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F-SulICOCRITICAL F-PRINITIVE IDBALS,

INOVITA L AT

This paper is divided into two sections. In the first sec-
tion it is shown that some recent ‘module-theoretical notions
as the notion of FP-semicocritical module and the notion of F-

ight Gabriel topo-

H

~Loewy: series of a module, wl;ra F ois.o
logy on.ia ring. R, are in fact attiéial. This allows to estab-
ties in a latticial setting, from which
inta unified gnd simplifled manner a series of
results previouslv yioved by other authors in the framework 04
module theory;

The second section of this pa per is concermcd with the in-
véstigation‘ of tne reLationcnlp batwecn bae m*DflMlb;vb ldvalu
and. the prime ideals of an F-artinian ring ‘R. This makes more
-transparent the interconncction between the process of associa-

ting minimal F-primitive ideals with P-torsion-free indecompo-

sable injective right R-modules, due to Teply [1985], and ‘the

kind of modules, due to Nastasescu [1080}

A

This paper is a sequel of our previous papers Albu [1 844,

ik

5], where it is shown how certein results concerning chaln

=
®

1984
conditions for modules relative to Gabriel topologies can be
1

much easier and more naturally pro oved by piacing these condi-

tiond in a-latticial setting.



Throughout this paper
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gules, B & right Gabriel topelogy.on R, T = (7, F) the correspon~

ding hcr‘e,&:tar;’“toz.* on theory, and % the torsion radical associs

tbed bo T . If MeNod-R, we shall use the following no*‘"ahon:
qﬂm):{ﬁ\ﬁsm M/NeZ . :

For each P, PLMN, PC will derote the P-saturation of P in I,

iLe., P%/P = t(M/P); thus, Pecﬂ\u,) iff P =P o die, P is Hecas
1

of G lNY, thens VW
i) 2 ileT

(4]

£y )jeg 1o a8 e.“:L.Ly of elements

Z SN s Sy e ( NoW i - Tt i \
. ( 3 ";j_) ana /\ _uai = _\_\i are U.A_(-IA‘AV—‘A vl 04 I‘(‘-/ ooy :\/ ZLEeoVelr 3
ieT 1ET ied
~ nr S e RS ] A e e L GRS e G et
\;F(m) is an upper continuous and modular lattice with respect to the

P e 1 vl o LY ) ¥ s { TR e i - Ay ~ €1 e - -
martial owdering piven by " (inclusion) ‘and with respect to the

Fo L 1 P ' o b e i 1Y o o) o en ) L e

Gperations: s and oA N having t(M) as the least element and

M:as.thegrealest one

For all undefired terms or notations the reader is referred
to Stenstrom [975] or Albu and ¥ sescu [1984].
» .81, P-PULL MODULES, F-SEMICOCRITICAL NOBULES, AND
E-LOE#Y SEBIES
: °

e PN [ ) oy L T 3 £ ht o A 1 o8 A o T T R e
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Let Me€ lod-R ne. = e ll , Ne Ll €l

e ) Al i 5 e S VTS S IS Sy A Ao T o e
well ~known that N -is essential in M. We say thaw M 15 L-Ili.

if the converse is true. More precisely, we give the following

~

BERINIDION M ie said torbe E-full . if N/Ne? for.each

S AT ~ i n
i %o Y 9 i, &

This notion was first considered by Boyle [1978], Boyle and

!-:,.?

HETE g il O\ -

il (e (ol S LA A o rAe by oy A o B R
[I‘“ ) ”"»"] under the name of "the large condition” in con-
\\\\\ R R 7y B S e
modules with Krull dimension;

theories by Taw [13807], and

5] {,b.{.’]\}- (‘HLV [1 a"j 1 EJ].
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The basic properties of Bas ‘yll modules ‘are giv n by the follo
wing
1.4, PROP (LAU [1980] ). Let M€ Mod-R and N M. Then
C1) If.. M is B-full, .80 are. N .and MW/N. - n
, (2) B N is54 paiull cand M/NeE T, them M is F-full.
it (Hl)iéI & g fa mily of F-full modules, then :Qa_hl_
el
s is also F-full. .
(4) @ (m.) ;oo Tapily of E-full submodules of I,
then.so 1g 2 N.o.m
‘ ier
{.2. PROPOSITION. The following assertions are eguivalent
for MEMNod-R:
(1) M is P-full.
(P siior each CF(m)f\{m},i is not an essential submodule
of M.
(3) vhenever N 1is an egsential submodudesol - M .with 5 N :
€Cp(i), it follows that N = I -
Broof, (l)=>(2). Let NECH Qu)\{hj,t;en N is not an ccscu»’
+tial submodule of M, for othe rmlue it would follom M/NEINF = {C}
ive,, N o= M, a contradichion.
(2)=>(3): Obviously. ;
: 3)=§(1). Tet: N . be an essential submodule of M. Then XN°
is an essential submodule of M, and Cp(M), hen §¢ = M, and

e .m

ROLLARY (STENSTROM [1¢ Then M- ie

DL LIND LN

MeF.

Tes s@les T o R
& i MR GRS IERNRD o = Chlatla
PwrAn P

tice is com
latiies, Lyl
cosential el
submodule of M

only if O=n(M) is a complemented latiice.
T+ is well-=known that =~n upper continuous modular lat-

emented iff 1 is the only essential element of the
i 3 4§ :H BT R S i i Rl AR wT ~t o\ ek =
2 5 lxv A SUEERE § 0 f—.u.—’-.“_\.\-«}. bote  show tlh;t AN E o ‘{,-‘(""/ S WLl
EN
e o (H) 7 -4ff N dgian edgsential
. an essential element of CFQM), and
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l\"b ii\-{: “2” O T Owl B 5 18 :t S t(x»j), t‘u@ll ern II = t(ai), 11(—.;‘,_1\:\} v N i

A N

{8

/ £ Lol S c i
AT 6 > 4 BB L then ¥ N T? ¢ t(“i) ¥ and cong equ "nil:’? thi
Existe. xeX NN, x¢ (M), Thus xIcX for some Lel. But X1 4 0,

for OLJLL&iiG it would follow IQ;AHLQKA), and so  Ann

fidam At At o Mhoprefar 4 T ; el et g :
bradietbion, Therefore. flere exists &€l ~such thav O £ e NN
SIE 7 g S b3 e o R D o YAt i P Opea s - S R i o A R
and ‘Censequently N ic.an essential submodule of B, Tet us note

that the in

1

ication proved above is true without the condition MEZF.
Conversely, if " N€Cp(M) is an essential submodule of i, then for
each 0#£Y€Cp(M), YAN = YNN # t(M) = 0, hence N is an essential

element of Cp(l). ™ i

3

1.4, COROLLARY. If M is F-full, then Cp(M) is a complemented

: e R A A aeme e g PR 3 v e e w
are canonical isomorphic, and so, we arc done.M

4 = Yne A TYTF 1 R i e 4 1 T P et EES e e : 4 : e
1.5. REMARK. Example 1.16 shows that the converse implication
Loy i AApa A a7 A il TR U LR T G et B o e ey Ashk it
TROMEAad S60:E8 o - A0LGy a1 -U0e b alile Lilme: SNows that -an B

al submodule of M is not

e i
necessarily an essential element of the lattice Cw(M).B

An other notion, also first 1ntvouugcu by Boyle and Feller

AN AN < R e e R o e IR T Ty e e s S IR B P, 2 A
L e L T Ju(., J e aAe VIO ) RS WiAS A . WO G L (G gultegiwith Kr il sdis
T L A s o s PR PR e A L AN i Tt b e e 8 TR
" N s e Yy % e A vt T.7 Eege] s zrbi Vo s e A o, )
JMeloS 1o id g [VES SO ov aeradll el SN} LU RS e Sl s 4\;.,‘., O tRIreden (VR /]

q
ig that of  F-semlicoecritical module.

PPIRITION. An R-module M is called TF-semicocritical if

onc of the following equivalent conditions is satisfied:

(AN SR s S R o U S Y (v =Y A TN B R e
USRI E Cogl [ ey B3 6 & [ W L G (S YR 28 e et 2 B g ok e OO e e
\‘ Y e 2 C SE ISR V) ke - J \ J.} ’é_l_éil
n
e ‘ S = i
MOGULCE Gl « MULULG 4L paddiois L > @ ._L B
‘ IS ey e g kA eyt 2 e v I R S
(2) There exists a (B ) s of submodules
i’1€ign
Ad
SR hbiem ol i ’ = : =
/ ot )] oo oy ] i e g T LR S e SR R
o : e PR e T AT CAddia b o K Gre - =000l bl k/‘;:.]. MOoUULES

for each i, 1€ign. m



Since ‘any F-cocritical module is F-artinian and coirreducitle,

R ) SR i e it s el -t = i s . - -
using 1.1 one deduces that any F-semicocritical module is F-full,
AR 1% N and haa £33 R 33 o 3 v
Peartinian, and has finite Goldie dimension.

Qur next aim is to show that the notion of R-semicocritical

A b R e e SR e S R D e (o0 T Do el
modwkesis ~of lattiedal mature, by . explic ilhg Remark 2.4 from

preperatory results,

"Recall that Se€ Mod-R is-called FP-simple 1f the lattice CL(S)

has exactly two element tse t(M) and M, t(M) # M; thus (€ Mod-F is

i
1.6, LEMMA. Let L,NeCn(M) with IL< N. Then, the assignment

lattice isomorphism from the lattice Cj AN/L)
on the interval [L,N] of the lattice’ Cp(M).

» Procf.  Let K/1€i3F(H/L}; then L X< Niosand (/L) {0/
qufxeﬂ’ The exact seguence

0 —=N/L—1/L—1L/T—0
Wil T and MiNes yields MEeF , 16 %€ [L,N].
Conversely, if X e[L,H],.then M/X;GQT ane so N/L /0L e

c:':\;'/xe?“ ;hence X/LeCplN/L). 1t fo:uom that Cpll/L) T

are isomorphic as posets, and consequently, alsc as lattices.n

1.7. COROLLARY. The atoms of the lattice _CF(H) are exactly
5

TR £ e a N L PAEY- 8 -1y A 5 7 ,‘<.~, ] ~ QAo - X7
Proof. Tet X € C.(M); then t(H;é?g and consequently t(X)

£ lecording to . 1.6, the interval [L\“,,XJ' of CF(H) is
isomorphic to the lattice ~‘( LT ;), and so, te the 1
It follows that [t(M),X] has exactly two clcm@nts' 2ff o) uas

o 3 Ly % o 7\ (o s Y, s B B o
o1 e, Koigen alem ol C O M)y iff X .1is P-simplet

Recall that an upper continuous and modular lattice v

3 . : D 5 GRS 1z oL i Nl % oo i
called semi-atomic if ite greatest element 1 18 a join of atoms; in

this case, as in the case of modules, it can be shown (see e.g.

o 1 . 1 c sy 1 Ern gyiey e A ~ ey £ 8 mnevvr o ey o~
sescu [i;p‘/]) that X 18- compiegmencvel, 2t 20k -Gy GLY Ky F Eek

wikth x< vy, the dnserval [x,7] of - is . alse a semi-atomic lattice.
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5f elements of £ iis ealled ¥ -independent

e e P s i each 1€I, where O is the least ele~

ment of & ; in this case, the join X = N

; > e g SR
atoms, cf. Nastasesc [1, ] and. con-

e . e - ce o S
sequently o ds of i Uo denptl if - fe s e {(direct) join

{20
H

1.8.. PROPOSITION. The following asgertions are eguivalent

(1) M is F-semicocritical.

e s - e\ ol = e Ry 10 B M - z = e ity
(2) KeF and G ll) s a semi-atomic-lattice of finite
4o

7 : . . o . legi! BT R  Re a2 i

MeZ and there exists a finite {Ln&cggnanu) family
ol

of TF-cocritical submodules o

b

S

i = \ ) PR ) ; e - - 1 .
Proof. (1/=>(L). let (ﬁi)ieI be a family of P=cocritical ..

")

modules such that M is isomorphic %o a submodule Yof X = & D,

Por each i, 1 <igum denote by Xi the canonical image of. D, in

s A e - f)‘f_ SIS AT, P e e U e N (@ G £ G g i
e Rl et TR Ao/ J“i_ (e @ e €: . 5 LG .i,(j..‘\.,.'_() WS that Ly C L) m(i ) or By
5 e 4 o4
7

Consegqguently

CF(X) byt Thus - C

o4
oy
L

(@
=
—~

the lattice C.(X), hence

Cn(Y®) is also a semi-atomic lattice of finite length; since

8 ne ) "t Y ~ < wea Aava dane
19} !(L\;/'-"-f \;T‘w<‘:v.,"2‘a vl d ) , W€ agre adone.
=z 3 o>+ e atatemant mad O B W R e
(2)=>(%). According to the s tatement made just before the
0 S ERS IR e TBe R e S S e e e S I S (e
apove propos ibion, there exlsis an independendt, lallly QR Cich
Fay Aaey w4

i‘w': UuCh L}Lcht Jﬁ/ e é 7 7]
o F)

1. According to A6 Ol o



of atoms of the lattice (}W(Ku), s g, of F-cocrilieal su bmodules

o
e fh\ e f ~
s* )%, Then N e
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J
&
&y
Yo

¢

ct

il
(5]

i

~

> . DA 2 y g
j{i{u i=1 i=1 |
and Cin(-g GJ) & Ci/\(,V Cj) - 0 for each i, 1¢ign, hence the
JoFL J7-k
Lamilr Ay P e e T e wr N e ;
family <”i’1$isﬁ, af . subltoduyles of M ib independent.
pez T \ ; s : ; S i
(3)—‘(7>- Teb (i) aan 98 family of P ocr tical submo— i
: £ l,él.s_h !
. o b5
dules of M such that M/ = Ci€7 . Then M = ( Z: i \/, Gig
1= - i=1 igign
N\ hg ¥ e s - e o~ T 2 [ ;
hence. Co(M}) 18 a semi-atomic lattice of finite lencth: it follows.
i / B 3
that M is a Tinite direct join of atoms of Cn(M), and consequent~ |
1v. uging the roof of the implication suppose
AJs : i 5
rTladt  the o1 3 z + o indenendenty e IO -~ 4
Lila b ul,‘.(y .i.u.;ﬁj_ld (Ui)»('sis:ﬂ L0 inae k,_le.r.;Al - ’thg Mo ;
- g
dules of guotients of M with respect to F, then M, = (;;i),ﬂ '
o T
=1

i
But an R-module 1is B-cocritical 10T =13 b i

w3y TV

Za e
1Yo uu;f;

\?QGQLGQLA]\I [19%5] , et Meuod-n and el Then

¥ & R . ‘ . 2 £ A E T g e B N
(1) If N is P-semicocritical and 5%CeF then N° is so.
(o) -1f M- .ise F-semicocritical and HE

fa o

: T e
F~semicOoCli vtichle.

sjoyiite] .['I)ii.;. &

i N

ST IR et iy B 5 1 i I e B e
e S 180 My S it L b TAINL LG LBlig Yie

s il Sl I e
e 8 Dgfn_‘l.’ t/\ AA\.L -}vi. LLA LT uqt. _f Llll C
>\ AN S s ® A Nex
(}j heng te P T—L, and s

3 = 2 . - oy ke % RS ¢« A X IR A-ria A il x
since Pe F , it follows that Ny ECE(I’) jg Pesemicocribicul +0L



PP P T S R Ty,
o
s
e . el S e
2 e T S n S R X e 7o s St i = 5
gl iy dlien My dis a finite join ol atoms oI the knterval {(\,u» }
Pk HEATACER 5 = " R S r ) ke
af the lattice O.(P), aré also atoms of € (P)}. Hence T
B A = b

el % 2 &
“ e L R e B e > (.. D e St Sl
= N 50 o finite Join of atous of CatP), and consequently
. &7

Note that directly from definition one deduces that the Class

N oA R e T VR e S e e T e : i ha
of = FP-gemicoecritical modules is closed under subobjects and fithL

this class is not closed under extensions,
lirect sums. -

ur Froposition 1.8, namely the egui-

e

e a e v o Ik e T
n Golan [1985] (see Qorollary

dition "M has finite Goldie dimen~
gignt.. The statement (1) of our €orolldry 1 9 ppears also in

167 ) under the same. superiluous cor-

il R T R S e 2 ; 7 3 e R A I e Tl s B0y i S £
& shall present now a geéneral result on lattices from which

may be derived in a unified and si hgl&fl@ ‘manner & series of known
983 |

results. The. terminology on lattices will follow Nastasescu [1’”7
1

1.11. PROPOSITION. The following dssertions are equivalent

continuous and modular . lattice L

3 a4

2 iy R L e T o n R I SIS e et
is a semi-atomic lattice of finite length.

{L

e
W
o

(2) & is an artinian and.complemented lattice.
< noetherisn and complemented lattice.
&

is a complemented lattice having finite Goldie dimen-

L

=N gy A Nedia sy C Yy T
/ ol (\ ) ’—> N ) BALACE a1y

4 ~ A Z _— E 4 i vy N N SR Nyl s o o o P
(2):$(;} and (3)=>(1). It is known that a complemented and

SO, Tl el W T N vl e S LSS e A D) B35 i Ao e k1 s o

; J roinien j } i £ Bt A4 Ou
MO Uueal Lo uedUt Lo adlvidldlall o T MRS S e RS SRR DR u.L\,-_i.(,w.L s o Le e dhde My

A0 A A i (o et s Wi L
[ ST RS L S ) e K SR
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L8 a CUMPLENRCNTEU - Latiliee OLf L1110 ]..‘v.ﬂu b s 1NpLies that

-4 o / e e e = e 3 - 2 =
t. a€d, a £0 'contalns an atom. Let &  be the
9]

&

ain ool gl wbeme ol oL cdlse. 6 ksithe seeleet L UIF

49)
-
&)
&
@
&
¢}
8]
3
')
; @0
5
o
o
C
3
as
&

e S P Sy e 251
; then D =00 hence,uC
gonteins ep-etom 8. But -8 < Ab =0, a contra dxc ion. Conse-

guentliy'= g =71 g o6, X is semi-atomic.

Chr=l 1) By_ﬂasi@sesca (1983 , e e 5.5, .21, ov By
Grzeszczuk and Puczylowski L1984, Theorem 5],xthere existes g fi-
aite  V-indepéndent family (o.), of coirreducible elements
gt mueh  bhak N c. “is an essential element of L5 81uee

. ig complemented .l -= \/ G..+ Por-each i, 0<kan, the doterval

[O:C«] of &£ is a coirreducible (or uniform) and complemented

Wdtti,n, gonseguentliy--c, " ig an atom, ‘and 80, we are done.R

LA
>
™N
°
'v"“|
Ez
e
I3
.
—
iy
ot

i et U Er i oo il IS RO . R
M has finite Goldie dimens

if and only if the lattice C,.(M) has finite Goldie dimension.
Proof. Suppose that M  has an infinite independent family

N G N or e . R N & . 1 - O A P ] )
/k ) el C:i nohzero submodules.,. A Then (A“ nell TEansinfintte

TS e S e R TR e e Vbt s e ~ ERR -
\ - .;_“uvrumpnu family ol nonzero’ elenents of tne lawlice uT?(u./, LT
i
cauvt, 1o walCil nely

I'l'

vC C : c = ~r ~r Cc C 4

( v \ ) “, _:;4 ( 5: Yi Xr",,;-’i = (( :>: . _,’\.i)n JLI]*A]) ot C RIS Oq
PR TERE =0 el i=0 : '

Conve wvly, i CF(m) has an infinite V -independent family

A X ~F e o vy ~ 1 oo o L vy e o
L% B OB oREerg - elrements flen - cLears
(o) e La

y (Yn)ﬂem ig an iande-~

Peomi £

B L 00 }’AJ.QZ'(‘;’

o

We shall see in Example

1.16 that the condition Me¥F is essential.®

1.13. COROLLARY (LAU [1980],GOLAN [198%,1985], TLELY [1985] ). The

following conditions are equivalent for an R-module M:

%

A : < . N
i R SN R d B 4..A..«._JJ\JA }.u.;\/\ b o

P
L
)

(2Y MeF , M is P-artinian, and M is F-full.



and M is F-full
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Proof.oApplyta g, 180 1011, and 02
e v, SRR i i T AT
o S ghall consider two P-saturate

i P ~ = B
submodules of M:

“with. these, |

¢
o
o
€]
o
I
b
ek
£e
=
0=

hain of F-gaturated submodules of M. indexed bv. ordinals:

and the ‘elen con B e have been def
for-all ordinals: B < ;i then
7 ™ ™

(8]
Qon
-
b
fo
A
H
TN
31|
>
P gt
—
el
N
Sl
C
-
Ty
2o
I
o]
=
-
i
H
~~
P
\,
-~
38}
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e
o
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A demoa limib ordinal, and

H

!,.J »

S5y S
LIS e =Ny

'r‘_\, TS R R fe B Y A
h::tkkl”-}/ ua}‘\uij =D \iu,/ Dbﬂ.\.\‘u}}, .Lbu

EMod-R “and T N<X< M: Then (X/8)% = 2%/

(::/:1)"

-~
o o o 4 S - o o a i
some e - y. . depotes the congruence clags

- A A
S 5 == 1 g N T A e o a S 8 Py FH
i -y and conseguently ‘y.= y. for some
i
-
7 : M M3y o e 57
J o4 E . A i E ) S Ladland g doe
, ,
1‘ i e Vaz ,'1

i ¥ } ViE Pt
- &k o E AL ] N W SN

T ATE SRR T e . e S - T e
followe . that Tor Cecil a €d LilCre CHLS YOS A,LC £i
<
MViy7¢ RS 7 TR S o % T e
Xg» LIUS Yo NS4 v C.l Jor each s ed, l.ei,; Y C k&,
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As in the case of

L

S e e s e R e G
for further propertiecs of this series). The next result shows that

the two eg of F i W delin

above are nothing else than the ascending Loewy series of the lat-

b €2

in & uni-

15. PROPOSITION. For each R-module M and for each ordi-
=5 (M =»qx(cr(w)).

o LI
Proof. First ol zll note that S<l is

1 15 DROPOST
w

nal cxyo, one has s (M

(')
=

F-gimple iff S

oot e et

e 1 s S G SatR  ma  e Vo N E eR e
Sdli s uy means 01l a8 SUrLa1LENTLIOIW
And an i left tn the reader. @
Cwdid A w dadd . Aedl W (R W S o G o e @
T o) I3 A g e T 3 4 s Sy Y ~ 1 B e Te [ el s ameey Ay
e end this section with an example inspireéd by Garcla Hernan-

T ST O o
(BASHS [I,\././ 3 t;..fa,.)] .

MPLE. Let R be an infinite direc%'pfoduct-of cop

R b o et P et 3 i £ T Tl o e
o s 2l B o e B Ana m a “‘;}JLMJ_ jdesl oif R wWALCnR 18 A0%v

prineipal (€.8. maximal ideal of @ including

[
the 1deal o)

(2) R is F -simple, but R 'is not F -cocritical. Moreover,

i m
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N~ oED m\.m 4= ﬂ..m
Y ) i b0 P “r ) . o
= o A @ 4 4 = D 53
& 7 W Oyt £2, - = G0 4
. 3 o ) EH ; = = w O [®)
. + By e il i
@ e e . o -5 A
) ~ i &4 = 3 o~ Gy Q0 43 ©
] « 4] &} @ ~ o ] ) 5}
43 o DD o 7R &= v
22 (6] o () Gi — N m ) 3
S — 2 i N « 5 4+ ® 4+ —4
1 , O [ I = 0 o ] o = ()
= (6] - i = @ % a
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