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In[3] L.G.Brown ¢ongider

corresponding to the uwitary group

other hand in [12] we introduced
measures on R and T (cfuchol iy
free producte, which are similar

The motivation for the present no

general point of view of categori

riven a precise meapning in the fr
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tures related %o free products an

Thus U, (n) ig a group, in a dual

and the operations in [12) are pre

ed C*-algebrag ¥  (n),Gr.  (n)
/ . ; Y1C 4]
and %o the grg smanian.On the
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U () it iz U(n)) and a dual action on some operator algebra

1

o ) A £
roup of bhat

operator algebra (see 2.5).In facht the action of U(n,l) on the

Cuntz-algebra O, constructed daf

of ‘such a dual ‘action of a certai

= b R S S SR R N e -
that the dusal algebraic gsirucitures make genss a

19.) is due to the existence

n dual group Unc(n,ﬁ).The

aleebras we congsider ars operator algebras,however it is clsar



purely'algebraio context and the examples in section 5 have

analogs in the purely algebraic contexi.
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In order to deal also with "non-compact™ dual groups we

shall have to work with pro~0*~&lgebras. In the case of a

countable family of semi-norms tHege are es sentﬁallJ the game

. A -K‘ Kl x
thing as Arbeson's O —C7-algebras [1].The necessary facts
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about pro-C —algebras are given in section 1.

The generalitiss about dual algebrailc
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the usual sense of category theory) are in section 2.
The convolution on gstate gpaces i1g defined in section 3
In section 4 a generalization of Kuiper's theorem is

proven for representations of dual groups.

Section 5 1s a list of Gde ples of dual groups and of

dual actions of these,analogoug %o certain Lie groups and

homogeneous gpaces.lIn particular we exhibit a generalization



1.In view of the cxaqolcs in cech on 5, the limita-

tion of our congiderations to COIpTE C*;algcbrag would be ar-
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tificial.Hence,as in¥%he © —algebrag v ill be either real ,complex
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of these C*-algebras will ba on Hi
complex and réspectively complex with a entiunifary involution.

By /A we shall denote the c*-algebra 7}2,(1: or ‘f_ wi

@
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cohJjuga uwon corresponding to each of the three cases con
For real c*.algevras the states will be stétes of their complexi-
fication which are real.Simila:ly.for Preal® c®-aloebrag the
gtates will be assumed to be real on the real gubalgebra.

1.2.A pro=C *_algebra: is a C ~31”*ura @ I I endowed

with a fanily of CF-geninorms ( | MCD indexed by soms
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directed get I so tha
and morsgver:

B = im A
i
A

where the subscript 1 indicates the unit-ball and A, is f%he

]

quotient of A by the ideal annibilated by It
Note that given a directed get I and epln
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C -algebras
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¢ _algebra is naburally equiped with a pro-C —algebra structure.
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1.%,.Exanplé: X a locally compach space 4A=C. (X) the
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unekions on: X and the Cl'—=geninorns
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Uf\{%s-sup lf(t)‘ ,where K rung over the compact gubsets of X,

metna (0 Al o I) and (B, (|l ”ﬁ ) ) ars

nwomC gebrag then a morphism is a % ~homomorphism (intert-

peJ

winpning the involutive antilinear ¥ -automorphisms in the
5 3 2 |
"preal' cace) ¢ :A —» I such that for every P € J thars is
o € T go thak I!Wv)!l < hx|. .T;;fote,’zhat_this implies

,(A’<]L le) «e7) and (4 ( I ﬂ ) B ¢ 7) are lsomorphic pro-

~Cﬁ_algearas if for.eyory %€ I Jdhers is F.E J go that
B, < ({z”F and vice-versa for every B €J there ig o€ I

with Hxﬂpf?ﬂxﬂx .Also, this definition of 1 O”pﬂlswﬂ implies
that & representation on a Hilbert space of (A4, (| l) ,e 1)
aCtually factors through some A o .

A stakte on a pro-C*-algebra 4 will be always agsumed’

ot

to be continuous with respect to one of the seminorms,This
insures that the Gelfand-Naimark- Mubal congtruction ylelds
& representation of A.
. X 5 * . e N . e g e
4.5.4 pro-C*-algebra will be called 9fdrable if 1t ig

1

~isomorphic to a pro—C*;algebra'maving a countable family of

seminormsg.and such that each of the quotients A, is separadle.
A geparable pro—C*walgebfa ls always i scmnfphic‘to'one with
the seﬁinwrms'itdcxad by ”J'
=) be-a pro-C*-algebra and B

3.6.Let (4,C1

a C alpebra . Then Hom(A,B) is the direct limit 1im Hom(4A,,B).
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Endowing each Hom (4, ,B) with the topology of point-norm convergenc

and the direct 1limit with the direct limit topology,yields a

topology on Hom (A,B) , which depends only on the isomorphien

¢lasg of A, DThig that if ~ye lim 4,  ,the inverse limit
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g map.If X is compact and F:1X —> Hom(4,RB) cm*ﬂz_zmou ,then
sup ][F(z)(y)ll~£i 0 for y€ lin A, - which @ durn 1 I is

x€eX .
countable eagily yields that F(X) € Hom (A, ,B) for some €T,

1.7.1f ¢ is a morphism of pro-C*-algebras, sEe I 0.4 Bhen

Ker ¢ . together with the restriction of the seminorms ( )l [, e

to K£1°Y is a promC*—algebra ag can be easily checked
Let J © 4 be aclosed two-sided ideal of A which ig
pfo-C* with respect %o the restriction of the seminornms
Gl il ~of A, Then A, /] is a quotient of 4/ and
o Ll e T £ o
l/ - & . ; 5 X
let I \ be the corresponding C"-seminorm on A/ «Assuming
0(. < ! S
moreover that the set I is cowtable (in which case %there is an
isomorphic pro-~C*-algebra with seminorms indexed by %[) oneg can
i1y show that (4/9 ,( N I is a pro-C"-algebra
G&Slly Eho‘\) Ulb&h (J./ ,( 6( )O(el) LG8 jous (oL e 5 éSbI'c:.

1.8.We pass now to free products (see [2] ).Throughout

: . > : ; *
o Gy o ~ % L £ < ¥y oy ~1 ¥y 1 Rl W W] ~1 4 -y ~ B IR 3
thig: paper we ghall-congider only free products of upital ¢ -al-

ST = S Kafeien e e Janil sy g2 LE
gebras and the free product will be agsumec

write A % B for A %, B.
= 41
ilon of the free product extends in an obvious

way to real and "reall C%malgﬁlwuy010£”?d also,that the fres
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product of "real" CT-algebras,aft
ture does not coincide with the free product of the

complex C*Lalgebras9 gince

= 3 » P e PR
ig univergal wlith respecs

lutions.
4.9,.For unital p

(3,1 ”F ) e §) we

the A, BP form & pro

2.Dual

ro-C¥-algebrag (A,

ding to the quotients 4, RP
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r fortgetting bthe "real®™ gtruc—

y\fxcl]‘ji ']!‘*{l
voduet fer Mreal’ O

to morphisme which interwine the invo-

=g ,T
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efine their free product ag followss
jective system and we define (A ;?'E)a:

3 e A SRE i = * 5 .
)1 and consider on A * B the C —seninorms

Note

The algebralc

Praic ghructures in a cal

sl [4] ,the category

-preserving morphismg.This

readers convenience,the generalities about alge

as they appear in the cot

a4

structures,to which we refer are alge-

fined for insitance in ch.IV
of unital pro-C*-algebras with unit-

.

gection briefly recalls,for the:

braic traatureu

text of this particular category.Direct

oroducte exist in thig dual category and are precisely the

free products of pr0~“¥'¢lwcwau (with amalgamation over/ ) and

A is a final object.Hence,rouwghly speaking,the



morphilsn X 1h—-—s A and to require that the diagramg

defining the algebraic siructu ﬂc (with inverted arrcuws) be conmu-

2.1, A dual group is & undbal pro-C *_algebra A toge ther

wilth unital morphisms i tA —>s A*A ylsh e am e = A
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in the free product iLdentically-into A.

2.2. A cual action of the dual group (4, M ,gfl' i edn

on the proqu‘malgebra 1 is given by & unital mprphism - .
o :ll —> 4 % 1l sucih thatb
(/( ¥ idﬁ)o' :(id_A % o= )OO
(%*j‘.dm Vg =id
e Under %the assumplien in 2.2 if B s a unital
“T‘r»nC*-».:] abra then Hom(A,B) is a group the operation bein

P ﬁ“zzgg(ﬁ;*‘ﬁ)ﬁh and the inverse of W is T J and the

unit ETBX .The proup Hom(A,B) acts on Hom(M,B) l.e:for each
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M +e  Hom(A,B) there iz a map “e*(r) s Hem(M,B) ~—s> Hom(M,B)
defin(éby () (f) = ch(T?’*‘f)G"’} and v(ﬁi)a'mi)’7(7’2@773)/0'(&2&«;{)&5
Sl it e I{c)i‘:ﬂ.(;‘g,isi)- we define f5 el e
- Hom(M,M) by P ()= a‘(ﬂ“‘}(ic‘,’:m). ,c have (ﬂ (m) /% ()=
= B C(RCT) 7, >5@_ﬁ; . "
SeDen 1l gr*m_uculuur there 1ls a homomorphisnm
¥ :Hom(A, A ) —> Aut (1) defined by
. e pe T D,
Indeed,we have ' .
FEE) T (T PR ey LD € Sape L, -
LRt s SR S 0 Bl (S 08 ).
SpCE (EaPEID= F(E,PE), and aleo
F(Y = PCELX Dn=0 € X D EGIn=

e 57{(( E_M’)f i)+ idM) 5 n=.
~§. ( &, % 1id (X %id,)orn=n
il i I M7~
where we have used the fact that R j= AL .
This shéuld be kept in mind for the examples we :

& e > A 2 » s S 1 “ - - A T4 1<y oo
ghall consider:s a dual action of the dual group A on M, gives

A

S e i !
the eroup Hom(A,A) on M.

2. Convolution on state space

* - ;
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dual semiszroup would suffice). then three is an associated binary

Moreaover

nevtral element for the operation € and ip cage A is a group

(Pr® D (P, 0 N=CP.B P, g,
Since the free produoﬁ of two trace-states is again a

trace state,it follows that the traces form a subgemigroup of

4.4 zepneralization of Kuiper's theoren

4,1.Let X be a compact égace, A a geparable pro~041a1§ebra
and B a C*-algebra,Llet Lup(Y,“on (A,B)) denote the gpace of con—
tinuous maps from X to Hom(A,B) Lonolomlze ag in 1.6.In view
of 1.6,liap (X,Hon(4,B)) identifies with the direct limit of

Nap(n,uom(ﬁ ,B)) which in turn identify with I ImaCA« OEX.B))

the direct limit being H6m(A,C(X,B)).Ws ghall endow Map(X,Hom(A, T)

with the topology obtained from the identification with
Hom (. A,C (Y,?f"‘) Yoo

4,2, Theoren.let X be a separable compact space,H a sepa-

il T P NORERRE L - i ! PO, P
I1lbert cpavce and A a ceparabls nro-

~C¥-alpebra which is a dual group.Then %the space Map (X,Hom(4,L

L sa
is connected,
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Proof.Let T € Map

CEIN

Me-ghall prove that
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the connected component of P contains the,conetant nap egual %o

X ®I,.,where X ie the nullary operation of A,

Teh L - = Bx)€A) < L) and letB be the

C -algebra generated by $¢ .In view of our aggunptions b is gepara-

2

ble apd there ls a conbtinuous map F: X —s Hou(d, T) such uim
e o~ : G
F(x)= ¢t o F(x) where ¢ 1D —> TLT(H) is the inclusion.

We shall use several times the fact that the connécted
component of F and of a limit% of mapg of the form UFG ™ where
5 unitary on H (real in the "real®™ case). are the
83}118.

Uslng the non-commubtative Weyl-von Neumann type btheoren

—t
3

{2380

ot

of ['Tﬂ (for the adap real and "real case see [9])

~
(&3

o

;lon to the
We -may replace -H by H@B H® ... and P by 4) where
(ﬁ (x)=F(x) & ¢gx)dGe(x)E ...
with G(x)= P eoPF(x), i beipng a reprasentation of D on H.
Let o (%) be the inner automorphism of L(H & X)

¢corrsgponding fo copjug cﬂwmvluu

g
:

RS e

H

e B :
co0g = LH —~31in

PO} =

E(ﬁ)' =

Sinarl, cos 1.
< i 2 4 S

(x,8)=F(x) © L, (x,1) ® 1;1(_:{ T S

where },.,L e Lap(X X[,Og’}.]“ JHom(A,L(H® H)) is defined by

,\

(1,8)=(E() @ X ID@® (ot (1) ((XBIY @ ().
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Then‘?ﬂ connects ¢3(x): ’g%(x,ﬂ) with 2600 ~which after
permuting the summands in H@H® ... can be wriiten as
be..

K(x) @ (X 81y @ (L ® LS ..

e s
wonere

KE)=P() @ (G(x) @ ax) @ (GG) P G))@ ...

”l‘*

e i RSl %R Bl ey T sl 15 5 e e A U A
After identification of H®H® ... with H, we may assume X(x)

epregentation of A on H,

where

P\)

By (x, )= @ (XBINIP («(t) & (K)o NO (X8I
We have

W )

P, ) E() @ (KB (K(x) o 3))B (KB 0 1))
Py (1,0 =(ECIB (K() @ 9)) B (KB (£(2) » D) @
P, )=X8I,) D (.8 138

Since Tyg(x,i) and qP5(x,O) can be identified after a
§ (5

1]

o

permutation, we can conunect

L e 1- S PO 1 o 4= i
which ig equivalent %o X DI

ion B, 0CCIP ) has g dual

. .
. A P S O G S e o S B NG o %
el A Wesgna b 886 1T -5ed

-

group struchure and Bou(C (T ) ,L(H)) being

Y Ty g et y S g = b
homeomor phic %o the

unltary group U(H),%he preceding theorenm iumplies that
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Map(X,U(H)) is connected, which ig the essence of Kuiper's theorenm

In thisg section we shall discuss example of dual

oup
(A,/A :J,X ) and of dual. actions on pro ~C -algebrag 1,0 1l —» A% 1,

Py

The natural ifjections of B into B % B will be denoted

b denotied by a-~—> a4
1 * a . . » . . o
The pro-C -algebrag A will arise ag inverse limits of

* - :
G =algebras A, &4,
. - L'

c .
-C([-n n]) to be the continmvous functions on [ -n,n],complex-

i e iy T g e N s 2 i s e €
-valued in the first cage zand real-valued in the second case Let

m ! Llage - d A e o
T be the identical

Her.

tA, —> A A be given by /‘1 . Vel (T oa is
/H G n'x Bk v n a‘ﬂ> > 'a> A n>

Ehnae Eaoe e ) e 1 : N Sl g = e 3
the inverse limi% of the ﬁ!]‘:,d_txm iaverge limit of JO'S, J{\(Tﬁ)

= -0 and A the i yverse limit of X  's %.,.J(f);:f(()).
The groups Hom ('I’Rd:?m') A ) ,Hom <1’R77L .A Y aré isos
norphic to K.

The convolution on the gi:

o
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A (S e : : .
All the g€ cdual croms | o i s 1 - W P SRR s o i - (800 LA T
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of A 'a sensrated by (Mo . ),
s i e
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g E e
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i T ’[}Xi’} I
e .
where X = s 8. € i B together with
WNGX Xn $i,A0H @ 1] 7”J w08 v
1£ 41,j£d
additional relationg whtich will be specified in each casec.The
dual operations M and J arise from /W A o — A XA L3 tA-sA
E : 1l S N ¥ n o 4
n .
where
X e e
7 ( k,a;n/

3
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5.3.The examples
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ch.TX of [ 7] .For these dual

natrix groups listed in § 4 IX
ecall some notat long Jru”[:71
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groups 1%
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ik will be cenvénient to r

whichYahall uss.
I, will denote the unit matrix of order m in a
given algebra of the form B ?@lnqp and
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write Y for the matrix with entries

Hom ( GL

=0(p,q)

ttrag ]t

and
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L .The dllal

cehras are ''real™ and wve have the &
7 r
A RN -
k,lin ‘mak,melyn
X = -X
m+k,€;u :,m+ﬁ;ﬂ
where 1< z;,@gn.
5.6,The

ne
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5,7 .The dual grouts .

DC'

we require that

KX =
Tove

dual group ¥ _(p,q),0

complex and respective 1y praal, d~h+q and we

)../.l )*‘U o) O) Huf\(o

i
q

f»\ﬁ

>1GL (dzk>-

ebras are complex and respectively real and the genserato
only the relations d B,
e have Hom (Gan(d5¢:)§/1):GL(d,d:) and
(@, R, A)=ena, RD.
Ciem e o ey TT* D 71 -
5.5.The dual groups unG<CL). e ‘have d=2m,the al-
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nc(p,q).@he algebras
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rsQ) 9A ):
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~ We have Hom (Opc{m,di),

¥
&5 m 1118 vyl ot Nspay
e 8 ® xh (52 C) U,C».l. ZYou D" On o
d=Cm and we require that
‘:‘7"‘”‘# 3 g s s L ‘:;.
I n A f Ml(ﬂ 3 J'.r)“ % M r}-ﬁf el Vi n

N 7')
O

Amrat grouns
’% ....xﬁ‘u ¢ 1"0\ L.!r., h' ’]G

Tle
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5,9,The dual groups Sp,,

and we that

(o7}
i
E\)

require

We

5,10.The dual groups Sp.
d=2(prq) and we require that
r—-‘*
X o ke o
n BRATHT PR

ne
We pags now %o gxamples
groups.
{28 My = Myym ] oy e < o
B.ll.The duel scuion of ©

A .The alzebra A is the
n,d - n,Q
ot Pt $o<SA Sboa
RPN TN s & s P
generators Siﬁ(ﬁ.f? fep A= 3%5qg) and 1B
why U
o e I~ :w"f__T
s [ApRag 9 oAl =L
a

where 8 is the pxq matrix with entrieg

A )fOOﬂ,f).

[}

Hom(O;z(Em),ji)an%(Em)o

(m,C).The algebras

(p,q) o8

s
o5
o
g -
3
)
3

ne

: % e
complex C -algebra defined by

g rels

tiong
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SE e . Lo
aleebrag are “real’,
3

are real,

-

G(p,q).The aleebras are Mreal"

of dual
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The dual action o :A_ M~J¢Um0(p,q) $§'A% de given
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! —_—p A e A recall U 0.a)
n o p,d n P,4 ( HC(“’j}

is the inverse linit of Aq’s) where 7z ig defined by the

matrix equality

8 arse pxp and respectively pxq,qxp and
qxq matrices and we have identified A with the corresponding
5 T e ! £ A A
gubalgebra of nné%«m?q-

Once we have shown that ©° is a well defined homo-
morphsim, the fact that O ils a dual action 1l an easy algebrailc
exercise which we have to the reader.

To check that Cfa ig well defined,amounts,in view
)

e S . a SRR TRl e Al Ee e - Sl = *r
of the definikion of the algebrag,fo the followinge given L.p

(1€ k,ﬁ < beg)aS. . ( £ 14p,1< j<£4q) bounded opsrators on
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orthogonal gumn.

] AR RS oo Yot R L | Qa o =
First we must prove that « +E 7 s inveruible,cince

s
he

- ¢ ® ol
X%'I X=X we have ® o~ > Y =T and

- ”g(’(}]xﬁ+”'f1f) so that o +§7 has
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