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f{trhal Putinar

,
. t . . :

n ' .bas lc  inequa l l t y  ln  the  theor :y  o f  hyponorn i i . l l .  opera to : :s ,duo to  i )u tnarn  / ' t t ) l  ,

asser t .s  thn- t  the  nor : in  o f  the  .s 'c l f *eornrnu ia tc : "  o f  a  hyponot 'ma l .  o i rc t ' r : to r  i s

domina'bed by the area of i ts spectrrrrr  nnul-Lir ; l , ied by a un. iverssJ. r , :ur: :$tan' l ; .

f j rom the  very  beg inn ing  i t  v ras  rea l i zed  t l ia i ;  th is  j .ncqu: r1 . i t y  i s  i ;h r . : rp ; : r

the  case o f  the  un i la te ra l  sh i - f t  opera to : -

The purpose o f  th is  no to  i s  to  charac tc : " i ze  somc o l l  1 ;he  ex t rc l ' i l ]1 .  c ipe t ' i ) : :o1" i t

v i th  . .  rcspec t  to  l?u tnr ' lm 's  inequ i l l t ; ' , tha t  l s r ,1 ;h ,o$e hy . r )c )no l 'me i l .  g rpc : l " r r to rs  J 'o : '

wh ich  j , t  becones ar l  equa l l t y .As  a  byp loduc t  o j l  l ;h is  ch : r rac ic : r i za t ion  an i  o j l

t l re r"ecent work of Axler ant i  $hapiya /3/ ,we ( lescrthe al . l .  suhnrlr in:r . j  ope)"a.--

tols wl. ih one*cl imensior:al-  sel . f --connul;ator. l ,noI 'c speci i i  I  cal ly o i . i " -  j )1"{)ve t l r : i i . ;

such an irreduc. ible subnormal operator is r tn 'af f lne. t :"a.nsf lorrni- l t - ' i^c:"- ,  ,Jf  '+rhr, ;

uniLat,eral  *" ,hl f t .  Also ,  i t  turns out f lom a; i re : larne con.: : i .d lr : l t . ' ! -onr: ,1; l :a ' | .  iha

unj. lateral  shi f t  is essent ial . ly the unlrpre sj i . r j i l to?'nrr :1 onere- l6a f6; ] :  l ;h lch

Putnam's  inequa l i i y  i s  sharp

Our  approach is  bascc l  on  the  theory  o f  t l :e  n r inc i l rn l .  func t ion .

11 . gslel-1p!-g.-eran r o , ' l  { r n - i } r A r " i F i {

1.1  I ,e t  l l  denote  th roughoUt  th ls  pape l :  n  cornp l "exrse t r r { ' } } '$ . i ) : l .e  l l j . l b ; ' r ' t  space.

A I ln:ear bouncled operator T,act ing on the srpnce l i ,  is i :n '11ed hAi ' l ' r - . f . :Ul" t
'  *  F  - i '  - * '  - x  ' - ' ' ^ . ^ ' r ^  U  o f  ' r .  i i v c r y  n u b n o r ' ; n l l  o p c r a t ( ) i 'i f  T ^ T  ) z  T ' l ^  , v i t e r e  T  

'  
s t a n d s  f o r  t h e  a d  j o i n '

l ' u ] J l i l 1 s  i h l s  c o n r l i t i o n

Any hyponormal operator can be unlr luely cxprr. 'ssed as t l te su'at r t f  a nov'nr: l

opera tor  anC a  f i r r ro . .hv t ro_ncr ; l r r l  ope t 'a t t r r r thn t  i s  an  o ] )o l ' i r to r ' .  i l i tho i t i  a  non- -
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rral'w
t r . lv i i r ] -  nornral-  Clrcct sunimand.A hyponoi:na. l  operator r+h. ich eannot bo'decompo-

sed -Ln' | . ;o ln clr t ] ' roi ioni l l .  d i . r :ect srurof non-. tr i .v ln1. oporators is sald to be ! i -

fgdf l .Q.L]*_g." l ivery i . r"r 'cduciblc hyponormal opcrator is nece.ssarl ly pure.

1,2 One o1 '  tho most  i rnpor tant  oxample.s  of  subnormal  opel -ators ,etnd g

Lg^LtJgI+.,cf hyponor.r iral operators,is the unilatoral shift  U,.t l l  . . .--" 
l l . I t  earr

be  r l e f i ncd  as  fo l l o ' , / s :  l c t  ( "n )n> ,0  be  t i n  o r thonorna l  bas l s  o f  t he  l { i l be l t

sDace  I I .Thon  the  sh l f t  U  assoc ta ted  to  the  bas i s  (e - )  i s  t hs  ope ra to r :- r - ' - - . ' _ ' - -  - - - -  
+  1 1  .

t t * j n n )  =  * n o 1  ,  n ) 2 0 .

T h e r e  i s  n n  e x t e n s i v e  l i t e r a t u r e  c o n c e r n i n g  t h i s  u n i v e r s a l  o p e r a t o r .

1 le  ment lon  here  on ly  a  few fac ts  concern ing  I I , , r r , ) t i c l t .  a re  nee< led  ln  the  so :

qucl .

' r r 1

1 , 3  T h e  s p c c t r u r n  o f  t h e  o p e r a t o r  U .  l s  t h e  u n i t  d l s c  D  =  \ z  e C .  I  t r t < l J  ,' +

6 - ( u  ) . =  D
J . ,

The operator  U* is ,up to  a uni tary  equi .va lence, the unlque isornetry  wi th  .

l , ' rc r jho ln i .nr icx - .1  ,and e.c t ing on the ] l i . l -bcr t  spnce ] l . i -1ore pr"ce lse ly , tho pro-
- - t - -  t - -  " - *p c : : t i e s  I I ' U *  =  l  a n C  d i m ( l t e r U ^ )  =  1  d e t e r m i n e  t h e  o p e r a t o r  I I *  c o m p l e t e l . Y ' u F

to  a .  cho ice  o f  an  or thonor rna l  bas is .
r ! t

Ths sol f -co inmutator  1-Ur ' ,Ur- l  .=  ( , ,o0)  oo i .s  the one-d imensional -  or 'u l togonal

n r . n i o c t i n n  n n 1 : o  t h p  
' l  

i n c a . r '  s n a c g  5 e n e r a t e d  b y  e ^ . C o n s e q u e n t l y  i + e  h a v e  t h e
P r  v J v v  v ! \ / i r  v r r  u v

f  o l lov r ing  cqua l  i t  j -es :

l l [uf ,u* l  l [  = t r  1uf,u,ni  = f  
-1 l . (  r (u*)) .  .

I lere /L stands for thc planar. lebesgue measure and fr for the trace.

fhe above eq.r ra l i t ies r r : re  par t icu lar  and ext remal  cases of  two impor tant

i nequa l i t i es , t r s  f o l l owr : ,
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1,4 T,c t  D -  [To, ' ] : l  don. , ' r .  th : :ou, , ;hout  tkr is  paper  tho se l f *comnutator  o f  r r '
. { . ' ,

h ,y l ,cr ror i r ; r . t1  o i ru- ra-Lor  a,c t ing ot r  thc spt tce _ l l "  l )  j - . r  a  non*r i ( ) [ {a t ivc  opc] : r r to I '  { }nd
. v

i t  v*nl .1; l io{. f  nni l  only i . f  l l  :Ls a not:rnrr l  r . rperator" i r te polnt out tho ic lent i ty:

(D l r ,h>  "=  l l  Th  l l 2  *  l l r o i r l l 2  , i r  € - ] r . ( 1 . 1 )

Putnam 's  i r rec lu i l l  i t y  asser t  s  tha t  ,  w i th  the  above no ta t  i .on  ,

I t  n t t  <  n . t t ( c r ( r ' ) ) . ( 1 . 2 )

' i 'he or j . . r ina l  proof  o f  th is  equal i ty  r ias based on Putnamts subt le  tech-

n iques of  cut t ing*r lown the spectrum of  T,  sce / to /  and /6 / .

1 "5 The operator T is sald to bc lri!.i$j*-lL-gggl,l€. if there cxists a
(  .  . \

v e c t o r  
- Y :  

L l , s o  t h a t  t h e  l i n e a r  s p & c e  ) f  f  ( T ) '  , f  4 l t & t (  6 ( T ) ) I  J . s  d e n s o

ff 'r  -t_l-. l lc lrave <lenoted by nat(K) t l : .e algcbra of al l  rat ional funct. ions w'i th

p o l e s '  o f f  t h o  c o r n p a c t  s e t  K C  C - . .

The second baslc  lnequa1l ty  ra tated to  hyponorrnaL operators was proved

. .  by Bcr6;cr  and Shaw /4/  a .nd.  L t  s tates t l :a t

T r l )  \ <  n - ' f (  6 ( T ) ) , ( 1  , 3 )

n l n o n . u o r  T  i s  a  r a t i o n a l  c y c l i c  h y p o n o r n a l  o p e r a t o r . I n  p a r t l c u l a r , t h l s

lnequa l  i t y  shows tha t ,  i f  .T  i s  : :a t lona l l y  cyc l i c  , then t i re  se l f -con tnu ta to r

D ls  a  t race  c lass  opera tor .Putnamfs  inequa l l t y  rnay  be  eas l l y  der lved  f r< ; rn
. t

Ber .  ger  and Shaw t  s  Inequa l l t y .

A  d i rec t  and s imp le  p ro_of  o f  l3erger  and Sha l r ' s  inequa l l t y  was  g iven by

V o l c r r l e s c u  / 1 1 / .

b Z . Axler and-;lh-1pU'cts " nr:oof . of PLtn-a3n-ll--.incq-tr11!W
, -*.--..t-**

In  thq  case o f  a  subnormal  opcra tor ,Ax le r  and Shap lTo /1 /  have recent ly

d lscovcrer l  a  n ice  proo f  fo r  Putn$n 's  lnec lua l i t y , l r { ip { t i ing '  f ro rn .  some es t l -
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y1* t ,c r . i  . i - r i  t , i ro  r i l t i onaJ .  a1 : ; r ro : : i - rne t ion  b i l *o ry " ! /e  s i ra l  l .  b r le {1y  dLscuss  thc l r :

2 , 1  . f c t  $  d c n o t e  a . s u b n o r m a l  o p c l n . t o l  d e f t n c d  o n  t h e  l l l l . b e : : t  s p r r c o  l i  a n d

1c t  i J ,  dcnotc  n  l i * r 'a " i ; j .ona l  cyc l - l c  ,c losed subspace o f  . l l . I f .S{  
' s tandg fo r  "' t l

the  ro . " ; 'u r j , c t ion  o f  thc  op<; r 'a to r  l j  to  I l , ,  r then S,  i s  aga in  n  subt to rna l  opera-
1 '  1  -

t o r , a n c l , l n  v i - r t u e  o f  ( 1  . 1  )  o n c  [ ! e t s  t h e  i n e q u a l i t y

'  0 n  t h c  o t h e r  h c n d , i t  i s  i n m a d i a t e  t o  v e r i f ; r  N 6 s  i n c l u s i o n  0 -  ( [ j 1  ) (  6 ( S ) .

l lher"cfore the ploof of  P.,r1;rrano.s l .ner iu-rr i i - t ; r  ( f  .Z) for the otru""tot  S ma.y bc

r e d u c e d  t o  t h e  c a s s  o f  t h e  r a t l o n a l  c y c l l c  o p e r a t o r  S n .

2 , 2  T h e  r a t l o n e l .  c y c l i 6  o F c : r a t o r  S , ,  i s  c a n o n i c a l l . y  r o p r e s e n t e d  a s  t h e

r n u 1 . t  j - p l i c a t i o n  w i t h  z , t i r c  c o r r p l e  x  c o o r r J i r r a t e , o n  a  f U n c t i o n  $ p i l c e  . : ; u p p o r t e d

by ' the  spec t run . l l y  us ing  t l i i s  mode l ,Ax le r  and Sha.p i r0  have der ived  Ln  /7 /

t h c  i n c q u a l i t y

.  rEhere  C(S ' )  i s  the  Banach space o f  con t i .nuous  func t ions  on  the  se t  d  = .

S ' ( S ,  ) , a n d  l t (  s - )  l . s  t h e  c l o s u r e  o f  t h e  s p i l c e  } ? a t (  6  )  i n  t h i s  t o p o l o g y .
I

A c iu .an t i ta t - i . vc  vers j -on  o f  l {a r tog .s  nnc i  I tosentha l ' s  theorc tn ,due to

^ f r l cxanr le r  f  2 /  ,asse t  ts  tha t

o  . 1
d is t , ,  ,  - ,  (6 , i t (  c  )  ) '  r (  J I . . '  ,&L(  6  )  ,

U \  S  J  I

l 'h ls  completes. the groof  9 f  
l l .u_tnam's i .nec lual i ty  for  subnormal  operato: ls .

2  . r )  A c ,omputat ion i ra .scd on.( lauchy and Pornpelu 's  formrr la  l -ca.c ls  to  t i te  . inc-

quaf i tJr ' :

t t  t t , - , s 1 l l l  \ <  c i i s t . ( 6 ) ( z , i l (  o - ) ) 2 ,
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The heart of  h l  exander "  s

\ r,$up I \
, IG(  I  )

6
vrhic')r was p

Beurl j.ng /t

3 ,1 let T be a hyponorrnal operator with

D € C1 (_I )  .  fne 'p l inc ipo. l  l 'unct ion g=g,  of

compact l .y  suppor ted, in tegrable.  funct ion g

a n d  i i o w e ' s  i d e n t i t Y :

r r  I  n , (T ,T* ) ,a (T  , ' r x l l  =  JT t l

Is  the next  est l rna. te :

t race*c lass se l f -commutator

the operator  T Is  the unique '

on C ,which sat is f ies l ie l ton

(S * , r l - t  u f  (  5
r  t 1 l

/ '

co remt h

I
I

r l
/ t
l

,1 . "
rovet l  b;r  an el-ernen'cary,but c l-ever computat i ,on by AhLfors and

/ . n  c l i r e c t  i n s p e c t i o n  o f  t h e i r  p r o o f  i m p l i e s  t h e  n e x t .

2"4 lejrur.4.
a  c l o s e d

Iir::---lA:n,lnl.i-!.i Q,1) bcl:gmefl an qU11Uj.Li{-j'Ig gnllr iJ. 6 j.s.

d}:s.

( "
y ) . m L ^  - - . { , . ^ i - - . " 1

I  I  I  i , '  i ) l  ) . t  ) '  L l ; :  L - l - furs-l-lq.B

A can ' l : ra l  ob ioc t  in  the  s tudy  o f  hyponorna l  c . rpera tors  w i th  t re .ce  c l .assv v 5 6 J - . J 1 . . - . . " - . . . -

se l f -cornr iu i ;a to rs  i s  the  pr inc ipa l  func t lon  o f  P incus  lB / . \ t  was  dc f i -ned

,  o r ig ina l l . y  in  te r rns  o f  per ' 'Lur rna t lon  c le te rmlnants  rand ,a . f to r  t i i e  work  o f

I le l ton  a .n< l  t towo"  /7 / , the  pr j .nc lpa l  func t ion  tu rned ou t  to  bc  charac ter lzec l

by an invariant formula i" i th traces of commu'bators of snoot lr  funct ions of

the  ln i t j ,a l  opera tor  and i t s  ac l jo in t

We sumniar i -zc  be lovr  sone o f  the  proper t ies  o f '  the  pr inc ipa l  func t io t r

n e e d e d  i n  t h i s  p a p e r .  
"

' A  / \  a \  , \(? p ' , ]q-  'dpdcl)er,  cr1 '

i n  t w o  v a r l a b l e s . L e t

( 5 ' t 1

ua r :enark t i tEr t ,1npo lynorn ia l

(

\

sv ; h e r e p a n d q u r e
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mJ.a.Ii; ofi p and c1 d

f o r  C c ' r , i t i l s . l n  p n r

-1  (
T r  D  * T [ ' \ r

\ o
J

3.2 l lhe pr inc ip: r ) .

t ies (  see for  i .ns 'u

t i o

o o c

t i-c

fu

dr

n DeC,
I

r u ' t  a f

u .J .a r ,  f

n  c t  i o n

e  C lan

*6-

*
; the order  o: l  the factors T ancl  T "  in  thc motro-

J le  c t  t hc r  t r s . ce  o f  t he  comnu ta to r  [ p ,q l  , sca  / ' l  /
' o r rnu la  (1 .1  )  sho r+s  th r i t

( 3 ' 2 1' '

g  o f  t h c  o D e r a t o r  T  h a s  t h e  f o l l o w i n g  p r o p e r -

" e y ' l  
b o o k  / 6 /  )  z

. . .

a ) .  6 r i g ' ( r a n k  D .

b )  "  S u p p ( g )  C  e - ( f  ) .  t f  t h e  o p e r a t o r  T  l s

.  I n  pa r t i cu la r , t h i - s  p rope r t y  -  shows  tha t
V

nra l  o i le ra to r {h : ' ^ ' ;  pos i t i ve  p1  : i ,nn . r .  dcns i t ' J ' .  '

p u r e , t h e n  S u p p

t h e .  s p e c t r u m  o f

/ - - \  r i f m \
\ t i l  =  v \ r / .

a purc hypouor-

c  )  .  I l o r  A  e  C \ 9 . ^ ^  ( f  )  ; ' e  h a v e  q (  \  )e s s  o -
C o n s e q u e n t l y , t h e  p r i n c i p a l  f u n c t i o n  o f

=  . -  i n d ( T - L ) . '

the uni la tera l  sh l f t , .s  Brr  =Xn,
+

g

r , 'hc r "e  { . .  dcnotes  the  char r lc to r ls t i c  func t ion  o f  t i re  se t  K .. K

d) .  The pr j .nc ipa l  func t ion  o f  a  subnormal  ope la to r  j . s  in tager  va lued.

l lh is  . i s  a  deep resu l t  p rovoc l  bJ '  Carey  and P lncus  /5 / ,

'  
e ) .  l ' o r  cve t^y  in tegrab le , r :ompact ly  s ;uppo: : ted  func t ion  g  on  .  C  ,w l th

0  (g : (  l , there  ex is ts  a  g l$$J lg ,up  to  a  un i ta ry  equ iva . lence,pure  hypononna. l

opera tor  T ,w i th  rank f t ' * ,T ]  =  1  and so  tha t  [ * ]=  [s r1  in  r , ' (a in "  ) .

This  fac t  i s  imp l ic i t l y  p r :oved ln  the  peper  o f  P incus  /B / .Another  mo-

thod o f  rea l i z ing  the  opera tor  T  w l th  p rescr ibod pr inc lpa l  fu t rc t ion  g  l s

prescnteci  in l )ut l -ntr  f  9/

'
r \  r  =  a , c l ^  +  b ,  w h e r e  a r b € C r a l O{ ' ( a T . r b )  u r
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:r,l

3,3 l?ropcrt ios d) a.ncl c) above Lrnply that overy pure subnormal opo.rator l)

rv l . t l i  one*c l inc i 'u ; j .or r i l l  se11 ' -corr r :nuLstor  Ls r :ornple 'bo1y 'c le ter 'mi ,ncd by J . . t .s  pr '1n"-

n i n n - l  { ' r r n n l : i n n  8 =  X o r . , r  , a . n c l  c o r x ; o r l u o n t ; l y r b y  i t s  s p e c t I ' u n r . l l o l i e v e r , { J s  \ ^ / cv . L I ' ( . 1 r 4 l r u v v ! v r 4 u \ D i

s l ia lL  t iee  be low,no 'b  cvor iy  - rconrpac t  subset  o f  C  is  the  spec t r r : .m o f '  such  i rn

olrer"at or.

1 .4  l , l : . j l r r rp1c .  l ,e t  K  bc  a  r :o rnpr rc t  subset  o f  C  ,v r i t ) r  pos i t l . ve  p lanar  c lens i ty .
? . '
:  Ry  " s ,Z ,a )  t he re  ex i s t s  a  pu re  hyponorma l  ope ra to r  i f * .w l th  the  se l f * con*

mutator  DK = [ r : [ , fn1 of  ranP,  one and so that  i ts  pr inc ipa l  funct ion is  
^X 'K"

Therr  ,  by (7 ,21 we obta in:

, T i r e  o p e r a t o r s  i n  t h e . f a n r l l y  ( T * ) * , .  
O  

a r e , a s  v r o . s h a l l  p t ' o v e  b e l o w , t h e

nn ' l  v  i r r ^ r l r r .  i  h ' ' l  n  nnnnntnr .s r  r -?nr^ng a  w idc  c lass  o f  h .yponor r i la l  opcra tors  fo r  . .v r . r J  v y v a  ! 4

which .  Putnamrs  Inequa l l t y  i s  an  oqua. l5 - ty t

, bq . -ilom- extr'9.lrit'lJl,tI,qqqHmf*olr.erqltor:9-' ) . _ - _ .

4 "1 l ;e  are in terestod in  th ts  sect ion ln  pr re hyponornal  ope: :a tor"s ;  T vr l i lch

sat isfy . the concii t  ion

I t  n l t  =  t - ' f , (  o - ( r ) ) . ( 4 . t  )

Assume (4 .1 )  l ro lds  and le t  us  cons lder  a  hyponor rna l  opera tor  Tr  w j - th

f  ( T , )  C  6 ( T ) . T h e n  b y  P u t n n r n r s  i . n e q u n l i t y  ( 1  . 2 )  t h e  o p e r : a t o r :  f ' S T '  s t i 1 l

s a t l s l l i e s  ( 4 . 1 ) . I t  i s  n a t u r a l  t h e r e f o r e  t o  t a k e  i n t o  c o n s i c l e r a t i o n  i n  t h i s

s e c t i o n  o n l y  1 r ' r e d u c i b l e , o p e l a t o r s "  l

4.2 l)lic-oreir. I4i! T 
'bg,ln*it"rg[r:qibl.f.-ltvpo*noU:a]. ongr.etqt' .]ritlt co$irggl

'  sel.fl*r:oirtiirtti,:rtor, Jf Ptrtnaul's -i4q-qi1ql i,1^y--ryrulfjl[J--an -g.gligll!&-&ll T 'tltcill

l l nK lt = Tr D* = rr-1 
l"$l 

,

f

T=1',(,II}LL K.. 6-(T ) .



-8*

In  o i ; l i c r  te r rn l , i , lh r :  theo i ' c : rn  s t r rbc : r  t i t r i t  rs .nk  D,=  1  and gr=  X. r , r , r .  whet l *

c v s r . l )  i . s  c o m p . i c : l  r r n r i  f u l f l l l - . . ;  c o n t l i ' b i . o n  ( l  " f  ; .

Proo f . ' "  l i i nc ;c  I )  . i s  a  c r ) r , r l ; i r c l  l r r ; .L f *u r i jo .L r i t  opc fe to r ,  L l i r : t ' c  ex" i l ; t s  a  un i t  vcc*
. /

t o r  T e  i l . s u c h  t h r : . t
b - -

l l D l l = ( D T , T > .

I ,e t  I i ,  be  the  T* ra t iona l

T1=T I  11,,  .  Thpn t l :e opera"tor '11,,

<DI , I  )  = l1 'r | t i2- l l r* ! t i2

( 4 " a 1

cyc l . ic  subspace gencrated i ry  V and dcnote

i  s r  n l l . q o  h v n n n o r n t B l  a n d

2 s ? \ ( A , 3 )

l lhere P ste.rnds for the

i r y  us i t : g  (3 ,2 )  and

(n1 i  ' { )  \<  r r  D, ,

a n d

or thogonc. l  p ro jec t ion  o f  I ,1 .o r t to  I i "  .

( 1  . t )  o n e  g e 1 ; s

( 4 . 4  )
a

!f

= d l

and

(
t
\
I

Shar , ' I s  inequa l l t y

(!" dlr t
t l

r r  D ,  (  * - t  f , (  s ( T , ,  ) ) " ( 4 , 5 )

.  B u t  $ - ( T 1  )  C  S  ( T )  a n d  T  f u l . f i l . l s  c o n d i t i o n  ( 4 " 1 ) . l i e n c e  t h e  i - n e q u a l i -

t i c s  ( 4 , " t ) - ( 4 . 5 )  e r e  t I ( . : t l r a l 1 y  e q u a l i t i e s .

I r 'u : : t l re : ron , ' . re  inJ le r  f rom f ro rn  (4 .4 )  tha t  (n , ,  \  ,  T  )  =  T t .  D t  ,  so  tha t

r a n k  D ,  =  1 . 1 3 y  r a k i n g  i n t o  a c c o u n t  t h e  p r o p e r t i e s  J . 2 . a )  a n d  3 . 2 . b )  o f  t l i e

pr inc ipn l  func t ion  wc o l ts r in  ' f  flom 
5 ,r,, 

uF = F( t (1r1 ) ) that s1 ., Xo.(T. ) "
I , o t  us  no t i - ce  r . r l so  the  eq i t i : l i t i es  D l$ r  =  D1  *  {  ' } ) \  

" "1 '

C o n c l u d i . n g , ' , ; e h a v e p r O V e d . t i r a t T . , = T K f o r ' . s o m e c o r n p a c t s e t K C G .

the proof  r+ i l l .  be f in ishecl  i f  we s l ia l .1  prove that  I l j= l t .Th is  fact  fo l l ,or rs

f rom t l ie  i r reducib i - l . i t .y  assumpt lon arrd thc next .

4.1 lgnpg. U-!h "!!t.e
c i t r r :  s r r l r s n a c c  f e r ' l ' .

t rbor re  no ta t  lons ,  ns  spqc- -L [a t
v

t'^!e lt. "I-bS.g JIr Jj:-sJ_egg-



.*
P r o o f ,  . \ { e  } i r r v e  t o  F } . ' o v e  t i r a t  T " f ( T ) } < } 1 ,  f o r :  e v c r y  f u n < : ' b l o n  f  - 6 } i a t (  c - ( T ) ) .

' 1 0

l .n  fac i ,by  a .  dcn : : l t y  u r5*uner r r 'b , i , ' b  J "s  onou6 lh  to  check  t l ra 'c  T" f  ( i l )T  €  l l "  fo r'  b  . 1

a f 'ur icI j -crr  f  c i f  'b]re f lo l l -owing type

n

\F'

t ' ( r y \  )  ^  ( n ) / ( z - L " )  ,4  \ . ' t  / _ ,  r r i  
r  p

t ^.  I = l

!  where  F ,  a ro  po ) . ynomia1 .s ,  A r€  L  ra l f  )  and  n  l s  a rb i t ra ry .

. "o io in .qty , r , le  i rave to  prove that  rx( ' r -  ) . ) -1  ;  <  -H, ,  and T) tT lc I  €  i l r  for

every natura l  nu, -nbe: :  k .Both assor t ions are,v la  an ind"uct ion on k 'consequ-en-

ces of  the f  o l . lowing corntnutator  i  dent i t ies:

*9-

and

4 .4 !*q:Si.l.g:X. &l*r,i r,eil],:*f9.r:tl!"9pl:ryjiL.-gp,ctgtU-i4lt! cg-'np*s! -ee],f.-gsg.*

riiutrrtor', f or wlt j.r,h i't.ttrL4:4-lrs-.r-l]-cl]-Ual.i!.y - j-!--:r. g -11' - ' is -'c{Jltp-:Lqit8

au .+b ,  l | i l s r9  a ,b  €  C  qg*  a lo .
,r

proof  ;  
'The 

subnorma, l  opera tor  S  wh ich  fu l " f l l l s  the  assumpt lons  in  tho

s ta . tc rncn t  i s , in  v i r tue  o i '  lheor "en  4 ,2 ro t te  o f  the  oper :a to rs  Tr , , ' '+he : :e

K =  6 ( S )  "

Then Ax}er  a . l t . s  Shnp i ro 's  p : :oo f  o f  Putne im 's  lnequa l i t y , !2 rshows tha t ,

in  th is  case

, - 1
d i s t n  r v t ( E ' R ( K ) ) ' -  =  J t  

' l r $ 1  
,

\ , \ J \ /

s o  t h a t , b y  l e m m a  2 . 4 ,  K  l s  a .  . c l i s c .

As  we have a l . r .cady  remar l tc r ] .  j .n  soc t lon  7 ,1  n*e  must  have T* ' -a l lo+b,where

b  l s  t h e  c o n t r t t n t  o 1 . ' t h e  d i s c  K  a n d  a  i s  i d s  r a d l u s

1 ' o { T : l " ) - 1 } _ ( T _ [ ) - , ' * 1 = * ( ( r - , | ) . 1 r , I ) t q - I ) " 1 }

'j

f
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- .  ' l  r  -  + ' i  r  +hrr  i1"roducib i l i ty  € ' lssunipt j 'on is  r l r :op*

4  "5  l , c t  u i l  n t l t  i ' t : c  f  i ' r l e1  I ' y  1 , r i [ ] ' r  '  r r '  u r r l '

! L ^  . . : : : , : ; ; "  . r ,  r l r . c o r c m  4 . ? -  o r  0 o r , o r 1 a r " y  4 . 4 , t h c : n  "  : t t " t ' : :  
. i : l t r r { } *

l ) c ( i  J .  l ' o l t l  L ' j r u  " ' ' i l t c r t l c n t ' s  
0 f  r l t c o f c m  4  ' Z  o I  t ' u '

mand of  t i ie  crpc: :ator"  ig  as pr .escr j .becl  there,nz lmcly 1 lK o. r  a l ln+b,but  t } - re

o t l r e r $ 1 r m [ l { i n d s c a , n n o t b c f u ) . 1 ^ y c o n t l " o l 1 e r 1 .

. , i * t r  . r  - i  z.nq' l  - i " teu:qprqnru' l i l : to l( r- o.1r\n.\y"4ir I on-9r^g!q,Il9- vJitw''
!) ' !,.:"1:':r::2-- 

:. n { mensional ser f-

r  ^ rat  q h.)  an l rrc lducible subnol:mal operatni lgl th"one-ol
) " r  , v u  e  ' 2 v

^  ' '  o  ^ \  and d)  thc  p r inc ipa ' t  func t ion .  o f  S  is  neces-

c o m m u t a t o r . l l e c a u s e  
o r  ) ' e ' < t t  @ " e  

^  , _ . -  ^ _  n  - - , , . r . T n  t h a t

s a r i l y , t } r e c h a r r : c t e r l s ' b i c f u n c t i o n o f i t s s p o c t r u i n S s * ^ 6 ( S ) . . . .
: .

c q s e

= t " [ s * , s l  =  n ' '  l * (o , (T ) ) '

h e n c c , b l r  C r : r o l 1 a r y  4 ' 4  1 e  
c a n  s t a t e  t h e  n e x t '

':i.l g rJ*- i,ul g,:gbn g{$P 1 q q c t3'!gl-gt!}--egg;gi'@

i i : r )  f o r ; r r  n l J  +b  , iU&  a 'b€C an ' *  a lo '
^-i::-# +

\\lr* ,ti l\

5. 2 ilhg.erss.
nrrtta';oi-Il-9{

Reca1l 'rat a pure hypono'mal operator uittr one-dimensional sel{;commuta'

to. is t lecessati- l-y irrcducible

spe ctruin of 'an 
lrreducible sul i-

5 . 'J  Lct  us ment ion i l ra t  tho goonret rv  of  - t - : : : " : , : " " ; t ; ;o" . , * t , " "  
the res

n o r , n a l , o p e r a t o r r n a y b o r a t h e r d i f f e r e n t , " o l t h e a ' b o v e . p i b t u r e , w h e n t h e r e s -

t r . i c t i o n o n t } r e r , a , n k i s r . e ] - a x e d . J l o r i t r s t a n c e , i t i s e x p e c t e d t h a t a r e l a . t i o n -

ship bctvreen t ire rank of trre se1.f-conr:rrutato' and the ra'nk of the fundamcn-

t a l g r o u p o f t h e s p e c t r u m h o } d s , b u t t h i - s p r o b l a m i r a s n l t y e t b c e n s t r r d j . e d .
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