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R-?010g e" ;harcs i  1 ,  Ronan ia
1

This paper is div ided into tv io sect ions.  In the f i rst  sec-

i ' :

t i-on it is sho'i/n that some recent mod"ule*theoretical notions

as the not ion o. f  F-senic.ocr i t ical  mod.ule ancl  the not ion of  F-

T ^ a , . , \ , ;  i r i i - r . j c : ;  r l f  a  - n d i r ' l  p ,  ' , , - i ' 6 - : '  I '  i n  r  r i ; h t  G a l l . i e i  t O p O -- ! U e . t j J  ; i ( ;  j - I U t  U l -  ! i ,  i ; : U L a L { J L  t  i ; r - u !  !  !

' t  ^  - , , r r  A^  4  r t  -n r - . .  t r  r? rn  ' l  n  f r ,n t  
- l  ̂ +F i  ^ ' i  n '1  r t t l ' r i3  a l ] -O ' r f  C  tO CStaL, ' -

r o S y o n a l - L j ] E K l . i l . v . l - i ] I c I t J u J ( i . | , t , . L L , J u ! . ! r r 4 U 9 4 : v | . v

' r  i  c h  f ) - , , : i 7 r  ' h : : s i  n  r i r n n e r t i e s  i  n  a  l a t t i c i a l -  $ e t t i n E ,  f r o m  w h i c h
I I i t . L :  t  l l u I I  U ! ; e I U  Y I U Y v !  v ! v v

1 4 , ,  L , ^  , 1  n * i - y r , i  i -  .  r , n i f i n d  : , r r d  s : i l r n - l i f i e r l  m a n n e f  A  S e - f i e S  O f
r l u J  - U  L :  e . [ ' ' i . ' ' U L 1  I ' i  ;  L ; r i J r r  v u  c l a r u  u r r ' r ' v  L ! - *  " *  

'

resui ts presiously proveC by otner authors in the f ranei ;ork of

r0odule theorY'

The second sect ion of  th is  paper  is  concernecl  iY i th  t i re  j - r l -

. ;  ,  . ,  vest igat ionr of  
'  

the reiat ionship betvreenr t i re F*pr in i t ive idcars
. :

^ ^  ^ - t  ^
i

r l_nt  minirnal  F-pr in i t ive,  ideals wi th F-torsi .on-fre€ indecornpc-

:  r i r r p  t n  m e n ] v  f t q 8 l l  .  a , n d .  t h e
e ah le  : -n ;  cc  t i  l c  r l3h t  '  P ' -ncdu] -es ,  t rL td  tJU :EPrJ  | |  2QJ J  '  d - j lu

. . , . . ' . . : * - - : . ' . , . . .

proccss  c f  a rscc ia t ing  l r inc  i .dec . ls  in  s ;cc r . (R)  l ' / j - th  the  ssnc

. ' . . ] . ' : . ' . K a n o o f n o d . u 1 e s , d u e t o } t r 6 s t 1 s e s c u [ t g e o ] . . '

"  
' fh is  

pape i :  i s  a  
-seque l  

o f  our  p rev ious  papers  A Ibu  [ t9A4 l ,

1g34b] ,  rvhe : :e  i t  i s  shown how cer ta in  resu l ts  concern in '  cha in

. . . ; ' ' l : : ] . ] . ] ' ; . . . c o n d i t j . o n s f o r . * o d u } e s r e 1 a t i v c t o G a b r i e } t o p o 1 o g i e $ ' c a f l b e

much easier and more natural ty proved'  by piacing the;se. coudi*

't ionb i-n a-}'attieial- setti-ng'
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r f l l r v . , r r  - r l . r ^ 1 1  +  + i .  :  ^  - W E ' r ; + f  - l  
, . {  r ' r r r n  * r :  - a  n i  v , r n  ' . , i  . i . r . . ,

r r r r , - , u r j a r u u u  u ^ . i s  p a p c r  B .  
' " I t i l t  

d c n o t c  a n  a s s o c i a t i v e  f , r ' r )  r , r  v , i

. r"() . r i . i f : : , j  i r j l i  L,  { , }c ' ' :  e;r '1,  i , lud- l l  t l :c c i1 ' t ie;orJ '  of  i } l - }  uni  La:rJj  rr ie i} '1,  i?.- . i l ; r ; --

Cules ,  F  a  r igh i  i la l : r : ie l  topo iogy  on  R,  T  ; :  ( f  ,7 )  t i i e  cor rc i ;pcn . -

' t i  r r y  ] r n ra r ' l i  + . " r . , j r  tO f 'S iOn  theOfy ,  ands r r r t )  r l v i  e u . j  v ' i i

r .  c  T f  - r : r - - . 1  D  ^ 1 ^ ^ " l l  r 1 ^ ^  l - l . r a  f ^ 1  " 1  ̂ " ' i n n  n n * ' . - i ' i n n .
u c o  i J O  I  .  l - L  i i ]  t  i . i u L l - ' i L ,  l t ? ( J  D r r d . J r  ( : J e  u . r w  r v & ! v  r r r r r E )  r r v  e q  v r v l i .

cu(irl) = {i'i I il -< i;, ',,t/r'eF].

For each P,  P(  lv i ,  Pc v / j .11 denote the F-gaturat ion of  P in  [1 ,
n

i . e . ,  p c f ? , =  t , ( i i i / ? ) ;  t k i u s ,  P € c r r ( i , t )  j - f f  P  =  1 " ,  i . € .  P  i s  F * s a -

r F  l r . . r  \  J -  ^  4 ^ ^ - l ' 1  . ,  ^ €  o - 1  n n a r * c  ^ f  f i  / f ' r f \  * ) r o y ,  \ , /
t u r a t e d .  I f  \ r j i / i € I  r i ' .  c s  f a m i l y  o f  e l e n e n t s  o f  C ' ( l i l )  ,  t h e r i  . Y  N r

i€ I  I

r . -s -  11  1c  A n t  n  . ;  . r *o  c lc ; r : ; r t l s  o f  C- (  l . ; )  .  i . ' 1 .^ ;  r . ; i ; . , t ;  '
-  , r * ,  I l i l  a i lG 

ia i  
' , i  = ;  

la i  
, , i  ' l j ' *e  'F \ ' ' ' r  '  r ' : v ' -u ' r 'du ! '

. t  / : , r \  t  n  n ' : ^ . , 1 n a r " , . F  , - n n t i n l l o u s  a n d  m o d " u l a r  l a t t i c e  w i t h  r c s i p c c t  t c '  t i : - eU F  \ , l i l  l i j  a t t  L T P P U J .  u u r l  u - ] - l l u \  t L  4 s  v  v 4 v

n : r r t i  n l  n r r i r : r i r i g  6 i ven  by  r?  C  r r  ( i nc lus ion )  anc l  I ' r i t h  r c$ ; i cc t  i ; c  t , ] r c
} J s r  

v a q r  
:  \ - - , - - - - - - -

^ n r . y l r - t i  n n q  r t  V r t  a n C  r r n  t r ,  h a v i n g  t ( 1 , 1 )  a s  t l l e  l e e i s t  e l e t r e r t  b  l L n i
v y v ; L !  v r v r r u

M as the  grca tes t  one

tcr;;rs cr i. io t:-r i; io"l is

Al-bur end IIastd.sescu

$ 1 . F- FiiI,T, li0}_ul-us,'F- slii',ri r c Ocftr Ti c ALIi'ODUI4.S, Ali]l

f *Ir0ir;Y ,-,:iHI.i,i

ie i ;  
' l l i€ i r ,o i*R 

ar i i  t i ( iu.  I f  i , i 'e  f  u,r*  ; , i / iTe f  i , ] :et  i ;  is

weLl-lcnovrn -Liiat i{ is essential- in i i l . Yile $a}- thaL Id is {::J*i*

i f  the  conver 'se  is  t rue .  N io re  p rec ise ly ,  we g lve  the  fo l lov r ing

lluqli.. i lTl0i\T i,t is sai-d to be F*full i f x't/ i leT for ea.cn

o

- ; i . . , ; : l - i , ; l r  ; . i : : ' ' J l l . , : l c  )T  ' J f  l ' 1 "  A

n . 1 1 ^ - -  f , n - r n  l q o n J  r i n r l r : r ^  1 , h c  n a i n c  o f  ' r i i l e .  l a r g c  c o n d i t i o ; r "  i n  c o n ' -l J ' C j - I C f  L l ; t  i  )  r  i j J U J  u i i l l u - L -  u .

ncc t i on  ' i ; j - t ! t  t hc : . : r :  t t l ve  6 t - l j ga t i . o r  o f  t no r lu - l . e  s  w i th  K ru t l  c i i n tens i -on ;

it  was e;t 'bcntlt :r. i  to a.r 'bit :ra:r:y 1; ' , :r: l ion L}. i ;o::, ics l ;y Lau. [t ,UO] e .. , .r j

,used among others by Gotan [ i ' }a i ,1985]  and tep l ; r  [ t le : ,1955J.

T tne  to rs l -on  rac l -ca-L  as i iOc l  a*

!a'.

r''r:r a"l-l- u.ltc.cfineC

+ ^  Q * n - c t r . A r q  f l Q l q l  ^ r .
t r \ . ,  ! ,  V u i r t  u !  v ; r  

l ,  t  t .  z  
J  "  

-

t hc  readc r  i s  re f i ) r i i d "

f r eaa'l
L '  ' J

,at
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1rr-i n /'t

i s  a lso  F- fu l lo  '

/ z r \  T f  t / l ; t  )  i s\ + /  I r  \ . . i / i € I
<-'

then so is 2- i lo . ;
iE I  L

/ a \
\  r l

( 2 )

( ' t )

r ; r  /  1 , r  m 1 . , , . . -
i \  Q ,  i t r r  I r i u . i l

T:r .'"..'l -l

i  - l . L r I I  .

tfien \f7 jr,.
. , C T  J

J \ J

r

lfr,

I

1 .2 ,  P i tU iCSI i lO i { ,  T : re

:  3 )=+(  1  )  '  l ' e t  i {  be  an

is  an  es$ent ia l  subnoduLe o f

- r  t t t  ^ - C  l t t  t  O t  e
s o  l i i l i . \  =  I \  7 i { € T . l

i'l
I
l
I
J
.,t
I
l
:l
, j
l

,.{:']1

f ,

., .t: '  , t
t . c*.it

} - " fu l i  i - f  a ; : i l  u l l .y  i i  C-r ( i ; : )  is  a  co i lp l -c i iu . r l  Lc iL  l i r 'b  l ' ico '

1lrccf .  
' I t  

is , :rel l-- i lnovin that r"n uppei contj-nuoi.rs modul-ar lat-

t ice i l i lpremented i f f  .1 ru thc only essential  element of tne

l i i t  L ic ,  .  l ;  i  . .1 ,  i  t  i : ;  J : . l f  i . ; i . ' ; , ' ,  l , ;  ; l :c i ;  ' r i l ' : : 'b  i l  6  Cr ' ( l ' l )  i :  ' ' - l l

c i l : j r : t f - i - ; i l  c .Lc; : ier t 'b  c f  i ; l : .c  ] l ' r , t icc  0, , , ( i ' I )  i f f  i {  is  i l 'n  essent j r l

submo&ule of  &{ .  l iuppose that  N ' is  an esser i t ia l  e ]ernent  o f  cu( i i ) ,  anc i

The basic propertrcs cf $ff i . .111 r ' rod.ul.es'a.re given trSr the fol lo"

(r,,qu [tlso] ). ],et ]i i e i;bd*Il antl

' f f  t q  - i c  l l - f r r l l  . r n  n ? r )  r T  ^ - ' ' l  r r r l l t
I l -  i? ]  Ib -c - I  l l I I  r  UU i r I i j  r \  c i l l \ r  v ' l  f i  '

If tT is F-f u}l anc !,I/ l I e f , t irea I,t is

T  j "  / f u l  .  ) .  i  o  n  f r - ^ i ' l  r r  n f  F - f U I l  m O C 1 U 1 e S ,J- r. \ rui / idf 
*., ct, r (rrrra rJ 

. 
v '

^  s ^ * . i 1 ; -  ^ . { a  T - f u } l  S u b m O d u l C s  O fi J  f c l l l l J - -LJ  u r  )

,
f o l l o l v i r r b  a s s e r t i o n s  a r c  e q u i v a l c n t

for 1,1 € l.iod -fl:

I  t  \  r a' t 1 l  i ; l  1 $

/  n  \  n ^
\ z  )  - r l o r

o f  I { .

( t )  l ;hetrevcr i {  is  an c$sent ia}  cubmodule of  lo i  ' ,+ i t } :  ld6,

€  Cr ($ l )  ,  i t  fo l lows tha t  i \  =  M.

t la l  subnodu le  o f  i [ ,  fo r  o t ] re r iv ise  i t  woutd  fo ] ]o l ' ;  U i / ] {  e fnT =  t0 } ,

i . e . ,  N  =  i r i ,  a  c o t l t r a d i c t i o n .

( Z ) = + ( f  )  r  C b r ; j - o u s l Y .

1 .1 . CC:"Cr,lj iRY (STill{s1nc)il1 [t gr t ] ) . xet I\t €F. Then

F- fu l } .
/ ' . r \  ?  '  1

eac r i  i \  e  vF \ , , ^ ) . - { ; ' . J ,  ; i  j - s  no t  an  e f i $Cn  L ia }  sub i r t oCu le

essent ia l  submoclu le of  iv i .  T i ren Nt '

r\
i r ' i ,  and Nu € co( l ' l ) ,  hence Nc -  h l ,  and
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1  . ^ , . t -  a r  , ,  n t ,  w  . / .  6  T  f  - r *  . . -  . t . (  . , t \  
l - 1 , , - , .  r j " C , . 1  I \ T  . l _  /  ! 4 \  t "  - . , . \  * r  n  r r- L \ - : ( /  r i : ; - . , 1 r  i  i - ,  U "  L L  j _  . : ;  , \ . , i / l  t ; j . J r l  j _  t r . t . t  : :  i r \ ; . I  1 ,  l t < ; i l U e  

" ^ l l ; i  
j ; :

=  y  L  A  T f  - r C  . t  t / , . \  i 1 - r o n  - C 6 r T  /  + ( , . 0 \  - - . :. -  . i .  ,  \ " ' ,  { r  * r  , ,  r v \ , , rD  i / r r , u r {  ; , .  I  r  - l  , r i l : 1  J ,  r . I I d_  COn$cqL l  : n t l J '  t i : ; I " :

e : r i s i $  x € X c n : , ; ,  x d t ( l i ) .  T h u , s  , ' : I € X  f o r s o n e  I € F "  3 u t  i : T .  / , a ,

for  o |ne lvr i : ;e i t  ' ; ;ould.  fo] . . "Lou I6 , i . i i lu (")  ,  ar id so : t r iut , ,  ( ; - )  € i ,  l r  cci i*
i t -

t iadici ; j -o.n. l 'hclcfo::e,  thc.r :cr c; : j .J"b$ r;  € T. i i l lc] ' i  tha' t  0 $ x; t .  € : ' i  n : i ,

"- '  s - '  .+ 'r  "  . i  -  e r iJen l la]  s l lb i 'nociule o- i  l i ' i ;  . -T,c 'b us uc"i ;ed , . r \ i  u i i . j " . u y \ i  ! i . L  j a  U f  J  r r  I D  L i , i r

t l iat  ihc i inpl ."Lcr;-bion prcved aborre is t rue . ' ,v i thout t i ie condi t io i l  i , t ,ey.

Convcrse  ly ,  i f  l t  g  C ' r  ( l , l )  i s  an  essent ia l  su-bnodu le  o f  i v i ,  ther r  f  o r

e e c h  o / ' y € . C F ( I l ) ,  Y ^ i {  =  Y n l i  I  t ( i ' i )  -  0 ,  h e n c ' e  N  i s  a n  e c s e i ' r f i a }

c lcncn b  o f  Cp ( t , l )  .  r

1 .4.  C{) .ROT,I  n,RY. I f  M is F-ful l - ,  then Cr( i r l )  is  a cornplcrncnted

l a t t i c e

I I g g - ! ,  ; ! c c o r c , i - l g  t o  1 " 1 , l { / t ( } , i )  i s  F * f u l } ,  h e n c e

is a c, . . r i i i i - rLernei i ted lat t ice.  l lut  ' i i ie;  lat t ice:s Cp( l , l )  and

arc , le. : tcn:c: : l  i : :cr : :or-pi : ic ,  nnd f ,D, t . 'c  a i :c dorrc"f f

1.5" F.-r ,1, , ,1- lUi .  l : i ; i : :p i -e f  . i6 chows th,- : - t  +. l tc contrcrse

f:rciii 1 . t ', ,lc ctl i:r.r i; i-;.1-ii, &ni ii i tl ic sr:lic ti:.;c ;.;ir-o';is 'l,i ia I

ratcd,  s l ibnrdule of  11,  ' r :h ich is en eseent ia. i -  submod.u" l -e cf

n e c e s s a r i l y  a n  e s s e r i t l a l  e l e n i e n t  o f  t h e  l a t b i c e  c . . ( l i ) . 9

An ot t rer  not ion,  a lso f i rst  introiruceC by Boyle ancl  Fe- l . l t } r

L ' , ) ' i )  ,  i ) :CJ  * ! . r  ; . i ^ i ; ru : : t j .  o : t  l . ;  L ;  ' .1 ; i ; * : -  ; ,o - l ;  t  ; ,  ; ; ; t ,u i i l - ' - : :  . ' ' ; i ' ; l L  i i - : ' r - . l l - l  d  j - -

t ;1ui i , rrc; i ,  i l i i ; ; l  ; . r i l ; . r : :1:2, i .  1: ; '  I . : , : r ;  [ t l f l ]  L:  l : : ' i : j  j ; r : r ;  1.o:: ' l ; ic l t  l ; : ; i : .1 ' :1-: ;" ;

and subscquen.Ll. l r  uscd by Golan f98'1, 1985J , Tep}y 119A3,1935J, ctc.,

i s  that  o f  .F-sc l i i iccc, r ' i -b ic l ; ] .  i i tcdule.

Di lFI i { I ' I IO} i "  An R.- i r io tLu}e } / i  is  ca l }ed F*senicocr i t ica l  i f

onc of  i ;he fc t lowin6 eql l iva len b cont i i  L ior ts  is  sa l t i r ; f i  e  C," :

(  r  \  ' : ' ! , r ; ; .u  c , " " i :  L-  ;  . f i r l i  i ; . ;  - [ i i . . ' i1 - ; , '  (Ci )  
1€ i<r ]  

r ;  I '  p  ^ccc; ' ; - ' :  1 i ' ' : : : l -
\  |  . /  t - ' *

n
i [ r ;U ,^ iu -  i - , t t ] ,  L  i l , . r , i i r : . i : - ' ; - ; iS i . l  i , :  - -+  @ l ;  

i
i  , 1

(Z) Thcr '*  o:r . is t$ a f j -n i tc fani i ly  ( t  
r - ) . ,**r_.n of  s iu l :nod.ulcs

.t:[ 11 ;.; i l ] i  l i l ; . ' , , A, l i i .,: O ;"ir i ;,1//j:. i" ,-.r.r, i l*c,.,,c.i: i t i-gaf i1c."1ul";:
-l- ": ,

for  each i ,  1< i<n.  t r

cr r (u / t ( I f  )  )

ol, (ril t (r,i ) )

I l I I t l i i  L , \ r _ v . ! U I a

h{  i s  no t
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Sincc  any  F*c . i c r i t i ca t  noCulo  i$  t r -a r t in ian  and

u i j - . rd  1 .1  on{ j  d "euuces  L i ia t  a i tJ  I *su l i i cocr i ' f i ca l  r i lod"u}c

1!- .ar t i : i i .an,  ar i , l  i rns f i r i i 'be Colc ie di lner is ion.  
I  :

. i . . . . .  ' ,

r t n  i  r . ' r . f r f l  r r  r r . '  J . l , ,
u v * , L ! v u q U I L r I U l - 7

- L +  r " . r u - L J . ,

(;rrlr, ) / (:</ s,) *

Our next airu is to r ; i :ov;  t i iat  the not ion of  F*ses: i "cocr i - t i -cal

n io rLu le  i s  o f  ra t t i c ia l  na ture ,  bX exp l i c i t ing  Reu iark  2" .1  f r r i rn

Jil bn lt?e+ftJ, l lc:r t i i- i-c ul ;1o{:riJ $ofte prepa-ra.tor:;v resnl t i.

"Reca l l  tha t  S€ i r iod*R is  ca lLed"  F*s inp le  i f  the  le i t t i cc :  Cr (S)
r  . . .

has exact ly t ,so elenents:  t ( l i )  and t , i ,  t ( t ' f )  I  11;  thus C€ $i{od*R is

F-cocr i t i ca . l  i f f  Ce f  and C is  F-s imp le .

Y f i r +

on the

1 .6, l,IJl i ivlA.. lre.t L, N € CF(l ' l) u' ith T, < N. Then, tire assignrnent

l {  dc f ines  a  ia t 'b ice  ' i . soncrp} r . ien  f rom the  la t t iee  Cn( l l / l )

in te rva l  [ f . . , , ,XJ  o f  the  ]a t t i ce '  CF(M)

P.r :c.roi .  Lci  x- /L€ Crn( l l / i ) ;  t i ien L-< X-< i l  and

.i-

-  $ / X e Y  ,  T h e  e x a c t  s e q u c n c e

Q -r il/il --' 'i,f !" --' t;./il -+ o

y i c l c L s  L ' - f  , ^ t - €  7 ,  i .  c . ,  X  6  L t , l T J .

O o n v e . r s e i ; r ,  i f  7 " 6 [ ] , , I d ] ,  ' t n e n  w / x e T  ,  a n i l -  s o  ( i ; / i ) / ( x r / i , ) *

x  i ; / r€T  ;  l i ence x /L€  CF( r ' i i t ) .  r t  fo l lows tha t  cF( r I / - )  an i .  L ; , , : l l

a re  i somorph ic  as  posets ,  and"  consequent l -y ,  a lso  as  l -a t t i ces .g

1.?.  gORqJfT*rt*Y;.  The ator, is of  the lat t ice CO(IU) ere exact l ; r

the F-saturatecl  F-sirnple subinod.ul-es of  Me

P r c o f  .  l e t  X  €  C - ( l . l ) ;  t \ c n  t ( l , i )  <  X ,  c . n d  c o n s c q u r c n t l l '  t ( : t )  r :
- r ' -

=  t ( l l : ) .  ; i c l c r c l i ; i g ,  t o  1 . d ,  t h c  i n t c i ' v a l  I t , t l l ) , ; r ;  o f  i F ( i : )  i - s

i s o r n o r p h i c  t o  t i r e  l c t t i c .  C F G / t ( x ) ) ,  a n d  s o ,  t o  t h e  l a t t i c e  C o ( ; l ) .

I t  fc l lorvs t i rat  [ t (1, ,1)  ,  X]  ] ras exact l ; r  tv" ;o c]cnen'bs i f f  CF(] l )  i r i r :

e y f . c t l . . ;  t x c  e l c n e n t s ,  j - . . c . ,  X  i s  f i n  a t c r n  o f  C , o ( t , l )  i f f  X  i s  F - s i n : p } - e . 6

Recat l  tha t  an  uppc l  con t inuous  and modu lar  la t t i ce  X  is .

ca l - l cd  sen j . -n . tom: i .c  i f  i t s  g re  a tes t  e l -enent  1  l s  a  jo in  o f  a to tns ;  in

th is  cas t :  ,  f l ,S  in  tho  case o f  ;nodu le  s ,  i t  can  be  sho ' ,vn  (see c .g .

- : -  r ^ t
r , i : t$ t r i }scscu  t  t )3 " i1 )  tha"L  x  i s  c , - , ,n i . . J -e i i ieJ i ' ,ded ,  i i r ld  fo : :  c - f  e  ry  : : r  1  e {

with x< y,  the inter" , ra l  [x,yJ of  t  is  a lso a seni*atom' lc lat t ice.



,  t l

r  f ^ m i - l t r  ( ' o ' \  n f
f r .  I8 ' t i l t , . , l - /  \ t1 l  i€1 

! ' r

, r l - r \ - nj - f  . : : ,  A ( .  .V ; - :  )  -  \ - /
:  i 4  T \ l  : ' l  i ,

rJv *  L&,

mel i t  o : f  X  i  in  th is

g{gg!' .}n1 iic \';l:itl; :t =b

then 
"1  i s  a  c i j - . rec t  io in

- .  .  L 1  - -  q  
i s  o f  f i n i t esequcn l j -y  d \

o f  a t o n s .

' \
- 6 -

e lenen ts  o f  X
. ^ -  - . . , r r , .  l 6 I r

I u l -  L c l u r r  +

c a $ e ,  t h e  i c i n  x

is ca]led V *i lr i"r: l;cr:G,en-l;"

', ' ;he rc 0 is t irc l-ce,e t el 'e '*

V x i  is  said Lo. ' |s
ier

t r t

i . s  a  semi*a ton t .c  raTt : .ce  '

,  u  f  ^ n o z 1  ^ n r ]  n r . . q -
I ' l as tascscu L ly5 lJ  r  c r . I i t i  uu i r *

l s  a  f i n i t e  ( o i r e c t )  j o i n

:

family of f{-cocrit ica}*

o  t a

V /-, Tf tr
t.e I

o f  a t o n s ,  c f .

iengttr  i f f  1

1 .g . ,  p i t0?0 l t lT Ig i ' [ .  The fo l ]ow ing  as$er t ions  are  eq i . i i va len t  fo r

ern l )"- ' : :oCulc ] . ;
- : .

(1 )  I r , i  i s  t r ' * se r r i eoc r i t i ca l

(2 )  \ iQ 'F  t lm ,  CF( j , i )  i s  a }  Sen i .a tom ic  l a t t j . ce  o f  f i n i t e

leng th

(3)  h{9F a*4 t , rere cx is-ds a f i r i i te  { inAependcnt)  fann1ly
Lii

(n )  .  .  of  F-cocr i t ical  subnodules of ,  iv i  such that I i l / .E :J 
LeT'i = 1\ " i / i ( i ( r :

?{oo€ .  (1 )= } (2 ) .  t r " cb .  (D i ) i e r  b ,e  a

ihn. l r r ' l  p ' r : :  SUCII  L j l i1 ,  t ,  I i r  I i )
a . r v s * * v v t - . -  |

For  cac i r  i ,  1  ( i<  n

l { .  S i : icc  : - i1 l l .  e  @
+  i * i

Consequen L IY

and eaeh xi  is an atom of the lat t ice cr(x) bv ' ' t ; " t l .u" 
I j l l ,

i s  a  s e m i - a t o m i c  i a t t i c e  o f  f i r i i t e  i e n g t i r .  A c c o r d . i n g  t o  1 ' b '  i ' p ( *

-  t - n  i : l . r p  i y , * . ; - . r n 1  I n  v c J  n f  t i l c  l a t t i c e  C r ( X ) ,  h c n c c
1s iscr icrph j  g bc t l :e j -r ' t tcf :*  c1- L\ i ,  r '  J -" i :  r ; i iu r i i  t '  uruu

( t  r v C \  i a . r S o  a  s e r n i - a t o m i c  t a t t i c e  o f  f i . n i t e  l e n g t h ;  s i n c e  '
v r l \ r  , ,  r D  < r r

f l  1 ' . :  \  r v  t ,  ( V  \  r '  "  f  - ' C  \  " ' -  ^ f e  C - O t f C  .
U f ( ; ' ; ) c r U I \ Y . i s v 1 1 \ l  ) v  i i u  ' )

f  r ) -+r(  "r)  .  i  cco:r ' r i ing;  t r . r  the statetne rLt  made jus t  I 'c fore Lhc
' , ' . ) " - - / \ r ; .

- .  1 - , .  1 , ,  \

a.bovc prLrpol i i t ion,  therc t :> ; - j .uLs i ' l l i  i ' r t t icpcr : iur i t  ia ' i - l i l ' y  (J i . ) ' ' l -< , - . t ,

denote Uy Xi  thc ca,nonical  i raage of  Di  i r t

: . .  e  F  ,  i . t  f c l . l cws t i r ' r l  X ,  6  C. , ( ) " )  fo r '  : ; ' l ' l -  i "
.)

n.
t !'l

X = Z l { , : :
r -  |
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ofatonsort |c ' , " : , ' " * . } ' . : , ,= ' ;?" : ; ; :T: : ' " ; )gT-:T
c f  l , i  l r i c l :  t , ' i a t  I ' :  = , , , a l r r ' - t  a ' f r

a . n d  c i n (  Z  c i )  G  c i A  (  Y  c i )  -  Q  f o r  e a c h i - '  1 ( i - ( n '  h e n c e  L h e

i fL 
d '  -L 

J i 'L 
<)

fn rn" i ' l  r r  ( i : .  ) ,  ) :  , - ^  .o f  - 'p r , l * ; f f i . : l i ; j -ed  o f  i {  i s  in*epe l rdent '
, _ I ' l s J s l l

. " r - ] , r r t  r ^ *  '  t , n -  ) . - :  - - ^  b e  a  f a n i l y  o f  3 - c o c i l t i c a l  s u b m o *
1 t 1 - t r ' ) .  I j t i t r  \ " i / 1 g i - < r i  

' :  
1 1  ^ .  \  ,

i  r i . . - .+  n r i l  . *  .  r :  gT  rhen h t  -  (Z  r  \u  =  v  c i '
dules of If i such tirat ut/ 

rTo 
{} Le 

J 1' 'u' I ' lr - \ 'a " Lt 1<i<n
I

hence c ' ( i { )  is  a semi-atornie lat : ic :  
" t  

: : . t : - ; : "**n '  

i t  fo l lotnis

that }l i  is a finj.te $.irect joirr of atgms of CI(M), and consequent*

ly,  using the proof of  t+* i ;api ic; l t lon (z)+i" ' )  ' ' ; ;c  f i ) i rJ u"nf :o*

N r r a i t n e f a m i l y ( C i ) t € i < n i s i n d e p e n d e n t ' I f l ' { r a C . e n o t e s t : : T " - d

clu. lcs of  quot icnts of  l {  r i i th . r :cspe ct  to r ' ,  t } ien }r} 'o 
E 

(J i ) r

: ^  i - - i  V t e Y
,uhc canonica. l  norphisrn i ' l  - t l i '  is  in jeci ive t : " t :

(Ci)p consj-dcred'  a$ &n R-module is F-cocr i t icai  fo: :  a l l  i

F . rcp , rs - i io r i  
" i3 '2 "  (5 )  f rc i r  C .o l - i : ' n  [ l f l l J '  w

1.g. .c,0401,1,al rY,( laurseoJrool 'aNF9S5]) ' : 'e t 'H€i l '3e-F"audl l< l ' i ' l i icn

and

T):r ' l -

( 1 ) 
'If 

N is r*s enicocritieo'l anl ?ceT

(2)  I f  i l l  i s  F-senicocr i | ica l  and N€

'the 
n i{c is t:io.

n _/o,r\ i l - ien iVi/ lT i-s
v 

f t t  \ . ' .  /

F-semico cri t- i-ci ' i i

( i ) I f ( ; ; r ) 1 ( i < n . . ' u a f i n i t e f e i r n i l y o { ' F * e t n i c o c r i f i c l L l '

; ; t ; ; ; ; ' "  *  Ni  is  F-sernicoc*r ical  i f f  
7,  

" t rn

sr"rbinodules of

Brosf .  (1) r f  lT j -s F-ser* icocrut ical ,  *"u1" * i t* l t : : : :^ '

^  . F  4 i  n - i  * o  I  e n 6 r - t l } '  l r u r ' ( . - v  r r

is  a seni-aioinic lat t icc of  f i -n i te lengt l r '  hence Nu is 'F-scnic ' ' : '

cr::.t:Lca'l by 1 ' 8' ' 
-..- -...1 f.- ,,., I ,- ,.

(2 )  i i y  1 '6 '  cu( l ' l / t t )  i s  i s i ; i i c lp i ' i c  t ' r  
: t t :  

i ' r ' u ' -  - . " 'L i  t  
1 '  I  .

the se mi-_atorr ic lat  L ice of  . r i r r :L-bc.  lc 'gt i "  cr(r , . )  ,  * i  l ' ; i )  : .0( l ' l ; i  l : )

f - i ; i i '  A i ;P1Y a ;a in  1 '8 '
i s  a  sen i -a tomic  la t t i ce*c f  f in i i ;e  le r t i

( i )  l ' rn r ) tc  p  : :  
i  

l l i '  anr l  cc 'ns idsr  t l re  la t t i ce  C*( r ) ;

i - ;

(T : ! o.^,, r ^,,L. , o,c - ^ ,(P) is l3*gemicoc:'i hico. -lr"r't:

S ince Pe T ,  i t  fo l lovrs :  t l la t  ' r ' i1  € ' '3
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a l l  t ;  l hc l  l l ;  i s  z r  f i n l t c  j o i -n  o f  a ton r ;  o f  t hc  . i t . t i r va . l  f  O. L

o- f ,  th r :  . l -a . tL ice  Cr (P) ,  wh ic l i  & t :c  a lso  er -Lcns  o f  CF(P) .  I l *nc€
r . / n

= V l l i  i s  i r  f j .n i t c  j c3 . ; r  o f  ; r tons  o f  C* ( : ) ,  and ccnscc .uor l
1-< i(n -L

P  l s  F - s e n i c o c r i t i c a l  b y  1 . 8 .  g
b

i {ote i ; i - rat  u i lect iy f ron i j .c f in i t ion one cleduces that t } ie c} i iss

o f  F-scnr iccc : ' i t i ca l  rnodu les  is  c lcsed.  r . iader  su lcb jec tu  and f in i te

d i rec 'b  sums;  in  gencra l - ,  t i r i s  c lass  is  no t  c losed under  ex te i : l s i .ons ,

q u c t i c n t  o b j c c t c  a n d  a r b i t r a r y  C i r e c t  s u n s . '

1.10. Rj i i r i -^ , i ' . { .  A part  cf  our l loposi t ion 1.8,  name}y t i re equi*

. r i r ie. i :ce (  i )e Q) is pro 've i i  j .n Col- i ; r i  l t  la iJ (s"c 0orol latry

16.9) uncier the superf luor.r .s ccndi t ion t r* f  has f in i te f io l r l ie d, ime;^r--

s ion ' r .  
-nn .  

s ta tc i len t  ( t  )  c f  ou i  Corc l l c . ry  1 .g  appean$ a lso  j -n

lc la r i  l i : l> ]  ( " " r  1 ' ropo l i  t ion  iC .7  )  undcr  t ; rc  sar . rc  : :up t l f luous  c , rn -

di- i; io:i. B

;u l . t  c ln  laL+; icc l  : i - r 'o ;n , - i -LchYe ,glial-l prese:l 'L f io\r a gener;l r lei

may be derived in a unifieci, and sir:tplif ierl uianner a ssries of known

resul tc.  ?]re terninolof ;y on lat t ices r ' ; j - l ]  fo l low lTistJsescu l l ' )A"1 .

1 "11  .  l lC lCSIT lO l , f .  The fo . l l -ow ing  aseer t ions  are  equ iva len t

for  an u iJ ,pe i  contrnuous anr l  inodul - i : r  l -a t t ice X :

(1  )  X  i s  a  $c rn i -a to in i c  i a t i ; i ce  o f  f i n i t e  l eng t l i .

(2)  { ,  is  ar r  ar t in . i -an and 'compienented"  la t t ice

( f  )  t  is  a  noet l ier ian ancl  cct tp lcmcr t tcd la t t j -ce

(+)  Y is  a  complerncn 'bec l  la l t t ice hav ing f in i tc  Goid. ie  d" i r ien-

. .  " l  n a
U I U I I  .

( i ) ? ( r )  i - i r t c c  r i : r i '

*, lv I, , " i J

1)

+- - l  . ,

( 2 ) * ( 1 )  a $ d  ( 5 ) + ( 1 ) .  I t

, ; ,u ' l* l -* i  l ;  i  
' ;  j -  l ;  i  -  * t  i ;  j - - ; i*rr  j - - i f

[ 1  1 3 " 4 ;  ,  l ; : ' r 1 . 1 - r  i ] - , i  0  "  j l ) .  r l . r t r c

] inown that a comPl elnente' l  ancl

i ; :  i : . ra :L - t ; l ' i -L ; t  ( : , .1 ;  c . j ,  J . l - 'o ; r

, a y \  f  : l  . i  " , - . - l  i r , .  . * 1 r - r f  Y
\ . J  : .  \  2  t  - . . . i ,  . L - L \ ' j L '  U ' 1 ' ' 1  t '  6 -  l - '  '

i . 1
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|  " '  4 ^r  ^ r \ ' r  r ' r . ,n '1"," , i  l -at t icc o"f  f i l i . i . ' te 1c; : ; t l " r .  Tl : i l  i ;npl icc i ;ha i ;.L i l  t l ,  U i , /  l l {PJ- v r i t  v.

cici, eienent i i  e f , z I r: c,:nta.ins arl atorn.. iet e^. "pe tlre
O

; o i n  o f  a l l  a t c r r n s  o f  X  ,  i . € . , '  a ^  i s  t h e  s c c l - e  o f  X  .  I f

a -  I  1 ,  . l . c t  b ^  b e  a  c o m p l c m e n L  o f  a ^ .  4 ' 1 r . n  ' h  /  1 .  h e n c e  b
O  

" O  O ,  
v r r v r r  

" O  / -  \  -  
. ,

conta i ; rs  a t i  a tc . rn  s .  Bu ' t  s  -<  a .^  A  b^  =  0 ,  a  cont rad ic t ion .  Consc*- ( ) 0

quer : t l y  a^  3 :  1 ,  i . c .  ,  X  i . s  semi*a torn ic ,

/  . r  \  - 5 / . 1  \
.  \ r  t - . - r t ' r ) .  U i M o t l s r j l  .

/ l \ - > t 1  1 r  - ^ i ,  f t c n z  r r t r\ .+ / - - l \  r ) .  31 r  i i i s t l sescu  l l 3O" :  ,  Teorema 5 .5 ,  p .21 ) ,  o r  by

Grneszczuk and Puczyfowski  l lAaa,  Thenre*  5 ] , ' there ex is ts  a  f i *
\ /

, : i  L l  V  i : :1c ;c i lScn t  f i . r i l ; '  ( " . l  )  n  t  2  , .n  c f  co i r re i l . ' " rc ib lc  e lcncnts
I  I  * n \ < r l

n f  Vo\- si i .ch that  V c i  j -s i ln esserr t ia l  e le;rent of  f f  .  Since
1  ( i < n  r

Y  is  cc , tp le r ten tec l ,  J  =  V  
" i  

.  l ' o r  each i ,  1 ( i< , r r ,  the  j - r rbe lva l
1 (1(r . i

r^  1 o Y is a coj-rreciucibl .e (or uni fqrrn) and. ccmpl.ernented1_U,  c i  J  o r

I  a t t i  e e .  e n n s e q u e n t l y  c . i  i s  a n  a t o n ,  a n d  s o  r  $ J e  a r e  d o n e .  h- l s v v * v v t  * v v r r l t

1"  1 ,2 .  i ' - , . , . ; - " .  Lu  t  L i  e f  .  T i i c i n  l J i  has  f i : : 1 t c  f i o lL l i c  i i : : r t : : r ; o l

i f  and or:1y if the lattice Cf (1,1) has f in l te  Go l -d ie  d imens ion .

infinite ind.eperident famil3':D-^^ tr  Qh n-.^ 5p that l r {  has an. l  I r / U r .  u u r v y u l

(f,n)*e[,] of nohuero subm*Gul€$ ,, Then (xi)rr.uq is an infir,itc

V*i i r ; 'pc; i i l .cut  i - "u i i i iy  o f  i ior tzcrc  e i to incnts  of  i ; i ie  l -a 'b ' i ; icc  C! , ( l , i ) , 'Lr* ,

U .

{,
caJ-Jc ,  f ; r  cac i i  ;1  €  [T

\ / i ]( V li9)n )ic , :" ( ' i xu )cn x3,_.,
o < i < *  

i / / \ r r " r ' r  -  t i 1 o

n
-  r r S -  \ a r "  r C  ^ C .=  \ \  Z -  , 1 ' i  / l l  i , r : 1  i  -  V  ' -

1 1  l -  |' t  - n
J - V

0 Converse l y ,  i f  C r (X i )  has  an  i n f i n i t e  V  - l ndependen t  f an r i l y

(Yn)n€t l  o f  r i r : ; izcr ' , :  e lerneni ;e  ,  
, thcn 

c lear l -y  (Yn)n6[ ,T ie  an i ; id" t : *

na, . r rnn* .  f ^ r . i  - '1  r r  n { r  nnn. i i ' ran  t tUbn iOdUlgS Of  } ,1  .  V , tg  Sha l l  See in  i i : ; .a i , :p }CJ - . / f l L { i ; l l  V  J . . - ' - i : l J - : J  L . ,  I  
. l l J  

j l r L - ! U  i ) U U l r i U U d J v D  U I  i i ' e  l i V  P r : a I I  J

1 .16 that t i :e .  concl l t iou .  h i  € F is osi$ent ia l .  t r

1 . .1.3.-qL'rc l ] , ,?\ i iY (Ll \U rgSO] ,  C0tAr i t  l lw'1,  1gsi ]  ,  Ti l } , r r : r  [ t lo l ]  ) .  tne

fo. l* l "cv; in6 condi t j .ane; arc cquive" i lent  for  an l i . -module l ' { :

(  I  )  I , ' l  i ;  i " - ; . , i : i ^ i c lc i : ;  f i c i r l . .

( 2 )  M e T  ,  M  i s  F - a r b i n i a n ,  a n d  M  i s  F * f u l l .
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* 1 0 -

t  7 \\ t  )  L!e r  ,  I r1 is F*nc ctLr c: i ln,  ancl  i i1 is r r* fur i -
1 i  \  

: ,  e f  .  . '  . l r . : -  ; ' * " - i - 1 :  .  0 l l l . u j  r ,  r l  i l ^ ; . . r  f - i i . l r r  i ) , . r , : l  l ,  t , . .  T .  r j ,U r /  t :  e  i r  ,  ,  . L - { r  . i  * i l - r - 1 , ;  i ; i )  l - a  e  u r - ; . , . . ! r r - . , - r i r ,  . . . . r i k  . r  _ L r J  i . - r * _ ] _ i .

Y g c q $ .  A p p l y  1 . 3 ,  1 . 8 ,  1 . 1 1 ,  a . n d  1 . 1 2 . 8

If ti € i.'1o'l -1. ';, c e l;al-l- i:; -:1"' jd(;r NLt> 1.ol.i.r ,iin6 'bt"ro F*s.r t.aia ,;,;i

cubmcclu l .es of  . f i ' i :

- , t r t r ' . \  r  < ' f , .  t  t \  /  t . rS -  ( ; , i i  =  !  Z -1 :  I  -  - -  i i i ,  S  i s  F *s in i1 ; l o ) ) *

'  S F ( r * )  ;  (  E $  |  J <  l , ; ,  c  i s  F * c c c r i t i c a r ] ) c ,

andr.  eta"r t ing'  .wl . th.  th.cse, \ ' ;e s i la}}  t lef i r ie int f i " rct iv* ly two asce]t-
-  d " ing  cha in  o f  F-sa tura ted  subnodu leo  o f  l , { r inde : :ed  by  or .d ina ls :

kr ll lr
( " )  s i ( l , l )  - < s i ( t , i ) - <  . . .  _ ( s j ( ] : 4 ) _ <  . . .  _ < l !

- ':r , . -"1 -T .( x x )  3 i ( t " ' r  ' ? ' / r c \
u  * - , , /  s  D 1 \  j , i l  \ <  . . .  < r j ' ( : , 1 )  - <  . . .  < ] 1

a [ i  f o i ] o w s : '
l l ,

. . : / l n \  - .  ; r / " - \  . . .  + / : , . , : \
.  

U O \ 1 { } /  u  i r o \ - a l  : :  { , \ . r ( i / t

- ' f 1 ; : , \  -  o 3 / r , , t  : ; 1 n ( r r ) / i l / r , r \  E I f y l E l i p t \- $ 1 \ t r r l  =  i i  t i r i / r  
" 1 \ i , L ) / $ t ) \ t t l )  

=  l ,  \ j , i / S _ \ i i : / / r

n

; , i i i i l  i . f  i i : . c  c i ; . : - : r : ; : i s  l j l ( ; , i )  "  . i j us ;n .  iF f  ' i  l  f  : ' :  f  u )  h . , r , ; r  
' t ; { j c r1  

c l "c f i *u j
. , \ , , .  

I  I  . i - u ' . i l l .  . - . r \ . " ^ /  v . L  . ' / , l \ t i , J .  I L i - r | !  ; i U U t l

for al l  ord.inals .{J <.t ,  
. t iren

, - T r r ^ \  /  \ -  F r . , t t C  - - i : . r - , \  /  < -  ; F r n . . r r C. ( r  1 r , i )  =  (  >  s ; ( i i ; ) ) -  ,  r e s p .  s r j ( h i )  -  (  2 -  s f r ( H ) ) ""o (  \ '

i ) .o" 
i r  p:<*

la l ,  and ,  i l  ,
' n  

r . t  . t l  ? \  ;

. , i ' i , ' \  , .  r " 1  - \  l " r ,  r . , t t r - " t  t  u ' . ' , - . ,  t - ' t ' t .
; r  t . i , . ) r ' - i ( , . 1 )  : :  i , ' ( , , , 7  , : f \ , t - t  )  t  . r c i p .  * : ( ; , i ) / J ; ( l , i )  =  

"  
' ( l ' l / r t ; ( l r ) )

i I .  0 1  _  f 1 . 1 "

1.14. t f ; t , i r l i r .  I ,et  I \ {  e lJ lod*F. and } t r  -< X.< l , : .  Then ( : l / i l )c : :  rc/ : i ,

f re. i "  l r r tote ( ; ' - i f i )c = Y/;1,  ar tc l  lc t  y € Xc. Tl ie l i  y IGX f . ;s

c : a r r n a  T  t  f  
 -  - "  / ' -  '  / \  

r : l c n a f r - ' c  * - ! r r ,vvdre  *  *  -1 ,  hcncc  y I  g  l i i ; i ,  v ; i re  re  y  Cenctes  t i rc  cong iuence c l i l s$

Df : j  noCul-o I 'T.  l lu. icc !  e i / ; ' , ,  ?,rd coj lscqucnt ly t  -  f  1 for  sorne

.  - r  ' '  : . 1  - ;  . J ,  n  e  
' , ' .  

Q : :  y  i . . . . J  i ; - ^ - : ' , l J  - ' ,  ; '  €  : : .  ' l - , * - ;  ) i "E  I - .J 1 C  -  
t  

,  i r . r u  U - ^ - * ! * ! - ! v  . . ,  € - , '  : - r u u  ' .  =  r '

l ; ; : ' ; : : ; : : : i - ; ' ,  I  i ,  L  , '  €"1 "  T l , " ; i  j  e ' f  , / ' ; : ,  L ,u l i . r , , .  i . f  e , -1 '  ; .  iu l  i ;or . .c

J eT,  f r :cn ' ih l r l i  fc l l .c ' ; ;s  th ; t  f r r  cach a€i  t i ,c rc  c : . : is -L;  x*€ i ,

s . i u r i  L l : i . : L  " f i  
-  ? * .  ! ; r u t r  . y i . l €  i r  *  : ; , .G ; l  t o r . '  each  a  €  . l ,  i . e . ,  yJ  Q :1 .

' I r  
i . 1  .  l j  ,  , ' ,  . . -  r . g - . U .  g. / . - : \ . . . ,  

;  E . -  j  . t . ,  . . . . :
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As in bhe case of  modi i les,  for  eagh u.pper cont i r ruor,r .s i : .1:d nc*"

riuln,r iatLice Y i,:an be ilefii eil its 'gggij-qlljH; lto,tjrJ- figlllgF-' €

( , _  ( q \ , , ,  a  - . . - v  ' . .  l - . i a . : r . :  -  , . ) i 1  ( - , , , r . ,  r - l  . . .  ^ r " ! . , . .  f 4 a ' . r , , . ' 1
. i ; ,  \ c ( l , r . .  .  J :  "  ; . ; ' ;  i , ; l l C J O i i  

l i r * t  1  t : . : - v . 1  ( a ! u v  . ' i - ; - i ' J L r  
L  

l - , . . ' , * J
6  6 ) / u

fnr  f r r - . " { : } r r l . t .  nroT)cr t , i  r :s  o f  th is  ser ie$) .  fhe next  r - 'es l l l t  shoiv$ th .ata u I  I u !  v l f u i .  l / I v y u . L  v r v d  v *  v l r + v  v v L L v v  l .

the tr ' , 'o a.sce ridi. ;rg scr. i  cG bof l l-"srt l i rnted riul-):noi,Lt le!; of l , l  defi .nc'1

above.ere noth ing e lse t i lan the asccnding l ,oe ' r l i l  ser ic$ c f  the l -a-b-

& ' i  ̂ a  n  l .o \  "  . f ro ;n 'L l : . : - l ;  resul t  may Le 11e: : i . red"  vefy  quic l ; : ly ,  i r r  l ,  un i*t , I U v  \ / I r \ i u l  t
I'

f ied. an$ elirnpl-if ieC- rnannera nai-n part of the facts establ-ishecl" in

Bueso and iara [1985]

1"15. Pi i0!CSIt f0 i { .  3or each R-module } , {  and for each ordi-
- r i t  r ' . T r " ' r  -  l n  t / r r r r \ \.  na l  d7O, one has s ; ( i i l )  =  s 'o(  ( i i )  =  so. (Oi l l ' t )  ) .

r n ' l  o  i f f  q e'  Proof .  I ' i rst  of  a l - l  note t l ie. t  S<l j i  is  F-sir . r*

' i c  
F * c i i r ; 1 i l e ,  b c c i : . u s c ' ! i r e  l o t t : c c s  C - , r ( i \  ^ - ' r  / ' r  

" ' " )  a r ' r e  i : r : m c : : ' -- . i i . , J  o . L t r t  
" , F \ . - )

p h i - c .  l { o r v ,  u s i n g  t } , i e  f a c t ,  & s  \ ? 0 1 - }  a s ,  1 . 6 ,  1 , 7 ,  a l l $  1 " 1 4 ,  t l r e  , c l o o f

cali be aci:iu.rcd i;y lnlans cf a cLr':. i4ir 'ufu:: ';tali. tre.i ' t l i I 'r.r:. i--Lc lnif icfi..rr:,

4- , .u  ; , J  i ;  l - " i  I  lu  i ; - "  l - 'u " ; ; ' r .L ' "  a

2 . . - .  f  l . t , - : 2 ,  r J  4 : < ' l
U t ; i r  l l  ) e )  t  t - . 1 . J )

'  :  1,15. Hl{ ; \ l , iPLH. let  R be ai" t  inf in i te direct  proC.uct  of  eoFies

af a co;; l ;nui:. t ive f ielt l  anC n a naxiniai- ideai of R whicl i  is not

pr i r ic ip;r i  (e"g.  R = qN and ry is a n ' :axi inai  ideat of  Q[;  incluui 'ng

/ r r \ .
the i , jcar l  0 \uo l ) .  lenote b; r  F, , - .  thc Gabi - i -e l  topoiogy cn i t  ie f in l i l '

::

b y  4 ,  i o e . ,  F * * { 1 , < n l : J { g I  .  T h e n ,  d e n o t i n g  b y  t *  t } r e  c o r r e s p o n *

d i n g  t o r s i o n  t l u r r o r , ' r i 1 e  h a s :

( 1 )  t a ( R )  = g  a n i l ,  L l a x ,  ( R )  = { n } .
. . :

(Z  )  R  is  F- -s imp le ,  bu t  R is  r io -b  F , r , - * "c r i t i ca l .  l i ' l c l :eove r '

F .  C"oes  no t  c rn t * i * , - r - . . y  I * -c ' : c r l t i ca l -  subrnod 'u fe"

3)  t  (n )  i s  an  e ;ssen ' l in -L  snb inc i i i i l .e  o f  11 ,  t ru t  t ' (R)  i r ;  n r : ' t
::

e in  csucnt ia i  u- l . r ; ; : i i r r t  i ; - i '  L : lv  -La ' [ i icc  i l - ' .  (  iq)  "  Ccr l *e i i r tcn i1 . .1" ,  0 , .  ( l )

. , . :  *



: .,: '

* 1 2 *

is  a conrplemented lat t ice b ' r i t  $* '1 is r iot  F,n*ful l
g

(4 )  i i  hac  in f in j . te  GoIo ie  c l , j . incns ion  bu t  the  la t t i ce  C. .  (n )
- : i i

.  Fo l lo rv ing  Tep ly ' t lS : ; ,  fo r  bach I {6 } ' ioCI -P"  l ve  sha l i  d "enote

S . , ' ( i { ) = X { c l C < l o i , c l s F - c o c r i t i c a l }  t

,  
S n  / i ; )  = y . f r  |  - . 7  7 ' . r  r r  i c .  F * S e m i C O C r i t i C a l ).  D C F \ j ; i /  =  L 1 ' t  I  r l  !  i ' i ;  r i  r ' i

The sr,rbiriod"ules Sr(i\t) and sc'(t ' i) are callecl the F*c99r'i-t i9Q1.

socie anrL respect iv ely t i re F-semf c?c r : j - - :ca. l .  so.c l i t  of  f ' { .  The

rc" i .at ion'ehip bctrueet ' t  them is c: ;p lo ' red in Teply L1?S5l '

. Ir;rtI i ;I?10;1. A tv;c*aid"cri ideal D of l. is called- -r '*p:l inii j-+l:c

i f  D  = ; l : : r r l * ( C )  f o r  c o n c  P - " c c c : r i t i c e l -  n c C u l e  C , s

l r .  ; . l ; ; -  e (--)  ' , i j  I  j - i i l - l -  d-cnc tc Li ic sc. ' ;  o. i '  a i i  l l i ' t l * ;  j -Jci  p: : j - ; ; , i :

i d e a l s  o f  R . ,  b i '  s p c c r ( R )  t h e  s e t  c F ( R )  f l  s p e c ( n ) ,  a n d  b y

pr in i t " ( ; i )  t - i ' ic  set  cf  a l l .  F-pr i r i i t i tc  id.cals of  R. i f  X i ;

r  , ,o ro ln ty  subset  o f  Spcc(R) ,  then l - l in ( I )  ( : resp .  I 'nax(X)  )  w i l i

deno'be ti-re set of a.l. i  n;i; i imal (resp. rcaxinal) eleinetrts of X, . l ' ; i th

f  i ;c$i luo t  i . , ,  . i *c j - i is j -o: i

3

a b i jec ' t i ve  map

Spec (i ' loe-R'r7') --- '+ lJin(lrinitrn(i i) )

Q '  - ' - - -+  Annr r (s - (Q)  )

rrtre::s $pe c (:,:ou*il iJr) i$ the ,i i ;ectruli <-rI t l ie quotient ca"begorl '

i ;oC.-Xi f  ,  cr  equivalc;r t ly ,  ihc scb of  lsot i io ' r ; i : isrn c la; ;cs of  i - t l - i

F* to : rs icn* f ree  i i tdecornpocab l .e  i l r . lec t l "vc  R*m,odu les '

.1n ot l , -c i ' 'b i ;  t :ct i .vc raP

lr.as Grl-d ic i l". i ir iension 1:
F.- F.-

( t )  s -s i  iL )  g"  E(n) . 's
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n *  ̂ ^ ( ' , . a  - n  / T \  - '  S t ) c c - ( R )S P e C t l , , o L t - l t / /  t  L  J ' '

a 3' vi 'hcre

vras fout ld,  prcviously by l {5st [ ;esc' ;  [ f  SCO] (  l : "o

f e n n ,  4 i  o f ' l t
s e s c t l  l i i ' J + r  

i i ' . . " J 1 "

t ionsh ip  be twe en  t i resc  t "vo  b i  jec i ; ions '

lnd-
2.1.  l l l i ' l l ' lA" I f  R i -s F-artrnian c

r - ^ 1 n \  - -  t r r l
I t ; . j i r \ ' l l  1 ' l

al;o i-l1,.i ancl I'iir' i;i"-

Thie e. i i i ,  o f  t l r is  : . r :c t . iun is  to  expiore i iore clonci-Y tl ie rci '*-

.LJ  ID a.n F-Prirnit ive

that ttss (n/l) =

1',

: l

.  r ^  r r  2  1 - , o n  ( ' \  - "  ^ 1 ' '
. i  . r  n t - r  n ' { .  R  t r :en  iherc  e  > ;  j -s ts  i r  e  Jpc( }F \ r t i  . r ruur }
I u u c : L !  v 4  ; r t

=  l p ] ,  i . e . ,  i )  i s  a  P * t e r t i a r y  i t - l u a i  o f  R "

: t " g | . ' i - d c f i : : ' i ' t i l n ' t i l c : : e c x i s t s s i l F * c o c r i - t i ' c a l I n o i 1 u l e C

suc l :  r "ha t  I )  : ;  i \ r i l lR \uJ '  ' . - " ' : .  " :  
. , ' . ,  - .  I  c ] .e l re ; : . te  o f

i t i i t c  '1 ; ' ^ ' r i I ; '  ( " i )  t< t * *  
a '

lov:s - fhat  ther:c e 'x i 's is a f
n 

t} ' 'c; :e c>l i 's"s i l ' ; lc l :on'3r-pl l :c i :

C s r . : c l : . ' b l : . a i l ) ' - : n ' t : : n ' ' ( ; t r . ) ' l l c l t c e t ' t ' I l c l r e u ' ) r r ' i r u i i 'i :1  ; , " '  
- :

cf l l l .n:ci j-uies P\r ' I  --- '-  
igl 

t ;?o ar1'J sor e l i iof ioaorphi-sri :  ni i ;r-+;rt

Bi. t .rrc l . i i }er-Tcp1.y i i i i ,o-r.,clr ( l le C.8,. l . I ' i rrr a.r i t .  l l i+i i : ; i :ci i  [ i : , .1'" i  '

11 r 4'l 'r e 'i r i-1so .r,r*nc e t?rcrian ' lilld" by /i-l"i;i'r u'rrd iti's L'I'.,iucil li ' 'a|' '

I . i " t ) i ,  . 1  r i ' j  
.  / _ \  n . - !  

: ,  . . ' i .

q ,  1 l i  d  {  nss (n /D)  g , r ss (c " )  *  Ass (c )e  $ r ;eco . (R) .  BuL  C  .  i s  -  l 1o i i

J ' ' ) '  -  
i  0 n g ' e i s n t : r r t ' i l

uero coirued'ueible moduleo hence Ass(C) has exact lS

rhods bY TePIY
The next ;"esur-t ..,,ras establisl:"ed v+i'c]: 0'u!:.er nei

f  a  nr l r . ' l
L t , r / )  "  

- ^ _  ^  r r \  - r , , _  b e  
- b ' , r , ' O  i t t - c o -

^  ^  . .  / r . r ' r ) - ' a r l n . ^ ? . r . - : " 1 " | \ -  J , c t  i l .  a n d "  C ,
l . ' j .  f  -  - - -  1 - - ' ) - ;  L ' ' " ' '  r  " ' J  -  I

cr i - l , ic . , l .  ; ; ; ;1 . ;  ; ic i :  i j l , ; ' ;  J ' : : . : r {Lr  1)  c  l " l ; i * ( : ; } '  I ' f l  l l  is  T-n: : " i ; in i * '

t r t  I - . . ' / n  \

a n r  " b h e n  U ( 0 t  )  =  t ' \ u 2 l '
t "  \  { o r  :  :  1 r 2 ' i i i t c e  l i G ' ' :

r t "g ' i '  lJc i^ ' ' : :o  

. t t -  

=  ^$r1 i1 ' - r \ - i  /  ' , rn  

*  r ) , f  D-  .  T ' ; rcn,  us i : i ;  z  '  1
I aa-t,r ' :Jc-: ' '  t ' : ' l -- l :- ' : : : : j 'c i :1 c; 'r i i t lc: i i :  j - in 1l 'r

- t  ' ' t  l t t  \  ' -  r = s ( R / D 2 )  -  l l i '  ] ] c r : r i t e  Q i  ;  u ( c r )  I ' c i  i  ' ' '

one .3c ts  Ass 1 i t /  I l1  /  = '  r 'q
t  . ^ )  1

=  1 r? - .  ? l : cn  J i ; : ( q ' ,  )  : 1  r \ $s ( { ' J ' )  '  { vJ r  hence  the re  cx i -$ 'us  0  I  ; l t  4 t i t

such  t l : a t  p  =  l ' 1pp ' ( ' { ' , \  f o r  i  = " '  1 ' 2 '  As  i n  bhe  l r l ' oo f  o f  2 "  1 '  * ; } t { t l ,

e :,1j-g'L riat*-rl'L ili;iiibcr:u n-,- i;ri;r ;ii.','troirl'J:-'f i':'s;;iii 111' *-' 'j ' t fi;:: ; 1 ' :j "

'ii 
,

!
I

:
I
i
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T'; -l;1.-"1..;*;;_; L;.; l I(:",/,1) :,.; l ,:om$.-.p1:;,c t l .t i ,rh:,.rc:1,: l g n1.

i.* ' l  , l l  , Si:ic, ' r.J-, c,f (: i .::r,:1*,:cnpcnabl-i: jn jcr i ivr: nr-:1il;..r;s r .,., i ,c

t l i ; : " l  Q l Y t 2 . B

?,,:_7_:* ],iOltO,::T*g{. If Ir is }',*;:,rti_niai:, tiren

, i oyd .s  l  -  D ,  i .  e  . ,  p  €  i l i ; : r (? r im i  t " , i ( 3 . )  ) .

11
1

l') * "f,. -' . i  ' ; .  \ r  i -

c,r::*- i_ ir d I

l i pc i ; - ( i1 )  : : :  l : i , i : ' ; ( l l . r . i : r i : . ( l f  )  ) .

l l ig{ .  J,r t  p € Si : r :c" , ( ; t )  ;  t }en ,qr . :  (R/p) -  { I }  ,  h"r , . ;e thc *c
c ; ; i ; t s  l l < i r / p  c u c h  t i : a t  - , . . n n r , ( ) t )  :  l r r n . o ( i ' )  =  p  f o r  a l i  0  l : i , 1
Sr rrce n /p€ 7 ,  by - i r lbu a.r ; rJ.  l r r i . ; tc i r : t -scu l : , i i :+,- l  .1,1) ,  X ] ias an F*cccr

t i  ca l  subrn l iu le  X^ ,  I t  fo l lows t i :a t  ,F  . . ,  A , r r r  (v  \  ;0  j L l t n l . ( a o ) r  i . c " ,  P  i s  } , * p r .

, : , : f ; , ' c .  T .e 'L  )€  Pr : in l t , ' ' ( i i )  r , ; i  i l :  l ,  g l ) ;  then  D =  A,nn , , (C)  fo r . .  sorne

r the: :e exic ' l :
r - r r . i iZuro  s i i l . : : . io iu iu r ;  x ; -< l io  c - l . i , i  c '<c  ;uch  t i : i t  ) { j=c , .  i l r : s  i * *

i ; l i u ;  F  - - . '  ; - : . , : . . , ( ; : )  -  _ , t r r : : . ( ;1 . : , )  , .  , : . , ; : t1q(C ' )?* : l r , r (C)  _ . .  , ,  i i r  o t l :e i .

con:ic,e : no\1- ir ir  a,r:bit i"e_.r ' . .  e l_crne :r b D € _,_i,- i :r i  t- ' - ' '  (r) ; l ; :d , i i r

t i , , . iu L I g; ? ior ,- i i .r ' ic I ,r e S*;,;"r.{;r) I  ; . : :-. ,  r c^. . ;_^ ;^.:_. j , i , , . , !  . l  , ,*,

o ; ] c  6 e - i ; r  A s c ( R r / i ) )  =  A s s ( t i / p ' )  - =  { l , J ;  o n  t h e  o t h e r  h a n d ,  j . f  
'
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Ass(ni"u) -  { : . 'J ,  ihc::  crea,rL3. }G} bec::use } is e trv**.sic.ec idc:;1.
of R. Thus, &i lY F-prir i i i t ivr, ' i ,J"eal of I i  i .s inclui ted in a unlque i ;r i ;ne:
id ra l -  o f  i ipeca(r r )  .  r i  .L ic lv  j j€  i ; ,ax( i ' r . i r i i  ur , , ( . . )  )  " ; ; : i  I  , *  * ,o i j  (1 . / , , r ) ) ,

I i rur i  IJ  C 1 ' .  c* t i1  i )  €  j , : : * ; , i i -  i r ,n  ( , i )  ,  ; ; i ; r tuc I  - ,  l ,  i i , i i  i lc  . i  e  S; ; ;_ , , , { - ; )  "  g

eJ" :i(l i- 'qr:{qi. suppcse i}iat t}re rin6 11 is F*artiria'.

le t  n  be '&rr  $-pr i rn i [ ive idear  o f  R anc l  {? i  =-  Ar js( l t / } ) "  r f  c  is

u i ;  l l . - cocr . : - t j - c l ;1  i : l r i l - r , j - c  s r . i r :h  t l : : r { ;  An i - r  1 r r \ . - * ' r \  * - i ^ -i ich t . l ._at  " . \n;r , , ( ' . )  )  "= J) ,  thcn l .nn_ (s, , ( : ( l  )  )  )
ie tltc uni-quc i; i in:i-n.:.1. F-primitive ide"rl of It contaj-ncirl j-1 D, and.

P 
,ic 

triu i.it)iriu* liiar:;..i1;ral l.*tr;i.itri_i. l;i.;,,: iCuli;_ u f ii ilr;.ji Li:j-rji,i., jj.

I j lg,r j ,  Ti:c l- i is b a$$ej:bir:n uf bj..u l iulr-o;j" Liu;r \ , , , i t"s . i j" i- , j , ; ,c. j

i -n  2 '3 ,  I )e .uc 'be b; '  V i i ie  * ;e  -b er f  a l - ] .  i r *coc: : i t ic i : I  iu l i ; i lod.u les of

a  -  t ( ; ) "  r : . i - ; i  r ^ , r r - j - ( : ; , . { . : ) )  -  . ' " i : ; i - , { , ,F r  a )  , , ,  
. , i } . i , ; . : n , , {C ) .  

f - t . i nsc  .R

ls  F -a r t i n ian ,  t he re  e : , i s ' f e  a  f i n i t e  s r rbse t  { * ,  I  1 ( i r (nJ  u r  v  , , . r c } i



i $od .u le  Q,  hence i t  i s  nccessa. r j - l y  F*cocr i t i ca l r  and cons€quon ' f ^

17  lnn ,a(3- ( l ; )  )  i s  T*p : ' ; i rn i f . ; -vc .  S ince  C. -<  SF( l t (C)  )  '  t j ren  c ' l -ca : : l ' ; '

Ann ( t  ( r i  \  c D. le t  novr pr 6 '  Fr- ' imi tF(R) v i i th D'g D; 'uhcn . ] ) t  : ;
. t t u r r R \ v T r r \ t { ' l  /  =

= -  A n n R ( C '  )  f o r  s o m e  F * c o c r i t i c a l  n o d ' u l e  C  1  '  3 y  2 ' 2 '  n ( C '  )  =  ; : { C  )

hence.  Ct  i s  i -sonorph ie  tc  a  cccr i t ie iL  subnc ' lu le  C;  o f  A '

- : ) - ,  4  o  / z \
) r J  t o J r \ - / J ,

a l; i -L':1 i . t-l i.r c i'.;-l- t,

= Anno(c; )  p  Annr($u( 'Q)) .  Tak i -ng

) 'e  -D,  poss ib le  s ince R is  F-ar" l ; i , ' r ian,
Thren c lear lY  } t  =  , tnnO(C ' )

I r€  l , i i r : (? r iu r i t r (R)  )  v r i th

11 .l

5 . ) '  L ,  t '

^ r  r  / n \
U l  U F \ r L /

r \ )r r . r  /  |

' I  f i n

i t  fo l lows t l rat [nn*(sr( l(c) )  )  E i , i j -n( 'Pr: ini tu(R)) an'1" this idea-i '

is  tSe unique ninirnal  F*.p: : in i t ive i .c |eal  of  R eontai l ied in l .E

2 . : . . 8 4 : , ; A i l l ; . S . ( f ) U s i n g t r e p r e v i c u s r t s u l t s i t c a n b e s e c n

easi ly *6i :a4;  arry f i . l i i te ;nLerse ct i*n of  d i$ i incb rr : in j - i r la i ' }  F-pr, in i t ivc

id eal.l; cf R i:s irre l"un,iLnt, t l ic ::- ing P. i:cing supp':se d. F-'av:tini"e'n '

(2 )  I i  R iS l ' -a: :  i in ia i r ,  . l ; l 'c  ' i  i ; l :c  J: :ccLl ;cn ' ' : 'e l  j - t :a l -  
"T" '  (  ' : )

c f l . w i t h r e s p e c t t o t h e G a b r i e l t o p o l o g y F , i . e . , t h e i n t e i : -

sec t ion  o f  a l i  F*pr in i t i r c  idca ls  o f  R is  a  f in i te  in te ' rsec t icn

of 
' ' .rLlst.init -minlmal' F*prlmltive ideals of R:

t  ( : t \  =  l n A I " n  . . .  f f l * .v T \ r l l  * 1  -  
I

i l r is is cx;:.c'Ll;y i lr i  i ; . i :ut lut: i";r i  tci ' ; ia'r; '  iucci: ipcl i  t iorr

in  F. .  I , lo 'c :ove : : ,  as ! ' i  i l t j  provecl  in  Teply  l l lW '3 '3J '

l f , i n ( P r i m i t r ( R )  )  =  { t t  o D z ,  -  ' . , } r }  ' E '
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