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MTJI"TIPLtrC.\fiVE FROFERTIAS IN THE,

STRUCTURE OF CCII\TRACTIONS

Gr.: A rsen,e,': Zoia Ceaugescu, T; Cbnstantinescu

AnstRacr' The canonical form 'of the product' of two-bY-two matrix
: 'contract ions is given (Sect ion 4).  As preparat ion, two ways of composing elementary
irotations are studied (Sections I and Z). Interpretations using multiports are sketched.

'
I l. For two (complex) Hilbert spaces H and FI, let L(H , II) denote the set of all

l1l in.ar, bounded) operators from H into H'. For a contraction T e L(H, H'), (i.e. l l f l l  S t;

we wil l write T e LrtU, if)), consider its defect.operator D,, = (l - f*t)* and its defect

ii ;space D, = D1(H)- (the uPPer bar denotes the norm closure).
. : i : t

One important point in dilation theory is the study of iontractions using special

i i  ",  ,classes of operators (unitaries, isometries or coisometries) on larger spaces (see [18]). In

.' 
',-, 

this respect, the use of the following unitary opbrator is always fundamental. For a
r'  

= .,contraction T e L(H, FI), denote by J(T) the operator:

f ',', ,
l"'' =

: i
{i{
{
r,i
. ;
ij

: l i

t;f
t'

r:i

r
Lot

H@ D1x -* Fl @ Dt

or.l
-r,, 

-|

. ,.r ' We will call the unitary operator J(T) the elementary rotation associated to the
. , . '

i . .  
:n 

.contraction T. It  is the core of the minimal unitary di lat ion of T (see [18' Section I.5]),

; ,  ' '  and several other terminologies from operator theory or systems theory are used for i t
:"': 

in the literature. ;

A systematic study of dilations of contractions asks for the structure of two-

,by-two matrix contractions. We refer to [S] for the structure presented below, and for a

, history of the subject. I t  is worth to add the reference [ i6] where the use of so-called .

Redheffer product in the study of rnatrix contractions was initiated; this was explicitly

done in I lA]. The mentioned structure is described by the one-to-one correspondence
'rbetween 

the set of contractions A e L(HL9)112, Kt@I(r) and the set of 4-tuples

{n , r  LJz, r }  wi th  A e LL(HL, I I . ) ,  r ,  e  l r { r2 ,Dgx) ,  Tre t t@A,Kz)r  r  e  t t (Dt r 'o t l ) '

. ' . . . ; . ; , , .  : ; .  I  . ;  -

; -  r -  l . ;  l . r . . ' ; . ,  "
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i. ;. :.: 1 1.., ,: ;

. -  . . " .  i . .  ,  i . ' J ; . j i . i , .  l . , i  : . , , , . i - , ,

(1 .2)

We write in this case:

(  1 . 3 )

o

A =
l-^
I
I

Lt'oo

D ^ * I ,  IA l l i

l l
- I + A ' * I ,  + D ' . x I D r .  IL  L  t z  t t j

D r  @ D n )' 2

t:i
. ':.;

= 0 t t '  i i' i

here only the 
'

I

) ,I12 t

[ * l

t ion

)  =  o :  D i  *  r r r " r ,

f o r ro^  
- (o l ,  R* r ,+ r l t o r r ,  

I) = l '  
' r , , n  ' r  

l e l ( n ,
t  

o  Dror ,  
I

space D;x cun b"  ident i f ied wi th  Drx ODf *  us ing

ong the applications of these facts we m

; f ct(,i
I(1.4) I

; '  
{  .

, , ' '  L
i - r  r r
i'-r i,-{

1, i: The defect
ll: l

t : '  : l  Am

D *l ' t

-A* T

D n' t

o . ,

i t  i s  c lear  tha t  A*  =c(A* ,  r ; ,  rT ,  f  * ) .  Note  tha t  J (A)=c(A, t , t ,0 ) ,  w i th  H7 =  DA*  and
-  L  4  t t  

O

.K.r= Do. We wil l  cai l  (t .Z) tfre canonical form of the two-by-two matrix contraction A.
z l ' \ p

; Moreoverr one has a description of the defect space of A , namely, the following

operator is a unitary one:

oH

',..' .o

oG

enti

triangularizatron of the defect, operotors induced by (l.ah this was used in [5] anO [6] for

computing some determinants connected with angles in Gaussian processes (and with

Szegci-type theorems for them).

Particular cases of this

A - 0; see [9], [3], [4], [ t7], and

operator, which (together with

case where I(, = {0}, and

A. e Lr ( ru1 OH2,  K l )  i f f

(r.2)r

where A K l ) ,  f  l  e L I @ 2 , D ^ x ) ;

, r o ^ r * D a o

o

A  =  C ( A ,  f  , ,  I '  I ) ;. I ' L '

descript ion ( i .e. for row - or column - operators, or for

so on) are also useful; we l ist here the case of a row

column case) wil l  be used later. This corresponds to the

t h u s  T  r =  0 e  t ( n ^ ,  { 0 i ) ,  I  =  0  e  L ( D f  . '  i 0 } ) ,  T h e n
' l

l

Ar = (A , D^x I1), ' ,

tt:

-J
(l-)

; t .  u
. J ;

. ' ,: i

j
' j

L l ( H I , I

[  
*^,

1
L 

oto'
r r . , . l  1

'oo. = 
L]^

moreover, one has the unitary operators:

' l
I

(1 .4 ) r

{ .  , ,  -  .  r , . ,  . -  . i  . i -  , . .
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After this review, iet. us tackle the question of describing J(i) f .or

eLr(H,  @HZ, Kl@Kr)  in  terms of  e lementary rotat ions of  A,  I l ,  I '  and I ,  where

= C(A, I, ,  f ' r ,  I).  We have the fol lpwing:
L '  l '

l. l. $A = c(A, I v 12, I), theru

trn, o r, @aFti,tr n, 
" 

H2 o0I I =

o

A
o

t\

PROPOSITION

-  l rKl  €)J(12)OrDrxJ(A)OJ( r )x lH,  @t(  r l )OIDI+)

cnd o* = di* ) are defined in (t.+).

I

(r .5)

o
twhere o= o{A)

.:.J
I  t .
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PROOF. Both s ides of  (1.5) act  between l - r lO H2ODfl  OOt* and

Kt@ KZADTTOOT. The r ight  hand side of  (1.5) is,  af ter  making 
]he 

Arqducts,  the

matrix: 
: ' -l

| .^  
Doxr ,  DnoDr l  o 

I
I  t r o o  - r 2 A * r r + D J , x r D p  - ( r r A " D r T o D r * r r l )  D r ; D r . l

( 1 . 6 )  
|  

t  A  r  1 2  '  
I  

L  L  
I  

^ 2  '  
-  

|

l o t r o o  
- ( n r r R * r l + r ; t o ' , ' q r { - o ' r o o t i  - t ; o r i

l o  D r o r ,  - D r r i  - r *  
IL J

Taking into consideration ( i . l+), we have t lrat (1.5) fol iows front (1.5) anO the equali ty:

f

[ - t ; r r i  
+o , ro *o , i  r ]Dp I

I  
. r , r r iODr* ,  Dyo@Dp) .

L  
- I  I  J

Formula (t.Z) is a routine computation. Indeed, i t  is enough to prove (1.7) for elements

Y e  D f T O O J , *  o f  t h e f o r m

; i t '',.,i i,. ,-i. i ,

r : i  l ) i : : r ; r ' : .

i .  I

l.r j; -  i ; , . . :



palis ilLlii i l l*rs r {}'[c.

DrxDoxk l  -  D r l n r j k r  -|u r -  r l  r *Dr Ikz
L  L  t  t 2 '

(  1 . 8 ) y = ckDf x(k, e)kz) =
D t'x D t,x,  t 2

where k ,  eK,  and kreKr.  Now, the act ion of  the le f t  hand s ide of  (1 .7)  to  y is

'  " ' { *o ly  
= o,&*o lo*D^o*(kr@kr)  = CID:  i * { l . ,  €)k?) ,

A L L

:which can be computed using (1.4) and (1.2). The result proves to be equal with the

:-action of the matrix from the right hand side of ( i .Z) to l from (l.S). The computations

, repeatedly use that for a contraction T one has TD.,. = D-xT and Df 
'= 

I - T*T. n
r l l

' ' ,
: .

: i  
REMARKS 1.2. a) The matrix (1.6) appeared in Proposit ion l . l  from [15]. ,

I  b) In the case of a row operator A, as in (1.2), the formula (1.5) becomes ,

( l . ' ) " [ I x @ o ( A , ) l J ( A . ) [ I H / n H @ o ( R " ) * ] = ( J ( A ) o I n X l ' o J ( I ' ) )
r  r \ l  t  ,  , ,  

l t ) t t z  
-  I  u T  , ,  

l -  I
r  r l  t

which is Lemma'2.2 trom [6]. This might give an alternate way of proving Proposit ion

,. l . l :  write A from (1.2) as a row operator (the two components being some column
.  \  , .  - \operators) and apply (1.5), and a similar one for columns. ;

, i  c) The right hand side of (1.5) suggests a sort of simmetry between A and I in

(1.2) ,  This  is  a lso conta ined in  (1.6) ;  indeed,  when A,  I l ,  l ,  and X are pure contract ions

(T is a pure contraction i f  ker Dt = {O}), then the right hand side of (1.7) is (after

intertwining the rows and the columns) exactly C( I* ,  f l ,  t ; ,  A*) e L(K 
Z@K l,

,HZe)Hr). t t  is maybe worth mentioning that i f  T e LL(H rH') is decomposed into the

d i rec t  sum T . .O f -  ,  where  T  e  L (ke rp - , ke rD*x )  i s  un i ta ry  and  T -  eL (D* ,D- * )  i s  a

, ,  
pu." contraction, then

( l .e) J(r) = ruoJ(Tp) ,

with respect to the orthogonal decomposit ions H@Drx = (kerDT)O(DT@DT*) and
g'@DT = (ker D'x)@(Dr* @Dr).

o

d)  Formula (1.10) ' f rom [8]  shows that  i f  A is  as in  ( i .2) ,  then
o

.t E*-"
li,**wn"o

kz

-::'

' : l

.  , ( 1 . 1 0 )

here the t'imposedil and the

separated. Formula (1.5) gives

: ' .....!

i t t . ;

A - ( lO rz)r(A)( lO rr)  + (o@D r;  ro r ,) t

"free" parts of A (when A, I '  and f2 are given) are

the reason why (1.10)  is  t rue.
. ' ' ' . i ] . ' ] : : . ] ] : ] . . . , . ] ' . ] : | : . , l ' i , : i T i : : ' j ] ; n . : ! : i . : i . i ; ] i i i i i *

i .  , : i t . , I  r  .

i ' ' r  i r .  I

I  i .  . i  L l l . : 1  : : i i . , , 1 it i l. t),;;'t , ,..1 )
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rotation of a contraction T can be

Thus, formula (1.5) shows thaf the elementary rotation o{

I

' '..
o

A

J(T).

f rom (1.2) is

A
o

J(A) .

f) The results of [S] were generalized in [7] to the case of operators (in

Pontrjagin spaces) whose "defect operator'r has a f inite number of negative squares. The

facts of this section can be accordingly general ized to that case..

2 .Le t  T  eL r (HrH ' , ) ,  S  eL l (H"H" ) ,  and  R  =  ST  e  L {HrH" ) .  The  a im  o f  t h i s

section is to compute J(R) in terms of J(T) and J(S); this wil l  show a different way (from

(1.5)) of composing elementary rotations. A close connection with the notion of regular

fac to r i za t i on (see [ l 8 'Chap te rV I I ] )w i l l appear .

It  is natural to try to embed D* into the direct sum bf D, and Dr. This can be

done using the isometry

?srl = ?: o* "+DsoDr
(2. l)

(t't" stands for

operator can be

'-,"1

; l r

t - i '

.l
1
j

I

l

:

)

(2.2)

and

(2.3)

We have then

(2.4)

?nn = (DsT, or)t ,

the matrix transpose). Simple examples (e.g. S = T = 0) show that this

nonunitary. Define

F(ST) = (rm y)- = {orrnODrh; h er/}-c DSODT
:  -  . -  - .

R(sr) = (Dsc)Dr)or(sr) .

the unitary operator

Y(ST) = 1:  DR +r(5T) ,  Yd = ]. l*,,,,,,,,,,,,.,.,,".,,
. "l ̂ t- i l r-: i'j i.tit r

,i.l;:li,::l I ir:iiJ,i, lj::

Yd, d

r  i i

i r j

, ^ J
b



" ,'oj
, 1

t

I
l
i

i : : * i i i i  r  - l . i :c : : ;

.  . . :  r  
' r  

i - .  , .  :  , . .' ,  
;  - l  : .  : . j  i - . :  . j  j  ) .

: i - r  
'  

. j  i :  .

Analogously,

(2.61

i, i,i:,.l-es r i;.o,r1r: :ttr:Ri.:qr::ii, rJ {:c -

D1x ODrx through the unitary

Op€riitor ]* =

PROPOSTTION 2.1. For the factori.zation R = ST

(2.5) 0p,,OY)J(RXIH @^rI) = (J(s)OrD_XIH,G)J(0)XJ(T)€)rp^*) lH6n11*5*;"T  "s*

where the zero operator in right hond srde is consider ed in L(D, Dr*).

PROOF. We proceed as in the proof of Proposit ion l . l .  The product from the

right hand side is the matrix , 
'i . . l

. l

ltt 
sDlx or.]

M =  
|  Or t  DsDt  :S*  I  eL (H@Drx  @Drx  rH"ODsODr ) .

Lo, -r* r .J

.  (2.7)
l "  : i

r rom
:,. ;,,

. . :  
i ''  (2.8)

Le t  now x=h@D1* l *n"OD5*h"  eH@F( t *S* ) ,  where  h  eH and hn  eHr t .  Then

Mx = (Rh * ofl*h,,, DsT(h - oxh',), Dr(h - R*h',))

(2.7) i t  fol lows that M(I{@F(t*S*)) = H"Of(ST) and that
J

f  D-D-x
l ) l

rR*yT = |- t '  ' T  
r

|  - t*
L

ulas (2.1)  and (2.2)  f in ish the proof .

-s. I
.l Irtr*s*1.

O J

Form

' l

n ,

REMARKS 2.2. a) The operator J(0) is the operator of changing the sumands in

a direct sum.

, , 
- [) Replacing J(0) by J(Z) with Z e t 

r(D' 
DS* ), the product f rom the right hand

side of (z, i l  (replacing In by In and In with Ir,  ) is connected with the
.. -S* '  uZ* "T "Z :

' '  
,  computation of the elementary rotation of the contraction ST + DrxZDl, Operators

. l ike this last one appeared in the study of posit ivi ty for arbitrary block-matrices (see

i13) .  I f  Z  is  factor ized through a Hi lber t  space X as Z=7r21,  one obta ins the
' elemer)tary rotation of the product between the row (S, Dt*21) and the column

' . t
(f , ZrDt)'; see also Section 4. ;

c) The factorization ST of R is called regular if R(ST) = {0}. This notion was

intensively used in the study of invariant subspaces, namely any factorization of the

' :  
: . ; ;  

"  
I

i - i , 'v l r i , ' ,^ r r , , - i ,  1 . . * r  : '  l  i " i i : r r - , r



j ' t
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ft&\Mircirl

i : . t r l J ' j " n c s r . : . . i . t i - : i ' i l i t ' : t l . ' i : ' l ; , ' ] l ; i . , l ' l : ] $

i :  I ; " 1 "
"characteristic function of a completely non-unitary .onir"i i ion pioviOes 

"^ 
i"""i i""i

i - .

subspace for the direct sum of the considered"Lontraction by a unitary operator, which

is zero i f f  the factorization is regular ([18, p.32lJ). Regular factorizations appeared

later in the uniqueness criterium for contractive intertwining di lat ions (see I l ]),  and

then in the Schur-type analysis of the set of al l  contractive di lat ions ([2], [10], I l i ] ,  [J],

L4). Now, in the sett ing of Proposit ion 2.1, i t  is clear that the contraction ,

(2.e) Z(S,T) = Z =

has the property that i ts pure contractive part acts between F(T*S*) and F(ST) (and is

canonically unitary equivalent with.the pure contractive part of R*), while i ts unitary

part acts between R(T*S*) and R(ST). This is a way of proving the symmetry of

regularity with respect to the adjoint operation (see I l8o proposit ionS.?of. Chapter VII],

l3l, l9l for more about this). What Proposition 2.1 says is related with the beginning of

this remark: the matrix M rr is' l  the elementary rotation of the product plus a unitary

operator which is zero when the factorization is regular.

d) The mult iport interpretation of the regular case of Proposit ion 2.1 is

3 ( R ) .

3.ln this section we indicate the canonical form (as a two-by-two matrix

contraction) of the product of a column operator with a row operator. This will help

doing this for the case to be considered in Section 4: the canonical form of the product

of two-by-two matrix contractions.

Consider the operators:

(3 .1)  
,

where

(3.2)

where

s,- l
,  . l  

eL(D-, '*@Ds*' DsoDr)

I t :

Al . il ry., ry* ), and

T. = (T , DT* Ar) e Lt( Ht rJ^ \, Il

sc=(5 ,  gor ) t  e t l (4  c rocz) ,

b r l ( t ,  GzI .
Denote

: i . r : , i  r , i r i : I : l

, I i l ; : i :

j-riili tsJ,r*i;

i  t !\,,I i .. ' ,

R = Sl eI{ Ht, Gr),  and

i i  , 1 .  l



. the operator f
' ,  obtained from

0.13)

ri :.1 '

( L 2 ' o )

will use now the usual

e  L ( D t r ' O 1 x )  f r o m  t h e

( L2 '  o ) z ( t  -

have to use the analysis

(3.5). Analogously,

o

of R must be

t - , . .
i  t . ^ . . . ,  , . _ . i

j {.)

[**,*,**.

r - ,  l l  I

o

R = S  T e  L (H  r@Hz ,  c l  Oc2 )  .

(3,5)
o

R =

o ,' For rvriting R in the canoniceil form it is clear that we

of defect spaces of R from Section 2.To this end, consider

0 .6 )  P (s , r )=p 'p l , s . | "  and
F(ST)

.
\ : .o /x  P*  = P(T* 'S*)  .

Then, using the operators y and 1,* from (2.4), def ine

SDrx A, 
I

ArDrDrx"I f  
l  

.

R

azDsT

c r

t-
I
I
L

J
,. .{,
r 
'',{'
:i ,

, , ' i '
{ l

{

(.[

{
. ?
t :
t'

j

{
r t  =  y l p * ( A l ,  0 ) t  ,  H z *  D R n

I  r =  ( L 2 ,  O ) y  :  D R  n  G Z ,

D p x I ,  =  S D l x  4 1 ,

form of the (1, 2) entry of i. f.om

IZD*  =  A2DST

o-- is the canonical form of the (2, l)  entry of R.

(3.  I  l )

For the (2,2) entry, note f irst that

- r 2 R * r l  =  - ( 4 2 ,  o ) y n * y } p * ( a 1 ,  0 ) t  =  ( A 2 ,  0 ) Z p * ( A t ,  0 ) t

where we used (2.8) and (2.9). Because

0.12) ArDrDr* A 1 ,

form of the (2,2) entry

(3.7)

(3.s)

From (3.7) i t  fol lows
l (3.e)

'vrhich 
is the canonical

(3. I  0)

f ^ ' l =
L, ]
canonical

We

P l e  X A l ,  o ) t  =  D r l t o r ,  .

method to " identify" the defect operators D n and
t l

l . ' l

L l j

t , l i ' ,  1 -  r
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(3 . r4 )  l lD r .  h2 l l 2=  l l hz l l 2  -  l l  r i hz  l l z  =  l l hzn?-  l l y lp * ( ^ th2@0) l l ?  =

l l h 2 l l  
' -  

l i p * ( ^ r h 2 6 0 ) l ! 2  =  l l h z i i 2  -  l i  ̂ r h z l l 2 . '  i l ( t  -  e * X l , r r O 0 ) l l 2
,

,  =  l l n  1 . h 2 i l 2 *  l i r r - p * X A l ,  o ) t r , r l l 2 .- t  -
:
i -

The relation (3.14) shows that the operator t 
,

(
I  a  ,  u r *  D , r  OR(T*S* )

0 . 1 5 )  {  
'  - t  :

I  
, ^  t r  n  \ /  ^  ^ t t t tI  o = ( D A . ,  ( l - P * x A l '  o ) ' ) "

\  ^ l

, is an isometry; denote A(HZ) = M. Then, the operator

(  ,  .  r r

l S t D r  
- + M

\  |  t l

(3.  15) {
t -
l  oDr = o

.  \  * l
:
l

is  a unitary one" :

. (
I  o *  '  G t *  D  n x @ R ( S T )
|  '  " 2,0 .17)  I
I  r *  =  (Dn t ,  ( r  -  PXA; ,  o ) t ) t
t  n  u 2 .

iu 
"n 

isometryl cienoting O*(G2) = My s the operator

. (
l Q * ; D " x * M o

2 r(3.  18)  {  
-

I  
: i .

I  O * D r *  =  0 xt z

is a unitary one.

No* i t  is easy to verify that the dolution f,rr I  from (1.i3) is:

D ^ * €)R(ST)
(3.re) 1 '  = 0I,  * : ,  

(ooz)o e L(D r,  ,  

" ; )  

.

Indeed, since G,o is an isometry, PM* = Qrs 0|, and then
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o f  (o  Oz)o  =  (L2 t(3 .20 )  Drx f  D r .  =  I ) r *0 .10*0 f  (0G iz )0Dr
' 2  ' l  ' 2  ' , l

Tlrus, .we proved:

,

1

PROIJOSITION 3.1" With the noratf on lrom (l .3j we have that R = C(R, f 
1,I2, f ),

uthere R1 I' 1r I , crnd T are def ined ay 3.3), (3.7), (3"8), and. (3. 19), respectively.

The connection with regular factcri ;a.ations appears also in the fol lowing

observation:

COROLLARY 3"2. a)$ tne factorizatfon R =ST frorn.(3.3) ts regular, then for
any  cho tce  o f  I I r ,  A l ,G ,  A ,  f rom (3 .1 )and  (3 "2 ) the  ope ra to r  T  f rom (3 .19 )  i s  ze ro .

b)If t lrcre erist H r{ {O} cnd G zt {A} such thct for anyihoice o/ At and L2,

the operator T frorn {3.19)is zerorthenthe factorizatfon R = ST is regular.

PROOF. a)  fo l lows i rnnrediate ly  f rorn (3.19) ,  becausel?(ST) = {0}  i rnp l ies Z = 0.

b) fol lows from the fact that G - f ,6;9tTfl  = R(S,T) (see Lemma l. l  in t3l). u

REMARK 3.3. The methods from Proposit ion 3.1 gives the possibi l i ty of

carrying out the analysis done in Section i"for the operaro."t i .  in (3.4). so, one can

obtain descript ions of D o and D _p*, as well as some equivalencsbetween nrult iports
o R R "

interpretations of R result ing from (:.t+) anu (3"21). we omit the detai ls.

4" We short ly indicate now houz to apply the results of Section 3

case of two-b1-two matrices
o

Let  A  eL  { I - l  I@H Z,K IO)KZ) ,  A  =  C(A,  f  l ,  f  2 ,  T }  and
o

, G l O G 2 ) , 6  - C ( 8 ,  A  I ,  L z ,  A ) ;  s e e  ( i . l )  t o r  n o t a t i o n "  D e n o t e  
'

g  =  B A  e  I , r ( H  t @ t t ,  c i O c 2 ) .

in the canonical form:

6 = C ( C , 0 1 , 0 r , 0 ) ;

( 4 . i )

o

Write C

(4.2)

we in.l icate below the operators Cr 01 ,
o o

A and B. Having in mind the analysis
o

operator and B as a column operator.

To this aim, put A in tn* form:

to the general

eL  r ( I {  r@Kz ,

02 r 'and 0 in terms of the stucture operators of
o

done in Section 3 we wil l  write A as a row

o
R
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,i1

1 : - t j i i { l : 1 r ,  u ' . l l i i r l ' r '  
i -  l " ' '  

l  :  i t : t ' i

i l
. ' . 1

o  f r r
A = ( A ^ ,  l J u x r r t

I  " C

+

A  =  ( A ,  I " D 6 ) "  '
r L

.t
6 = ( B r ,  A D B . I  '

B r = ( B r D B * A l ) ,

i ' ;  :  i " l

i

&,,
&'
l
h
$:;
I
i
t
{
$
1,
Ir
\
ri

i ,
I
I

t
i
! .

I
i
j

[ rELL (H2 ' ' ^ f )  ]  
:

( 4 . 5 )  1 -  _ ) t .
L  r=cr * (n lx r r  rDr t )

column contraction acting between
' 

he case' because (l 
I {o'rf is a colum" 

:"":t-:-^,This is indeed trr* 

, while a*(Ai) is a unitar, "0.r1: 
u.,t:*::;

::.,:i:"ll::,'," ;';,, l'^:u'o'] ' r'(DA* oD r; 
:: 

't^' has t matrix

: fo^* 
tj

oo :o* (A : )=  

\ - r * "  
o r ; \ ,':a (4.6)

L

f  
n '1 , (Dsr ,cz)

I o = ( ^ 2 , D 4 ; A ) c ( B r ) '

f ou -u,- oI
o(Br)Dg, = I I

t  
s  D o ' J '

Now, we can aPPIY ProPosit ion 3' l

fol lows that 

c = BrAa = BA +

fu
]r

which imPlies (4'3) '

SimilarlY

(4.7)

where

(4.s)

and

(4.e)

where

(4.  l0)

(3.3) it

(4.  t  I )

a ,  .

, :  l ' l

{  , ; -
1
t '
.i 1,.,.
:1., , ..a

1
:rt

t ,
, i  : ,

t :
l
: !

i "  'r,,i' :'i

{  : .. {
I
I

-l
e1 .

I
:^ : i

+1
i- ,i

. t '
1 '
t -

I
' . i

1
:  

, 1

i
: l

1

1e I  = (Br,  [o* , ) t tA. ,  ool i )  '  From

D ^ x I t A Z D ' '
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For descr ib ing 01,  i lo te  f i rs t  t l ra t  Dgx can be iderr t i f ied wi th  f6 ln")cDA:ODUx v ia

the uni tary  operator  y(A*tJ*)  f rom (2.4) .  Using t i re  analys is  f rom (1.4)r .and ( i .4 [  one has

that  Dn x oDR* can be ident i f  ied wi th  (Do* @D r i )@n nx us ing the uni tary  'operator

a t c  -  o r  I r  ' Z  " l

o(Ai)@o{B}). Composing these identif ications we have that i f  we denote

(4 . Iz t r tn in i l  =  { (n^ ,uB*81 Ar ;  a iou*r r )@nt ;  o iDB*81 @D AiDs*8t  i  81 e G, ic

c  D n x  O D r *  O D , r * ,/ t  r 2  - l

then the operator

I i * ,o .*  *Ftn ls l )
I

( 4 . 1 3 )  
{ _  n * n n r

I i* = ron;)@a(n|)htni{)
t

is  a uni tary one. Denote Uy E- the project ion of  D^x@Dt;@rAl onto f in in|) .  Then

the relations (3.7), (tt.3), (4.5), (4.13) and the definit ion cf F* imply that

( 4 . i 4 )  o l = l l F * { r '  f D r , ,  0 ) t e t  r t i t 2 , D s x )' l

The description of 0, is similar. One has to define

(4"15)  F{B.A. )  =  i r ' (BrR. ) .  DBoD A t@Dt  2 ,
where

(4.16) i= [a(Br)Os(Ac)]y(BrAc) ,

and F the project ion of  DRODn @Dr- onto F(grA. ) .  Then, using (3.8),  we obtain
p  ' l  - 2

( 4 . r 7 )  O z = ( L z ,  D A : A , o ) i e t l b c , G z ) '
" 2

. For inclicating 0 , we have to identify Or, un DA1u. Using (3.15), (3'16)' and

the previous analysis of 0 1 , we infer that the operator

a
l -

|  
0 ,  r r , *  M  c  D 1 @ D 6 * t o r l @ D A i

(4 .18 )  {\ r ' r e /  
l T o ^  = ( D n D p  , 0 * F * x r t ,  r D r . , o ) t ) t
t '  o l  ,  , l  ' -  r  ' l

is  a uni tary one ( f r= SOo.) .  Analogous, f rom (3.17) and (3.1S) -  and the structure of
" l

er-  i t  results that the operator , . i  : ,  ,  t i t . . , ,  .  ,  , . , : r : , ; r  .  ; . . i  ,  . ,  i ._, , , , ,  .

4



:,; j 2,

J  l . ^ t . ; : ' t . , . , 1  l r - i  i . - i l  r , . i , - - r ' . . . . l  : j '  : " ;

. , ' l
t  

: . : : .  : .  l j  :  , l  :  l

( -

|  0 *  t  D o I  * M * . D  
t r x -  @ D B O P  - . @ D r ^

I  " 2  4  u  - l  " 2
\

I  6 n * o o +  = ( D n x D 7 , x ,  ( l -  f ' X l | ,  a * D n I  ,  o ) t ) t
t  o z  a  u 2  t '  u z

5 l r )  1 : { .

(4. l e)

(4.20)

(4.2r)

is a unitary.one (fr o = 6*n r*). Consider also the operator:

[ 2 , ,  
o . @ D  r ; O D  ̂ T  

- ] D B G ) D  u , @ r  r ,

I 
Z = [oiBr) + o(Ac)]z(n., A.)c*(ni) + an(ni)

(see (2.9)). The explicit rnatrix of. Z is

q
t
t
j

,f

1
. t .'I
'i

,1
j
i

a

- (DuD^* + B* .A I  r f  * )

oo r t ru "

o rro

B * A r D r x

- o o r o t ;

t ;

B * D  ̂ *^ l

ri
0

Using (3,19) we f inal ly have

(I+.zz) o -  6l t f r  *(o02)6 
e L r(Dr, ,  o r l ) .

Summing uP'  we obta in

o  , o o

Tr IEoREM I+ .1 .  I f i  =C(R,  TL , t z ,  I )ond [=C(g ,  A l ,  A  2 ,  L ] , t henC =  BA

hos the cananical formt =C(C, O;rOZr 0), where C, 0 LrAZr ond 0 are defined by

(4.1 l), (4.14), (4" 17)' and &,22), respectively.

I1EMApKS 4.2" il Corollary 3.2 and Remark 3.3 can be transcribed for the case

of this section.
b) The computations connected with angles in Caussian processes and with

Szeg6-type theorems ask for the value of the determinants of the defect operators of

some products of contractions. As remarked in Section Ir the knowledge' of the

canonical form of these products implies a tr iangularization of defect operators, and

thus the possibi l i ty of i terative computations of their determinants. This was done

directly in [5, Theorem 4.5] and in [6, Theorem 3.4] for cases which can now be included

in Theorem 4.1.

c) Ttre so-called Schur analysis of contractivity (see [10], I t l ] ,  [3] '  [4] '  [9] '  [12])

gives algorithms and formulas for computing the general solution of some operatorial

extrapolations problems in terms of Schur-type parameters; f  or this, various

manipulations with rotation operators are used. Some of these computations are

I '

1 .  , :



.1,1 ,
. ]  ,  r

1

i

I

j

:;
i

' i :  
i :

included in the results of the present paper.

d) A rratural question in the Schur analysis of contractivity is the structure of
parameters for a product of two solutions; Theorem 4.1 is a step in this respect"
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