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MULTIPLICATION OF CERTAIN NON-COMMUTIN

RANDOM VARIABLEM

by Dan Volculegcu

The problem considered in the present paper can be

ol . :
illug ifed by the following example.

o 3

Let GzG1 G, be the free product of ftwo groups and let

g
XG’X? be bounded left convolution operators on g (G) auch thatb

: 2 2 : . 2

X'j g € é e E(G)' (j=1,2) where T £ @(G) ig the
(¥

function §’<5): § .« The operatgrs X. may be viewsd ag

i 5} :

J _

Tt S A e S0 S SRR S s e 4 B 1;\: > > b i SRR R

random varizbles" with moments <X, ¥, %7 or equivalently with
: :

h)

digtributions given by the analytic functionals /“j where

b

/%.(f): //f(Xx)g -f“).@ith these conventions the distribution of
J AR e : ‘ '

it g o

X4 XZ only on the distributions of h{ and X, (independentl
5 o e

order,see [8]) and the aim of the present papef ig to explicit

vigline:

r

o
et
@

thig relationship. This may be viewed as a nop-commutiative i
analogue of %the multiplication of ipdependent random variables
Indeed if Gy %% G, is replaced by G, X G2 then we have precisely

the situation of independent random variables for which mulilpli-

catlon ccﬁ?canonds to multiplicative convolution of fthelr distri-
butiong.

e bezan studying this kind of non-commutative indepen-—
dence of random variables in [87) .The addition problem for such
rand on variables was solved in f}l. A general fraﬂefwork inwhich
Lhese operations appear as natural convolutions on gtate gpaces

of oo«wutow algebras having a certaip dual group structure has

(

been given in [ﬁd];
In the commutative situation,multiplication of random

varisbles corresponds: to multiplicative convolution of their

A e e O e o e | AR A ~ Fuig P e ey D R 2 SRR bt ey
distributions which in turn am ounts to multiplication of their
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where B, = S t‘d/u () "are che MOmel g Dk /f ,hgsume mi% o and

§f°(z): 'X(z)zmﬁ(iéz)

the exanple E
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syen al the peginnlng and it 4>{A§,’§> £ O,

(ng ,% S aih O shepn we have CThm.z.S‘below): : : LA
1 %he analo@ue_of the MQllin«Fcurief
7> 0 in our eyample then X ¥, has

“ 2 1 ) b ’l— 21 \1’]—- ? 1( X b
the samne QlSthbuthU ag X / ﬁﬁlﬂ/ owcoaér s i precigely

’3
the trace of the 8Pec chral measure of YA/LV X and the gupporh

5 U Ae
of /“s 59 the Spel ctrun of aﬁf(xhhﬂ/“.

abouk the so&miOﬁ of the multiDcha#ion problens

This gagction is gevolted to preliminariea apout fres

families ok ncnwooMWJQAU ive pand oM yariables apd thelr pult it

e beglo by recallint, in &

f . <,» / B %
gacts from 8 ol (;é&.Thﬁ operﬁtio T ntrodut a 1X1L@] and W

Eo DA -~ 2] ~ 2 & 3
S e e gtudled wal o nalloe denoyd
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con
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functional Pt A —3
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the distribution

¢ gtate (
then

ty measure o
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zié@i |z} =1 ) with compact support.

Let (4,9) be a

with specified gtate ¢ and lah 4 € Aiti
The family (4.). will be called free if

A

unital algebra over O
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(i-&e 1) be auba

Ay
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galled free 1f the family of subalgebras A
fQE\J 5 (regpectively {1,aL})ie free,

Ls2.Propositiof ([5]) . If {a,b} is

A)where i€ I

a frea
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pair of elements
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of (A, ) &
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depends only on'/M

/& a
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integer

coefficients

and /M peih . Mhere ere are
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(1) %n is homogzeneous

andc

(5 and
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will also be unitary which gives
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desired conclusion.
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implies that a fanily a,,...,a, whers
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Ag in0 [9] it will b

a € C*(fj)c Eoid

; free
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¢ ugeful to consider random variables
of the form
Ao bgto ol A0
svol oheet ol
Ll E?, £, .1t ig easily geen %that there are polynomialg
E (;7;...9x ), homogeneous of degree when X ; 18 8ssigned-degree J
] L [l 3
such that
e | o ( . o )
Eq\]& -:.Ln ‘)3_.,5.,.‘, n
and
. Pl %
7 3 5 N o 7 'S‘,
Er}(nhigcoaogxn>-~}\ﬂ;En<}ﬁﬁkgl--7d>'h!>c
(These polynomials have been explicitely determined in{:9] ,but
thig will not be used here).
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where n 32 apd Q  are
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N ;
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polynomials.

Proof.If {a,b}

= ? (8) % (b) which yis

Fex the second asserfion con

is & free pair in (4,% ) Gthen P (ab)=

agsgertion concerning Qu.

sider a free pair {a,b} in

(2215-2) of the form

*
=il s % T %, [4 Pk ol ’7"1_

=

and remark that this in

& (DJ) for L€ §- € b

Remark further

(1% i€ n) and at les
<£Qﬂ4 Lﬂum

if and only 1Y j:n,tw

the same eXpression is

equals n-1 if and only

G =g cam b0 =0,

This shows tha

™m
!.
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L2, é‘”z

-_—_‘»-_-_—(,\'). (] = =
m-gtand o =

§

famatsl

poses ho restriction on the moments é}(ad),
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hat 1f. Q9;j9u3

% one of the ng eouﬁ]s n=-41 %then

g (%) (¥1))
o ”egﬁaﬁ>
4

e {*, 0,1,2,;;;,n~1f
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T

1
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£ (0%)= B+ ( Paseres f )

(A< j< n),our assertion follows.,

functional géz guch that K (Xn):l

feproellh Liyie & peulral e

c > is inver&sible with respect fo (X if spa only if
e , ‘

P,

7 (X)# 0. The gets St dreBlraiiof am

1
eratilon LZ

. = B
Proof. Remark that € (X7)=1 for all n 32 1 neans

op

4

L

1

2 ig the distribubtion of the unit of an algebra and hence

)
7
L

2 = deZ 1 f(X):h}‘ are abelian groups with respect o the

1&

%

The assertions concerning invertible elements are easll

obtained using the preceding lenmma.
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2.3.Leuma, In (&,, €, ) consider random variable

Mg 0T 64 i 2?1 and

ool

v = b e 2 s . ¢ et c e
= p+L o NER : :

where only finitely many 043 are non-zero. We have
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i
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p=0  p+l k=1

Since ((I+ fz )'0‘“1 sl 11 we infer that
n-k B ek ]
K((I f o FZ"U»‘((.J?% g0 e

= & (((I+ Com Pt phasy

%
Similarly teking into account that T ¢ C* (€, ) and

QKS): <81,1> it is eagily seen that

S e

. j :
Y e . ¥ J 5>
Y : ...Z___'.___. . éé‘(,l\n"“ix"“ua“”“ . w -"". p 81 rn‘J’L 6 ‘2 T 6’49[ ll)..) -

k+j{+...+jn n

I

Ja 7240 g 20
f p
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£,((¥( % Y- g™

= 7 n"":’k‘ann“a .
= A Z - i P w,""}ﬁ,
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i f i
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which is %the desired result.
» C_:\)l‘g']).

2.4, Lemna.In ( EL' €, ) consider randon variables
ez T ;

sty

& C%( 64) ! 2’1 and
3 o

Y )= ?j + 1 Z’Z . glp e o%( a0 = Ex
D=0 p+d 2 :

where only finitely many o ., 2re€ non-zero.Lek Y’ and % be the

Bach TR
J

formal power serileg

3

Wlz)= :E_ Eé(Tp)zp
,p::‘l

8

)= w
p=( p+d

N

£GTE0) B Dm. 6 (1)

?(‘V(Z))z M@:«_ 1}’) (Z)‘:

dz

2 m h
e ik 2.

Proof.1t is ipmediate that the distribution of the random

<

h

a

je=0

: - - :
variable Y(O)=I+ 52 ig the neutral element in QE and

implies that Y(O)T and T have the same distributlon.

0

Using the preceling lemma we have 9( VY (z))z e W (7)) =

dz
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(%1 < :
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QelaDe
- 2.5,Lenma,.Given a formal power gerieg c() € (.E Cﬁzﬂggﬂg ider
. the formal power series | tem(m*‘ constant term X and v guch that
X(Z>:Z<1+Z)" exp( P (2))
WK (2))=0
P"' . X4
Let. further /t GZ be the functional guch that Y (z) =
= Z : /u (};’,n)zn,'ﬂ’rmi’z the map
nasdl Z
G p i
19 a surjective homomorphism of %he group (L [zl +) onke (Z Eﬁ'
' ¥ s
Propf. i1 /‘16 Z_ then N ('X)/é ¢ g0 for Y (z):Z/«fa(Xn)z“
] B
there is a power series without constant term X such that
'!(J(,'t(z)):z and then z“ﬁ'(fL-z-z) X (2) has non-zero congtant term,so.
there is P (z) such that zui('i»;»z:) X (z)=exp (Y(z)).ﬁ?hus the con=-
J gidered map is surjective,

To prove that ﬁf"”‘b i jg a homemorphigm we begin by =ztu
dying fthe restriction of this map %o C ((o for gome
ve [[z11¢ Crezll

Congider

Xz b :z(fu-z)“'il'etz p(t _(fv(z))
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PRLC GXLension o goue neizbborhood of ‘[O}xﬁ: in Cg
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34— /Lc@)(ﬁc,(,.-. a ,'*Jc,ﬂ) is - a homomorphism,we infe

®) ; ; e '
O 2 (n).Thus § ~ed ( e Chre o /46' (X)) ie a one-paramet er

. ;
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3 y . N
ig a function of (c,lg.“,c:n)gx hich will e denoted by Vs gom.o“v

7 : v :
Since /“ M, €7 — Z (n) is a holomorphic function,such that

that

L

/«‘ ls the composition of a lipear map of L to the Lie algebra of

4 1.0, L * o X -
(n) and the expomential map of 2. (n).Hence, 2. (n) beinz commu
ve /‘{< is & homomorphism.Since n ig arbitrary this implies

s [ ig a homomorphism.
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and M N S/\, is a-bijecti
mante of € Lrz13.

Proof.Tt is obvious that [ A0 Spa iga-bijection.
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That s RO S'p ig a homomorphism follows from Lemma 2.5«;

Indeed agsociate witn ’,A (3=1,2) the geries Q&j as ip Lemna 2.5.

Then P4 +P2 corresponds %o /ﬂf?ﬂlﬂz and it ig obvious fthat

8§ =exp(l .) and & =% p(
U/ﬁé p( (QJ> C /4‘&/"& E
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2.6 provides a method for computing ﬂdéﬁﬂ&

Indeed 1if (Tﬁ,T@) ig a free pair of random variables with zero
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Z(2)=2(1ra) e exp(p (2))
where X (z) hag zero constant term.The differential equation
3 e
L D (e e (2
P(p (2, 5 ‘\F ) A >t

4

n?4

N

o . - s ol ~
withidnitisleondivion

VY (2,0)= Py(2) -

letermines a unique formal power geries in z with coefficien
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e e

gystem of crdinary grential
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condition ¢ (O/ /y,(Kn),where &« is

of ¢ and %he ﬂé g are polynomialeg and Dizo; Moreovaer the
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goofifintenteol Hn dopand only /on W,Q(A‘;)s. 1< j<n. Thus it will
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be gufficicht to prove the theoren For the cage when W, - and ¥,

are polymomials.Moreover by continulty 1% will bﬂ-»ufficieﬂﬁ to

prove the theorem only for the cas e when f4 Géi WL wa(z)

o

1 Y e S gl ~ :» O N R Y vr
nadioag ipn Theorem «.0 C0O0& Laer
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; Pt
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Tt 4ig immediate that W (z,%) satisfies uhe differenvial
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o
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shen X (z, 4>~~ M4 (2) Sf‘ (A>/(¢»~> .

the assertion of f%he tﬁe@rem follows from Theorem 2.6,
V Qe ded)y
We would like to conclude %the Q&pev with an example of

a computation done using Theorem 2.0,

We ghall oompuﬁe‘"?':{(im ol )g;*'“ é& g ((A=f L&

%@S ) (0L oL P < AN If ‘fF gg} ig a free pair of gelf-adjoint

projections in (4, ¢ ) where A ls a c*~algebra with faithfui trace

'? 9$hem'7 coincides with the trace of the spectral n cagure of

JP and in particulaf the support of Y ig the gpectrum of PQP.

. The trace of Ths ;Vootral meagure of PP can alsgo be co mputed from
the trace of the spectral measure. of P+Q which can be computed
usinglmur'r@sults fpr the addition of free randon Variablesl:9]
Also the ap thor gojmtiy with M.Fimener have computed with ad-hoc
methods the generating. function of the moments of PQP (unpublighed
bn the o%her hand we learned from Joel Andersgon about the paper
‘CBJ ,where computations of gpectral data of certaln PUP with
different methods have been carried out in order %o obtain regults

abeout the range of fthe trace on projections in the red juced C el

gebra of (Z/Z,Z_f)f{* (E/.s .E”) 2



5

S 24 ,kJaﬁpTcﬁ the comp*tablon of b “((4 ¢~)€ +o<£ ) X7
((’.!Q— [’» )ge -i"[Q S’? s it ;’4 = (- of )cqb + o 5,, we have
Pl = c(Z(imz)Mi
Z(2)=z(e + k) ‘
%{AZ)%('ﬂmﬁ»ww +z>;ﬁ"¢
It follows thai
(z):(ﬂ+z}2(c& +z)”1({3 +z)m1
/’!f (z)=z(4+2) (L :?)”"’L(ﬁ-vwsz)'"'l
VY (2) satisfies the ﬂqua%ion ‘
DR BYC SR TRD ¢ TR D
g0 that ‘ ‘
q{"z’(?_.-ﬂ_)*’r P ( ol z4 /3 zeL) d/g z=0

and

4 5 o(z—-[?- o \/7(0(24- [3 z'w’l)?‘mq % (z-1)3z
2(z-1) ‘

B

1-z(x + )+ f (az-1) (bz-1)

i

2(z~1)
where the choice of the branch of the gquare-rocot will be made
praecigse later and wbere
b= <L 2uf * ' 1 X
a N NCE S IC B D
The Cauchy transform of ¥ is , '
. d 2 ( 4 -1 -1
G(e) = S ) =gt (ds Y (z )
- T

and the branch of the square root ig determined by the condition

Im %> 0 => Im G(z) £ 0.
We have

B e s £ )4 { (2-8)(z=b)

i o
i

= o 2(h-z) T

Uging [1] and takins into acogount the algebralc nature
of G, -the measure Y jis given by



i
3
4
1

i

6

A : é
o et L) G >
«)7 = g 4 &) lA’ i O g OJF(J’:‘, 4

n denotes T,ebegue peagure and c',,G ig the reaidue of G

where al

n

o o

gé.m_)le pole.This zives © Aomlatag P )7

—pmax( ot %-{3 24 _oy.2ne support of &the abs plutely continuous nar
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