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THE RELATTON BETITNSN MTNTMAX AND MINTMUM;

CONVEX PROGRAMI{TNG VTA MTNIMAX-

Dan TIBA

1.  TNTRODUCTION

Let x ancl  y be Banach spaces with dual-s x*,  y* and
r ,  r  

- l

K:XxY - i  |  -  o "  , * ce l  n *  a  c losed ,  p rope r ,  sadd le  ( concave -convex )
- L  

" J  

t  L - -  - ! - - -  f  4 r v s v e  v v r a !

f  unct ion .  By means , : f  a par.L, ia l  Fenche l -Legendre trans f  orm,
f  I  ! - - l

lu loreau L4 j '  Rockafe l la r  LSJ ,  es tab l ished a  one- to-one cor resp?"*

dence betvreen clos ed sadd le f  unct ions on XxY and convex ,  lower

semi cont inuous f  unct ions on XxY* which preserves ,  in a cert .ain

sense '  t he  subd . i f f e ren t i a l s .  Fo r  more  de ta i l s  and .  f o r  a  genera l

background j -n convex analys is we qu;r te the inonociraph.s of  R. T .

Rockaf  e l la r  [uJ  ,  r .  Eke land and R.  Temam [ t ] ,  v .  Barbu and Th.

Precupanu 
Lt l .

We assoc ia te  wi th  each saddle  funct "on X a  convex,  lower

semicont inuous funct ion L on XxY such that any sadCle po- i-nt  of

X is a minimurn point  of  L and conversely .  A sini i  ]ar  idea ,  f  or

the case o f  quadrat ic  forms,  aFpears  in  Eke land l - t l  ,  hut  our
b d

approach  i s  d i f f e ren t .

In s ect ion 2 vre de f  ine and. s iudy this t rans f  orm. As a

Coro l  la ry  we prove that  t i re  set .  o f  sadd le  po in ts  o f  a  q iven



concave-convex funct ion is  rec tangu lar ,  i  .  e .  the product  o f  two

cc)nvex ,  c lo"sed sets  f  rom X,  respect i ' re  ly  Y.

fn  sect ion 3  vre  app ly  the resu l ts  to  the c lass ica l  convex

programming prob lem.  We obta in  necessary  and suf f ic ient  cond i -

t l rcns in terms of the Lagrangian for the val id i ty of  the Kuhn-

-Tucker  proper ty .  We po in t  out ,  v ia  min imax,  a  suf f ic ient  con-

d i t ion  for  the Kuhn-Tucker  character iza t ion,  weaker  than the

Sla ter  cond i t ion.

Other  conc lus ions,  which a lso seem to  be new,  are  that  the

Sla t .er  " in ter ior i ty "  assumpt ion can be v iewed. .as  a  coerc iv i ty

assumption on the Lagrangian and that i f  Io is a Lagrange *yl t i -

p l ie r  cor responding to  a  cer ta in  so lu t ion *o  o f  a  g j -ven convex

I  t  i  . t  1programming prohlem, then io is Lagrange muJ-t ip l ier  f  or any other

so lu t icn  o f  the prob lem.

Throughou t  t h i s  paper r  w€  wr i t e  t he  symbo l  l . I  f o r  a l l

the norms we use.

2.  MINIMAX AND MTNTMUM

We define the corlvex func'b. ion L:XxY -nJ-oc, r+d associated

with X iry t

( 2 . 1 )

where 
" l i  

,  i=  L  ,2 ,  denote  the c : losure lv i th  respect  to  the cor res-

ponding argumeir t  of  X .

w. L l,"s .q. go-1y.q{r-Jfr-gr .9sm.+99q!i-,n99ts?. ijgg.llo*

L (x ,y )=s"n  t  c r rX( t ,Y )  -c r rX(x  , i l I
t r z

on XxY which never assunes the tralue -  t f r  r



3

3g$gII"*4. L may be identicatly +oo r ES the fol lowing

examp.Le sl- iows

p'qpqp"*.!:9* J" $s*srg ]i Fq,}e, .+9. q.nep-1. lqysr--s@rF
lgnct ion, then dom L C dornX .

Proof

( 2 . 2 )  r ,  ( x , y )  = s u p  X  t t  , y ) - i n f  K  ( *  , z )  .
t z

,  L e t  [ * , { € d o m  L ,  t h e n  s u p ] { t t , y ) ( { - o c  a n d  i r : f  K ( ; , 2 ) } - s } e
t z

there fore  x€dom,X and ycdornrk ,  tha t  i s  [ " ,v ]6 .dornK.I

Now rw€ state the c-g.f rgj;Po*"g.gqge, , lnsgLgl! l

&ssiss*3. .p-{gp.eg I s-,?*dJ"g.-luqsi}g K 1,.ee* *
p-eqg ls*-pgi rL L" .tlsq-qbq_na n:ssg*Elgg__99 L *e_ 3 sffi

pg++!, qg K lg_g* L ?ilg_pgq:grssly .ely *t',+1,,t9s

sF- L -rq-,,*.se,qlglg., pp-i.n!.". p-J- K.

Proof

Assume that

( 2 . 3 )  K ( * , v ) { X ( r , v X X ( ? , y ) ,  v x , y 6 X x Y .

r t  is  known that  f } ,T j  is  a saddte point  wirh rhs same

sadd i -e  va lue  fo r  c l rX  ,  c l rK  too .  We have:

L (x ,y )  =srn  I  c : . r ) ( ( r ,y )  -c r#  (x ,  z t>  
" r rK6,y )  

* "1 / .  (x , !1  =

t x ( y Z n t )  x , y € R ,  x 7 0  ,
K  ( x , Y )  =  j

L _ clo ot l :erwise .

=cl  
zX (7. ,y )  -c1n-k.  $,V) +cl# G, i )  -c l  

fd (>: ,$ )  P 0,



On the other hand, by the mj.nj-rra:r inequaf f t ies (2 '  3 ) ,  \ ,re

get

t  ( I ' ,?)  =cr zKG,i l -ct#tr ,V) =0.

Conve : : se l y ,  l e t  [ . r q ]  be  a  g loba l  m in i rnum fo r  L ,  t ha t  i s  L  (a rb )  =0 .

Then

c r r X ( t , b ) 4 c 1 # ( a , z )  v  t , z € x x Y( 2 . 4 )

Take  the  c losu re  w i th  respec t  t o  z  i n  (2 :4 ,  .  S ince  X  i s

closed 
"L 2cl  f ,=c LZK and we obtain

c l r X ( t , b ) { c J , } < ( a , z )  v  t , z € X x Y

and the prcof i 's  f  in ished.

Remark 5 .  Wi thout  assuming that ,  K has a  sadd le  po in t ,

the theorem is not '  Lrue since L may kre ident ical l lz +& .

Moreover ,  f rom the proof ,  i t  i s  obv ious that  the ou ly

essent , ia l  hypotheses 3r*  the ex is tence o f  sadd le  po in ts  '  respec-

t ively minimum points ,  theref oie the resul t  may be extended t 'o .

more  genera l  c l asses  o f  f unc t i ons .

Remark 6 .  I f  the transforrn L is proper and min L=0 the

converse part  of  Tbgqtql*  ,1 fol lovrs without assuming that JC

has  sadd le  po i .n t s .

-@f-Lary-J. r r X F qgisf +sg*gqe :.99sr.ql-vjl-y.. cgld 1,I19.g

{2 . 5) the r:e a re f , f €xxv s uch that

t im {x tx , f  )  -x ( ; ,y ) }  =-oo
lxf  + i  y l+"*

then L is _prcper i tr__refl-exive SXgS_qg X,Y.
#F



Proo f

By

d le  pc in t

g.otgflsfy ,J-.9, Barbu*precupenu [tJ , p. r 38 , J{ has  a  sad -

t ion

on'  XxY and Theorei i l  4  may be appl ied "  
'

!grqll-"fy_ 3. lhe s e t o f  a l l  sadd le  r : o in t s o f  a  c losed  func -

K i_Luqn"as}. :lpage" .1.i. J i s  rec tangu la r .
- , .  r . - ? r k - < - = 1 - - +

Prgp$.
.  : . ' "  

j

Let  .P (y )  =sup  .1#( r , y )  ,  ' p (x )  =sup
t z

= P(x)  ' r  Y(y )  '  and,  of  course ,  the set  of

rec tangu la r "  By  Theorem 4 , the  p roo f  i s

Now r w€ turn to the reci-procal  of

Let L:  Xxy + ]  
-  c- ;  ,  *o]  be a convex,

p rope r  func t i on .  We de f i ne

the  co r respondence  (2 ,  I  )

l -ower  semicont inuous,

f  r  \ . ' t  ' 1
t  

- . I1 "K(x  ,  zV  .

minj"mum points

f i n i s h e d .

T h e n  L { x n y ) =

o f L i s

f t " t  L ( t , y ) - i n f  L ( x , z )
(2  .6 )  X  (  x ,y )  = i  '

I
t o o

i f  o n e  i s  f i n i t e ,

o the rw ise .

is  a  eoncave convex funct ion "SggmP:-t+g"l.X

Proo f

Then ,

Ar (yr ) 'n (r- l  )  1

t  ( t t1+ (r- I )  r1

We show that

are points t l  ,  tr ,

1 ( y ) = i n f  r , ( t r y )  i s  c o n v e x .  F o r
t

(v,  )  ,

(v,  )  .

any € >0 there

r , ( t i , y 1 ) - €  < 1

t , ( 4  , y  2 ) -  €  {  1

f o r  a l l  ) . € [ 0 , {

(v r )  } l r - ,  ( tL ,yr )  +  (1-^  )  t  ( f2 ,y  |  -  t '>

r  I y t +  ( 1 - ) ) y  
z )  

- t  ) r L ( A y r +  ( t * ; )  y 2 )  *  E  .



We show that,  I  is lCIwer semicont inuous.

Let  y r ,  *+  y  in  Y and 1(yn)*4M.  Fo i :  any t>0 ih* t .  i s  {  
such

F

r h a r  L  ( r ; , y n ) { M + s .  c o n d i r i o n  ( 2 . 7 )  g i v e s  [ . i ] "  b o u n d e d  i n  x .

On a subsequence I t l  --\ r€ weakiy j-n X and as L is iveakly

lower semicont inuous ,  .we have

t;

t  ( t € , y ) (  l i m j . n f  L  ( { , Y . ) - { } 4 + t

therefore 1 (y 1 '1u+ t  and the proof  is  f  in ished '

r* *-1

Fjspgg*1es-fl- J5. Lx,vJ :s- L 9:s!-1.-!

is _e_:e9€Ie .p*ln}* {.": K e35} X(;,f ) =0 .

6

Propcs ih , i on  10 .  I f  i l  sa t i s f i es  j - n  re f l ex i ve  , spas -gF .
-;**ffi

( 2  . 7  )  . l i m  L  ( x  r Y )  = +  o c

l x i +  l y l + * ,

then X is upper- lower semicont j -nuous .
E - $ t s ; a a - F f f . i l d r  -  r ,  . r  -  f , ' . . + * . _

Proof

P roo f

min imum po in ts  o f  L  is  inc luded in  the set  o f  sadd le  po in ts  o f

K ,  as  the  fo i l ow ing  examp le  shav rs ;  L :RxR * ]  - - ' *  r+  4

.\
' K ( x , f ) = i n f  s u p {  I ( t , f ) - t  ( x , z }  = i , ( ; , Y ) - i n f  L ( x , z ) - { 0 '

t z - r z

= i n f  s u p  { .  
"  

, t , y )  - L  ( ;  , " ) }  = i n f  L  ( t , y )  - i n f  L  ( x  , E )  =

t z ' t z

=r (E,V) -r  ( ; , f  )  =o .

X ( r ' v l

X t ; , y )  = i n f  s u p  {  " , i : , Y )  
- L  ( 7 , i l }  = t " t  L  ( t , Y )  - L  ( ; ' V ) } o  '

t t

Remark 12 . General ly ,  dom L C d'ornX and also the set of



n o 7

Then ,  t he  assoc ia ted  sadd le  func t i on  i s

3. CONVEX PROGRAMMING

i  o  on  the  ur r i t  d isc ,
L  ( x r y )  =  i

L + otherwi se ,

1 "  0  f o r  l x l  - { 1 ,  l y l  { t
I

K ( * , y ) = {  * o o  f o r  l y l > r ,  l " l . { l
I  r 1
L -o€ o therv l i -se .

We cons ider  the s tandard prob lem

(P)  M in i rn i ze  f  ( x )

sub jec t  t o

( 3 .  I  )  9 ,  ( x ) {  0  i = l T  r
l_

( 3 . 2 ) r r ( x ) = 0  j - l r r t t  l

Above  f rg r :X  *+J -c lo r+ " "J  a re  convex ,  l ower  se rn i con t i nuou .s

f  unc t i  ons ,  t  
) :  

X -+ R are af  f  i f l€ r  cont inucus f .unc L, ions .

We def ine the Lagrang ia .n  assoc ia ted wi t i r  (P)  by

-1-.  - , -n*m_-. ,  r  1J t  : R - -  -  x X  - r l - o o , * e o 1

( x )+ . f ,  I r s ' ( x )+E- f r r r ( x )  i f  X i>o ,  i = t f r
i = 1  

- L  J -  j = 1 '  )

(3 .3)X(X,p ,x)

o t h e r w i s e .

The qu.est ion j -s  to  character ize  the sc lu t ions o f  the con*

s t ra ined  op t im iza t i on  p rob lem (P )  as  sadd le  po in t s  c f  J { .

Tlrsqrsry.-iJ . -Ig X lxs* s **-{:'-e ..H.o}'lgfi. *pll:g ( P ) }es-sgJ$,is.rg

e*q--?-neil.! *o Msg lyqi9s- {o-{ (P ) l"tfllhsrs*ert :g
1 0 - ; r . , O  r O r  . ^ - - r :  . O - r - , O  , r O \  ^ , r ^ 1 -
r .  - '  l . r r r  I  r  o  .  rA* ,  pos rc j - r re  a t :d  l i .  =  (FAr ,  .  .  .  r i l 3 )  suc i r  tha t

I  I . t  I  I  i .  .  r t l

{'

1
I
\



B

t u i

Llo,l^t,*., I tu a saddl-g.*p,gl-lg.,.lq:: y: "l ' , (JJ

Proo f

,l

f K has saddle points , tJzawa t8l r-:roved !hat, the projec-

t h e  X  c o o r d i n a t e  i s  a  s o l u t i o n  o f  ( P ) '

or t i re second part  of  the theorern we compute the convex

n  L ( I r g r x ) = Y ( t r r p ) + f ( x )  a s s c c i a t , e d  w i t h X  b y  ( 2 . 1 ) :

, \  t r ( x )  i r 9 1  ( x ) , < o , t j ( x ) = 0 ,  v i , j
Y  ( x ) =  {

L  + &  o t h e r w i s e .

I

t ion on

. F

func t io

( 3 . 4 )

{ 3  "  5 ) Y ( tr ,p) =-inf X ( ' I ,yr-,  x) -
x

Si-nce H fras saddle points one nay l lse I 'Lt_ggt_99..1 and the

conclus ion f  o l"  10ws .

9g{gl]gfx* r,3 . IS X ti*q, S-gqg J,*q- rP* 4,! g' we-hilvg

i3 .  6 ) rnj-n (P ) =min max k ( l  ,F, x )
x A r,u"

Froof

Pr,oo f

B y . M

Sg**fh*lg. rf  the Kuhn-Tucker property is val id and (P)

has solut j .ons , obvious fy K has saddle points .  Therefore, f t ,q9fgg

11 shnws tha-L the stalement i  )  is equivalent with i i  )  pLus i i i  )  :

Th is  fo l l ows  bY  m in  L  (  ̂  r f  r x )  =0 .

coro]Igy*lf " , *o g.f (P ) l:.*S -$4e -myrlieligg
i* .o oJ ro ..  . .  I*oo cn : -  . ,  rr  .  - ,  :
L}I , f"J , V''70 , Lhse Lh", fi ]9..-e--ry]"9ptr"r-q"q '+Y .9Lbgt-E-9ls!:1qg

9i  (P) .
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i )  X  has  sadd le  po in ts

i i )  (P)  has  so lu t ions

i  i  i  l  f n z  a t ' a r u  d ^ 1 , ' + i ^ -  . ,  ^ . F  / r ' \  ! L ^ * ^  ^ - - ^  r  O - ^  . . O4rr,  !v!  sve,-y solut ion xo of  (p) there are tro70 ,  i4o such that
r O  O  - l

l l - ,1 . i , xo_ l  i s  a  sadd le  po inL  fo r  J (  .

Remq:5 .17. By the standard condit ion for minimax, the search

of tbe solut ions and of the mult. ipl iers is reduced to solving the

equation

Any minimax condj- t ion for 3C may be viewed as a "cons-tra. ined

qual i f i ca t . j -onr r  fo r  prob lem (p)  .  For  ins tance

9.9:gi':,gLlg, ffi x'F,I>0, M>"0 g_ug[.F]ig!

(3 .?)  x  (A, r , ; )  _xrx ,p ,* )so

Jg:  l ) .1+ l1r l+ lx l l iu r ,  LhS: :  (p)  bee-*
x^  o f  (P )  t he re  a re  ) .o> .0 r tAo  such  tha t  r ^o  o  - r--o *:: \- / -- -Jr r Ll- rP-, *ol }s. +. :q.+"$]g

-Pglg!--So-t -]i .

Proo f

(3 .  7  )  i s  a l so  a  m in imax  cond i t i on  weaker  tha r r  (Z  .5  )  .

Now,  W€ q ive some br ie f  cons iderat ions on the S l -a ter  cond j . -

t io r i .  we take m=0 (no egual i l y  const ra in ts)  and ? /e  assume

( 3 .  B  )  t i m  f  ( x )  = + * s  .
l x l + a

T h e  S l a t e r  c o n d i t i o n  i s

( 3 . 9 )  t h e r e  i s  ;  i n  t h e  d o m a i n  o f  f  s u c h  t h a t

[o ,oJ € ]X( ] ,p ,x)  .

ut (x )<o  ,  i=TrT



1 0

Coro l la ry  19 .  Under  the  akrc r re  hypotheses  X f ras  sadd le  po in ts .
*wffi @@ffi.****--*4-J*;-;- ,; *p*x.*--r+=++r

Proo f

For ) .p0 ,  w€ have

11

l r - to ,x )  *X(x , f )  = f  ( x )  - f  f x l  + . f i .  ( *g i  ( x )  ) I i
l - =1 .

a n d  ( 2 " 5 )  i s  f u l f i 1 l e d .

Remark ZtJ .  Under the quiLe usual assumption (3 .  B )  ,  the

S la te r  cond i t i on  imp l i -es  the  coe rc j - v i t y  cond i t i on  (2 .5 )  on  the

Lagrang i -an  anc i  i t  i s  s t ro r :ge r  t han  (3 .7 ) "

R e m a r k  2 I  .  T h e  g e n e r a l  p r o b l - e m  ( P ) ,  u n d e r  a s s u m p t i o n  ( 3 . 8 ) ,

( 3 " 9 ) may be eas i ly reCuced to ggf"gl}:lTx*fg. Denote
f *-,tr 4s *

Z- lx { . } { ;  t .  (x )  =0 ,  j= l  , *J '  nad l :y  t ;eX^,  j  =1 ,m,  the e lemenl :s  def in-
r , J " J

l - n c [  f  . n' t

Le t  i  (x )  be the ind icator  funct . j -on o f  Z  and f  '= f - t - i .  Then

(p)  reduces fo : : rnaI Iy  to  the case m=0 and we obta in  t i re  mi l l t ip l ie rs

x .  ;> 0 t  i=1- ,  n corresponding to g. :  .  By the remark that
t-  " l_

and somc computat ions ,  we f in ish  the proof .

Rernark  2 ,2  "  Wi thout  assuming (3  .  B  )  ,  d j - rec t  compar isons o f

t3  .7  )  w i th  the S l -a te : :  conCi t ions are  not ,  s rmple  "  We quote  the

p a p e r  o f  J " S r o e r  [ t j ,  w h e r e  t h e  p r o o f  o f  T h e o r e n r  2 . 1 6  n e y  b e

in t^erpre tec l  j - r r  Lh is  sense '  in  the case m=0.

SSgg:Ll:. In the proof of 9Sg,t*lg5;*19 we use I-=0, which

general ly j -s not a Lagrange mir i  L.-r-pl- ier  for (P )  "  Theref ore the

search  o f  X ,  l "  i n  (  3 .  7  )  cLoesn 'L  reduce  to  the  sea rch  o f  t ' he

ai (* ) -=t  " *exx;  **=.$rp: r f  ,  vF ien]
J -
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Lagrange mul t ip l i -e rs ,

Remark 24 .  fmpor tant  f  eatures o f  cond. i t ion  (3  "  7  )  are  that .

i t  involves al l  the elements clef in ing (P) and that i t  is  also 
l

i n + i n r + a l r ;  1 6 r 5 + 6 / 1  + o  t h e  e x i s t e n c e  t h e o r y  f o r  ( p ) .\ r  ,  .

Final ly, we give a general example where the Slater con-

d i t ion  is  no t  fu l f i l l ed .

Let f  be a convex, lower semicontinuous, proper function

and g be the indicator of a convex, closed set in X. Consider

the problem

( P  
1 ) m i n  f  ( x )  ,  g ( x ) S o .

c*rglle-'.v..3 ? . Sssgrs*Lbe! (P I ) he*.- egl**e*E-:*3hgir*-lp:

.9y,9ry* qg$t*.gt 
"o 9-q" (P I ) igerg:g ho)O g}s-b*:be! Il . , *f i s

L-' Lr LlJ
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