( w e W ) . ( 5 , 9 )

:F rom coro l la ry  4 .1  (o rn  f rom theorem 5 .1) ,  r ^ re  ob ta in

9sgg,ffgryj& ut4eqjbe. qjpplpllq?.s ig eb-eoJq$ s. t,

i n f  h  ( c i  = 1 t t t  
* *  i n f  h  ( y )  

"  ( f  . l - o  )0fr^re Fo y€ F
w (y ) , tw  ( ! ' \G i

R * r n e r \ _ 5 J .  a )  T h e  f a m i l " S r  ( 4 . I 1 )  h c e o m e s  n o w

h ( Y ) "

( 5 " 5 )

that

( 5 . 6 )

( 5 " 7 )

a

r \G ( i "e . r / , , t r r rn (F t rG)=$ a*c i  the  hounCary  o t  4 l , ro  i s  a  suppor t  h5r_

for  the def ln i t lon of  suppor t  hyperp lanesf  see
antl vre have

A = i n f  
n  

i  
1

( 5 . 4  ),  w a ( r \ G ) "  
t f  h ( a i r r l r

( l ' \ c )  s ,= {v re  Wlw#0,  sup w ( r \G) . * * } .

Thus ,  Lf  t r r l=F* or w=r*\{O} o fo:rmula (5,4) means

f b =  l n f  i n f  h ( D )  r
Dosn\c

we have



1 r .
'  

:  
J " L J

i

acr* =tyer l  w {r }  s$rP w (r \c i }

r f  r r  i s  a  loca l ) -y  convex  spacep then fo r  0 /wer r *  such

ff-",ill#:)::l ; :: l.ll,i:;t=f;,.1,1:.:":-*il::. such'|ha'f
b)  When X=F . i -s  a  lcca l ly  conv.ex spacen o* I*  and

f l * $ c F 6  c o n d i t i o r i s  { 4 " 1 3 i ,  ( 4 . . 1 . 4 )  a - r e  o } r v i o u s r y  s a b , i s f l e d  ( a n d  s c
i s  e v e n  t 3 , 2 2 )  f o r  f = f s ) .

.  F rom theo rem 4 .2  anc l  remark  5 .3 ,  we  ob ta in

lbggqem 5"2 .  Lq t  $ ' l : e  a  no rn ie rd  l i nea r  space ,  G  a  subse t@ . r 4

l n f  h  (G)  = in f  *  i . n f
A*weF5 yeF

h (v,) .

i w e w ) . ' ( 5 . 1 1 )

(  5 . 1 2  )

.  w  (Y)  *su '  w  ( r \G)

. Bgqgq]:.,5:-3.i. rn the case when h is a finite eontinuous
convex funct ional  on F, theorem 5.2" has been gi-ven ln | -g] ,  theorern.
2 "2 ancl  l td<lendum, but t .he proof giverr  there remains also val i r l
for  any upper senr i -cont lnuous funct, ional  hc

Note  t i :a t ,  aga in ,  fo r rnu la  (5 ;12)  i s  ecru iva le r le  to

i n f  h  ( c 1 = 1 t t t  . *  i n f  h  ( y )  
"0 t'iue P"" y€ F

vr  (  Y)  = inf  vr  (1 t ' \G)

A3, r * {vuPl  w (y ) }  sup  w ( r \c ) }

Remark  -5 ,  5 . The  fam iJ "y  (4 ,L7  )  becomes  now

( 5 " L 3 )

( 5 . 1 4 )

q t

( 5  " 1 5 )

r f  F  i s  a  loca l l y  convex  spaeeo then fo r  0#weFf  such
t i rat  sup w(F\G)==+* we have nl  . . "=6, vrhi i -e for  0 l*ur* such that,

u t w

sup  w( ! . \G )<+co ,  a \ ! , , ,  i s  a  c losed  ha l f - space  suppor t i ng  the  se t"  ( : l l v  - ,  '  - - ' - " r

i l l.i;;l; .ll ' l$::u')^(1"\G)=fr 
and the rrounciarv or ̂ 3'v' is a sur:port

F r o m  c o r o L l a r y  4 " 2  a n d .  r e m a r ] < s  S . g  a n d  5 . 3  b )  ( o r ,

f r o m  t h e o r e m  5 " 2  a n < l  ( 3 . 3 L )  f o r  f * f s r  x ^ = 0 ) ,  w e  o b t a l n

( w e W ) ,

Co: :o l -LEr . , '  5 ,2 "  L in<ler  the assurnr : t , i .onsof theo::cm
have

i n f  h  ( y )  .
rrr Il

rv  (y) r  sup w ( r \c)

Note  th ; r t o  aga in .  f o rmu la  (5 . j "S )  i s  esu l va len t  t o

W U

i n f  h  ( G )  = i n f  f e
0 t'wePo

in f  h  (C ;  =1 t t t  i n f
o#we r '* Ye l l

qg r suelr !h.:'g F\c i.q f l-llrgr ,q- bo*gldgd -convex set, vrith non*errl,,t.
i*!S5lgL_g:_gJgsg{g_q-S.f?_sed_-con_vex ser, and ler h:F-+F i:e an

h ( y ) . ( 5 .  1 6  )
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FinaJ-lyn l*t  u"s rnention that, ,  in l f  l i  r  $ f  2*4, usln-q 1e*

veL sbt,  methods, we glve simll"ar general" izat lons of the results

of t7l  on r iraxl-ur izat ion of convex funct ionals on convex sets in

l " inear  spaces !
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