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A eCInipletlon of "0i{ ii ' l",i l!{ti lAltT Tliit0illfr$ {f ).

bv (+ii.. Stef';).nescu
G ' I

Tfre main resul- t  of  [2] ,  i .e.  i f  T 1s a theory vi th strong i terate

then the theory of reduced. { -flovcharts ^Ut{,.L is the theor';r with

strong iterate freely gelrerated by adding I to T , was proved onl"y

when T i-s an "alnost syntactical-" theory. Here we shov that thls

technical conditlon is superfluous.

Ue shatl us6 the notations fron [2]. Suppose f is an S-sorted

theoly with strong iterate and f a double ranked S-sorted set. If one

re-reads l2J he can see that in th6 Cefinition of a reduetlon f i-P f'

the condit ion wac):  Ac(f)  9 '  Don(f)  $as vrote in this r{ay onl} '  for  the

sake of generality. In fact he can use only t'eductlons f t-t> f' whlch

frr ' r . f i rq e .{ t?onp aondit lon sac):  !om(v) ful : [ i lSj le )  in t ' .

i 'le shall dlstinguish two types of reduetlonsr one by flrnctions '

denoted by -:+ and one by injectlve partlaf funetlons' denoted tV F:- .
J J

The reductions by bijoctiye functions are of both types. Cbviousl-y

S  g  F * o  - + .

5}cmeirolr as in the proof of Churcir*Roeser theorem [1 ] r ' {e shrei- l  sh*r, '

that .*:p -reCi:ct icns cal. i  pass o\rer t-* -reductions,

L e m m a  1 .  I f  f  { - ,  -  ? ' : > f '  t h e n  t } r e r e  e x l s t  f ,  * 1 ,  , Z  s u c h
Y 1  Y

t S a t  f  . * * + f 1 - _  f , "
n 1  * z

gnqg1[* fiuppose the flolicharts are from, a to b, and f = ( i, t, e )

w i t h  e  =  € i . " " " l * l  .  U s i n g  a  t o p  r e d u c t i o t r  g i . v e n  b y  a  b i j e c t i v e  f n n c i ; i . o n

w e  c i l n  r e s t r i c t  o u r  a n a l y s i s  t o  t h e  c a $ e  w h . e n  
' f l i l o m ( V r ) ]  

=  { 1 , r . . , k }  ,

f o r  o n e  k < l e i  .  N o v r  X 1  =  ( 1 ^  ^  +  - L ^  a  ) ; u  f o r  o n e- r  e , ' . . , o O  
" k * 1  

. . . . * i e l '

bi  j  ect ive functlon u , l rhi.ch can i :e moved in y .  i - ience i ' re can suppose



Tlire f*ficucha.r'b is *i:1;s.:i";::c,rJ by aciall:g to f I an i.naecessihle copy

o f  t i re  * l r *1  "  o .€ ie ; . * r i a r * ;  c t  f  .  i ; i o re  p rec ise ly  T  , *  (T ,T16 ;  i s  g i ven

b Y  6  =  * t * l r - n 1  . .  " e  l e i

T  . t t ti  =  1 ' ( 1 p ,  +  0 o  +  t , r )  ,

T = ( t ' ( 1 n ' + 0 * + 1  
o )  '  

' O e i , . " € 1 r +  
1 * i . * 1  

. o . e , " r ) o o t  t  ( r r n  - ! : ' * u ) )

v t h e r e  $  =  
" [ t . k * 1  

n , '  * l * 6 ) "  N o r . i  w e  s h a l l  s h o w ' b h a t

r . @ f @ r ,
w  e k + i  ' " ' e  

l e l  
' e r  ' f t k * ,  

" ' " e  l e l

O n e  c a n  e a s y , $ e e  t h a t  1 " , , * ; ' * * * . r , ,  
" " " u i * ;  

g i v e s  ?  r e d u c t i o n  o f  c i e s i r a t e d

type.  t ' r  b i t  lnore o- i f f icu l t  is  to  s i row thrr t  the tota l  sr ; r jeet j .ve funct ion

y - r '1  
n , f ,  reduces f  to  

' f  
.  By our  hypothes:-s

" k + i  o ' " - ' l u i

;  =  i ' ( 1 p , - F 0 u + 1  u )  
=  i ( { r r y ) r n " r - 1  o ) ( r p , o 0 o * 1  b )  =  i ( y * % o * * 1  b , )  " .

= i ( y . r -1  

"n -1  
b )

r,. ' rhere the last equali t .y is based on Im( i)  G Dorn( y1 ) .  I f  j  €- [kJ then

a s  f , t l o * ( f , ,  ) ] } =  l t , . . . , k J  f n l f i l s  a c )  i n  f  ,  w e  h a v e

; , . \  =  t t  ( t  - r - A  + - 1  - )  s - L - ( v + r o  + 1  )  -  t  ( v - r - 1  - r - 1  \- y (  j )  -  t y ( j ) ( , p , - t ' 0 . . + - 1  
O )  

, w ' L r ( f + % 0 " * 1  
U , )  

=  t r ( V + 1  

" n 1  
b ) "

I n  t h . e  c a s o  j € f  k + 1  , . c . , l e l J  l r e  h a v e  e v e n  a n  i r j o n t i t r r  l f

l l i l = : I l v e r y c i r a i n  
f  = f C I i * b 1 1  i ; 3 , . . f f t l  = f '  n a y

1 1  r Z  J n

be replacecl vr i th a tr+o*st,*p : 'eduction 1' *g*f" [ . , . .--  f  |  (henee we
&

have li+ s *+ cJ l* ),

tf,ppJ* lly lernrna 1 lie can "$uppose that in fo t*-& 5 . , i*-} fn
Y1 Yn

the f irst k reductions &re '-*+ *r 'eductions sn<l t i re last n-k reducti-ons

are - i 'ed-ucticns. i \n ee$y cornpntation shor. is that eve ry chaj-n of



*-+ -reduetions ean be repla*e d wittr one *+* -reduction. The sane is

true for t"*- -r 'ecluctions because if t 
? 

? then

&  *  A  i  ^ . a  l . n . F  - , r r f  - - ? l \  # , , 1 . p i 1 ^  
i A J

11 x l] fu]f i ls ac ) in f i ff y ([xI) fu]f i ls ac ) in f

( t i re  rever$e impt ica t ion is  based on I  fm(Bz)3 =  z( [ fn (g) f , )  ,  i f  7 ,  is

an in ject ive part ia l  funct ion) "  m

* j T 1  j ,  I f  f o r  f  1  a 4 a e ,  f t  :  b * ' ' F b c  a n d  v €  $ t r ( a , b )
-F -l-

s u r j e c t i v e  f u n c t i o n r w e  h a v e  f ( y + 1  * )  
' ; + V f '  t h e n  t ' ?  y ( f ' ) t  .  .

proof .  See t t re last  part  of  t l re proof of  theorem 11 .2 fn [2 ]  .  fJ

Theorem 4,  I f  f  is  a  theory wi th s t rong i terate then *Fl ' r t  is

a  theory  w i th  s t rong  i te ra te .

Proof* We hav€ onIY to sho$ I4-S i

i f  f la-)  ac,  '  f t  :  b -> bc and y € l i t r (a,  b) is a surJect ive funct lon such

tha t  f ( y+ l  
" )  

=  v f '  t hen  r t=  v ( r ' ) t  .

let us.suppose that f, ft are minimal- floweharts. Then yf' ls

also a minirnat f lowchart ,  .Henee the equj.valence f(y+l  
")  

=yf  |  
. lsr  in

' f ac t ,  g i ven  by  a  cha tn  o f  reduc t l ons  1 (y+1  
" )  

H . . .  Hy f '  .  B !  l emma

2 thls chain can be replaced $i th 1(y+1 
")  

-7}. t"  
\ -  f f ' .  As 1"(u.rr+1 O")=

= yl, and u has a rlght inverse v with uv = Dom(u) and fn(Jl e

Dor(rlirr*1 b" we have

1 "  = .  i " ( D o m ( u ) i r r n r b " )  =  1 ' ( u . o + 1  o " ) ( v . r r + 1  o o )  
=  J l ' ( v r o + l a " ) ,

lrhlch shovs that f" = vF . 3y lemna 3, ft --+ ,il. The theorem ls

concluded l f  vre $how that i+f-+ (r ' ) t .  uy lenroa 10.1 ln f2]  ,

- =
y i  q -  V f  i m p l i e s  f  =  v y f  S w y f ' = f r ,  v h e r e  w  i s  a  l e f t  i n r e r s e

-.' i 
F-+ (r')t . t]of  v  (vv=to)  and f  t - ->  ( f ' ) '  .  L l

I



; 4 t u

As a corollary we' rewrl 'be the maln theorem from [aJ.

Iriain theorerno If T is an S*sorted theor}r wtth s"brong lterate

and X a cloubJ.e rankeel $*so::ted set, tiren the theory of reduced flowcharts

RIrl q" nn is the theory vrith s"brong i.-berate freely generated,, hy adding E :
4 s L

t o  T ,  n

By lemma 2, #> = -+ o .  By Lemrna 11..1 in [2]  ,  i f  T is

an almost syntaefieal theory then F:f" ; H . We eonclude this note
t t r ,

*i.t} 
'&il,_,.exaryp1q.f 

*" 
the one-sorted case, tthich shows that generally

#? # }--} . As 
' 

T we chose the quotient of the thoery oS rational

Tt -trees 
r IfT, ( f is a one rank;ed set, with one 

f 
of arity two) b,y the

congruence a generated hy

' 1  1  ^

V { " r ' x ,

I ' iow it is easy to see that nT,' /= is, as O*f , a t lreory with strong

i-terate. Then the ftowehart

( y ( d " f ,  * 3 ) *  o r )  ,  a z  * 1  1  ,  s s  )

where r ro( { i ' )  =  rout (S- )  =  1  ,  can be reduced"  ( in  turo  s teps)  to

( J . 0 1  r  o 1  , l .  )  :

f  g t ( . 1  ,  * ]  )  +  0 ,  ) ,  0 2 n  1 1 ,  s r  ) < \ r + (  r r 0 , + 0 , ,  0 1  * 1  1 , v . )  h  ( r r o t , 0 1  , x )

but not in a * ir .gf* step r .
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