
ffi

INSTITUTUL
DE

MATEMATICA

I NSTI TUT.U I.:'NATI ONA L
PENTRU CREATIE

STI INT IF ICA S I  TEHNICA

.e

,;ai

I  s s  N  0 2 5 0

DERIVATIONS

COI{PACT TDEAL

OF VON NEUMANN AIGEBRAS INTO
l

SPACE OF A SEMIFINITE ALGEBRA

ARE TNNER

bv

Sorin POPA and Flor in RADULESCU

PREPRINT SERIES TN MATHEMATICS

N o . 7 5 / 1 9 8 5

BUCURESTI

)LeA 
L7 Ls b



DERTVATIONS OF VON NBUI'{ANN AT,CNBNAS INTO

THE CO},IPACT' IDtrAL SPACE OF' A SEI4IF' INITtr ALGEBRA

A R E  I N N E R -

by

Sor in  POFA* arrd t r Ior in  RADULtrSCU*

November  i  985

) t )'  D e p a r t m e n t -  o f  M a t h e m a t i c s ,  T i r e  N a t i o n a l  I n s t i t u t . e  f o r

S c i e n t i f  i c  a n d  T c c h n i c . r l  C r e a L i o n ,  B d .  p a c i i  2 2 0  |

7  9622 Bucharer  s  t -  ,  P ,o rnan ia  .



1 .  INTRODUCTfON

Let  M be a semi f in i te  von Neumann a lgebra and denote by

J  (M)  the  no rm c losed  two  s ided  i dea t  genera ted  by  the  f i n i t e

p ro jec t i ons  o f  M .  Le t  NGM be  a  suba lgeb ra  o f  M .  A  de r i va t i on

o f  N  i n to  J (14 )  i s  a  l 1nea r  auc l i ca t i on  $  :n ' . - -W( f t f )  sa t j - s f v ing

r .  a  ^  l l  ,

5 ( x y ) " U x ) y + x 5 ( y ) ,  f o r  x , y € N .  F o r  i n s t a n c e ' i f  K e J ( M )  t h e n  
- t - h e -  d € r t v a l i o r

6 ( * ) =  ( a d K )  ( x ) = K x - x K  i - s  o f  t " h i s  { 3 p e  .  S u " h  d e - . r i v a t i " n s  i w r p l e r n e n t e d

! r1  e le - rnents  inJCn)  a re  ca l led  inner .  A  typ ica l  example  o f  a
J O

der i va t i on  wh ich  i s  no t  i nne r  i s  as  fo l l ows :  t ake  u=$ t l 2  ( ' l f , t r ) )  ,

where p is  the Lebesgue measure on the thorus XP,  Ie t  N=C (T. )  act

) c
o n  L ' ( T ' ' , p )  b y  l e f t  m u l t i p l i c a t i o n  a n d  d e f  i n e  < ) ( x ) = { a d  P , , 2 )  ( x )

^ .t:l

where  P  
"  

i s  t he  p ro jec t i on .on to  the  Hardy  subspace  i - l l (T rp )  .
' H '

I  t \  L

;n d f i- 'n$ \

commutant of N in $ tf{)

rhen i r  is  easy to  see that  St" te f r tp=J( .9(*0 )  for  xeC(F)

5 t"  not  implemented by a compact operator.

We wi l l  however  show that  i f  N is  se l fad jo in t  ar rd weakly

ct rosed in  M then a l l -  i ts  der ivat ions in to J  (14)  are inner  ahd

thus obta in the fo t lowing genera l  theorem:

1 . 1 .  T H E O R E M .  L e t  N  b e  u  * * - s u b a l g e b r a  o f  1 4  a n a $ : N r - + J ( M )

a  de r i va t i on .  Then  the re  ex i s t s  an  e lemen t  K€J  (M)  such  tha t

r
d = a o  K .

Resu l t s  o f  t h i s  t ype  f i r s t  appear  i n  a  paper  by  Johnson

a n d  P a r r o t t  i n  t h e  e a r l y  7 0 ' s  t [ : J l .  f n  t h a t  p a p e r  J o h n s o n  a n d
' ' , .  |  :

Parrot t  wanted to  character ise the commutant  mod.u lo the ideal

Ktffi€5j6{} of a von }treumann alqebra Ns$(.ff) . rhey noted that

in  order  to  ident j . fy  i t  w i th  the compact  per turbat ions of  the

i t  su f f i ces  to  show tha t  any  de r i va t i on



.
!

f  t .  . ^

&:Na+Kq4 \  i s  i nne r .  They  p roved  tha t  t h i s  i s  i ndeed  the  case

i f  N  has  no  ce r ta in  t ype  I I i  f ac to rs  as  d i rec t  summands .  To  do

th i s  t hey  f i r s t  so l ved  the  case  when  l l  i s  abe l i an  the  o the r

^ 5 c a o  l - r a i  n n  r a f  h r . r  F A s v  c o n s e f i l t e n r : e S  O f  i  t .  T h o  o r - n e i l a l  t y p et / q . b c D  u E l l r \ j  ! G  u l r E !  = * o {  v v r r r u Y u u

I I . , "  case was proved recei " r t ly  in  IZ]  b17 d i f ferent  techniques and

using more of  the ergodic  theor l '  o f  the t lzpe . I I . ,  factors .

rn  i ' a l  i t  i s  s tud ied  th i s  de r i va t i on  p rob lem in  the  more
L ' J  

- .

. r ^ n 6 r ^ l  c o i -  1 -  i - -  -  - - L - -  h  r r l r r  i  n  - n ^ ' l : a a A  b V  a  S e m i f  i n i t e  V O ny E ; r r ! a a ; : v u u r O $  W n e n  
f q l l  

- L S  f e p I d . C e C f  ! . y  q  D E r t r r r t r r r r

Neumann a lgebra ,  Kt l t l  by the ideal  J  (M) and the center  o f  f l  is

assumed  to  con ta j -n  the  cen te r  o f  M . .Under  th i s  hypo thes i s  i t  i s

p roved  tha t  i f  N  i s  e i t he r  an  abe l i an  o r  a  p rope r l y  j n f i n i t e  von

Neumann  a lgeb ra  then  any  de r i va t i on  o f  N  i n to  J (14 )  " i s  i nne r .

A l t h o u g h  t h e  p r o o f  a t  t h e  g e n e r a l  t h e o r e m  1 . 1 ' t h a t  w e

n r A q o n l -  i  n  r h '  ' n s p i r e d  i n  c e r t a i n  p l a c e s  f  r o m  t  S ]1. l r  c rs r r  L -  r l r  u r r . lS  papef  lS  A  
,  

f  tdJ . I I  PJ-dr . :e l ;

and l -T]  our approach is rather new even f .or  Y=g)${}  .  We wi} l

now present sorne of  the ideas behind our:  proof .

we begin by consider ing a new norn on the algebra Iv l  by

I l  r l l l  = s u p  {  l i t * t t *  l '  x e u ,  l i  x l l  a  1 ,  i l  x l l o S 1 1 ,  w h e r e  f  - i , s  a
^ L t l

semi f i n i t e  t race  on  M.  I t  t u rns  ou t  t ha t  i n  many  s i t ua t i ons  the

r iqh t  co r responden t ,  i n  an  a rb i t ra ry  semj - f i n i t e  a lgeb ra  M,  o f

N  i s  a tom ic  and

imclement ing b

a n d ' t h e  s e r i e s  i s

o f  a  t r i c l<  i n  f  : ^ l

the uniform norm on 3 t:t l is the norm ll l  l l i

We then Prove theorem 1 -  1

abe l i an .  I n  t he  p roo f  we  de f i ne

( .
a s  / - "  A ( e ,  ) e .  ,  w h e r e  e i  a r e  L h e-  

l - '  l -  l -

strongly convergentf  and we use

to  show tha t  I lS te r )e r {J  ( l r1 )  .
].

By the atomic abel ian case a ld by the s&ne arqument  as

in  4 .1  IZJ  ( fo r  M=$( f . f )  ]  we  p rove  a .  con t i nu i t y  resu l t  name ly

in  the  case

the operator

atoms of  N

i h  r A a n t ' i n n



tha t  i f  N  is  f in i te  and countab ly  decomposab le  then $  is  con-

t inuous f : :om the uni t  bal l  of  N with the strong operator topo-

logy into J (M) wi th the norm l{ l  l l i  Using this resul t  we prove

tha'b i f  an elemenL T is in Ki ,=E6* . {Et" l  . ro |  , ,  uni tary element
t l L

'1. 
>, (t

i n  N ]C  U  and  imp lemen t ' s  S  o t r  l {  t hen  i t  i s  i n  J (M)  .  F rom th i s
J -

we easi ly  get  the proof  o f  the theorem for  f in i te  type I  and

nronor l r l i  n f  i n i t e  a lqeb ras  and  a lSO redUCe the  rema in ' i  no  f r rna1 . , rupe r r - y  r - r l . r r - r r r Le  d rge r . r r c r s  and  a l so  reduce  the  rema i r . - , . y  uy . vs

I I t ' case  to  the  s i t ua t i on  when  l l  j - s  sepa rab le  and  M i s  coun tab l y

decomposab le .  Moreove r ,  by  us ing  the  Ry l l -Na rdze rEsk i  f i xed

point  theorem in the sarne way i t  is  used to  prove the Kadison-

-Sakai  theorem on der ivat ions of  von Neumann a lgebras.  and
t h e

o the r  de r i va t i on  p rob lems  (see  e .g .  [ gJ  L  we  mak ]Gduc t j -on  to

the  case  when  N 'n t4  con ta i -ns  no  f  i n i t e  o ro iec t i ons  o f  M .

Final ly  we prove the type I I1  case under  the above

assumpt ions :  To  cons t ruc t  a  cand ida te  fo r  t he  ope : :a to r  K€J (M)

implement ing S o. ,  N we show that  N has a maximal  abel ian **sub-

a lgeb ra  ACN such  tha t  A 'nM con ta j -ns  no  f i n i t e  p ro jecL j -ons  o f  M"

The p r o o f  o f  t h i s  f a c t  i s  i n s p i r e d  f r o m  [ O ] .  S i n c e  A  i s

abe l i an  by  the  t ype  f  case  the re  ex j - s t s  K€J (M)  imp lemen t inq  \

on  A  and  the  res t  o f  t he  p roo f  shows  tha t  i n ' f ac t  t h i s  K  imp le -

. ements  d  on  a l l  N .  To  th i s  end .we  p roceed  by  con t rad . i c t i on

fo l l ow ing  the  l i nes  o f  t he  p roo f  i n  L l l .  The  assumpt ion

5 - = i - a d  x l O  s h o w s  t h a t  5 ^ t v ) l o  f o r  s o m e  u n i t a r y  e l e m e n t  v t N .
o  - o

Then  w i th  the  he lp  o f  A  and  v  and  us inq  some techn ica l  dev i ces

symi la r  t o  2 .1  i n  [Z ]  we  cons t ruc t  a  seguence  o f  abe l j . an  s r . rb -

o l . , o h . ^ *  a  ' i n  N  o n  w h i c h  5 ^  b e h a v e s  a s  b a d  a s  p o s s i b l e .  M o r e 'c r J - v c J J r c r )  ^ n  r t f  l \  v l r  w l r ! v l r  _  
o

n r t r \ , . - i  q o l r r  w e  C O n S t f U C t  t h e  . a ' l  r r p l ^ r r a q  A  t O g e t h e r  W i t h  S O m e  f  i n i l e
} / l e e r J u l J  v Y L  v v r r u  . . n  

. )

n r o i o c f  i o n s  e , , € M  s o  t h a t  i f  w e  c o n s i d e r  M  a s  a c t i n g  e n  L ' ( M r f )
t  - " J  " n

. )
then  the  compress ions  o f  5o lo . ,  to  a l .  spaces  %" ;  CL ' (M, ' f  )  a re



spat ia t ly  isomorphic  to  a sequence of  der lvat ions

.n such a way that  the

der ivat ions 8 r ,  n . f r tve more and more l ike ad P 
"  

and moreover
H Z

so that  by the cont inu i ty  resul t  the l imi t  tU nn,  fo l lows so-

-no rm ic  con t j -nuous .  Th i s  i s  eas i l y  seeh to  be  a  con t rad i c t i on .

We ment ion that  the construct ion of  the f in i te  pro ject ions * r ,

wh ich  doesn ' t  aopear  i n  l l f ,  i s  essen t i a l .  he re  and  ca r ry

most  of  the technj -ca l  d i f f icu l t ies of  pass i { Ig  f rom the case

rr r=Bt f l t  to  the genera l  case.  Moreover  the considerat ion of  * r ,

can be used to s l ight ly  s impl i fy  the proof  o f  the case MJBqt)

i n  [ 7 ] .



2. SOi'IE PRELII4INARIES

2 .1 .  Le t  M  be  a  semj - f i n i t e  von  Neumann  a lgeb ra  w i th  a

f  ixed normal  semi f  in i te  fa i th fu l  t race f  ana assume t r t  and rP

a re  so  tha t  a  p ro jec t i - on  eeM i s  f i n i t e  i f  and  on l y  i f  f ( e )<o" .

l4oreover  a 'ssume that  for  any min imal  pro ject ion e€M, f  (e l4 f  .

D e n o t e  M r = { x € M l  f ( * * * ) < o o J a n d ,  f o r  x € M  ,  l l x l l e  =  - f 1 x * x ) 1 / 2 .-  (  L -  - r

Le t  HO be  the  H i l be r t  space  comp le t i on  o f  M4  in

is  a l inear  bounded operator  act ing on

denote bv

the norm ll l tf

n{ then we

111 rt l t  -uop{ l f  txlt l  { "er'r* , [ i  " l l  
< 1 , l l  xl lq a 1]

This norm wi l l  p lay an impor tant  ro le  in  the sequel .  Note that

l f l  r  l l l  <  l {  t l l  and that  the equal i ty  ho l -ds. i f  t {  is  the a lgebra

o f  a l l  l i nea r  bounded  ope ra to rs  on  a  H i l . be r t  space  bu t  f a i l s

i f  M  i s  nona tomic .

2.2, .  Let  J( l '4)  be the norm c- losed two s ided ideal  o f  i : ' {

generated by the f in i te  pro jecLions of  
.14.  

T.hus an e lement  xeM

i s  i n  J ( M )  i f  a n d  o n l y  i f  a l l  t h e  s p e c t r a l  p r o j e c t i o n s  E  
J t , * 1  

( { * [

o f  l x l  co r respond ing  to  i n te rva l s  f t , oo ;  w i th  t )0  a re  f i n i t e

pro ject i -ons r  or  equiva lent ly  f  (E 
[ t  p"  )  

(  lx l  )<  o"  .

l { o te  tha t  i f  i ' I =B(H)  then  J (M)  i s  j us t  t he  . i dea l  o f  compac t

operators on f i

2 .3 .  Le t  R€J (M)  and  { ' u r r } r , u *  
.  sequence  o f  mu tua l l y  o r tho -

gonal  pro ject ions in  M.  r f  M+(} f )  then i t  fo l lows that  l f l fe* l l -+0

and  l l e . ^ t< l l n - - *0 .  I n  genera l  Lh i s  i s  no  l onger  t rue  bu t  s t i l l  we' n

h a v e t t l K e . . 1 l l " - . - 0 , 1 i l " . t < 1 | [ r - - l 0 . I n d e e d , t o p r ' o V e t h i s , s i n c e) r ,  ' - n  " '  n



k is  a  l ine 'ar

we may assume

f  (e )  <  oo  and

) . "=  l l e - e  l l  o  =  I ( e
l r  I

4:
combinat ion of  fbur posi t ive elements in

k  i s  p o s i t i v e .  L e L  E  7 0  a n d  a : E r  t 1 '
'  1  

"= '  l r /2  , * )  
(K) '

. a 1
s r -nce  {e  r  rends  weak lv  to  ze ro ,  t {ee  l l

.  L  n J  r l - - n t l f

ene)  r - -+0 .  But  i f  xeMg ,  t l  x l l4 '  4  1 ,  t l x l l

J ( t { ) ,

then

=

z- 1 then

l l re,.x ll, < l[Keerrx llf . tlk ( 1 -e) enx llf *

l l  r < l l  t l  x l l  r l  ee , r l l r +  f t r c t r - . ) l l  l l  . r , * t t * e  nK i l l t  ee , ,

_z !. independently

l l l  €  0 .

l l  + e / )r t ^  ,'{
I

or  x  anoso thaL if  n is biq enough {l  t<e'

thus ll l tcerrll l * o. simj-lary tl l

.. 11^  
" f

e K
t l

i, 
z.

i:

;
i
I

;

2.4.  Another  feature of  the norm f l l  t { l  j -s  that  in  the

Ca lk in  a lgeb ra  M/J  (M)  i t  g i ves  the  same no rm as  does  the  usua l

uni form norm. I {ore prec ise}y we have for  any xe l4

[  , ,  {  t , r  r r  l r lr -nr  l  r rx+t<i l  l  k€J(M)1=inf  {  i l  x+rc l l t  I  re.r (M)}  .

To prove this we only need to show that i f  veM and e >0 then

there exists I{eJ (}4) such that l l  y*t< tl < l l l  V l lt + $ .

s o  l e t  . t = u  ( t , o " )  (  l v l  )  a n d  t o = i n f  l t ' r o  
I  l t e a ) < o "  ]  .

N o t e  t h a t  f o r  a n v  L 7 , 0 ,  t l  y ( f  - e a )  l l  <  t .  L e t  K = - Y e a  + E / z :  T h e n
" o '  - '

I {e l (M)  and l i  y+rc t l  =  l t  v (1 -e  r l l  ' (  +
t o * t , 1 2 \ l \  1  t o *  e / 2 .  s i n c e  t , e r o  g 1 2 )  = ^ '

there  ex is ts  a  p ro jec t ion  e , . , -4  e*  -  r i r ,  such  tha t  f (eo)<1.  Then
-o

l l l  v t l l  7 7  i [ y e o l l T > ,  L o - e / 2  s o . t h a L  i i l y l l l  7  ( t o *  E / 2 1 - t 7 l l v + k t l  - ? . '

2.5.  S ince the norm { l l  l l l  is  a  supremum^ of  vector  norms

i t  i s  i n fe r i o r  semicon t i nuous .w i th  respec t  t o  t he  weak  ope ra to r

topotoglz .  Indeed i f  f . . ,  tends in  the weak operator  topology to

r  then . l l r i , i l  <  I im.  sup t t  r i l  l [  so that
I



:;'u"i--,ri

7 -

tr
t l l  r l l l  = s u p  

{ t t  , 1 i l  l ! e  M ,  f  t { * g  t 4 r ,  l l E l i  4  1 !  4

l i m . s u p ( s u e { 1 1 t r { [  l { . t , f ( 5 . 1  t l 1  , l l { l l  <  $ l  =
i

=1im sup l l l t .  l l l- - " ,  -  - - t -  r ' l -  i  
n I

l-

2 .6  .  We  now p rove  a  ve rs  j - on  o f  Johnson  and  Par ro t t  t r i ck

-  ? ' r - 1
i n  L i l ,

n  e ^ a  t l  t l  
1

l l f r f  l [  
"= "=  

t l  r  l l  
" "=  

J  con ta ins  no  m in ima l  p ro jec t i ons  o f  A .

Then there ex is ts  a sequence of  mutual ty  or thogonal  pro-

' i e c t i o n s  { *  }  i n  N  q r r r : h  t h a t
L 

-nJ

l l l  e , r re '  l l l  > [ l  r  l l  
" . " /2,

Proo f  .  Le t?  n .  a  max ima l  cha in  i n  f  ana  l e t  f o= in f  ?  -

-  f A  ' ^  -  - - r - r - ^ 1
S u p p o s e  f o a F .  S i n c e ' J '  h a s  n o  m j - n i m a l  p r o j e c t i o n s  o f  N ,  t h e r e

ex i s t  nonze ro  mu tua l l y  o r thogona l  P ro jec t i ons  f1 , f ,  i n  A

. . " i  #h  +  =F  - r - f  -  S i  nce  [ t , f  . l  g . f  ( f ' f  )  f  o r  t=1  ,2  we  havew I L f r  t O - t  
1 ' - 2 .  

u t r r r v e  
L .  r - l _ a

which  cont rad ic ts  the  max imal iLy  o f  ? .  Thus  f  ̂ dg  so  tha t
o 1

. [ l t o r f o l l  
" = "  

a i l r { {  
e s s .  

T h e n  t h e  c h a i n  ? ' = { t - t o l f  e f  }  d e c r e a s e s

to  0  and s ince

LEMMA. Let NeM be a von Neumann subalgebra and T€M such

t h a t  [ t , * ] € J ( M )  a n d  r € J ( ] 4 )  .  s u p p o s e  t h e  s e t  9 = { r e  g t N t  I  i

[ - r \ es ,  =  ! l  r o r r o [  . r "= * . *  {  t ]  , , , r f  1 l l  ess  ,  l l  t r r t z l l  . " "  } '  " . '

m a x  {  l l  t t - f o ) r  ( f  - f o )  l l  e s s  ,  l [  f o r r o l l  
" = J  

=  [ t  l l  . " =  t



* ' B  -

we have  tha t  l \  t ' t r ' l l  . u==  1 | r  l l  u r "  f o r  any  f  i n  ?  ' .

'  I r le can now construct  recurslvely the required sequence

. L f J r , * , o .  A s s u m e  f  i ,  . .  .  , f , l  a r e  n  p r o j e c t j - o n s  i n  ? '  w i t h

l l l  ( f  ' - f  ' - 1 ) r ( f i - f i - l ) l l l  >  l l  r  l l  . = = h ,  n l k > 1 .  s i n c e  T '  i s  a

cha in  decreas ing  to  zera ,  by  the  in fe r io r  semicont inu i ty  o f

the norm l l l  l l t  i t  foLlows that there exists a project ion

f  |  -  e ? '  w i t h  + t  . / € t  c " n h  t h a t
n +  |  .  t n + 1 = t n  r u u r r

l l t  t r ; - r ' * 1 ) r ( r ' - r ; + 1 ) l l l  > l l t  r ; r r ' l l l  / 2

Bur by 2.4 l l l  r : rr :  t l l  v l l  t j r r :  l l  ̂ ^^= t l r  t t  ̂ ^-  .  rhus'  n  n '  n  n  e s s  e s s

l l l  t r '  - r , l * r  )  r  ( r ; - r ;+1 )  l l l

Q . E .  D .

.  2 .7 .  Le t  now |1  be  an  a rb i t ra r l z  semi f i n i t e  von  Neumann

a lgeb ra  and  NSM a  weak ly  c losed  *=subd lgeb ra  o f  i t .  Le t

6 :N  t - -+J (M)  be  a  de r i va t i on .  By  L t l  6 i=  no rm con t i nuous  and  by

[e . ]  i t  i s  weak ly  con t i nuos .  Le t  p  be  the  un i t  o f  N  and

r < =  J ( p ) p - p ! ( p ) € J  ( M )  .  r h e n  K p - p ( = 5 t p t  p - z p 5 ( p ) p * p 3 ( p )  =

=  ( S ( p ) - p S t p l  l - ( 2 5 ( p 2 ) p - 2 5 ( p ) p 2 ) * p S  ( p ) = J ( p )  s o  t h a t

( S - r d  t < )  ( p )  + O  ' ;  a n d  d - " d  1 { )  ( x 1 = 1 f , - a d  l < )  ( p x p ) = p ( 8 - a d  K )  ( x ) p

which shows that  5  -ad k  takes va lues in  p}4p.

This  shows that  in  order  to  prove the theorem 1.1 we may

assume the weakly  c losed *-subalgebra N€M has the same r r r r j - t  o= M'
t

i . e .  N  i ' s  a  von  Neumann  suba lgeb ra  o f  M .  The re fo re  i n  a l l  t he

rac+  n f  +ha  n3pg1 . . t he  suba lgeb ra  N  w i l l  be  cons ide red  to  haveI  E D  U  V !  U l l E  y  r Y U v !  s  ! r

t he  same un i t  as  M.

\

2.8 .  Le t  {n rJ r . ,  
be  a  fami lv  o f  mutua. l l y  o r thogona l  p ro-

i e r : t i o n s  i n  t h e  c e n t e r  o f  M  w i t h F n r = t .  A s s u m e  t h a t  f o r  e a c h
I -

i  t h e r e  e x i s t s  K i € J ( l { ) 0 - =  J ( t 4 p , )  s u c h  t h a t  5 ( * ) p i = . d  K r ( x )
' " l  1 1



I

f o r  a l l  x e  N "  T h e n  K = Z ,  k . ,  i s  i n  J ( M )  a n d  5  = a a  K  o n  N .
i € I  

I

s ince in  a semi f in j - te  von Neumann a lgebra M there ex is t

m u t u a l l y  o r t h o g o n a l  c e n t r a l  p r o j e c t i o n s  p .  w i t h  Z p . = 1  s u c h- r  - ' ' l

that  each M.  has a normal  semi f in i te  fa i th iu l  t race + .  wi th
P i  b  ' i  " - - - -

"  " a  " p r o j e c t i o n  
f  € M ^ ,  i s  f i n i t e  i f  4 n d  p n l r z  ' i  f  - p  / f  )  4 o o  a n d- - - - P i  r i ' - '

i f  f  i s  min ima l  the .n  f i  t f  )  €  1" ,  i t  fo l - lows by  the  preced. ing
. i s  r

obse.rvat ion that  iDGuf f ic ient  to  prove theorem 1.1 for  each

M ^  ,  i . e .  u n d e r  t h e  a s s u m p t i o n s  o f  2 . 1 .

r '

2 . g .  L e t  N ^ c  N  b e  a  f i n i t e  d i m e n s i o n a l  v o n  N e u m a n n  s u b -o -

a lgebra of  N,  6 l to  the uni tary  compact  group of  No and X

the normal ized Haar  measure or  'Uo.

T h e n  K =  ( 5 t , r l , i a \ ( o ) e  J ( M )  s a t i s f i e s  f b r  a n v  u  e c U - :
J  

- .  t  ' ,  - v  \ r r ,  * o  -  - 6 -

Kuo-uoK= f  5 ,u )uouoa\ (u )  -J "o3(u)  u*d \ (u )  =

= 
J5(u)  

(u lu )  *u \ ( , r ) -  
( " "S(u)  u*d \ (u )  =

= f i tuou) u*d \ (u)  -  
5" .5 (u)  u*d \ (u)  =

Thus  t8 -aax l  ( *o )=0  fo r  anY  xo€No .  rn  pa r t i - cu la r  t h i s

shows that  i f  N is  a  f in i te  d i rect  sum, then to  prove f  .  i

for  NcM i t  is  suf f ic ient  Lo p. rove i t  for  each summand.

= 5( ro l  [a \ (u )  * (uoE( . . r )  ' . r *u \ ( , r l - ! "o5(u ]undX, r )  =  $  t , - .o l

3. THE ATOMIC ABBLIAN CASB

In th is  sect ion we prove the theorem in the case N is

isomorphic  to  the a lg 'ebra 1*( f  )  for  a  set  f  o f  arb i t rary

c a r d i n a l i t y .

To  do  th i s  l e t  . l ' " *1  . , . -  be  the  m in ima l  p ro jec t i ons  o f
L  l J  ] e l .
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;= l*(r)  and nore

..-, .
r,..,,{.ffii

f i r s t  tha t  the  ser ies X  5 ( e . ,  )  e ,  i s
:  ? - T
r ! f

the sequence

convergent

ig: bound-in the strong operator topology. Indeed.,

e d  b e c a u s e  i f  €  l e . l  ,  - -  t h e n
" 1 r " 2 r . . . r O n  L  f J a e l

n n
( * )  

= A { " o ) e u = . *  \  r o Z r  S  ( e o ) e ,  d \ ( z ) =
k = 1 -  

r t  ^  
k r 1  = 1 t J  l !

:

n
z . r , a . r - )  ( I Z , e ,  ) d X z )  ,

A  I t  1 _ 1  I  I
L I

( "= \ b
n(x

k = 1

where I  is  the normal ized Harr"measure on the thorus T 'n and

z = ( z 1 , z 2 t . . . r z r r ) €  U l  r  s o  t h a t

n
l l  r - t -
l l  >  h ( e . ) e .t t  * v  K -  K

L - l

Now i f  M  i s
? h  t  D n

N  , 9  € ? L  a n d  e  > o
I f v

t h a r  l l  5  - ( z ]  u i ) i
i€ Io

J  A r  = 6  w e  h a v eo '  o

n S . - l \

l \  Z- b (e_, )e_, t
'  i € J  J  J '

. o

\-'_-1 F

that  I_  b  (e ,  )  er (
i e I ,  

!

X  5 ( e ,  )  e . ,  .  s i n c e
I I

l-q l-
I

{ - r f
(  &  b ( e .  ) e .  ) e .  = b ( e *  ) " *  w e  h a v e' i e T r r - o - o t o

n
c

z v e k )  ( r ,  7 r " r )  [ i  d \ t r t  t  1 1  )  \ .
A ^ I I

l - =  |

resen ted

exis t .s  a

hus for

, t l ' n

l l  < \tl5t.t,
K = l

normal ly  rep

then there

I l .  e and t

on  some H i l be r t  space

f i n i t e  se t  I oC  I  such

any f in i te  set  JoeI  wi th

l l c e t t E t l.  l l  r  Z  &  ( " . ) e r )  ( Z  . , ) {  l l  =  e t l 5 l l
l 6 J o  

J  r  i € r o +

which shows

Le t  T=

i s  convergenL fo r  any . le f { .

d j -s  a der ivat ion and

r . i  -e  .  r=  5{ . i  )  e i  -  
I_" ,  5  t "  .  ) .e i=

' O O O O I - e I O

=E.( " i  )  " i_  
-  
Xr6, " ro" r )  e i * t te io ,  

Fr" ,  
=

*o i€

= 5 ( e j _  ) e i  - 5 ( " i _  ) e i  * E ( " i _  ) = f , { e ,  ) .



Since both f, and ad T are
^ (  1span oJ-  tu iJ i . f  is  weaklv

5 = a n  T  o n  N .

We show that  T is  in Suppose TdJ (y)  .  Denote by

f l -  t l  1l ( r  
" e s s J '

P ={t uft*r

Then p contains no min ima l  p ro jec t i ons  o f  N .  I ndeed ,  because

,  f o r  a n y  L ,  e . T e . = 0 .  T h u s  b v  L e m m a  2 . 6 ,

the re  ex i s t s  a  sequence  o f  mu tua l r v  o r thogona l  p ro jec t i ons
r -  1
| +  Y  . i -  a r  ^ - - - r -
t rnJ ne* r-n N such that

l l l  r , rrr , r i l t  > l l  r  l [ """ /2 >0.

semicontinuity of the norm ll l

i s  the  sum o f  a  f in i te  se t

N . " B u t  b y  ( * )  w e  h a v e

T f ' . , =  ) 1 .  5 ( . u ) e ,r r  
i € J  

-  
J  l- n

:  z . e r l
i € J 4 4

n

i 1

1.,$,",o,

weaklv

dense

J ( M ) .

cont inuous

in  N= 1* ( r  )

\JT I

i r

l {  and the l_ inear

fo l lows that

l l  rrr l i  
""==

b1z the def in i t ion of  T

we may

J n q J

er io r

ion f
n

n s  i n

e  i n f

o j  e c t

ec t l o

/1

=  \ . \ (
l v

l4oreover ,  by th

assume each pr

of  min imal  pro j

( z
- ieJ
- n

T r e r ) d  \ ( r l  ,

so that

tl
t
t

. \
v Z j" j) rr, i l l  a\h) > l/lr;r" lil 7 l l . r '  l l  /1r r  *  ' ,ess / . "

tll r,,5r

which impl ies

X  z . e , ) ( I' u J n  j e J n

that for some

11[ r,.5tu,r)ufir,, l l l >t\r l l 
"u"/z

n o w  u = X r - .  T h e n ,  f o r  e a c h  n ,
ne}tr "

t, 3 (u) u*frr=frr5 ( t ̂ ,,r) qf,r-fn 5( fn ) t =r,.,5( ufr ) %f'

so that

ora= Z
ieJ

' i t i  ,

n

T a t
! g L
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rr t  rr t  -  
t \ : '

l l l  f r ,5(u)u*f ,r l l l  = l l l  f , . ,St"; l " , rr , r l l l l t r  11 
""" /z

a ,
b ( u )  u *  i s  i n  J ( M )  ,  b y  L e m m a  2 . 3  t h i s  i s  a  c o n t r a -

b (e r )e ,  i s  i n  J ( l ' { )  ,  and  the  case  t r t=  1 * ( I )  i s  so l ved .

v

Since

( I rc t r_on.

Thus r
r - a

4.  THE CONTTNU]TY RESULT

For  the  nex t  resu l t  we  assume NgM i s  a  f i n i t e  von ,Neumann

a l g e b r a  w i t h  a  n o r m a l  f a i t h f u l  f i n i t e  t r a c e  E  |  6 ( 1 1 = 1 .  t r { e

d e n o t e  b v  l [ x  i l  
" - [ ( x * x  

1 1 / z  ,  x  €  N .
z

4

4 . 1 .  P R O P O S I T I O N .  L e t  E , N * J ( M )  b e  a  d e r i v a t i o n .  r h e n  $

is  cont inuous f rom the unj - t  ba l l  o f  N wi th ' the s t rong operator

topology into J (){) with the norm tl l  l l (

PROOF. We.  f i rs t  prove that  L f  . l f  1n.l n€lN l-s

pro ject ions in  M wi th  af fn)  r - - - - lo  then l l l  t t t r r i l i l

Ut  E t fn)  l l l  d .oes not  converge to  0.  By tak ing

necessary,  we mav assume t t l  t  t r r r t  t l l  
'> /  c  z0 for

t a ( f n ) < o .  L e t  9 n  b e  t h e  s u o r e m u m  o f  { t o J k z n .

6(gn )a . lZ ( fO)  tends  to  ze to  w i th  n .  Deno te  by  n r r r *  
"n .  

suppor t
K 7 n

of  f *9r r f * .  Then Srr#f*  and or ,*  is  major ized b1z 9r ,  and thus e

b e i n g  a  t r a c e ,  Z ( s r r * )  1 ? ( g n )  = "  
. O ,  f o r  e a c h  m .  s i n c e  t g J , . u 0 {

is  decreasi rg,  { f  , rg . , fJ  , ,u00 is  decreasing so that  {  
t r r * ] r r **  is

decreasing for  each m.  Thus t f * - t r r *J 'un increases to  f *  so

tha t  
{6 t t * - s , r * ) } r , "w  

i ;  weak l v  conve rgen t  t o  5  t r * )  .  By  the

j -nfer ior  semicont inu i t lz  o f  the norm { l l  f l l  (c f  .  2 .51 ' ,  i t  fo l lows

A
that  for  a  f ixed m i f  n  is  b ig  enough l l1" -b( fm-Snm) l l l  V c /2.

a sequence of

r--+ 0. Suopose

a subsequence i f

a l l  n  and

't'nen
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F

we may  thus  qe t  by  i nduc t i on  an  i nc reas ing  sequence  o f

i n t e q e r s  n - , n 2 t . . .  s u c h  i - h a t  t h e  p r o j e c t i o n s  h , - - f *  - , g *_  |  
.  

z .  , :  _  r  v v  e r v r r o  , . k _ _  
.  n k  

o r u * 1  
,  n k

sa t r - s ry  r { r  b (hk )  i l r  t t  c /2 .  These  p ro  j ec t i ons  a l_so  sa t i s f y

6 ( h u ) < Z ( f ^  )  - ; . >  O .  Dr t  r rk  K

"  Moreover  s lnce hu( f . ,  and s- -  -  is  the supoor t  o f'  J t  t t k  t k * 1  t t k

f rn 9,"  f -  ,  by the def ini t ion of h,- .  we crot-t rk  
. r ,k *  1  

, rk  - ' k  Y  v  u

nonro*,  hk=hkfrrkgrk* 
1 

f roht€ho=ru*,  
, r ruhk=0 -

Thus h, -9-  =0,  in  par t icu lar  h ,_f  .  f .or  IVk+1 and soK " n ; q + 1  - - k - I

hkhL-0  wh ich  means  tha t  h r  a re  a l l  mu tua l l y  o r thogona l_  p ro jec -

t j - ons .  s ince  we  a rso  have  t t l  S  thk ) l l l  z  c /2  we  ob ta in  a  con t ra *

d i c t i o n ,  b y  t h e  a t o m i c  a b e l i a n  c a s e  t  ! l f  a n d  2 . 3 .

Now we  t . u r3  to  the  c rene ra r  case .  s ince  i l  i l ,  i nduces ' t he

st rong operator  topology.  on the uni t  bar l  o f  I4r  w€ have to  show

that  i f  ( * . r ) r ,  is  a  bounded sequence in  ] {  wi th  I  x*  l l  2-0 then

l l l5 txr . )  l l l  r - * -> 0.  r t  is  crear  that  we only  need to r : rove th is
. and tt"I:1!5-!

impl icat ion in  the case 
" r ,  

are se l fad jo in t -  e lemei t i l . - , t tor"over ,

- r - ^ ^  l t  i  r  l l  t t  , t  d  , rs ince  l t  [ x r r l  l l  2=  [x '  l l  2 ,  i t  fo l ]_ows,  thar  i f  11  
" , " ,11  2n> 0  rhen

l l , i ll l  ( x r r ) *  l l  ,  r+o  and l [  t " , r ) -  I  z  F- - - r0 r  so  rha t  i r  i s  su f f j -c ienr

to prove that if *r, are positive elements 
."nd i l 

"r, 
l l  Zr:+ 0

(equ iva len t lv  Z(x r . ) r - - - "0 )  then t { i  t f " , r ) l l l  ' -+  0 .

L e t  * r r = 2 2 - m e n . b e  t h e  d i a d i c  d e c o m p o s i t i o n  q f  x ^ .  r t
m'V1 

rtr - n

f o l l o rvs  tha t  6 ( "n )  * ; -0  fo r  each  m) .1  .  Le t  A>0  and  mo)1  so
-lTI

t ha t  2  o le /2  
Then  by  the  f i r s t  pa r t  o f  t he  p roo f

there ex isrs  ro  such rhar  for  n7no,  l ( t  5 t " f t1  l l t  <  P- /z  for  any
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m€mo.  Thus ,  f o r  n )no  we
m

r i i (  r , '  ) l l l  4 Xr-*l r r  o  \ ^ n  
* _ .

,  ^ . .  i * " - *1

l l  t r i i  2 .  2 -m1E
m>m

Q " B . D .

The above cont inu i ty  resul t  wi l l  enable us to  reduce the

theorem tg ryore t ractable s- i - tuat ions and to  prove i t  in  seve-

ra l  cases .  We w i l l  ac tua l l y  use  the  fo l l ow ing  conseguence  o f

A 1

+ r ^ 7  r "  ,  l
4 . 2 .  C O R O L L A R Y .  L e t  K c = c o "  i b ( u ) u *  I u  u n i t a r y  e l e m e n t  i n  N J .

Assume N is  f in i te  and countabl -y  decomposable and denote by &

a  n o r m a l  f i n i t e  f a i t h f u l  t r a c e  o n  i t ,  6 ( 1 ) = 1 .  G i v e n  f t > O  t h e r e

ex i s t s  c r .  >0  such  tha t  i f  x€ -N ,  [ l x l l *  l ,  i l  x  l l  , ( "<  then

f l l  rx l l l  A p and l l l  
"r  

l l l< p f  or a 1I I€Kg

PROOF. By the preceding proposi t j -on there ex j -s ts  * {  >0

such that  l l  y l l  <  1 ,  t t  v  l [  2<4 impl res { l t  6(v) l l l  "1  b t l .  s ince

$(u )  u *y=  5 (v l - " . \ ( r r * y )  and  I l  u *y  |  2=  l i v  l [  z  i t  f o l l ows  tha t

4 li iEtvr l l{ l l l  i  tu*vl  l [  , ._ 2p/z

ge t

{ll tt"ffr tli

for  any uni tary  e lement  u in  I t { . .  Tak ing convex comblnat ion,s

a ld  s j -nce  the  no rm i l {  l l i  i s  weak  i n fe r : i o r ' semicon t i nuous .we

s e t  i t l r y l l <  P  f o r  a l l  r € l i E . S i m i l a r y  [ ] y r i t  <  F  .  
e . b _ . D .

A c t u a l l y  4 . 1  a n d  4 . 2  w i l l  b e ' u s e d  t h r o u g h  t h e  . f o l ] - o w i n g
technica l  resul t  which roughly  shows that  whenever there

e x i s t s  T e K S  ( d e f  i n e d  a s  i n  4 . 2 \  w i t h  a d  T =  5  t h e n  T G J ( M )  .

4 .3 .  pROPOSIT ION.  Le t  NeM be  a  f  i n i t e  von  Neuma l ln  a lqeb ra

a n d  . )  F . \ * . - e  Z ( N )  a  p a r t i t i o n  o f  t h e  u n i t y  w i t h  c e n t r a l  p r o j e c -
|  !  a J I e I

t i ons  o f  N  such  tha t  N r r .  i s  o f  coun tab le  t ype  fo r  a l l  i .

A s s u m e  t h e  d e r i v a t i o r , '  
t  

5  : N  r - + J ( M )  s a t i s f i e s  5  ( p . ,  )  = 0 "  I f

TeKr  i s  such  tha t  ad  T=  5  then  e i t he r
o

t l l  I  tu) u*y l l t

9={"  e Stul  \  l lere l l  
"="= 

l i r  l i 1
e s s  d

of* I  . - '  T€J (M) .con ta ins  no  m j -n ima l -  p ro rec t i ons  o f  N
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PROOF.  Suppose  r l  t  l l  ̂ oo )0  anO S  f ras  no  m j -n ima t  p ro jec t i ons
- : o

of  N.  By  2 .6  there  ex is ts  a  seguence o f  mutua l l y  o r thc igona l

project ions {un]r . .^  in N such t .hat  t l l r  e* l i l  > i l  r  l l  . r=/  z,  'n7,1 .

R w  f h e  ' i n f a r i s s  s e m i c o n t i n u i t y  o f  t h e  n o r m  t l i  t l t  f o r  e a c h  n  w eu !  u J  v !  L r r g  f  I l

can f ind pro ject ion p_ in  t i re  von Neumann a lgebra generated- n
' (  

1 .
by  l p i l i u ,  such  tha t  No  i s  coun tab l y  decomposab le  and

l l l r e  p  l l l  z  t l r  l l  / 2 .-  n -  n  " '  ' '  ess '

Let p be the supremum of the seguence'" [ .nrr lneN. Then p

be longs  t "  {p r l ,  (so  tha t  f , (p )  =o)  and No is  countab iy  decompo-

sable.  Hence we obta. i -n that

( n )  t \ t r e - p l l l  > t t r [  / 2 .n I  "  "  e s s '

Let  6p  be  a  normal  fa i th fu l  -  f in i te  t race  on  Nnr  so  tha t

t l  pen [ l r ,  converges  to  zero .  r f  we cons ider  the  der iva t ion  E '

i  nr : l  r r r .or l  hrr  C ^n T$ * .  l - ra-  1-r r ruqusu r ry  o  on  Nnr .  then by  the  preced ing  cor ro rdry ,  and s ince

obviously  Tp € KUr ,  i t  f  o l lows that  l l t  Terrn i l t  =  f i  ree '  l l l

a f s o  c o n v e r g e s  t o  0 ,  w h i c h  c o n t r a d j - c t s  ( * ) .

'  
O . E . D .

we end th is  sect ion by prov ing a usefur  converse to  the

p reced ing  p ropos j - t i on .  No te  tha t  t he  p roo f  doesn ' t  use  the  con -

t i n u i t y  r e s u l t  4 . 1  .

4 .4 .  LBMMA.  Le t  N  be  an  a rb i t ra ry  von  Neumann  suba lgeb ra

o f  M  a n d  5  ' N  F I J ( 1 4 )  a  d e r l v a t i o n .  I f  t h e r e  e x i s t s  K G J ( l { )  . s u c h

'  t ha t  5  =ad  K  the re  ex i s t s  T  e  K (  such  tha t  S  =ad  T .

PROOF.  Assume f i r s t  t ha t  f (X*X)<  Do  Le t

-\^7 i
C=6* t rnr r*  lu  un i tary  e lement  in  N J  .
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Then tt V lt,

convex subset of  M. By the infer ior :  semicont inui ty of  the norm

t{ l l i i t  fo l lows that there exists a unique element yo€C with

l l  yo  l t f  s  t iV  t l f  fo r  a l l -  y€C.  S ince  . ryo t€C and l t r ryoro t l f  =  t [  Vo i l l

i t  fo l lows that uyou*=yo for al l  uni tary elements u{:N. Thu-s

y o € c o N ' .  
l

Le t ' s  show now tha t  a lso  fo r  a rb i t ra ry  K ,  there  ex is ts

some yo€CnN'.  Let  K,.  be a sequence in J(M) wi th f (Kf ;Krr)<-, :o,

t l  x '  i l  < t lK i (  and \ i  K-Kn t l  - )  o.  Let

uKrru* [ u unitary element in N J

and  y .  €  C-nNr .  Le t  y  be  a  weak
n '

bounded in  the uni form norm by

s ince l l  X-X* l l  * -o9,  by the weakn

un i fo rm no rmr  y€C.

Now-deno te  by  T=K-y .  Then  K -ye  x -C=6o t {K -u*Ku lu  un i ta r l z

e lemen t  i n  N1=Kc  and  moreove r ,  s i nce  y€ -N ' ,  dd  T=ad  K=  6  .v r v r r l v *  
b  " - - '  t - - -  

e . E . D .

5. THE TYPE I AND PROPERLY INFINITE CASES

-  . t . t  r

C  = c o " ]
N L

' l  i m i r  n n i n r  n f  { v  }  ( w h i c h  i sr r l t t 4 u  y v . t r r u  v "
.  L  I I  J I I

l t  t t l l  ) .  T h e n .  c l e a r l y  y € N r  a n d

in fer i -or  semicont inu i tv o f t-he

We

Neumann

of the
f - l

u n i t v  l p . l  .  - -  i n-  L -  l -J  l_c ' l

tably decomposable for  each i .  B

K o  € J ( M )  s u c h  t h a t  ( s - A d  K o )  ( p r )

r q clrma {-1r;r 1- I  '  , ' r ,  trq o r  u r L l u  u r r u  u  u  V a n l - S n e s  O n  
l i u  i l  i e

.  The uni tary  grogp of  N has

t h a t  Q , L " = N . '  .  L e t  r -

theorem when N is  a f in i te  type I  von

i s  f i n i t e ,  t he re  ex i s t s  a  pa r t i t i on

the center  o f  N such that  N is  coun*

element

may

f i rs t  prove the

a lgeb ra .  S  j -nce  N

p .

v  9 1  f h e r e  e x i s t s  a n. :  a "

= Q  f o r  a l l  i .  T h u s  w e

I .

an 'amenab le  subgroup

n ^
\  6 ( u ) u * d p  ( u )  w h e r e

cU- such

. ,  . :  ̂p -L D d.rr.
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.:":;
i -nvar* iant  mean of  4 l  and the fn tegra l  has the usual  s ign i f iance

( s e e  e " g .  | - e . J ]  
. ' . "  

T h e n  o b v i o u s l y . T € K 5  a n d  ' . :

. : -  ,  r r  
. : . '  

. -  ,  by  the  same compu l -a t i ons  as  i n  2 "9  we  have

Tu -u 1,= ' !  ( r . r  ) .  [o*r  &n ' t  l ro  € 'LL 
'

^ * o  * o *  v  \ ! . o /  t  t  q l

Since both !  and ad T are iveakly  cont inuous and N j -s

the c losecl  l inear  span of  , !1  ,  i t  fo l lor tzs that  E =ad t  on N.v i I

.  By  2 .9  we  can  now cons ide r  sepa ra te l y  t he  case  N  i s  comp le te l y

nona tomic  and  the  case  N  i s  a tom ic .

I n  t h e  f i r s t  c a s e ,  P r o p o s i L i o n  4 . 3  t r i v i a l l y  s h o w s  t h a t .

T € J  ( M )  .

In  the second case (when N is  atomic)  we malr  assume the

r 1p r o j e c t i o n s  
t p i j i n l  

a r e  t h e  a t o m s  o f  z ( N ) .  B u t  t h e n  t h e  i n t e -

I  c  ( ' '
q r a l  p ,  \  b  ( u ) u * d t L  ( u ) p . ,  =  

)  b ( u n r )  ( u p ,  )  * d p  ( u )  i s  n o r m  c o n v e r g e n t'  ' L  
J  

- l -  
l _  

-

( s i n c e  N _  i s  f  i n i t e  d i m e n s i o n a l )  a n d  t h u s  p * T p . 6  J ( I { )  .  H e n c e' h ' r l - a

i f  l |  e T e  l i  ̂ ^ - =  l i  T  l l  ^ ^ ^  > 0  f o r  s o m e  m i n i m a l  p r o j e c t i o n  e  o f  N ,, r  ' r  g s s  , ,  ' r  € s s

a n r l  n  i  s . t h e  e e n t r a l  s t t n o o r t  o f  e . ' f h e n  0 =  l l  r : T p  i l  > .q ^ l u  t ,  v ,  "  | (  } , * *  | t  e s s

7  [ l  e t e  l l  - - - >  0  a  c o n t p a 6 ] i s + ' i n n  r n l ' r i r c  ] - r r  4 . 3 ,  T e J ( l v i )  .
/  , t  , .  e S S  

v  c L  L / \ J l r L ! a L I I \ '  L I V I I '  r l r u D )  u J  1 . '  J  t  f , s U  \ r ' r ,  c

Assume now tha t  N  i s  p rope r l y  i n f i n i t e .  Then  N  and  M a re

, . a  )  - ^  )
i s o m o r p h i c  t o  N , ,  $ t  t i i  ( I "  @ \ l  a n d  M . ,  @ t J ( T  W l  )  r e s p e c t i v e l y ,

(where Nn C Mn are von Neumann algebras) ,  so that  the inclusj-on
. l  I

N C M  b e c o m e s  N t  , S  .  t t 2  ( y . \ l c u , ,  S  f l  ( I 2  t n l l .  N o t e  f  i r s t  t h a t  i f

the der ivat ion 5:N i -+J(M) vanishes on c t  e  ts  t f  W) )c i t t=
)

=Nt & lJ l  tS'  @) t  then given a uni tary u€N, @ ct  we have f  or
)

a n y  x e  c t M ,  6 , i 3  ( L ' v z ) l  ,
. l

5 ( , r ) *=  S  (ux)  =  5 l ( * , r )  =x  5  (u )  ,

so rhar 5 t , r t  € J (M) O (c,r  6)  5- l  {y2 tz)  )  ' f )M. 6G n2 G) )=J (M) n

n  ( t I .  &  c l ^ . , , ? . .  . .  ) -  o  -  T h u s  5  =  o  o n  N .'  r  r > r l  V ' l ) '  
v

1,vL 
g b

)Ld,
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From th is  i t  fo l lows that  to  prove the proper ly  in f in i te

c a s e  i t  i s  s u f f i c i e n t  t o  p r o v e  t h e  c a s e  w h e n  5  , n =  3 3 t t 2 ( 2 ) i  r - _ - + J ( M ) .

Le t  D  be  the  d iagona l  von  Neumann  suba lgeb ra  o f  S t12  tg l l

and L the von Neumann a lgebra grenerated by the b i la tera l  sh i f t

u .  Let  O (x)  =uxu* for  xoa D be t .he automorphism of  D inrp lem6nted

r
by  the  sh i f t  u .  By  b3  we  may  assume d  van ishes .on  D .  Then  fo r

t

any xGD we have

=$1,rn)c- - t  ( * ) r - t=5( . r * )  u-ncn (c- t  (x)  )  =5( . . t t ) r - t *  ,

which shows that  5  (nt )  u-neD'Ol , I  for  a l l  n€2.

Bu t  i f  we  take  T  to  be  a  (weak )  mean  (a f te r  n )  o f

n - n

[ ( l r t t ) r . t - t t  then T6D'AM and by the preceding proof  o f  the type r

c a s e

Thus ad T equals  $ on both D and L.  S ince 5 ana ad.  T are

weakly  cont inuous der ivat . ions i f  fo l lows that  b  =ad T on the

von Neumann a lgebra generated.  by D and L,  which is  eas i ly  seen

',
t o  b e ' $ (  ] ]  ( z \ ) .

6. SOME TECHNICAL RESULTS

. To prove the remain ing type I I1  case of  the theorem

we need some technica l  dev j -ces that  we prove bel low.

6 .1 .  LEMMA.  Le t  N  be  a  von  Neumann  a lgeb ra  w i thou t

atoms,  V a normal  fa i th fu l  s ta te on N and {* r - rJr ,  "  
seguence

o f  un i ta ry  e lemen ts  i n  N  such  tha t  Y f  * f  f  T -  0  f  o r  a l l  k /0 .

*5( r r* )  r - t=  5(* . r t )  o- t=  3( . r td t  (x)  )u-n=

5 i "=aa r  and r€J (M) .
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r , 1
Then there ex is t ,  un i tary  e lements . l " r - rJ '  in  N such th ; r t

\ - t ( v K )  = 0 ,  k l o ,  a n d  i l  w  - v  t {  - - - "  o .
n ' n n

P R O O F .  T h e  p r o o f  i s  t h e  s a m e  a s  t h e  p r o o f  o f  1 . 3  i . n  [ ; l

hr r f  \ ^7A  c r ' i  r r o  ' i 1 -  h r . r a  F r r \ / \ r /FV  fo r  t he  sake  o f  . comp le teness "
Y . r v v

Since  N  has  no  a toms  each  w , .  i s  con ta ined  i n  some d i f f use

abel ian von Neumann subalgebra AncN wi th  separable predual

and  (A . , ,  Y l ^  )  can  be  i den t i f  i ed  by  some measure  p rese rv ing

lwhere to  a cont inuous funct ion i t

f o l l ows  tha t  h , -  conve rge  un i fo rm ly  to  h ,  so  l -L ra t
n

l l  fo  - f  [ l  ->  o .  s ince  any  r im i t  po in t  o f  f t [ , /as shown to be
t ln

e o r n t  f o  f h e  i r l r - n i .  i t r z  f  .  ' i  t  f o l l o w s  t h a t  l l  f  - f  l l  * + 0 .
s Y u q !  L v  L r r u  r s v r r e r u J  - \ J : * - " *  ' r  - I 1  -  r l

Y

e

-L

V l .

re

i somorph ism f '  w i th  L - (T ' rp )  v rhe re  p  i s  t he  ' no rma l i zed  Lebesg

measure on the thorus [ ' .  Morover  f -  can be chosen so that' n

_ O  
a . - J L  a * . : 1 ^  / ! \

|  ( w  ) : t I : -  ,  w h e r e  f  ( e " " t t ) = u ' ' L r r r l ' I \ L /  f o r  s o m e  n o n d e c r e a s i n
n ' n '  n  n '

f r r n n { - - i n n  r ^  ' 1  ; n  i  T i , r z  } i o l l r z r q  e a l r . r - - | -  i o n  n r i  n r - ' i  n l c.  ! L t t r u L r v r r  n n :  L U  , l . l  n  L U ,  l J  .  . l f y  r . i c - L J - J  o  J e r u v u r v r r  y r r r r u r y r s

t he re  ex i s t s  a  subsequence  { f . . , -  1 -  t end ing  eve rywhere  to  som
"  h - J  l r

r  - 1  T  - 1  '  
2 h i t ,

n o n d s c r e a s i n g  f u n c t i o n  h : [ 0 ' 1 l t * > L 0 ' 1 . . J  "  T h u s ,  r f  f  ( e - ' " " ) -

2 ; r i h ( t )  t -  
' l

=e -  " * ' ^ \ - '  t hen  t f r .  I r - ,  t ends  eve rywhere  to  f  so  tha t  by
t l  

^  |  n
Lebesgue 's  theorem 

J t i l_Uu 
' * * rJ fod t i  fo r  a t t  P ,  wh ich  by  the

I I

h r z n o r h c q ' i  s  i m p l i e s  ( f p a u = 0  f  o r  p l A .  T h u s  ( n , t )  d u , =  ( U a u  f o
J -  r  )

l / - - 6 , ^
L a u r e a n t  p o l y n o m i a t s  q  s o  t h a t  l V f d u =  J V a u  f o r  a n y  g €  L ^ " ( T '

r n  n , a r r i c u t - a r  i f  w e  d e f  i n e  L r ( e z o t l l  =  
{  1  i :  

O < s < t  
,  w h e. : "  , 2 , _  

|  O  i f  t 4 s < 1

Z r : - L  (  - \ ,  (  f
z = e  ,  t h e n  w e  g e t  )  d \ ( s ) =  \ 9 " o f d p =  ( 9 , d u = t ,  \  b e i n g  t h e

I t ( 's l4t  )  L rJ

L e b e s g u e  m e a s u r e  o n  [ 0 , 1 ]  "  T h i s  i m p l i e s  h ( t 1 = 1  a n d  h e n c e  l

f  ( z ) = z  L s  t h e  i d e n t i t y  f u n c t i o n  o n  ' [ ' .  N o w ,  s i n c e  h f ,  a r e
n

1



2 0

^ - 1  /  n
we .can now take r r ,=  f  , .  

1  t i  i  .  s ince ! tpcu=g ,  Ytv l l  =o

for  a l l  p l0 .  Moreover  [ iwrr*vr .  l t  =  1 I f , r t t , . , ) -  f r r ( t ' l  l i  =

= ll r-f., [l --+ o-
.  

O . E . D .

6 .2 .  LEMMA"  10 .  Le t  Nc l4  be  a  von  Neumann  suba lgeb ra

s u c h  t h a t  N ' n M  c o n t a i n s  n o  f i n i t e  p r o j e c t i o n s  o f  M .  L e t  t . ) 0  a n d

.e ,  f  two  f i n i t e  p ro jec t i ons  o f  M .There  ex i s t s  a  un i ta ry  e lemenL

ueN such that  l (  fue t t -p  < A .  Moreover  i f  N is  abel ian then g iven

any  n )1  the re  ex i s t s  a  un i ta ry  e lemen t  u€N such  tha t  ( l t uke  i l *<  a

f o r  k f } ,  I  k l - <  n .

I
20 .  r f  N  i s  f i n i t e ,  M  i s  coun tab le  decomposab le  and  N ' f lM

conta ins no f in i te  pro ject ions of ,  M then there ex is ts  a maxj -mal

abe l i an  * - suba lgeb ra  AcN such  tha t  A 'nM con ta ins  no  f  i n i t e

p r o j e c t i o n s  o f  M .

PROOF.  1o .  Le t  f -  be  the  semi f i n i t e  f a i t h fu l  t r ace  on

? - n  
+  t f * .  1 , . ,  , - ) = Y + t x . ) .  D e n o t e  b yM - "  g i v e n  b y  , n .  K .  i K t  a n , k l ' , =  Z . t ( x k t  . .

Kn=E6w J  (1 rk " . , - k l  !  1^ *^^ '  ^ ' t r  n r } .  g2 t .  Then* " e  
L  ' -  - l  

- )  
l L t  l n r k l O  l u  u n a t a r y  e r e m e n t  o r  t \ J L

f r r t ; 1  12n  f (e )  and  l l  x  i l  f  f  
2n  t1  e  l l g  f o r  anv  f *n : "  Bv  the

inf  er ior  semicont inu i ty  of  the r torm t t  l l *  ,  there ex is ts  a
' n

un j -que  e remen t  
"S r l  

w i th  l l  ; o l l  f n  4 [ l x  [ f *  f o r  a l l  f e rn  Bu t
o  e  '  o  r r l  r n

i f  N  i s  abe l i an  then  fo r  any  un i ta ry  e lemen t  u€Nr  i f  A=  (uK) {k l * : ' r k l 0

then trl[. cxl and lt tx^t* {tL" = 11 xo lle so that, bv the- - -  - -  
e  

-  
e  O  r v u  ' '  

O  t - n
' u n i q u e n e s s  

o f  x ^  ,  U f ^ f r * = f ^  .  T h u s  i f  t  = ( x -  )  . -  . . t n f g  t h e n
o  o  o  

' o  t ' t k '  ( k t a  n  ' k f  0 '

k  .  , , k  F ^ -  - - . ,  , r n i t a r v  e l e m e n t  u e N .  S i n c eXOI  0  fOr  SOme k  and U"X,a=XOrr ' -  fOr  d r r f  Ur r rucr ry  c j r \= l r rs i .

in  a  von Neumann a lge l r ra  N any  un i ta ry  e lement  veN can be

. t
w r i t t e n  a S  . t *  f o r  S o m e  u G N ,  i t  f o l l o w s  t h a t  v x k = x k v  f o r  u n i t a r y
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a l

elements veN and by tak ing

a l l  y e N .  B u t  0  <  l i x O l t l  (  t t e

I f  N is  arb i t rary  we take 14

the  same.

l -  j - nea r  comb ina t i ons ,  yx r -=x r_y  fo r- K K

l l +  and  x ,_€N 'O i4 ,  a  con t r :ad i c t i on .
r i (

i ns tead  o f  ) {2n  and  the  p roo f  i s

^ Vz .

(
2 . 4 .  L e t  t

L

i "  y  wi th

o f  f i n i t e

o f  N  such

l a 1
, -w  - l  )

i  o n t ' i  n n  < :

q seqrlence

{ e  1' n " n

o n s  o f

A  t h e n  l l  n - ,  I G  t i i z  n -  Y ' \ r t . 2  n- -n  r r  -4  r4rq \  : t t  /  t t1  = l l  )_  e ' , ' f  -e i '  l l  5  <(3 /  4) t t  .  sunpose we con-n  '  ' - f  I  n  I  - f  - - - " - ! - - - -

st ructed these a lgebras up to  n.  In Ie f is t  prove that  i f  pdN

f h e n  N t l / ' l  M  n o n t a i n s  n O  f  i n i  f e  n r o r e r - l -  i r r n s  O f  1 4  T O  s h O w  t h i s. . p ' . . p  !  r r r r  L U  Y L v  J  E U  u r v r . v  . , p .

I e t  l lO  be  a  p ro jec t i on  i n  N ;0MD and  z  a  }? ro jec t i on  i n  t he

center  of  N.  Then zf  6  Nj f l la '  . r rd  t ,  f  is  f in i te  in  I4O then
L ) y

z f .  i s  f  i n i t e  i n  l 4 - * .  Take  z  to  he  so  tha t  f -2 ,10  and  pz  d i v idesz p

a  |  > a y  t r  L r ! . i c b .  _ L  L  l - u J . l _ ( J w s  L i t d L  L I I e  I I l c  
z  z

same as  * rO  @ i4 r r * r co t=n  &  I4 r , * r ,  and  tha t  t ' =z f  E }  I n€ (Nrp  6 l , l nxn ) ' f l

, 1  ( l { zp  I  } { . r * r ) .  Hence  f  ' 6N ;0Mz=z  (N ' f l i 4 )  zcN ' f ) } {  . and  i f  f  i s  f i n i t e

then  f  I  i - s  f i n i t e ,  con t rad i c t i ng  the  hvpo thes i s .  Nov r  b1z  1o  i t

fo l lorvs that  for  each p=e? there ex is ts  a uni tarv  e lement

ueNp suih that  i f  e  j -s  the suppor t  o f  
"=. ! f , . , * . , .1  

then
A  

f ( e u e u * ) =  l l e u e  i t 5 a 1 / 2  I ! x t ' z  
n ^ - ^ . ' ' : * ^ r i n c r  r r  i n  l - h o  u n i f o r m. T  '  r r  

" f  

f r y r u ^ r r t t a L r r r v  u  - L f l  L l l \ =

norm we  may  assume iL  has  f i n i t e  spec t rum so  tha t  u=  X \e .* r l -

w i t h  l " i = p  a n d  I A  . t = f  .  T h e n ,  s i n c € f { x u x u * ) <  f ( e u e u * )  ,  w e

have .  l {  *  l l ?=z  | [ *  i l p2 -  t t "  t 1  j  < i { "  l i j -  n  uxux  n | - r t ( xuxu* )=' r  
" ] r '  I  I  '  

, , I  l . - - - ' - - - -

, ,  u  2 .  . ,  1  r - a  1  , ,  , , 2= l l  x -uxu .  l l  ;=  l \  . - I ,  ( ) . r \  .  -1 )e iX€. r  t l  j  <  4  ) - -  l l  e .xe .  i l  j=4  r \x  \ rp -
t  '  

iTJ L r  r  J r  i l j  J  J T i

-4 ,Y- i \e.  xe ,  l l  -2 .- J * ' r  l . " - { ,

t,

The arqument  we use is  symi lar  to  the one in

f .^T*  be an increasing sequence of  . f in i te  pron J n
-  a .r -  l  |  "  i ve  cons t ruc t  recu rs l - ve l v  an  i nc reas inn

d, j -mensional  abel ian von Neumanh subalgebras

t h a t  i f  l . T \ "  .  a r e  t h e  m i n i m a t  n r o - i o r . f . i
L - i  J ] 3 i € k n  I r - " r
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1 n
A  e .

,/YI l_

2 2
/

h f l  t 2 .  , ,  , '  n

rhus Zi t " r" . .  l l i tz t+ l t "  t l f  .  Let  Ai)An be der ined.bv
i '

n ?  . r ,  l i  { a  ^ l l . >=span {. :} t .  rhen 11rral)  , f ln(r^ni)  t t  i  lu lnr l i  } . i r" . . , . j11? =

[  "e ;nY' -n+ 1 '  ' t  f

App ly - i ns  th i s  t r i ck  m- t imes ,  where  (3 /4 )m l l  r , r * , ,  l l  
?16 /4 )n+1

we get  f  in i te  d imens iona l  abe l ian  a lgebras  ar r={ca lca fC. . .  CAI

with

l l  u tol .1) ,n!.1(rr,*1r | l  $<:za [ l  u (oX*')  ,nM(rr,*1'  l t  i

so that  i f  we def ine An*1=Al  t f ten

1 [  Ea i *1n* ( f n *1 )  i l ;  <G /4 )m I f r , *1  l l t r  
"G /4 \n *1

Lea o=[ jAX.  .Suppose eeA ' f lM,  e lO,  i s  a  f  in i te  p ro jec t ion
rvL -_

o f  M"  s ince  fn ' l  1 ,  t he re  ex i s t s  n  such  tha t  l l  f r re f r r -e  l l *< t / z  l l  e  i [ . p

By the construct ion of  ArrcA there ex is ts  a par t i t ion of  the

un i t y  €a  ' .  .  .  , e *  w i th  p ro jec t i ons  i n  A  such  tha t
l '  

' - m  L  J

I  f  " i f r , . i t *< rU 
z  l l  .  t t f  Bu t  then

l_

t
4.-t

i

t l - ' ! 5 - c -

"if ,, €f ,,ui ll+ < ll ._Z.if .,"i llf - t t z l[ e tt I- l  
1

s o  t h a t ,  s i n c e  e = T
I

t i " " i  ,

[ ' . l t f  =  t l <l lx
I

) ' a  o 6

l- l-
l_

f l  l e . f
t t  L : - I n

l_

Itf o  t f  o f  - o l e  l l
"  j  \ - n * . " n  " ,  - . i  t t  _ tI  r r  r r  *  

I

-  r l  i l  ' r
e t  e ,  i l  - " 4 - i l e l l  n- - n - i  ' r r f r  $  r r Y

l r

wh ich  i s  a  con t rad i c t i on .

Q . E .  D .



t 3

.  In  the rest  o f  th is  sect ion Nct4 wi l l  be a type I f . t  vor l

Neumann subalgebra wi th  a f ixed normal  f in i te  fa i th fu l  t race 6
4  l ^

6 ( 1 ) = 1  .  T h e  n o r m  o n  N  g i v e n  b y  6  i s  d e n o t e c l  l l x  l l 2 = 6 ( x * x l ' / ' ,

xe[ { .  r f  BcN is  a von Neumann subalgebra then Eg denotes the
b

unique normal  G-preserv ing condi t j -onal  expectat ion onto B

( c r .  L l r l , .

'  6 .3 .  LE}4MA. Assume AcN is  an abel ia l  von Neumann subal -

geb ra  o f  N  such  tha t  A '0 t4  con ta ins  no  f i n i t e  p ro jec t i ons  o f  M"

Le t  t 70 ,  nZ1  ,  e  and  f  f i n i t e  p ro jec t i ons  O f  14  and  v  a  un i ta - r y

e lement  in  N.  Then there ex is ts  a uni tary  e lement  ueA such that
v  . )

l l  f  ( uv ) ' ' e  l l - ^  f o r  any  k t ' }  ,  l k t<  n.  ' l  . f  '  t - - r - - - -

PROOF.  S ince  eV f  i s  a  f i n i t e  p ro jec t i on  i n  14  and

r r  k  , r . \  l l  :  r t a . f  ' k  i t  . . .  .t l  t e y r )  ( u v ) ^ ( e V f  )  l l l  )  l l t , ( u v ) " e  1 1  ,  i t  i s  s u f f i c i e n r  r o  p r o v e  r h e
k - v

s t a t e m e n t  w h e n  e = f . .  s i n c e  [ l  "  
( r r n y " e  l l +  =  [ [ e  ( u v )  " e  l l +  w e  o n l y

i l  ' [  ' r  - T

n o o d  f n  n r ^ \ / a  { - } . ^  n n * .  . i m r + a .r rEs -u  Lv  y l vvE  r r re  es r r i ud . res  fo r  k70 .  I {e t l I  ac tua l l y  p rove  the

fo l l ow ing  more  qenera l  resu l t :

( * )  I f  t l O ,  n ) 1  ,  V c U  i s  a  f i n i t e  s e l f a d j o i n t  s e t  o f

no rm one  e lemen ts  con ta in ing  the  i den t i t y  and . .  e ,  f  a re  f i n i t e
/

nro i r - r r l - inns i r r  14 then there ex j -s ts  a uni tarV e lement  ueA Suchv - "  J

that  
k

l l r"^ ff (, '*- )e ll  ̂  < t
V '  A  L  Y

a = l  t  . .

f o r  a n y  1 < k < n  a n d  x o  , x 1 , . . .  r x k  €  ? .

t r J e  f i r s t  p r o v e  ( * )  i n  t h e  c a s e  - f ( x e )  a  c a ( x )  ,  f  ( f x ) < c  6 ( x )  ,

xGN- ,  r -or  some constant c>0. l ,et  1 l i<{w part ia l  isometry in A Ii 1 : L
K

[ l  f * o T f  ( w x ,  ) .  l i  ;  { . a e ( w * w )  f o r  a n y  1 ( k r = n ,  x o  , x 1 ,  . . , X k  € ! p - J'  - i _ 1  r  
I  

u  I
- L - l

and consider  on "L{ l  the usual  orderr  wo*4w1 i f  wo is  a  rcst r ic t ion



o f  w"  ,  i . e .  w^=wnwlw^  The  se t  CLLY i s  c lea r l y  i nd "uc t i ve l y
l o l o o

o rde red . .  Le t  u  be  a  nax j -ma l  e lemen t  o f  i t  and  suppose  u *u11 .

I ) a n o r o  h r z  A  = ( ' l - p * u ) A ( 1 - u * u )  ,  N o = ( 1 - u * u ) N ( 1 - u * u )  a n d  
' S o =

'-o

t * K l=  
{ f l - u * u ) " o ( . t  ( u x r )  }  ( 1 " - u * u )  [  t < : . < r , ,  x o , x 1 ,  .  . , x n . ? ] .  B y  1  " 2

r - l

,  f  t 1  ,  C  -  ^  - r t  ! J  ^ -  ^ t  L L -i n  L t r i  s iven  any  i ,  >O there  ex is ts  a  par t i t ion"o f  the  un i ty

! f  , ,  t l .2

" 1  
, . : .  r € m  i n  A o  s u c h  t h a t  / - - l l e i y e i - E A  1 y ) e ,  l t  2 =

i r 4 ^ o

1 A

/  <Lot i -u*, r )=b Za(" .  )  for  arr  y€?o. r t  fo l -
l-

=e .  we  have
o l -

, , )  .( y ) e o l i  ! . 5 6 ( e o ) ,  : ' € q

= \ \  f .  , ye ,  -E^  (y )  t l
" -  l - *  l -  A

I

lows that for some

(*  . , ' ) r i  - -
i l  a  \ , ra  -F , :' l  - o ,  - o  -A

n

**Aoto

wi th  t

L e t  n  7 T  r s 7 0 ,  x e ?  r  y 1 r . . .  r y s € ? o ,  x ' € ? * '  , '  Y ] , . . .  r Y r n g X  a n d

r b

he

r f

I w l i < .  1  a n d  d e n o t e  c , (  = [ f  t e x ' T T  ( y i t n ) y ' f 7 * [  ( t O : ) x e )  l ,
J  - 4
r - l J =  |

conven t ion  tha t  a  p roduc t  ove r  a  vo id  se t  equa ls  1 .

s=1  then  by  the  Cauchy -Schwar t z  i nequa l i t y  we  have :

.,t. /: {i fywyt xe ll 
1 l[ "*' 

(T{-vir* )y'f tl*s11 f ywy.,xe ll.,"ll e ll1

1 l[  rwe l l-p r le t i f  ,

where 'E is  the supremum of  the le f  t  suppor ts  of . , -a1 '1 the e lements
K

o f  t h e  f o r m  , y 1  ,  w i t h  X e t V ,  Y . ,  # o  a n d  , E Y 1 = { . . T . n o ( Y t ) e o  t
r - l

ggk<n  r  y . r  r . . . , y . , -e?^ l  ,  and  E  i s  t he  sup remum o f  t he  e lemen ts

.  ,  r , , -  - ' . ' , " -  

- J !  - Q ' J

ry wrrn yd-f^

I f  s>2 then we have

s g:'1.,, li I
I  f f  (wvr) xe l t r€ i l11 ]Tt*y.)Jl  ty i  ]  eo-eoYiee)
' ' i = 1  !  (  j = 1 - t = 1  \ H  J  -
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.  s - 1  ^ s - 1
ws- j  (  n. .uo(yr) ) v* xe tt* .  { i  rvwsF.uo (v, ) v=xu i t  o *

t = - ] t  I  t  J -  |

a f { i \ ,uo(yo)eo-eoyo.o}  " j  
zvxe l i1 |  rn rLs ,  x  €?,  Yo,Y6$ ,

^  1  r r -  . r -  t l

z$f" f+ [[ fufe {19
l J  

' r  
t

where  . ,  f  a re  as  be fo re .  Thus  i f  p  deno tes  the  sum in  the

r i c r h t  h a n d  s i d e  o f  t h e  a b o v e  i n e q u a l i t i e s  t h e n  b y $ * )  w e  g e t
!  r  Y  r r

1 / ) 1 1  / )
g e  s N N l N  n C "  " t ' / '  "  

^  l l  w h e r e  N ,  N ^  a n d  N 1  a r e  t h e  n u m b e r
r ' -  O  

t t  c O  \ l  2  
t  O

o f  e lemen ts  i n  
(V  

,4  o  
and  respec t i ve l y  ? t  '

Thus,  by the cauchy-schwartz  inequal i ty  we obta in ?

r
e-

" ( 4  t t ex 'TT  ( v iw* ) v ' t veo  l \ 1  (Pn  I  fw "e  t l f  )  4
l - =  I

<.t l fye-  t [ .n (P* r lTwse l l j l+ 'c1 /2 l {  .o i l  z  (F* \ iFwse l i -p )  '
\  r  

O . , y  |  -  
I  

-  , .  L /

e s N N " N . c S l / 2 i , u  f r ? * . " 1  / 2 ,  l i .  l l  l l  z . . s : l i
o r *0  t l  *o  l l  2  L  '  t teo t l  Z  t l  

rw  e  l t ' p

Thus  i f  5  i=  so  tha t  nnNlur  6  3 t  
/ ' " t2 -2n-1  and i f  us inq

o  t -

6 .2  we choose w to  be  a  un i ta ry  e lement  in  Aoeo=Aeoceo}4eo such

1 / 2  , r  -  s ;  t l  , . ^ . - 2 n - 1  r i ^  ,  + 1 - ! ^ n  w q  q e t c x  4 2 - 2 n E g ( " o )  .rhar  c"  -  
i [  fw"e l l1<ez \ tes l [  2  '  Ene

.  we now show that  i f  w is  chosen l ike th ' is  then uo=u+w

con t rad i c t s  t he  max ima l i t y ,o f  u .  I ndeed  we  have  fo r  any  1gk5n

a n d  x ^  r x a  r . .  .  , * . r - * f i ,
u r . i l

k  ^  k  
" .  

1

,  f l  f  *,-, ( TT (u*w)x, ) e lt3 Ait*o tt ( ' ,* '  )" l l ;-
i  ( . ] i = 1  r  " t  " i = 1  *  t

*(

w h e r e t h e . ( , s a p p e a r i n g i n t h e s u m a r e o f t h e f o r m e s t i m a t e d

above  and  the re  a re  22k '1  te rms ' i n  t ha t  sum.  I t  f o l l ows  tha t

f.<r.gr"(eo) so that



k
ri - , t-1' tl ?.

I f x ^ (  t l  ( u + w ) F r ) e  t [  i r - . e t  6 ( u * u ) + 6 ( w * w )  ) = 8 6 (  ( u + w ) * ( u + w )  )
I

l -  |  |

T h i s  e n d s  t h e  p r o o f  i n  t h e  c a s e  - f ( x e l . z c A $ )  ,  - f ( f * ) < c - < i ( x )  ,

f o r  x e N , .

T o  p r o v e  t h e  g e n e r a l  c a s e ,  i . e .  f o r  a r b i t r a r y  g ,  f ,  n o t e

tha t  g i ven_  an l r  g70  the re  ex i s t  f i n i t e  p ro jec t i ons  e ' r f  ' a t r {  w i th

i l . - "  ' l l f  e  e /  z  ,  
,  
i \  t - r  ' l l ya  U 3  hnd such rhar '  f ( * . ' )<c  a (x )  ,

f  ( f  ' x ) d c e  ( x )  f o r  s o m e  c o n s t a n t  c ) 0 .  I n d e e d ,  s I - n c e  f  ( . e )  ,

f ( f  .  ) € N *  ,  t h e r e  e x i s t  x , Y € L 1  ( N , 6 ) *  s u c h  t h . a t  f ( x e )  =  6 ( x X )  ,

f t t x ) = 6 ( x Y ) ,  f o r  x e N .  T h u s  i f  E - r F -  a r e  t h e  s p e c t r a l  p r o j e c t i o n sn ' n

of X ancl  respect i -vely Y corresponding to the interval  [O r"J

then Ent l  ,  Fn t l  and f  (xnr renr r )  =  f {Er rxEr re)  =  6 (Er rxEnX}= G(x t r r rX)<ne (x )

; rn r t  q imi  r  r r r r  f ( r ' * t r '_x )4  ne  (x )  .  r t  fo l lows f l ra t  [ f  e .e r - -e  l i+  - - -+  0 ,J  l , - n _ *

l l r ' r r f r , . , - f  t {1*+O so  tha t  i f  e i  ,  f ;  a re  the  spec t ra l  p ro jec t ions

O f  E  e E  a n d  r p q n a n f  i r r o ] r z  F  f l l  c o r r c q n o n d i n q  t O  t h e  i n t e r V a l  ,_ n - _ n  e r w v r _ I  , -  
n - -  n  

v r y v r r u l r r \ ,  u v  u r r u

. .  1

V / 2 ,e ) then an easv computation shows that l l . ;- .  t l* ---> O ,

t t  f ; - f  l i y  - -+o  and  f ( xe  ; ) {2 f ( xEr reEr ,  l <ZnG(x )  ,  f  ( f , r x  112 {4Fr r fF , r x }<

* ? n : , ? \  ( s e e  e . g .  1 . 4 .  i n  [ 8 ] )  .  N o w  b y  t h e  f  i r s t  p a r t  o f  t h e

p roo f  g i ven  E  >0  and  n71  the re  ex i s t s  a  un i ta ry  e lemen t  ueA
k

s u c h  t h a t ' l l  t ' * o , T "  ( u x r ) * ' l l f  z  t /  3  f o r  a n y  1 z k z n ,  x o , x 1 ,  . "  r x O e 4 } "
r - t

But then

k
l i  r x ^ J T ( u x . , ) e [ 1 * s  2 t / 3 +  l l f  ' x' n 1

I
l - =  |

/ !

( u x . ,  ) e ' l l , e  {  2 t - /  3 +  t /  3 =  t  .
r t

0 .  E .  D .

6  .4 .  COROLLARY.  .  Le t  L IA  ,  n7 r1  ,  € , f  two  f  i n i t e  p ro  j ec t i ons

o f  M  and  v€N a  un i ta ry  e lemen t .  The re  ex i s t  a  f i n i t e  p ro jec -

t i on  e *eM and  a 'un i ta ry  e lemenL  weN such  tha t :
n 1

1 0 -  + { e ^ w l ( e - ) = o  f o r  a n y  k f o ;
I  

, " n "  - n ,  J L t  v  '

k
t l

r - l
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24.  € r . (e  r  f (e -er r i<  t  ;
' t-

^ V t l ^ J \ . !3 - "  l {  f w . ' e r r l l  <  e  ,  f o r  k f } ,  I k l e t r ;

40 .  i [w -uv  l i <  I  f o r  some un i ta ry  e lemen t  u€A .

"  
PROOF. F i rs t  r "  i to . r .  that  g iven any g '>0 there ex is t

un i ta ry  e lemen ts  u6A .  and  w '€M and  a  f i n i t e  p ro jec t i on  en6M

such.  that :  .

a )  e  < e ,  f ( e - e  ) < F ' ;'  n -  r -  n '

( x )  b )  [ t f w ' K e  i l  z a '  f o r  k l o -  l k i z-n , r  -  e  ,  . .=or  k l }  ,  lk  lan;

c )  l i w ' - u v l l  < E ' .' r l r v )

1, 
1

d )  f  ( e w ' k € ) )  = g  f o r  a I I  k / 0 .

T h e n  i t  f o l - l o w s  b y  a )  a n d  d )  t h a r  \  f  t r ' k e r r ) l <  e '  f o r .  a n y  k l O

a n d  t h u s  i f  Z '  i s  s m a l l  e n o u g h  a n d  t , 1 t / Z  b y  6 . 1  t h e r e  e x i s t s

a  un i ta ry  e lement  we N such tha t  { {  w-w ' i l  <  t - /2n  and f  (wker r )  =0

f or any k lO .  Bur rhen f1 rwke^ l l< l l  fw'k*rr l l  +n [ l  w-w, { [ .  a f  or  k l l  ,

l k f e  n  a n d  l l w - u *  t i  <  t t w - w ' l [  *  l i  w ' - u v l t 4  t . / Z n + L / 2 1  t .

Now to  p rove (X)  we le t  g ">0 ,  t1 ,7 r '1 .  By  the  preced inq

lemma there exists a uni tary element u€A such that

l [ ( e W )  ( u v ) ^ e  l l . * < t ' r .  f o r  k t ' O ,  l k l < n ' .  r r  f o l l o w s  t h a t  ( f ( e  t u v ) k e )  l *

I t  e  l l . p  t l  
" ( u v ) K e  

l l 1 < L "  i [ e  l l  
*  

,  f o r  a ] - r  k f } ,  { k l < r , ' ,  a n d

f (e  (uv)  
-k f  

(uv)ks1  =  t l f  (uv )  o"  
i l  i  1 tu2 .  r f  e [  i s  rhe  specr rar  p ro-

j e c t i o n  o f  e ( u v ) - k t ( u v ) k e  c o r r e s p o n d i n q  t o . t h e  i n t e r v a l

(0 ,  L "  l  t r ren  e f -<e ,  
" i  

(uv ;  
-kg  

(uv)kep < .8 ,2  and e-e f  <g , ,  L ( . r r r ) -k f  ( . r r r )k

s o  t h a t  f  t e - e [ )  4 e , , - 1  t , ' 2 = f - , ' .  L e t  u r r =  A { . o  l r . + 0 ,  I  L ( t  n } .  T h e n

e n + e ,  f ( e r r ) 7 f ( e ) - 2 n g "  a n d  [ l  f  ( u v ) k e , . , [ [  a  l [  r t , r r r ) k . r  l l -  L

Lemma 6 .1  shows tha t  i f  n '  i s  la rge  enough and e"  i s  smal r  enouqh
J!r"es-1-Lre4._etu-t.i_l_u,;r!+.r_r_::r(e_nr*r!_:v_s:L s_:*e_!r t-Lro.u-

w i t h  L " z t ' /  ( n * 1 ) V  - { t ( w ' ^ e ; = g  f o r  a l l  k l $  a n d  [ {  w ' - u v l [  .  e  ,  / n + 1



1 -  k - 1
Rr r f  than l l  f r , , r ^o  l l  Z  S- r

l t . L  y v  v -  t r  _ -  
Z - - -r r  
J?= o

k t '  /  ( n + 1  )  +  € '  /  ( n + 1  )  =  ( k + 1  )

l l r ( u+ jP ( * , - uv )  (w )k -p - t u l l  l i  f  ( , r . r ) k *

e ' l  ( n +  1  )  <  E '  w h i c h  p r o v e s  ( * )  .

/ , 6

i l -
l l ] c

r \ E | T - \
\ 1 . .  J r  o  u .

I  .  END OF THE PROOI' OF THE TI{EORE}{: the type II, ,  case
I

f n  t h i s  s e c t i o n  . w e  p r o v e  1 . 1  i n  t h e  c a s e  N  i s  o f  t y p e  I I . , .
,

By  2 .7  and  t5  th i s  w i l l  end  the  p roo f  o f  t he  theo rem.  We beg in

the sect ion by reducing the problem j -n  severa l  s teps to  the

case  when  the  t ype  I f ,  \ r on  Neumann  a lgeb ra  N- i s  sepa rab le ,  M  i s

countably  decomposable and N' f l . [ , ]  conta ins .no f in i te  pro ject ions

o f M

7 . 1 .  F i r s t  r e d u c t i o n :  I f  i s  s u f f i - c i e n t  t o  p r o v e  t h e  t h e o *

r e m  f o r  s e o a u . o b l e  l I  ( i . e .  N  w i t h  s e p a r a b l e  p r e d u a l )  .-  - -  - * t -

To show th is  le t  RcN be a copy of  the hyper f in i te  type

I I .  f a c t o r  ( c f  L 5 J ) .  T h e r e  e x i s t s  a n  i n c r e a s i n g  n e t  o f  s e p a r a -" 
\-N;h-, €w

ble von Neumann subalgebr&df  N wi th  RcN, and YNi=N" Indeed,

i f  . { p . 1 - - -  i s  a  o a r t ' i t i - o n  o f  t h e  u n i t y  i n  t h e  
" l r r t . r  

o f  N  s u c h
r t r . j J j € J  

e r r e  u r r a

th$ Npj  is  countablv  decomposable f  or  each j ,  then anv countab- t17

nanarar-orr  von Neumann subalgebra of  Np* is  separable,  so thats e Y s  ! v ! s  

J

i f  N,  are such that  N.  p .  is  countably  generated and conta ins
l -  1 - l

Rp+ for a f in i te number J^ of  je l l  and i f  N. >-- l  p- ,=R I  p;- r o 'frBo', jw"- J

t hen  N .
.l_

K i  € J ( M

m  - 1 /
L E I \ t r

such  th

{ .
. J T  U
L^ j_J i

w i l l  d O .  S i n c e  R C N .  ,  e a c h  N  i  s  o f  J . r z n a  T T  a n d  i  f. . - . ' i . , . ' i g J } , v - - 1

\  . :  ^  ^ . . ^ 1 ^  r L . ^ .  
n  f

,  r . b  b u u : r  u r r a t  5 l ^ ,  = a d  K *  t h e n  b y  4 . 4  t h e r e  e x i s t srr\ 
i 

J-
.  - - _ W (  c ;  |  .

/ . i  -  € ^ ^ J -  . i  *( r - r r  raur  r r t  
"5* {  5  (n ) . r *  |  u  un i ta ry  e lement  o f  M. . ie  x . )

. r d ( J

a t  a d  T . = d d  K . = E l *  L e t  T  b e  a  w e a k  l i m i t  p o i n t  o f
r  r -  - l i \ i

Then ad  T= [  on  { - lN . ,  r  so  tha t  by  the  weak cont inu i ty
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o f I ' l= i ;N,  S ince N is  of  'bype I I . t  i t  has

t h a t  b y  4 " 3 ,  T € J ( M )

7 . 2 .  S e c o n d .  r e d u c t i o n :  I t  i s  s u f f i c i e n t  t o  p r o v e  t h e

theorem when N is  sepa: :ab le and M is  countably  decomposabl -e.

Indeed ,  by  the  p reced ing  reduc t i on  we  may  assume N  i s

seD. : r rah le -  T ,e t ' ; L [ ^  be  a  coun tab le  subse t  i n  t he  un i ta ry  g roup-  " " o

dl , .Lof  N,  dense in%L in  the * -s t rong operator  topology.  Let

f ?

l p r i  . . - ,  be  an  i nc reas ing  ne t  o f  coun tab l y  d 'ecomposab le  p ro jec -
V  I J  I l V

t i o n s  o f  1 4  w i t h  p * ' i ' 1 .  B y  t h e  d e n s i t y  o f  . t f  ^  i n d L l i t  f o l l o w s- 1 '  " L O

t h a t  f o r  e a c h  i V J " p , u * l u e t l l r  = V . l . , p . u *  l u ( ' U -  E  s o  t h a t  i f  w e
/  L  - l -  |  J  L ' . 1 -  I  

- " O J

deno te  th i s  p ro jec t i on  by  s .  t hen  i t  i s  coun tab l v  decomposab le
I

(be ing a supremum of  a  countable set  o f  countably  decomposable

p r o j e c t i o n s )  a n d  m o r e o v e r  s r € N t / l M ,  s * 1 1 .  D e f  i n e  f , .  , n -  l - - - )
l_ f  l_ s:

*p  s rJ  (M)  s  .  = .1  , , 0 " i )  by J  ,  t * * ,  )  =  s r f ,  ( x )  s i .  s i n c e  s . € N  y l M ,  5 i  a r e

w e l l  d e f i n e d  d e r i - v a t i o n .  I f  f o r  e a c h  i  t h e r e  e x i s t s  a n  e l e n r e n t

I ( , a J ( M  )  s u c h  t h a t  5 , . = a d  f  l . h e r r  h r r  4 - 4  t h e r e  e x i s t s  T , 6 K :- ' i * -  ' - - s  ,  '  ' - i  ^ ' i  -  
i - -  i i

. l -

s u c h  t h a t  s ,  T -  s *  C  K  r  C S .  K c s *  s a t i s f i e s  i .  = a d  ( s -  T .  s ,  )  .  L e t  T  b e
l -  I  t  . i -  t  d  r  - l -  

] .  I  l - '

^  " ' ^ - 1 -  ' r  ' i * ' : !  p o i n t  i n  M  o f  t h e  n e t  J  r , t r .  ( c M ) .  s i n c e  - f = . \  'd .  w e d . r t  r r l r r r L  l _  u  
- . i J i  \ s r r /  .  v r r r v e  

i " i J i

r r r . \ r r \ r o rdoq  c . l - r ^na ' l  r r  ' l .  n  t .  ha  i  r l anJ - - i  { - r z  r t 1  AK  , -  =n r i  '  I f i 1  |  n .v v r r v u ! y u J  r u ! v r r y r J  u v  L r r E  - . : - J ,  - - . . S  a n d  c t d l ' = 1 \  O n  N .  B y

4 .3 ,  s ince  N  has  " r , t o  rn in ima . l -  p ro jec t i ons  T6J (M)

. 7 . 3 .  
T h i r d  r e d u c t i o n :  i t  i s  s t i f f i c i e n t  t o  p r o v e  t h e  t h e o *

rem when l t r  is  separable,  M is  countable decomposable and N' f \M

con ta ins  no  f i n i t e  p ro jec t i ons  o f  M .

: i ons  o f  M  J  ana  assume
L r

I  ( * )  =5  t " )  no  ,  x4N.  Then  o3  = t  po .  Fo r  each  un i ta ry  e lemen t  u . :N

'a^€  i  -  \ z  t he  waak l  v  r : on t i nuous  a f  f  i ne  t rans f  o rma t ionL r \ j J - I l I e  ( r l I  ^ , . t  L r l c  w q - c r N r - y  u \ J ] l L I l r u \ J u J  c r r r l l r -  L r G l r J ! u ! l l c

T  ( x ) = u x u * n " S t , r t , r * .  T h e n  T  T  = f  -  a n d  s i n c e  T  { . \ ( v ) v * ) =" u - - ^ , .  * - . *  v r e , *  - u * v ' - u v  * l l \ Q \ w / v  t

u q t a n d E , d d r = f ,

n r i n i m a l  n r o i o c L j _ O n s

ON
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!;,r

= u  f , ( v ) v * u * - F  5 ( u )  u * = 5 ( u v l v * u *  ,  i t  f o l l o w s  t h a L  t r ,  ( o . i  ) c K . f  c o n -

s i d e r  o n  I r {  t h e  s e m i n o r m s  ' f =  . j 1 1 x o x e  , 1 1 / ?  f o r  x e M l e ,  f  i n i t e-  L '  ' ^ - * ' t -
a

pro ject ion in  NY1 u. ]  Then the semigroup of  t ransformat ion T. , ,  on

K , -  i s  n o n c o n L r a c t i v e ,  b e c a u s e  i f  x r y e K r  r  x l y ,  t h e nc d

i n f  f  ( u  ( x - y )  *  ( x - y ) u * e ' ) =  f (  ( > r * y )  *  ( x - y )  e ' )  a n d  i f  f  (  { x - v )  *  ( x - y ) e n )  =
u

= Q  t h e n  x - y = ( x - y ) F o = ( * * y )  ( (  e ' ) = g  ( b i r  t h e  f a i t h f u l n e s s  o f  t '  ) .

Thus  by  the  Ry1- l -Navd jewsk i  f i xed  po in t  t heo rem (see  A .3  i n  L ro l f

t he re  ex i s t s  an  e len ien t  xe l (d  w i th  T r r (X )=X  fo r  a l l  un i t a ry  e re -

men ts  ueN.  Bu t  t hen  uXuxn t r  ( . t r )ux=X and  thus  5 {u1  =Xu- , l . .  and  by

l i n e a r i - t v ,  5 ( x ) = t x - x x  f o r  a l l  x * N .  s i n c e  N  i s  o f  t y p e  r r .  i t
I

h a s  n o  m i n i m a l  p r o i e c t i o n s{  .Lz !  vJ  sv  u - !v r f , ; )  So  tha t  by  4  .  3  XeJ  (M)  "  S imi la : :y  o

i f  c \ ( x ) = o ^ . I ( x )  f a r  a n v  x e - - N  w e  o b ' t a i n  t h a t  5  i =  i r r l p l 5 r p a n + ^ n  h "L '  \ - - '  : - o C ) \ . ^ '  r u  s  r p  r r [ } / l g r t t g l l L c : L t  ] J y

an  e lemen t  i n  I  ( 14 )  .  I t .  f  o l l ows  tha t  t he re  ex i s t s  KeJ  ( t { )  such

t h a t  ( [ - a d  K )  ( x )  =  ( 1 - p o )  ( 5  - a d  K )  ( x )  ( 1 - p o 1  .  T h u s ,  i f  w e  c l e f  i n e

5 ^ : r u .  . ^  - - - ?  M , - o  b y  f , , . , { x , ' , - p o } ) = ( J - a d  K )  ( x )  ( 1 - p o )  r h e n  5  oo  ' - p o  , - p o  o  - o '

i s  a  w e ] l  d e f  i n e d  d e r i v a t i o n  t a k i n g  v a l u e s  i n t o  ( 1 - p -  )  J  ( M )  ( 1 - p ^  )  =

=J  (Mr  - " .  )  .  S ince  N .  
t - ^  

( l  M .  - - ^  con ta  j - ns  no  f  i  n  i  t o  n ro r  ec t i ons  o f,  y O  
-  ' t  - P o  '  - - l - P o  F r  v r  \

r r  & 1 . ;  ^  ^ 1 ^ ^ . . ^  ! 1 ^ ^ !  i  -  ^ - l ^ - ^  i - ^M1_o ,  t r r rs  shows that  in  order  to  prove the theorem for  N
- o

separab le  o f  t ype  r r .  and  l ' l  coun tab le  decomposab le ,  we  may  i n

a d d i t i o n  a s s u m e  t h a t  N ' / l M  c o n t a i n s  n o  f i n i t e  n r o i e r . f i e n s  o f  M .

7  .4 .  I n  t he  res t  o f  t h i s  sec t i on  we  may  the re fo re  assume

N i s  sepa rab le ,  14  i s  o f  coun tab le  t ype  and  N ' i l t " t  con ta ins  no

f i r r i t e  p r o j e c t i o n s  o f  M .  l 3 y  5 . 2  t h e r e  e x i s t s  a  m a x i m a l  a b e l i a n

* -suba lgeb ra  A  o f  l . l  such  tha t  A 'nM con ta ins  no  f i n i t e  p ro jec -

t i o n s  o f  M "  B y  $  S ,  t h e r e  e x i s t s  K + J ( M )  s u c h  t h a t . \  
[ O = a d  

K f O

T h u s ,  b y  t a k i n g  5  * a c i  x  i n s t e a d  o f J r  w e  m a y  s u p p o s e  i [ u = 0 .

We show tha t  f rom th i s  i t  f o l l ows  tha t  5  van ishes  on  a l l  N
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which wi l l  end the proof of  the theorem
-

Assume 5 *o "  -Then there ex is ts  a uni tary  e lement  v*M
S9-f*o"n-.'

such  tha t  b  ( v )10 . '  i . he re  ex i s i s  a  f i n i t e  p ro jec t i on  eeM such

t h a t  f  ( e v * [  ( v )  e )  1 0 .  r n d e e d ,  b e c a u s e  o t h e r w i s e  f  ( v n E ( v ) x )  = 0

fo r  any  r i nea r  conb j -na t i on  o f  f i n i t e  p ro jec t j - ons  e /  and  thus ,

h r r  # a L i  n d  h n  r m  
' l  ' i  m i  + -  F ^ *  r t  . . . i  ! 1 ^  - ( t r - - + - - \  -  . r -  - , 1r J y  L d . . \ r . r r v  r r L r r f l r  . r r r n r E S ,  r o r  a n v  x e M  w i t h  f  ( x * x ) .  , x , w h J _ c h  i m p l i e sr - )

v * f , 1 v ;  = g ,  a  c o n t r a d i c t i o n .

:  F i x  e e M  t o  b e  a  f i n i t e  p r o j e c t i o n  w i t h  f ( e v n 8 ( r r ) . ) l O .

R r z  r a n ' l  a r . i n c r  i f  n o r . a c . q A r \ z  t  w i { - l - ,  i  c ^ a ' l  a r  m r r ' l # i n ] n   iD r  l - c l . , r a . u - L r r g  r !  r r u v E r r q ! . y  d  w l - t n  a  s c a r a r  m u l t i p l e  o f  i t  w e  m a y

t hen  assume f  (ev *6 (v )e )= t  "  Moreove r  we  may  suppose  f rom now

o n  t h a t  t h e  t r a c e  f  s a t i s f i e s  f ( e )  = 1 .

we  now p rove  tha t .  f o r  any  n  the re  ex i s t  a  f i n i t e  p ro jec -

t i on  e *€ I {  and  a  un i ta rv  e lemen t  w  €N such  tha t :. - n  _  _ -  s r r &  u u ! J  u r u r r r u r r  u  w l l ! r \  p  q \

1 )  e n 4 e ,  f ( € - . r , I I 2 - n .

2 l  l l e  w k e  l l  <  Z - n  ,  f  r ' , r  k | o  .  t v t t  r, , - n * n = n r t <  z  ,  r o r  l { f U t  { K l € n .

3 )  f ( " * * f t * ) = 0 ,  f o r  k l ' .'  r '  n  n  n '

4 )  [ f ( . * * - -P i  tw l l  e-  )  -  t  l<z-n i r  n7pz0 anc'  ' r  n  n  q  n  n -

l f (  e , - - s c r - - F ' -  ' r  ' 2 - r l  i f  n l s  o r  o a o .  o r  s e 0 -, .  , r t . r - 6 t ( w i ) e r r ) ( < . ' z  r L  p r s i  o r  p g O  o r  s < 0 .

To  do  th i s  l e t  f aM be  a  f i n i t e  p ro jec t i on  such  tha t

t l 5 t " )  ( 1 - r ) l l  <  t 4 n ) - 1 r - n - 1  ,  t l  t r - r ) r r - 1 5 ( v ) l [  e  ( 4 n ) - 1 r - n - 1  ,
.  r .  - 1  1  - n - ' l

t \ d  ( v  ' ) v ( 1 - f  
) l l  e  ( a n )  ' 2  '  

a n d  f  z r e .  T h e n  b y  t h e  p r e c e d i n g

coro l lary  there ex is t  un i tary  e lements wncN and urr*A and a pro-

j ec t i on  e -eM such  tha t

: l  ; 5  l F  
'  ^ - nd ' t  * n 4 = r . T ( e - e n , i l

-  k  r , r , ,  - 1
b )  l t  f w " e  l l  t .  ( 4 n  l \  d  l i  )  f o r  k l O .  t k i e n .

* e r r l l  
{  ( a n  t \  6  t {  )  

'  f b r  k l } ,  t } < t a n

c)  t \wr r -u r rv  [  *  (an  11  " l  t t  ) -12- t *1  and f  (e , . ,w [er , )  =0  fo r  k lo .



I t  f o l l ows  tha t  i f  nVkz j  t hen :

, r  ̂  k  k - 1  - .  r t  -  { l  t : 2 - - " . , - -  ,  k - s - 1  l l  ̂  z -( i )  l t  b (wf  )e,r -w^ '  l (wn)e. , .  [ t1 = \ t  
F^r"5i*r r )* i  

o- ' . r ,  l l -p =

.1 F: t i [(w,,t*X-=-'." t lt ttf l [ [ t.,,,,r)wk-s-1.,, t l" s = ' s = 0

k-2
+ ( k - 1 ) t t  5 l l  q  e l l s l \  w n - u , . , v r l  = ' t  [ [ 5 t " t r l - = - 1 u , , i l 1 *,  r r  

s = 0

+(k-1)  l ls l t  [ l  wr r -ur rv i l .  H t \ I t r r ) rwk-s-1u, .  l l+  +
s = 0  

r r  t

- v  k - 1  - 1  - 1( i i )  l l  5 t ' ; k )en l t r .  
t  

t l  , t ' - 11 "5 t * r ,1  t t ' , . , 11k*s -1 " , ,  l t 1  <

,  F l r i  , c ,  - 1 ,  , * i .  - 1 . k - s - 1
*  Z l ^ l i  ( 5 t v - ' ) , r )  ( r n v ) *  ( * r , )  

" , r l l 1  
+

o - A  r t  I
r  > - v

k-1
+ (k-1 )t i6 t i  l l  urrv-w,, l l .  Z^ l l  j t"-1)v(wr,1)k-=..,119 *z (k-1) 115 {1 {tu,rv-q l i<

s = 0  .  
r r  r '  1 ,

k - 1
.  

- i - -  
r l  r  - 1  - 1  l z - c

.  J - V

k- '1
, .  -  - 1  - 1  k - cs  

^E^  
l l  E (v - '  ) r r f  t r r ,  I  I  

* -= . r , l l f *  
t o -1  )  (4n )  

-1  
z - t -1  *z  ( k -1  )  (4n ) -1 r -n - l .

> - v

+  ( k - 1  )  l i  6  t " l  ( r  - r l  i i  * 4 - 1 "  2 - n - 1  S  f * ' ^  i

" , r l i1  
*$t+k-"-L t "  Is t l  (4 ' ,  i lS i t  l -1 +3/4t2-n-1=

k - 1
< f lsq l '  l t r  (r_ 1 )  k-=

_t , t  11

S = U
'  - n - 1
= /

Thus  fo r  p )0  we  have  by  ( i )  ,  ( c )  and  the  equa l i t y  $ (n * , r )  =
f I

c= u  d ( v ) i
t l
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I  t t . , r* -o5,*n)  ur , )  1 [  4 l 'Se,rwi jJ t*r , )*r , )  -1 [*2- t -1 (

f  * "  have:,  
I f  p70  and  s lp  then .  b1z  ( c )  and  (b

t f  ( e , rw- "5 t r l t " r , )  [  . -  [ f  (e r r * - s+p-15 ( * r , )e r r )  
[  *2 -n -1  . .

<  l f  t e r rw-s+P-1 , r r r r r , r ! qu )e , r ) [  *4 -12 -n -1  * r - ,n -1  *

<  l f  t e , r w - s * p v - ' J  t v )  e n )  |  * z  . 4 - 1 2 - n - 1 * r - n - 1  -

< \ f (er rw-s*Pf , r - '5  (v)  en) f  * :  "  4-1 "  2-n-1*r -n-1 *

S  ( 4 -  1  * 3 '  4 - 1  + 1  |  2 - n - 1  = 2 - n

C a r,rc\"( - S.-ln* au-'tt
F i n a l l - v  i f  p < 0  t h e n  b y  ( i i )  a n d  t h ; V - * '  i n e q u a l i t y  w e

h e r r r r  F a r  a r a \ z  / t .
J .

I t ' ( e  , - = . ,  
D .  .  i  l  < . /  P ,  i r  .  ? - n,  I  . -n, ,n c twn'  )  en, l  I  4-  i t  d tw;)  e '  l l .p€ z

Th is  shows  bha t  e '  and  w '  as  de f i ned  be fo re  fu l f i l l  con -

d i t i o n s  ( 1 ) - ( 4 ) .

We now def ine AncM to be the von Neumann a lgebra generated
a

by wn ,  p r r€B{L ' (u , f  }  )  the  or thogona l  p ro jec t ions  on to  q%,  the

isomet r ies  u -  ,  L2  (T ,  p )  * - - t  L2  (M, f  )  (where  p  i s  the  normal izedn

Lebesgue measure  on  the  thorus  T)  by  un( rk )= f ( " r r [ l /2*1" r ,  and the

m e a s u r e  p r e s e r v l n g  i s o m o r p h i s m  t l - ' r r r L * ( T I , u . ) r - +  ( A r r , ' f { e r r l - ' f  ( . e r r ) . )  .
L L ^ e ( t 1

by Y^  eo)  =r l .  Morcover  we dc f  ine  5  -  ,  r ,4 (n ,  1 r ) r - - :S  t l2  ($u)  )  by-  r l l  n  - n

< [ t t . r , r  
t" , r tJ(u,rv] . , r ]  *r  

|  +z l id t t t tw,r-uo,vi l+ z-n-1 s

.  - 1  r
<  t f  

( e n v  t  
[ ( v ) u r , ) - 1  |  

+ 2 - n = z - n .
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3 ,, tr ) =*fi 5tyr, (r ) ) un
computat i -on shows

[ i 6 " l i ' = i t 5 i t "

f o r  f c l , * i t i , p )  .

t 'nat.  al l .  c j  n are

Since pn=unuf i r :A'  ,  4Tr easy

'  der iva t ions  and.  c lbar ly

r ,e t  u- r  be a f ree u i t ra f i l ter  on rN and denote 4 rL*  ( [ rLr ]  * - - *>
' a

* E ( " ' ( T , p ) )  b y  A ( f ) = w - t i m  [ * t t l "  T h e n  A  i s  a t s o  a  d e r i v a i : i o n
n*.i

and i1 , :  l i  ' .1 t i8 i i  .  we show that i f  p denotes . the orthogonal  pro-
.  2  _ r  k t  t  )

3 e c t i o n  o n t o  t h e  H a r d y  s p a c e  H "  ( t r ,  p )  = s p a n { r ^ \  L 7 0  l €  f , '  ( E t r )  t h e n
t d

a=ad P and tha t  a  i s  con t inuous  on  the  un i t  ba t l  o f  t * (u , r t i )

w i th  the  norm { l  l l ,  in to  ( r ,2  iu . ,u } )  w i th  the  un i fo rm nor rn .

T o  n r o r r e  f  h a  f  i r S t  a s S e r t i O n  n o t e  t h a t  
/  c  p '  -  S ' :r v  y r v v c  L . r r ( =  r l _ I : t L  d s s e f ' t l - O n  n o ] ' e  E n a t .  D y  t 4 l  ( d  

r r \ 2 .  ) 1 1 2 - , /  =

- r ,  - S  r .  l ) .=  l ( e - w  " l : ( w i ) e * )  t e n d  t o  1  f o r  p = s > 0  a n d  t o  0  c t h e r w i s e  s o  t h a tn n n ' n '

( - / t (z ' -  )  1  ,  2"7,  is  equal  to  1 i f  p=sr , :and l to  0 otherwise.  S ince

a d  p  a l s o  s a t i s f i e s  t h e s e  e q u a l i t i e s  a n d  A ,  a d  P  a r e  d e r j - v a t i o n s

i t  f o l l o w s  t h a t  ( a t z P l z R , z = / = 6 u  p ( z P l r k , r = )  f o r  a l l  k , p . s c z

a n d  t h u s ,  b y  l i n e a r i t y  a n d  w e a k  c o n t i n u i  t v  o f  n  a n r t  a d  p ,

A = a d  P "

To  p rove  the  second  asse r t i on  we  f i r s t  p rove  the  fo l row inq :

( * )  G i v e n  F > O  t h e r e  e x i s t . s

A n v  n > n  a n r l  a e A *  r  w i t h  i i a  { l  <  t ,_ .  , / . .  g  I

r t l d ( a ) i l r  <  p

noV l  and  cY . )  0  such

Y' (e*a*ae* )4 " '<  r  wer - n  n '

that  for

have

I n d e e d ,  b y  4  . 1  t h e r e  e x i s t s  " < ' , >  0

then l t l  c i  ia l t i l .  p  .  Let  ro  b"  such thar

such that i f  f(ea*ae) .J( '

i f  n )no  then  f (e -e r r l 1 . * . ,  / 2  "

then we get  r f  (ea*ae)  . : {I f  v / e  t a k e  x = < ' / 2  a n d  i f  f ( e r . a * a e n ) < " {

t f  ( " - * r , )  [ l a * a t l  + " ' t , < . x ' / 2 + < * ' /  2 = c { ' ,  s o  t h a t  l l {  [ ( a ) l { t < F

We have to  show that  g iven any p>0 t .here ex is ts  c< )  0  such

! L ^ L l f , c , T t x l lrna r  r - r  r€ r r - - ( ' i l , p )  ,  i l  f l i  <  t  an t l  l l  r l i  Z<q  rhen  l l a ( f  ) t r i 1 . (P  fo r
, .

a n y  { * . L ' ( T ,  p )  ,  t l !  i i  , < . t  .  t r n  f a c t .  i t  i s  s u f  f  i c i e n t  t o  c h e c k  t h j - s

f n r  )  
- l  

r r : r a r tro r  (  Laureant  po lynom- i -a ls ' ,  5  
=  

- l * ,  dk r ' '  (w i ' th  Z  t<1 \ -a  j  )  .
"  t k \ * .  m
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,. ii'p *

we have

f.d. *k) u
tlot<m 

* n'

il

e l l
n

t . l
lr< |t i t

' q r  -  - i - i
1- ,e . . " (  , e  W '

t l n n
L ' J

. a<-"r
a n d  s i n c e , /

L t )

-n
d (2m+ I I Zldil 

2 =2m*1 by (2 ] vre -qet iitr" *rl'l "r, ll2gr * u:m+1, Z

orem)  ad  P  i s  equa l  t o  ad  K

-Ke  L* ( { ' r u )  and  thus  P -K= f

L ' "  (T ,  u )  i s  max ima l  abe l i an

n \  r  - n -  n -  r - -" /  =  
J ,  

" fz '^dr t (z  )  =  
) fdu 

(z  )  =
,

S O

con t rad i c t i on

s  the re fo re  fa l se  and

L e t . 4  b e  t h e  o n e  g i v e n  b y  ( * ) .  T h e n  i f  a n = Y n ( f  )

t l r i { f  } I  i i  {  l imsup l l  $n ( f  )  {  1{  = l im 
f  

up t {  pn5 tan} p, ,  (

z=1.im sup 1l iqa- ) ( X *'r}t u^ l l* .14 r .  
tk t+ m 

r \  r r  r r  t

i#r vBur li ( rU, 
.* rrf) e,., ll ' ,= ll

l .<.  i2.  Z-Fr. l  l * r  l  l \  *nr i" i " , , l lt . r - t  
i f j ,  

l _ t r
T-
Z.;
i

r r r l . r r r  c  e  i  n n a  f  n r  n  . 7 h  r r T a  h '  
i i l  r '  ' i i  ' t

r l . u 5 ,  s I I I U e  r . - *

n)no  ,  i i  5 (a , . )  (  
, [ , . t  o t , r )e '  l l . p *  ( ' ] +  (2m+1 )  2 -n )  Hence
t K l !  m

l in*  sup 11-S(arr)  t ; . *  owl t  e, .  [ ig= 'D and thus t l  at t ) I  t i4  p,

t r r le  have thus proved that  ad P is  cont inuous f rom the uni t

b a l l  o f  
' L f r ( r , p )  

w i t h  t h e  t w o - n o r m  i n t o  Y b ( L 2  ( T , u . ) )  v r i t h  t h e

uni form norm. But  ad P takes va lues in to the f in i te  rank opera-

tors  on polynomia ls  so that  by the above cont inu i ty  i t  fo l lows

that  ad P takes va lues in to-k t t 'Cf , - Ibn a l l  l ,@(T,u, ) .  But  then

.  ( -
by  15  ( the  abe l i an  case  o f  t he  the

f  or  some x *  t * t  .  r t  fo l - lorvs that  P

fo r  some func t i on  f€L - ( tqp )  ( s ince
^

i n  * ( r , l  $ ' ,  i r )  )  .  B u t  1 = I i m  ( n - n  I  z n  , z
II*)oo

=  l i m  { t p - x l z n , z n / = g ,  w h i c h  i s  a
O --) -nc

l n .  
in i t ia l  assumpt ion  5 lO i

the theofem is completely proved.

{ - l  . t f

[ d * l = ( Z h " J - l i - *
J '  I '
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