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0n the se'b of  th.e extreme points of  a eompact convex set v i : . r ' j -ou$,

topo lo64 i .es  have t reen in t roducec lohav ing  re levance to  the  j roundary  mea*
r  f - ' 1  f  a  r ' - 1  , - . " 1  ' '  - r  e  f  

' - ' t  
l * ' J  1 1  . - 1  f .  

f  - r  i '  " t  f -  * i

s u r e s ( s e e  L r J  r  L +  j , [ 0 ] , [ i ] . 1 , 1 9 ] , L 1 3 . l , L r 4 J , L l 5 i , t l  6 l , L 2 1 l n L z B J , t " 2 g J r L 3 o J

[ : rJr [ : :J ,  [ : f ] ) .n*  a rcsul t 'a  general  'bopological  rneasure theory has

b e e n  o b t a j . n e C  r w h i c h  c o n t i - r i n s r a s  p a r t  j c u l - a r  c a $ e s r b o t h  t h e  B o r e l l  m e a -

r5l1re t i teory in l ;o l . ish spaceslas we1. l  as the f i .adorr  measure theory ln

arb i t ra ry  compact .  sp i l ces land a lso , th is  a l lowed.  the  d .eve lop tnent  
" I  t_ .

' rnon-conrmuta t ive  l lo rc I  ana lys is "  over  a rb i t ra ry  C^-a lgebras(  see L36 l )

1n the theory of  C**algebras an importernt  ro l -e is .  a lso pl .ayed hy
,+

the  se t  o f  t i re  fac to r ia l (p r " imar ] I )s t r i tes  o f  a  g i^ven C" -a lgebra"

fn th j -s pa.per we shal l  introd-uce a natural  topolo.ey in the set

f (n) of  1he factor ia l  states of  a l r  r i rb i 'Lrary C*-algcbra Arand 1' , 'e sh.*r l -

show tha , t  the  cent ra l  measures  on  the  se t  Po(A)  o f  the  quas i -s ta tes

o f  A  ,wh ic i r  represent  s -ba tes  o f  ; l r ind-uce regu la r  Bore l  .measures  on

n/ a\  ur i ' r l " r  r ru l r r lgs help a spat ia. l  Central  rer iuCt iOn t i reory for  the re*r  \  f l /  t  Y r f ,  v r r  l r l r v u \ /  * ; v r  Y

presenta t ions  o f  .A  can be  d ,eve- l .opec i .

l ,e  re fe r  to  t t r1 , f r r ] , [ : z f , f zz l , [ z+1,and fzZ l ro r  g .encra l  fac ts

c o r l c e p r i n g  t h e  t h e o r l r  o f  C x - - a l g c b r e i s . I n  ( [ Z Z ] r C h . f V ) o n e  c a n  f i n d  n ,

r l o n n  n n a l  v s i  s  o f  l { e r l u e t i o n  T h e o r y  f o r  t h e  s e p a " r a b l e  c a s e "
u v \ , 1 . ,

In 'Lhe prosen. 'b paper no seperabi l i ty  conCitr-ons are assumetJ.

l lheor:em 33 is th.e mi,:"i:r resul' i ; of t lre paler"

$r.  rurnouiJctToN

,., ie shall- rlenote lry Eo(a) the convex se'l, of al-l the ggagl:pl-ry!99

o f  A  , e n d o v v e d .  r o ; i t h  " b h e  t o p o l o g y  # ( , i R ; A ) , f o r  r ; h i c h  i t  i s  c o n p a c t ; . i l ( A ) ' '

=  { f  c ; l o ( , \ ) ;  ' r \ f  
\ \  = t  }  i s  t h e  s c t  o f  t h e  s ! 4 l q g  o f  A , r v h i c h  i s  a  c o n v e r r

G . , * - - : u b s e t  o f  g ^ ( t ) " T h e  s c " t  i l ( R ) ' i s  c o m p , - r . c t  i f n a n d "  o n l - y  i f , A  p o s s e *
t

s$es the u.n i . t  e lenten ' t ,  v rh ich lve shal l  c lenote t ry  1.

The  se t  o f  t he  ex t re rne  po in 'bs  o f  I J . (A )  i s  g i ven  by  the  equa l i t y

c x  E o ( A )  =  i ' ( ; \ ) r r { o } ,
' , i i rerc f f  {A) i . l ;  the se i  of l  the rrure stn,te s

2 ' 5 ' f ; . ) '  
" r -  i  .  - r -  l

F o r  a n y  p o s i t i v e  f € A ' ;  =  t f C A " ;  f  ) o f ,

CEiITT?AI, TOPOJJOGY
A C*-AT,G]IRiIA

of ; \  (see [ :  z] , .Fro"s:os j - t  j .or : :

r,ve sheLl.l denote by'r-in.+lf( nu.
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the  i : r :p rcsent 'a* ion  o f  A  cn  the  a iq j r :oc j .a ' tec t  H j l t re r t  space l l r rb ) r  S f . ,A .+ l l f

thc  i : i r " i roc ' - l  r ; , t c r i  i i n *ar  rna .pp ing ,  D.n11 b ; r  ;?  f i re  ; rs$oc ia ted-  cyc l i c  vec tor ,
r rccord  ing  to  the  $ l { [ i *eons tnrc t i .on . " i /e  t ra i re

r ( a )  7  ( ' i i r . (  
" ) { ? \ i ;  ) ,  0 r ( a )  = , ' T i r ( " ) { }  ,  a € A ,

e t  o &
. L C - ^ f | .  .+

flie state f6H( A) is saicl ro ue {*stgl}r1l ( or prymqff) ir ri( a) "
i s  a  fac to r . ! . , t ' e  denote  by  F(n)  the  se t  o f  a l l  fac to r ia l  s ta tes  o f  A .
iVe obvj-ously have tira'[

:,
F ( n )  : r  p ( * ) .

. ! -

\?e  re fe rLo  [ : l r fZ f  fo "  recent  resu l ts  re laL t ing  topo log ica l  p ro-
p e r t i e s  o f  f ( A )  t o  s t r u c t u r c . l  p r o p e r t i e s  o f  A .

In o:r 'd:r  to c lcr .c l .op r-  workln.1 -bcpcl-ogical .  the ory for  tJre borrnr la:ry
l I1ei isureFi  in ' luced. on I ' (A) by ' l l le inaxi i i la l  (or thog;o:ral)  ine:rsures on i io(A)
one has  f i rs t  to  f ind .  a  s i - r i ta . l : l -e  tc lpo logy  on  ?{A)  . In  th is  respec t rv re
rerer to f l  i ,  LsJ, [zs], fzql,  f :ol ,  [ :r ] , f , :zl ,  [ : :1, f3olanof:zl  ror the
cor respond. i r tg  t i . c f  in i t i .ons ,  r 'e$u l - ts  and r : :p l ) l j - ca t lons  ob ta ined .  f  n  pa . r t i -
cu la r r  iL tL  i r re r r "uc lb le  spat i iL l  a rs in tegra ' t  ion  theory  has  been ob ta inec i
f o r  t h e  ( c y c l i c )  r e l r r e s e n t a t i o n s  o f  A r a r r c l  f o r  t h e i r  e x t e n s i o r r s  t o  t h e
Ba, i re ancJ i ;ne Rorel  en. 've"Loir ing Cr-*a, lgebr i : .s of  A"f le point  out  here only
the  fac t  *h r l t  *cvera l -  hopo log ies  h : r ' i . re  been j .n 'b rduced on  F( " { ) rcompa-
i : ib l -e vr i th the : laxiraal  (ar t i roganal)  measuresrthu.s al lcr^r lng ser, ,eral  re-
gular Ro:"el .  extensi-ons of  the ind. luced" bor- tndary mea.st i resrthe rnaxinrel l
o: : tho{: tonnL to poloSy heir : ,g,  l :o far ' r 'bhe s,Qrongest ln th is fani .1-y(  

"**  fOlo-
L33J )  .

1 t l e s h a 1 . 1 d . e . f j r r e b e 1 o r , v t h * f f i o n F ( n ) a n d w e s h a 1 1

, shc.r ' ,v" that  a l ly central  l i r l t lon proba'bi t i ty  lneasure on. 1Io(A) , rv i rooe bary* s
center  i s  ln  i i (  A) , ind .uces  a  regu l ; ; : r  Bore l  p r :obab l l i t y  m.easu l ie  on  F(A) ,

For  i ;he  cent ra l  'bopo logy ' ,  thc  sps .ce  f (a )  sa t is f ies  the  ( f f  )  sep&r&: -  3
t ion  ax io rn ;a .nd  1 t  i s  qua.s i *cc l rnpae"b  i f  nand on ly  i f  ,A  po$$esses  the
rri:r i t ol.c,r,r---nt "

i io r  i :ny  i ; cpo logr .ca l  sF i : : , ce  X  we *ha l l  d ,e r io te  by  .  o (X)  
(o r  by  8o(X; r )

when the  topo logy  a  o f  X  is  1 ;o  be  emphas j "zed)  the  s  -a lgebra  o f  the
gg l fg .  s t " ib$ets  c f  ) l :  i t  i s  the  sma"L les t  c ' -a lge .bre  o f  subsets  o f  Xreon*

tai-n. i - r l11 ; i . l - l  r : . l .csot j  Gr*sui :e r ;" i ; r ;  o- f  X;  by J i (X) {or by A(;{ ; r ) ,wiren the
& _

"i;c.trol-r:, i l : i  f, of l i  i .r "No bt: o!'t,rrlr. it-$' i 'r-d) ! ' /c sha.-]-l i lenote the ri-lr-i-..t;cbra of

i ;he  13otc l  r :ubsets  o f  X ' ,  i t  ig  t i re  $na l les1 ;  ' .1 i *a1 ,qebra  o f  subsets  o f
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X,contai .n infr  a l l  c losed subsets of  X'0f  courserure have the inclusion
. 1

4 1  l : r \  - -  . t  / v \
J 5 ^ ( ^ /  c  J 1 \ A / '

\J
t 

r 
j

T f  Y  i c  r r r c r f r ^ ' i z n h l e - t h c n
I - L  J L  f J  J l l V  U J .  J a r ( r u * v  t  w r ! v + :

&o(x )  *  J3 (x ) ,

but  fo r  most  compact  spaces  X ure  have 31o(X)  #  R(X) .

By c(X) $re shal l  d.{rnl :  
lh:  

:  a lgebra of  a l l -  cont inuous complex

func-b ions  on  x rwhereas  C- (X)  {  c  c (X) )  w i } l  $ t i }nd  fo r  the  c+-a lg ,1ebra

of al l  bounr le6 cont imrous complex funct ions on Xrendovred with the suF-

norm.

For any compact( l laust lor f f )  'bopologica]  space K rve shal l  denote by

. .M ( r )  the  snace o f  a l l  pos i t i ve  Radon measures  on  I { ,  endowed ' rv i th  the
'  ' \ l -1-

v a g u e  t o p o l o g y ; i . e .  o t h e  t o p o l c g y  i " n d r - r c e c l  b y  t r ( C ( K ) * ; C ( K )  ) , s i : r c e  " t f * t t < )
e .an  t re  j -c len t i f iec l  rv j . th  a  subset  o f  the  dua l  Ba,nach,$pace C(K)^  o f  C( ! f )

, r - l  ,  - L  ^ . - 1 ^ ^ ^ r .  ^ 4 '  U  1 r , ' \  ^ n
ny 7 i t j (X)  we sha l1  d ,enote  the  compr , rc t  convex  s r . ibse t  o f  v4+( ] i ) rcons ls*
r - ' : . ^ -  ̂ €  -1 ' I  Radon probab i l i t y  measures ,  o r t  K '
u I I r t i  \ J I  d , I f  r L G u v r r  l J r  v  v L { v r 4 &  v d r

I f  i {  is  a convex compact subset of  a I {ausdorf f  local ly convex topo-

to:r icn. t  real  vector space X, then for anyf iqE*(K) vre ean def ine i ts re-
r u E , I U ( r r  !  v ( * r . . . ; " ; ; ,  

_ ; ; - ; ;sulta*I r(,*) € X bY the formula

; --)c
x  c A  t
_ - - ' - _ : - - - _

'l

i t  a lwerys  ex is ts  r .nd  i t  i s  un ic lue  . r f 'A€J" l ; ( i t ) , tnen t (A)  €  I { ; in  t } r l s

case j.t i .s call..:d, t lre 3r-tqJ'crqntsit uf 
l^ 

anrl i ' t  is d"enoteci by bln).

I f  we denote bI  A(I i )  the real  i ianach space of  a l l  corr t in"ublrn n"f f j -* .

ne real  funct lons on Krthennty ta.k ing i i - r to eccount the fact  that  t ] re

srrace of  a l l  the res-br ict ions to I i .  of  the funct ions x+6 - : i# is ur ' : i forn

11, d-ense in A.(1i) rr, ' ,,e inunerliatelf infer that tve hAVe the formula

h(b (1 r ) )  =  fon ,x )  e7 r (x ) , h € A(r{)  .

, ' / e  sh : , . 11  a f  so  c ie i r c te  ,4 , t " ] ( x ; " )  - ' { p ,e , , l t } t n l ;  b (p )  =  * } .Bv  $ (1 { )  wc

shal_l  t ienote the sup-eone of  a l l  convcx cont i^r iuous real  fnnct ions on

thc contpa.ct  convex se'b I { .

x . * ( r ( p r ) )  =  \  x " ( x )  d l t - ( x ) n
l h t
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$2. sitncaNTRAl, lJlllA$uTt[s.,

I . . l ' o r  any  f ' " ,G .LLu ( r r . ) r : , , , nc l  an ;g  Rndon  Incasu rc  
f "  

on  l l o ( .q ) r t ' u ' hose  resu l -

t i ; n . t  r ( r , * )  =  f ^oo r l s  h . r ' ; . s ' b11 r :  i ; l cn ' i ' i , r  t : r r t , - j . n . r  l i , ,  1 l , # r r ' ^ ) * l / t ( i t r  ) r r vh i ch  1s

l i r re ar" 'no* i  t i le"  ( { r (  l I ( r r ) , l r - ( ,* )  I  , ' , . *nr* [ ,u" ,nt ' l r ) -cont inrro i r8 and im K,,CI I I J u ( ' { l ' l l L / l j ' , U J . v v ' \ * \ l , \ i " | ' 1 . | , | ' l ' . 4 i 9 v r

C { *  { r l ) ' ; i - ' t  i s  r l e f j . n e d  i : y  t h e  e c i u n l i $ y
o

r"(1)
( a ) :

i . r ' " - f o r  e n w  f  ( :J  a  \ /  c  t  f  \ / r

?*l^)  I  r (
s u c h  t h a t

' n N :

n i  t
f-

T r * F ) t

f: { r( X*f ) anc f { r " ( 1 , ,  6 ) ,
L t t r .

ive lr,av.e f * o"

Thc Re.r i .on rnei : rs ' r ; . r 'e Lt  is  or th<lg,rnal  i f r r . incl  on1-y i f , the mapping K* is

mult . j  n l icat ive, In th j .s cai ie t i 'u.*gt  i rn ] i *  is  nn ; lbel j -an vcn.Neunann sub-
r

a l g e b r a  o f  i i ,  ( A ) ' " i ; e  c l c n o t e  h ) ,  e / .  t h c  p r : o  j c c t i o n  o n t o  U r i l r ( O ) .

Sonver,se1-r ' f for  a,ny state fo€ i t (A) and. anSr a. t leJi : r .n von' l icumann sub-
-  ( +

a]-gebr .a  S of  iT ,  (A) '  there ex is ts  a  un ique or thogonal -  Radon probabi l i -
r " ' -  - -  ^  '  t " t1 f l r l  ,such that  b(p, . ) '  =  f^  n 'n l .  V =V.  'ty  n lc i l$Urepqel  

T j  u  : /^  v
' i r 'e s?lal l  d.enote by . .$-(Er,(g); fo)  the set c i f  a l l  or thof lonal  l lad-on

n r ^ n t r n l r i l i t " i  t ' r "r . r r u L , , - { . 1 , r - , . ,  u ,  , r e a $ n . r ' e .  
, 1 "  

o . t  E o ( A )  r s u c } . r  t h a . t  r ( 4 )  =  f o ; e l s o r i t  w i } }  b e

c o n v e n i e n t  t o  t l e n o t e  b V  , f L (  n " t n ) )  t h e  s e  t  U { n t  E o ( A ) ; f o ) ;  f o ( l i o ( A ) }
'o f  a i1 .  or thog;ona. l -  i lerdorr  pro i rab i - "L i ' ty  i i leasu.r 'cs  on Uo( ; i ) .

I f  A  p o $ s e s s e s  t h e  u n i t  e J " e i n e n t  ( t * : l ) r t h e n  ' $ , ( B ( , 1 " ) ; f o )  w i l l  s t a n d ,

for  the *c 'b ,  o f  : r l l .  or t l io i .on. l r . l  , ladcr- r  t r r ro l :n i : i1 i ty  tnc i : . . '5 t i l :es !L  o11 n(A)  t

srrqh t i i l l ' i ;  i .( jr) :s f 
o 

t,  , .{( A) , vi '} iere ni i  u{J. ( t i( ,1) ) q' i}1 cl enote th.e set

Ut,J t (n(n) ;  ro)  I  foc  I ( . " I r )  \  o f  r i l ] -  r : r ihogonal  Radon probabi l j ty  rneasu-

res.i ori l i( 1t ) .

Trr l rar t i  cu1i : . r ,  to any si"La.L.  f . ,  (  I ; (A) \ , le can asr;ocia, 'be i ts coi ' res-

[  , i , ] ^ ( , , )  , i r .=  ( r  t f -+ f )h *  t * l t ] i t . l ,, u n ( A ) '  ^  !  t '  
'  L o  i ;  i ,

i, ';here fitl i* 
'fhe class in

t i-on y '" Eo ('*.).+ {l , ano \
4 ' / r i  / n \r g Iro.\  rr , ,  .

' ,1;  refer to [zA1 for the

u s e  b e l o w .

the rne,9,$tlre p' is s:,t. ic1 to

have that 
t

a  Q  A ,

of ti:e bounde<l Tlorel- measure.ble func-

E ^ ( A ) - + C i s  s i v e n b y  
' I ^ ( a ) ( f )  =  f ( a ) '

o '  "  ' : i l . '

hns i  r r  r r? . \y ' ro?" t i .es  o f  K  . l vh ieh  v ' re  sha l lv U J U l v . L ] L v t J v - . r | ' , - '

be glsbgf,gn3,]. if for any b{c'B( Il"( A) ) vre



pondinf; ff:rljrql-$egsqlrg Fr^€ /tit 
uo( a) ) , vrhich is the orthogonal

probabi l i ty  measure corre ip8nding to  the center  T i "  (a ; ' "Af ; r  (A)
. 1 Y  /  l \  r  - - , :  . - - r - : - -  1 - - - - - - ^ r - - ! - - -  i  -  - !  - o  

* O  * 0'1 I*  (A) n ra-nd v,rhose bai :yeenter is at  f
f

Rad o::
f o f

sald to be subcentr 'a, l  i . f V . cRrt ortl:og4onal me&sure loeul'f 
( flo ( A) ) is

C" i i f  
o (  

A)  "  n  t *o (  A)  '  , v i ,here  fo  r  r f  ) . ' i

!Et!UA_-l "Iq{*s"n[_$qgsgr'91*i/t-( U^( A) ) the .f o]l.orgLtrg--qrg e-qgivate]IL
= - - - : ; L : ; :  u  

_

a) 1.,. ir:- su\gcritr"r. l i  
'

b)  for  a,ny t ' \dB(11o(A) )  t l rg.  : :epres.entat ]onsr.  Tr(1. .H) glg Ti-*( ] .* ,
F{

t i l
r( [n" y.)

Lilrarg .+1gL?ip ' ! '
Pfgoj.a)-4,u) " lYe ha,ve tougtr(p") e n| and

" ( ' r p i 1 r ) (a )  
= -T i r  t " l t ?  i t ?  ) ,- o  - ' o  * o

( of( fr#) a € A t

a € L r"( X. 6^) (a) = (K,. ( t- f '1. i) Tr t a)qi i  qi ) ,
L b { !  f  i v l  - C I  * o  * O

(xa(t l i i i i ro( *){ i" t  t }" t  *  iuo,o) qXA(e) df ,  ?.. f i8o( A),?{uo(A})

There forerwe have

f o r  an l r  | { c i3 (Eo(R) .By  hypo thes is , fo r  uug tL ( t  X , .1 ) , r ^ , s  have  ee \ - (g ) "n
f M.' "o

n i f r_  (A) '  r  s . ] ld  the  representa t j -ons ' l i  r (  ] . *  p , . ) , resp" ,  T r (  lg , " i ^ )  ra re  u .n i ta -'r,
r i l y  equ iva len t  ' to  the  representa t ions  " t  

l r  A  l  a r - i1 i1  (  a ) 'd . r  in  uHf  , respo
T 2 , .  A  a a r + i r ,  ( a ) ( l - e ) , i n  ( r - e ) t - 1 , '  , A s s u m e  t h a t  t h e ; 8  e x i s t *  o  i g r t i a l
i somet ry  v  :  

'8n"  
-+  ( l *e )uo  ,= r . r * i l .o th* t  v lv  (  e r  vv*g  l -e  and.

! !o o

v ' T r  { a )  =  i i r  ( a ) v ,  a € A ,* o  - o

T h c n  w e  h a v e  v e  =  v r  ( l - e ) v  =  v  a n d r b y  v i r t u e  o f  K a p l a n s k y t s  T h e o r e m ,

t h e r e  e x i s t s  a  n e t  
% * U r s u c h  

t h a t  O r o ( %  ) * +  e . i T e  i n f e r  t h a t

v  =  v e  =  l i r n  v T *  ( a  - )  c  1 i m ' i i *  ( a . ) v  *  e v  =  e l
6 {  

tO  c t  *O  o (

and th is  shows tha t  " i i - r .n  
g )  and Tr , (  

X .n ,  F)  
a re  d is  jo in t .

n)=+a).I l irst of 
" i i l*.-"r- 

t , l  one i lr l l tdT;tely ir:rfers that ,/ .  i* or*
*ho.crnnnl  -Tf  , , *  \ r , rere not  sut rcenl ; ra . l - , then one inrould have that  €dn, .  (A)"0v r r v i - 1

ano tdin ono 
'coul.rt 

f ind a set Yle B(tjo( A) ) , such 'Lhat *dgfrc"t t t* i? e,
4 T r  ( A ) ' 0 . 0 f  c o u r s e r e  i s  a  p r o  j e c t i o n  i n  ' l i - f  ( 1 " ) ' r a n d  w e  h a v e  t h s t- o  * o

e  t i ^  (  A )  ' (  t - c )  I  I  o \*  " f  \ - . /  \ . J  Z -  \ "  I

[.



?- b *

(o t i re r .v r :Lsere  rnou l r l  be  ln  'T i : f  (A) , ' ) . I ' rom the  Oo inpa: : i son  Theorem vre  in*

fe r  thab th t i re  ex is ts  a  * * r r igor  p ro iec t ion  gd l r r  (n ) ' *nn ,  (n )  ! , such
t -  \  1 . ,  .  n  

- O  
t

t h a r t  f , e  { .  f ; ( l . - e )  a n r l  ( 1 . * c ) c  }  ( r * g ) ( r * e ) . T h e n  e Y t t r e i  g e  i {  o ' o r  ( 1 - g ) .

. ( l - e )  /  o " T n  t h e  f i r s t  c a s e o t h e r " e  e x i s t s  a  p a r t i a l  i s o r n e t r y  w  /  o t

s i . : .ch that  u$'11 * SCr.  uu- i"-(  i I ( l *q)r i lnt l  the ni i : .ppin$

a G A ,

- i g r  n  nnn* -ze rn  co : : rec t l y  de f i ne r l  un i . t a : : y  equ iva lence  o f  &  sub rep resen-
I U

tat ion ei f  ' t r ,  v.{ i ""bh a subrepresentat j -on of  'T i - r .These Arert t iereforernot

d i -s  jo in t .The second case can be  'b rea 'bed s {n i i la r l y .

Rpppq}*]- .The fact  that  two reFresent 'at- ions f , r  r 'TZ of  A

is  usua l ly  d .enoted  b l r  f  f  b  l i2n  I f  f  . . r f  zG A, ; ,  then t i i c ,y  a ;e

t i " g i - g - } 4 ] ,  a . n r L  o n e  w r i t e s  f t - t f Z , i f  f , f . ! ' T i f ^  . ( s e e L r e J ' 5

p " 5 5 ) "  
r ^  I

a r e  d i s j o i n t

s a i d  t o  b e
1

. 2 . 2 .  i  L 2 2  J ,

a ,

n n  n - C - {  A  n 4  r

e I S o  L z ) ) r
e l -ement .  '

the
* n

psnq{ l t  .3" ' i lhe T)rececl ing Leinm:: .  extends Proposi t ion 2o from [Zi l  to
.lt-

sl i55ht ly more general  ca,$e of  a C -a1-gebra which is not assumed.

p b s : s e s s  a  u n i t  e l e i n e n t  ,  $  e e ,  a l s o ,  (  [ f  o ]  ,  P r o p o s i t i o n  4 ' . 2 , 9 )

f  l ,T lhe  fo l "Lon ing  theorem ex . tenr ls  to  the  genera l rporss ib ly

rab le  c r lsera  theorem be long lng  ' to  W. i . f i l s (  =uu f ' l o l  ,  La fJ i  and '

fheo1ieln 27),Alsor u1e do not asisutr le the existence of  the uni t

TI{E0l?l i l 'T_.1, .W foe E(A) ibS qgrye$ton, i jg

, t ,L-  j -s th.c g: :e ntest(  lv i -bh respect to t l r .e Chocluet- l r ieyer orclcr  re le i t ion)
. ! f ^ . _ - f f i
i ia.c18n rtqbq4]+t:{_figAqglg*!g ito(A),wborg tra:"i ' !:_qgtgr i=q at- fo,andi4l:h

*o t i ie Choquet- l ieyer orcler re- l .at icn)1:y- .a.n1r

cj:S-.,,:lgj"J;ij*grl-L?,?!o4 lffi-Jlcas.Lr]te+v'hosg 1r f'o.

l lor  t le proof y. ;e need. sone lenrcasrwtr i ,ch are interest ing in thernsel-

. \ re "$ .T f i  p resent ing  'bhemru ie  fo l lo lv  .C .F , " j l caurexcept  tha t  we d"o  no t  assu .me

A to  po*$oss  th .e  u .n i t  e lement (  sec  [e iJ1L€InrnR$ 22r23r24 anr1  ?-5)  "Lenuna

2  t r e l ' o w  i s  a  s l i . g h t . i m p r o v e m e n t  o f  a  T h e o r e m  o f  G ' . C h o q u e t ( s e e  f e o l ,
, -  q * -  - 1  -  f - ^ - 1  a  a r \

C h . X I ,  t 1 . B ; f r o t ,  v r o p o s ] - - 6 : L o n  4 . 1 . f  .  ;  f a $  J ,  P r o p o s i ' t , i o n ' 1 . 1 5 )  .

T, I l ' i , ,1A 2.T,et  W t re r r i l1r  conrna,ct  cor lvex set  in  a Hnusdor f f  1ocal ly  con-
a . . ' : i : :  : . . . : j : : _ - J  * d -  * - a - - -

::T *bql l-"qj:::.r*,J:?101*'i133-*..ir*l*:l:: .?"I *o$ 
" ?":1 :l-",u'ii'{;(rt;xo)

11,'*I?_:j- i :3"_",._]T.?t..: ] :g l l j  
(tr) i"_tl :? *oj T|(x;xo) of al l .  Radon

ry **:J:iii:'yi:::: ;i'i::yi lf; i-'"il':-:'1155' and wl'o*c l.rar:r/ccntcrs

'1i:" :'j''t,r':::Iiti
{ ; )  s , , r r '  {  " , i ( { : 1  ;  

. f : \

.b)  l j rn  f , .  =  P^ i t r
\/) rt i  

*
Y ( L

f :  , r . ( .1"1 ,  $a $(K) ;
o - ( c ( K ) " ; c ( n ) ) ,
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?r 'oof  . i " ) f ,e t  f  6  0(K)  a ,n i l  f  >o be g iven, fhsr t  there ex j .s ts  a  co\ rer

1 5= j .  s  i l ,  o f '  l i ,  b ; r  conpa,ct  co i lv r : ) ) i  rnbse 'bs of  Ko suc l i  that

* K  a n d "  x t r x " e K ' ,  * } \ f ( x t )  *  f ( ; q t t ) \ < {  .

l - ' e t "  l l _  =  I { t  and  L j_  =  T i ' \ ( L l_ r . . .UL ._  1 ) r  2 {  i  { ' n .Le t  " f  = i : i ; f  q i  6n ,
t  ( r ,  i ' -  ^ t  r . . r . r d  d c . f l i n c  r ) -  A _ ; , . ( l , r j t * . r ' , ' , , h e r e  * i  =  f ( 1 ( t r ) - \ . i . ) ,
f - \ " i 1 . ) , t  

I  . r r v !  \ . r v . , . - ' r : v  
; T _ t l  . r .  , r * 1 . " - * - 1 " - " 1  

. . /  
1 .  l r i l

i  d,  J, i ie oj : ;v iousJ-y have x 'c l f i l ie - l . I r ;  fot lovrs ' i ; l : r .at

f  or \  {
n

f  -  \  - -

'> ' l , | l . l"r. i  =' l i..!"c=_ 
/ .I

f . E  J - '

i i ) T . , e t  u . s  n o w  c o n s i d e r  e r n y  e o v e r  f  =  { 1 1 , f , 2 r . . . . r l r n }  o f  K r b y  B o r e l  s u b

c l 5 * {

*  {  i ;

\ ) -  =

shall-

L  , t ( L u ) f ( x u )  < *  F { r , ; )
i € J i  

r -  r  
i € J l  

{
f  d p = (  f  d r , - ,

/  ' K  /

H i ,

n
r l t r\,/ *i

l a
J - = - L

d $ - i  r , : r \ = t X  F - ( t , ) r ( x { )  -  L  f
.  1 6  /  i € J l  a  r  i € , . T ' t r -

< L -  (  \  r ( x , )  *  r ( x ) t  d f ( x ) < t
j -eJ ' t ,

uch that I '
, , l ' r  \  rt t t t  
t \ u i , t  

?

t {  ) r - .  " i ror
I  ; T  '

^ 1

L a C  K r  s

1 < ' i 6

i .eJ{^v

! . =  &  , . r ( t j n r ' " i ) : _  .
V  ( t ] ) e . r i  '  J  ^ i i

, ic  s i r r r l ' l -  Trrovr t l i r r t  t 'ur , (  Su, ' , r ' t , l  $r , , (  $.rr ' Iudce t1,  for '
\  _  { '  " (  r "  . - r

> .  o  t  r l c ' t  u l l  de r l i l ' c

" i n l i  =  $ r f a r  i  /  j , i , i  *  1 , 2 r , , . r n . F o r  j , 6 J  *
* .  ' J  -  ^ .  t  |  ,  l r  r - 1 ' r ,  \o  \  ,  r e t  u ' i  i l e f j n c  * i  =  b ( f ( l . )  - X l , . t )  a n d

any convex cont inuous real  funct iof i  f  on K we

t ,  - l  -

anr l  t h i s  shows  t i ra t  r i , , 4p .0 f  cou rse , th i s  imp l ies  tha t  Y# t i (H ;xo ) .{ - l  c L

i i i ) I ,e t  f  
o ,  

Y t?  be  ' t rq 'o  such covers  .o f  Hras  above: .

, t ,  = { r , i , t i , . , " , } , i r \  ,  v " = { t l r } l  , a , . r l i l } ,

i ' le  str i t . l  i low consir ler  the'  cover

r .  :

Y =  { r g n l , ; ;  } < ' i s m r  1 s i < " } t

J , e t  J  =  {  (  i ,  i  ) ,  
f ( L i ^  

r ' j )  >  o  }  a n d  c l e f i n e

T , , t - 1  a f
L r . : ' = p r ( r i n r ' i )  

* A l _ n r . , * f  ,  x i j
1  L t J  J  L  -  r  I

fo r  any  ( i ,  j )  e  J . t te  sha l l  then  have

J  ' =  
{  i ;  . l " i i : . m ,  

/ A (  
i , i  )

f

\ \  I
r 1 r

{ * { r )  =
' t l

l t  \ * r {
\  l r i  /  \r l .

]"

*  b ( A i  ' j ) '
|  * u

+ .  =  f ( i , i ) * 1
" r r r \  f- - i  /  I  *

, l  ^ i  i
X p . ( r j n i € J ' r



. . .  .  
+ .  I

:
-B-

where 'Nkre sram extend"e over all
1

have u( {-  )  = b(pl( l . i  )  
- '  

Xy,.  y) ,' a l r " i {

b (Q* )  *  r , . ( l . l  ) - ''  r '  /  -

i , '  1  <  i  - <n , such  t ha t  f ( l i A  
t ' j )  1o ' \Ye

i  e  J  |  . Indeer l r rve  havc
: ,

p . ( T , j  n L I )  x o  .
{ ' * L "  J '  l J

q:

h ( b ( { i )  )  =

= tr (t
, t

t l=  p ( r , ; ) - '  t _. I  '  J L

arid ttris shosts t

For  any f  e [ ] (1{ )

r r ( { : . )  = bf( l

we sha.l-l have ( x

p{ r ,1  ) *1  *  f ( l , i n l ' i )  
r r ( x r , )  =

l r ' j ,

i ) - t E  p ( r i - ^ o i ) 7 , ( r ' i n o : ) - t  { - . ' .  , ,  h  d f  =
r - '  T  

I  r -  J ' /  r  r t i n l , ' j

,  r ,  d/^ = ( f ( l i ) - r 'xr i / r  ) (h) = t r(of( l i ) -1X1i/ ' l I '

hat

i ) - t  ar i f

' dg fu ( r ) i ) ,

*4 E , ,1^(r i ) f  
( t i ) - t  

* f r r i  
n i l )  r (x. i )  =

=  i g ( f ) r

&. -  t r ( l i^r ' j )  r (xrr)=
i r i ) e . l /  

J

ancj this showei that Sf,{$*a,similar lyrne obtain t}rat i t ' , ,*  O*_-"

j-v)Frorn j i . )  and i i - i . l  vre-i ' fer thet ( i*)  ls an in'creasing net in

1  -  r  - \  / c ' \  -

T; tK ;xo ) , suc }1  tha t  QU( f  ) ' / ' ( f  )  ' f o r  a t y  ?  and  any  f  es ( i ( ) 'F rom '  i )  v re

infer that

r)* , (r)  *  
h,  l ( t i ) r (x i )  

*  
f t , f , r ' i )  

r (n($t))(

f e s ( K ) "

t
t

I t  fo l lows tha t  we have.  lgn  $r4( f )  = f ( f ) , fo r  any  f  e  $ (K)  'S ince  the

vector  su.hr 'pr ,Lce S(K) -  S(nfCtt* t  'A i  is  r rn i formLy dense in C(K; tR) '

we infer thai

l i m  t l f )  = y " u ( f ) '
( p Y {

- . . r . . , ]o  1  i  i i i  \  ;opo log1r  q r (  C(K)*  ;
for  any f  r .  c(x;  R-)  nnctnt l tercf ' ; -e,  lp i '  

v i - / t  
in  the t

C(K) ) .T l re l remma is i : roved" '  -

LggI}*L.lfreastlres havirrg finito supports are also called glSIIg'

$up {+s ( s ) ;Y \ -  1 ( r ) '

r"|)
4:l

i
rJ

ancl  n theref  ore ,  f  or  any h 6 A( K) '  we have
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flgrqr]i-.L.Part n.) of the lenrua shov,'s t]ra.t ],l. = supipl;g] in the set
t -  ,  

' t 4

l s 'L t r ' . " .  \  * -1 . ' ! : ' in" l  1r r  nr r l r . " ' "ed t ry  the Ohoquet- l ,Teyer  o l :d"er  re l - f l , t ion.
U - t  + \  

t "  I  o O  I  1  s t c v . t  u - r - ( : r r " L , y  v f ,  \ / - v '

The fol"l-owing lcinn'ia is e,n aclaptatj.on of Lemma 2 to the case of the

orthogonal  measures"I t  is  a s l ight  in ' rprovernent of  l iemma Z3.. f rotn i ]ef l  "

l i-UI+.,,}.lgJ;. i"l- 
bg :-'L-qflr:,gfgml*Sarlon Jyqlatri}i-!;y. ncasr:"Ic. oJ] no(A),

whoget bartytgl:Url-_i-ri tr gtitb.<i (b(f) 4 tt(A) ).rbg} lirqrq*gl1-gj.S*pgpqlqn*
s j*fl*,net (,*r:l 3r: ":!*-99;3, t) ( ilo(n).;u(,*) ) u"gglgig-t-rltf;*gf "..9r!3o-$g?q"i..ig*
qq*-.lqp-b'.1rji!h.:lqeggreg*g* no(a) , auq-bqslns Si4i:!q sup ?oTIs,:-?rlch*thg!.

a )  s o l r { 1 , t , . , ( f ) ;  ? , \ *  p c ( f ) ,  f  d s ( E o ( n ) ) i
'b)  , ,* . ,  

' iJ-  
f  3q J f  *(  Eo( A) )F;  c(  Eo( n) )  )  ;

( *s  e rbove] . t t  ( to (A) ,b ( f  ) )  i s  ec lu ipped.  n r i th  the .Choquet* l ;1eyer  o r rJer  re -

.  La t lon lo r requ iva len t ly rw i th  the  B ishop*do l ,eeuw order  re l -a t ion  (see

Lze l ,Theo rcm 3 .5 )  )  .

! {o?f  .Let  ( ,be the abel ian von Neumanrr suba}gehra of  ' I - rnf  
r . ,1(A) 

t  t
f  ' . ,  u \ r l

corresponjrng to / t  ,a.nd d"enote hy eu€ Wut the proiect ior t  onto the

subsnac * €, , t | ( l - l  i  t to(u) . l ,et  
'J  

be the'set tof  a l l -  f in i te dj-mensional .
/

von l leumann sdbti lgcbt 'as of U ,part ia1.1y ordered by lnclr.rsion.For any
r

Ve  1  , l e t  us  deno te  by  r v ,oV" "  th *  F ro iec t i on  on to  V€ iW 
_" :d  

l e t  
/ rU

be the un ique or thogon.a l  Rad.on probebi l l ty  measure on"Ho(A) ,su-ch that

.)  and i-rn ir ,r ,  .  = W ( see tzgl ,Theorem 3.2) "I t  
j .s ohvious thath( 1"rfi = n(f) anc i-rn i.o,"

1 ts  . {n  inc/eas i r rg  net  ; t f r i  'L lTat  the net  1zV4 e,o convergesr in  t } re .
Ll

s t rong opera tor  topo logyr to^ -  * / : ,  
.

0rr  the other Jrand, f  rom V, V o V.e'1 , ' : ;e inf  er  tha'b /A*<<Fg vr 'hereas, f rom
( / /  In  rn  {n  11  /^  |  ^ -  ^ . /  

\Z  /

Vt C V2 ,  Vt  ,  V16J rv ,e  ln fer  that  ,uu* . f rv(or requ- iva lent ly t l1 , r4 f t i
r e , s p  "  t  h . , , 1  | ^ r : , i u ! "  C r o 1 ,  T h e o r e m  3 . 5 ) ' , v '  

/  % t  /  %  /
/  Y , .  /  V t  .  .

Froin the f i .ct  tha' t  anyVejt*  f j .n i te d" imensionalr i t  is  easy to in*-

f 'erbha.t th .e nrcesur:eo 
FW 

h:r-re f in i te supDorts.

B) r  ta lc in ,g  in . to  account  (  LZ8JrCoro l l .a ry  1  to  Lemma.3 ,z r le r " rma '3 ,3

an.d.  Leroma3"6)rwe infer that  for  any e.* , -a.Zr. . .narr  6.  Ar n}- l rvre have

I

o t

,

ar)) . . .Tfr \a(  s.r , ) l { i t f . l t  { f l t^ l  I  =

f *o tn ) \ l " r ) \ ( " r ) . " , , \ n (a r r ) '  a2  x  
f *

* (ofr( )o( ar),\A( a2)'" " .)A( "rr) ){iy. l1 f fli^ I

,nrur)\o( a, ) )i}{(\A(

= (*qTnf,^)(or)"1, *oF)("e)** " "uu topl(*n) uvt i ,* ,  l { icr l  )*+

*+ (?.*oF)( ' r r . ) i toF)  (*z)V. . .Vuot f ) ( " , r ) l  { ; f  l t { f ; t f l  )  =



*1o*

( .  . . \  \ n ( n . ,  ) ' I n ( , r r )
j ;  f  n \  r r  r "

a / \ r
. . .  A n  f i j - -  )  a  p + - .

i t  - [1 I

$i"nce 1,i/e ha.v* 1

we no\Ar :i.nfrlr tha'L

is  Pp o. i re qi  n

!$ttll$=$"1*ej.
i  en  rc  1

1 \ 1 r ' o o r \ y ; r , \  L

f ^ r \ r
< t Y 1 t  " .  "  t V r n l  L

1 < i . < . m "

.1

/  r , /  
"  

\  \  a  . 1 '( f i (A)  )  r . f rom the  $ tone- i fe : ie rs t res*  Theorem

in  the  v f  - topo lo€ ;y  on  U^( / r ) , .The lemmaa

g A -j 91,.' tiR Y " lglf. Ug-j,-^t glssr$-r*MJl-n9-tpip'-q-gg Il o ( A )''
',vhor:e bi.rrj,,'centerJ i.$ a flt{r*!l.Sh,tii!-llei:!j*exj'stri ;1,}'i irlqlgjdiiIS*ng! U+r)*+@ I '6

:n*3.4.9-._eg.g '0' ( Hn( p.) ; b(f ) ) ' 9_q+e-]q!1qs-9r'. sp.SlsgntJ"+]-11adsq=Frobalail{t:g
lrleir,rir-r1'*5 0n il^( A),'un llayj*u-_ * s-*}J)grlg, slJgg-ilgt
- * : - - * t r y " " a  o ' , ' - * * . * d , " . - # r

. " \  , , , , * . { r . r . , , ( f ) ; t C i  - . , u ( f ) o  f  C S ( U . ( l ) ) ;  :
d L l  ; : t r - . i J 1 /  

L r : . .  |  
\ r ' 1 ,  . * - - " r . - O \ ' - ' . ,

b )  t . i m ' m . l * F  i n  n t c t E o ( A ) ) "  ; G ( E o ( i r ) ) ) .
a  / Y  /  -

F roo f , lYh is  i s  an  immed" ia te  consequence o f  the  proo f  o f  the  prece; :

d r : :g  leurna :  in r i .eed,  r f  / ^  i s  subcev l t ra l r then Vors  conta inec l  j .n  the  cen-

t e r  o f  
' T  

- r  . r ( A )  r  r a n d o t h e r e f o r " e r a l l  t h e  r r o n  f i " o * * n n  a l g ; e b r a s  V e J a . r e
u \ / ^  ]

also con- 'ba{ned j"n t } re center of  Tf  r - r , ,  r  (  A) r . lhence, the mea,$ure # [L. . .ate
a\Pr j / d

su-tlcentral n '

l lhe fol-l-ovi, i.ng Lemma is a sl-ight i-mprovement of a J,emma of C.F.Skau

( s e e  [ a i l r l e n n a  r z ;  [ e 8 ] ,  L e r n m a  3 " ? ; s e e r a l . s o ,  f  + t J r p r o o f  o f  l e ; : r , ' n a  3 . 1 9 ,

v,rhere onl-y su.bcantral  mea$Llres are considered) r
'1

4,ne'l ' t j(  x^(A) ) bp ql l*-Llr i{.F< $
l . - '  

' " ,  r - '  <) -  - * - l l i - -!e--gg-*-ihs! A{ $ . !be}2rM

j

i*r1t {
t'*{v)i , t.*gb-!L*! 

i"}
S. Vi = 1 er$ L(\'i) * K,)tVii
1 - - l t

I lgq{ , l ,e t  us  de f i i i e  7 , r . ,  =  t ( : ln ,  1 ( ' i t rn "Then we have ; r  =
--"r I

From the f ls.r t i * r -Fel . l . - i i le ; rs;v Theoren (  see L 2BJ ,  The ol :em l-  "  6 )  ,

a
( . * r  l ; .
i --1 ',
--_*

v/e l-n*

f c r lha"b  " there  e ;5 , i s t  i )o t j . t l ve  R i :L i io r  me &sures  $ j  ,  1 (  i<  n ron  Eo1. t )  I
s u c h  t h a t  t  =  

G  t ,  a n d  
l r i -  

* i ,  1 { - i  < m . \ / e  i n f e r  t h a t  t h e r e  e x i s t

f u n c t i o n s  { t  
, n  

* ?  
L , * ( ' i ) i  o s u e h  t h a t  \ ) i  =  g i . $ ,  1 < i * m r a n d r o f  e o u r -

uerwe have & V" ,  t :  l (mod"  r )  ) . iVe  then h i : , ve
i,*1

( r u ( q r , )  r r  ( a ) { ;  1 { ;  )  =  f , , , ^ , { 1 } . q ( a )  d . 0 =  ( . - ,  , \ A ( a ) A i =
( 1 )  

' t o '  - 1 o ' " ' o  
) E o ( A )  *  ' E o ( g ) ' -  L

= ( '  . \n ( , , )  u l * i  =  
i , ,  ro rv i , \ * (a )  

d / . r -=  (K^(k ' i ) t r r ^ ( " ) i i . ^ l i ;  ) ,
) U o ( n )  t i t o ( A ) ' -  r i  

f  
- o  * o a  

j g ,

fo r  a l l ; ) r  i  {  { l .o ln . ,  "  y l11 \  r \ ' , rhore  \ r ie  h : l r re  denotcd  fod9fnq l - ;  =  b ( r ' r )  r ta -

1t:i.yi.,q jp'to a.cr:c;u"i"tt t.!ra firct th.r,t,.4"{ +.?r1^,r).}rront (f.) lve infer t}rrit

t{o(?i. ) ,= l{/,,( lit ) , -t. < i- <' rn.llii.c rrclriilir i r:: '^troved 
"

,. i l1e floll"or;T j.n.i:q I;erit i i l l-t cr:sent:1a1'1-y belongls 'to i/ ' \; i  i ls ( r:ee [qfJ ,;oroof

r : f  l l t 'oroer i , f  i .on 3,-2clrenr i  s- i -so Ia i ]* i ,cnui in '  ?4).



'  l a'  - l  l -

TN

T  r , , n , : i , ,  n  r  T .o *  E -  n  f  r )  =
J-r ' ',,. t., lL 

') 
o rlt: U lA = ,,1--t t; i C- -Fr t v

;5; : :1- : - : :  -  
I  { . i  

I  -L i

l t  (  l t )  . i ,v j  tYr  f j "n- i . i ;c  s iu f indr t* : ,  s t r ih  thn. t
n '

a . )  f r e l i ( A ) ,  J . { i ( m ;  n r e  E ( r r ) ,  1 <

h )  * i > - o , : l < = i d m ;  d r l o r  1 { i € n ;

c ) t-r j s s ubc ent ral. ;
I

( l ) '  b ( e . )  =  i - ' ( r ) ) .
t

Thcn i ;hc. r ' t l  ex is 'bs the l -e ; : * : t  u

t

a
L

er bound" of p ancl \)
I

3g &*(  no(  n)  ;  ro) ' ,

I  < j  ( n . T h e n  w e  h a '

ff 
'l 

r.
V '  t r r

t-

a .  € 4 ,
I

r . !  * . 1 o r  1 (  j . ( - r t l r
r J

. i  . i  =  o r d e f  i n e
r d

?'l

{{-t
\ 4 j

{ *'t r.J

d g f t r r . v  \= 
"'. l t 

^{g;} 
"

i n  ] t
d e frrl,P

t- . f f

l f , i
, l

be 'tvlo roea"sul:es on

/ i  n " T '
r , "v i re re  f  ^u ]= ' 'b ( r . )  : :  b (  V) .

u l

t l : a . i ;  f . y '  f * a - ^  ' ' J ;  r n * i /  j ; a n c i a l $ o t h o . t
r  . l  

t t -  i3 i r  * i  *  vr

c . ' ) o ,  l -  < i < m ;  e r n d  d .  ) o ,  1 (  j ( n .
r - -  J

By  hypothes i .so the  r lon  i : leumanr r  a lgebra  V, . rcor r 'espond ing  to  1 -  r i s
t ' /

Froo f  . l i e  can  as$Lune

n
S"' ^/  \ )  .

::=l _ 
1

; - '1 t l
u " "

i fo"
F-r

qs:*j

J . * . L

n
&
i *1

cont& ined
T ^ J -  A
J J U  U  W ;

l-

1 t  6

ancl

i )  ca  4 ]Ta  (  s )  "  n  i r r ,  (  A )  '  , 1 " (  i g  m;

i i )  C.  ,1 . - { i6  m,  is  I  cent ra l  pro iect . ion anc l
- l -

i i i )  D i 4 1 r f  ( , q ) ,  , 1 - { j < n ;  nrJ + ^ =::-

i v )  D : > o , o 1 ( i c n ;  a n d  &  n -  =  1 .
, l '  . i * ' l  J

0f  course,  vJe have t r * !

r. t  A1'" r\ ' i i r  ( l t) '  '

t r r r ' '  rC i *m ' t ' r nd '  o i

r i i ( i r . )  *  ( c i l j r f o l * )  { 1o  \  q ; " )

o j t r .  r  t rve  ha .ve  CtDr ) .o  anc l r there foren

" i ;  i  o , d e f i n *  
" i j  

= \ r j ; \ \  
" i i  

; i f  r ,

obvious th.at  for

e  dg f

. i f j . (  
" . ) '  

= f not,r)

€.7

- r {

II
( r - ' i

s

!ffi

t \ r1 r t1  € r r j  ,

i \ r j r \  r i - i

fo r  any  a .e  A . . { r 'e  sha.1 . l  de f lne  the  pos i t i ve  l inea . r  funet iona l  
" i i  

c .Eo( i i

b]t

( s i n c e  * r . O  j  z

1 ( j < t t  ) . I f
r .  . =  o . T t  i s

r J

eie hn,ve thr . t  d  j . r r  r . i  s i , .np l .e  $e I ] .$L l r ic  i .  t t ] ( [o( , t ) ; fo)  anc i

n { '

. L I



m
d 4 S {  i  > :  t i  r l  { i l  r ; . i  r  1 <  j E ;  n r  r . ;

. J  J  i ' f i  "  - L J  "  r r l

By sinrpl-e convexj- ty arsmentsr\ \ te have that Sdd and" S<P.
. r  t

f fo:rversel: / ,1et T €rl t i (Ho( A) ;  f  o) he srxch that f<Tand 0<c ' iTe shal l

prove that e? < 'c .
From l,emma 4 we infer thnrt there exist funct ions q2ielo"(t) l ,s;uctr

that  0 t= IQ.(Vi ) ,  I  (  i  <  rn ;and a lso, there ex is t  funct  j -ons V;e l* ( l ) l  ,
such tha l t  D;*  K-(Q. , )  r  1< j  <  n ; rnoreoverrwe can assume that

.  , J  "g  ' , J

- 1 2 -

If

A U . ,  = 1
i - 1  r d
d * a  

t
courseret ry  deconposi t ion €)  = t  0"

1. - *1
r!- I

(mod" .c 
) .

o f ' €  i s  o f  t h e  f o r m

1 < k <  f ,

ii

, \ 3v r

n

where o € t l  ik,  I  < k -< f l ;and.
r d

I f  rqe  de f ine

I

\\ ri .i l\f* |
! d  - i , i

a
t  t i . i r .  =  1 ,  1 ( i < m ,  1 € J < n .
l<=l- 

t rr ' '

sit
liErslj ' i

+
1 ' l l {

Ek = , 
#r*i 

jrc Yi \)3 )t

we shnlL have

( r )
a
I-

E--?L * A L } -
' lr* ' l
rr.* I

and tt- 6t I 1 < k < f "

l ry i th the Cart ier*Fel-1* ldeyer Theorern we shal l  in fer  that  €<c .

Ind-eed" ,  i^n 'e  have

0
9- - i -  t  F  +
4 "1r \  .*d ' i  ik
k = l  i r  i  r k

(i{i

* . (

)

m

1P
r F  r  i -
\ = r \ : J

j " r  i  k=}
11

+  \ r 4  r  )  \
u : . : r - l \ Y : Y : l  -

r J r a  r r  . J

,

a i :C  th .e  e t r - rn l i t l r  i n  (1 )  j s  r r rove t l .

For  ' the seconC. pa, r !  o f  th .e asser t ion

5 T , n  \ /  5 1  r . ' t  \ *
Z , V r ) \  { ^ V ; / L =  L -
.i-T1 tr fi1 'J
r h " *  d * &

(1 ) rwe sha l " l  f i r s t  p rove  tha t

F ( 
Fj 

yr{i)

( e )  
\ ( ( i V i ) = * r ( V t ) K . ' . ( ' { j ) '  

1 - 6 i s m r l E j a n .

Inclc*d o from o(qiqj <V.i. r Y j , rve inf er that

( * = ( \ { i Y i ) <  r  ( ( i ) , i i E ( { ; ) ,  - ( i { m ,  1 { j q n .



",J"

_13*. . #

$ lnce  K_(W,  )  i *  a  p ro  jec t ionrwe in fe r  tha t
T  \ I

o=((rqj, * u.,*r)r.(qrq, .) = *r((iq,)t1(r4r)';

vuhereas frorn the fact  ' that  K,(4 '  )  is  a central  pro ject ionrwe infer
r  \ t

that

(3)  Kr( ( : .V i )  <  Sr( ( r )Kr( \ r j ) "

Ev renl  aeing V, v; i th l -  Q ,  ,  we simi lar ly get thatI  v . y & l * v 4 r - ( f  
\  i  \  I  

- - - - * _ - - - -  - d  c r -  -

K..(  (  1-  t4 i ) ( i  )  < I i t r (1-( i )Kc(r{ j  ) '

'  and this impl ics that

(4)  x  ( (12.  ) l i  (V. l )  <  K (V*  ry ' . t ) , .
E  \ - L  E  . . J  c  t r . \ . J

F r o n r  ( 3 )  a n d  ( 4 )  w e  g e t  t h e ' d e s i r e d  r e s u l t  ( f ) '

I ,e t  u ,e  no \ r  remark  tha t rb ] '  v i r tue  o f  (z )  rwe have

f ,  r n r xA (a )  dc r .  =  
f  " ,  r n r (  F " ,  

r r j nV i  e i ) xu (a ) ,  a - c  =
! ^ \ r 1  /  ! ^ \ n , ,  r t  d

U L '

I  5 t  r .  a r  l . ^  ,  \  q ;  / - \ < O  r ' 4 o  \  -. , : :  \  4 -  r i i r . K _ ( . 4 r v - ) T r  ( a ) € i i { ?  )  =
i ' i  

r J r ' E  r ' J  * o  ' o  ' o
!

'  =  . - .  t . . . r K  ( t 1 , ) x  ( i r / , ) r -  ( a ) { ? f  t ?  )  =l G - d  " _ i  - - i  1 r \ . ' _ \ . { i / - . * \ \ i /  
. . f  \ : - /  a f  l 1 f '  /

i  i  
r ( , n  l c  

' - L  ' ] C  ' , J  t O  
O - ' t Or t  J

=  . v  r . . . ( c , D . T + . ( r ) , € ? f q ?  )  =  A  t . . i . , . r {  n ( a )  =.  ! : .  , i  i 1 . \ ,
i  i  l e l r r  r  , J  - n  - n  ' n  i  i  

* i r ' "
f  f  J  u  v  v  r t . J

. €
=  A  t * , , -  i l r ;  . \ (  r i  i ( a )  =  &  t r . i , .  \ t  r . i  i r t l , r ( a ) ( " i  i )  =

'  
f i  

] J n  r J  r J  
.  f r i  

r J t ' t  r J  i a  r r J

*  
=  [  x n ( r r . )  d 9 . -  |  r < i ( < f ,  a € A .

r 1 r  / r i \  l t  5 r
* O \ - /

e '  !?e also have that

r k (1 )  = .  f - - , . r (  ,T ,_  * r j uV iV i )  a r  =  (_ , , ' 4 , t i j , , ? i v r )u . r r  d ' t r ' ,
1 1  ' E o ( A , r  r t J  r ' j o t A )  "

( r L (  E t , r , . v i v i x ? \ { ?  )  =  f l t r i r ( c i D r r ? t r i  )  = € u ( r ) ,
. 1 C  

i ; i  
r d  - \  r , ' G J  . o  ' r o  

i ; j  
r d r !  d  r o  - o

for  ld  1r<0. rnt  ta l r in ,g ;  in to  account  1 f ,Zn1rCoro l lary  1  to  lerntn l r -3 , .2

.  and  lo rn r l . ?  3 .3 )  "F rom (5 )  i * r t r1  (6 )  we  in fe r  tha t  
'T  

k . -9k . ,  ] (  l c< " f l , and

so  the  seconr i .  asse r t i . on  i f : ,  ( 1 )  : . n  p roved rand  a l - so  the  Lemmin .
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?1

I t {e  sha l l  denote  U =r .V t .  .
I

The  fo l l . o rv in l t  Theorem bc : l ong ;s  to  \ i / . \Y i l s  (  see  f+ f l r p ronos i t i o r . i  3 .  ?o
v* to r : c  i ' l ;  i : ;  3 t i ; . r e r - '  L t , t ; l ( ; i '  1 t ( , . 1 ' r "  i . : . ' . " c r ' . ; . . 1 -  ( : n : : . . , . 1 j - t - r  o : : , . , ) , I t  i l  s ta1cc l  i i . [ ]
T , o t i t m r  2 6  i  r "  f f  r ; - \  r n , h n r n  i  +  i  o  - i . r r . -  + . . * ,  ^ $ F  , .  1  - ^ r - - ^ - ^  -u \ - r ' | J , r l q  . -  r  a i r  L r . . / . - \ r  i , l r u r  u  r  r r  i s  f { i . vcn  fo r  c ' ' *a lgcb ras  i v i t h  a  uu i - t  e l c *
n ient . l ierc  we shi i l l  rJ . r ,op th is :  i . issr_unp* i .en.

l:gS,r:$_S_{ f j#il t +* ",'ut*t;ro

6 ii( A) , a.nL nrjrs!rry,".&1( lio (A ) ; f o ) :r$,
I l ^ (  A )  ;  f  , .  )  t hc re  ex i s t l r  t f r e  J_eas t  uunc \ r

v u '

; fo ) ,I.ri.tli -lqrrpgct-.tq, .-t-4L jbllllct'ji.%Igg,

Tl i{  l l0 l l  l i , j  2 .  r 'o r : '  a l ' r \ r  i : i ; , i i  c f
= : : : : I j a : ] 1 6 a :  - - * - , -  I . -  -  - a -

+e ,l"tli
i t  u ^ t  o l

f , rug"t . tet  ( tk)  be an inc: :e:rs ing ne+t in y l tno(n); fo) ,as gi .ven by
r - ,emmi : .  2 r fo r  the  ineasure  

f  
. f ,€ t  ( id )  he  a .n  inc reas i t rg  r .u t  o f  s imp le

subceir . .L: :a l  Ineesu.resrai t  g i . rcrr  hythc 0orol ] .ary to l remrna l r for  the mc)&.*
,sure r)  . l ret  us def ine €, , r , , ,=f tqp\* , ;as given by l ,emma5.Since y. ,e have that

8p,t  r . fo |  1 i  rLo(r i )  ;  ro;  ,  onoq": i " f -  #" ; ;  =; ; - .  io  **-*ompatct , r . rc can nerect  c1
i ' u *bnc t  o f  (0g ,V ) , r ' i h ich  convcr f ,c is  to  0eJ4, . | to to (1 , ) ; fo )  "s ince  fo r  a .n l l

E € S ( i l c ( A ) )  v / e  h a v e

a d.o. , iff.{,
\  (2t t

" 1  , (

orc ie r  re l  r . t i  on .

and so 1rc

?ir,:: f o.i.
-h

c a s e  o f  C

nt",A) q
^ Su fp
r " j  w

(uotA)  q  dr

a n c l  t h i s  s h o r v s  t h a t  y < € , t ' i 9  .
le t  n ,ovr  r * f i1{E; ( , { )  l fo)  t rc  such *hat  y-4canr i .  t '<r  .Then

yV<r o in<.c  , for  any Y and.  W ; therefore,h l r  lemma.  Srwe have
t l r is  i .np l ies that  #< i . I t  fo l - lorvs thrz .E € =7.^V.$.

{
tr B  ( a )

u *n, r '  f ru(
I

J -  r o r V  d l ^ v
r J o  \  i ;  /

we infer tha,t

=  J , ,  r r r ( d- ' o  \  4 r  /

, , ! t  1 ( i to (A) ;
b;v i ; i , i7 i1s (

(  s e e ,  a l s o ,

t (soo  {  1 . ,  q  dA -  ,-  , I o ( , r )  ,  .Y , v

lr;,,ve s1r;'{ fl,y i !, V, | -,
I or":in,{ rl h rl c i 'efi} wi,t f i.rs:'b

*algel:rao h&vin,q a unit

* €, qte:,,(..;0iA;

, Ie, t i . :a i l i . f j j -nce the;: i t lcceding;: ,Lr i ;Lunent lvor. ] is  for  i tny converging sub-
net  o f  (€p ,  )  ,  anc l -  s incc  t l . ' re  leas t  upper  bounc l rwhen i t  ex is ts ,  i  s  Gn iqp4 r L

t {e inf  er  th.at  wo actual ly.  have # *  l : rm Qr. ,  . l , loreover,  s ince
t,, . (rj ::trtA \f :;ryY - t s K a  i r r r u  { 1 S  Y 2

lmpl ies  tha t
Q,., , ,,

.  4 , V ,
vJe s*e 'bha.'b vle harrc

/1

"V"

v/e have

F^ <ci-,,nd
4,8

€  ,  q e  s ( s o ( n ) ) ,

t o l '

r jce [+ol  )  f  , r r  ' ;hr '

ge i l ,  Theore  rn  ? -b i

t//
r b L  '

; y , { l

€i -irr

p roved

el  ernen.b
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Ti { i l0 l i l J l r i  3 .  Le t  f  ^  e  E(  A)  he  n  ' : ta tc  o f
= : : : : i : r : : : : : : : =  f f i  i , )  @

A nnd _U* 1,. €-/\1}( il'( A) ; f o ) ne-
' rna '  cr rhnnrrLr .e l " l  mC&SU1" e , i lhCn lVe h i1vg p1< t  fOf .  f rn: , r  Ci fOqUe -b 

nt i fX i tn i l l  g ic i l *

r  . .  , ,  I  r . , .  ,  ^  \  . -  \

sgrq $€" t+(  iqo (A )  ;11, .  )  .

Iqgoi . l i ,y*  ?heor( jn i?, i ; ) re least  upper bound ; -^ .V.Jexists i "  " t ' i  l tUo(f) ; {
[ j ' L r "ce  wo l t i ; . t re  $4 l .V i rnn t r  s ince  Q i .s  mi lx : in ra l rwe i -n fe r  tha t  r )  * / ^v*and

there fo** ,  
f {  

d ,The h- *heorem is  p rover l ,

Erggf=,gg-IS:l93IU=1. 
D

l ,** 
foe i i (r t)  a.r id t1* 

/- ,r^O* 
the centra]" neasure corresponding to fo.

Then we have l^rf  J ,  loroony Ohoquet rna.ximal measureieu,t4 | t  not A) ;  f  oi ,
by  v i r t ue  o f  ThcUrcm 3 .

C o n v e r s e l y , l e t f e , h l ( n o ( * ) t t o )  n "  a  m e a s u r e , s . u c h  t h a t  y < n , f o r  a n y
Choquet  maxina l .  mea.sLr . re  VeuLi i (  [o(n)  ;  fo)  .By v i r tue of  Henr ichs I  Theorem
( see [:  g];  [zgl , .Theorem 3.1o ) ,  vre shal l  have y< ) ,  f  or anv maximat o]:*
tbgp :ona l  i neasurc  {e , f l (Eo (n ) ; fo ) .Ry  t  [ zg l  , ' r * ,o * * ' 3 .7 ) ,we  t f f i ; ;

r )  nn r i  * l - r  ov . c r f  nv .o

c n
,)

O

t. .--

L  l ( r
\J

vrhere  the  in te rsec t ion  is

Since , t , t+ i -s s impl.rc ia l
,  f  ^ . , *1(  1)  and f  Forn (  L26 J 1 1,c inm&

i s  p r o v e d .

xr(f f)il c 1{ v( r*(v)t) ,
'  for any rnaxima.l orthogonal rnea.$ure

r*f r*!"){ )
/ r  \  |

K,)t i ,*(t) l) = (.q) " n l-k ( A) ' ] i  =
o

bab i . l i t y  measures  on  Eo(A) r ' ruhose barycenter  i s  a t  fo ,

$g$gE$I=$. I "c i i3nx .q l ia t9  f ^e : t (A) , thq*se I  Z1( ro i r " ) ; fo )  i s -  q .  qo :np  ,q !g(J

I  a t t i " ee l  r r i t h  : ' esn re t  t o  t he  Chc lc rue i t * l ! : eve  r  o rde r  re la t : i .  on .

= Kojr*Fr^ )i) ,
, t r ' L , ,

taken over all- maximal orthogonal
( s e e  [ z g l , f i o r o l l a r y  1  t o  T h e o r e r n

3.7 , i i  )  )  we j  r i f  er  that  l^  <f . r  .  The
t  t  - o

TTl. f l lh"e fo l l .orry ing Theorem .e,ssent ia1. ly belongs to \Y"Wi1s
t

! ' l e  sha l . l  c lenote  by  V ' ' (n  (a ) ; f  )  the  sc t  o f  a l - l  subcent ra l. ,  <  + .  o .  o ,

I Ig-?-{. ' .uhe rnapping X i( i lo( A) ; f  n ) '}u r-+ U*.rr^(rr) 
'n n1^( A)

order isomorphs, 'nr  betrveen U*(8.(A);  
' fo)  

* fo tyr8 set  of  8,r r
su l :a lgcbras  o f  thc  cen i ;e r  o f  'T I ,  ( , \ ) '  ( see  f :zg l r fheore i r r  3 .4 )

As usLr.a.1"J...;, f o:: sn;y o1-"eri:.tor 
oae 

f. '{n) \"/c .s}rn11 rlenote t,},

measures $. '
{  . \
3 . I ) p r r o n r

Theorem

( see farl 1 .
RacLon .pro-

t t  i s  an

von Neunan.n

r \  {1 /  ,  r es j -

a r ' b h e n

ai:cl it is

pec'c ivel1,r  f  (  
" )  ,  i ' is  t j . i .ht ,  , -c$Fe ct ivel  y fq{ ! .  i i l i t i :g l t . I f  a* =

t{,et \ r \H ( a )  =  r ( a ) r r i r i c l ' b h j s  p r o j e c t : i o n  i s  c r r 1 . l - e d  t h c  s u r l l p q r t  o f  a

deno tec l  by  s (  a . )  "
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:u{:lQllilu 5.l,sli r.e/4.1( E^( A) ) eng qerSF), q>o"lbg} :
I

a) t f  .  , r  j . s  i l .  t ubce r r t ra l  r t { ) i ' t l ; t l - l ^e , then  0 ln " i s ,  i : r .  s t t bceu t ra l  mc f t sL l re ;. - | . /

U)  t : f  
' r , t  

is  i : .1  cc i i -L  ra l  ; rL€[ t . f iuT '€]  r -u ] re n r ,zu i r t  r l  ccnt r - i r1  i le [ isure.- t  : , ,  j -

I,rSo,f .Tt j-r, l k,aovi'::r t ira.t tf f is 
'an 

oithogona-l- rneasurerth.en qt*in r,-l lso

o r h h o f , , o n i r l  ( s e e  i l t a l u  
r ' r o i : o s i t i o n  3 . 1 6 ) '

a-) Ict  f  -  = : r ( i r ) . l l 'hcrr  the niapping K,.  rn&ps i I (1, . . )  into the cetr ter
o  ' l  

f ^  
' 1 '

/ ^ \ e  f  n \ r r  n f  f f  , ' r \ r= t ( f  ( 1 \ J ' A ' l i { .  \ 1 I . ,  ' , . 1 "  ( i l i  " r a n o
' ' o  * o  " o

I *",o,{to( ") u r 
:: $fli l tro( i l f,; i {$o, ,

Since  we  have

I
( r )  \ . , , , ^ V l o ( a )  d t q ) =

. L )  t 5 'o '

qr .

a e  A . U € L  t r * ) "' r ' i

t
I

-),t: (- -o  \ olv$u( ' l  
of =

(  2 )

for  any : r  G A a.ncl  i .y '  e l ,*( tg7,) , , , ' ie infer that  i i r ( . f r . ) .  ca] ' l  be idcnt i f j .er l

w i th  s (4 .  (V)  ) '  40  -  can  be  ider r t i  f  i , r t1 ' l ' J i . t i t  x . . ( t ( ) f / z -  { f ; , r ' rhc rea .s
r  ,  

-  
, , r ( h )  o  r  

f \ q t )  : , , " : .  : , :  
r \ r ' r  j v r . r  r \ - / \ .  

. ' .  
" , ,  , i  \ \  ,  \  1 ' ;

T  - - t . .  r  c& r )  be  : i j d ,en t  j " f  i  d r i  r '  i ' t h .  t he  rep resen ta t i onr i ( r  I
I

A aa . t ' _+  T f

Frorn (1)  we in fe i :  that

* (1 (tqll nro( a)K.( tr:g1 ) t"€?1or( try1,t t?7I

( a ) s ( l ;  ( t a )  ) .
t^

O /

uorrtq1) 12 
%( fVl) s(i{ ['{l) ) , q e y (33(1, , ( , r )  )  )

(vre can a1-, ,u:r ;y 's l . r .se bou.:nr lecl  Borel  neasurab. le representat j -ves of  * : ,u**#
. * & , \ ,
i n  l * ( 1 ) , c t c , ) . 0 f  c o L l r $ e y v ; e  ] r n v e  u s c c l  t h e  f a c t  t h a ' t  u ( t { , . ( t q l ) ) G 4 1 r '  

. t
I i ' ro rn  (2 )  

.we i .n fe r  th i ; . t  K ,n . .  maps i  r , * ( ig4)  in to  the  * " r . , / * r 'o f  T+. ( , ' ' f  l ) '

krence, (1 1s subcentral  "  

- -uf  :  ' * /  r ' \ r /p-)  \  "  / t

h ) I f  t s -  i s  c e n t r a l r t h e n  K , ,  m a p s  t * ( A  )  o n t o  ' i i i .  ( l ) ' A F +  ( A ) " ,
'  

I  f  _ c r o ,  ,  I  r ^  r

whence \ rye  in fc r  tha t  \ ( . , , , .  r re ' [ )s  t ,  Wlx )  on to  f  ^  ( .q )  t? . i t -  (A) "o ,v , 'here
rt  r : f '  { |* ' /  

-  ,- .  t in- f lo

g^"5' '  r ( t i lp)  .  f t  f  o11ov' ' is  tha"L qf  i  s  central . . l i l re '  i f  heorem i  5 proved .- u  ' t  I
lV , fhe  fo l - l on ' i ng  Theorem cha rac te r i zes  the  cen t ra l  measures . f t  i s

i r i r ; r1 i .c i t l -3 '  cont : : . in ,e  C.  : i .n  t ] : ie  - lyoof  f  o l ,1owj .n,g Def  i ,n i t  j .on 3"  5.1.  in  [ f  a l ,
+

wh.e3e thc C"*a lgebra A.  is  &s" . : r r .1r f led to  pos i ,qes js  the un. i t  e lement"Since at

t h e  h e a d  o f  S e c t i o n  3 . 5 r p . 1 4 5 r i n  f e 4 l n n  i s  a s s r l m e d , n o r s o v e r r t o  h e  s e *

parab1-e,a super f j .c ia .L read. in6r  i r i ight  - ' l -eave the imprcss ion thab Sl r j<a. j - |s

characlLerization is e s'bi: . 'b. l- ir l t i :ci  f  or i ;he s;r: r.ra. i : 'abl.e ci" l .$c on}1'. - ir :  f  i ict,

j . t  i - s  easy  to  $ee  th i l t  t hc  a r f , i ;mcn t  f o l ] . . r ' , v i ng  De f in l t i on  3 "5 "1 "  L t i

L24  j  r i oes  no t  requ . i re  the  s .epa rab i . l . i t y  o f  A ,and  so  the  fo l l ov ; i ng ;



*1'r*

fhe orem is onl-1/  the oxtension of  Saka. i  t  s resr l l t  to the s l  i  . r " ] r t t  r r
r ,  

v r  r r t ! i : - r r "  - , - i - - 4 t v 4 r y  n o . l l e

,ge ncr- 'n1,  c i l r . re  of  r - r  C '**a l5 ieb i :u .  A,  po- . :s i t r ly  no 'b no[ . r i iess ing the un j  t  c le-
m0nt  .

I ir l '9i l l l1-["Ft!, A be lrry c**l.t i .gs!."?; f^ e r](A) a state of A,anct der,o-
- & ^  L - .  ' ,  n - F *  l 4 t , =  \  , .  

u

-T l ' :  l ly  'n '+  i \ ' -  - -5S( l io  )  the c t .nor : ica-L r . iormal-  cx 'cension of  .F.o to  , f+"" l -

l,:r:n .r*lul,iut. pe-& ] ( ri'fla) J) r-r,* ;-*----:---:--;: 
" t'

*,i--, r.r-, ' ,or.,zf io1 j*-,_.-! j!*q.q4li 'r.1 rre tI:tIS. /r5 i$',"{_r$-*q:lU
rI '  t l l r !  g{i i l :* i" '  **hsl" ' ig;norr}l i  sry -&, z(A'** ) *+L*(A)n or*?nc **.,ta"
. r / o * ' I - \  r ,  . . i . i i  .  . t u r  \  .  . - -'/:\ A ) oi ti , oriqs .t, (p) r suc.!.-_l;..hr"r..i;

fo( zrL) sj J'" , ̂  F 
( z )Xr, ( ".) 

of ,
r i o \ A l

--{f 
) a G A , n € Z ( , f l "

fn t]ri,q Slqgr Q *.q ,.tg]lirlqi
( O f  c o u r s e , i n  ( t ) , f o r  Q ( u )  o n e  s h o u l - c l  t a l c e  a  f u n c t l o n  r e p r e s e n t a t i -
ve  o f  the  c l -a .ss  F( r )e  i i ' ( r ) ; i t  can  a l laye  be  chosen to  be  i l  bounr led
B a i r e  m e a s i u r l l b l e  f u - n c t i o r l ' o r ,  n o ( A ) , v r h e r c a s  l v i t h  t h e  h e l p  o f  l i f t i n g
Theoryrone ca .n  even ob ta in  a  .x -homomorph ism i -n to  { * (n^ (g) ;  p . )  )  "

I l rcoi . l ,c i  ut l  r l r lsuirre that  
f - , -  f  f  . l r lhcnrby i ts def i l r i i iorr  , ' rn,  nappin; . ;

K , ,  r j rsT)s  i somorph j .ca .J -1y  the  c* -a lg8ur .a  l * (p )  on to  the  center  o f  1n  {
. f  

_ . 1 - _ . - _ _ _ . . . . "  v  e r c , v v r r ,  
/  

, . f  \ J r l

( h e n c e r a l . s o  o f  i f f  ( A ) " ) . C I r :  t h e  o t i r e r  h a n d r t h e  r e s t r i e t " i n ' r  . 1 i - f r  r  ; f A l l
:Ls a l lorma. i .  +-h. in i f torprr ism of  z(A*ol  o" to in"  

" -* t ; ; - ; ; - . ; " ' i fy , ln*rra* o
we havc

ro (z* )  =  (  r ro (a)  r i f (z ) {?"1  {?" ) i r € A ,  z e  z 1 A * * ) .

the recluired proper*

and" Corol lary 1 to

s ur j c ct irre )i-*holno,rior*

be  sa t  i s f  i  e r l  "

The rnapping [?,  = x l ,  "  (  T]  \z(a*o)]  has then
ty (  r  )  (  sec fzbf  ,1" ,J* . l l  3.  3,  i ,$opoor i t ion j , I ,  i i  )
T l r e o r e r n  3 " 1 )  .

Convcrselyu 1e'1,  uu . i r igu- ine t i i ; ,Lt  t i rere e x is:bs a
ph isn  &r  z (  Aon )  *+  t * (y ) ,  such tha t  equa. l i t1 ,  (  1 )

a)For fi.ny z € Z{,\*o ) r, 'e shall_ h.ave

f  r l\  . ' /

b)I . 'or  any { r ,yea  t * t r )  . ' b t re r .c  ex is t  * t r r? "e  z (R"* ) ,  such tn* t  
^o

l'IiebfP\

$,rao)=1 oro(a) 'r i  lo(r l t i  t  g?,o) :  fu.tn,er-) lo(r:)  ur*

s  ( r ! ,Q ( , )  ) ' r ,  ro (a) l? ; t i " l ,

and thls j"mp"l-ies that

,i.(0 (") ) ;  r i  | (  z ) ,

a  €  A ,

r, ez,( rf* ) .
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. ]

f f i  (2,*  )  *  tn*  r i  *  l r2.dfe shal l  then have
a  '  

t  \  I '

x . . ( t4 r r .g r )  -  I i , * (  f f i (11)  f r ( r , r ) )  =  K* (  Q( ' .2 " )  )  =  n . f  (z rz2)  =
f  f ' -  

I -  t "  f  
-  1 4  * 0

, '

= 'n-g( z-, )  r i-  i (  zr) = r*( -f f i  ( , :  )  )n*(Q (z'r)) = $ ( i t ' ) tr  (v) '
* o  - ' o " ? l '  

- / - ' . ' * ' r "  
f ' - ' 4  f  f

and this sho,,vs that  i . r -  is  or"bhogonr:1"From (z) lve infer that  t r  is  cen;
r  

' -  /
1ralrrn/ l reyeas \ \  n( i^)  t t  '= : l -  impl- i .es that  Kr.  is  in ject ive'From ( e) we

t /
infer that

. i

Q / ( Z J  =  \ i l r ,  " I T i  
l \ a ) r  \ ' r  t r

f  r o

.and so the uniqLteness of  0 is establ ished,.The Theorern is proved.

We shal l -  t leno1e by 0* the +*homonnorphism corresponding to the

s ta te  f ^e l i (A) rand,  whose ug iu tence and"  un iq l reness  is  es ta .b l i shed '  above '
- n

tE

!Egj$$-S,pqq--?ny*lyyo ltqqili.tQ f Lrf zu A; eonsi-deT
====-===

the  ro l -e t ions  :

a )  f r L f a  i
b) i \  f r- f ,  t l '= t l f t l \  + l l f  2 t t ;

c )  f r I  f z i

d )  f -  /  f  ^ , o r ' l e s s' - L 1

T h e n  a ) ' + b )  + c )  * + d )

r f' 1  *  * 2
qnr l  r r r r imn l ica t  ion

pro  j  ec t  ion

a €  A . T f  w e

lrere can he revegiie{,

eo€  z . (A t r * ) r such  tha t  f r (a ) *

denote f  = f1 * f  Z r 'bhen

a  6 4 ,

a  6 4 ,

FIog f  . I ndeed ,  t l r e re  ex l s t s  a

=  f r (  aeo )  ,  f r (  a )  =  f  z (  a ' (  l *eo )  )  '

we have

f ( e o a )  x  f r ( a ) '

f (  ( 1

and,  there fore  t

( f r  -  f ' ) ( a )  *  f ( ( a e o  -  r ) a ) ,  a  € A ,

e get tirai

j -  f 2 \ 1  * \ \ f " ( 2 * o - 1 ) \ { = 1 1  f l l = 1 \ f t \ t +  1 1  f 2 \ 1  ,

bonnr rsc  pe  -  1  j "s  un i t i l r l r .Thu.s r the  imp l ica t lon  a)  =+ b)  i s  p roved '
* - o

b i - + c ) . t n c ' e e d ' n a s s u m e t h a . t o < f < f , a r l c 1 o ( f < f 2 . T h e n " w e h a v e

rr'lhence vl

t t f
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- e  L  l a  - c \ ' i  1  O  r : n r !  * . h o r , ' a f n r p
I ,  =  I  f  \ I ;  l l t l :  L r { ' r l ' r r u r u : r v r v r v r v t

J J '

;  t r  ( f r  f )  ( fz  f )  r r  <

1 \ f , ,  f \ \  = 1 1  f l \ t + \ l f t \ \  2 1 \ f t t 3

s .nd  th is  imp l : ies  tha t  f  *  o . I {e  nce ,  f l  J -  f  a  c  ,

c )  =+ t1) . I11  f t  - t -  fp  e r .nc l  f l  3  fo r then,obv ious ly ,  f l  *  fa  *  o r

Simpl.e exanples.  can be found to shotnr that  the preceding i l i tp l icat ions

cannot be reversed r  in g1en.eral .

lg$$4=2.!,et f l ,  fZ e E( A) Le't;g-q-s.ba!es" su,c.h thi 'rt

2  * t \ f l  -  f ' t \

g .ng  t , e j  f neA l (Eo (A )  r f i ) ' ,  i  * ! , 2 .
- l  L

Then the measul le a.ntl lt,-, are
I

@
j l l g -g i . I r rdeec - l " rby  1  f t  11 , I ropos i t i on  12 .3 .1 .  )  t he  suppor t s  

" (  
f f )  r resT ' '

^ l $  \  ^ f  +  y . - .  3  - r - - .  ̂ i Fs , \ r 2  t  r w L  - 1 r , , O S F .  r 2 r 1 n  o ,  
* * " "  

o r t h o g o n t l . l . .  
" ( f f  

) s ( f r )  =  o . S i n c e  s ( f 1 )

and-s( t . , )  i , re  
' count l t : "y  

deconposab le  t "  u - l - l  ,by  (  [+ :J 'ch . f  , I ,emna.  1 .2 )

there e>: is.bs a Baire element b e Bo(4,)  C AI"  (see f : : l l  ,sueh "bha'b o (  i r (

< : l -  a n d  f t ( b )  =  \ i f r . \ \  =  J - ,  f 2 ( b )  = - o . I f '  w e  d e n o - b e  *  = r . L l f - t n , t h e n  e  i s

a  Ba i re  p ro iec t ion  o .n& we have

f r ( e ) ' =  J - n f  2 ( e )  
*  0 .

Since the barycentr ic cal-cul .us

[ : i l ,Theorem ] )  r r ^ ie  in fe r  tha t

f r )  f  r ^ ( e )  d A . ,  -  l ' '' \ * / '  ] -  / n \ ' ' A ' - '  
" 1  I,  

Eo(A)  
- i :1  t  r

From (1.) r{e infer" "hhat

e lements  over  A  (s :e  e

d P l  =  o .

]:.olC.s for" Baire

I

\  ) ' ^ ( " )' E o (  
A )  

i a

' 
r,,--, ( { re n^(,rr) ;

a n d  
/  ' *

'  t ^  ̂  |
l ^ c (  { f c ; ^ ( , 1 ) ;

hence,  ; * - ,  a .nr l  P,  are mutua1lY
l ) - / ' -

l l i l l l l 0 l t i L l , ' i  ? " l c ' h  f ' . , f ' ,  €  i i (A )

t  e  fo , lJ  . ' l t r l -  r ic - i , ]  3 :  f  =  i ; f r .  +

n ) F = t F r  + ( r  t ) l t s
t  /  t  * 2

4 - n  + ' .

. \
f ( e ) = r l l * 1

a f  \  a  
- \  

ft ' [ e )  =  f  Y  )  =  o ;
^  - i  -  * , r ' l  n *
D  J . l l t ) u l a r  o

be tvQ- q'1;il '!et, - [qt-!iri]! f -  L  f ^  . l e t
I "

I  t  r . \  , c  f i l ] n  ^(..1, "c J r ^ ' | i- i ' l  (r 11
t - .

.1, q* ! i-r g _c p n"Li1 rt 1 ., Irj'!:l,;i-u ll e, .8.q ;fI- e S ir.ql ir l' l i ir



- 2 0 -

b)  &r  =  0g-  +  Qr^  .
Tliq.gf .a)81' lcri lma 6 air. i nY

vre ca,n iden'bi f1r  ' [o ' .A+f( i t ' )
'  t  1 '

tb .e  a ,ss joc i * t r :C  cyc l i c  vec tor

Goclcrncnt  '  s  Tt reorcm (  see fz f1 ,  p .  281;  f r f ]  )  ,
r,vlth '1I * Ji.r u7 irs : A-+f (i-l* cl H.'* ), '. ' i i 'uirt l _  - 2  - 1  " 2

-  / n  t  / t

' r 1  ' r 2

' ,Te  
sha l - l  assu ine  f ro in  now on  tha . t  o  ( t  { l .O the rw ise r the  asse r t i o r i  i s

tr ivi i i . l -  a

I. 'or ariy bounded. Borel rneasur.abll-e cornplex functiror. q on Bo(A) l ,ve

snal-J nave

(  p l o ( a )  d ( t  F r  +  ( r  -  t )  f ^ o - )  =  t  ( - -  , . . r 4 ) o ( a )  d A r -  +
JEo ( .q ) '  ' ^  '  

/  ' 1  /  ' 2  ' no (  r r ) . )  A  /  ' r

+  ( : .  t )  (  , f X ^ ( a )  d  F *  =  t ( K ,  ( t { )  r *  ( " )  { ?  1 { ?  )  +
, t t o ( R ) ' f r  I  t 2  

/ t ,  
' I  - - 1 1  - r t

+ ( r  t ) ( i r ,  ( { ) r * ( " , )  € ? \ { ? ) -
f f z  ) ' z  ' ? -  ' L e

= (  (x , ,  ( ( )  r i1 -  ( * )  CIKu^ Q)  r r^ (  r ) ) ,  to \ {o)  =
t t r -  

I  ' L t  f t z  
'  L2 '  \

= ( ( r ( , .  1 4 ) o x ,  ( q ) ) \ ( " ) { o l € o ) ,  a & A ,
fc ' f+ + \,l '\''
'  t 1  '  t z

and this shos,rs that

ao (  A )
P

tF*  (V , )&r i l ^ *  (q )  =  o*F"  +  ( r  t )n*  (Q,  VeY ' (
l t t  t r 1  t L 1 -  / ' z

f r \
\  r /

EgUe,I] ! .Thiseqnal. i " ty is establ ished onl .y.  on the basis of  the as*qump;

* . i  nn * ' l rn*  f  r -  f  .  " I ] .nd.er ;  th is  assur- lp t ion i t  is  easy to  in f  er  that  l -Lu r v r r  v r t . ) v  - J - *  * Z  
/

p r o  j e c t i o n s , 0 f

that

is subcentral .

le t  * i  I  H f ,@ Hf^+  Hf*  r  j -  E  Ar2 ,  be  the  canon ica l

courser lve  ha ive 'u '  e f ien  (n ) t  .F rom f l  !  f2  we nor ,v  in fe r

( 2 )  n ' ( A )  '  = ' i r +  ( n ) ' @ T f r  ( a ) '
' 1  - 2

and
( : )  ' n ( i r ) "  * ' i r . F _ ( ; i ) " $ ' r k ^ ( , t ) "

' 1  * 2

( see f, t{ ,  Th.eorera 3.8.11. )  . ' ,oie j-nf e'r '  that

e -  .  e ^  e  ' 1 r ( ; L )  t 6 t ( A )  " ." l _ t " 2 t

a.ncl Lemrn a. 7 we norli i .nf er that there exists a Borel mea-From lemma 6



F r  ( t ' : )  =  l l o  / L +  ( l J )  =  o .
/  - 1 ,  |  * 2 (

( 4) t 
/t 

(Xrr) = 1,r*, , 1{l^.,, (Xp1) = o.
t  ' ' r  ' r -  /  t Z

From (t)  vre inrncd" iatel ;J infer th i i t  bhe mensure t f f "  + ( f  t ) f t^

is orthogona,. l - l rvhcre as f rom ( z)  and ( : )  i t  fo l l -or ,vs that  th is *"anur6

is subcerr t ra l . l i ioreover,  r , re ?rave

( 5 )  ' r r ( A ) ' n  f i ( s ) "  =  ( t i - "  ( n ) ' n  I T *  ( n ) " ) < 9  (  T r . ( a ) ' A ' t r +  ( A ) " ) .* 1  ' 1  * 2  * 2

F o r  a n y '  y t , W z  e  { ( s o ( A )  ;  6 ( E o ( A )  )  ) , , l e t  u s  d e f i n e

( = (tXl,q+ (e xtt '
F rorn  (4 )  y , ,e ' in fe r  tha t  o | . (q )  =  t ! . , (Vr ) , ,  Kr r (W)  =  K" / "o (qr ) ;hence,b) '
*o l . i  n  r  . i  rn*n  . .ccou l t  (  1 ) ,  wC- i r . r f  e r  t l i l . t "  1 t  i s , 'Cbn-bra l  (u "u  have denotedU c l . r ! l . l r l ;  - l  I I  t r \ " /  c L

*  =  t t s r_  +  ( f  -  t ) l r _  ) " 0 f  cou rse ,  bF )  =  f  ,
I  t  ' 1  

n t  o r ' " i f io l - i t ies  (4 ) , i t  jo  obv ious  . tha . t  we can assumeb ) 0r:: t.ccou

that

.  + ' I . .  z  4 -  
ao

z ( {  ) > z r - + Q - ( 2 , )  + 0 . ( z )  €  Y G ) ,* r '  ' l

i .s  a mult in l l . lcu. t ivc *  *Jronoinornhism,casi l -y shown to be sur ject iv:e.rc: , ' r -
, * @ r tto  t  (F ) ,On the  o th .e r  hand i t  i s  o t rv ious  tha t

. t

f ( a a )  =  ( " " , . . ( Q . ,  ( z )  * 0 2 ( r ) ) \ o ( a )  d p ,  
" . q . A ,J  l l  {  A  )  '  

_  _ r  - l t s F r- o \ * t  z  G Z ( A "  ) .

I ' rom Theor.em 6 y, ,c infer thnt  f f i  = n" i .  E'
LGU tn_ f  ! , r . f _  +  Q1^  

' r and  the  Theorem i s

p r o t r e d .  
*  " 1  ^ 2

3e83,4:."$ 
j .nce ttre measures tse and ,N*r are mr-rtnal ly singu.larrthere

/  L - t  !  J - r>

i . s  a  cernon ica l  i somorph ism ( fo r *  o  < t  <1 t - )

.  Then part  b)  of  "bhe Theorern is hetter expressed ar)  fo l l -ov ' rg
. ttr fi {n AiJ "\Y+. = iYr w $Ut '

*  *4  -2 -

, r\"1
-  4 " L *

surab le  subset  Mcn (A) .such tha t

lle i::riler tlrat

( 6 )  Q "  ( r ) x , , ,  =  0 o  ( n ) ,  & . .  ( r ) x , f l ' , ,  =  E *  ( z ) ,  z E Z ( ; i * * ) .
' 1  I ' t '  ' 1  -  

2  
- 2

t r ' r  nm ' thc ccrr rnf  i - t ies (5)  i t  is  obv ious that  the mapping' - \ _ -



* ' / - / -*

G r ryurr ctitiiTl?Alr T0p0I0Gy'  
. Y . - ) a I l r !  v u l r r r r A U  - r v , r  v J v u *

fn  th is  sec t j .on  ne  sha l . l  in t roduce the  cent ra l  toTro l "o f ,y  on
.tL

n f  n \  n f  f l r a  f a c . t o r i a l  s t a t e s  O f  & r . r ; r  C " * a l g e b r a ,  A .&  \  r r  /

I .A  subset  Fcn, . (A)  rv j l l l  be  sa ld  to  be  g*n j ] :a l , l l :  S$rqry*L  (
t /

l lgnrpl_, fr:r short ) , i  f the relat j-ons

the fol1ou,r in.q are eoui-

and

fz 
= (r-1(r-,  ))- l f r iorrf

S l i n r - o  ' ,  i i l  s r r h n n n t r - : r l  - J l r r  
' [ , C i n r n a  

] .  w e  h r t . v eJ . r i  L , L 4 r / V

' I

t he  se t

r f  ^ - .
l J - t t - t  -

f  6 p  A n ( A ) , f * t f . , + ( l * t ) f  , r o  < t  < t r f 1  !  f 2 ,

o - i  n n 1  r r  f  { :  ^  F .! r r r f ' + J  t l t - ? _ . - ' .

f 1 , f 2  €  a o ( A )

0f  coursereBX ex t re ina l  subset  o f  Eo(A)  rand an l r  6v15ogona1-1y  ex te*

r n a l  s u b s e t  o f  E o ( A ) r . a r e  Z - e x t r e m a l  ( s e e  [ Z A l , p , 1 4 1 r f o r  t h e  d e f l n i *

t lon  o f  the  or thogona l ly  .ex t remi l l  s i . r .bse ts lanc l  a lsor the  Rernark  be low) .

A lsor i t  i s  ob ' r r ious  tha t  any  subset  o f  F (A)  i s  Z-ex t remal ,

T I IEORES{  B.Fo: r  any  compact  subset  f  CE^(A)
= = = = = : j 3  ( )

r r n ' l  a n *  .
v  ( . 4 . i . -  - v  i l  v  .

" f  " ' i . r
b) fqt-'=4y-2b,c-e151rql-qe a::;ure Fe"i41(n^( A) ) , su.g[ that u(f ) € F n E(A)',

l ' - f  u  l .
n,e hqYe r(1, ' )  

= 1.

t ' fo-q_S.,a) -+n),Ry rvay sf  contradict ion," , r6 shal l  assune that, l t^  i *  &

s u b c e n t r a l  n e e . s u r e  i n  , . A , t i (  n ^ ( l )  ) , s u c h  t h a t  n ( p " )  e  i I  n  u ( n )  o a n d  / ^ ( F )  <  1 "

T h e n  w e  h n v e  p  /  t - r  r "  i t ; " " ; i r n ' c  r n e a s l l r e  * t ' n ( / r ) ) , a n d  t h e r e l o r e ,
/  n \ P i  '  : /  "

suFp l r  has  a t  leas t  ' two po in ts  " I f  sL lpp /^  c  F ,  then ^ r (  r )  =  1 ,  and th is'  
/  

'  l '  I
e on t rad" ic ts  the  a .ssumpt ion . I t  fo l lov i rs  tha l t  suppf  (  F ,L ,e t  then fo  6

€  (supp l r  )  l :u  ra .n& l "e t  K t  a l lo (A)  be  a  compact  convex  ne ighbourhooc l .  o f

f  . . , ,  such that

K 'AF *  f i  a .nd fr.  e int Kr.

0 f  c o u r s e , w e  h a v e  F ( T { l )  >  o . I f  f  
( I t . ,  )  =  l , t h e n  w e  w o u l d  h a v e  n ( f ) .

Q K f h e n c e ,  O f )  + F r a .  c o n t : : a , c l i c t i o n , T h e r e f o r e r w e  h a v e  o  a / ^ ( { f )  <  1 ,

T,ct  usi  def ine

f  t  *  f ( :cr )*1 xur f

Z-ex t rena l  l

h/lr \ t t^,f r.c 
'\

' ' \ / ' l / e " \ |  ? '



&nd r of  course, f rom 1. 
* y(x1)yt + (L- 

f (Kr) 
' ) f2 . ,we get

o f )  =  y t +  ( t * l ( K r ) ) a ( f )  e  p n j r ( n ) ,

whencerby  . r i r t ue  o f  a ) , r ' ; e  i n fe r  tha t  A ( f . , ) ,O f  , )  
g  l n .$ ince  i t

vious 'bh.a.t  n( l : .) ,€K-,rwe a.r ' r ived at e cont 'racl i .ct ion'.
b ) : )a ) . l . , e t - ' r r - , f i 4  i l o (A )  be  suc l :  t ha t  f t t  f 2  and  a ,ssume

t h e r e  e x i s t s  a  t € ( o r 1 ) , t i u c l ' r  t l i a t

t f r  +  ( r - t l r r * F n E ( A ) ' ;

then 'bhe me&sure f  *  t t r_  + ( l - t ) t r^  j .s  subpentra l  ( f l  !  f2  impl1es
that  f . I  f  6 ;hence/ ,p  is  o l thogonar . i f rpry  then $odement  t  s  Theorem,)  .S ince

- L  / '  ) /

t ( r )  =  t f - ,  +  ( r - t ) f o € F n r ( a ) ,' / t t

s / e  i " n f e r  " b h a 1 ;  
f  

( P )  =  1 , 4 U , ; { r t h c r e f o r c  , f  I , f  Z €  F " T h e  T h e o r e m  i s  p r o v e d ,

Rerya . r l ! . ' #e  ca .n  s t rc r :q then the  conce p t  o f  7 , -ex t remal i t y  o f  a  subnet
p  CU^( l )  i r .$  fo l lo tn rs  :  l ve  sh ' r l ' l  q :a r r  th ; r t  F  i s  measure  Z-ex t re r r ra . l  (o r

v  
, r @ ! ' 1  u r r : , r  u

Z*er t ren ie . l l .  in  rneasure)  i . f  :

a )  F  i s  ; , r  u n i v e r s a l l y  m e a s u - r a b l e  s u . b s e t  o f  g ^ ( A ) ;
o '

and

b)  For  any  subcr ln t ra . l  measure  
fqA l (  

i lo (A) )  ,  sucn  t l ia t  b (7^  )  e  I '  ^ i i (A) r ,

we have ; . , r (F)  =  1 .
|  

-  , . o  l

.  
' iVe  reca l l -  tha t  in  1 [2S1,n .14 .1)  \ , yc  in t roduced the  no t ion  o f  an  ?r -

t l rn.cronal  I  r r  *$r lg i r j . l ,  (cO -extrerni l l - ,  f  or  short  )  subset F C Bo(a) ;  narnely,

F  i s ;  s a i d  t o  b e  c J  - e x t : : e n a l  i f  f ^ e  F 1 p 1  , r \  +  + r  +  ( f - t ) f o r o  4 t  < 1 ,
r , , r , c  i i . . ( r ) , r ,  -L r " , i *n : iu l  ; ; " ; " ; ; ; " ; ; : i -3 "u "n* tu . ; :a ; i -?1" * 'o , , *o -

r . - v i . J a . v

Ig c,: -g$rg*q] j"f F is universall;r ns*surable and, ' i f for any orthogo-
na l  Rador t  p robab i l l t y  measu. re  p \  on  E^( .q )  rve  have the  imp) - ica t ion.  I  O '

o ( f )  € F n n ( . q ) + / , ^ ( F )  =  1 .

In (  [ :3 l ,n.B) $/e intror iuceci  the not ion of  a n]3ximf l l l r  gr thof .o.nel ]U

c r  l ; a ' r i = {  t l r l : r : l : t  i r  C  
' 1 . , (  l , )

U

f  

I  ui"L -. t11-'L; ' i ' l ' r j  : i -1"

r r n n ' l :  , r r r h , : n f  T i l  a  1 , 1  /  n  \  q r r n l r  * h , : " 1 -  f n r " .  n n r r
l . J - - v , :  u u . U t e  v  *  !  - t . J n  \  J r /  t  J G V I I  t J J . t ( : t l ,  I U J  t ; t t J

1 \ ' ' | L - i ' r i + " '  p , ,  o r i  i l _ - ( A )  o n c l  s h o u l c lL r ( I U I J I  t r , y  l t l v . : 1 , :  
/  O .

* t  l *

r, ) u(/,1)

i s  ob-

that

t l  \b( f r )  €  f
/

n f  ^ n l r r c n ' * ' 1 : i . g  i f O t i O i f  C a n  b g\ / \ / \ ^ I U V '  U I L I

, f or stio::t ) , ir,,. tre i.r; i l . i l l /  gqji*

rura.x j .nal  or thogonal  Rador)  pro-

have that

r 1 l  ^  \  -  /  t r \
n J. j , (  l t  J : :> , ( t  j . t  ,  =

/ - I

I

T .

e x t e n d e d  a  l i t t l . e , b y  c o n s i d e r i n g  t + n l *



_?_4._

y*Iq*l l - l lggegplablg sulrsets n C Eo( A), for which the sarne impl icat ion

shoufd.  ho l t i ; lve obta in then 'bhe not ior i  o f  a  mel lsL l re  J) -ext rerna. l  sub*
a a t
i l q i  U  o

r t  j -s easy to see that a4y rJ-ex'; ," 'ging.L j i l . r ._hqsr F cEo(A) iq z*gT!Ig-
mn' l  rn , " ,d  n ' lqn-3ni  I i leA,( - jUrc aJ*eX'Lfernr ,L l  gr rbset  is  nea. fsUre Z-ext fen2l .r r r . - 4 _ r .  t  L z r  r u  ( - r r _  L ,  \ ,  I'--1****

tYe sha l l  rLeno 'Le  by  Z( l I ^ (a ) )  thc  se t  o f  a l l '  compact  Z-ex t remal  sub-
/ . \  

v

s e l s  o 1  r r ^ \  A l  "v

I t  i s  obv i -ous  tha t :

i  )  a n y  f  i n : L t e  u n i o n  o f  e l e r n e n t s  t n  Z (  E ^ ( A )  )  i s  a g a i n  t n  Z ( n ^ (  n ) )  i'  o '  o
i i )  a n y  i n t e : r s e c t i o n  o f  c l - e n r e n t s  i n  Z ( f i ^  ( A )  )  i s  a g a i n  t n  Z ( ; ^ ( r t ) )  ;

i i i )  fo r  an-v  f ^e  F(A)  the  se t  { r^ }  neron ls  ; ;  z (n^ i ,q . )  ) .  
' .  o

u  \  . O t  r  
'  ( J '

l le imrnediatel : r  j .nfer that  the set

i s  t h e  s e t  o f  a l l  e l o s b d  s u b s e t s  o f  F ( A ) r f o r  a  t o p o f o g y  o n  F ( A ) r r v h i c h
' a  

a /  ^  \we sha l l  ca l l  the  cent r i i l  - tono l=o . ty  o f  F ( f r ) ,

I t  i s  obv ious  f rom i i i )  tha t  f ' (A) ,endowecL w i t i r  the  cent ra l  topo logy

i s  a  ( T r ) - s p a c e .

f I . l e t  r c E o ( A )  b e  a n y  s u b s e t . \ ' / e  s h a l l  s a y  t h a t  f o d  F  i s  a  Z * g r ! r q *

E l , !  po i -n t  o f  F  i f  there  is  49  decompos j . t ion  o f  the  fo rm

f  =  t f -  +  ( : t . * t ) f ^  .  o < t , / 1  f '  t  f  f , , f ^ e  F .
o  l -  I  \ i ' t  * I a ' z  '  r .  z

I

I t  is  obvj .ous that ?ny- qx'L{emar. l  E_oint  of  F is Z-qXlqeSA}.(wi th the

o v n o ' n t i n n  . l f  0 r i f  0 e p ! ) .v r ' L v v I . ,  u  r \ / r . .

*e  sha l l  r ieno te  b ; r  e*n  F  the  se t  o f  a l l  Z -ex"Lremal  po in ts  o f  F"

I i iSgEgI=g. a) Log--aey .sgbs-et .  I r  c l io(  A) nc h;rve.  (  ex F) r  {O} C ex'  F;

b)For apy Z-ext : r :e,?,r i l . - -s.ubset F CE^(A) ge-hAVe
o '

? ( r t n ) l  =  {  r n } ' ( n )  ;  } ' € z ( n o ( A ) ) }

{  a v  1 r  ) n n ( n )  : :  I i ' n F ( A ) .I  " " 2

\  ^ r

- t ' l : o o l . a J U D V l - O U S .

n ) l . t t  f ^ C  ( u . x , . ,  r )  n  T ( A )  l t l . r r a n  f ^ €  I  l n d  f  ^ G  E (  A ) . I f  f ^  4  f , ' ( A ) , t h e n  t h e r e"  - ' o

ex i s t s  a  r i ccomT los i t i on  r [  t t r e  f o rm\

f o = t f l + ( l - t ) f z ,

v ; h e r e  t & { o , 1 , ) , f t I  f 2  i r , n c J  f 1 , f 2 e  : i ( n ) " f t  f o . l - l - o r v s  t h a t  f } , f ? € } ' , f r o n



'  * 2 q -

i ;he Z-ex. t rcma,3. i 'by of  Fr i - : .nci .  th is contrad" j"cts the

C o n v e r s e l y , i f  f ^ €  F n F ( A ) , t h e n  i t  i s  o b v i o u s
The Theorern  is  r r : :oved.

Tl i l l0Tl  j l l l , I  I  o  T i rnr  r ,h l r  aavn1s.pf ,  z  . .ex ' i ; rernal  suh"get: :e:==: : : : : : *=.= "  ] ! " - . ' * - - ' - ' " i  - .  u, | , ' l . r i  -* . n c n o ( A )r.Q!gb thnt
F^Ir(A) /  f r ,ys*! :r . . {gj}gq Fnp(A) /  f i "

Pqgg{.1.} ;g th.e Converse &l i lmen Tlh.e oren,}ve herve that ex io(F) c F. I f
we hard  1{ f  1 \<  1 , fo r  a .ny  f  e  ex  co(F)  r then f rom the  l l t r i c t  } r , l l n imum Fr ln -
c i p l e  ( s e e  [ a 8 l r T h e o r e m  ] . 2 )  f f / e  r v o u l d  i n f e r  t h a t  \ t f  t \ ( l r f o r  a n y  f  €

e  6 0 ( F ) ; h e r : r c e ,  I  f  \ \ < 1 , f o r  a n ; r  f  e  F r &  c o n t r a r l t c t i o n , $ J e i n f e r  t h a t  t h e r e
. e x i s t s  a  f o  &  e x  6 0 ( F )  n x ( A ) . B u ' b  t h e n  i v c  h a v e  f o €  (  e I  l . ) n u ( a )  c  (  e x ,  F )

n  E( .1 r . )  = ,  I rn  F(A) ,The Theorem is  p rover l ,

gS$gSlS*1 ] .F(A)  j , s  q lgs i -c?m; :aq t  fo r  the  -cen l ra ]  topo logy  i { ,a4{

ej.rlr' .if ,A pgqqe jrsq_[irg_ t]t{!__gl.9rnen}.
p tgg{ 'a ) . { . ' : r }une tha t  7€ .Arand le t  ( l f  Ue a  t l .ec reas ing  ne t  o f  con-

p a c t  Z - e x t r % a l ' s u h s e t s  o f  E o ( A ) , s u c h  t h a i

Z,^extrernal i t l '  of f  o.
t h a t  f ^  €  (  e x o  f )  n  n ( n )

\/ L)

v"<F " r A r ( A )  I  g ,

'  .0,t
Then F^ 'E  n  L  ie  a  compact  Z*ex t remal  s r . r .bse t  o f  E^(A) ,c in r i .  F^n ,n(a)

O  
' e (  

o l  
- - - - t - - - - . -  - O \ " / r ' ^ ' r v  * O t

/  f i ,  because ! f  (A) is corrpact .  Sinc* Fo n n( A) lu & rrorr . :€tnpty compact
z * e x t r e i n a ]  s u b s e t  o f  H ( A ) r f r o r n  T h e o r e m  g  w e  i n f e r  t h a t  F o ^ r ( a )  / . 9 ,
E in f ,  t l r i s  sho i , , rs  tha . t  ( r r (a i ;? tp ( ; t )  )  ) '  i s  quas i *eompact .

b ) c o n v e r s c l y ,  r . s s u r p  t h a t  ( l ' ( A )  ; ? t y ( A ) )  )  i s  q u a . s i - - c o m p a c t , \ T e  s h a l l
prove that A has the uni t  e lerncnt i :y adapt i .ng the proof of  (  fegl  ,  I
F r n n n e r i  t i  n n  3 . 1 9 )  "

J - ' J  U f  V I J

b d  ) / r .  po$sesses  a  s t r : le ' t l ; r  pos i t  j . ve  e leme: r t . Indeec1,  fo r  any  a  €  A+
1 e t  u s  c o r s i c i e r  t l r i :  s u - b s e t  r ( s - )  *  { f  * l t o ( A )  ;  f (  a . )  =  o } , I t  i s  o b r r j . o u s
t h a t  f ( a )  i s :  a  c o n p a c t  f a . c e  o f  l t o ( A )  . I f  A  d o e s  t r o l  T r o s s e s s  a  s t r j c t l y
p o s l t i v e  e l - e m e n t ,  t h e n  F (  a )  A  P (  A )  /  f r ,  f  o r  a n y  a  6  A r . S i n c e  w e  h a v e

f i i

F ( a , ,  * . . . *  4 . . ^ )  =' J l ' t

n
n  F ( a r )  r
i - *1 

4

+
& r t . . " r i ? - . e A '  ,|  '  -  r l

we infer that

S = { o \ n F ( A )  =  (  n  } ' (  ; : ) ) n r ( a )  / 9 ,
a 6 A -

a n d  t h i s  i s  n .  c c n t r a d i c t i o n . A s " . : ; u r n i n g  t h a t  A  I  \ 0 \  r : t e t

\ \  i l , r [  *  l  r be  a  s t r i . c *c l ; r  pos i t j - ve  e r " l - cmer r t  o f  A .

b " ) 1 " o r  r u ) y  e { c (  o o . t , )  r 1 e t  u i t  c o n s i d e r  t } r c  f u n c t i o n  A
lot

fl:iven blt

t h e n  a o  c  i t + ,

:  fo, rJ+ G, rf

SitS\
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r l  p .F

.  Le t  4 . . ,C  A be  the  C*-suba lgebra  genera ted  by  ao i then we have busr
r1.o f :og'W",(  ao) € Ao end^rby the Gelfand*Nalmark i lepresentat lon TheorenrAo

can be id.ent i f ieci  to the C*-aL6lebra Co("YrC) of  a l l  cont inuous conplex

fun.ct ionp.--dcf j .nt ld"  on the compact sunset ' f ic for1]  r lvhich vanish D.t  o (r 've

can a lwa iTs  es$ume tha t  o€Yf l ) ,For  any  o{€(or1)  we heve

v ( t )  =
l o (

l ' ( b , . )  c { f  e E o ( A )

Indeer l ,  i f  f  €  n (  A)  ,  the .n  f  \Ao  is

Ao Y Co(1K)  ( t ; , rke  in to  account  the

s i t i v e  i n  A y t h e  s e q u e n c e  t " l / " ) r r >  r
f e F ( b * ) n n ( s ) , t h e n

{ ,

' l

a t :  r  |  
!

o = f ( b " ) = \ b . d f - ;
, o l l

-yrc

( 1 ) ;  f (ao)  {  ' r t t  f  \ t }  '

( z )

\ r '
tlrhere bu

b",  \suRn

(  3 )

is  the Gelfand transform of

p  o ; i . e . r w e  h a v e

a Radon probabi l i ty  measLlre l^  o*

fac t  tha . t  s ince  *o  i s  s t r j . c t fY  Pc*

is an approximate uni ' t  of  : l ) : I f

d  e ( o r l - ) ,

b  .F rom (2 \  e re  ln fe r  tha t
J

t r ' rom (3)  we

V, , (?o(m))  =  o '

infer tha. t

? o ( m )  4  d  
t

m € suFp1.

rn 6 suppr,

a n r l  * h  a v . a f  n r a
a l t v . ,  u r r v r  v r

ro 4 r(otto( *o) )  .rncieet lrr ' ;e l tave fo( * io

f o € { r e E o ( A )  ;  r ( o . o ) )

The  asse l : t i on  l iQ$ /  i r rune t i i a t c l y  f o l - l ows  f t ' o rn  bn ' ) .

5 r , r )  o ( d l  1 4 * < 1 = + l ( U * ]  C I I ( b % ) . f n t l e e c l ,  l r y e  h a v e  c 7 * ^ r - r ! * 4 .

\
4 - f  ( a  )  \ \ f  \ \ ! .
z  0 '  o '

A ^  d  P ( " /  t
L ' /

whence (  1)  i rnmed iately f  o11orr"s.

5 * t ) F o r  a n y  f o e  i ? ( A )  v r e  h a v e

> 0 ancl ,  therefore t
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ir$ rrov! asri,'ne th*t o:',o *' '"':-:l:::1^ilr; :-il'i:i lTl l'
^ - ' i c r - c r  R ] 1  l ' i l  e l l f i " l ( o ' n / ) ' t ' ' t t c h  

t h n ' t  
" o \ " ? l  ' - ' - i  - '  

' ^ ' |  '  \

thc r - , :  i . j -n r . ' , , , . -  " "  d  ,  tn  . t ro  the  homoinorp l t i s tn  
Aoa: l -+ i } ( f r I * )  

t

]a p i r(  i r )  be strch btut l ;  l to t ' "?",  
** ,  , , ,  f  oJl-ov,rs 

' tha.t
r ; ^ v -  \  

1  c  l l , \ n c / , f  c + . ,
v  r "  \

l a r r r T o  
' F  (  f ) . 7  

v t  - -  '  w

t r . , . i v  | o '  d  
, l n  

- \

r . , r .  . f  4 \ O 1 J - J .

- - , 1  \  -  a r / , r \  1 ] t ( b . ) A P ( A )  f  P r
'  l r ' t  t )  ' '  n  l " ( l i )  

- - l  r  \  \ /o '  /  r  r

o l '

lr
g

?i

$
I

6r rn  r  ) I :e ' t J
r  r \

$ { A \ o r r /

*  O o ! ' - ' u

'r'{e the,n

i

by taking in-bo account the as$Lrnption'

the central to r" ' rog;yi  brt ' ,  relat ion ( 4)

follows tha't ti" t--;r'verltibl'e'a'nd 
the

Fron Xrr t t )  we nof i  i r r fer  that  !

(  n  . r ( b " r ) ) n i r ( / i )  
l f l '

' " . € ( o r l - )

that  F(A) is quar i i -coinPact 
in

is  in  cont rad ic t ion  
to  b ' r  t  )  ' I t

, Ibeoren is Proved'

$4's tNrL i t f i t0J i lc r ro l i : :A1{} l , I l t r r ] ' l cs0Fl i isAs i lRu$

T h e - b } : * o f Y d , e r r e ] - o p e d . i n b h i s s e c t i o n i s i n s p i r e d b y t h e f o l } o w i n g

"-";:i"1,*r.::ill:' ="'":t. 
*"1 t,; lifai .;il-' 

nuors mappi:rg;'

.t,e.i, 1,r., e 
"1,{; 

( x.., ) r,r:riJ a,rri**" y* ̂  =- t-t1^r'}Jiti') '''n** t}re rna'pi*g'

/  ( - { 2 r  s ( l d r ) ) ) ' (  * + { ' r  u  / t ' / ' 1 '  f r ( x r ) )

ind"uces a F i i .ec l rYe 
icornorPhis in

r,1 ( x2 ,pe ) afwl *> fq ' rl e r'1' ( x''F)

f  ,  f i re  
ex t t t { f l l ]  

:  s , . -ace ( i -e . ,4  iu  i }  r -u '1gebr :a  o f

i.I,er (x, g ) 
''.; *.r,,u n,u,,i'-!1.r1r*urnotut'*?;, ?r'i,,; *l,qeb;::r or .rl1-

r iuSsers of t i .o'**t ,oi)"" 're sh*'11 clenot- 
: ' l  ;r; , fr"*t*o* {txr&) v'r i l : .

t,;'l'i:.f il:: i::*ti,::":i*;:.r:T-':1 -ffi"'"i";;;il ""
g ( 'd  r8) ,c l :cowei l  

rv i th  t i re  su l*L lor1 i i "  4 j

,, {, . i"i,"?:?:iu:ir"ill'i,il$#i.:x*i;*:l fit t
r : j r r L l_ l  de r :o l ; c  t ) ) , '  

i , ) ,  
' ' * I '  , - , , . . n  

1 ; r r ; rb  \  f  \ ' '  
j - r ' i  

f J - * , - t t " " '

r i l . l .  funct ln*o" i*?t* '  
A)  ' f ' - " "  i l rat  \ f  \ i )  : -s  f*LrLre

i .n rr*r ' icft  cir ' : l f '  t trc ::cnj '*no::rn i 's 5i 'r 'velr by

(  d )
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t
=  (  I  1 r ( > r ) t F

\  I  
r ' - \ - - l r, X

d  e f  ine

. ;!r

, * )  r .  Y ( X ' E )
I

r i ; ( x ) ) I / P , f e  f P ( x , E , f  ) t\\f \lr)

, l i ie shal-l"f o r p = + 4 o

iYe sha1l.

t o  p ' : ,

M "

& i p )  = { x o e  Q ( x l  ;  a

iVe shal l  denote by y l t l tXr  E)  t t ie  cenvex set  o f  a l . l  probabl l i ty  measu*
.  s r  - , _  

r l fr e s  p i :  e  + L o , l l  "r
Tf  .T,et  f l , ,  r  8o be -bv;o f  *algeb::as of  subsets of  the set  Xr snch

. J : L

t ha t  t t .ZZ ,and  le t  
/ . 1  

be  a  p robab i l - i t y  measure  on  8 r .The  p rob lem

of  cxte i i r i ing 
f r  

to  a .  ( 'p iobabi l - i ty )  rneasure tz  EZ is  very  d i f f i -

eu l t r in  most  casesoan.d i t  depend.s  on d"eep set - theoret ica" . l  proper t ies. "

Assum"ing that such:i ln oxtension exists (we cor*l .d sta.rt  ur i th a given
n n n . ! -  + . } - i ' l i * r r  r y  

a S i r  ' '  
r i r ! o r . -  * l r r "  y r p q -  

r l e f

I r ruud i ,u r i r r , , y  i l r €s r i j u re  
l ^Z  

O11  4? .  and ' cOns id "e r  t he  res t r l c t i on  F f  
- " -

i l  n'F r <1 ' (

" t 'p r  r {  2= . . ,  o f  y  )  l ;a  f l  I  )  r , , ,e  obv iour : l y  } r , ; . ve  t i rc  inc lu rs ions
I t L l

a)  Y(x . ,  Xr )  c  K  tx  ,E)  ,

b )  VP( : t ,€ r  ,  t ' * )  c  VP(x  , te ,  f  )  ,

tC*t v E

and. the semi--r:.orrn

i \ f r t

v,ril"l- be gi.v'en b;'

, | \
; . - v r a i  s u p {  \ f ( x ) l  ;  x c  X  |  ;
I

and  y (x2 )  =  n |  .

i . e . , m o d u l o  t h e  m e a s u r e  F -  r

lYe  sha l l  denote  b . r ,  1 I ' r (XrE rp  )  the  cor respor i r l ing  Banach spacesrob-

ta ined,  b ) ,  i .d .en t i f  y lng  two r , rn " t ions  f l ,  f  2ug t (  E , t  . " f  ) ,  such  tha t  1 l  f ,

f z \ \ o  =  o . I n  t h i s  c a s e , w e  * h a l l  a l s o  w r i t e  f r : f n l m o d f  ) .
r T c  s l r . a l l  d e n o t e  t y  f f l , o r  C o ( f ) , t h e  c l - a s s  o f  f e { I ' ( X r 8 , f  )  i n

I ,p (X ,L  ,S-  )  n th r - rs  ob ta in ing  the :  canon ic r i l .  mapp ing
I

en  yp (x , t , f )  -+  rP (x ,Z , y ) , p 6 fl,+ -i]."

denote by Z (p.) the lcbesf lgg_goulJgl lcg of 4 vi i th respcct

Xl r X2e fr, such
xo N ) l lc  x2

that

p  6 f1o+o -1 .



0f  coursenthe sern j - -norm \ l  , [ !n  o i ]  Yp(X,  E, t^ \ )  is  the rest r ic t icn

to Ul(" lE'  I  r)  of  the semi- i l . r : rm 1i"  \ \o on iZof x,  f le ,  f )  ,  for avrv

F e{-1r* oo},\ ' t"e ittett have the commutative dia*gram

n o

yP(x ,4r ,  t  r )  - - ;  rP(x,pr  f  z)
cj' {, l, c;

i ,P( xlf lr, 
l^r) ;-a 

i,P(x ,Ez,'f  z)
9 v .

b u

- 9 4 -

where tn j -s a proper inclusionov* 'hereas in is an isometry

domainrvunicn can be corr :ect l .y a,nd uniquely deterrnined by

t iv i t y  cond i t ion

io" C,l = *i l"tn ,

i n to  i t s  c0*

the commuta*

p 6m,+ oo l  "

l t  i s

we ct-rn

sure |.,r
I

ohvlotrs

clef  ine

1 ,  $ iven

' * ( f - , ) (n )

r*( a$ ) "

t /e sha.l l  say that the extension l \e f  Z ,  or i  the {estr ict ion f  ,*f  t ,
are  s .LSb le  i f f  ip  j .o  g* !g ; i .e " , ip  i s  a .n  i somorph ism o f  Banaeh spac€so

Standard  exan ip les  o f  s tab le  ex tens ions  are :

Effgp. l " -e- f  .The lebesgu.e complet ion of  any probabi . l i ty  space (Xrf l  tA)

gXpn i .p }q  2 .The i tadon ( i .e " r regu la r  Bore l )ex tens ion  o f  any  Ba i re  p ro-

'ba ' i : i " l i t y  space (XrSo(X)  o  y )  ron  any  compact  spn,ce .

! . l r r r . e t n a , r k . h e r e t } r ' : l t t h e s e c o n c J e x a n p 1 e i s n o t r e d u c i b 1 e t o t h e . . . .

{ ' i - , - r . r  orn;  1.r> nr^ecise)-5,r t } rere cxis 'h cornpa.ct  spaees X and- Ri- ldon Jrrobirbi l - r -!  . L !  s - ,  U  t  r r r v r  \ ,  . Y I

t y  men,$ure$ f  
o r  Xrsuch tha t  the  Le 'besgue cornp le 'b ion  o f  the  rss t r i c *

t i o n  o f  p r  t o  S ^ ( X )  d o e s  n o t  c o n * a i n  $ ( x l o
l '  o '

IT I . I ,e t  us  no lv  cons ic le r  a  mea"suv 'abJ-e  space (X t ,  * t ) ra  se t  XZ and

a nrapping r  ' -Xr --9 Xr. i /e ca:r  def i .ne the ( fuf f  )  4fqSt j -  f I l " "Sg rrr( f ,1)

of f l.., b), r, giv en b;;

r * (X. , . )  =  {  ncx,  i  r *11n)  e i l r }  r

, ( 1  \
that r . :*(4*1 I  i$ a . . f-er lgebra of suhsets of Xr.Orr r .o(f l I  )

the (full) 9i:SS-!--rtf.+eg. ".uft) 
of 'anv probabilitv mea-

oo {o 1r trir tbe fornu1a

B  e  r * ( e r ) .

\ye shall" say that r*(1 1) i.s: the l'I;qisggig! of AL 
i,v r.

T f  f , . r . r  is  n  g iver : 's . -a , lg febra c l f  subsets  af  Yrr then r  is  sa id  to  be

r; i t , i icural lJ- e i . fr' {r r::'r \
(  4 " f  t  4e .> . ) *

{<a
./' . \__'-:3 r)

L
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RemarJr.Givett .  a

usur"r,J-J-y consiC.ers thnt

r , .  (A r  )  to  .52rb i r . t  rve
. X - I L

fl.r, ancl s-
of f inding

= jA ^.S'uch
/ e

r .  (  / ^ ,  )  : . s  de f i - .
. r r l L

Trref  er  th in,nio--

( f , i ' f l  r ) *mea*
a proba.b:i .1 . l-  Ly

a ae0.{iur* 
f s-

b) a.fry Raclo X2

erelxcj'UJl:Js:fli9-3s x1'
( see  I ze f  rF .5 ;  [ 2S ] , r , en : : : na  2 .1 ) .

IV,Given a (4r,  *Z)-rneasu.r 'atr1e niapplng r  I  Xr-+ X, betvreer i  t lvo

rnea.su . rnb l -e  spa.ces  (X t ,  * r_ )  and (Xprg  c )  r r ind  a  p robab i l - i t ; i  meao l ' i ' re  i * l
6a

on 4u  1r .LEr ,  us j  cons ider  the  nrobak , l l i t y  measure  t  Z  
=  ,o (  

t l  
)  \  A 'p  o

Y/e can then obvj-c 'usly c lef ine t i re napping

"o: fP( t '2, S z ,  l^ ,)  . .-+ YP(xr rEr o f  t)  , 1 ( p < + '

h r r  * r n n  f n r . . r r r ' l J r  . r . f  f )  =  f o T .  - r t - i . z T f v  y '  \
U y  t . I i u  I U J ' n r u - 1 . - -  -  r  t .  Y  1 X r r l . o 2 t  

f p )  "

It is obvlous'that Y'ie ean no\rv obtair: the comnuta'bive diagram

q - - , C I  =  C 1 " T - . t,P P F IJ

I t  is eas. iy to show *hat ap 1s an. isometry }53g i ts
' '#e shatt sa1; that 

t, 
is a f!tl],$ plq*&S-tjil of

the napr : in ,g  r  :  X- ,  - *  Xp)  ror requiva lcnt ly , 'bhat  l " l "  1s

can be  l i f ted  to  n  Radon**

conc{ i t  ion

P e f l ,+ * ' ] .

cod()r., lain"

f l  
( indu.ced it;1'

g P(xz,Sz ,  f  z)  *J+YP(xr ,  +,  t t  )
.  r r *  |  '  {  n l

* o, ,,t ' i .* r * 1)r y $"n ,, \1, n( X2 , t?, l lp) *+ 1""( xt ,  LL, t 'LiI  Q p  
* l

I ' r i :ere eOis uniqucly c l .eter in: i -ned tr : l 'bho cornt ; ru 'bat i .v i t . "g

pr:obabi l i ty rneari l rre l^t  ott  €trand 8" (f f t  r&Z)-nrca*

sWa.bte i lanping s':){1 *} }i2r olle

ireCr olr.-f ,. '  on.Ly, by rcli i ;r ic t ir i.g. \ / *
Fr r  . ' o r ' " t nv ' q \  < .o 'F {  i . f t 51  .J _ V  . " t \

i ' io'-v,gi.rren a nr"oli ir l l i l . i ty' measurc 
/+Z 

CIn

sura'ble nro.ppin5J, c+rg 
_coul.d, 

pt"lt ttil frrSblent

measure  
f^1 .  

on  A 1  r  $u i .h  thaL * * (  / ^ r )  t5 ,

u'ri.l-l be cr"l-J.ecl a, 33SIi!$ s f /^Z by r,

0f coursertlrc fgg^j.{ig!j1:n of a proba.bility measrire to s sub- o-*al*

gebrn. of sets i$ u pnrt icuLar oase of a.p{qlqg_tf,o,*;whereas the SSLqS-
Sion  o f  i q .  n roba .b : i . 11 ty  tne  esu re r to  a  l - a rge r  r -a . l geb ra  o f  se ts r i s  a  p& j "
-J"t-: r"* "

t iculn.r  ca.se of  e 1i ; [3: :1g.Thls shoro.rs thatr in. .contrast  to the ca$e of '

a  p ro jec t ionr the  l l f t ing  o f  a  ]neasure  is  no t  a lways  poss ih le .There fo*

rerthe:fol lo l ' i in,E lvel l* lcncwn resul t  is  qui te renar lcable :

!g.u r : x., -+ r,o ile g pqn!.+pFogq qqpplL$ hq!-!lgg:L g.gglpgqj ipi+qgF-'ghg1
i -  ( - -

j.he f o] J" o'rGqrj* i:{g_q g}iJvgj,ep!'.

a) 'r' 
ls jilt::]sgji:Js;

a,  s ta r .b le  . l i f t in ' ' -



.* ?"t -

of 
f  2 r t f f  the mappj.ng$ qp are gIIg, for 'a1I p6ft  u +*^1 .

f l l i i s R n i f  7 z . a ) F o r  l l i . i y  t u - r -  l r l ( x - - ) l - \ '  . ' r - r  - l  , ,
. 3: * :: ::::;i :: *:i :"1::;

ninn 

'-l.:*-i-J^:-sil 
f It l"t+\ of., Q 1l gIg_gIJ p 4 Ll-, * *J, th-e- A!p-

{p:gp(xznt  zu f r r }  
e r  r -+ f  . r€ yp(xt  

I  E '  t  r )

i l rd j . rq.ers a.n i * -gJr ,e b.r f f  Q, , :Lp(X2, g 
z,  fz)  

__+ 1p(xroE'  t . )  .
b) e"_ r..g* c** n , r

c) tlrg fgJr]-SrI,riIlr; strltejrlents s.re ectuj_valent :

c ) I t  l s  obv ious  tha t  i  )  =+ i i . ) .
i i  )  :> i - i i  )  .  Tndeed. ,  le .L  p€f l ,+  o , ' l  be suc.hr

:  t (  f  t  *  
f  i )  ne  a  decompos i t i on  o f  

, r ' r
1 t e . 1

,) 
f1 ;s-:r sjl.,:J.c. liiiity qr f z.;

i i )  t l ie: :e exiF_}g_g p€f l r+-- ] ,sucl i ._tha,t  ct '  is  s3gj-e.et iv_ei
i i i )7# -" f f i f r1t .  

"rP s-**:* : :
(TIe*e r:X, 

] "Z 
is a gi-ven ( &, , Zi -measurable m.applng and. 7-t. , *

= 
" : (  l1 ) \4  z i rx  is  the d l rect  image ma.pping t , / r l t t  r ,  f l r#Xl  $ ,ar&i ) .

T"go-s .S i ta tements  a )  and b)  a re  obv i .ous .

t ha t  {Obe  su r jec t l ve . l n }  
f n=

1, sueh tha.t fi,f 1 e "".(ij*) );

" * ( l ^ i ) \ f l 2  =  ,n ( f i ' ) \ 92  =  
f  z .

L o t  g e  . Y p ( t r . r 5 f  r f  f l  b e  g i v e n . T h e n ' t h e r e  e x i s t s  a  f d y p ( X p r g  2 r f r 2 ) ,such that  for - -  * , ( tn :u11) . i ' i ;e  th .en in fer  that  fo f ,  ^ ,  g(mod 
t 'a) r l "aa lsor that  f " r  ^ -  g(nod 

fp . iye.  
obta in

[  "  d  , ^ - '  =  (  ( r " r )  a r {  =  
f - .  f  u f  , -  = ' ( , ,  ( r " r ) '  d r i=  ( , , s  d r i  ,' * r "  

/  I  , * ,  - ' t  - / -  )  . r , Z  ,  J * r '  
* '  

|  , X 1  r

;:"-ili [{|::'"3t'{r:i;:"u 
this shows that ri 

= 
f r'hence'we ha-

i i i ) 4 i j . i l u  s h . a l l  f 1 r s t  D r o v e  t h a t ;  q l  i s  s u r j e c t i v e - I n d e e d r i f  t , n  Q r
J  t l l . r ,  t r  , ,  \  r r ^ ^ - ^  : - - -  - tr -  ^J  \ , '1 ,  ? t ,  f : t ) r thenrby  the  I ' Iahn*Banach rheoremothere  ex j "s ts  a .  fg l  e
e  ( im or r ,  f sJy '  o .T t  i s  obv lous  tha t  l rye  can choose f  g ]  , such tha t
f i  be rca.l . ,  i :rrd . . /  , . - \  |  , , '  - r  - -  . .  r - / 'g \ i i / \  s  t o x 6  J t . , , , ; r e  t h r : n .  h a v c! r !

crrrr l  i  n
s , , q  

t  * r f ,

I
t

(

I
.l-

L ,part icul

( f " r ) *  U f  ,  =  o , rn  v l (xz ,  { ,2 , f  2) '
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t -
\  g  d l ^ ' '  =  o r
J Y  

-  
/  - L'"1_

l-,et.  uS t icf inc t^. i  = (f+g;) tsr ,  /" i  
= (1*g) 

f tr ' l i le 
have

/  L  f  ' 1  
, /

a  * .  , ; : 1 , ,  s r
.  I I  l " f  v  ] '  \
u.J . l . . f - \ r ' l  t (= r17  yan,d  fo r  a ' r rv '  f  t  Y . ' (x? , i l z r f  z )  rve  ha 've

t  r  d p ( ^
.! v I L

J L N

I

l

"!

l ^ i , f i €

I

I  f  d r y o
) ' v  I  c

,  t r z

and ur is shows that r*(7-, i )  = 
f  z * **( f  i ) . r t  fol l^ows tnal y i_,

- r , , '  
\ ) ,anO s in .L  *u  harve l *L  =,  tCf  i  +  |  l ) , *u  in fer  tha i

hri"rr 'Y'rr , , . ' i ie inrer trr 'a 'b t*11 o ' i '  i ;* i ' " ,b;, f  t ) 'e 'nd this is
a  con t rad ic t i on .

Iret us nolv rems.rk th:: . t  t ) :e mappj.ng g*, is (**r.uo*)-continuou's' fndeedu

for any f  evl  (xz, 3 z,  f  )  and anv s €t*(xz,Az, f2)t  
we have

I

I "  r *  u r r=  f  , r ' r " r ) ( s * r )  
u f t

n 2

andns j -nce  the  mapp ing  q . ,  i s  sur jec t i veowe in fe r  tha t  i f  fSJ*o  in

o-( l f l (  xpu&2,  f  2- ) ; t l  $^z;Zz,  f r ]J ' 'Lhen uJte l ) *> o  in  the topolosv

ritri *i,Ai', 'f i l  r:,trti,g,' i, 'yi))'" , : L L-.,.i :.^
Since q*o i-s an isometryu i it follov*r: that the closed' unit ball in

im q is -bhe i rna.ge blr  Q*" of  t i re c losed urni-h bal l  in 1 '*(X2rA 2, f  7)B

hence, i .b is **-"onpactrby 'bhe A1-aog1*- l3ou'baki  Tlreorem'

Fron the Krein*;Yimuliari Theorem r',,fe. nov{ i.nfer ' lhat 1,n Q-" is vr**close d

in  f (x 'e  t ,  t t ) . l f  im q*o  /  r f - (x l ' f ,  . ' f t )  r then we cou l t l  f ind  a 'n

-  - 1 , :  " i  
|  "  \  !  ' h a t  t t i l  /  o o a . n df * V - ( X 1 t L t ,  
f  = '  ' s u c j 1  t n a r  L l l r  F  u '

sufT"x2,Zp_, f ) ,

$i r rce q l  is  sur ject i .v -er rve in fer  that  ' thcre ex is ts  an f rCYt(X2, f l  2 ' f^2)
1

such ttrat ar( frrl ) = f fr] o a'nc3 n therefore, we had

o5=  ( , , r . , . ( s " r )  u f r=  f r . , , r y ) ( s - r ) ' a f r  f * r t r *  u t z ,
nl ^LI



-  1 1 -'  : * J - ' J -  '

for  any g e{ \XZ,  Zr- , f  Z) ' .Th is  impl ies 'bhat  f f r l  =  o  and, therefore,

f f- ,J = orcontra-ry 'bo the a'ssumption"

Y f e h . a v e t h u r : F r o v e d . t h a t q * i s s u r j e c t i v e . I ' , e t u , s n O w r e r n a r k t h a t
f r  . -  t ,  s -  .  ^ F  r r  '  - v  

, - . r j - , , - \  , ^  r ( m o d p . r )for  &o1r t t - ,€{ .  thore exists an Aoe&,1rsucrr  tnar nA.  r  ' 1  - ' - ' - / -  * r ' . " ' : " -  - - . - - , , , + * ^ - . d ^ " l ^ ^ ? { . u o * { ,
I n d e e d . r s i n c e  Q . " .  i s  s u r j e c t i v e r t h e r e  e x i s t s  a  g e  K  ( A p r . " * 2 r f  2 t  r #^ t

that

I , e t -  A {  =  {  x  e A l i ' ( g " r ) ( * )

have A-( or) * fr( Ai)
a n d  B o  = { y e X r i  s ( y )  x  o

A i  =  
" - 1 ( B r ) n A ^

and Ai * t-1(t lo)n0n,. '

i$e infer that we have

i  * t  ̂ "-1(B: )- xurt u,n, n f' x l  j  \ o.,\ x"*'t u, ) -' \ uf o * f* ̂J.-t ( Br ) Vs.=

l ^  \1 -g" r ,  7 t  
*

.r1

*  t )  and Al  ={  *eCar;

f r (CAr - )  
*  

f  t (A{ )  "T 'e t
|  . \Ye have

e then
: r \* f

o) " lv
; s ( y )

( "  1 1 9 1 , r )' l A t

( g " r ) ( x )  =

B t  * { y e x e

dt*  t

and this shols that X L* 
Xr.-t(  8.. ,  )  

(  modf 1) .  t  r-  \  r-_ r
Le t  us  no \?  p rove  tha t  on ' , " ' I& i i ec t i ve , fo r  any  p  g f f  ,+ " ) ' I ndeed ,

i f  f  eV .P(x ,  , d ' . n r l r . . ,  )  r t hen  the re  ex i s t s  a  seque i l ce  (nn ) r *  o  o f  se ts
<  

-  
' r  I ' l  !

Oie Ll ,  i .&rhl  ,  such that
1  r  

" a )  A i A A j  = f l r f o r t /  i ;

f  ) i 9 " A i . ; * T l  t '  
\  ! \

t )  
- ' f xo .e  

l * ( x 'A * f  1 ) ,  i ) o

We infer  that  tJr  any ie rN there exists a g i  e f lX?reZrt  2) ' ' rsuch
tha. t  g ior  ^ ,  fXA.. f t  is  ea.sy to Prove that  the u*&1*s.$8i ,  iu n l rm

convergi .ng in ign( xz,  Z)?- ,  fz)"11 yo c lef ine u = 
r&rt  rwo have g e

cgp(xz ,Z ,pr f  2 ) ,  t t ' t [  
" r i f s l i  

=  f , r l 'The Thecrem is  p ror red '

In 'che  sane se t t ing  as  aboverwe can a lso  provo the  fo l low ing  er t -

t e r i o n  o f  s t a b i l i t Y .

a) f1 ]L ?-fla,i:Js- ligi"!ps-9.S l^zi
u) 

' 
fo" *J i't€81 .!b?qil*9xls-ts-aq

*  O .

* 
!or' xoi -1 I urr * (oi 

"-l{nr) 
ul*t * o'

!HSQEE!{-13"rhe f.o].l"ovri 4f ftq3gg94!S
= = = = = = = = = =  

@

eouival"lent

Az* E* f usL3gg! 1r( Ar l\r*1( A2))
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I Igg{.The i rnpl- icat j "on a)=bb) fo l . lows from the fact  that  the sta-

b i l i t y  o f  f  l -  
w i th  respec t  to  f  Z  imp l ies  th .L t  Qo.  i s  sur je  c t i veuwhe*

rea .s  U)  -+e)  fo l lows f rom the  f lac t  tha t  b )  imp l ies  the  sur jec t rv iLy

of Qos,p, t1.s one could" easi l ,y r iee hy apnroxirnat i -ng any fu-nct ion' in

r0*[v ' r '  LL . )  by s imple f 'unct ] -onsor.rr i i formly.X -  \ o " l r = ' J 1 t f " 7 '  - r I
.+

V.The v, ie l l *knolvn mothod of  introd.ucing measures on po$sibly l lor l*

rneasurable ,su.bsets gjve$ e.nother instance of  a stable l i f t ing'

Hgrulg-_j" l ,et  (X'  Z* yr)  be any proba.hi l i ty  "qpace and consi t ier
L L I L V

anv subset  X .  c  X^ ,such tha t  / ^ : r (X '  )  =  l "Def ine
l -  " l '  I  ( '  r

obvious ly ,  Zr  is  a  cr*a lgebra of  subsets  of  Xt . ,

s, ince 
fr t l i  

nxr j  = 
tr(r ' : . ) ,  

l ie 8, ,vr€ can define a probabi l i t .v mea-

$ure 
l^1r 'Er+fo,I l  

by the formul-a

fr$ nx, ) = 
tz(t'{) '

nre{ ,  ,

I f  r :Xa->X,  i s  the  inc lus ion .mapp insr then i t  i s  easy  to  see tha t

f t  i s  a  s t a b l e  l i f t i n g  o f  f . , h y  t .  
.

Cons j .der  now a ,  s ta ,b le  ex tens ion  (Xz ,  Sr ,  t )  
o f  (Xz ,  5 I2 ,  t i  ,where

f  ^c  7^  and.  t l \8  Z  
*  

f  Z  " lYe  can c le f ine  cor rec t l . l r  a ,  canon iea l  b i *
* z -  - J
jec t ive* i *on * i r i  

" - l lp  
( ' rz l  tZ ,  f3)  

-+  r ,p(xr , {1 ,  
f  t ) ,  for  anv pnf l ,+J]o

in  the fo l iornr ing mal lner .

For  any c lass f f l  e  LF(X-2ot  'F  r )  choose a rspre '$entat lve f  e

e' { .p(xp;Zz, t  z )  1"1 
rest r lc t  i t ' t6  xr ; then f r tx l  is  the eoruect lv

t le f lned  image r ; ( [ f1 )  p f  [ f ] ,and  t i re  mapp ing  r i , i s  eas i l -y  seen to  be

a  b i  j  e c t  i v e  i . s o m e t r Y '

. ' Ih is set t ing is of ten encountered ln Choqtret  fheory andras an appl- i

ca t ionr in  Reduct ion  Theory .Hamely rLe t  X ,  be  8" I1y  compact  convex  se t  in

a  l lausdor f f  1oca l - }y  convex  topo1og ica l  rea l  vec tor  spaserand-  Le t  X1*

s ex X,, be its extremlll" bounda.ry.I,e't P: 
bl any Ctroquet maximal" I?adon

prohab j . l i t * r  66osru :e , t le f iner l  o r ,  513 =  
' f i (XZ)  

na 'nd  le t  Zz*  Eo(X2) ,

t t  
E  

f  : \ f l . . rhen / . r {X" . l - ) '  
=  l r t ry  the  Choque**B l "shop-de Lreeuw fheorem

a.nd the tr , "**u6i*g "o/ruiaot" t ior ts 
catr  be apnl ied'

Below we shal t  encountey another instance of  th is examplerby con*

sj-der ing the set of  the factor" ia l  states of  a C*-algebrarand. central

m e a s u r e s .

I temark ,The inc l i sc r im ina te  res t r i c t ion  mapp ing

t
i
I
I

l

&^= { i{ n x, ; },iic 8r} i
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. ' ^ P t , r  S - t
Y' ' \ xz ,  &3,  f l  

e  r  F -b  f ' l x l

i s  no t  leg i 'b imater ln  g ;ener : r . l ,  fo r  de f in ing  tho  mapp in .g  r l  .p
The' fol-"Lovrj-n.g Theorerr shows tl:a,t the.re exi,st .max j-mal stable exten*

sions " f  or  any probabi l i ty  nea$ure o

gUJ|gA$S-!$.ro,r*.,Tt:Lproba.!3ll-i_t;r qlqgg. (x.,,8 
",,, F) there exis'L ma,xi-

qrpl-s- !?ble. . .c5{,ent igq ( , t^of  t t  \  "  
-  v "  I  * ,  =--

;;1-- tr .'* 1 r f Il ,

l , "go f , f ,e t  Y  be  a  to ta l l y  o rc le rer i .  se t  o f  s tab le  ex tens ions  (X^rL- - )
n f  ( w  S 7  \  - - - - ^ 1 ^  J - r - ^ !  i ^ - -  f t rv r  ] ^ n ,  + . n ,  f ^ ) r s u c h  t h a , t  f o r  a . n y  ( X ^ r  8 0 ,  / o * . r ) r ( X ^ r - 8 , ,  u  t ^ ^ , ) e (  

o r ' - ' f E . '
'  u  L r  1  U  ,  

' '  . O '  -  ' l E "  '  O ' -  ' /  1 , " "
e i the r  Z 'C  Z "  and  7 - r *  j * '  =14u ,  r  o r  21  "  a  F ,  and  ,u t_  15 r r t  =  11

a / E,i '- | 4, !s_- * 6,g /) / 4,lz* 
f.err'

0 f  cou rse ,  1 r ' r e  can  ass l : . . i l " '  t l ^ ^+  tw  \ r r l ) o )e  V  and  i t  i s  easy  to: l i ;  U I I c a u  \ r L O l { =

il::::i ;',1*t' fr',ik l;llt"f,:'#l; 1;::l-3: ' g"' 'ihen
"'o;f 

""f{'-t;;-";' iu-""r*eura !, =,J {;"; A-J# t"- rinitel;g additive
set  funct ion V.  Z-+ [o ,1 ]  by

I - " ' {

/1m) 
= 

1g(M), ir l/r*

w h e r e  ( X ^ r A  , ] A * , )  i s  a .  s r , r i t a b l y  c h o s e n  e x t e n s i o n  i n  V ( r o r  a n y'  o ' -  ' /  < . . '
there  ex is ts  such an  ex . ' tens ion) ,

Le t  us  no lv  cons ider  the  ou ter  mea.sure  p . * "o" "espond ing  to  y '
/ /

Yre  de f ine

i
ji

i

l
lir

t'ttrc F

4 a  n
t r . v 6 t

P*t 
*l a inr { n,lrt r* ) ,

: . 5 p

& ,  i )
i=o

Z F r , l * )
i = o l  *

:  l ' { . 6' l -

for  a"ny I ' , {  cxo.Let  Sr .  
=  {  n ta  g(xo)  ;  f  t ro6 Xo, ,  such that  F" t *  a t {o)=s }

and  c le f i ne  
t t  

=  
f ^o  

t4 r . i t hen  (Xo ,51  , f  t )  i s  a rF robab i l i t y  spaceoand

i t  is  a  s tab le  extens i .on of  any (Xore ,  tg)c-  Y "The appl icat ion of
Zornrs  Lemma f in ishes the proof .



$g.$TIiBin trlrrrNG$ OiT Oit,rH0fl0l'lAT, FiaA,$URHs

fn  or r le r  to  p rove  the  topo los ica l  p roper t ies  o f  the  cent ra l  me&su*

rcs,  vre hr;Lve i t r  v iervo'we n"eet l  to establ is i t "  the possibi l . l ty  of  l i . f 'b lng

orthogonal measrfi 'e$ {r.s ortho,gonal" nea,iruresa

l , I ,et  f tA --+B e homomorphi , ,sm of C--algebra.s. 'u" /e do not assuue them

to  Trc$*qe$$"  the  un i t  e lement ;whereasu i f  they  possess  i t rwe do  no t  e ls -

**";u;n#' ,J l)^;  
l ;  the a.djoint  manpins and denote by s. .Ho(n) + no(a)

i t s  r e s t r i c . t i o n - c o r e s t r i c t i o n  ' t o  [ o ( B )  a n d  E o (  A )  .

sh
t+:

F"
{i:,i

hlvri

i

*
:4

n
t

g$gg$i l=}p. , r )  u( f i , , (B) )  ip  +  qpryqact  face n
s(n( n) ) ;s*-e*_{eql_q-t Eo( A) "
ry 1€ B,th,c,+ s(r(n)) is_a cgJnIqS!.  feS-c gl  Eo(A).

i - t  l .k  A,1e F eru i  ' r (1)  =  l . , I39I  s(n(B))  fS- . " ,g-gntp"+S*t*Jgg-g*S.g i$(A) .

ryqq.f  .a)Since the mapping s is af f ine a.nrL w*-cont inuousr i - t  j .s  ob-

v i o u s  ' c h a ' b  * ( E o ( B ) )  l s  a ,  c o m p a c t  c o n v e x  s u b s e t  o f  E o ( A )  " L e t  f e e { E o ( B ) )

a n d  l e t  f  : , ' L f  t  . i  ( 1 . . - b ) f " ,  o  < t < 1 ,  f  ' r f " e  r l o ( A )  n e  a  d e c o m p o s i t i o n

o f  f ,Then v*e  have f  |  [  ker  T . r  *  f "  I  ker ' [q  *  o  andr ther "e fo i :e r th .e re  ex*

is t  g ;  r f ; [€ ' i f (  n f rsuc ] r  tha , t  i '  =  g ; " 'F ,  f i  *  Sp"o 'T i -  . l l ro tn  'T f (A)+=:n- ( t+ )

v, , 'e i -nfer thzlb $J )o,  g l ;  >oiwhereas frorn rr(A) l  = TT(Ai)  ' ; ' re infe:r :  i i i r i , : - [

1 i  f  t l \  : : :  t r  s i  t t  r  l l f r t  t i  *  \ tg ;  [  . I f  v+e  ex tend,  g ;  to  g '6  Eo(B)  oand 8 ;  to

g " 6 E o ( B ) r w e  h a v e  s ( g u )  *  f r 6 s ( I l o ( E ) )  i : , n d  s ( g " )  =  f ' f  € s ( l i o ( B ) ) .

b ) I f  f  €  s ( : i (n ) ) , i v i t ,h  t l ' re  sa .me notn . t ions  a-s  a ,bovers lnce  1 t  g ;  i i  < l -  and

\ \g ;  [  (1 rv "c  can f i .nd .  ex tens j "ons  g '  o f  S f  rand €"  n f  S f , rsuch tha t  ] {E1 '1 i=
=  \ \ 6 " \  z  1 1 t l i e n  r , . r e  h a v e  s ( g u )  =  f e € s ( i I ( B ) )  z r , " n d  s ( g . " )  *  f r ' 6 s ( ; l ( n ) ' ) '

c ) r r  1 e  B r t l : . * n  i I ( B )  i s  a  e o m p a c t  , s u b , $ e t  o f  E o ( n ) r I t  f o l l l o w s  t h a t

s ( j i ( B ) )  i s  a  c o m p a c t  s u b s e t  o f  i I n ( A ) o a n r 1  a  f a c e  o f  E o ( * ) r b y  b ) "

d )Under  the  ass i .mpt ions ,  we ha .ve  s (  E( : l )  )  c  n (  a )  ,

The Theorem j.s "provecl

SEggS#=}f .e ) /^n/{}( Eo( A) ) , S}19L ihci t,(g')
€ -i;:iili" nt u),ihur*=*ffircsilse n* ]G; *l *iu*t

/  n \
g \  n ' /  r

b )

c 7 )

M:*.
l l r q - o { . a ) [ r i n c c r t , ] /  T h c c r c m  l . S u  e  (  t i o ( B ) )  i s  a  c o m p a c t  f a c e  o f  l : ' o ( A )  '

v r o  h n v e  p ( s ( E ^ ( E ) ) )  =  l .  ( s e e  [ Z g ] , f ' : : " o p o s i ' t i o n  1 , 5 ) . r , ' ; e  t h e n  i n f e r  t h a l

* ;1 ( { f } i  , *  * " r ,o t - *mpty  *on ' ,po" " *  convex  su ] , :se t  o r  ,P{ - } ( I t ^ (R) )  "Le to '
I

!gJ9n qglgoy-el,[3*



.':

. i
1i

. - ' l  . ,
$ 6ex o; (  { r \  ) .By Theorem 14, ' , . ie  in fer  tha. t  r )  is  a  s tabte l l f t ing

{, 
':: 

3r'1ri ' 
prove that r) is ;; o"ir.o*onur.

e ' )  r f  f u l c 1 * ( E o ( A ) , , . ( E g ( A ) ) , f  )  i s  a  p r o j e c t i o n , t h e n  a , , ( t _ q t r ) e

"g: l : l t | .1( l" i : l  r :  '0 ) iu ar.so a pr. ject ion,and ffxv pr '  jeerl*n- inI  (Eo(u)0 f i (Eo(F) ) ,  i )  i s  o r  th is  ,o " * ;o r , ; * ; ; ; ; ;  * " *n_" ; ; ; - in* i ' , ,

, - :'itiX,:"::F3Tf ; = *;( tql) is ,,,"","*,": ;";;, ;;:( s e e  [ z e J , T h e o r e m  j . 1 )  
\  F \ - /  

/Frorn the fact that **(1.)  * f  rwe infer. :n. :  s(ur(t))  = nu(7*)uandt t r i s i m p 1 j . e s t | a t l t b B ( j ) \ \ * . ' ] . ' s i n c e 1 * 1 l u o ( i ) n <
By (  [ re l  ,  2,4.g, ] - ,ne infer  that  17.

t o ( o ) " r ' . : / t + V ( o  H  "  \spac #rfi r :;4:f;' ruitf:i:uHffiiiitr;il,By (  tzei ) " i ***u.  , : i i :ud '= no(u ( fq] )  )  is  an operatr
s u c h t h a t  u * s < i ,  

' '  a n C I p e r a t o r 1 n t r ( g ; ( r r ' ( a )

at ' ) let  us nor.r  prove tha-b

s  * o K o ( r  ( f q l )  ) e o ,

for  any[q]e l * (  no(a)  o  f r (no(a ) )  ,y ) . rndeed rwe have

( 1 )
?(t,ril

(?([v]l*r,r, Gt €f;,f, I tf;r1l ] *

\ o o , u ) ( Y " * ) ( \ ( a ' ) o s )  a +  =  ( r ^ , 0 ,

{11ttq" sl)  Tn(u; (r i -(a) ){ f ;ru l f t f l , r ,  I

l*d thls shows that

uf(fql) = *o*rr([q.ul )*o

a s  . r e q u e s t e d .

a" '1 )Frorn formula ( f  )  we infer *hat p

a O a f ' l  oo o v * o u o o  =  
. * o ( J * o  ,  Q * o Q  < Q - <  Q .

!'/e infer that

e n ( Q * Q e o Q ) r l o * 0 ,

( ,",u,K\,") ur =

( t4 "s ) ) , r ( r i (a ) )  aU E

,  a 6 A ,

*  *oQuo andr there forerws have



* ' i8*
a

. . : r r r i l  - ' i : l r c ' r * c - f ' o i t , i  "  \ i  { t  h : l ' ;  C  t l t a t

( S  C : e * Q ) e n  = *  g ,

vshcncc w{} i'tc'L 
-L}ti','b

Cn,u  = ,  Qeo( ) te : , ,  ,  *oQ ;  eo0euQ o

li 'ron fi '{ Q wr.r inf ev' 'N}ru' 'u r,toQ".e * s. eoQeo ir.nd , i.f lve d.eriote

I t  =  ( Q e e  * * Q ) * ( Q e  o  e o Q ) ,

0  s  I l  "=  oo t2eo .oQ Quo .n  Qcor?  c

'lc i i : i lct"Llr: L

0 ( e n l ? e o  x  e u Q 2 * o  e u Q e *  n o Q * o  +  e o Q e o Q e u  g

'./
s  u . r0 ' " c ,o  eoQeo  €  i l

rL'nrj tl1il; sill(l','iii 'iitai *oR*o : Cl "',' 'rr: injl'l:r: t]::r'i; Iie" s 0 ancl r'bh.ei:sf clr:n ,

(  Q e '  e o Q  )  e * o  =  o ,

ti;rhCIlC e \r*'1.j €lef i;1:.1:.t

Q s o  =  * o Q * o  ;

vlo have th-at

th i . s  imn l i ,es 'Lh .a . -b

(  p )
\ . - ' l Q e = e 0 i-  o  o '

i , ' I :o; i r  (p)  ' i i *  inJ 'c: '  , i ;h; , : - ' i  Q?oro : ;  C*o r ' r : " tc1ul i r tc, t  
"ot i ( . r )  

= f  i l (U),  r  ! ' re

get 'hlia'b

( : )  c i ' ? { f ; 11 ,  s  r i { i t r ) "

I l i , : r ee  r i e f i ; r (q ; ( : : ) ' ua ,nc1  s i r : * *  l f ; f ' l  i . r i  c l reJ . i *  f ov  
'Tu ( * ) (B )u f ro rn  

{3 )



F : i . ,  
: l - .  r  .

' : " : I

l ' j '  i :  :

a n

.  . .  , " ' , '  * 3 9 *  '
' .

we j .n fe r  tha t  Q '  r  Q  i i ne . rQ  t s  f r ,  p ro  j ec t i on ' .

Fror r r  q  [Ze l rTheorem 3. i )  we nolv  in fer  that  V 1s or thogonal  ( rve ha*

ve al-so to talce irr to conslderat ion 'h!,e fact that r)  i .s a stable :" i . f --

t i n s  o f  l ^  ) ,
I

Ulf.et us rrotv as$uroernoreove.rrtha'b ,r ,"  is maxirnal orthogonal on 8,. .(A)

$ince the set n*( sl 'L({p\ )  )- ,  c.  no( n) is cornpact, convex and norr-empt3',

we  can  f i nd  a  s f  e  ex  n * (s l r ( { f t ) ) " l e t  us  d "e f i ne  
'

1.1.s:,
+:

Si:

h
T.

i:

i,"li

i

!  e  * * f i } t 0 * ( n )  ; s o ) .

M ( g ^ ) , a n d  t h i s  i m p l i e s  t h a t

ex ( =;1( i1\t ) i

hence, ' {  "  j -s a st .ab.Le extension of  j  .The Theorem is proved' .

Rerr :ar :1r. f f  vre consider the sett ing of  the proof of  the Frecedlng

I t  is obvions that l , ! (go) is a non*empty compaet face of slC{r*\)  eand*

theref ore r r"Ie have

f i  /  e x  t l ( g u )  *  I , l ( s o ) n ( * x  . : ( F I ) )

Let u.,s choose r)-,€ex I 't(

R a l -  m e a s u r e  o n  s o ( B ) .

r r  {  € A } ( E o ( R ) i '  i s  a
E o ( B )  r s u c h  t h a t

( + )

Tih. their infer that n * ex

. , ) .  e

8o) ,By  par t  a )  o f  t l re  Theor :emr  Vr is  a .n  o r thogo-

. , . ;

maximal orthogonal probabil i.ty measure on

i { J  ,

1i / r)  \  -  e Tt fol l -ows that {  €v B \ r 1 /  *  e i o

4) we infer that

,

then i -Q r
€ b;1({ so} i

(  5 )

gndrs ince  ; r  i s  raax ima l  o r thogor :a l  on  Eo(A)  , f rom (5)  i t  fo l lows.  *ha t
/ ' \  ' /  Loe ' ;  l .  1 * l1 t {1 * ) . r vu  in fe r  tha t  \ )  6M(so) ' s ince  Y  

t *
f *  s * ( V  )  i :
'or thogonal ,  

f rorn 1 [Zel  r lemroa 3.3 and. Coro]1-ary 1 to Theorem J.1) , i te

in f  e r  tha t  !  i s  s imPl - i c ia l1  i  '  e .  ,

and o theref  ore,  hs(r)  )  =

"On the other hand, f rom (

x so(i .)  (  s,-( t)l.^.
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fheorernosince f in j . te l j . r r*a.r  camhina.t ions of  proiect ions in the CF-

* & t . . ^  / . \  1 \ t " "  / i \ \

a l g e t : . r a  J - ,  ( r , r i A ) ,  J 5 ( u o \ A  )  )  r f )  a f e  u n i f o r m l . y  d c n s e  i n  t h i s  s n a c e r f r o r n

formul"ag (1.)  anC (  2) **  inf jer  that  eot {}  a 'n i -  Wr* Vu"o"} loreovernthe

mapp1ng t i , l ,  r*+ce.,e H is r : ,n isomorphis 'nr  betv,"een the abeJ' ian von l ieu-

*urrr ,  
" , i -*oir ' " .o 

(^ ' i r r rAT6,,-  " ' ; ' r IQ a,J-so remark that Tlrcorcm 16.nart l -y cor l*

tarir:r.,1 a resi.r.. i 'L 
-t lf 

,\ntleif*:on anrt Ru:rce ( se e [aJrt.]t i-co]:en 5)'
I I . ' , i le rryant to men'bion here two i -nstances br the s i tuat ior-r  d 'escr i -

bed j -n  thc  Prcced ing  Theorem. '
il-

ar)Consider  an * rb i t ra f ] ,  C+*a lgebra.  A and le t  foen(A)  be g iven" lTe

ean cons ic ler  the representa. t ion f * '  :  g '+V( f l r  ) .T . ,e t  Vf f i ,  (n)  o  be
* ^  * n  -  -  f l

any it laxlna-L abeJ-ian von Neurnann sub$.lgebrarang def ine Bc,td be the

C * - * t g * b r a  C * (  l r o  ( u ) r V ) r g e n e : r a t e d ,  b y  o f  ( A ) ' a n c l  V  ' W *  h a v e  t h e n

the Ci-1l .o*o*o"oni8* l i ;A ->Borobtained by co$estr ict ing r f^ to 4 'u*

i ;hen have that 

*o

.  
B J  =  t r o ( a ) ' n  V n  =  V -  ,

and v re  ca .n  cons ider  the  mapp lng  s :Eo(B)  "T+I fo (A) rd 'e f ined as  in  sec t ion

5. l . I f  we d"enote  g , . ,  =  dJ t , lB  , then s (go)  =  fo " (For  any" {e11.  we deno ' te  by

rJ*  the  pos i t i ve  t - i . iear  hoc ' r io r ra l  on  Y( I { )  g i , ru t  by  r l * (x )  =  (x { \ t ) '

" i t $ r )  ) .
I ,e t  {  he  t } r "e  eent ra . l  measure  on  Ho(n)ocor respond ing  to  So: i t  i s

t l re S{e,qlggt ortho65onal  measure on i lo(B)nw}rose barycenter i -s go'Of

course ,  [ (  B)  i s  eoranac t ,  and $  (  ] t (  B)  )  =  1 '

. 0n ihe other ha:rd. , r* 
s*($) is thu ggli]sg}' orthogonal measure on

So(A)  rwhose bar l rsen ter  i s  fo ranA rvh ich  cor responc is  ta  W (see fegJ t

'J,emma 
3.8) "By the Corol , lary to th j .s T:ef f i in.?.v V is a st i ib le l i f t ing of  A'

b)Cor:s1der now 4.1 a.rbi t r&r. f  CeaS.gebr l l  Ar let  fo *  l I (  A) be given i 'nd

;i
$r.gl

&
I

d e f  ine  Bf

To (n)  * f id
to  he  the  C ' * *a lgehra  C ' * (  T f  (n ) ,  t f ^ (  / r )  t  )  rgenera tec l  by

T* ( g) t 
"Y',re have

t i o *  t r o (  A ) ' n ' o ro (  A )  "  C .  * t ou

hence,  B i  i s  abe l ia ,noand i t  i s  the  center  n t . * tn '  
, .  -_ :  -_ - .^ . r - -

r f  unig ,g, jor^ , t i ren thcre ex: i .s is 'btrc i t re i l ' t is : r i i  or i ; l rogonel  nrc 'D 
"*

bi l i ty  ***u,r"b 
. '$^ 

orr  E. , (8,  )  rvrhose barycenter is u+" Ssrnnd" v;hic l t
t: i '^ ";t ' 'Bn*tir,r, 

voir '{eumafln sutrnlgebra R* of
corresponds to the"SqgPSg:* I '  NelJl laf i r . I  *5Lrui  -o

'F

o

T l t
" f '*0\/e 

can a. lso conni^der

corestr ict ing tT.r ,  ancl
* 0

the C**lr.otnomorphi.sm 1r".A '* B, , olrtained b)"

t l re  cor respond ing  mapp i r lg l  * , f iu (o f  
-  )  -+  ECI ( ' i )  ,
u
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g iven by  s (g)  - - :  go)T  r  f i  €En(81,  ) .0 f  co l r rse ,  n (Br ,  )  iu  co ln , lac t  i r . i r r i
r )  l ' t , ,  1 ' r >  \ \  .  

- l  \ /  
" o  t 0

V , "  ( i i ( i l f ,  ) )  : =  l - "
t : r .  !  ^' 'Tht)  

f tJ l . l -o 's ing Theorern extenr l .s to '  the genera. l  ca$e of  C**alge bras

l r r ;o* t r lh lY  
ns1  F)o t i$css : i -ng  the  rx i i t  e lement ra  we1 l * ]< i :o rvn  Theoren i  (see

L 2 4 l  n i r : : o o f  o f  T h e o r e m  3 . 1 , 8 )  "
TI ' l IJOTi l l l l  f '7,  oo( \"  )  = fn ;  i .e" ,  s._( \ )_ )  ; - .s-  lhe centrr , ; , l  meft .sure

n r ' r ' n  / n \  r . l n n < - ,  
i : ' n  /  * n  F  6 0

9I uot /i/ 't11.9i:S*!g_fvg:Yli:.eJ iH .a.t f^.
' D - n n n . { .  

-  \ ' , r . -  
u

{ 'J-L9- 'L '3r* ie *hal l  ic lent i fy T* rr , ' i th the ident ical  representp, t ion
of l1.o i l r rd \Te carn f ts$i . lme t l iat  

*ogn 
= S" Tr . :  ̂  : ;  -

f ^ 
^

=  s r f  t , f , . r )  ) , ,  n { , , .  \  *  e  
- s o  i ; o ' r t  i s  c l c a r  t h a t  u ( s n ( f ^  ) )

6o- \  u \  r t r  1  l  . ' \ { i o /  *  , o t

b)Irrom [" te8] , leruma j .3)  \ r i ;€ inf ,er  that

c
t '

l
i

* u o ( O * o ) ( t \ ' i t )  =  1 '

c ) F o r  a r r y  \ e u l l n o ( n ) , 3 ( n o ( A ) ) , s * ( r ) r o ) )  w e  h a v e  t h a t

( z) Ku.. ( $- I ( tr41) = T{.)^ ( a-,( fu, l) ) ,
' + '  So '  'go

f o r  a l l ] t  q ? 6 f * (  o o ( A ) , , J \ ( E o ( . q ) ) , s 0 6 ( V * ,  ) ) - F r c m  f o r m u l a r  ( a )  ' r v e  i m r L e t i i a t e *
1v inf  er  that  :Lhe nre. .sure * .*(Vr,  )  e"/ i j (  o^( n) I  f^  )  is  or thogonal .

Let e be thie orthogonal proT8ctlon o""ff i in*, .rrom forn:ula (1)
anr l  f ron f  fz8lr lemmo. 3.6) rrrye infer that  

io- 'o +o

.)u( arr) ds,*( Uuo, i:.

l o  ( %  ( * r ) ; . " . ) B o  ( r r
B f o ) " f o  ' o  * r ' o

)  )  " . .K f *o ( I u ( r ' r o (  o r r )  )  ) t ; o t

a r ) e . . . €  t  
o ( a r r ) e { f t f f  

)  *

= fitf 
, 

( )n( ar ) \\( *.2) ", .IA( *rr) ) {$

( 1 )

( l ( * * ( . ) . "  
) ( t ( l )  r r  r " l {$^ t t i ^ )  =  ( ^ ' , , , ( \ * (a r )  ds* ( ! , "  )  =

" " t r o '  
- o  " o ' o  r l i o ( A ) ,  1 1  6 0

e  
\ o  ( n ^  ) ( E ' * ) ( i j ( a ) " s )  

d { -  =  
{ "  f " , ,  , , ( q * s ) } s ( T r _ ( a ) )  a v - =

. - o ( u f o )  t j o  , u o ( B r ^ )  '  * 0  ' f i * ,

f  r r  l f " - ^  ' - t \  r r  ,  , 4 J  o  6 9  t  
( )= ( K i g o ( f t " , , , r r r f o t * ) t i o l  q ; - ) ,  

o o t " t o  

a G A t

and sinc- t ; .  j .s  cycl ic fo: :  ' iTr"  (a)  rwe jnfer t t rat
.  

- o  * o

f

l ' . , ^ , \ a ( h ) x o ( a r ) ' .
r ro \  r1  I

(
, : to (

=  (K . ,  ( ) " , , , ( t i - . ,  (a . )
t f , .  D  t o  t

oo

=  ( e t r . *  ( * - , ) € , f f o  (
t 0  r  t o

( n

g o
\ . f

\ \  -  \
n )  )  c l v *
l t  f -v/1

v

\ -

t{? )
n { 1



From the f l tone*'#ej.erstr i : .ss l lhoorem,by tnlcing into a.ceount the fact

that s*(! , ,  )  nn.d ts.p are bo"l ,h srrpported by H(A) rn'e infer tha,t
o*( to '  )  ,=?* .  "Th l  [ f i *o*u*  is  proved.

. . ' O  |  * O

tI,rgg,3U=I9. { ," rss*'t"!.s}l e prlhs$sq:1" -}*IJ;r.s".s-I l^ r .
t ' r r  r  /  i n

?roof .Fro; i r  t i ie ' 'prece ' l ing" l l 'hccirem ancl  f rorn for :mula,  (  Z) ' in i ts proof

* L l  c -

=  f o - , o , ) r r ( t r ) l o ( a . r )  o  " . I u ( a r r )  d / t o '
n o  \  . .  /

e l t * Z t o a o r A n e A "

?ro( tgl) * I{vso( cr( [r41) ) ,

Y - (Eo (n ) ,  B (Eo ( t )  )  ,  t t o )  " l e t  q * f l r l o (B ro ) ,  ?s ( so (B ru )  ) , 0s !

we i-nfer. tha, t

(  3 )

for  any q€

thgn xvr,  ( tqt l  e Bi a.nd,*hereforerthere exists a funct ion q e
ey* ( : i o tn5 '? f , ( i o (n ) i? / * ,  ) , such  thn t  l i o  ( fq l )  -  I {e r ^ ( tq l ) "Fo rmu la  (3 )
now impl les that  r . { , ,  ( t t { l )  =  K. i ,  (q*( t - , i i ) )  anc l ,s in i8  ro  1s in jec-

t i ve ,we  in fe : :  t ha t  8 " . t f q l )  =  [q f "  q .E .D .  8o

f f ] . l r i e  re tu rn  to  the  se tb ing  o f  Theorem l -6 ;  i - . e " r ' i t :  A - - )B  i s  any

homonorrrhisrn of C'*-algebras.Let g e A{ B) and lct Qeyr{}t  O"( B} ) be any

orthogonal rnezrsurereuch t l tat b({) -  g. ' f i 'e hs-ve 
%ITlr lA)Tq 

* *oHS,

where  eoe ' i i * (  ' i r  (a )  )  r  i s  a  p ro iec t i on .

glj$9g,gg=l!'ls! r = s*(t') e$
t "

F,ssu.'rjnr, that s(S) g n( A ) . T h e n  t h e  f o l *

lol 'r ing sta. ' ternentri  al:e ecuivalent

a) *oe 4'o ;
b) the n€Hr: 'rt . lr '*

I : : o o f  , L c t  f  =  s (

ic lent i f i .ed rv i , th

l r  is  or thof lon.u 
' l  and r )  is  e .  l ' r t r .b lJ-e l  i f t ing of  o

/'* ::;--:--jr.:-r-d;-::::.:-:;-:: r .::;--;---,# /
t ^' \
i l / ; r n e n  r n e  r e p r e  s e n t e r t i o n  ' F + :  I * * > {  ( l I r )  c a n  b e

A a a. u+ rr*( ' i i- 
1a) ) eob f( eoll*) ,

idcnt i f ied w:- t f r  f  [  ,s ince l l  f ' t i  =  1  i :mpl ies that

i -n the proof of  Theoren 16 we have

irnrrrediatel.y in-

an orth.ogona.l

vrHereas {$, can be

, o t ;  =  t l ,  s
B y  f o r m u l a  ( f )

( r  \
1 ( f q l l  

=  *oKv (o ,  (C ( -1 ) )eo  ;  L { f e l * l l l o (A ) , f i (Eo (A ) ) , y ) '

Ko o ther:  f ron f  ormuls (  1)
" i  c - . , n r r ' l  { - i  n ' l  i  n o t i V e l h e n C e  t  } LI \ '  r r r % . L U r ,  l r + - L v L a  

I

, : C
TT
h" ' r r

we
i c

o )  - \ ' l - \  T i r r J o r r d  i  CC L I  - A u /  r - L  M i U E U . g  I *

fer  that  thc rnn.pninp-
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,i
x
Xj

ne€rsuTe CIn

From the

m 0 ( A ) ,
f a.ct tir*t

From t  [eg]r I ,ef f i ] ; - r i t  3.6)

f  €i l (A) rvre infer i ;hat

1 { * - (11 . \ l )  =  1 "
/

we i.nf eri;hat

( _  r n t l A ( a r ) ) o (  
, ^ ? ) , . . 1 4 (  a . r , )  d f =

/

*  (  
, ,  r , r r ) r ( ' r (  

aa) ) I  , , ( 'n(  ar)  )  ,  .  . ) r ( i r (  err)  )  o r :  =
- o \ " '

3: (Kr(f)"f i i -(  ar) )1 )Ku ([rr(n- (a.r) ) l)  .  .  .nu([]nF( an) ) l  ){ i tqi  )  =

= (  eo ' i - ,n ( 'n (n r ) )eo ' i r * ( r i - (u .z )  )e0  . . .e ' ' i i * ( ' t r ( * r , )  ) *+ t l f  q l  " l  ,  * r , *2 , .  r .  nar r€A,

where e{  is  the proiect ion onto (Tn c } Is"

0n Nhe ot]:e:: ]rand u from Vuc.n..,( n)' i  anrl frorn ri 'r(n-( a) ) c ' l i  
*( 

B) , v;e

in fe r  tha 'b  tO(n)  t  C  . i j - * ( ' i f  (A) )  |  andr the ie fo rerYfe  have

V*.  Vo*  o4  eor* (T( -q )  )  ' *o

Fjince t4* eo' is arl abel.ian von Neunrann suhalgebra in eo'i i-*( 'rr( A) ) u €o t

=  l r f ( A ) ' " c ,  ? ( * n n r , ) , f r o m  t Q O l , T l r . e o r e m  3 ' 3 )  w e  i n f e r  t h a . t  t h e r e  e x i s t s

i rn or t t ro6;ona1 i l * "*urc4 Q/4 ] { t ,o(s)  ) ,  suc}r  that  f1f ,  Td %;f  o *o .

From *r€VJ vre infer  that  
" . , (  

oo ,whereas f rom -J;  = { ;  we infer

that

-  v  o  { o-J "o1  i ;
= V t o ^  -  e , l l  ' .

i ' #  v  S  
'

h e n c e ,

that

Q ?  s o
F " s

e = e
f o u

. f l ince tf lfo ) l{ = 1, from t [ZAl p T.rouiIII6. 3.6 ) 1rye inf er

(  
*o, o)t  o( ar) ' )n( oe )  '  "  '  )A( "rr)  2o

( : )

-  (eo'1 i { , ; (1 i - ( r , . . , - )  )o0. . .ern 'nu(I r ( t ro)  )* t t i l i [  ) ,  nrr*?."  e '  'arr€ A'

F r o m  ( 2 )  , - r n d  ( : )  w e  i n f e r  t h a t
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!,.

t

u))n( 
ar ) \s( uz) " "\u( arr) uf d

f oot ul\o( 
*.)16( a'r) . ' ')u( arr) % t

f c r  a n y  * . 1 - , o 2 ' * . . ' n . r , 6  A . ' S i n c e  7 , t ( n ( a ) )  
* f n { E ( " q ) )  *  1 ; f r o m  ( 4 )

the help of thc . l i tone*iYeierstrass Theoremt\r{e infer that 
f  

* 
f  o

hencerne have that  q**  Vu*o i

let rls rrol,i co11si.c16r th.e commutative diagrant

f r \

we

f*",

ur i ' t l r

;

i .n fe r  tha t  uoouo

TT
t t {

-_*-->

sx
{

r * f t  / n \
. u  \ - , ^ \ u / t

^ 60t

ol .n"*B) ) ,s ) (,/
tzp

V q
(/*rf  (  n o ( A )  r  3 (  a o (  n )  )  ; 1 )

rr,'here q is the rnaPPirtg

ce re 4i*,

lvhich is correct ly d-ef ined, and sur iect iver l :y v i r tue of  t l :e equa' l i ty

just obtained . since t; '- cvclic f or 'ri-*(:) '1*, .1:-*:n?:":Tf i:l Tfiljo O
hencer  lg  to  separ l r t ing  f t t : r  k r 'F rom th 'e  fac t  tha t  un lg  =  lS  t t ] " -

. tha t  q  i s  in jec t i ve ;henceu i . t  i s  an  isomor :nh ism' lYe l low eas i - }1 r  in fe r

t h a . t Q . , o i s , A s u r j e c t i . v e i s o r n c r p h i g m . l t f o ] - l o r ' g l t h a t $ i s a s t a b l e

l i f t i r :P;  of  1-  
.

b )  * $ a )  . r n d e e c l , a s s L m r e  * h a t  f q l * , * ( l l o ( A ) ,  . n ( i l C I ( A ) ) , f  )  t :  
i . i i : i e c -

t ion.s ince r  i *  aseumerl  to be ortho,S:onalr i t  fo l - lo i r rs 
- that  

j r . l . (  L l l l  t *

a  p r o j e c t i o n . S j . n c e  {  i s  a s s u m e d  t o  b e  &  s t a - b l e  l i f t i n g  o t ' f  o f r o n r  ( f )

*ru.  i r r f  cr  *h; : . t  
"ou*o 

is i= nro jec* iono fa: :  s^I l l r  pro ject ion e e ' t4 ' i ;  i  '  € '  e

e o e e o c e o  =  * o n * ] . F i o r n

(  e o e e o  * u o f  t  e o e e o  e e o )  E  ( e o e e o  * o * )  ( e o e e o  e e o )  f

*  e o e e o * " o  e o e e o e e o  -  * o * * o * * o  +  * o l * o  =  o t

*  * *o  thencenwe h i : ve  tha t

B; * r-+

I

f o r  a n . Y  F r o j e c t i o n

e e o  *  * o o  I

,  S:Lnce l - ineere e W
I

c.orntl in.a,ti-ons of nro jectj 'ons ere



uniformly tlense in
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rwe infer that

C e a : e C
o 0

f o  -  t f t  +  ( l - t ) f p  
,

v,

h enC e -  e & V^ |  nr,d 'hh o rnh rrn1'-  em iS pf OVed. ,I i r r J L  L ; 9  t O =  * r )  t  i l  t r l r  q f r v  f , . r r v v f  v r j r  * v  J "  !  v  I  v v

IY.l ' le shall sa,y tirat a positi.ve l inea.r: functlonal f 6 A: is *igplg' i-

i g  r r r (A) '  i s  cornnutab ive . l '?o  sha l - l  c lenote  by  Su(n)  the  se t  o f  a , l . t

s imple quasi*states of  Arrvhereas S(fr)  vr i l l  s ta.nd. for  the set of  aL1

s i m p l e  s ' b a t e s  o f  A .  '

JE

IIfA$$*.-?g "Ig{*s*x c **}gs}rp r gg"}+vs
a )  P ( A ) c s ( A ) ;  ;
b )  s ( A ) n  F ( A )  =  p ( A ) i

c)  S  (A)  a lnc l  S(A)  a re  cx t rema. l .  subsets  o f no(  t )  ;
d)  s^(n)  = E^(A)  i f  ,anc1.  og l ] '_J . f  ,  A ia  cor i l i l tg lLLe

o .  o =  - : : #

P{go- f  . a ) ,Fo r  ?ny  p  eP(n )  v re  heve  r r -n (A) '  =  C  lH*  r

h ) I f  f  e  s ( n )  n p ( a ) , t t r e n .  r r r ( A ) o  i s  *  * o * * o t a t i v e  P a c t o r ; h e n c e n r r f ( A ) l

= C tn .  1.{;  fo} lorvs that 12 i i {  n) "
e) l ,et Fg ( S (n) r , ,r .nd assLlme that\ z o  \  ' b

e a(o i

( ' * ro( u)vl /  \?:nt" t  ?o,,
t  / n

= ' f . ' ' | i  artr l  d.enote b;r erthefo r  any  ee  A"J . ,e t  us  d .enote  { i * n
'b ion onto v f  (  n)q;_ c  Hf  .  .Thef i

0  
- o  " o

f ied.  vsi th tho subrepresentat ion
n Q

t; can be identif iecl 'v,rith 
{. i" e-  t ' l

.4e then. have

( 1 )

i , r . h e r e  o c t  ( 1  a n r i  f l r f  , r . € 1 o ( ; I ) .

F rorn  (  1 )  , , . re  in f  c r  -L l i * . t  f f  <  (  t /  t ) f  o  anC o  there fore ,  there  ex is ts

T erif (,t) '  ,  o { r <( vt) 1-, such that
& n

U

n r n  i r " n -

0
e 1  g ' l l  €  1 n  \

L  . L O \ i - 4 l

A 6 ap) Ti-c.

a l I
" ] - ^ f c

U

t *pd tf. ean
( a) e-,ef ( 6., tlo )

0  
r '  +  * o

be ident i -

, whereas

1 ' -  ( . n ) ,  =  e r . l i - . { .  ( , i ) ' u . ,  =  Y n .  ( A ) ' c i  r' ] -  *  - o  * o

u rhcnce  r ve  j . n fe r  t t i a t  Y f f -  (A )  t  i s  co rnmuta t i ve lhen .ce ,  f -  p  S  ( l ) .S j -m i l a , r -
_ L -  O '

1 y ,  f z e  s o ( n ) , l t  f o l l o w s t t t r , r * . t  5 0 ( A )  i s  a n  e x t r e m n , l  s u b s c t  o f  
l t o ( l ' ) .

S ince  i I (n )  j - : :  r i  face  o f  S^(n)  n i t  in i rncc l ia te l ) , r  fo . l - l .o rvs  tha t  S(A)  x

=  S  ( n ) n [ ( A )  i s  a n  e > ; t r " c r n r " l -  s t r b s e t  o f  n ^ ( , 1 )  ( a n d  o f  H ( A )  ) '' . o \ , . /  r  ,  d r . . - r

o)f t r is  fo l lo l"rs j . rnmediai :e ly f ; 'om ( fe i lnLe: i :ma {5),Ti ic Thcorem is pr" 'o-

r r r a / l



A ( :

fi6 . utqlv nitiiirr", l,'iAXrtilArr 0I?TII0$0NAT, IIF?INfi$

0F tltln Clili'IIthL t{ijASUl?l1S

Tn" th j -s sect  j .o l r  t : ie shal . . l .  ] ) rove t i rat  thc ccntral  me.- ,sr l re$ on j io(  A)
i r rd"uce r :e i6tu1i* , r"  Borcl  me:a$u.r :€s on , 'J(A) owith re spect to the central
t o n o l o , q y .

I "Accc l rd . : i r l rg  to  $aka i ts  l l l heorern  (see [Z+ l rTheorem 3"1 .8 , le ind  a lso

fheorems A7 and. 18 a.bolre,  for  i ;he cese of  an a.r t r i t rary Cs-a1.gebra)r

r : .ny central  l taclon proba.bi l i ty  measure on So(A) rn 'hose barycenter is

a sta-be fnr is the s{ ;a}r le proiect ion of  a maximal orthogonal  Ra,d.on

Ffobabi l i t : , r  measure on the s{;ate snaee g( Bf )  of  a sui tably chosen- o
C -algebr* Bf n ' ,v i th a uni t  e lement e .o

In  o rder  tB  ensure  a  be t te r  con t ro l  o f  the  proner t ies  o f  the  cen '& l
rnes.*nuresoi t  seerns that a r in iversal  construct ion is better ad-apted to
th i  s  R i  rn .

Ii 'anrelyrrve shal-l conside:r an arbitr&ry CL.,r. l.gebra R anil i ts pi**r:iv.Sl-

f q.L ljl:rrej?.ent,n3lq* **, A +f {H,r) ,'shere Hu T*ff*,t{,, , a.nd r .* lg.%U. ?hen
T . " ( A ) "  c n n  b e  c n . n o n i c a l l y  i d e n t i f i e d  w i t h  t h e  s e e o n d  d u a l  l \ * F ' o f  A n

t l '

as i . r .  B;r .naci l  spa.cerendowed- wi th the Arens mult ip l icat ion (see f tZl  ,
$ r e ;  I z + J , $ ] . , 1 ? , f o r  d e t e i l s )  .

\ ' /e  s l ra l l  denote  by  B the  C**a lgebra .  cF(  ' i i u (A) ,  ' *o (A) t  
) rgenera ter l

b] '  T i  
u(  A) and. rTu( A). f  in {(uu.)  ,Then

Br *  
.  Ti"o( a) t  n Tro( t )  "

i . s  the  center

Let Ir:1r -* ] l
-+ 'E  (  a )  theo '

T ,e t  us  denote

h r a  B  c f  { i l o i .

o f  T t - .  ( A ) o . o f  ' ? f  ( A ) "  i e r r c l  o f
l f  '  t t  -
Ld t.i

be th .e  co : :es t r i c t ion  o f  f fo

affi-ne con"l; iv:r"leius manning

u  l _ t s e l l  "
t o  B  a n d  < i e n o t e  b y  s : i I ( B )

s:E( f )  e g u--)  g " 'T i€ Eo(A) .

by  V(B)  tho  se t  o f  a l " l -  vec tor  s ta tes  o f  the  C 'p*a169e*

l$t 'E**$.")  Y(B)c$(B) r  b) v(n):  e.g { i"+ qt"st :reqi**. Is}s.-qt-gq E(B) '
.  l ' q p { . a ) L e t  v e  V ( B ) . T } : e n  t h e r e  e x i s t s  a  { * } 1 r . ,  l i { t l  =  1 - r s u e h  t h a t

v = S{ lB.Let Lls nosr remark that  the l :enre$entat j -on 
'?. , r ' . }3 -+f(Hr)  can

be i r len, t i f ied t ' i th th.e subrclrresentat ion



B a b r-> beoGV ( eo H,r)  ,
t { L r

where *"e V(H. . )  is  the nro ject ion outo nJcH; 'Of  courserv+e have that

eo & Bt  l i ,eo,  i t  i r *  a  cent ra. l  pro ject ion, I t  fo l lows that  'Tr  
v(S) l t  can

I
bd ident i f ied  v r i th  B te ,cY(e  H, . )nwh iph  is  an  abe l - ian  von Neumann a l -- t u "

g e b r a i h e n c e r  v €  S ( B ) .

b )Assume now tha t  va  V(n)  decomposes s 's

v= tv r + ( r"*t ),.rtt , o 4 t ( 1 ,  Y ' r v t t G E ( B ) "

<  x  < t * l t r a n d

$. ri

ffiq[,
;
i
{
:.

1
T h e n  v t ( t - - v ; h e n c e r i t  e x i s t s  a n

v , ( b )  =  ( b x q \ f  )

henee, '1i-',,,( 'n-

f  * t  p)  can be

x € B f e ,  , s u c h  t h a t  0

( t *1 / ' 'q r , * t /2€, ) . ,  b  d  B,

l?e inf er that v '  = 
?r] l  ;henee, vr6v(B) r$lmilar] 'y,  Y"av(B):o and the

Iremma is Trroved.
l e t  u s  d e n o t e  r o ( A )  = { l  r  ;  X e  f o o l l  ,  f  €  F ( A ) t  .

*ggg*-g.a)sgt-ant p e p(B) wp b.+ySJ4.+t s(p)€ ro(A);

b)r;;:;;r' f & F( A) ,.vS bave--.bhai oetg a P( B) n v(B) a3ri s( el*\ B) = f .

P{ggf  .a) ' f le  obv ious l -y  have that r  1rp(  
' I iu (A) ' )  c ' l rp(  t r  u(A)  )  ' rand, the*

r e f b r e ,  T  
o ( ' i f u ( A ) ' ) ' . : ' i r p (  

T f o ( l )  ) o ' . F r o n  t h e  e q u a l i t y

t c - ( B )  =  c * ( ' i r , , (  t . r ( n ) ) ,  r p ( ' l i - u ( A ) ' ) ' ' )
p '  l "

and f rom the  fac t  tha t  p  €P(B) rwe in fe r  tha t

c  1 1 1 *  *  ' r i n ( n ) '  =  t  
n (  

t o ( a ) ) '  n  n o ( r  u ( a ) ' ) '  :
} J

)  T r o ( t  r r ( . . q . )  ) '  n  T p (  T . r ( a )  )  " ;

, r ( * ) ) , ,  i s  a  fac to r  in  f  (Hp) .T- ,e t  us  now remar lc  tha t

id.ent i f led wi t l r  the subrepresentat ion

A ?  a i - ) * o ( *  o ( * ) ) * p e  V t o s , H o ) '

whe re  
"oeV , (Ho )  

j s  t he  p ro i ec t i on  on t ' :  t J r , fA ) ) { ;

€ Ti-p( o , r (  
A) )  1 , I t  fo l lows that ' r  

*(  p;  
(  a)  "  is  a factor

w e  h a v e  t h a t  s (  p )  €  F o ( n )  '  
^ ^  ,

Egn*IE.i'fu have lt s( p)lt = l\ eoli ll 
' .

u) t ,e t  us  r lenote  p  =  d .g" lR .Then T ;  can  be .  iden t i f ied
.:a

t hencer  *p  a

arrd,, there f ore t

with the repre-
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sentat i0n

B b b t - ->  be ' .  eV (eo l { " - )  '&  r  L t  
: , :"t.r'1fi

wnere e. r :  e  r l  is  ihe pro ieet j .on or r to  n{$c H

min im;1 l  pro ject ion of  ts r ;hencen B"* f  is  8 .
o.S ince  f  €  F(  A)  ,  e f  i s  a .

f a c t o r . F r o m  ( B n ' e r ) ' t  = .  B t € f =

1.1

l:
ii

,ry

* [ e 1 , , y / e  i n f e y 1 h a t  B " * f  *  Y ( e r ] l * ) l h e n c e r p € P ( B ) " f t  i s  o b v l o u s  t ] r s t

v/e have p €V(ts)  ra:rd.  a lso

' " ^ "s (p ) (a , )  =  ( ' t i - o (a ) f l f t $ l  =  r (a ) ,

l lhe lemma is proved.

f J . F o r  a n y  g e E ( B ) we have

(  r * (  r r . . (  A)  )  ,  r r * (  'n , , (  A)  ' )  )
g u t i r n

s

"r( (g) = c"
6

and,  there fore  o

) ' n  " r i ' _ (  ' i i - . . ( R ) ' '  ) '  ,' t s 1

c n _ ( r . . ( A ) )
tl-) L{

'  n ' iT."(  r . . (  a)
6 . ( r

It is obviou* that the von Hewaann a.lgebra

9 s  =  i ? - s ( r r o ( n ) ) ' n ' i r s (  T , r ( a ) ) "

i s  con ta j .ned in  the  center  o f  f ig (B)  r l the  cor responc l lng  or thogona l

measure  ' * -  on  E(B)  i s r there forersubcqq l ra l " I f  r rye  denote  b ts  eE €
g n

€ ' iT . , (  n , , (n )  )  '  the  pro iec t ion  on to  . i1 - - (  ' i ru (A)  ) { ;  C} {g  , then the  re -
s '  u '  . ^  d '

presb'n 'br . i iot t  T,* f  o l i  A -+g (H"(, ' )  )  can be ldent i f ied wi th the subre-
i ] \ ts)/ P \ t i/

presentat ion ne ' t i ' r+ ' lT  . " (  Tr  , . ( r r . f  )e , '  o f  A on V.  (  
"gHg)  

.S ince 'we have
n l  

g  w  b

that  eoeE[ rwQ ca^n apply Theorem 19"From the equal i ty

g g u s  =  ( * g T g ( ' r r r ( * ) ) ' * g ) n  (  r g ( ' n u ( A ) ) " e * ) r

a  4 4 .

|  -  $.re i  nf  er that

\ r t

"ii-g( B) ' = 'n 
*( 

fo{ A)

F::om the fact that tt.g( 'Tr 
o( A) ')

" i ru(n)  t  : ' i?  g(  l ro( l )  )

we in fer  that  s* ( io)  * f *

rrotiding to s( g) ,l-{' ' 's( g) e

F u (  s ) '

,  \  i s  t h e  c e n i r a l  m o a s u r e  o n  E ^ (  A ) ,  c o r r e s *
{ g) t::'J::-----=--'.---_-'....-*-- t:.

f i 'n )  "or  co l l r$eu Sg is  a"  s tab le  l i f t ing of



Let  u .$  nc i r , r  cons i .der  the  f i inc t ion  n : i I (E) *+  fo r : ,J  ,g iven  U i ' r r ( rq )  *

*  { \s (g ) l i  ,  { {  eH(R) ; i t  j . s  o 'bv i r :us ly  rL f f i .ne  and lo lver  semi*cor r t in t lous"

It foli-ows tha"L tlre E:e'b

, r * 1 ( { r } ;  =  i l l t { n )  *  i e € a ( D )  ;  s ( e ) a  u { n ) }

i' e egslrg*-gi i:i:g*J,"-.{.ixt**q*1-s r-}*-s*b".set of A( B) i l ience , f or s"ny ' le

e 
"et1(. i l (F) 

) ,sueh 'bl ia,t  b(V ) d i ;r l (B) n'ui 'e hirve t l ia.t  r l  1: l t (n) )  = 1"

lnf e shall conside r novr 1,he se'b S: ( It( B) ) c,ft, ( 8{ l3) ) of all orthogo*

nal Raclon i:r'oba,i:i l ity iire s.$u1'esi 0o on Il(I) rsuch that

a )  s 0  =  t ( i o )  e  n t ( R ) n a n , J

a)Vn"c9 .n ( f  ) '
F r " o n  o ) ' ' * e  ; " l g i -  t h a t  b ( s l o ( f o ) )  d l I ( A ) o r v h e r e a s  f r o m  t r )  w e  i n f e r  t h a t

er,($ 1e v/j . ,  ro" a.ny Jo € 3}. rt i l t  B) ) .ror ir.r lv go € El( n) ret 's:t( 
1( 

s) ; go) c

;  ; i : i (n tn i l  be  the  se t  o f  
" r r  

iou  'Q, r (n (B) ) ,such tha , t  to ( io ) '  =  so '

f f i . 9 X  * *  3 g & r ( a ( n ) ; s )  i e
r :c t i  61n 

' i . rs  
[ ;v , rcen , f r . . ,  ( l (n)  ;  g)

I
a*g*-!he* ss-ta b1 :1r :c t j  on i ro  t ; ' ' ; ' )con

.-*$'€

- 4 g r S o *  c  l * + c e r c S r , * g

is  a-  *- j .so*.orph. ism of abeSian von l ' {eu-man.$.  a}-gebraslhencer i t  induees

a bi  ject j .an betwe en t i r*  set  of  a.11 von l leumann subalgelras of  S 
r*

and thc set  o: f  i : -11 von l . t reul i lann suba. l"genras of  $**,  =Wfo(g) 'Siuce

i;he d iagram

:t.s,

I f gg - f "Ry  fheorem lg rs ince  *  n&Vsr fo r  an r r  9€&r ( . r (B )  ;g )  r t he  measu ' r c

s*( { )  i .s  or thogor ia) -  r .nd"  { {0r ,  lmpl^ ies t l ra t  so(r } )  <  
"  

(0g)  =tu(g) '
ri

Let us novi refi]a,rlt that 'bhe niapiiing

, O  l r r ,  n \ ' " . )  3U r r r l \ D \ e l t ( ) / r) b--b V., C S.

I e { ' n r ,
s  ( { ) r + V . -  / , r \  c  V , . .  . "' - . t s \ r / ' ' * s * i V )  

f s ( S )

r:$w irrmed-i.a.tel-y fol. l- , : ' ' ,"rs from 1 [ZSl rTheoreutis  cci .r tnt l t  r , t t  tv*, 'bh.e T-rcl l l l l i l .

I  z t )
.  )  t  " t  I  )

i r / e  sha . l l  n .o l y  cons ide r  t he  2 . , . *ex t remr : r . l  suhse ts  FCE(B)ude f l ned  as

fol- loy,,s "" F is saj.t l  4:o ber Zr-SrJ,tS:r., / , !  i f  the fol lovring concll t ions are

sn . t i s f  i e t l
'  a) I  is t ] .  ct)tn'pr ' ; .ct sni:set of f ;(B) urin'd

b)  $ ,e  y 'n  t I " . ,  (B) ,=p \ ) ( r )  : :  l , fo r  an-v  ' ieu(Lr (  n (B) ;e , ) '  .
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I t  is  obvious that  the 'set  2, , (n(n))  of  a l l  (cornpact)  Zr-extremal sub

sets  o f  E(B)  i s  the  se t  o f  r , i f  c l -osed subeets  o f  a  topo logy  on  n(n) , ,

which we shal l  cal- l  the 2. . ,  * t -onsr rogI. i t ie sha, l . l  a lso conslder the topo-
, A  1  . "

logy 
-2, .  

induced on s- ' ( t . ' (n))  by Zt  encl  v le sha,1l  denote

f . t * - 1 t r ( A ) ) ) ' =  {  r n  
" - 1 ( F ( e ) ) ;  

p  e  ? , r ( a ( B ) )  }  .

-1 (  
ro  )

! ! I I j . l=} l . l ,et  vc n(  n)  b:-  qny-cqtn: l .c t  z t

g lsn- i ; "  * f  r )  )  n  r r  (B)  c 'F  n  o - l ( i I (A) ) .

c F( A) is of the forrn ?^ =

Z-ext remal  subset  .  s inc l

e x  E ? ( f ) c  F . L e t

and, ,  there fore  t

g  e  s - l (Fo )n  u r (n )

?ro_o{..8. ' ' ," i i i . l ina,nr s Converse fheoremrt '*e }rave that

n o w  & e ( e x  b - 6 ( F ) ) n i l a ( . t t ) . T h e n  r v e  t r a v e  g € F n l t { ( } 3 )

Let  G
by the corresponding corest r ic t ion.

IEI{U4_11.f f F^ c E^(a) iS-e--ggg!eg! Z-extTemel- su:!seI'}hen s
' E = = = = = -

1g.-g--go$lfgj" Z-, -qEt{emal. pulr-qct of n( g) o '
:

.  p l ' o o f  . l e t  g  6  = - 1 ( f o )  n  E a (  B )  ; t h e n  s (  S )  €  F . ,  A  I I ( A )  
" l d , t h e r e f o r t r ' w eL' -l

have that 1(ro) 
= 1-rfor any subcentral rneasure fei l i (Eo1t  u^ (  A)  )  n  such

t h a t  u ( f )  =  * ( i ) . v *  i n f e r  t h a t  { ( s - 1 ( F o )  )  =  * . * ( j ) ( P o )  = - 1 , f o r  a n y
t

{g . l " r (n(  B)  ,  e)  ,  because so(  v)  is  a  subcentra l  measure and b(  s* (V )  )  =

=  s (S) .The  Le runa  i s  p roved

lEl l f l t r{- l?.1bg--qe.nnj.nq ? is a. continuoSs,eurject ion, i , !  *-1( p(A) )

,  n-1(F(A))  - -+p(  A)  be the rest r ic t ion of  s  to  
" -b t t  

A)  ) 'o  fo l - rorve

is qnclo', lqd_vi1jb. _!]ie 2,., -to.Eolqg[, r 'r l l?Ittg,s f ( n) is endojred git4-the qor

?I-oqt.Any central- ly c losed subset Fo

=  F o ^  r ( A ) , w h e r e  F o c  E o ( A )  i s  a  c o m p a c t

i t  w i l l  be  su f f i c ien t  to

ar ly co:npactrvrhereas from

we infer that  s*( i )  = p.  is  * .  subcentral  measure correspond. ing to s(

f o r  a n y  { e ( ! 1 ( i l ( B ) ; g ) . S i n c e  s ( e )  e  F o n E ( A )  r w e  i n f e r  t h a t  
f  

( F o )  =  
1

ancl  ,  thcref  ore ,

, , , - 1 ' /  n  \  \1 =  
f ( r o )  

=  s F - ( ' J ) ( r o )  = r ) ( t :  1 . t ' o / / ,

for a'ny le.or( u( B) i s) r a.nt1 the T,enrna is proved .

*dxtrema. l .  strbset of  i l (  n)  .

G-l tS'o;  = =-1(  no ) .  n u-1"(  p (a)  )  ,

-1  .
Trrove tha t  s - - (  F^  )  i s  Z"  -ex t remal .T t  i s  c le'  o '  r
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t_ . tlle inf er that t-( il( F ) ) =
6 . fjr

gailbr's Tle.q:rem ( see[z:f ,  ?ioposit ion

xna is proved.

Dirac me asure\.l. ie infer tha.t !g

is  a  fac to r ihence \ (  
ru (  A)  )  t re^  1s*

("(  
s)  

( l )  "  is  a f  actoi . i r* .qt  
_g 

e Et(  B)

1 . - q i n c e  b ( \ ) g )  =  g € e x  T 6 ( f ) ' b Y

1 .4 )  we  in fe r  tha t  $o  o  €n  , the
=dH 

_ and, therefore r ' to*( r io( n) ) '
a. fac$or,and this impl i6s that

we in fer :  that  s(e)  6 I ' (A)  'The lem'

j F  =  9 ( F ) - t ^ r u
o n  E ( B ) r s u c h  t h a t

!ggg4=14.!g-!. ie,I,tl( a( B) )bg.a+{ maximal gre-asurg n sucb }hgL I ( Er ( n)') *

F l ran9 l -e l  Fc  E(B)  be .  Erny  eempact  Zr - ex t remal  subset .Then

1

F n  s - ' (  p (  a ) ) =  f i  ' +>  i ( f )  =  o .

IIgg!.By way of cont rad ic t ionr le t  us  assune tha t  0  (F)  >  o .Def ine
\ r h l

.Then t . ,n is a maximal Radon probabi l i ty  measure

J - ( P )  =  1  a n d
l r '

r ) r ( n r ( n ) )  =  9 ( r ) - 1  i ( r n n r ( B ) )  = ;  l - .

i v e  i n f e r ,  t h a t  i f ( f f i ( P ) )  =  l i h e n c e ,  - ) p t  6 ( f )  i s  a  m a x i m a l  R a d o n

p r o b a b i L i t y  m e a $ u r e  o n  K  =  6 ( F ) . l f  w e  d e n o t e  q =  n l K r t h e n  V  i s  a

l "ower  semi -cont inuqus  a f f ine  func t ion  on  Krsuch tha t  q (K)c f9 r i l

and  n f ( ' { )  =  1 .

For  any Def to(E(B))  rore have DnK € j lo(K)  and a lso

( n n I { ) n ( * "  q , - l ( l r \ l )  =  f , ,

by T,emma L3.From t [e8 l  ,Proposi t ion ] " .8)  we in fer  that  f  p( l ) '  =  o t  1 .  e

i I ,  = ora contradict ion.The lrernma is proved-

lgggg=l! , l . t  Foc Eo(A). bgjLnv comnqgl Z-e5tretryzl subs-et,  of no(A),

enq-Lgi. pe*l f t not n) l be a.n:r s l(1) 6 $( A) egg
|  - ' r  \ ,  -

p.(Fo) = 1.TIre-S rye_lrave 7.,r-(D) 
= o,I9I-si ly D e f,Jo(to(A) ) 'sr€b that

b " n " n F ( e )  =  / .  
'

Pto.of  ,Let  f  -  t (1)  a ,nd.  I  =  ^<. i lB 'Then ** ( t ) ' .=  -9  
" ,and 

9*  is  a

maximal orthogona.l  rneasure on n( 'n) rsuch"ttr l t  so({*) 2 y "f  f  i i  e

€ J 3 ( n  ( n ) )  a n d  D ^ F o A F ( A )  =  f i , t h e n  u - ' ( D ) 6 3 0 ( E ( B ) ) , a n d '
s  O '

* -1 (u )  n  * -1 (no )n  u -1 ( r (A )  )  =  f r  .

Since we have

- \  r  - 1 , * .  \  \ ,  r  \ l n  \



(  ex  6 (  
" -1 (Fo)  ) )  nn r (B )c  * -1 ( ro )  n  * -1 (p (a ) )

and, there

( e x ""G-{+FJ ) ) nur(n) n *-1(n) = fr ,

r f  we denote I {  =  F(  
" - l (Fo)  

) ,  q)  =  n\K,  $o ,=  {g \6(  * - l (Fr )  )  rwe can ap

p ly  1 [zA l ,p ropos i t i on  1 .8 )  i n  o rde r  to  i n fe r  tha t  ' i o (s - ' (D )n r )=  o t
1

s ince * - t (n)nxe 3o(x) rby tak ing in to  account  a lso the fact  that

{ - (n , (n ) )  =  l . I t  f o l l ov rs  tha t  p (n )  =  $o (s - l (D ) )  =  o ,and  the  I - ,emma i s
g '  r '  !  6
p roved  d

As an immediate consequence of  lemma 14 we obta in the fo l lorv ing

Theoremrwh ich  ex tends  Saka i r s  Theorem (  see  gZ+ l rTheorem 3 .1 .8 .  )  t o

the case of  an arb i t rary  C+-a lgebra Arpossib l -y  not  conta in ing the

unit element

gEggEgg =?L.lSl.faltlt not nl I b9- anv .c-enlral grea.gure, qggl jhat b(f) e

€t r i ; i : i r t ; ; :  p(D) '=  o , ro"  u ty  D €s j^ (E^(A)) ,suc l r  thgt -  D  ̂ F(A)  = g '
r  

\ - ,  - t - -  -  L  - - o -  o -

Pfggf . In  ihe  preced ing  lemma take  Fo =  Eo(A) .
/\

$- -a lgebra  f3o(F(A) )  de f i .ned bY

central  measure,  such that n(p )  € E( A) '

correct ly a probabi l i tY neaJ,. , "u

we infer that

BY lre:nmas

9*( 6( s
11 and 13

,  *52-

- 1 ( F o ) ) ) ' =  
1 .

we have

...: -,, -]i!iiiE8giu&."f

=  { n ^ r ( A )  ;  D e T 3 o ( r o ( a ) ) \  .

be any

d ef ine

so( r( A) )

A t o n P ( r ) 1  
= 1 ( r )  , D € 8 o ( n o ( A ) ) .

o '

y'f ,"u
suttset

usual ly.

F o  c  B o (  A )

---=- I f I . lYe sha1l  now consider the

- \ n-- 
so( F( A) )

. 1
T,et  nov i  1r€,4{ i (uo(  A))

By Theo.rem 21 we ca:e

' I L

I

by the formula

,A

From ;i^ r ', 'e can derive the outer measure
/ v

IUEaIIiJ*?? . Ior ryn-gq.yrpact. z-":trS*"}

l J t o " ^ F ( A ) )  
*  

/ ^ ( I n o ) .

we halve
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l "gqf  .Assume f i rs t  that  f (Fo)  = o. l lhen" there ex is ts  6 .  set  Do €

obv'iously have that

F; ,u . ^P (A ) )  
=  o '

6 B o ( E o ( A ) ) , s u c h  t h a t  D o = U o . o l d  f ( D ) .  
=  o . T f e

D o A r ( n ) . . f r o ( r ( n )  )  a n d  D o A r ' ( a )  t r o A  p ( a )  .
From Fo(Oonp(n) ;  

=7^(no)  =  o  Y\ Ie  in fer  that

and the equa' I i ty  is proved in l l r is  case.
=l(.oo)"1rnf

=  ( -  , . . \ \ r [  d f r o
-t no( a)

(uol,t,r

/ .Frorn

f ro(ro)

r
and this ies thatimpl

0n the

p(  ro )

r (  Fo) < Frt  Fo AF(A) )

o t h e r  h a n d . , t h e r e  e x i s t s  a  D  6  $ o ( E o ( g ) ) r s u c h  t h a t  F o C  D  a n d '

=  
f  

( o ) . F r o m  F o n F ( s )  c D n F ( A ) , a 1 d  f r o r n

l f , u " 6 n ( a ) ) < l o ( n n r ( a ) )  
=  f o )  =  1 ( F o ) '

we inf er tha.t  
f  

(  Fo) = 
F:(Fon 

F( A) ) ,  and' the Theorem is p r o v e d .

r e s n e c t  t oTI{E0Rlli ' i 23. Anv Bn.ire 'neasurable subset ftT c F( A) 'ry'i]!

€

I f  
f (Fo)  > or le t  us cons ider  the cent ra l  measure t *o

tYe have

\\t(1^no) \\ =  f ( t o ) - t
dr=

f ( no )  
=  

l ^ (Fon  
Do )  -<  f  

(Do )  = o ( o o A r ' ( A ) )  ,

s ince  l t " t t  i s  a f f ine  and-  lower  semi -cont inuousrand 7(A(n(A) )  
=  1 ' I t  fo l

F n  ( l )  =  o r f o r  a n Y
!  * o

= 
f ( ro ) - t  

(uonr t  t l f (  u f  = f  (eo) - )^ tFona(A) )  =  l - '

lows that  o(  f  o^;  e n(  a)  .
Slnc. Ff.  

(F;) = lrby T,emrna 15 we have that

D €8o(  Eo(  A)  ! ,  such that  D n Fo n F(  A)  = f i  .

T ,e t  t hen  Do63o(uo (n ) )  be  such  tha t

D o n F ( , t ) : F o A r ( A ) '

n
Yr i th  D I  *  C  no  we  have  D t  €  3o (no (s ) )  a .nd  l rA  ?o^  p (a )  =

ma 14 v ;e  in fer  that  /^ f  
(Df )  =  orand. th is  impl ies that

It fo].lows that o

Lem;

= 1

the centrrr,l tSp.glggl,lg fiu-UggujtiS$gr fgt Slrr -ce-?1fa]-!t9g'Fllq
i

nt+( Eo( A) ) , q"gt' j$! b.f^ ) e n(.q) .
l '
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I IggI.We recal l-  that the Baire measurabl.e subsets of a topologi.cal

pace are d"ef lned. to be those belongi.rr .g to the sma.J. l .est s-alf :ebra

b,ge ts  o f  the  spe,cerv ih ich  conta ins  a l l  the  c losed G1*subsets .

I t l "  be suf f ic ient  to prove that any central ly c lo 'sedrcentral-13

Gf -*ubset  
fuqta)  o f  F(A)rwhe: :e  Fo is  a  compact  Z-ext remal  subset

of  i lo (A)  r is -  p"o. r r - -1u*uurabl -e . Indeedr i f  (Fr r )n>1 is  an increas ing seque-

nce of  compact  Z*ext rembl-sgbsets  of  So(A)rsuch that

( F " r ^ P ( a ) )  =  3 ( A ) r . F o r

then vre have

Fl tu (A) \po)  =  * "p  F i (Fr rAr (a) ) .

From the fact  that  Fr rAlo^ l (A)  = f i r for  n) l rand '  f rom Theorerc  1o we

in fe r  tha t  F *^Fo^n ig )  =  g  and , the re fo " * ,1 . (F*nFo)  =  o . I t  f o l l o r r s

that

fi(r(n)
A .

\ F o ) < r  -  
r ; ( F o A r ( A ) ) ,

and th is  shows that  Fo^T(A)  is  Fo-***"urab1e.The 
Theorem is

Remarlc. l l f i th a.n obvious notat ion;we can wri te the preceding

@

u
o=1

proved

r"esul t

as fol].ows

Bo( r ' (  p , ) t ^ (p (n ) ) )  c  G" tu tA ) ) (

We shal l  prove below that 
F" 

can be 
_extended'  

as a,  regular proba.bi l i

t y  measure  on  the  Q- -a lgebra  3 \ (F(  A) ;Z(F(A) ) )  o f  a l l  Bore l  $€&$r - r r&*

b l e  s u b s e t s  o f  f ( A ) r w i t h  
" r e s p e c t  

t o  t h e  c e n t r a l  t o p o l o g y .

lYe  sha l l  denote  by  f i r t f ta ) )  *n :  s r -a lgebra  o f  su l rse ts  o f  F(A) ,

gene ra ted  by  6o t t { o ) )  * i a  r y  $ ( r ' ( , 1 , ) i ? ( I ' (A ) ) ) ,By  8 r (Eo (A ) )  
: :  

sha l -

denote  the  d-a lgebra  o f  subsets  o f  Eo(  n )  ,  genera ted  hy  \ ' (Eo(A)  )  and

J \ o { n o ( n ) ) . r t  i s  o b v i o u s  t h a t .

f f r t u tn ) l  =  d  i r  nF (A)  ;  l \ i l 6 f5 : (Eo(n ) ) \  .

Alsorv re  sha l1  denote  bY

generatecl  by the set F

E o ( A )  a n d  b y  S o ( u o (  A )  )

immedia te ly  in fe r  tha t

E 1 (  H o (  A  )
(  n c . ( a )  )  o f

.From the

J3r( ao( a) )

/^J -

)  t f re  c r -a lgebrn  o f  subsets  o f  Eo(A

the cornpact extremal subsets of

i n c l u s i o n  F ( E o ( A ) )  c  z ( E o ( A )  )  l v e

c S e ( E z ( A ) ) .
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ie  &1(  E(  B)  ) a -mal<j-Tn!r,1.-qrg-a:;ure-, su-clr- tlrai Q ( Af ( B)')=

= o for an.r1 D
1

f {  ( E (  E ) ) , s u c h  t h a t  D n  s " r ( F ( A ) )  *  f i .

b e

Xros{.From ([:r l  ,Theorem 2 ) we infer that

T  ( ? ( B ) n E t ( B ) )  r  1 .

(ueru  X is  the  C-Bdre l  p robab i l i t y  measure  induced on  ?(B)  by

\ )  ;  ses [ : r l )  ,  -
T h e  i n c l u s i o n  ? ( n ) n p f ( B )  c  

" - 1 ( r ( A ) )  
n o r n i  i m p l i e s  t h a t

\ ) ( D )  =  T ( n n P ( B ) )  =  o '

f o r  a n y  D  € g o ( E ( E ) ) r s u c h  t h a t  U n s - l ( F ( A )  )  :  f i . T h e  L e m m a  i s  p r o v e d .

l* te 
"*r .  

*o"o consider the c--algebra Got "-1t  
f ( , t )  )  )  ,  Cef ined by

' . 4 . r 1

E o ( u - 1 ( F ( A ) ) )  =  {  o ^ " - 1 ( r ( n ) )  i  D e R o ( E ( B ) ) } '
t't

The preceding lemma shows that by the fornrula

4 - 1
0 o t n n * - t ( r ( A ) ) )  =  $ ( D ) ,  D  e P ) ' ( B ( B ) ) '

one de f ines  cor rec t ly  a  p robab i l i t y  measure

/\
t o .  G o { u - 1 ( F ( A ) ) )  - +  f o , r l  ,

f rom vrhich one can derive , the correspond.ing outer ***"o"" t f ,  ' '

lgSgA=IZ.lS F cE(B) be any- cornpa-ct zr-exlr-ern3]i:rubpgl 9f-.1(*):
antl let;;-;;"1,,t1( E( B) ) be_ aliJl.rls.Ilmal geasurg, such thgr! 01nt( n ) ) = 1

a .ae  A(F )  =  1 ,Then  rve  ha ,vq . . ) (D )  =  o , i g l -3gg  D63 :o (E(B) ) ' su9 l t  t l ' , a t
l 

_-

D n F n  s - ' ( F ( A ) )  =  f i .
F r o o f . L e t  K  =  c oc o ( F )  ; t h e n  { ( K )  =  1  a n d  i \ K  i s  a  m a x i m a l  R a d ' o n

probabl l i ty  mea,$ureo n  K . I f  D  €  E o ( t r ( B ) ) , t t r e n  D n K  c  f i o ( K ) . T f  w e  c 1 e -

note \ ,  =  n \Kr then V io  i ;  lower  semi-cont i -nuous af f ine funct ion L/ :K- t

- + f o , 1 ] , s u i c h  t h a t  V ( \ r )  =  l . S i n c e  I { n n 1 ( B )  = Y - 1 " ( i f  } ) , f r o m  t h e  f a c ' f
-'l . ,

t h a t  e x  q  
* ( { t \ )  =  E l ( B ) n  ( e x  I i ) , f r o m  r , e m m a  1 3  a L n d  f r o m  1 [ a 8 l , r r o -

p o s i t l o n  1 . 8 )  t h e  p r e s e n t  l e m m a

TEPAEIU-?A.M 7'1

no\',/ i inmed iat elY fo1louts.

-extrems.l s-ubset F (A(B) We h.tve

$ ; t u  n  s - 1 ( r ( a ) ) )  =  v ( F ) '
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\ .
) is any maximal
=  o r  then  the re

o.We then have

1

F n s * * ( F ( A ) ) c

meas,ure, such
ex is ts  a  D €

n n s- l (  l ' (  t )  )

t h a t  f ( E r ( B ) )  =  1 ) .
/  n /  n  \  \J5o(  E(  B)  )  r  such tha t

and,  there fore ,

\ 4,*, 
'r -^ '1

\  v - ( F ^ s - ' ( r ' ( A )  ) ) - ( - i o ( l n s - ' ( r ( l ) ) )  =  { ( D )  =  o .- \  ' o '

- _..-_-_-_

L,et u}-no"r-assune that i (e)) o.!Ye shall then define the maxirnal
t lmeasure  $F  =  r ) ( f ) - 'XU r l  , f o r  wh ich  we  a l so  have  {U(n r (R) )  =  l ,By

t remma 1?  we  have  tha t  $F (D)  -  o , fo r  any  i )  eSo lE (B) ) r such  tha t
D  n F  ^ s - 1 ( e ( n )  )  =  f i , b e c a i l s e  { F { F )  =  1 .

l e t  t hen  Do  €5 \o (n1 r11  be  such  tha t

D o  ̂  * - 1 ( F (  A )  )  :  r  ^ s - 1 ( p ( n )  )  .

v { i t h  D l  =  t D o  ' v , , e  h a v e  t h a t  D t  €  B ' ( E ( B ) )  a n d  D t ^ p n s - 1 ( r ( a )  )  =  f i ,
t r ' rom lerama 17 we now j .nfer that $f(D1) = orand this impl ies that
r ) r {no )  =  1 . r t  f o l l ows  tha t

\ )  ( F )  =  J ( r ^ D o )  - <  i  ( D o )  =  i  o ( D o A u - 1 ( F ( A )  ) ) ,

and this impl ies that

{  (  p)  - . ' i : (  l .  ns-1( r (  A)  )  )  .

0 n  t h e  o t h e r  h a n d r t h e r e  e x i s t s  a D ( J 3 ^ ( E ( B ) ) r s u c h  t h a t  F c D  a . n d

i  ( l ' )  =  \ ) ( l ) . F r o m  l '  n s - 1 ( F ( A ) )  c  n ^ s - I ( r ' ( A ) ) , m d  f r o m

A r  a  , A  1

t j t n n s - 1 ( F ( A ) ) )  - <  S o t o ^ s - 1 ( e ( n ) ) )  =  r J ( n )  =  . . l  ( F ) ,

we in f  e r  t ha t  J  ( r l  *  i [ t f  F (A )  ) ,  and  the  Theorem i s  p roved .

IV. !Ve sha1l  now use the preceding resul ts  in  order  to  prove that

any cent ra l  measure f  e&t l t t to(  A)  )  ,  such that  b( f  )  e  0(A)  ,  induces a.  re*
gu l "a . r  Bo re l  measure  on  F (A) ,w i th  respec t  to  the  cen t ra l  t opo logy  on
p(4 , ) .To  th i s  endrv , ,e  sha1 l  adap t  to  ou r  case 'bhe  method  o f  p roo f  g i ve r

by  Ba t t y  to  ? r  s im i la r  p rob lem (see  [ , l l ,Theorem l i (6 ] ,Th*o "e*  3 ,2 i

[ : .1 ,  Theorem 13 ) .
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I

r ,e t  So(n(n))  be the cr -a lgebra of  subsets  of  E(B)  rgenerated by
a

f |  ^ (  f  (  B)  )  ,  and.  by  the  se t  o f  a l l  (  compact  )  Z . '  -ex t remal  subsets  o f  I t (B)- " o . - \ * ,  r  r " - - - -  t

0 f  cbu rse rC I tV  con tpac t ' ex t rema l  subse t  o f  l l (B )  be longs  to  SZ( I l (B ) ) .

f f e  sha11  a l so  cons id .e r  the  ( -a lgebra  Gr { t - l t e (n ) ) )  o f  subse ts  o f
1 *

s - ' ( r ( A )  ) , g i v e n  b y

Gr t * - t { r ' ( a )  ) )  =  {  r , n  nu -1 (p (a ) )  I  ue32 (n (B ) )  }
a

we have the inclusions

f \o( n( B) ) aT{rf ut n) ) c s,2(E( B) ) c T 5 ( n ( B ) ) ,

where  by  J11(E(B) )  r ie  have denoted  the  c -a lgebra  o f  subsets  o f  E(B)

g e n e r a t e d  b y  $ o ( E ( B ) )  a n o  b y  t h e  s e t  F ( E ( B ) )  o f  a l l  c o m p a c t  e x t r e -

m a 1  s u b s e t s .  o f  A ( B ) . l { o r e o v e r r i t  i s  e a s } r  t o  s e e  t h a t  S r ( s - ' ( F ( n )  ) )

i s  t h e  o -  - a . l g e b r a  o f  s u b s e t s  o f  u - 1 ( f ' ( a ) ) , g e n e r a t e d .  o u -  G o ( * - ] ( e ( a ) ) )

and  s (  u -1 (  F (A)  )  t t ) .
. 1 .

i , e t  p€ r l " t i ( no (A) )  be  any  cen t ra l  measure ,such  tha t  f  =  b (F )e  E ( * ) '

1et g = Ot?\B a.nd consider the corresponding maxlmal orthogonal mea-

s u r e  i = $ " - .
6

For  any  I f i  eSr (E(B) )  we sha1 l  de f ine

\ ) , ( M )  =  * r p { \ ) ( r )  ;  F  € 2 1 ( E ( B ) ) , t r  n u - l ( l ' ( a ) ) c m }

and.

0 " ( H )  =  s u p $ t n f  i  F € 2 1 ( E ( B ) ) ,  r c { } ,

We have the  fo l lo rv ing  proper t ies

a )  0 " ( l r t )  s u ' ( l ' , { ) ,  f o r  a n y .  I i i  e  f , s t ( E ( B )  )  ;  o b v i o u s .

b )  0 " ( l , t ) € i ( M ) , f o r  a n y  l ; i  6  3 2 (  E ( B ) ) i . o b v i o u s .

c )  I  r t ( D )  -  J  ( n ) , f o r  a n y  D  €  S o ( E ( B )  )  ' i n d e e c l r i t  i s  c l e a r

<  \ )  (  I )  ,  t , y  asser t ion  b)  .S ince  r )  i s  max imal ,  and 
' s inc .e  

Z l (E(

a l l  compact  ex t remaf  subsats  o f  E(B) r the  equa l i t y  fo l lows

.  t h a t  0 " ( D ) * (

B)  )  i  nc lude i

f rom I [e11,
C o r o l l a r y  t o  T h e o r e m  1 ) .

d )  \ )  " ( E ( n )  r . : r )  =  . )  ( E ( B )  r  F ) , f o r  a n y  F  e  T , I ( E ( B ) ) . I n d e e d o s i n c e  n ( B ) \

\  F  i s  o p e n  i n  n ( B )  r a n d  s i n c e  n  i s  n r a x i m a l , b y  1 [ Z g l r T h e o r e m  2 ) , f o r

any  {yor there  ex is ts  a .  compact  ex t ren ta l  subset  Fr  cE(B)  \  F rsuch tha t
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'  and ,  there fore ,we have

' )  ( E ( B ) \ F )  <  $ , , ( E ( B ) r F ) .

Asser t ion b)  prov ides the rever .sed-  inequal i ty .
e )  \ )  " ( F )  =  i ( n ) , f o r  a n y  F  € 2 1 ( n ( t s ) ) ; o b v i o u s .
f )  {  " ( l ' { )  =  i ( I , , { ) , f o r  a n y  } / 1  € J 3 2 ( n ( B ) ) . l n d e e d r a s  i n  f  [ i l , p r o o f  o f

p*pe*rtL:n 5 ) we sha1l cbnsider the set

'  
S "  =  { r , r  6  32 (E(e )  ) ;  D" ( r , i )  =  r ) ( r , r ) ,  i " (C i i l )  =  i  (C r , r y \  .

I t  is easy to pr<lve that 55't  is .a f f-algebra, such that

s o ( E ( B ) ) c J 5 "  a n d  2 1 ( E ( s ) ) c 3 "  '

b y  v i r t u e  o f  a s s e r t i o n s  c ) r d )  a n d  e ) , I t  f o l l o w s  t h a t  B "  =  5 \ 2 ( E ( B ) )
g) iVe have

C ' { m r )  +  r ) ' ( I r e )  < { ' ( t d r u } , { 2 )
and

r , )  " (Hl )  +  r ) " ( t {2)  < \ ) " ( I {Lu l i12)  r

f  or any l ' { ,  , l {Z€ f , tr(  : l t  B) )  ,  such that I f i f  |  } ,{2 = / . Ind eed , the second. ine-
.  qua l i t y  i s  a ,n  immed" ia te  consequence o f  the  de f in i t ion  o f  { "  i fo r  the

f i r s t , g i v e n  f ) o r t h e r e  e x i s t  F l r F 2  € Z t ( f ( e ) ) r s u c h  t h a t

F i ^ s - l ( F ( A ) ) c l t r ,  a n d  . . ) , ( M i )  - e < ! ( F i ) ,  i  =  1 r z ,

lYe infer that

i ' ( n t r )  +  i ' ( H r )  -  2 € < i ( r r )  + Q ( F 2 ) ,

whereia,s f rom Fl  ^F2 ^*- l (P(A) )  = f i  an& from lemna, 14 \r . 'e infer tha, t

. ) ( F r . )  + $  ( F z )  =  i ( F l u  p 2 ) . T h e  a s s e r t i o n  n o v i  i r r n e d i a t e l y  f o l l o r , v s .

h )  r ) ' ( t ' t )  = Q ( t ' t ) , f o r  a n y  I ' / i  a 3 z ( n ( B ) ) . r v r c l e e d , b y  a )  a n c l  f )  w e  h a v e

r ) ( t t ) < \ ) ' ( 1 , { ) , f o r  a n y  } . t i  1 x ) ( n ( n ) ) . n y  g )  w e  h a . v e

l -  =  r )  ( i , l )  n  n  (CL{ ) -<  \ ) ' ( } i )  +  i ' ( f u )  <  r . .

h e n c e ,  i ' ( l t )  =  i  ( i r i )  ,  f o r  a , n y  [ t  € 8 2 (  E (  B )  )  .
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. . . . . . . , . ' ,  ' , - : . ' . : ' . . ; . , . : , . .1 .  . , , .1 : r ' . ' ' - l ' , : - , - : . . , ' - : . - . i i i $ i ! * i

i )  For any } , i  €552(B(B) )  u, ,e have that

t , r n s - l ( r ( A ) )  =  f i  : >  $ ( M )  z  0 .

Indeed ' thd :s  i s  a .n  i rn rned ia te  eonsequence o f  asser t ion  h) .

lYe infer tha,t by the forntula

i t * ^ u - 1 ( F ( A ) ) )  = \ ) ( l , { ) , ,  M € J J 2 ( s ( B ) ) ,

we def ine -  correc'uly a probabi l i ty  rneasure

n a'Q : 53e( s-'( r( n) ) ) -+ fo,l l ,

.  .4, .r z\

s u c h  t h a t  1 \ f 5 o ( = - ' ( l ( n ) ) )  =  ! o

By summa.rizing the preceding resultsrwe get the fol lovi ing

IIiEg EYI', =?2. The r e- ex i s t s e r,r.oba bi I i t y- me asurg

i ,G r ,= - l ( e (n ) ) )  - +  G , r f  ,

such tha t---:X--^ r A
a ) ' $ \ 3 o ( s * ' ( e ( l ) ) )  =  ! o  i

anti-
^ ^ ' l

b )  ' $ ( t t i n s - - ' ( F ( A ) ) ) = 0 ( l i i ) ,  M e f , . z ( n ( n ) ) ;

ancl pos,sessj-ng Shq folrLg',  *f ; ,\- 'r
_  A  - A -  |  ^  - t \  f  A  / -  _ - i  -  -  \

a )  u  t f l T l  =  * , r p { Q ( r ) ; l ' c i i ,  } '  € ' z r t s - ' ( r ' ( a ) ) )  \ ,  I {  €  \ r ( = - ' ( F . ( A ) )
and

./\ rA /\ /\ /\ /a '\ '  ' l  
-\ /\ '  /\ - -1 -

b )  \ ) ( ' F )  =  i n f  { { ( D ) i D  ) ' F  , ' i e f 5 o ( u - ' ( F ( A ) ) ) } ,  p  e z r ( * - ' ( F ( A ) ) ) ,

Tt .o-gt .Tf reex is tence of  t  * **  estab l ished just  hefore the s ta tement

of  the Theorern;asser t ion a)  fo l lows f ro l r t  the .equal i ty  i ' *  \ )  ,whereas
asser t ion b)  fo l lo i l rs  f rom Theorem ?-4.

Iret us rfovr reca.l l -  thatrby Lenrma 12 rthe napping

G ,  u - l (  F (  A )  )  ->  p ( , t )

'l\

is  cont inuoue ,  i f  s- t (  f  (  A) )^t*  equipper l  wi th the 7, ' - t ropology, r ' ;herees

p ( n )  i s  e q u i p n e d  r , v i t h  t f u e  
- 2 . - t o p o l o g y  

( i . e . r t h e  c e n t r a . l  t o p o l o g l r ) .

A l - s o r s i n . c e  s : E ( B )  . - ) , E o ( A )  i s  c o n t i n u o u s r w e  h a v e  t h a t
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Do n  f 3o (no (n ) )  : 1  * - 1 (Do )  e  5 \o (E (B ) )

a n d r t h e r e f o r e r w e  h a v e  t h a t

and

?*(q(  * -1(r (s)  )  )  )  :  6otr io)  )

€ . . (  a  ( u - 1 ( F ( A )  ) )  r ? 1 )  c  i 3 ( r (  s )  t z ) ,
.  tF  J - -

wherer in  the  le f t  hand members  o f  these re la t ions  the  fu11 d i rec t

images qf  the corresponding. a--algebras are denoted.*Ve infer that

^  r a
A * ( . B 2 (  * - ' ( F ( A )  )  )  )  ) . B 2 ( F ( A )  ) ,

a n d , t h e r e f o r e , t h e  f u l 1  d l r e c t  i m a g e  o f . t h e  m e a s u r e  i  , i . e . I

i t u )  :  A * ( G r ( * - 1 ( r ( n ) ) ) )  +  f o , r J ,

i s  d e f i n e d .  o n  R ( F ( A ) ) . I t  i s  e a s y  t o  s e e  t h a t

4 , r
t  ( n ) \ 8 o ( n ( a ) )  =  / o .* '

: 6  ( v )  t o  A t u f A ) ) .
t  t + '

/\ 
'l

lEEl{S-"1"0.r}e-.uspllpg s : s-'(F(A) ) -+ F(A) i$-clgq-e$.
?roof . i: le must prove that

? e?rr* -1( l ' ( .q)  )  )  =+,  ?( f )  €  A(F(A)) .

l n d e e d r l - e t  ?  =  I ' n u - 1 ( e ( A )  )  r w h e r e  F  c E ( B )  i s  a  c o m p a c t  Z r - e x t r e m a l

subset .S ince  rve  ha .ve

t t $ l  = ;  s (F )  n  r ( a )  ,

i t  r v i l l  b e  s r - r f f i c i e n t  t o  p r o v e  t h a t  s ( l ' ) c  n o ( A )  i s  Z - e x t r e m a l . f n d e e d

f o r  a n y  f o  e  s ( p )  n n ( n )  l e t  f o e , C L ( E o ( n ) ; f o )  
b e  a n y  s u b c e n t r a l  m e e s u t r

such th tE t  b ( fo )  -  fo .T le t  goe l '  be  such tha t  fo  =  s (go) .Then rve  have

t h a , t  C o  a  U r ( n )  a n d , b y  L e r u n a  l o r t h e r e  e x i s t s  a  m e a s u r e  { o e . f l t ( U ( n ) ; g *

such tha t  u* (  Vo)  =  
l ^o .Frorn  

b( io )  =  go  eF rse  in fe r  tha t  ^ ' lo (F)  =  1  and
'bhereforer\ ' /e have that



t " ( s ( t r ) )  
=

and' the Lreuma

Remarlc. The

a.nd

a l  | t$o l  =  i r r r  {  / tno l

. i ,  G  . G r p 1 n ) ) \-  
" " o  I  t o  s  o \ '  

, t
f or g.ny Ii^ 4

A z \ A

i D o r F o  ,  D o c  5 3 o ( F ( A )

i s  p roved .

proof of the l ,emma shows that we ha.ve the imnticat ion

F  e  2 1 (  E (  B )  )  = +  s ( F )  L  r , ( E o (  n ) )  ,

as wel l  as '  the fo1lorr , ' ing re lar i t rorer t  i  es
c) frt frol = * 'p { Ft4);fo '..t

8 r ( r ( a ) ) ;

which  lv i l l  be  used be low,o

Vfe can now Drove

gggggg$=Qg.For_gny- q,entlal mcagure AerlO, 
(no( A) ) , such tha! b(f ) 6

e E(  A)  ,  the-cor res-po ld ing  -4easr4re  f i  has  the  f  o l lo r ; ing  proper t ies

a ) r  '
apg

b) i tm ^! ' (A) )  = 
f  

( l ,To),  Ipl  g.*,v I ' ro e Srtno(A) )  i'  
I  O '

fo r  anv  F  tz
of,.^ af,f p( A)) .

?roof .AEiser t ions  a)  and b)  have been es tab l i shed jus t  be fore  the

s ta tement  o f  the  Theorem.
.2\  

^ .c ) t  e t " tdo  c  A (Eo(A)  )  and  €
Q ? t r (  u - ' ( r (  A )  )  )  . ny  Theorem
such tha. t  ? .G- l ( f ro)  and

Ft f r " )  -E  = i ( t - l ( r {o ) )  -e . t t f l

0f eo-urse n there exists a 
.  
compact Zr-6xtrema1 subset F c E( B) ,  such

t h a t  F  =  F n s - ' ( r ( A ) ) . s i n c e  b y  l , e m n a  1 8  w e  h a v e  t h a t  C ( ? ) . ? ( p ( a ) ) ,

the assert ion nolv immedintely fo, l - locrs,

a ) t n i s  i s  a n  i m m e d i a t e  c o n s e o u e n c e  o f  l l h e q r e m  ? 2 . T h e  ? h e o r e m  i s

proved..

The regu la r i t y  p roper ty  c )  lnp l ies  tha t
^ ' \ -  o f  7 t ^  , i . e . ,  t h e  m e a s u r e  1 ^ \ ( } ( f ( A ) ; Z ( f ( A ) ) )

as the fo l lorv ing Theorem sholvs.
A

SHggEgg,=?2,*)  Bo(F(A) )  c  J3 ( r (  A)  ;7, (F(  A)
a.ng n

b )  s r { r (  A )  )  c  e }  ( r (  i l ; 2 ( r ( A )

^ - ' l  . A
> o  be  g iven.Then vse  have tha t  s  * (H^)  e

. , . a  1 u
2 5 r a ) r t h e r e  e x i s t s  a  F  4  2 . ,  ( s - ' ( f ' ( , q )  )  ) ,

the  "Bore l  res t r i c t i -on"

,  determines 
i  

on 6r t r t  a l  ;

) ) (l),
))(F) .

</1616' l  l .
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c )  i n  T h e o r e m  2 6 .

V . F r o p e r t ; ' c )  l n  t h e  s t a t e n e n t  o f  T h e o r e r n  2 6  c o u l r L  b e  c a l l e d i t t h e

regu l ,a r i t y  by  c losed subsets" .A  more  ca , re fu l  ana lys is  o f  the  s i tua=

t ion  wt l1  show tha t  we haver in  fa -c t ,  the  s t ronger  p roper ty  o f  ' r the

regular i t l r  $y c losed quasi*corol lact  sutrsets"rwhich vre shal l  present

b e l o w . I n  f a c t r l e t  u s  r e t u r n  t o  t h e  p r o o f  o f  s t a t e m e n t  e )  f r o m  T h e o *

r e m  2 6 . L ' e t  u s  f i r s t  r e m a , r i c  t h a t  s - l ( F ( A ) ) c E l ( B ) . 0 n  t h e  o t h e r  h a n d ,
s i n c e  b ( r l ) €  n l ( B ) , v . r e  h a v e  t l r a . t  r ) ( E r ( n ) )  =  l . l l i n c e  E t ( B )  i s  a  G " l  -

s u b s e t  o f  E ( B ) r v u h e r e a s  {  i s  a  m a x i m a l .  ( o r t h o g o n a l )  m e a s u r e  o n  S ( B ) ,
t h e r e  e x i s t s  a  c o m p a c t  e x t r C I m a l  s u b s e t  F t c I J I ( B ) r s u c h  t h a t  V ( F f  )  >

>  1  -  L . T h e n  F ,  i s  a l s o  Z r - e x t r e n a l  a n c l n t h e r e f o r e ,  s ( n n f r )  i s  c o m . -

p a c t  a . n d  Z - e x t r e m a l  i n  E o ( A ) : S i n c e  s ( F n F n )  c  E ( A ) , i t  i s  e a s y  t o  s h o w ,

. w i t h  t h e  h e l p  o f  T h e o r e m  l o , t h a t  t h e  s e t  s ( F n F r ) n F ( a )  i s  ? ( e ( A ) ) -

quas i -compact . l {o reover rwe have tha t

o)  z t  <pr t t f " .6 r ) ) .

Thusrv"d have obta. ined the fol lowing

) , slicll tbat n (y^ ) e

a  Z - c l o s e d ,  Z * c u a s i *

u*t"f^. fi^ ,F-g9h-Ilrpt F,.(fio) - €r|(?o).
- v l

of couy'so-this Th.eorem extends the wel l -know:l  fact  tha. t  on ( I laus*

d.orf f  )  1oca11) '  compa.ct  spaces bound.erL R3don mea.sures are regplar by

conpact  subse l ;s .

The fol- lowing Theorem wi l l -

Igggglu=?2. a) s*(  32(B(B)) ( i ) )  =  n z (
a.nd.

b) 3-  (  aa(  o-1(r (  A)  )  )
P r o o { .  a ) S i n c e  s  :  E ( B )  - +  l l o ( A )  j . s

ble ,  i t  immed ia, t  e l -y f  o l lows that

3 r { u o ( n ) )  ( p )  c  s * (  3 a ( n ( B )  ) ' ( J ) ) .

l e t  n o w  l v i e  s . o ( S Z ( r L ( B J ) ( f ) ) . T h e n , b y  t h e  d e f i n i t l o n  o f  t h e  f u l 1  r l i r e c

i m a g e , r v e  h a v e  t h a t  s * t ( l ' , t )  €  6 \ r ( u ( B ) ) ( { ) , B ; , '  T h e o r e m  ? 5  a n d  t h e  p r o o f '

p reced" ing  i t  ( ' s ince  i  "  =  \ )  ) r the : :e  ex is t  inc reas ing  sec{uences  ( f r , ) * ,

a n d  ( F j ) ^  -  -  , s u c h  t h a t'  n ' n  > o

/ ' A
- ( ) 1 -

Proof  .The t ruo  s ta . temente  are immediate consequences of  proper ty

b e  u s e d  b e l o w .

F(fr

TI { IOI I } , {  2B.For  an l r  cen t ra l -  neasure  Ae.e . (E^(A)
= = - = = = = ! : = =  ,  t - ,

-  
- : - - - - - - ' / i - -  A  I

e n(A) , EFJ iii,.,, C 5\2( F( A) ) ?ry}__g3y t)ar lher"e elj,sls
^^mh4^-r-  . ,^+"f i^ .  f i^  ,  such t l rg!  F ( f r^  )  -  t<F(?^)  .v v i , . r J ( / v u u v u r

.#

tCl I 3*{ irtat ) ti) .
(  8z(n(  B)  )  ;  53r(  t ro(  4)  )  ) *measLl ra*
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Fr, € z, (n( B) ) , Fr,. Fn+lc s-1(Ni) , f  or any n >- o, and \) (I 'n)f $( o*1'( l ' i l )  )

F ;  e z 1 ( r ( n ) ) ,  r i c r r i * r c [ . * * 1 1 M ) , f o r  a n l J  n  ) o , a n d  \ ) ( r ; ) t \ ) {  * - 1 ( M ) ) .

By the Rernr:.rk fo. l . lovr ing the proof of J.,emma 18,lve have that s(Frr),

s(  r i )  e  T ' (no(  A)  )  ,  n ;  o ,  and we have that

* - 1 ( s ( r r r ) ) c  u * 1 ( s ( F n + r ) ) c  s * 1 ( t n ) ,  1 1  > o

u-1 (  s (  n i )  )  c  
" -1 (  

s ( r J r+ r )  )  .C ,o -11 t i ;  ,  n  )o r

a n d  i ( u * 1 ( s ( F r r ) ) t { ( u - l ( i ' , 1 ) ) ,  i 1 * - r ( " ( F i r ) ) ) t r ) (  * - 1 ( } , { ) ) . Y i e  i n f e r  t h a t

we have

s ( r i )  c  s (F i+ l )  cC  t * ,  n  !  o r

and-

) 4 l\ri,

1( s( F;) ) {p(Cr'r) ; it f ollori,'E: that I{ e 5t2( no( l)') f}.

s(Frr )  c  * (Frr* t

f  (  
" (Fr , )  ) t7^  ( t , ' t ) ,

U)Si -mi la r  p roo f  to  tha t  o f  a ) r i v i th  the  he lp  o f  the  fac t  tha t  the

m a p p i n g  t  =  s t s - 1 ( r ' ( a ) )  i s  (  i l r 1 s - 1 1 p ( n ) ) ) ; t r ( n ( * ) ) - m e a s u r a b l e , b y
taking into account also lemma 18 qnd Theorem 26.

From the  regu la r i t y  p roner ty  rve  can eas i l y  o t r ta in  the  fo l low ing

e x t e n s j . o n  o f  l , u s i n . f  s ' l l h e o r e m r i n ' r h i - c h  w e  k e e p  t h e  p r e c e d i n g ' n o t r . i t i o n "

ggSgEIg=Jg.For- ap,g p -qggsgratsle functi.on (,1(a) + e ea*d -anI €>or
A t z l

@ ?,-g.l-?eg.g Z,-q!r?.s,:.gorlpilrc-!- sli!!g! 
'F 

cI( A) , su-ch-Llrgl
z r . . A .   

f  ( l ' )  > 1- t  l3 l lq qlF b-e con-t i$t tou*q
/ - * <

F r o o f  . S i m i l a , r  t o  t h a . t  o f  (  L : : J r T h e o r e n  1 . 5 )  '
'  Another important property of  the measures 

' f  
ru exhibi ted by the

fol . l -bvi j .ng Theore: i l r in vrhich f  
isra* above,the me.nsure incluced on

1\ (e (n) r? (F(A) ) )  b ;s  any  cent ra - l  neasut re  
f ; " r t41(Eo(A) ) ,such 

tha t

o ( f )  6  i i ( A ) .

t i9:-Per,te-ct.
t -

o r  ( f : l l , T h e o r e m  1 . 6 ) .
IiliAII{ *3 } . $nx-m gegule
=A= ; -::j; =d€ 

- :;:::l-:;-:;;

P: 'oof  . i i i r t i lar  to  -bha. t
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In  th is  sec t ion  we sha l l  deve lop  a  spat ia l -  cen t ra l  d is in tegra t ion

( reduc t ion)  theory  fo r  i tn  a rb i t ra ry  cyc l i c  representa t ion  ( :A- )  t$ ) ,

We ehal1 then shorv. that  the di .s integrat ion can be extendod to the

Borel-  enveloping C*-algebra f5(A) of  A.

I . l e t  f o & E ( A )  a n d . l e t  P = l ^ t ^  b e  t h e  c o r r e s p o n d i n g  c e n t r a l  m e a s u -

re  in  .1 ] t (n ; (A)  ) .Then,by  Theorem-21- , *u  ha .ve  an  ind"uced probab i l i t y  .

measure  F i - f f ^ ( r (  a )  )  +  fo r rJ  ,whereas  by  Theorem 2 ' l  , v te  have a  Rore l "

extensi r-i, V..l l [e( n);2(r(A) )f (el.-r.!",t] nwith good resularity pro-

pe r t i es ,such  tha t  to  =  i \ 30 (F (A)  ) .
' i ye  shal l  a lso denote the ** ! l , r "  

?ou t r r ,s ince 
i t  is  un iquely  de-

te rm ined  by  foe  n (A)  '

In  order  to  carry  out  the cent ra l  d- is in tegrat ion of  f ; f  iA+Yz( l l f  )

t l re measure i^ srould be suff ic ientrbut i f  we'want to a:-si f l tegrate o

;; ;"- ; lol  ,n[ iestr ict ion of n] i .  to rhe Borel envelopins c*-argebra

5 \ (a )  o f  A  ( see  [ :eJ , fo r  t he  ae ign : . t i on  o f  S ( ,q ) ;  K ] ^1 fb  g (H f^ )  i s

the canoni-ca, l  extension of Tf to A*l ' )r then the *e8utt"* 
F" 

a8es

not  suf f ice any morerwhereas iowi l l  d .o  the jobras wer  bhal l  see l  be low.

4gmar$,0f  course,  i t  would be senseless to  t ry  to  d i -s in tegrate

orr*] .J(A) * iru representat ion rr $ ,sinee. the algebra APF 1s too big,

as shov, rn  by the cornmutat ive * r* l? f r . r  o ther  casesrhoweverrasr for  ins tan

cer that  o f  t } : .e  e lementa"y C**a lgebras A = V(n)r in  vrh ich F(A)  = E(A) t

t f  -  - ,  .  \
* Io  can be  d is in tegra ted  over  F(A) rbu t  these are  the  exeept ion 's .

lggu$=}9,a)T-,e_t (rEo(s)+ c be--a,n.v, F.gl:tri) m-easirf?ble-jory.PleT-Iqne-

t io* .g39g( lF( ; t  t *  do f r (A) ) -geasu{?b1e.  ,
l - ; t r S  q  t u o ( s ) +  C  i F  6 z ( s o ( A ) ) - n e a s u r a b 1 e , 3 h u 3  q  \ F ( A )  i s  : '  r ' , '

g2(r(A) )-reg""blq.
Ip git le-r cc.se,!| q tP 

f 
- inlesrable,t]19n qlr(A) iE f- j-nte.f;rabl,e

an(r

-64-

I  u",  o,K f u,u,{ 
di 'ur =

?roof ,$ imi lar  to tha'b of t  fz8 l rT,enni l  1 .1)  rby approx imat ing

by e lementarY fuuc t ions .  -

I I . A s  1 n  ( f Z a l r i 4 ) r , , v e  s h a l 1  c o n s i d " e r  t h e  f i e l d  o f  H i l b e r t  s p * c e s
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l;l^ll.l[-]';I;: H ;:ili.:-;:l;,T,'3 i ?i:[i]*il,,:il:,;:::
ding to  the G}TS-const ruct ior r . I f  we def ine €t ' .  h  -+ 1{ ,  by Or(a)  g

:Fe("1{? ,aGA , f  eHo(r r ) , then we have a l j -near  mapping 0tA- : : t_T"J{ f ,, .  - L  
\  t ' ! - )  I - t t  4 & E J A ) 's i v e n  b y  € ( a )  =  ( €  { a ) ) s G  E o ( a ) , a  e A , L e t  t  o ( n )  =  t w  € ; t t J i l f o ( r )

i s  a  vec tor  subspace o f ,  T i -  H*  .

As j.n f [egJ,$4),we "t 'ftt;slder 
ttre r,2-*o*ptetion f 2( a;1^) of

I o { a ) . 0 f  c o u r s e  ,  f  
2 ( a ; 1 )  i s  a  v e c t o r  s u b s p a c e

S ince  the 'measure f  i *  o r thogona l r the  sys tem
of Ti H.*.

4ee,P1'

(  o ) ( ( H r ) f  e l i o ( A ) ,  r 2 ( a t y ) ,  1 , , )

i s  an in tegrable f ie ld  o f  Hi lber t  spacesr in  the sense of  l ' , ' .W11s (see

fzS l rTheorem 4 .1 ) .0 f  cou rse r the  sca la r  p rodue t  i n  t ' o (n )  i s  g i ven  by

the formula

( (  € t ( a ) ) r a n o ( n )  (  € t ( b ) ) f e E o ( a . ) )  =

f o r  a - l Ly  a " rbCAr r r , ' he reas  fo r  two  vec to r  f i e l c l s

* t 2 ,  .  \  . ' ,gf  - (  ! , ;y ) , t t  is  g iven bY the formula

f ( f a )  d f ( f ) ,

Eo(A) ' (? r ) re  no {A ,1

f.

( ( 1 r ) r € i r o ( A )  (  2 r ) r . u o ( n ) )  \ r o t o t (  f 1 \ v f r ) r  d 1 ( r ) '

.  Endowed v r i th  the  cor re$pond ing  semi -norm,  f  
2 (a ; f  

)  t s  a  poss ib ly

non-Hausdor f f rbu t  comple te ,  p re-H i lber t  space.F lo reover r  s ince  7^  i s  o r -

thogonalr for  ani ;  bound.ed Eorel  measurable funct ion t4fo(,q)-+ C u/e.

have the  imp l ica t ion

I  not nl
(  { f )  f €

lYe shal l  denote by i  l tA;  r  )  tne associa, ted,
H i t be r r  space ,  and  by  ? ,  f  

t i o , '  
i  +  i  2 ( s ;  y )  t he

\ A /

n i c a l  s u r j e c t i o n .  I

i "Ye she. l l  a lso con'gi"der the "restr icteclr f  f ie ld of

p ( . r r )  a f  r+ l l f  , , , vh i -ch  r ,ve  sha l l  deno-Le ny  ( i { r )  
f  e , ' ( " t ) .

1i ' ie can ]:Low clef ine the l- incar mapping , ,1?S*Ig rSiven
=  (  9 f ( a )  ) g  6 F ( A )  , a  € A . l e t  u s  c l e f i n e  f  o ( A )  

= - i n t  I  ' T h e n

a vector subspace of tiT tl* " a-nd. lvq have
-IaFtA) -

(  Heusdorf f ,  complet  e )

correspond"ing cano-

I" I i lbert  spaces

n y b ( o )  =

r  o ( A )  i s
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.

( r )  r ( a * a " ) = (  r ( o f ; u . ' , ) o p ( r ) = (\ * /  * o ' - ' 2  
J  p  / n \  

'  z  r
r O \  i r . /

fo r  any  &t  y f l .o  6Arby  v i r tue  o f  le r tner  19" iVe canr the
L c - A

1ar  p roduc t  on  f  ^ (a )  by  bhe fo r inu la-  
o ' " - r  

' - d

F ( A )

refo

r ( a |  a . , )  d F ( r )
I

r e r d e f i n e  a ,  s c & "

^. '4.

( 0 { " r ) \ a ( a 2 ) )  =  [ r t n l r ( a i a r )  d F ( r )  r

l !e can consir ier  t i re i l restr j -ct ion mappingr l
-  t  1 1  r  \ \  

 

b v  (  1  
"  

( a ) )  *  €  ( a ) ,  a  e A , r v h i c h  i s  a  u n i t a r y

- . .?  (  
, ,o ,  

(  €  {a , r )  \  Or (a2) )  d f  (  r )  , \ t a , 2 e  A .

g : [ ]o( A) + I 'ota) , given
l i n e a r  s u r j e c t i o n r b y

for rcu las  ( f )  a r :d  (2 ) .  . \
Let t  2C Ai?)  te the l ,2-cornplet ion of  

' f * t1 l  
n i th respect  to the

 m e a s u r e f  r c o n s t r u c t e d  a s  i n  ( [ 2 0 1 , $ 4 ) . T h e n  t ' t  + t P  i s  a  v e c t o r :

sr.rbspa.ce of  .  T T. i*  ,on rnhich the scalar product- 
+PFIA) 

r

( 2 )

( + )

( 2 ' )  ( (  t r ) r  6 F ( A )  \  (  2 i 1 6 r ( 6 ; )  =  f  u t o l (  
4 r \  9 r ) r  d f  ( r ) ,

f o r  (  { . f  ) r  e p ( n )  ,  (  2  t ) t e r ( l )  * i ? - ( * ; f .  ) ,  i s  d e f i n e d , a l - o n g  w i t h

associated. semi-norrn \ ( .  t \  rg iven by

( 2 , , )  \ t (  { r ) r e F ( , i ) \ \ 2  =  [ i t n l  t ( { r \ \ ?  
i t r l ,

the

f o r  a r i y  (  f  f ) f  e F ( n )  6  f 2 t u f ) .
p ropos i t i o l *+ ' . ) " i "om fz8J  i i n r l i es  tha t  ? ' tA ; f  )  i *  a  comp le te ,

poss ib ly  non: I {ausdor f f  ,  p re -T ' i i l ber t  space.  
/

fhe restr ict ion mapping ? extend"s to the restr ict ion rna,pping

( * i l ' ( o r f ) 4 i t t  o r h ) , s j v e n  v y  ( ^ (  (  { r ) r e E ^ ( A ) )  *  ( { r ) r € F ( A ) '
' f o r  

(  { f ) f  e  a o ( A )  e  f  
' ( n t  

y ) . t t  i d  o b v i o u s  t h y r t  w e  h a v e

f  -  I  1 r \ y r l  ,  o { r )  =  f - , ^ , ( f r l 2 r ) ,  e f {  r )  ,( : )
r ^ ( f \ )  L  ( r  L  t  ' P ( n )  *  / ' :  - "  '

f o r  a n y  ( l , ) r e n ^ ( n )  ,  ( 2 f ) r r n ^ ( n )  e f 2 ( n ; f ) . r t  i m m e t l i a t e l v  f o l -

lows that vre havd the impl icat ion

(  { r ) rnu(A)ut2 ta ,p . . l  :>  ( t ( ( r ) { r ) r *u(* )  eF ' (n '  f t '

for any boundefl f****uu'rat,1e 
functj-on

per t ies,any l^ -measurable funct j -on on
I

( , r ( A ) ' +  C  ( u v  s t a b i l i t y  p r o *

r (  n )  c o i n c i c i e s  F  
- * .  

" .  
w i t h
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the restr j .ct ion to p( n) of a Bair 'e measurable fu::ct ion on no( A) ) ,
Frorn (4)  we i rnnrediate l .y  in fer  that  the system

( (Hr)ter(e) ,  f , ' (n; p.) ,  f l
i s  &n in tegrab le  f ie l -c i  o f  l { i l bc r t  $pacesr in  the  sense o f - iY . i / i1s .

.  re t  o  :  t  21  r t ;  f )+F 
214;  

f f ) , respec t ive ly  ?  r  f l  2 (o rp l *T  2(  n , ,F ) , ,o*
the canonlcal  uni tary l inear mappings onto the correspond"ing Fl i lbert

d i r e c t  $ i ' i ; e g r a l s  o f  t h e  f i  n ? ' '  - ) , r e s D . 1  ? 2 t  U f . l l h e r . e f ' z t n , 4
; ; ;o: , f  t t  

' i ' ,  

/1, are the ":::: ,  i*"!" i ' , i , . ,*ao"ir,.o*orete) Hilbert spir-
ces  and the l r  a re ,  somet imes r  less  proper ly  r ieno ted .  as

&
|  , ,  -  r  a \
t  H * '  d f ^ ( f )  r  r e s p . ,
J r o ( a )  L  I

I t  is  easy to see that th.e mappings

- @

I n, ofi(r) .-  
F ( A )  

L  ' t

and

u.

^
u

:  f o (  a )  ag (  a )

/ \ / \
:  [ 'o(  n)  ]6 (  a)

+.+ ''ir* ( 
")'{? e H* ,t o  t o  ' o

t--) f(r ("){? € H'* o  - - o  * o

a  € 4 ,

a  € 4 ,

', '.o

q u e

correct ly c lef ined" uni tary l inear nappimgs.They extend- in a uni-

manner to uni tary l inear mappings

u : C 2 ( t ; f )  - >  t r o  a n d ' t  ur Fl :r Hro ,U ^ . . C
r

v ih ieh  e lear l -y  fac 'bor ize  th iough qr respec t ive ly q

& . \ X A
I l . . o Q  r  f e s l ) . r  U . . .  =  U ^ o Q r
r r t

t - .  a c .  X  l o   
v r h e r e  U * :  ( . ' ( l r ;  

f  )  * )  H , , r e s l i , ,  U ^ : f  ' ( n ;  
7 )  +  H r -  , a r e  u n l q u e J . y

f  
' . ' t  r o  f  

-  ' l

determinecl  uni tar ; r  isomoiphisms of  I { i lbert  spaces.

The preccding cor:s 'bruct ion y ie lds the ccptrgr l .  Lqci .uct lon of  the

representa t ion  T i -o  ' .  : rnmely rwe cen cons ic le r r fo r  i lny  ; r .6  Ar the  f ie l t l' *
of  operators  ( r * (  r ;?)c .nr , r r  , lvh ich 1s i * : "g te  g. Ian le  ln  the sense that

I  - L r i x \ J r , ,  I

( {f ) f e}r( A) € ) :9 (rrr( a) fr) ren( n)

fo r  any  a  eA.T t  i s  ensy  to  see tha t  v ' rehave

( ") t [ *rl rar( Ail

TT
r

I

Ft t  un i e i2  (a ; t )  ,

(  r ) t fi "r( 
a)€) r€F( u)J = ?,



*68-"

f  g , ,  any  a .8A .and  Lnv  (  1 )  f  eF (  u )  *  t ' (  a ,  f l  '

By l theorem 6rrv i th the hel l r  of  the consl .derat ion's :

in. feyLhat^there exists a.  sur ject ive hontornorphism of
- r . * f ) * r  - * r A  \  r  , 1  , .

algebras *:Z ( A- '- ) -> 1, \ f ) r su'crr tna'u

f ; r
m e d e  1 f i  3 4 , ) r i v e

von Neurnann

( 6 ) t('nrt ") &,( z) ( r) fu) 16p1n)1 
* .rrl.o( u) lrro( *) t[t{r) re-n1,iil,

f o r  a n y  a e A  , z  e z ( n * * ) , a . n d  ( q f ) f e p ( n )  * t  2 ( n ;  
/ l  '  

* . F .
( l l e r e  t h e  f u n c t i o n  F ( A ) A f l - > & ( z ) ( f )  i s , f o r  a n y  z e Z \ t ' "  ) ' a n  a r -

b i t rar i ly  ch.os*"  F-measurable 
representa. t ive of  P (z) ) '

F o r m u ] - a , ( i ) y i e l d , s t h e c e n t r a l r e d u c t i o n ( a i s i n . t e g r a t i o n ) o f t h e

representnt ion Tr f  .Formula (6) .  shows tha. t rby th is  d is in tegrat iont

tle" I'-oJ-ll-elura.qlt,.4iPgE:g.of*.tlie diaf,qnali4gbl-e-ojlgTgtors-cgrresp"onds

!g ]h.e- SeJt] jr of {iu ( A) ".
G i v e n  a "  f i " l , r  o i o o n * " a t o r s G  =  ( a r ) f e F ( A )  ,  * f E : f ( H f ) , f  € F ( A ) r v r e

sha11 say that it t* F-rntggg:*Fl-s 
(;"l l  F i-.:n* 

measure on F(A)

corresronding to e qentral measure lol t j -(  
no( n) )  ,  such that fo = ] ' ( f)  e

€ E( A) ) ,  i f  t t le fol lovring concl i t ions ho1cl
r  { -  t  f € F ( A ) } < * c , . ;a )  

' f  - v r a L  s u P { \ \ a t \ \  
"  

I X  ! \ A / l < + o o

and r\ /) - ./
b )  ( { r ) r e ' ( o ) .  F2 ta t f ' l  * )  ( * r  t  i r  e i ' ( s ;F  ) '

I t  is obvlo'us tha.t-to any'such f ield of. operators th€I.g 
"&lf*uponds

an  o re ra ro r  T ;Y t t  2 (n rF ) ) . 11  i s  easy  t o  see  t ha t , n ru * - . e

.  e ( t r r  ( n ) ' n f i r  ( A ) " ) ' .

dg f ield ig operarors (ar)rnp(A) vsit-t be said to be gp,iyS-f.t"p'U.y

centra. l fy, l4tggi-Al l '  , i f  i t  iu i - i t t t ,egrabl-enfor 
a ' : {  central  mea$ure

r / t # q

*u*t l(  l I^( A) ) ,  such that n(1) e n( A) ' l  -
r  " ; : ;" l r ."rr ,  

,n" rreceair{s argumentat ion we hac1 to eonsider also 'che

i r , tGl i le  f ie ld  o t 'u i r t , * " t  spa.ces (o) r in  order  to  der iverwi th  the

help of  Theoren 4.1 f rom [ZgJ , the impl ica ' t j 'on (4) 'n 'h ich means that

A? , -  A r R., '  V*( f t  )  -mod.ule.This propert lrr  together with the eom*'
I  " (  A i  

f  
)  l - $  ( L t t  . L  ,  

f -  
,  " t u \ ] t ' t r v  '  r ' L } ' ' i l  j ' r  

^ ^ ^ , . * * . . _ a  i  n
p le teness  rn , j th  res lec t  to  the  sen i -n .o : : rn  (2" ) , i . s  an  essen{ ; ia l  i .n6 i re -

dient in , ; i / i . lsr  t lef in i t ion of  t t re integrable f ie lcrs of  l l i r -bert  $naces

( see C fg-l;  ancl, a1so, fzSl-$+ ) .

f I I .As  o ] . l s  can  eas i l y  seeothe  eent ra l  reduc t ion  o f  a  represen 'ba t i -

oF T+ of  A ce.n be car ' ied.  out  onl-y vr i th the help of  the measure Fo'

f i " i$fnt ; ; fo, t l  .The neer l  for  an extension ot  Fo appears,  t ' ;hen orre

wants to c i j -s integrate ev; t r insions of  f i f^  to larger CF-algcbras' i \ re

sha l l -  p rove  nov / 'bha. t rw116 the  he lp  c l f  fnu  comple t ion  o f  the  men 'sure
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F,E( r(  Al  I  ;?(r( ,r)  )  )  + Co, rJ ,  one can cavry out the centrnl  d j -s inte-

g r a t j - o r :  o f  t h e  r e p r e E t e n t a t : o n ' f l ; 8 (  n )  - + Y ( i l f ^ )  ; i " e ,  r o f  t h e  r e s t r j - c *

t ion of the ret lreserrbation' i l l |  t lot i re Ro::ei  
" i r$*fopinp; 

Cx-a-Lgebrr iL

5] (A)  o f  A" i ie  re ferLo [ :gJ f :Br  the resul ts  o t t  53t r r )  we sh.a l l  use be*

, L0 f " "

T  l i r f r r  A  n n  T  n * .  r r  t a r .  n n f  n n r - . ' r r C ' L  C ( ) n \ r e X  S U b S e  i ;  f l f  f l  1 { i l U - l r l O f f f  I  O C l . l  -
J"ri. j j , i i , : i l  /-U o..l- i U U l\ l :r(: l l l l , i l- \ 'Ll ' l l*-_-- ---_. -*- - ---,---,. - . ' .----.---- '---- '.,: -

sg11y,S;*lsj:slp,;r1g,af - rpjr'J..-:'',pt,t t. ,1,.e! g.ey'1|(;<) hg .3*,Y (qhgj:-us"!.*
br_qg:r"v gx" t ololp, ;1i..9,a.,! - lqjl'J..-J',p!:tgg. ' 1

Sgxrr) l*Legeerrr-e-arLqi- ].93 ho""K-) (Q. bq e&y*iig-
ml:Sop,t,r!!l.pgP ,q{{,tjig gg-l;1"*ju+'.lj1oJ"T.1g* ho lp--q-enirq{:eblg. w i

tp-jl,q-sgryi,JSl.rqn S"., ( x) {p; gg fsr(r) , YyiJ+r "respeg}- to 7'tt$1 
('ri) '

F-r:ggf . , i /e recal . l  that  8r(X) is the ct-*al$ebra of  subsets of  , { r8e-

nera ted  by  So(X)  and by  the  se t  S( f ) ,  o f  a l l  compact  ex t remal  sub-

se ts  o f  H,For  the  proo f , r l ve  sh .a l l  use  .  the  no ta t ions  -and 
resu l ts  f rom

(  [ : : ] , p . 1 1 - * 1 4 ) . r n d e e d , 1 e t  P t  
= 1 t j ] r ( K ) . T h e n n h v '  (  f : r J , T h e o r e r n  2  ) ,

v / e  h a v e  t h a t  ( l \ ) * ( l t . )  =  
1 ( l l . ) ,  

a a R .

fn  o rc te r  to  Frove t t re . t  A(ur , )  < f  (F- )  r i t  rv i l l -  be  su f f i c ien t  (equ i - ' *

v a l e n t )  t o  p r o v e  t h r L t  / ^ ( i l - ) ?  
( , l t ) ; ( E o ) . f o  t h i s  e n d , w e  s h a l l  c o n s i d e r

t he  se t  !U .  = . c_n f  ( no ) ' . l t  i s  obv ious  t ha t  
l .  :  

p (GJ ) , , $ i nce  G"  j - s  a

compa,c t  Ba i re  measurab le  subse*  o f  l io rbX 1 [Z91rCIoro l la ry  to  T ] reorern

1)  r fo r  an : {  Ezor there  ex is ts  t t .  compalc t  ex t remal '  subset  D{C G*  ,such

tha t  r ) (Df  )  > \ ) (G" . )  -  E .Thenr fo r  Df  =  D nD{r rve  ha_r re  t } ra t  D ;  i s  &  com-

pac t  ex t remal  s r - rbse t  o f  G. rn [ ' ( i ro )  an<]  a ( I : ; )> t l (C* )  2 t .1 " ' le  in fe r

t i rat  p(  ] ) '  )  i *  a corrpact extremal subset of  1I*r  and ,r , r - (  p( l '  )  )  >4.(  i t  * )  
*2t ,

i ' /e  jn rmed1ate ly  i -n fe r  tha t  ( f f ) * (Eo) )4( i lo , ) ran t l  the  Len i ina  is  p rovec l "

S.erlg,Ilr 1. As urovecl in ( ff Sl', sa{z 2,1) r oil}r semi*cotrtinuous aff ine

rea l  func t ion  ho :K+\Qi : :  bounded.Th is  i s  a .n  i s imetJ . ia te  consequence o f

the bar;rssntr ic cer. l -culur, i rv;hich hol"ds for  such funct j .ons.

l?*Spl ] :2, fhe nreceding -Tleml l is  wP,$ contalned j -n an answer given to

a 6j .Lrest ion put 1l- r r  G.Fir l t ineanu in a.  pr iva. te col lversat ion'

\Te reeal l  that  b:r  A!" .  one r lenotesi  t l r .e subset of  a l l  . l ,ower semi--

c o n t i n u o u s  e l e m e n t s  i n  l ' | | , o \ r e r  A ; b y  U ( A )  o n e  r l e n o t e s  t h e  r e a l -  v e c '

'bor subsoaee of  o: ;  ,  "or l* i .* t in.g 
of  a l l  the (  strons; ly)  unj-versal ly

mea-surab le  e - ! .ements  over  A  (  see  Czz l rn .J -o4 ;  f361,  n"?)  '

!liSSA=3} . u.) IeI-eW a el.,L(
m e D.s u]r a.bl. e, f p_I_3UL-9gn}I3L

-r( rJ:-

,r) , th.e*fqn*9t*o-q \^( a) 35 (Al8

nicgsulg pter4l( uo( r') ) , sqc]?- t-b3!
t

2 ( l r o ( A ) ) ) *
f  *  n f * ) e

n)F.oj "ary: ael,L( A)

anv  cen t r : r -1 .  nc l s t l r e
&

s ) lie ?rlvc th Llt

, '! h e_*lqlrq!!o r?

*J, lL l t :Lu( r)  )
\ r ( a ) t P ( A ) - n e a s u . r a b l . o ,  f  o r

)  e  n ( A ) .
1S lA-

= rr(/r
I, such .libgl f



('r+) r (

tqf jl,*y a e\J.( A)

-7 a-

=  L . \  I o ( a )  u f
' $o (  A)  

' " In( a) df. '(
s t

J F (  A )
. * )

and s,nv centra, l  meas
' 1 -

rus ts6&i( oo( A) ) n F]19L134t
{

ex is ts  a  (hounr ied)  inc reas ing

-o

nete Au* ;  tne n t r lere

that

X o ( a , , ) t \ u ( a )

on i lo (A) . I ,e t  b ,  =  f r  o (  an)  eB i then (b* ) ,  i s  a  (bounded)  inc reas ing

net  j -n  B  andr there for :e 'we have br tb  ;  u : ; 'where  b  eB:a  ' r t  i s  easy

to ,see tha,t

*  b ( l , ) e  s ( R ) .
#"oot ,  e,)Let  a.

( 
"nffi"Asa, 

suclr

( r )

r ,er  Q eh: tn(B)
d.ing to 7.r r as

c t i o n  \ B ( b )  i s

) u ( a )  o  s

)  te  the  max imnL or lhogona l  measure  on  E(B) ,cor respon-

i r r  $6 .4 .T5en lve  have * * ( . ) . )  =F anc l rby  1 remf l&  2or the  fu i r -
) h '  l

f \) l 5), ( n( lr) ) ) -neasurable I since v/e have that

l r ( n ) .

- t s r (n (n ) )  cAz (n (B ) ) '

l t  foJ lows tha t  In (  b )  i s  ( " , } \  3  2 (E(  
B)  )  )  -meas l r rab le .By  fo rmula .  (  1 )  anc l

inf l r  iha. t  t r  ̂  (  a)  is  ( f  r .A.1: t ;^(  A) )  )  -mea sura'b1e '  .

b) tn is fo l lovrs i iamerl iatefy f rotn stater1ent n) and from Theorem 26' '

f . \

c)t t r is  fo l - lo l l rs imm ediatel-y f rom the fact  that  
}n* 

barycer: t r rc
.  l r J .

ca lcu lus  l ro ] -ds  ( i v i th  respec t  to  any  f f ieasure  ln  J 'L+(no(n) ) )  fo r  any

sera i -con 'b j .nuo.us  a f f ine  rea l  func t r -on  on  Eo(A) ,a i ld_a lso . t " : *  
l i f f i  

tn "

I the 1,emura is thus p 'ovec1 for semi-cont j - luous elements in Al i  (over

A ) .

F o r . t h e  c s . s e  o f  a n  a r b i t r a r y  a , e L L ( A ) r o n e  c & n  u s e  t h e  m e t h o r l  o f

p roo f  g iven  j .n .  ( [ : f J rFroo f  o f  Theorern  3) .The 'Lemma'  i s  p roved '

lEIH.g=??rF9r-aSri ael,L( A) Pp.d -A*Y b, c G A't.hg*{g*g!igg

F ( A ) a f  t - - +  f ( c + a u ) e  C

ig- p-,:',u.U,qfril8S,fgt: ln-y i'eryFll,'l Lnqps-tl[g ,ofrr:(n"(A) ) 't:'*Sb-ihg-b- fo

= b(f ) € n(A) , p4d vrer4*l{e th9. .e.qga]"i-tJ
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T)-n n f  i : l t rr  r  v v  t  c  t r r l l

f  o (  c*ab)  s

( [ : eJ ,Lemna J )

cFab) , r f ( r ) .

that

( t t
r p f n \

\^r r! h ':'rr r::
t  u r  ! . .

b b t ^ ( n ) u  c U ( A ) ,

for an.y b 6A"Frorn the polarization formula

:  f  (  c lab)  =  
t  t t t  (b+ .c ) * " (u+c)  ) - f (  t i r -e ) *a(n-c )  )+

+ i f (  ( u + i c ) * a ( u + i c )  ) - i f (  ( l - i c ) * a ( t - i c )  )  , .  ,

a.nr1 f rom lernma 21 the assert ion now immediatel ; r  fo- l - l -ows.

By analogy ,ry i th the def i r : " i t ion gi .ven j -n (  [ :01 tF.24')  rwe r :hal l  sey

that arr element a.€A**is ul]. i:rersal1.,.f,;-c9*trg:]-ly-disinter,qra.bl9 if the

fol lor ,v ing cottc l i t r -ons a-re sat isf ier l

a ) tne  f le ld  o f  onera tors  (n - ; ( " ) ) fe f (a )  i s  un iversa l l . ; y  cen t ra l , l - y

i r r tep;r .ab1e; X n
anc1,  i f  we r ienote  b ;y  rc ,L ' (  a )  the  opera tor  in  y (?  ' ( *F  

I  I ' t l e te r rn ineC

by t i re  f ie } l  ( t i i ( " ) ) fe f ( ,q l  owe shou ld  a lso  harve

b )  t , *  n j r  ( a )  =  m : i ' ( " ) 0 a * ,
f r  f t  ' o  t ' o

where f . ,=  o f f r ;  is  the barycenter  o f  the cent ra l  measure l^ r* , ln ! (n(n)
;;  ;" . ; tX i /  

t  
8o""*sponcls, ror anlr ro 6 u( n) 

|  ' .  o 
"r

/  , n

wi th  a  s imi f ] . r  p roo f  as  fo r  ( [ :g ] rT ,emma 5) rv , 'e  ean s ts . te

.!EUUA-?J.i)Tf n,b 6Ax* nrg untvg{F-q.l..l j1-gclIlra,!.}:, '. dLgin!.eeljoqlg'

lgcp a+b aJril ab .?fg_gltv.gTFa1ltl .,c-gllJglJv-,3i e}:ttg"ffglls's-Tf, "/ a is

un j.versa.ll-r, c entrr.1li,_ri i]_s r nt cgrabl-e , {o{*g$X e e €..

i i ) T h 0 r } o r m 1 : ] r n j t o f r ] s . i e Q t l , J n . c e o f . . ! 4 r r y . e @ j 1 - 1 . I t 9 -- - ' 1  ^  1 ' :  A _  _ _ _ _ - - -

frab}S liltrnel::ts o{ n** isi.. ul}}.lgJ:q:l}l.J. qg,$t,EgtJ:{llFfrlt?flryllg"

ln centr ; r l l - , .  d. i .s inteqrablc e1-e4q4:[ .

' i ie can al-so j lrove

L-eleeeet eefi
thr+ fo::rn';.1.n



(  r : (  c *ab )  dA , "  ( f )  =  f ^ (cxa .b )
) l ' ( , r )  

- l 1 o '  o

Wb,c€A. Ig -ag I ! } .99 ] "3 i ' j } 9 ' ' | cen t ra1baryce r r .b r i cc l l ] . cu lus ' '
h o l d s  f o r  i l ; i . e " ,

( r i )  =  f  f ( a )  , r f , ' *  ( f ) .
o '  , p ( 1 , )  I  ' o

pfgo{ ;$ ince t  gr (  b)  )  ree(n)  u  F 2( t  ,  Ar" )  ,we a lso have
. \ D , A

& ( " ( a ; l , r *  ) r a n d  f o r  a n y  b r c  C A  w e  s h a , l l  h a v e
/  * o

-  t , 4 -

)  *  f o ( c

(v3( a)Ps( b) ) r

{ * . . , r ( c * a b )  o p r r
J P ( n )

=  ( ( i r g (  a ) 2 r ( b ) ) r  t  ( 9

=  ( r i  ( a )  f i  ( u ) i  g r  (
* o  " o  - o

0n the othcr hancl

[zg l  ,  Propos i t  ion  4  . ' )

(
j r (

The T,emma j .s Pror/ed..

.  T,et  v- tgcfor*  t
e lements  1n  A** .v , /e  d

)

(
f '

a . \

,  s l n c e

n.nd lt

+'/ ^ \
J- \ cr,l

r r l

1'r a c r:*
r t v

n f  i  r r o

( i r ;(  a)O{b) l  Ar( b) ) r  dF( r) : ;

( f r ^ ( r t+ (  " )0 {u ) )1 \  
(A r ( c ) ) r )  =

r I I

F a b )  
c

=  ( u , u ,

c ) ) r )  =

\.Ye have

h e o r e m  4 .

d F ,  ( f )
|  ' O

t hn t  ( { i ) r ep (A )  e i  t ( nu  
f  I  , (  see

l )  rvre immecl iatel ; r  infer thai

a l \=  I o \  3 ,  I  .

of all universallrrr centra11y disintegrr'r ' i :" l 'e

, , % o t r )  = t 4 ( r ) n \ 6 ( . q ) *  ,

v r h e r e  V t t ) * ' =  {  , , * e A o *  i  * e [ ( a )  }  .

IUggEgU =e?. V.ota) is q c*-a1e;ebr"-?- YLoqe -sg]f:?digln!, ppll is-'sg-
q u,gpj.j tl-l-br $o}-otgl-re -clo gStl .

Proo f  . Im incd . ia te  consecLuence o f  le :nma 23 '

As i .n  (  [ :01 tD.1)  we r ienote by 31! - tA)  the smal lest  rea l  vector

sr ;bspace of  n : ; , r^ ih ich conta ins (A"*) tn  and is  c f1 ;XA r r r i th  resFel t  to

*he secr ient ja , l  bouncler l  roonotone convergei lce in  n i l  iconvergence v ' rh j 'ch
v r r v

i s  to  be understoor l  e i ther  wi th  resneci  to  the or tJer  re la t ion ln  n l f
i

or,  eqr. lvalent ly,  strongly on the sFace H,.^ '

ISUU4=3:.ArX a"65\ !-t a) iu- ll!JJ*I$.ql,1y-,S3*trll-lly..*,iJ-1*!9{'rP!}g'



-?3*
I
I

( [36J,$+) we have thatf toof ,BY

lYe shall. now

by

53l[nl  cU ( A)

and, by ( [ :aJ, Prolroi i t ion

a € 9 ' ! * (a

1) we have that

)  ^ a

) .=+ a'GJ5ln( n) I

t he  vec to r  space  l * ( l )  C

(r;(  a) 9r( r) + 0{. )  )  rer( n)

c t (  H+.  .
f € F ( A )  

L

' l l

I t  H .  ,  de f  ined .
f e F ( A )  

!

\
i  b r c € A f  .

consr-

 
f ^ ( n )a '

I t  is  obv ious

f o ( n )  c

Since we have that

= {

that

' f  * (  a)

, e Z e  A r w e  i n f e r  t h a t  t h e

E C
, - \ ,

A ) ^ ,  ( ) t l f e F (  A )  e { " ( R ) ' r v e
t [ ( u p )  o r ,  f " ( n ) , w i t h
rect l -y a l lnear mapping

funetion

can,  there"

r e s p e c t  t o

=' iT
0 0

def in i t ion

a n y  f  € F ( A )

(  b )  *  0 r  ( c ) ,
* o

fol lows from the

, then rby  Le rnma 24 ,

f (  (abr+.n)*( aur+cr) )  = f(  t la2ur)+f(  blacr)+f(  cfaur)+f(  cfcl)  n

fo r  any  fano(A)  a .nd  any  b 'b2 ,c1

p ( n )  ) r  t - )  ( { r i  
l i r

is 
1*- integrable, 

f  or a,ny ( f f  )  f  6u.(
fo rencons ide r  the  l - - comp le t i on

i  
t * * *  f ag l ,g4 ) . i r / e  can  de f ine  co r

' / \

v* :  f  * (a )  
*4  Hfo

by the formula

v [ -  (q ix(  a)dr (  n)  +  0  { . )  )  1np16;1a  - ' '  r

f o r  a n y  b r c  € A . T h e  c o r r e c t n e s s  o f  t h e

f a c t  t h a t  i f  f ( ( a b + * ) * ( a b + c ) )  =  o , f o r

we have

f o (  ( ab+c ) * (ou *c )  ) '  =  f - , 15 (ab+ . ) * (ab+c )  ) , i n f ( f )  =  o '



.  . . . . ! * , * . .

i  

: , \

-'t 4^
;

i r - n d  t h i s  r n i p l i . e s ' L h a t  
' l T f ,  ( a ) 6 r .  ( r r )  a -  8 . o  ( c )  =  o "

' n  ' n  t a '
T't :  iq onr:rr  f ,6 see thl t " '  V, . .  iF at1 j .som$tr ic l inear r1appins; 'bh.ere*- r v  v r , " " r , i  

e L

for :eni t  exter id,q uniqLlely ' t io nn i . r : :ome'br ie l inear su.r ject ive rnapping;

* c .
Y i  ' .  

1  
- {A i  

"  \  eb  t r :. . a  '  A \ - - r f  /  ' , . f O '  
,

\Ve i.nfer that

anr l  ,  there f  o re ,  f  o r  any  b  €  i l ,  there  ex is ts  a  s t rong ly  in tegrab le  vec 'Lo : : '

f i e l d  G t )  r e F ( o ) e t t ( n ;  F ) , * u c h  
t h a ' c f i i (  a ) g r ( i r )  = E r  , ' i - r . . e . ' , n / e

lnfer that

t  { r l  rcr( ,r)et  
2rn; i  I  .+ ( 'np(*) {r)rur(n) ei  2(ArF) .

0n the other hand, f rom the f  ormurla

(  ^ , . *  2 . . ,  - n
\  r r D  a  o l  o . r & "  ( f )  =  f ^ ( f  a ? a )  = \ t ' n 1 1  ( a ) g *  ( t , )  R  

2  
t'  P (  a ) '  /  ' o  \ ' '  ' o  ' o

which holds for  a l l .y b GArv,re infer that

TF- *"A- ( *) ='tif^t *10p" ,
/ - f o  I f o  ^ o  { I o

a,nd the lrernma. 1s trrroverl.
' i /e cnn no' \ r ' , r  prove the main resul t  of  the p: lner:

ggIgESU=;; . Apf a. e51( A )' ig .!'nr:ggryg.11y, gs*3iell-Y- ili! iq!" gte.hJg.
PrySf " let  us t lef ine

"fu(A) = {,H *irr" '* i ,n, i  
-€ 

*i i l" '* i i ,n" ;  ai l1'* ih eni*tnl} ;

then .r\{ a) r ri a ,r*-subal51ebra 'of 1X A) , anrl its norrn closure J\., ( .r) is
+

a c"*sl tbalgebra of . f l (  a) ,Fron T,ernma 25 and'  f ron part  i )  of  L,enima" ?3

we in fe r  tha t  r .ny  e lc rnent  aAA(A)  j . s  un iversa l l -y  cent ra l l y  d is in te*

grable, I rom part  i j - )  of  lonn.ra 25 lve i .nfer t l rat  any element jn f i , ,  (e)

is  un iversa l -1y  cent ra l l y  d ts in tegrab le" f f  we denote

we infer that

, f t , *  { " * B { a ) * -  i  n  l s  u n i v .  c e n t r '  d i s l t c g r . }  i
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\C nl **. & c fS (t ' )  uu. .

t l , r  nart  i i i )  of  l ,crnma ?-5 \ rye infe ' r  tha. t  l / t iu a $ecJuent ia l ly  monotonc+ * *  /

closed subset or n ' | f  , I ,ernna 4 f rom [ :e1 in ip l ies 'bhat Jv\ .= $(A)*u, ,  '

whereas part i) of Irernm.r.., 29 r]CIvr encl.,: the proof .

Remar .k .The preced-Lng Thcorern  j -s  a  genera l i za t i .on  to  the  genera l ,

nobs' i l r ty non*separable,car ie,  of  a Theorern of  $akai  (see [Z+]rTheorem

3"5"2) , l " t  i s  q le i , , r  tha t  even fo r  the  comrnuta t ive  (non*separab le )  case

the  use o f  the  measure*  p , ins te r : .d  o f  the  measure .s  Fr  r i s  essent ia l -

for  the obtent ion of  th is gSerleral izat ion.

IY. fn th is sec. t ion we cont inue the stu, ly of  the behr"viour of  the

,rBorel  en.velopins C{ '*algebys" fu i rctor A r . }  t1(A) wi t l r  respect to C'r-

algebra morphisms 
' i i ' .n - '+ B.r';hich we began in f:Ol .

l ? e  r e c a l i  t h a t  b y  v i r t u e  o f  t [ : O J ,  T h e o r e m  2 ) , f o r  a n y  s l r r j e c t i v e

Ct -a lgebra  mo: :ph lsm T. .  A  -+  Br i f  v , ,e  denote  by  '1 i * *  the  second t rans-

pose mapp ing  T?** ' .4* * ->  B** ,y /e  have 1 i " \  55(a) )  =  f5 (n) .

Let A and B be tvro C*-".,.1gebras and let ft- lA --). B be an igiggii5:
*̂  

-homoriorphl .srn,  whi .ch can be, i -n pa.r t icular,  a-n inclusion A C B "  Then

+ 1 s  e a s y  t o  p r o v e  t h a t  t * * i "  i n j e c t i v e r t o o .

ggggfsf =3*' Tr*(J'3( n) ) c Stnl '
l  gq{ .a )Le t  d4a.a .€  A*o .  b*  a  bounc led  inc reas ing  ne t rsuch tha t  %to

. r n
e "ti"; tlr.cn dt->'Ti ( a., ) ls ;; j.ncreasing net in B and r( %) t'n.*1 a) .It

f ollows that ' if l 
"J 

4 Bfo.r,:1s inf cr tha-b nf\ ,tt*) C B[-, r:nd,, theref ore ' we

have that n*"(  A3* ^[" ]  cB' l r ,  -_* l*c3:"( ; i  (he;; ,  as in f ,3el  , ,"e dd-

n o t e  b ) r  8 : " ( A ) , r e  $ p e c t i - v ' e ; I y  8 : * ( R ) , t h e  s m a . l , l - . e s t  : : e a l  r r e e t o r  s u b ^

snace o f  {F#  ,  cespec t ive ly  o f  U}*  ,wh ich  conta ins  the  
: .? " *  

A l , . , res -
" < x o

_ :ifi " *s. *l{N' . L r-
p e e t i v e l y  B i . - ,  , a n d  i s  c l o s e d  i n  A ; ;  r r e s p e c t i v e l y  i n  n * "  ' w i t h  r e  s -

pec t  to  the  bor indec ! .  sequent ia l  mono 'bone convergence) . f f  v re  d .enote

^

i

t h e n  i t  i s  e a $ y  { s

v,,hi.ch contn.ins An]" s a
q uent ia l .  monotone

f o r e . \ n i e  h a v e  t h a t

f r \

f  =  {  a e A : : ; r i \ a ) e  8 i - t n l }  ,

,r S - '*l(

see th. l t  
' l l  

is  a reel l  vector s l rbspace of  Arrn I

and i t  i s  c losed.  w i th  respec t  to  the  bounde i l  se-

conversence.  r t  f  o l - lo r rys  tha t  A ! , r (  r i )  C  D and ,  there-

r"1 $3".( n) ) c: f5!*tr) "

b)1,et  u$ nolv r lenote b: l  . ;A( A) ,  resl) .  ,  A( B) ,  the *-a. lge bras de f  ined.



s ince  the  se l f -ac r jo in t  pa r : t  i l (A ) * . r  o f  s rn l  i s  t he  sna l l es t  rea .ve etor su*space of ,u:;  ,whlc* ccn-.;ainu t i r* sel-f-acl joint *r"." ,  ; t (n)*_or  'A(a)  and '  is  c : 'osef ,  r ry i th  respect  to  bouncled seq*ent ia t r  nonoto*econvergence (u*.f is]  r lernma, 4.,anc1. take into acco.unt the fact thatfrom (2) i t  i rnrnediately foi lorr,rs that

r * tB r t n ) ) c f \ . , (B ) ,

as i .n the proof of
f r o m  ( 1 ) , w e  i n f e r

( 2 )

yrhere 53rt n)
f rorn ( 2) F/e

and the  Theoren is  p roved,
I ' ie cen now prove the fol lor i ing

[IJ$!S$S=J! " Eo.r: .lnv rng:Trbiqln .ii: A

' 76 -

Theoi rem 33,  f  or  the C*-a lgebras A,  resp.  ,  B.  Then. ,
that

r- . \ ,4(a))c-{tB) "

:  " uT l . :  8 r ( n )  , i s  t he  no rn  c l . osu r . e  o r * (A ) , r esn . r . / t - ( g ) )
lnmed"iately infer that

Tr*( ts( al ) c*8 (B) ,

--> B o€ t"-

'  
{ q o q f . l e t  q : A

anr l  denote b).  j  :
t h a t  j " q  = f i . 1 3 ; ,

( r  )\  * /

urhereas by

( 2 )

Si .nce we

T * ( f i ( r )  ) c f $ ( n ) .

h ,

G> t't/- 
?.c,

;  z ker ' t  us-
t<' 

/ ---\ T.? +L ^,  ker . f l  -  , ,  rJ r r ( j

I  f . r - l  ; .
\  LJoJ ,  l . r r f . jo l :ern

q** ( f } (a )  )  *  B(  uAr rw)  
,

f fheorem 34 above,we have tha t

i * ( 8 (  u / u u r r r ) ) c 6 ( n ) "

have thnt
*,F

TT . *4F 'n'F
=  J  s  Q  , f ro rn  ( i " )  a .nd  (p )  we  i n fe r  t hn . t

n t  8 rA ) )  =  j o * (qd+ (J \ ( i , ) ) )  =  j o * (G  (  yuu ,u  ) )  cG(s ) ,

arnd the  T ] :eoren  is  p roved.

V . F o r  t h e  e l e n e n t s  b e l o n g l n g  t o  t h e  c e n t e r

the canonical  sur ject ive 0**norphisrn
canonica, l -  1n j  e ct  jve C+*morphlsm, suclr .

2 ) '  we have tha t

r , (5 I (A))  or  rhe c 's* .a . r *
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