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D a n  V o i c u l e e c u

T n  f 4 1  
- r  A  E * ^ , , ' , "  n  n n s i  d e r p A  e * - A l g € b 1 ' a g  U  _  ( n )  , G f ^ ^  ( n )r t l  

L . / J  
J . r r  u . J J l  V l v l l  v  L , L J E , L \ . 4 v J

I J v  l l w

corre s  ponding to  tho un ' i ie i ry  group { }nd.  ' t io  the gre issr i jen ian.0n the

o the r  L ran r l  i n  [ t a ]  vue  in t roc luced-  opera t i ons  fo r  p robab i l i t y

neasures on R and T C&{al i n  h l 7 ,  [ . ] + !  )  r e t a tec l  i o  r educed

f  re  e  prod.u.c ts  ,  which are s  in i lar  to  convo ' Iu t ion on thes e groups .

The  rco t i va t i on  fo r  the  p reeen t  no te  i s  to  eho , ' v  tha t  f ron  the

:
g e n e r a l  p o i n t  o f  v i e w  o f  c a t e g o r i e s  t h e e e  e n a l o g i e s  c a n  b e

g iven a  prec is  e  r :ean i  ng  in  the  f  raE lev , io r i r  o f  dua l  a lgebra ic  s  t r r - rc*

tu ree  re la te  d  to  f ree  Fro i luc ts  gnd to  p resent  fu r ther  e  xanp l res ,
. :t.r i 

l.

T h u s  u o . ( n )  i s  a  g r o u p ,  i n  a  d u a l  s € n e c  r  ' . n h i c h  a c t e  o n  G r n . ( n )

€ - ' l

a n c l  t h e  o p e r a i ; i o n s  i n  [ _ 1 2  J  a r e  p r e c i s e l y  t n e  c o n v o ] - u t i o n  o n  t h e

etate .spac€s of  t "v ' ;o  nperator  e l6abras which are,  dual  6roupw

re la tec i .  t o ' lR  and .  - lP  =u i ( t ) . - \ I sc r  r i i i t i r  each  ope : ' a io r  a lgeb : :a

w l t h  a  d r i a l  g r o u p  s t r u c t u r e  t h s r e  i e  : a s s o c i a t e c ]  a ' g r o u p  ( f o r

Un . (n )  i t  i s  l ; ( n ) )  and  a  ch ia l  ac t i . on  on  some opera to r  a lgeb : :a

g i v e s  r i s e  a l s q  t o  a n  a c t i o n  a f  t h e  e s s o c i s t e c l  S r o u p  o n  t t i a t

: . .
opera to r  a lg leb ra  ( see  2 .5 ) . i n  fac t  t he  ac t i on  o f  i ; ( a  rL )  o r t  t he

C u n t r - a l g e b r a  0 *  c o n s t : : u c t e < l  i n I t g l  i s  c l u e  t o  t h e  e x i s b e n c e
il

,  - -  |
o f  s u o h  a  d u a l  a c t i o n  o f  a  c e r t . ' i n  t l u a l  3 r o u . p  U n . ( n , t ) . T l t c

a lgebr "as  u t€  cons ic le  r  a r6  opera to r  a i .ge  b rag  rho t ' ev0 r  i t  i s  c l * sa r

that t  ho 'Jual algcbraic s druc i l t res ni lke $ enq e i ' r l .s r :  i .n a



: ,  '  '  t  '  n 2 *  
" ' :  

'

p u r e l y  a l g e b r ; l i c  c o n t e s t  a n d  t h e  € x a n p l s s  i n  s e c t i o n  I  i t e v e

e n a l o g s  i n  t h e  p u r e l y  a l g e b r a i c  c o n t e x t "

I n  o r c l e r  t o  d e a l  i r l s o  v ; i t , r  " n o n - c o i : ) p a c t t !  d u a l ; r : o u p $  $ €

. l

sha l - I  have to  i , ' /o rk  w i th  t r i ro -C*-a l$ebras .  In  the  cas€ o f  a

c o u n t a b l e  f e i r r i l y  o f  s e , . i : i * n o r r i s  t h a s e  a r e  e s s e n t i a l l y  t h e  s a r r l €

!-

t h i n g  a * q  ; l r i l e s o n t s  f - - C t - a l ; e b r i , i s  f ' 1 . ] . t n *  n e c e c s a r y  f a c t e

\b

abou t  p ro -Cr -a lgeb i :as  a r€  $ i ven  in  sec 'u ion  L ,

The gen€ra l i t ie  s  about  c lua l  a lgebra ic  s  t ruc i :urss ( in

the  u ieua l  sen$  e  o f  ca t tego ry  theo r ' ; r )  a re  i n  s  oc  t i on  Z .

T h e  c o n v o l u t i o n  o n  e t a t , e  s p a c e s  i e  C e f i n e d  i n  s e c t i o n  1 .

I n  e  e c t r o n  4  L  g e n e r a l i z a t i o n  o f  t r u t p € r t s  t h e o r e i n  i s

p r C I v € n  f o r  r € p r e s e n t a t i o n s  o f  d u . a l  S r o u p s ' '

Sec t ion  5  i s  a  l i e t  o f  exaup les  o f  d .ua l  g roups  and  o f

dua l  ae t i  ons  o f  t hes  €  r sna logoU.s  to  c  e r ta . i n  L ie  S rcups  anc l

ho rncgeneous  space f ; , f  n  pa r t i cu la r  we  exh ib i t  a  genera l i za t i on

o f  the  CF-a l -gebras  o f  Cun  i ,  L5  I  ana !  o f  t he  U(n  , { - )  ac  t i on  on

these  a igabras  ( .+27 .



t . 4 - . f n  v i e v r  o f  t h e  e x a r i l p l e s  i n  . q € c t i o n  5 t  t h e  l i n i t a -
-H

^ r+
* r  nn  n f  n r . , r "  n  i r ng i r l - e  ra t l ons  to  c  onp lex  C" -a lgeb rae  wou l r i  be  a r *
U J " V t l  V I  V s !  v v l l  - - - - - f , - - - -

ro l
. r - i . p i n . i r : r t  ^ I T c n n a . o . $  i i f f n e  C x - a l g ; e b r a s  v u i l l  b e  e i t h e r  r e o . L r c 0 n p l - e x
l i  J . . L  J " U  J r - ( I  c  : r w  l l  u  t ,  - ' -

o r  , , r € a 1 , r  ( i . e  r c o r l p l e x  r ; i t h  a n  a n t i l i n e a r  i n v o l u t i v e  a u t o l l t o r *
V L

! . ^ . , ,  1 - -  L l ^ ^

p h i s : r )  ( s e e  $  l -  o f  [ 9 ]  a n a  f t o ]  ) . A c c o r C i n . , j l y  t h e  r c p r c s e n t i i i i o n s

n f  t h e s e  C * - a l g e t r r a e  v r i l i  b e  o n  l { i l b e r t  s p a c e s  v , r l r i c i r  a r €  r e l a l t
L,' I

r  
' - - ^ , r . " : - - ^ ' l * "  ^ ^ - . . n l a v  t r r i * l r  a j  t.  oornplex and"  res pect ive ly  co i ; : rp lex v ; i , th  e  ant iun i tary  inr , 'o l -u t icn '

By  A  l l e  sha l i  < ieno te  t i r e  c * -c r :Lgebra  7R,6  ov  C  i ' ; i bh  conp le :<

con  jusa i i on  co r r€ -q  pond ing  to  e  ach  o f  t he  th ree  casss  c r l ns ide  red - .

Fo r  rea l  CLa l i l eb ras  the  s t i i L tes  w i l l  be  s ta tos  o f  t he i r  comp l -e : : r -

f icat ion vrh ich are re iL1.Si ru1 lar ' }y  for  " r€a l l " ' t  Ct -a lgebras fhe

s ta tes  w i l l  be  assumed to  be  rea l  on  the  rea l  suba lgebra ' ;

l . .A;A pro-C*-a igebra, ,  is  a  C*-a lget r ra  (A,  l l  l l )  end owed'

w i th  a  fa ra i l y  o f  C re -se r l i no rns  (  l l  i l *  )< * r  i ndexed  by  sons

d i r e c t e d  s s t  r  s o  t h a t  n s f 3 * l l " t l n ( l { * l / p  , j #  f f x / 1 , . - l / x { l

and.  morec,v€r i  .

At  =  
S=  

A" . t

w h e r e  t h e  s u b s c n i p t  t  i n C i c a t e s  t h e  u n i t - b a t l  a n d  A 4  i e  t h e

. | | l t

q u o t i e n t  o f  A  b y  { 5 h e  i i l c a l  a n n i h i l - a t e i  b y  / l  f ' " (

\p
N o t e  t h a t  g i v e n  a  d i r e c t e d  s d t  I  a n d  e p i n o r n h i s m s  o f

Cf,-algebrae f*p ,  Af.  - t '  A* ' , ' rhen "t  "  f  ,  i ;he invers e l ini t

C* -a lgebra  i s  na  bu ra l l y  equ iped  w i th  a  p ro*c * -a lEebra  s  t i "uc  tuve .

L . 3 . E x a n p l e : X a l o c a l l y c C I m p a c t s p a c e ' A = C O ( X ) t h e

bounde.d osnt i  n t lor - r -s  funut ions an X snd the C*-s  e i l tnor l : ]s

7'



al€

I f l l -  c 1 1 n
I r ' -  u u y

l - a  wUC J.L

l l*,{  *
' '  :  

-  : ' :  :  '  t " t

r z r \ l
f ( t ) l  n r l h e r e  K  r u n a'  ' t

r .  .  1 , .  
t t  ,  

. t l l

ovsr  the oox ipect ' ,Sr . i l :se ts  o f X; '

4 " r f  ( a r ( l ld  )  , (6  r )  and (s , (  l t  
, l l p  )  

F  . .  J )  { i r€

pro*C*-a lgebras the i l  a  r iorph i . , t rn  is  a  t t  -hor ionorphism ( in ter$*

v , r i nn ing  ths  i nvo l .u t i ve  r  an  t i l i nea r  l t  *au tou lo rph tsms  in  ,  t he

f ' r e a l  c e s e )  { 1 : A  - ) f l  $ u , c h  t h a t  f o y  s x ' e r y  F €  J  t h e r e  i n

d  €  r  s o  i h a t  l l  ?  ( * )  l l *  - <  l ,  x l l " .  . N o t e , t l r a t .  t h i s  i n p l . i e s

( A , ( l l  .  l l * )  o ( 6 r ) a n d ( , t , ( i l  f , p )  p , t ) a r € i s o n o r p h i c p r o *

-C \ -a laebras  i f  f o . r  eve ry  <€  I  t he re  i s  p  e  J  so  tha t

ll x ll*

w i t h  l i r r l l p  < i l t l l n  . A l s o ,  t h i s  d e f i n i t i c n  o f  n o r p h t s n s  i n p l l * e

t h a t  a  r e p r e s e  n t a t i o n  o n  a  l l i l b e r t  s p a c e  o f  ( . A , (  l l  i l " . )  v u  f )

ac tua i l y  fac to rs  th rough  soa6  A 'o

A s tate CIn a pro-C*-a lgebra A w111 be ahvays assuned-

t o  b e  c o n t t n n o u s  w i t h  r e s p e c t  t o  o n e  o f  t h e  s c l r i n o r n s . T h i e

lnsu res  tha t  i l i e  Ge I f  and*Na in ia rk -Se  , .a I  c  ons  t ruc  t i on  y i . e lds

n  T a e n ? r e s 6 n i a t i o n  o f  A .

. o

1.5.A pro-C^-a igebra rv i1 l  be ca l le t l  s$Ara i : Ie  i f  i t  ts

isoraorphic  tn  a  pro-C*-a l i : "ebra hav ing a coun. tab le  far : r i ly  o f

s e m i n o r n i s . a . n d  s u c h  t h a t  e a c h  o f  t h e  q u o t i , e n t s  A n  i s  s e  p a r a b l e  .

A  separabLe  p ro -C* -a lgebra  i s  a lways  i somorph ic  to  one  w i th

t i re  s  eminor l i is  inde xec,  by l l t / '

t , 6 . L , e t  ( A ' (  l l l l , .  )  d 6 r)  be e pro-Ctr*alg:ebra ancl  l1

the  d . i rsc t  l i rn j . t  l i i . : l  l l o rn ( ; \o . r l ) .
--)

tl

a C**a lg ;e  b ra  ,  f  he  n  l lonr  (X  ,B)  i s



- r :*)*
l

E n A  n r * r l  n n  a . n n l t  r T n r , '  (  ^  L ) \  t , j i t t l! 1 1  J . V v r  r L r r i r  v i , \ u  r t  i l u J : l  
\  

j r o (  
, J L )

p n d  t h c  d ' i v , n n { '  l i r n i *  r r r i * . } i  ' | . h ^q L r u  u ! . l w  v i l  i . u  !  J - J . l i i l ,  i  v t j L  r ; ! J  u ! l c . t

t i re  topology of  po in  t *n  r : rn  o  onvs j? l ic  nc

d i re  c  t  l i r ; i i  t  t op0 l .oSy ,J / i e  l d$  &

topo l  cgy  on  i ion  (A  ,  j J )  ,  t rh ich  t1e  pe  nd .$  0n l .e  on  the  is  a r i to l ,ph isn

c l i ^ i s s  o f  A , T h i s  i r . r p l i c s  t h a r -  i f  y  6  
} g r  

i t r x  , , r ; h e  i n v c r s e  I  i - : : : i t .

t ' e i .ng  j .n  l ;he  ra te  gor )  o f  se  i i s  ,  the  I Ion( , \  ,T )a} f -+ f l ( "v )  6  E  is  a  c  on*

' l * : ' n . " ^ . ' . .  " ' lr j r i . l L r u u $  l , ; t r p . . r f  X  i s  c o n p a c t  a n c l  f t ; i  - _ +  I I o m ( j i r l l )  c o n t i . r i r . ; o u g , t h e n

sup l l  : r (n)  (y)  l l  z  c,o f  o l  y  € t$ A< rv i : ich Sn turn i f  r  is
X 6 X
cou" i r iab le  eas i ly  y ie  Lds that  r (x)  c  i lo : ; r  (a< , l )  for  sor i t€  4  6 r .

4- ,7 , I f  ?  is  a  $ torph isr ; i  o f  pro-C*-arge i r ras ras in  L ,4 the nI  
-  -  - - u

K e r  f  t o g e ' u n e r  ' , ' r  j . t l r  t h e  r e s i r i c t i o n  o f  t h e  s e & i n o r n s  (  l l  l l " a  )  r a 6  1

to  ,T(er  g  a  p ro-c* -a lgebra  es  can be  e ; i s  i l y  che  c i . ied  r

3  c  A  be  a  c lo .sed t ' ; ro -s ic lsd  idee i "L  o f  A  luh ich  is

p r o - c r  q l i i ' h  r e s p e c t  t o  t i r e  r e s t r i c t i o n  c , f  t h e  e e ; n i n o r n s

I  n  l ,  \  - . e  ^  m I ^ ^ -  ,  L !  -  . t  ^(  l f  l l . (  )  {  e I  o f  A ,Then  An  / J *  i s  a  quo t ion t  o f  A l  U  anc l

l e t  l l  t l / r (  be  thc  co r res i :on r i i ng  C t -seu ino rn  on  A /  J  . ; i seuu ing

i i l o reover  t l i o . t  t i : e  se t  r  i s  , o r$ooro  ( i n  y ;h rch  cas€  i i : e re  i s  an

i o n . r ' z r ' ' h i n  ' ' * o - C * - a i " l e b r a  r i t h  s e r , i j . r i o r j , i - c  i n C . e ; l e O  l y  A l  )  o n €  c a aI ' +  t . , , l r l L J I  V t . l I U  i : i l  U " V  - * J - C V  r J l . ' c {

c o a i r - r  n , r ^ , ,  * i : a t  ( A / ^ J  , (  l l  l l l t n r r l  i s  a  p r o * c * - a . r g e b r a .n ctii J. rJ1 tr. u ulY r,

{ .8 . i ' l e  pass  no \ j r  to  f ree  p . rod . i - rc ts  (se  e  [ ;  ]  I ,T i r ro i i ;q i r *u .&

!!is_-pqlS_l'-jiq_j1lqi1._q o1q iti e r oi; l;i f r e e proii:,c ts of ill j_ .f al C*=

eeb i :es  a l i r  t he  f : ree  u : ro i i L rc t  w i l l - b s  a s s u l i e i l  t o  i ; c

el.i i-r; j i .: 'arr;ati.u:: ori€F A . ' j : ir i is rie ;-: ir iI. l- write ,i +$ 3 f cr: r l [ J 3 .

' l h e  c l e f i n i ' b i o n  o f  t i r e  f : : e e  ; , r o c l u c t

waJ to  rea l .  x .nd  t t rea l ' I  C* -a1 , . -cbra l  , , l ,e l :ay i i

e :t t e ncie i n $.n obvi oue

a, l . so ,  t l :e l t  lhs  r ' : :ee



*tJ'*

1 '  ' "  ' * - :ea l "  C**a lg {e ' i i reb '  , ; . f  te r  f  o r tSet  L ins  the .  t t roa l t t  s  t ruc-p r O c u c t  o I  " r e a r "  u  * a . r i - e i

t u r e . 4 o e s  n o t  c o i n c i c L e  r i i i i r  t b e  f r e o  p r o c l u c t  o f  t h e  u n d e l : I ; 7 i n g

r  n  *  - -  ^  J - l ^  ^  . $ * ^ t ,

cos rp r€ i i  i , ' - : t l gebyas ,  s ince  th€  f ree  p roc luc t  f o r  " rea l t t  C* -a l ;eb re i s

i s  un iv€ rsa I  F i i  i h  re *  pec  t  t o  no r  ph ie  ne  wh ic  h  i n  te r r l i i l e  t l r s  i nv * *

I u t i a n s .
. t

4-e ,For  un i taL  pro*Cx-a lgebras  (Ar (  l l  l l . (  ) . ru  r )  and
A , C  J I

(B r (  1 l  l l n  )  o .  . r )  v ie  d ,€ f  i ne  the  i r  f r se  p roduc t  as  f  o l l o \ : r s l
t -  l - -

t h e  A . * ' *  3 a  f  o r i , i  a  p r o j s c t i v e  s y s t e r r  a n d  w e  C L e  f i n e  ( A  T  l , ) O =
h f "

=I in  (Ao *  i lc  ) ,  anc i  cons icrer  on A ? E bhe Cd:-senf  norms
< - _ r L

, ,  t l  i  - ^ ,  t . ^  J - L ^  ^ , " ^ + 4  ^ ^ ) - ^  A  - l a

l l  l l  6 < , p )  c o r r e  s  p o n d i n 5  t o  t h e  q u o i i e n t s  A c  *  9 p  . N o t e

tha t  A  FB anc i  A  + (  B  a re  no i ;  €qua l  i n  g€uera l .
\

2.Di ia1 e l l lebra ic  s tquc-  qqeq

fhe  a lgebra i c  s  t ruc  tu res  ,  t o  l vh i ch  r i ve  re f  e r  a re  a lEe  *

b r a i c  s t r u c t u r e s  i n  a  c a t € s o r y  a s  d g f i n e d  f o r  i n e t a n c e  i n  c h . I V

g L of  t4 ]  , the catesory of  un i l ;a l -  pro*C*-a1[ jebras r ,v i t [  un i t -

p re$erv inL i  i t o rp i : i s l i s . t ' h i s  sec i i on  b r ie f  l y  rece r l l s  r f  o r  t he

r e a d e r s  o o n v e n i e n a e  r t h €  S € n e r a l i t i e s  a b o u t  a l g e b r a i c  s t r u c t u r e u

a s  t h e y  e p p € a r  i n  t h e  c o n t e x t  c f  t h i s  p a r t i c u l a r  c a t € $ o r y . D i r e c t

p r r :duc ts  ex i s t  i n  th i s  d .ua l  ca 'Legory  and  a rE  p r€c i se i - y  the

f rec prod.ucts  o f  pro-C*- r i lgebras (v i th  a i la lgatuat ion ovarA )  and

A i s  a  f  i na l  ob  j ec t . I {ence  r r cUgh}y  s  1 ;ea }< in6" ,  t he  rec ipe  f  c l "

d  e f  i n i n g  a  c u a l  a l g e  ' u r a i c  s  E r u c ' b u . r e  o n  a  p r o - c l  a l i i e  b r : a  i s  t o

C e f i n e  a  n - e r y  c l . , . r i t i  o p e r e t i o n  a s  e  L l n i t a l  n i o r p h i s r l

:  i l  -__> i r  x  . , .  *  i \  and .  a .  nu ] . } -a r )  *pe  r "u , t i cn"  gg  a  un i ta l
.*-#,vr -t i* n^

/



I

i
I|  - ,

morphisn X l  A -> A and to  r€qui . re  that  the d iagrane

de f in inL i ' r ; ne  a l l geb ra i c  s t ruc tu re  (w i th  i nve r tec l .  a r r , : )uws)  be  co f iu ru *
&

ta i ;  ive .

2 .1 .  A  dua l  S roup  j . s  a  un i  t a i  p r ' o -C* -a t6ebra  A  toge  i ; ha r

wi th uni t;:1 riorphis:rs t1 ! A --*D A )t A, j: A -----> A, K t It .-*+ A
I

$ o  t h a t l

( l ,  * idaT =(idrr */  ) /
i . . ,

44 - l  ,1
d  - r u ^

ia

e  6 u ( i x i d , i )  = ' t o Y

f  / . .
.  6 , t i c - ^  +  i )  =  € o /- a '  

- l l  
'  v '  - A

( X x i d A ) f  = i d x

( i a  x / .  ) n  - i d n
r * * A  

I  t L  :

where €O;  / t  - - ,  A is  the un ic lue r , rorph ism (un i ta . I )  anrJ

5 ^ r i r  t(  A --) n the natu::al  r- 'orphisr i l  nepping b oth ; l  t  s

i n  t l i e  f ree  p rc , l uc t  i den { ; i ca l l y  i n to  A '

2 . 2 ,  A  C u a I  a c t i o n  o f  t t r e  d u a i  S r o u p  ( A r f  ,  f '  , I  )

* - -
on the  pro-Cr - -a }Se] : ra  i ' f  i s  g iven  by  a  un i ta l  r r rp rph is r l i  '  '

f  : i ; 1  - 4  a  + (  L l  s u c n ' i ; i r e t

(f x icr-l- ')cr =(idA * o- ) o--

(X .x id , , "  )  o -  = id , ,n .'  * I ' -  
* * l J -

2 . 7 .  l l n d e r  t h e  a s s u l i p t i  o n  i n  ? . 2  i f  B  i s  a .  u n i  t a l -

^ *
r r i :o -C^- : i i -5 te ' r ra  the  n  I ' k : r : r ( i \  rD)  i s  a  Sro l rp  

' ;he  oper : r  l ion  be ing

Tl lF Tr=5*(q * t r ) f*  : rnd the inve : :se of  f f  ts  '7f  j  anrL the

ur . i t  E  X .  . l l t te  I " roup l l c r r ; i ( . i1 , ; , )  r t c  bE un  i io : r : : ( t ' : r t t ;  i .e . f  o l :  eac i t
B



.

N e IIo: i i (AuB) t i  u"e is a nap '  ,A0r] l  l lcm([ ' I ,n) .- .+ i{or:(H,B)

I

c,ef ir. lr,y e(Ir) (f ) = Srfrr.tf ,) o,*.*no n0()r(ni) = cr @P /4),o'r1x)f ' t

2.4, :tf ?I e l{cn(;i, l , i) r ' ;e <le f ine p ( 7f ) e '

€  I I on ( l [ , L i )  by  f t  ( lY )=  € ( ' ( r  ) ( i ' 3 r , , ) . " i f e  have  P  (q ) 'F  ( t r ) *

= 13 ( (F (?r ,  )?rz) fb T, t ) .

2.5.  In  pa: : i ; icu lar  there j .s  a  honionorphi .sr i r

t ' : ; jon( l i ,  A )  -+  Ar . r t  (n)  de f  ine , l  i ry

t  ( {  )=  13  (4 , , , ,  f  i ) .

Inc lee  d  rwe have

r (  t r )  r r  (  fz)= P ((  F (  r  i , i  ( t i )  t  n Szi)P€ruf . i )=

= F ( r,* 1, i  P e1.1 f1J)= F c *,r( (n iP{+i))=

=p{e  tu ( | t .P f r ) ; )=  r ( f  rP {p ,  and  a l so

- f&  ) r i i =  F (  E ' tX  i ) *=v \ , L i l ( i du r ) r , r=

J 'u i r  LroT i )  *  id , r )  cr  n=

= 6, . " (  6  iu i  
*  id l " - )  (Kx id1, r )op=r=H- l1ll 

- 
i.;i ivi-

where rv€ have i . r .sed t l :e  fact  that  K i=  K ,

fh is  sh0ul ,c i  be ke pt  in  r i ind-  f  or  the sxer{p le  s  w€

shall condiuerr g_tq-a_l_ag_ion o.i i i ie dggljg.gs.P A ,ptt I '1' frl i iF.S*

an acti.g! ?,f ,tjj-*,qJf.pup Hon(a ,A) gn H.

4 .  C o n v o l - u t i o n  o n  s t a ' b e  $ P e c e
-:-J.;.;.;-:

-  ^ *  ,  _  11 'n  r '  - ,1  and 13  be  i ln i ta l -  p ro-C- -a lgebras  and l -e  t  ?  andlJ  l l  U - i  r-1! ,  \J.  J-)  L/  q Li  l l

1 t t  h a  a i c . h a c  o f  A  a n d  r e s p i i c t i v e l y  B . T i r e  d e . f i n j . t i o n  o f  t h e
Y  

U t t  t s l J \ i U C ' : l  
_  Y v v u * v v ' L J  P r & \ r

f r e e  p r o c t u c t  c t c t e  ? + d 1 f  ( e e e  f : ] r [ t : ]  ) , e : i i ; e r , ' ' . l t :  a l s o  t o

the  re : r l .  anc l  t ' rea- ' l - "  cage s . I f  , \  i s  i t  dua l .  i : roup (ac  t ; r ra l ty



'  I  ,  . ,  
, . '  , l  '  

I  : ]  . l l

dua l  sern iSroup 
- \ t /ouLd 

nu f  : f  I ce)  then tL r ree  in  sn  ass  oc ia ted  b inary

o p e r e i i  c n  o n  t h e  s  t . i t e  $  L ) i i l c e  ! , ( A )  d e f  i n e r t  b y

?, @,F* = (Yo * 1'" ) '7

Lli nrt a a,\/ c * +' t' ^
r . ; i ' J l U * - / v L I  t r [ . ] I

n e u i ; r a l -  e l e l , r e n t  f o r

the  nap h  (P
" l l

CuaI  i :u  l la ry  op6r , r . t ion X ,  A - -+ A is  a

t h e  o p e r a t i o n  @  a n d  i g  c a s e  A ' i s  a  g r o u p
r _ ' - ; -  

-

o j  l s  f f R  : r n t i a u t o m o r p h l s n  o f  E ( A )  1 . e ;

$ i n c e  t h e

t r a c e  s t a t e  r i t

E ( A ) .

{ ? t  "  i ) &  (  Y e  "  i ) = (  f e s  ? r )  o i .

f  rqe product  p f  t ! " ;o  t race-s ta tes ls  again a

f  o1 l -ows that  the t rac es f  orn a subs emip- : r .oup of

4 . . A  i r ; € n E r a i i z a . t i o n  o f  K u i p e r " s  t h e o l ' e ; i i

4 , 1 . L e t  X  b e  a  c o m p a c t  s p a c o ,  A  a  s € p a r a b l e  p r o - C t a l s e b r a

and  B  a  C* ; -a lgebra .Le t  l , {ap (X ,Hora  (A ,B) )  deno te  the  space  o f  con*

t i nuous  rnap$  f rom X  to  Hom( .ArB)  topo log ized  as  i n  L *6 , fn  v ie t ' r

n f  4  - 6 ,  u a  n  ( x - H n m ( a . n ) )  i d e n t j . f i e s  i v i t h  t h e  d i r e c t  l i n i t  o fv &  - L l v t r r r e y  \ r l t r r v r : r  , /  * ' v v  ! { v t i & * v v

L I a p ( X , I { o r n ( X d , B ) )  u r h i c h  i n  r t u n n  i d e n t i f y  w i t h  H o n r ( A o . , C ( X r B ) )

t h e  e l i r e c t  l i u i t  b e i n g  l l 0 n ( A , C ( X r B ) ) , l Y e  s h a l l  e n d o w  I , { a p ( X , I ' I o n ( A r B )

w i t h  t h e  t o p o l - o g y  o b t a i n e d .  f r o n  t h e  i d s n t f f i c a t i o n  v ; i t h

r t ^ , ^ / , r  n / v ' l l \ \l l D l l ) t A r u \ x s : : ) ) t -

4,2. l'Eggggii.Trq! X b,e. ar.jgfgf-+f S q,?J:pjI..c-"!-F:p*SS,lI jr. ji q i:er-

n X ^ 1 . . . ^ 1 \ . . * ^ ' ' r i r i c h i s e c 1 u M 9 - . ! s . ? 9 3 . [ , l a p ( X , I " I o r r r ( . A ' t ( H )- L J  * a r . - l * l 1  u u I r f  ! . 1

i s  c o n n e c t e t l .

rable inf i .n i t  e*Cinens ionai  l i i Iber" t  s pee-€ anC A a-{9lo. , { -g121-q--11lq-

?:p-cr,!, Le t Ir' 6 l',{np (:i r non (ot uT,(H) ) ) .tIle s hall- prCIve that
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t h e  c o n n e c t e d  c o l n p o n e n t  o f  t r '  c o n t a i r : s  t h e .  c o n s t a n t  r , r a p  e q u a l  t o

f  e  f , , ,v rhe: :e  f  is  the i lu} lary  op6rat  j .  on of  "A.

T , e i  J f  =  V , . q ( x ) ( a )  c  t ( t r )  a n d  t e t  B  b e  t h e
x € x

r+
r t '  , . ,  L . . ^ 1 . .  " - , ,  

.  f 1  T . -  - - r  ^ - , -  -  4( , ;  - a l - 3 e L r a  l j e n € r : a t e c 1  b y  J C . f n  v j . e l v  a f  o u r  a s s u n p t i o n s  ' b  
i s  s e l - . ; r r J . -

A/

b ls  e lnc i  t he r *  i s  a  con t inuous  nap  3 l  x  - -+ I tom(s rD) ,such , tha i

F ( N ) =  t  o  i j ' ( x )  r , ' r h e r e  u : D  - : - - +  t ( C )  i s  t h e  l n c 1 u s i o n .

' ' i i e  sne . l -1  use  sev€ra l -  t i i ae  s  the  fac l -  tha t  the  conne c  t *c , l

cor i rponeat  o f  F  anc l  o f  a  l iu i r  o f  naps  o f  the  f  o rn  T . iF r ix  where

u  i s  a  0 o i i s i a n t  u n i t a r y ' o n  H  ( r e a l -  i n  t h e  ' r r e a l ' n  c a s € )  a r e  t h e

s a u g .  . . ,  .

i "s ing the non-coi: l i ' :utat ive . i  eyl-von i f  e ul; iann typa the oreri i

o f  [ t t l  ( f  o r  t i r e  adap ' i ; a i i on  to  th ;  rea ]  and .  " rea I ' r  case  $ee  f9 ] )

w e  n a y  r e p l a c e  H  b y  H  O  H @  r r r  a n c l  F  b y  S  r r y h e r e

f

e ( : t ) = F ( x )  0  G ( x ) @ G ( x ) e  . . .

* .  r  O '  ,r u i t h  G ( : i ) =  f  o  F ( x ) ,  f  b e  i n g  a  r e  p r € s e n t a i i o n  o f  D  o n  i { .

Le t  o (  ( ' , i )  be  the  inner  au tor lo rp l : i s i i :  o f  I " , ( I I  &  H)

c orr es pond ini.; ' l ;  cl c on jugllt l4 v; i lh

-s in #to.ou Sfrn

u( r)
'tf tc 0 s r*

.r1

l i i e  c  ons  ider

1 .p  (x .  i ; )  -F (x )  @ : i ,  (x
. ! . t  

\ ' '  I  v , /  - J -  
\ r r , /  v  * . i i  \ i

t s 1

r , ' , ; h e r e  l . r  6  i , l i . r p ( X  y L 0 , 4 J -  r i i o n ( ; l , L ( i I @:L

f t

t  u J

n ) )

0 i . ( : ; . t ) @  . . ,
I '

f  . J  / \  n  f  f  t l  e n  f a r t4 V  U !  t 4 I J W \ .  V . l

i r n ( x , t ) = ( r l ( x )  @  Z  i H ) P  (  " r  ( l ) .  ( ( r c s r ; r )  e  c ( : : ) ) .
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\

nren,Vc  connects  $ ( * )=  p r { * ,0 )  v , r i th ' - ,  Yr ( * , t )  r , vh ic i ,  * i tu "

pcrdut in6 the sun* iand.s  in  t i  o1^ l -9  .  r  o  can be l l r r i i ' ;en a i rq
.{s.,,

; i ( x )  @  ( a @ I u )  @  ( 7 s  I f l ) @  , . ,

r , ;hore

i { ( x ) * r ( x )  @  ( c ( x ) F , ; ( x ) )  @  ( G ( x ) F * ( * ) ) @ . . .

Af  te r  i i i e  n t i f  i ca t i on  o f  i {O  g€b  , . .  w i t ' h  i { ,  we  n&}  assuna  l ' i ( x )

i s  a  re  p res  en t  a t i on  o f  A  0n  i i ,

Cons id "e r  fu r the r

V z ( : < , t ) = i ( ( x )  @  z r ( : < , h )  @  u r ( x , { ; ) o  : . '

T r t " , t ) = r ^ ( x , t * t )  e  u r ( x , t - t ) @  a . .

Fr(x , t )= ( r (x )  CI  (X  E r ; r ) )P  (  , (  ( i )  o  ( (K( : r )  *  i l@ (F  e  r r )  )

l{e have

T zG, o) = 9o (x ,ty

9,  
( " , { - )= l i (x )  o  ( r ( (x)  o  (K(x)  o  i )  )  e  ( : r (x )@(I i (x )  "  i )  )6

! | Q t ' 0 ) = ( I i ( x ) @ ( i r ( x )  
o  i ) ) @ ( i ( ( x ) e  ( t i i ( x ) ,  i ) )  @  ' . {

94^nt )=( t r "s r * )@ (K a  rH)  @ , . '

s inc  ,  V  z (x  , t )  end ?r t "  ,o )  can  be  ide  n  t i f  j .od"  a f  te r  a

. t - . :  ' l -  i  a ny s r . ' r i t u u a u r . v r . r  r  \ 1  e  C A n  C O n n g C t  P  t O

( / - g r i i ) O  ( 7  e  r , , ) @

y , r i r i c h  i s  e q u i v a l e n t  i o  [ 6 l r - f .

q , I .  r J  "

4 , i ,  i i s  y , i €  s i . : a l l  s e  e  i n  s e  c t i o n  5 ,  C ( t T f  )  h a s  e  d . u a l

g r ( ) L t p  s t r u c i u r s  a n d  i { o i l ( C ( f l f  ) , I , ( i i ) )  b e i n ; ;  h o i i i e o i ' r o r p h i c  t o  L h e

u i : i ta ry  f i roup t l ( t I )  ,  i i re  p receJ ' in f i  i l reoreru  i " r i ip l ; ios  t iu r . t
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. :
r. , i - ,  ̂  /w rr l tr \  \  ' l  ^ rr yr '-- :  *.  - ,  --  .  --  r-r.  -  - .  .r v r c d p \ a \  e u \ r : : " / . /  , r g  C O n n e c t e c l  ?  W h i , C h  i S  t h e  e S $ e n C 0  C I i  . K U i p C r r S  t t t e O f  s n

(Ar,f  , i  rK ) eind of ciual i -rc i ;  j .ons on pr0 -gr-; .r1-gebras i , ' i r€ ; l i ;  * .+:\  Si, j .

[ L r e  n a t u : : a l  i $ l e c t i o i ' r s  o f  B  i n t o  B - / A - B  u ; i I I  b e  d . e n o t e d

0y t4- rLz

.  For  t t rea l r t  a lge 'oras tLre ant i l - inear  autonsrp i : is rn  v ; i l " l -

be  deno ted  by  a  ?  e .

[he  pro-Cn**1gebrae A v ; i1 .1  a r ie6  as  in r rq rse  l - i ra i *e  o f

)6

C*-a lgebras  Aa . -  Ar  < . . -_  Ar#  . . .
. - 1  t r 2

t :  h  r n t , ^  , . , . . a  f D  
t l D' 2. r.!he d{.t:.- SI,gU_pS, tK n _ ̂  , 
,\ 

^^. Tre tatre An=
( L r n c  K ,  n c

= C ( [ - n  r n J )  i o  b e  t h e  c o n t i n u o u s  f u n c t i o n s  o n  f  ^ n  r n ]  r c o n p l e - " 1 -

-va luec l  i . n  the  f  i r s t  case  and  re  a i *va luec l  i n  the  seconr ,  cas$  "L ,e  t

f n  b e  t i i e  i d e n t i c a L  f u n c t i o n  i n  C (  l  - n , n l )  ; r i l d  L e , c

t ' ,  , , r  A?n  *  An  d  An  be  g i ven  bJ  
f  n (Tan )= i { ( f n ) . r i ^ (Tn ) .  y  t *

-  . -Tn  and f  ihe  inverse  l in r i t  o f  Y  n ' r  K t , ( f  )  = f  (o )  .

The  S roups  l { o rn  (RC ,n r ,  A  ) , } t om  (  Rn  
, ne ,A  )  a re  i eo *

f)
r : .o rp i i i c  to  l , \ .

f h e  c o n v o l p t i o n  o n  i h e  s t a t e  ^ F \ 1 1 A ^  ^ *  I P*q  psc  e  o f  l (6 ,  n .  i s  t  he

. r 7 i )
o p e r a t i o n  c I  c  c ; i p r c i ; l y  s u p i ) o r t e d  p r o b a L i l . i t y  ] : r e a s l t r e  s  o n  / K  ,

- -
v;h ic i r  we in t rcCuce,J .  in  f fa l  , r ind s ' r :u ,J iec l .  in  f t f ]

t l i e  i n v e : : s e  l r r , r i t  o f  t h e  l t  ^ , s ,  j  t b c  i n v e i : s q  l - j . n i ' h  o f  : i  r s  -  i  ( r y  )
I  n  

-  ? v  - - -  *  u n  " t  t J n \ ' L n ' l

5. ggiPfgg.

r n  t h i s  e o c t i o n  \ : ; e  s h l = r r 1  d i s c u e s  e : r a i r i n l c  o f  d r , i a 1  l i r o u p

5 . 2 . T i : e , : ; r , : i l  i ' : r o l l i l g  c L l i j r " e $  l o n c l i . n t i  t o  c e r t a j  n  r n S t l : i X

sr.pI-i.g.

A I I  t h e g e  C U u r l  i , t 1 " O i : :  r l s  u ; i l ' l  a ' i . q c  , . j r c r  . i n r ; , , r . r * e n  I . i . , : i  t a
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o f  A ^ r s  S e n e r a t e d .  i i Y
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r r r h : r n  Y  -
\ . / i l n l . ' 9  A r , *

1 l

d 6  i  - \ 1 a
- L -  J . t d - \ r

' , 'Jh erg

It ( ' ,, \ -
/ q " , ' \ ^ i  . i . n x l =
,  , r  r t c J t . '

'-li- 
,

( l { i ,  
i ;  o ) l " d  i

x; xn 4 nro,

xnx: € nr*

-  ^  J - i  ^  J - . . '

i  < d  s a t l s r y l n $
t t J -  * '

z
rs!<d

rnatr ix of  ord.€r n in a

a n da

U

T
9.

I '!lt/

t

* T
' v

o

* T-"m

add i t i ona -1 "  l : €1 , : r t i ons  w i i i " c l r  v r i l . I  be  sp€c i f i ec l  i n  each  case  . the

r l r r n l  o n t r r . i t i n f l g  , &  a n d .  i  a r . , { c c  f r . n m  H  l A  ^  - - - - - - >  A  *  i i . - " ; . - : A : + ,u ( . { c r r  u v E | i i r r r u . - - ,  .  -  / , n r A - Z : - - ' +  
A n * / i n r j n : A i i l ' , r :' n *

o i ; n @ u i i € A r 6 T f l 4 t o a : e i i i t e r r ' r i i ; h

n  ( Y  \ i  ( v  \
. L A  \ r \ i  ' l -  

.  ^  /  * a  \ r t ' t ,  4 .  n /
. I  A t r \ t L !  L  a \ t L l t l r

Z- in(x:.
" J : n )  

g  e i i = x - 1  .
t L r t ' r

L l i , j ( , J

T i :e  nu l . l -ary  opera 'bron Z is  the inverse l . i r . r i t  o f  7 .n tnn*4

.  . t l  r - -  \  ?w h e r e  / - n ( X i , j ; n ) =  b r j

5 ,1 ,The  e l ranp le  s  i n  5 . ! " *9 "L4  v l i l l  co r : :€s  * rond"  t s  the

rna t r j . x  g roups  l i s tec l  i n  $  4  c l : . fX  o f  f  ?7  .Fo r  these  due l

E rC Iups  1 t  w i I l  be  conve i : i en t  t o  re  ca l l  so r i re  no ta t  i ons  f r c i ; i  I  Z  ]

-ll9--
nh icn)6nat l  us  e .

1 -  . " . 1  1 1  L r * ^ & a  . l - 1 , . ^  
" * i +- L  W I t r I  L T t r I ] U b ( ,  t , i ] U  L { I . J J . I J

'!u

given algebra of  the f  or :n 3 I  Tn

. y r Y

'l' *

t, l
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F  l r { ' *
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U

LJ

0
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l ' ^  \ J

l4
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0 0

o
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o

I

"'rtf 
i t € ?

_ ^ 'vv|

I f  B is  ' t r€et } " , for  a  r r ia t r ix  Y€ B@ff i *  u ie  nhat l
o

*

f  o r  ihe  na ' ' , j r i x  v r i th  en  t r i  €s  (Y  )  . . ,  i=  Y1 i  '  'I d  T ' U

q ,  t t  4 r h p  r 1 r r a l  c . i a n r . l n n  G T ,  ( o r c ) r G L n c ( d r R ) .
2 'c i  |  ! t ! t r  (LL( ' i+ - - ;c ; r -Y , l : jS  " -nC. l

The  a lgebras  a re  conp lex  and  respec t i ve l y  rea l  and '  t he  s€ns ra to rs

s a i i s f Y  o n l Y  i h e  r e t a t i o R $  i n  5 ' 2 '

/ ^ r  / 5  f ,  r  A
\Te have l lon (GLn.(d,c )  ,4 )=Gl(d rc )  an ' ,3 '

r t - ^ r t r t r  ( A  T P  I  /  \ - n r . r , 4  P  f
H o m ( G r n a ( 0 r  , \  )  t  l t  / ' - L r l r \ u t  ( \  / '

- - ) t  , ^
t r  c i  T l r p  6 r ' ; a l  f l r o l l c s  U . - ^ ( z n ) .  i . ? e  h a v e  d = 2 n r t h a  a l -
/  

' '  
/ t # - :

gebras  are  , t re .e I ' r  enc l  \ te  have the  ar id i t i  ona l  v€ la t ions

t*  
rgI n=:{r: t+k 2n+t ' in

Y  h  - - X ,  o' t m { - k  
u ( ' u n  

- - K r r n + r i  n

a

\ : J h € r e  1 - 4  k  , ( . 1 n .

- . - ^ , - *  i ' T  / ^  n \
7 . . , .  - , , -  . ' ' . ' - -  -  f l I O U ' , P  t n " \  P  t w . )

a r e  c c l n p l e x  a n d  r G s i r r c t i v e l y  r e a : 1  ,  d = p + Q

'"ft Y -T^ n t p r Q " r l - - P r Q '

n  ( n . ' \  r ' f h a  . s l o ' e b r a g
t U ^ ^ \ V t ' i /  

' r ! r u  v + u v

tr v.

r n r l  r d r n  \ ^ r r a - 1 1 : i  r r c f ,  ' t l r n ' i :
d l J L l  \ . / \ -  , r -  v  L _ : u J .  I  v \ /  u r r \ . " s

i v e  k r a v e  H o n ( U ^ . ( P ,  ( i ) 1 1 ) = u ( P r a ) , i I o n ( 0 n . ( p ' q )  ' A  ) =

= O ( P , q ) '

5 .?  . !hg du i l  l i .  i i rQurs 0n.  (n  ,  [  )  '  nhe a]ge bre$ are

' r r ea ln '  and  v i6  re  q l l i . r €  t ha t

v K v  - T
" r l  " n - * n



*] 5-

r ve  have  l l o rn  (Onc (n ,  C )  r / t  ) =0 (m  ,C ) '

5.B.IES*9119!-.;-qlff- O,i (2r'r) '  the alSe-oras are "rca'Lrt '
i,

d=2r :  anc l  w€ requi re  ihat

* v  - T  T  i i  ; f  =  - Xv T^n  r rn * *d . ,  d -n , . i l . , I i i _  *_n

{ -  .  r .  - + (  
- : "

r r rF  have , :  lTo r (o t  ( z r )  , - [  )=Oo  (2n )  '
l ' !  I { q v v  r ' ! J h  w n c  t

L . * , r a  6 v E  t ? ' , e n n
q  t {  41he  , i r : a l  t  '  ' ' - *  d *  ' *  

r  C  ) . t he  a }geb re ' *q  a r€  ' } : : ea l ' e t
,/. u .-*:J*;j;:'"-L--s*I-Q'i?'i ; Pn c \t"

..
d=2t i t  and Y,,e r€quire that

qf rtxn=J,n'

\ r t e  h a v e  i { o m  ( S p n . ( : r ,  d  ) , /  ) - S P ( m , C  ; .

9r9.it :g-.. i ,qa] qroLl-pg sPn. (*, TR) 'Tlhe alEebras a"re real '

d=2t i  anc- l  w€ requ i r 'e  tha t

- . * - . t  ron rn^ i r= rm^

,  
, r e  have  Hom(sPn . ( r i r  , ' lR  ) rA  )=$p ( * 'R ' )

5.1o.3!.q*0gt*ggg;"pS-sPn., (p ' o') ' Tire alSebra$ are "r€al-tt

.  d = 2 ( P + C )  a n d  l { e  r e q u i : : e  t h a t  
:

T X  r  1 r  TL n  
" P + q ^ n -  " P * q  'i l !

" r * T a  X = i i^n  t tp  
,  q "n  

- ' tp  
,  q

, -  \' ' r e  h a v e  l { o n  ( $ p n ^ ( P , q ) r l  ) = s p ( p , q ) '

ri/e pas s n oyJ t o e xaii ip)-es of di:al ao ti t:ns nf dual

g r o u p $ .

,. 1.1.!I9-",lt l t l jgj i3l sE Itn, ( p, ql) on thi*: 'rJ lsbir"i

A ^  ^ . T h e  a i 3 e b r a  A n . o  i s  t h e  c o i : i p l e x  c a a l g e b r a  d t f i n e d  b y  t h e

! r r \ r  u ,  r

g e  n e r a t o r s  S : " i ( t  *  i 4  P " L a  i  
< q )  i r n i l  t h e  r e l ! ' n t j - o n s

'  
n . r+  q -T  SS*=Tn  t = r - p  ?  N -  - - q

w h c r e  S  i s  t h c  p x q  m i l t r i x  v r i t h  e n t : : i e s  $ , ' i '
l' ii



f l"6-

A^ ,' '  i$
l /  I t i .

q ., -:kF1l-:n14 5f€tfqrt+

gi"v e n

un*  (  p ,  c l )

the

The dr;"al ac t i  on

j .nve. rs  e  l in i t  * f

invers e l- i"nr i t  erf

'r .i 't. *,g U_ U Cl,l. ,1. lJ J

xn= c:

0  , A ! , , q  - ? u * . ( P t Q ) 7i

r : : n  . { : h g
! r g

i s  t h e

rnet r ix

f n r A p , q  . . + A n  *  o n , n  ( r e c a . l - t

A n  t n , )  l ' ; h e r e  € r n  i s  C e f i n e d  b y

h
e  / r - \  /  . r  q  *  t * a f  R  . n  C  \
f ^ ( . s ) = (  o <  - + i l -  o  n )  (  f a  , " + u  6  n )

I l  , [ J  l ]  I  L l  L t

r ' r l r a m a  r r r c  h r r r c  r ;  t i t t o n
v v l l g !  g  v ; c  L l ' - { v v  i ! !  ' L  u v u l r

F n

s n

where  {n ,  
Pn ,  f n ,  En  a r€  p>p  anc  rospec t i ve r y  Px l , g rp  and "

-  L - ' '  -  - -  a n d  w e  h a v e  i d e n t i f  i e d  A *  r e s p o n i l i n gq x l  n a t t ' i c e s  a n d  w e  h a v e  i d e n t i f i e d  A n  w i t h  t h e  c o r :

s u b a l g e b r a  a f  A n * o o o .

s  vu€ have s i : t  i s  3  v i€ l l  c le f ined.  hono-Once v l tc  hava sbo ' t ' ;n  tha t  
.  

o  
n  i s  a  we l l  c le l

r a o r p h s i n i ,  t h e  f a c t  t i : a t  c r  i . s  a  l l u a l  a c t i o n  i s  a n  e a s y  a l 6 e b : : a i c

e x e r c i s e  i v i r i c i r  w e  h a v e  t o  i h e  r e a d - e r .

I o  c h e c l i  t h a t  , r " .  i s  w e l ] -  c i e f  i n e c i , s . r i o u n t s  r i n  v i e w
t l

o f  t i : e  d . e  f  i n i  t i  o n  o f  i ; h a  a l g e b r a s  ,  t o  t h e  f  o l l o v . ; i n g s  i ; i v e n :  X t €

( t d  l c  , t *  p + c i )  r S i  i  ( L 4 . L a  p 1 L *  i  < q )  b o u n d e c l  o p e n i r t i : r s  o n. r d  
p -  P )

so i i : ie  l l i l be  r t  s  pace I - I  suc i r  tha t  X= ( : f  i  /  t f ie  r : ia t r i x  r ,v i th  e  n t r ie  s

Xr.g has bor-rnd-e d inverse (ec i ;uaLty o:f  nQrrrr { i [ f  )  ,X 
* In, qt=tp r*

a n d -  S  s a i ; i s f i e s  s F S = r n r ; S * - I o * r  D 0 €  r i r t i s t  s i r o w  t i r a t

T=(  . t  +s  f ,  >*o C F o-$ g l  scr t is f  ies

T { T=rp, rr*- t-n.

Ngte  i i i a t  l i  i i i a ; l  be  essurned to  bq  $epa: :ab le  s inc€  !1 r .0

& r 6  c l e a l - i n i ;  l i i t h  f i n i t e l y  l l a r i ]  L - l p e l i u { ; c r : : s  a n C  l l . , s t }  i n f i n i i ; o

d,tn^rr,antot a0 , oi^ tB t$t 4/u ul (o{*t q/^ i*f.',^' d



f : .

i
i
I
I
I
I
t , ,
l :
I

I

r . 1 r l

ort  nOgonar su' I i l .

f l r s  a lEebrau  Un ,n

cri : ls of luu b ,  [5 J and t i re

i n p l i e s  t h e  i ,  ( n  ' t )  a c  t i  o n

a l s o  [ 5 ] ) .

i :het  d,  +$ f  ls
, t '' " 9

s ' r \ r ,l t  t  - - r  ' ) h r 1  r l € n c €v  ' - * f  q l r  s  L "

'
: .  . . .  

: i

' ,  . r ' : 1 ' .  '  1  ;

i n V e f U I t l i e r i , l l 0 C

f or f e ir a Cf". . F ' tJ !  r ^  r \
P f i

lve have

7,(fr*

Firs t  r , le  l ius t  PrDve

X=I^  . ,  w€ have <n 4 -
v  l ' :

{ lc  *  +s ? f  ) f  t l

f ttt- l l*5 U')Ituell t / l  r l l)

.  r - 4

:  l tS l l  f f l  * f /  +l l  t l l  ) - '  so i rrat  a( +s f ,  has a bounded lef  t  inveree .

B y  t h e  i , € n € r a i i z a t i i o n  o f  K u i p € r f  s  t h e o r € : ; i  i n  s e c i i i  o n  4  t h e  s e  t

-4  r r l  x * t  x .= r  i so f  X r .  p  s u c h  t h a t  X r X
J t r t z

connec ' i ; ed  rhence  o (  +s  ? r  i s  te  f  t  i nve : : t i b le  and  in  i n  the  san i€

sonnec  te  d "  co r ; rponen t  o f  l e f  i ;  i nve r t i b le  e le iaen ts  a ,s  I+S .0= I  a r :d

h e n c  o  i n v e r t i b l e  .
. ' l

Put  t i  ng = ( r p ,  s )  , w e  h a v e  Z  t n ,  n E

( r , t ) r ^  . , ( r , t ) r= (d  +s f ,  ) -1  Z  x r  - x *  Z*  (  o (+s  ?P'  F r 9 '  P r Q

l l w - 4

=( o< +s r  ) -a
P r 9

s€6  tha t  f r [= I  \ nJe  use  a$a in  t i r e  connec tedness  a rgunen t  basec l

on  the  genqra l - i za t i on  o f  } l u ipe r t s  theo re f l i i  ' I t I l  .&  C  p  t  i l  eCq

is an is ore try which has the s asl€ inclex as the is olxe 'cry

ob ta ined  whe  n  X= I  . i ,  e .  $  i uh tch  has  inde : l  O 'Thue  l re  a l so  ba ' re

rirmft-'i-
I I  : J - C

ar€  e  f l ene : ' e l - i za t i on  o f  t k rs  Cn- r l ce*

i u a l  i ;  ( r ; - c )  a c t i o n  i n  p a r t i o l t l . ' r rL i . r ^ ( . !  
" f l C t L J ? y /  

y -

on  ' i ; he  Cun tz *a l ;eb ras  (  f  t f , ]  sGe

5.'12. r$S l qql.,,,S-ii qn*.Qi ofl (z,r) o!-jfu*g1.;t9!3-D.,"

The a lgebra  D*  ie  a  l rea l "  c * - . . r }6ebra  is f iner l  by  i l re

t\

)*

=0 go 'c l : .at

4
;



,i.18.i

, gen€ ra ' ho rs  s t i ( t  d  i  r J  6  m)  and  t he  re l a t i one

s x S=s,sn' =Irfl, sft = *3'

v l he re  S  i . s  t he i  f i x r l  t r a t r i x  w i t h  en t r i es  S r r .The  dua l  ; : c t i on

cf  ;  i l *  OS(en) F*D"- ,  is  , . le f  inecr a$ r i re inveree t in i t  of

: T )  A n *  D , ,  ( r c c a l l  0 , . r ( Z r a )  i s  t h e  i n v e r s e  L i n i t  o f  1 n ' * )
" n ' * i , 1  

' " t i  ' '  - l l )  '  
,

wl:ers  € ;  is  c ]  e f ined.  by tne r ia t ' r ix  ec lua l i ty  %(S)=(  xn+S tn)*1 ,

. ( F . " n t  t  n )  l ' ; h e r c  v , ; e ' h a v €  \ , t v i i t e  i l' {  n  -  n '

/ * n  F r \ _ 0 { v  
o  D  * > - L / z / t "  

t t o \
I
.. .,r c l='X ,.,on JL rir -JL ,^=c { |\ T n  b n t  \  i r , .  , r o l

t lote that f or Yn=,JL*,r*n &a vi€ hai76 Yf Ir,,  
,*Ylrn,,r,

ancl * ,rl

Ti ra t  c rn (S)  i s  u r : i { :e . ry  fo1}o i ;s  f r 'on :  5 .M. '
e  . v  

, 4 * V : - p o 8 \ * ' oI*oreover \ tJ€ have o{ ,  o l r*-F-Ff  = 1*,

s  c  the i

(s'( "{-- F" I C C - plsl =(s *F. *?,

a n d  i r e n c e

(q (s) f =(: Fi.,. ;f s ) ( ".,f - FJ-. ) -t=

rP" , a
- E r l  - -

)  - (S 
1. .  *P" )=* % (s)

wl : i c l :  sho tvs  tha t  V^  i s  a  i , ' i €11 - ( .1e i l i ned  ho l to r l c r r ; : h i s r ._4 r

5,I r .The r iuei l  ret ion o: f  ! i " re c,r ig] ,evi f icLtLo. !" ,o. f  Spn.(r :  , f t  )

' . , , t  
)  S J  i i : r  : r I * s L I + . C - , .

T h e  c  o r : i p l . e x i f  r c l t i o n  o f  i p ^ , .  ( t n ,  R ,  )  l e  a  t ' r e i - r l ' r  
F r o - C t

I J V

r?-
- a } g , e b r a a n d t l r e d e f i n i y $ : e 1 g t j . o n s c a n - b e i , u r i 1 : t e n

' a K t " '  t  ?
, t  p 1  U _ , : r  ^  I  t j * .ir r jt i t -_Lt 

r Xtt =i(n .



*-m L -  n ^I t Jc  \ /  *a -1 . | -1e0 r3  U*  }h *  r  
, i - " t ] , 3 . }  C , . -a lEe  b ra  dg f  i ne r l  by  the

-  
1 ; l

s€ r i  €rai i  CIrf l  ' i .  j  ( t< i  ,  i  J n) and' i  ne re l-ar i : i  bns

sl.l*=Sirs =I S*=Frj k --u ! -"-rj t

w h e r e  5  i s  i i r e  r : x n  m s ' h r i x " r : - t i '  e n t r i c i l  U * J

iE ' l ;he i -nve:: l  e l i : ; i ' . ;  of  i i tc '  r  nt  
C,,  *  An

4

def  j .ncc l  by  c r , . , (s )=(  *n* 's  4  
\ - ' r - (  

Pn ' ' 'S  6n)

Note  tha ' t ;

B . ^ =  t r .r i l n

I l lore 0v€r  ! 'Je

f o:: Yn =rJ?f,};n

T'r:re lrn i tar$ tY

have d^ d*

&
$J€ have YnTn,er , :Yg,= I

q (S) f  o l - i 'c l ' ;s  f ron

n

of

r nr1
! l  t  r r r

t ,  aA
, /  a  - - ' L  l

. -(^
d * =  b ^ ,

L I , r l

- F' f; *rn, F^ *^l = % FJ

he r:c e

( s ) ) ' t  - (  F i .? iu * ) (o / in  f - " I

.cr n 11

( q

=(trF,, +?; )-t(3'{- *F^ )= -"G)

r lh ich  eho l 'us  iha t  o f ,  ie  a  l ve l l  de f i 'nec i  ho t lonorp i r i sn 'I

5 . L 4 . T h e  C u a l  a c t i o n s  c l e r ' i n e d  i n  5 ' 1 1  ,  5 ' T 2  ' 5 ' 1 3

c & n  b e  i n  f a c t  e x t e n d e d .  t o  b i g g e r  a l g e b r a s , n a n e l y  t o  t h e

a16e- i : r ; : ,s  \ i rn€re ths condj . ' ; ion tha 'b  I  be un i tary  i "s  rep laced '

by the c  ondi  i i  on that  s  t re  a  c  i 'n  t rac t i  on '  T l te  pr  oof  s  a l :e  a long;

g it , t i  1€r.r } i  n c e .

s*)- l=(s*B *  7*  l - {Csk. ,  f i ) . ,u / * r* Fo,

l :)='*'nn""0 
rn=,* (:.

. Th e tli;.al r.ro ti on er

-r( C* itr l ie re q ts
i i l

r v h e r e  $ J €  h a v e  v i r i t t e n

. i T  \* *r,r I
I
I,

{ /n
( ;

J

t
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5.15. Ipt j ! .q,q--Ffa\Ulgg. In ths exanrples 5.rr* .  5.1o the

Srou,o$ I - Io i i ( , { r / t  )  i i r€r€ rec luct ive ,  but  there are nar ly  exa l lp l -ce

v rhe : :e  Hon(Ar / t  )  i " s -  no t  reCucr ; t r re .3o r  i nsbance  the re  a re -  c l t - "La l

€11oupi i  f  o::  r ,rhici t  l ton(A, d ) is is o: io;.1;hic to varioue e ol"vab:l .e

graups s f  upper  t r iangu. l " / i r  rnat r ice s  "3 ls  o ,  tak ing f  ree prod.uc i ;s

y ie lds  fu : : t t re r  exa tu1 r luu " .

There ar€ a lso r . tany ezal . lp len of  du l1 ] ,  act iong.T ' Ie

shou ld  espec id i - l y  c l ya l , r  ab ten t ion  to  the  na iu ra l  dua l  ac t j "on

of  Grn.  (n ,  C )  (a lC ef  r  ts  var i  ous "c lua l  subg ' rou 'p*o " )  on the

non*cor l r i ru fa t ive t t ras-?manl .an cons idcred tn  " r77 ar  s-n s i r r i1 .ar ly

c l e : f i n e d  n o n - c c i : j r j L l t a i i v a  f 1 i l , . . ;  n ' 3 . i t ; f o l d s  ( j - . . € . C * - a l i : e b : : e s  i i e n e  r a t e ' 4

, ( r . )  * r r (k )  r' / r - \
b y  P : : '  { s  i , i  . f  n r {  s  k s n  s u s l t  t t t a t  1 ' '  = \ r  .  .  t q  <  i ,  j (  n. i . i

i j  / A \  
r " . J

dhe - "  e l - f -ad"  jo i .n t  ider :pbtents  and P({ - )



1

:

RiiFERli';gS,

I al  j r^ R - i l r"rJ€* ori  , I l :o harnionic a*alyni.s of autor:tor; :hi"gn-i  groupe , in
L , a . t  

! ? l r i t r r r v v  
J C !
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