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On Putpnam's Inequality:Bxtremal Operators o SR Nz

Mihai Putinar .

=

A basic inequality in the theory of hyponormal operators,due to Puinam /10/,

asserts that the norm of the self-commutator of 'a hyponormal operstor is

Do

dominated by the area of its spectrum multiplied by & . universal constant
F:rom the very beginning it was realized that this incgquality is sharp in

the case of the unilateral shift operator.

The purpose of this note is to characterize somec of the extremal operaio

-witha respect to Putnam's inequality,that ig,those hynoﬁdrmal o7
which it becomes an equality.As a byproduct of this chérscterikaiiwh andé of
the recent work of Axler and Shapiroe /3/,we describe all subnorma’
tors with one-dimensional self-commutator.More specifically,we prove
such an irreducible subnormal operatof is”an‘affine,trazsformatiun

unilateral shift.Also,it turns out from the same -considerations,t!

unilateral shift is essentially the unique subnormal operator for
Putnam's inequality is sharp.

Our approach is based on the theory of the principnl function.

§1. Hotations and preliminaries

1.1. Let H denote throughout this paper a complex,separable Hilbert space.

A linear bounded operator T,acting on the space H,is called hyrponormal
STl T%T‘Zr’l"t‘yr swhere T* stands for the adjoint of T.lvery subncrmal operatosr
fulfifls this condition, » :

'Any hyponormal operator can be uniquely expressed as the sum of a normal

operator and a pure hvpornormal cperator,that is an operator without a non-

-
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trivial normal direct suwmmand.A hyponorusl operator which cannot be ‘decompo-
sed into nn orthogonal direct sumof non-trivial operators is said to be ir-

reducible.livery irreducible hyponormal operator is necessarily pure.

12 One of the most important examples of subnormal operators,and a

fortiori,of hyponormal operators,is the unilateral shift U :H — H.I% can

. +
be defined as follows: let (en)n> . be an orthonormal basis of the Hilbert
. ” :
space H,Then the shift U’+ associated to the basis (en) is the operator:
e ) =w» n» 0. <
+F n) net ! ¢ _ ,

There is on extensive literature concerning this universal operator.
Wwe mention here only a few facts concerning U+,which_are needed in the se-~

quel.

1.3 The spectrum of the'operator U+.i$ the unitid SC;E}m {z¢5€ ]lz($1}:'
6(U+)~--.» 15 :

The operater U+ is,up to a unitary equivalence,the unique isometry with
Predholm index -1 ,and acting on the Hilberf space H.Maore precisely,the pro-

; i T * : e
perties U U = I and dlm(kerU4) = {1 determine the operator U+ completely ,up

to a choice of an orthonormal basis.

The self-commutator {U ,U = ,0. % e_ is the one-dimensional orthogonal
e 0l
projection onto the linear space generated. by eoeﬁonsequently we have the

following equalities:
¥ V Ay ¥ ' , =1 =
”[U+,U+] I = 11 [u] ,U.J.r. A ple ).
Here. M stends for the plenar Lebesgue measure and Tr for the trace.

The above equalities are particular and extremal cases of two important

inequalities,as follows,
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o4 Tet D= [T‘,Tj denote throughout this paper the self-commutator of &

h!yponormal operator acting on the space H.D is a non-negative operator and

e X o : i e ; ; : , S
t vanighes|\lf end only 1if T 1s a normal opegrator.We point out the identity:

i
4oh,hY = [lTh |l % - LY £H. : A A

Putnam's inequality asserts that,with the above notation,

Aots AT (o (). o (1.2)

3

The original proof of this equality was based on Putnam's subtle tech-

niques of cutting-down the spectrum of T,sece /10/ and /6/.

1 .5 The operator T is said to be rationally cyclic if there exists a

vector T € H,so that the linear space %f(T)E, ,févﬂat((S(T))} is dense
in H.VWe have éenoted by Rat(X) the algebra of all rational funbﬁions with
poles off the compact -set Kcing o ; : ¥

Thé second basic inequality related to hyponormal operators was proved
by Berger and Shaw /4/ and it states that -

Tp UT““/A(G(T)), et | (1.3)

w?hencvér T is a rational cyclic hyponormal operator.In particular,this
inequality shows that,if T is rationally cyclic,then the self-commutator
D is a trace class operator.Putnam's inequality may be easily,derived from
Ber:ger and Shaw's inequality.

A direct and simple proof of Berger &nd Shaw's inequality was- given by

Voiculescu /f11/,

%2 . Axler and Shapiro's proof of Putnam's inequality

In the case of a subnormal operator,Axler and Shapiro /%/ have recently

discovered a nice proof for TPuinam's inequality,stprting . from some esti-
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mates in the rational approximation theory.We shall briefly discuss their

method,

i + 4 ay . % > '
2.1 het S denote a subnormal .operator defined on the Hilbert .space H and

let H

. ‘denote a Y-rational cyclic- ,closed subspace of H.If S1 stands for

the restriction of the oporater 8 to H1,then 31 ig again 2 subnormal opera-

tor,and,in virtue of (1.1) one gets the inequality

SN T q% a ' A ! :
Al mln om0 S < 9 Sl ns e

.

On the other hand,it is immediate to verify the inclusion 6(81)C'6(S}.
ity (1.2) for the. operator S may be

o

Therefore the proof of

reduced to the case of liec operator S

;‘.

2.2 The rational cyclic operator S, is canonically represcnted as the
J I 1 y rey

4

multiplication with z,the complex coordinate,on a function space supported
by- the spectrum.By using this model,Axler and Shapiré have derived in 15
the inequality

ise sl € aten o (mRCED7,

ez}

where C( G ) is the Banach space of continuous functions on the set O =
&8 and R{ &) is the closure of the space Rat( o) in this tepology.

13 i 1 L))
A guantitative version of Hartogs mnd Rosenthal's theorem,due to

hlexander /2/,asserts that

a1 2 -1
iis 7, R < - S
di tC(G)(/,h(G)) SO | fb(b)
This completes the proof of Putnam's inequality for subnormal operators.

2 .% A computation based on Cauchy and Pompeiu's formula lcads to the ine-

quality:



The heart of Alexander's theorem 1s the next estimate:

: - : ' = : : =
sup |\ (5.-5) tp(5)) < IIY/A(C? s (2.1)
HEG 2 ; : .
; . G , :
wvhich was proved by an elementary,but clever computation by Ahlfors and

Beurling /1/.A direct inspection of their proof implies the next.

.

2.4 Lemma. The ineauality -(2.1) becomes an equality if and only if © -is

g —-clesed disc.

%3. The principal function
A central object in the study of hybonorma_ operators with trace class
self-commutators is the principal function of Pincus /8/.1t was defined
_originally in terms of perturmation determinants,and,after the work of
Helton and ilowe /7/,the principal function turned out to be characterized
by an invariant formula with traces of commutators of smooth functions of
the initial operator and its adjoint. :

We summarize below some of the properties of the principal function

needed in this paper.

3 .1 ILet T be a hyponormal operator with trace-class self-commutator
= D€101(H).The'principa1 function g=g, of the operator T 1s the unique,

compactly supported,integrable function g on € ,which satisfies Helton

(6]

and lowe's identity:
' - * =1 = 3 : ' :
Tr { DT (T, )] == 3T (?pla- %%)é:T d/'v. (3.1)

where p and q are polynomials in two variables.Let us remark that,in



e : : x o
view of the assumption DeC, ;the order of the factors T and T in the mono-

1 §
misls of p and q doesn't affect the trace of the commutator [p,q],se@ 1T/

for details.ln particular,f ormula (%.1) shows that
- : e felin = f Co
i) o —.ﬂ & (x/'f'\- . > Y 3 1 ( 5 i )

3.2 The prinecipal’ function g of the operator T has the fiollowing proper-

ties (see for instance Clancey's book /6/):

m

b).  Supp(g) € 6(T).If the operator T is pure,then Supp(g) = (7).
In particular,this property - shows that the. spectrum of a pure hyponor-

S

mal operatornhss positive plenar density. -

el SEor A,ﬁé:\ﬁgo“(T) we have %()L) = el TN

Consequently,the principal function of the unilatéral shift is &y x)Lm,

: 8 : +
where "XK denotes the characteristic function of the set K.

d). The principal function of a subnormal operator is integer valued.

This is a deep result proved by Carey and Pincus /5/.

e). For cvery integrable,compactly supported function g on _@l ,with
0<$g<1,there exists a unique,up to & unitary equivalence,pure hyponornal
: ! i . X% s " il :
operator T,with rank[T ,T] = 1 and so that {g\x {gT] TRl (dfm).

This fact is implicitly proved in the paper of Pincus /8/ .Another me-
thod of realizing the operator T with prescribed principal function g is
presented in Putinar /9/.

+ b, where a,be @€ ,a£0.

. = ag
f)' Earsb) = aSr
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3 PpProperties 4) and e¢) above imply that every pure subnormal operator 3

2
%
e

o

with one~dimensional self-commutator is completely ‘determined by its prin-

. i v . =~/ . & ‘ v
cipal function: —g= kﬁ( yand consequently,by its spectrum.llowever,os we

3)

shall see below,not cvery ‘compact subset of © is the spectrum of such an

operator.

3.4 B

By %.2.e) there exists & pure hyponormal operator T with the self-com-

K

s - e : Ea ; : :
mutator-DK = [TV’“K] of rank one and so that its principal function is 3(
4 :

Then,by (3.2) we obtain; - -

Kn

! "‘1 '
u ])Kh = P Dy = )8 /u(x).

The operators in the family (7T are,as we shall prove below,the

K)KCCC
only irreducible operators smong a wide class of hyponormal operators for

which Putnam's inequality is an equality.

%4, Some _extremal hyponormal overators

4,1 Ve are interested in this section in pure hyponormal operators T wvhich

satisfy .the condition
e -1 : , . g
KDl = //;(()‘(T))« (4.1)
Assume.(4,1) holds and let us consider a hyponormal operator T' with
S AP L) - C o6 (1) Then. by putnam's inequality (1.2) the operator THT' still
satisfies (4.1),It is natural therefore to take into consideration in tihis

section only irreducible -operators.

4,2 Theorem. Let T be an irreducible hvponormal operator with compact

self-commutator.If Putnam's inequality is actually an equality for T,then

PP opdibh K @ (1 )00
D=, with (1)

nple. ‘Let K be a compact subset of € ,with positive planar density.
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In other terms,the theorem states that renk D = 1 and

ever D.1s

)

~/
7 Loy Whene
€ '1‘ A o (7 ) :

compact and fulfills condition (4.1).

Proof. Since D is a compact self-gdjolnt operator,there exists a unit veo-

Nph=

Let H

i

Cil 7y ' - 2

be the T-rational cyclic subspace generated by "g, and denote

T1::T1H.,l .Then the operator ']‘1 is also hyponormal and

<DG,5Y =

wvhere P

DI R TR TR YT e TEER G A F> (4.3)

stands for the orthogonal projection of H onto H,‘-.

By using (%.2) and Berger and Shaw's inequality (1.3) one gets

<D

and

Py 1)1' £

~Bub

E) £ Oy D, = e g, d‘}};, : o A

%

Sl : ; '
Il g (i e 1 : _ (435)

1

,6"(’]‘1) C & (T) and T fulfills condition (4.1).Hence the inequali-

3)=(4,5) are actually equalities.

Jurtheron,we infer from from (4.4) that {D S ‘g) TreD, 80 that

rank J)1

1.By taking into account the properties .20 and j.Z,b) of the

o 18] [oe S Tl e = s n . o ’:. /
principal function we obtain from S"l d}k = [.4,( 6‘('11)) that &, }"6'('1‘1)'

Let us notice also the egualities I')l_}_i1 = e = L% b

Concluding,we have proved that T, = T, for S0me compact selc ©

K

The proof will be finished if we shall prove that P =l1.This fact follows

from the

irreducibility assumpiion and the next,

X ¥
7 Foy : S
4.% Temma. With the above notations,assume that T §ﬁ111 .Then }i\ is a redu-

¢cing sub

spaee-fTor=,
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= o 4 o . \“‘: & = . 2 = ;i
Proof. :We have to prove that T f£f(T)t< i, for every function f-€Rat( o (T)).

ey

S AR ) =) . - o = ; ‘)‘( S
In fact,by a density srgument,it is enough to check that T f(T)g < H1 for

a functicn £ of the feollowing type

floy= ) p (2)/ (2= 1)

&

vhere p, are polynomials, ?&iélﬁl‘\G(T)"and n is arbitrary.
¢ %ok

Accordingly ,we have to prove that T%(T« A)_ﬁz_é_ﬂ1 and= e E é_ﬂ1‘for

——

every natural number k.Both assertions are,via an induction on k,consequen-

ces of the following commutator identities:

* o s G A R 32 :

fo sy e A ey
and

T'T':Tk-g __TT%TK-*TE. = <Tk«-1 2 927 E« i : :

4.4 Corollary. An irreducible subnormal operator with compact self-com-

mutator,for which Putnam's ineqguality is an egunlity,is of the form

sl +b, where a,b € € and afo0.
.&‘ R ey o SR

Proof: The subnormal operator S which fulfills the assumptions_in fhe
statement is,in virtue of Theorem 4,2;one‘of thg oper&tpr$ TK,where
K= 6(5). " »

Then Axler ans Shapiro's proof of Putnam's'inequality,%2,shows that,

in this case

= 2 =1
ZyR{K = A (K
C(K)(/;'(\))”‘ UT / ( )1
so- that by Temma 2,4, K is a disec,

As we have alrcady remarked.in section 3.3 we must have TKwﬂU++b,wherc

b is the centrum of the disc K and & is its radius.
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4.5 TLet us notice finally that ,if the irreducibil]

ped from the statements of Yheorem 4.2 or Gorollary

mand of the operator is as premcribed there ,namely TY
N

other summands cannot be fully controlled.

»
o

M..mw..,...., i e s s e ar e

%5. Subnormal o1

it

«

y assunption g dron=
4,4 then & direct sum-

or al +b,but the

tors deh ong-dimensi “onal (rliwcomﬁutruol

5,14 let S be an jrreducible subnormal operator with.one«dimensional sel f-

commutator.Because of %.2.8) and d) the principal function of 8 is neces-

sarily .the charzcteristic function of its spectrun
case

\ | ’A 4

sl = 2x[s*s

7 p (S (M),

nence,by Corollary 4.4 we can state the next.

gS = 'X’G‘(S). that

5.2 Theorem. Hvery _pure subnormal ng!;&i%,g?};‘,;ii-,i;!}_ﬁ,ﬂl‘;&:iﬂmlﬂfiwio’f’_@ self-coll=

putator is of tihe form al +b ,with a,b{aﬁlnnd 240 .

R o R Pt prmAAt

Recall that a pure hypomormﬂl operator ulth oneadjmcnomonul selﬁmcommutam

tor is necegsarily irrgducible.

5.,% Let us mention that the geomeltry of the spectrun of an ineOuClb]” sub~

normalﬂoperator ray bo r%thgi different from the &bOVG‘plCtQTg5Un€n the res—

trictlon on the rank jis relaxed. for lDoiﬁﬁCO 1t is

ship between the rank of the gelf-commutator and the

tal group of the spectrum holds,but this problem has

gxpected that a relation-

rank of the fundamen--

not yet been studied.
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