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§0. INTRODUCTION

i : +

i Leli E be & G structure of type one on M and X a group of

; automorphisms of ;emf(UGSQ(tfﬁ) is a K inverisnt symmetric

connexion on £,then for Jcn fixed G-adapted frame u &8, K
Pt naturally embeds in E by 4>u (K)zL(k)(uo)gln tnls vaper we

0
anslyse this embedding,when G=0(p,q) and X is transitive on I,

; i | & N e
rélsting

the geometry of X and B b;y’(i),1 5
=9
Thus 1n the second section we show that the structure squs-

§ tions of K are the pull-back of the structure equations oF

M)(Theorem 2.2.),s0 thst the Jecobi conditions of K

v}

a consequence of the Bianchi relations on O (¥)(Lemma 2,%)

ufficient condition for

6}

and we give o simple necessarv snd
the local egquivelence of two C(p,q)-homogeneous spsces(Corro-

£

>lasgsify germs of homogeneous Lorentz

o

apy 2.l ) Inordsr to

spaces,we find in the first section that thers is only ore class

et

5
5 s : s ok s A R e A 2 N
of conjugated maximal subalgebras o€ noncompsct type 1in &Lj(nﬁ1

(Proposition 1l.1)snd derive then & first gap in the dimension

of al fOWvWDl-al groups of O(p,q)-structures (Theorem 1.1).
Section 3 is devoted to the classification of normal forms
’ of homogeneotis Lorentz 3-ménifolds (Theorem 3.53.) and Sections
4 snd 5 to the classification of classes of squivalence of
germs of homogensous Lorentz 4~man1folds.
T must thenk Professor K.Teleman “or encouragineg conversations
and help®ul remarks on the subject of the paper.This work was
nainly conceived while I was detached at the Depsrtment o*

thematics of INCREST;T must thank all my ‘011«“u9 that supnlied

my scholsr tasks for that period.
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§1l.FIRST "GAP 1IN DIMENSION OF AUTOMORPHISM
GROUPS OF LORENTZ GEOMETRY

It is well known that the maximal compact group of S0(p,q)
is 80(p)xso(q) ([18}).1r ny2 it is Known too that Q[EQMJL>
hags a subalgebra of dimension = = ~=+1,that we shall de-
note by’Tn(n) a description of YY)(n) is the follow1n
(L12)) :1et JtQ (n,l)zﬂgﬂ (n)® be a Carten decomposition
or GBO (n,1) and let b be a bilinear symmetric positive
definite form on R ,that gives a structure of constent
curvature -1 on 30(n,1)/5t).If we choose Xé&Q ,with b(X,X)=1
-and {)L is the b~orthogon51 complement of X in R ,then
e 2369<)C>4"YT) where gg =kerAd(X) and
V) = {Z+Aax(z),Zep j
PROPOSITION 1.l.For n#4,any maximel subalgebra afﬁ(}(n,l)
is conjugated withMJ(n).
The ideea of our proof is to show that the trace of @&
meximal subalgebra (L of G S O (n,1) on G0 (n) is a max1nal
subalgebra of §O(n).If not O NGO(n)=G0(n).Théreis an ¥
in QNG (n);a8 AA(YI(G O (n)) € ©L it Follows thad O (0 1>~:C¥/
et N =G NSO(n).Up to a conjugation blC{ﬁO(nrl) (UO%UZD
so that we can suppose that b = g(}(n~1)gLet us denote by f§
the canonical basis of 5O (n,1) (see § 2).An elementary

: - : a0 n+l.
argunent using matrices shows us that fn. € C\ ;and for any

k=T,n-1, L+ 1€ O or for any k=1,n-1, -—f‘n el
Pirst cese leads us to YY) (n)< CL and second to Ad Bl )ic

, - 1, O
- e ywhere T :(C;_A_ ;but TN (n) is meximal.

Using Proposition l.l. we cen prove the analogous of a
(55) x (G



= o

wang Theorem (U171),namely

e n+l 1+1) (n+2 :
THEOREM l.1.For any dé& (Qﬂ{»’g«i«l +1,(n l)én ?)) there is
v e . . : 5
no lorentz manifold M having a group of automorphisms
of dimension d.
PROPOSITICON 1l.2.Two points of a ILorentz manifold can
be joined by a path N that is piecewise a spacelike geode-
sic,whenever they Dbslong to the same component,
If x,y€ M are joined by a path m:&&blﬂfl,and p=X(t}),

we take a Whitehead nejxhoourhood exp Vp of p.Let &t[q,53‘>(cy~q)

be a path such that the dis (O dé)C‘Vu&a for'any t elig,bls
i SP(g)m{ex??t><\(t\<€)%?(x,x)>o7; ,astgigl o e o (€)

we see that for any t &[a,bl,there is some §f such that
o

JEETC e
())f\g;({) EC) £ P whenever It«toléé;.ﬂe cover(a,b
with finitely many intervals Ctékghv&1+é}c> such that

( &')fﬁg (Eéﬂ*r):#'¢> cif Py stay in this inter-
section,w@ can Jjoin Py and P41 by a spacelike gecdasiékz 5

Now Theéorem 1l.1l. follows,since if ¥ is connected and
has a group of isometries K of dimension d,K is an open
subset of O_(l),and its isotropy group at o,KO is an open

<
subgroup of C(n,1),so0 that for any spacelike vector Xe;TOM
there is orme ké&KO with dok(X):mX.Then irf ¥ is a spacelike
. o i Sl Sk =

Paodesic and kK € Bty with dk(Wf(w)):~'{(ﬁ),k(X(O))ant),
= X(-é') c: el
From Broposition 1.2 it follows that given =x,y€ M,there are

k k_ €K,such that kcou..ckl(x):y,that is M is homogenous.

e
(ﬂ+1)(ﬁ*2)
o




§2.HOMOGHENECUS PSEUDORIBMANNIAN MANIFOLDS

The problem of the local classification of multple transi-
tive homogeneous { ..7.(Riemannian manifolds is essentially

algebraic one.It reduces ,as Elie Carten showed,to the
A..Find- . the conjugstion classes of'subalgebras of

B.7or a subalgebra b of C}O(n) that ds the lsobrepy cloe—
bra of a group of isometries K,find all Ad.(ﬁ)invariant

bilinear symmetric positive definite forms on {5/% (Uﬂ;&b,

We have tsken over this view p01mt on homogeneous8 spaces,

trying to explain it in a bundle viewpdnt for pseudoriemannian

manifolds.We must say that the method described belqw is avei-

lable for other G structures then O(p,q) ones.

We shall abreviate with ¥ R. the word pseudoriemannian.
mant%’oed
From now on,we shall denote by M a bomogeneouS\YR Cof type

(ps;q),i.e.a manifold that has an O(p,q) stﬁucture?and by K
a group of automorphisms of K that is transitive on M;H:KO
will be its isotropy group (at o),fg and.‘% the Lie algebras
K and H.

- S
If heH the diagram T[T >T,l] is commutative,so that

2p,), i

s
Pal R s

the isotropic reprecsentation of H in 0(p,q) is faithful. and

/6 can beembeded as a subalgebra offai)(p,q).

!

let

i

(M) ——> M be the framebundle of M and C_(M) its
&

0(p,q) reduction induced by the metric g,If ué&Q?(M) is a



el =
fixed frame,the differential structure of ¥ is induced by
- : 1o e e SO i =T, (]} e > o
the mapping ¢“v‘“ >Og(m) ; (pu§m> L(a)(uo),maelb L) g
the map induced on L(M) by k.From now on we shall guppose that
dim H> 1,that is K is & multipl y transitive group on M,or

shortly M is a multiply transitive homogeneous Y.R. manifold.

PROPOSITION 2.1.Let M=K/H be a homogeneous YR manifold and

v : 4 | |
Cl= e e ) (L(PU) @ﬁ) ) be the canonical 1 form on

T (0 el . ; : :
L{(}) . Then €% =41 o are left invariant 1-forms on K..
) 0 3

Suppose that «x: KxN —N is & left action on N and

ukflﬂ—ﬂtdj 04?:¥<‘~5 N are induced by « ,then we have

I‘
e A e irapie lﬁ,ﬁd) is K invariant on W,then for
pEN, QF,:w%;69 i Jeft imvarisnt on K.

in feact if Ly is the left translation by k on K,we have

4 OL{‘\ = o(y o0 Q(P ,SO that
Lk t‘}? = L,k°($9 B?OLK>9 = (a\kco( ) 9 D\' - 8 :o(;@ = QF

ow Proposition 2.1. follows if we take N=0O_(M) and

g

% the action 1nduced on L(¥) by the action of X on M.

let co(iKl(L(Pﬂ)g}(vwzﬂ)> be the Levi Civita connection

‘“\7‘\'/
form ef h//nggﬂ(n) Yn(ﬁ)ve consider the canonlcal basis

|

(eg)i,ij“” '°@\ >W\ ﬂg( P g cJ,v@ have u>~&>€d ,than

¢ ;
PROPOSTTION 2.2.The forms Wiy w~¢>603 are left inva-

: t
riantl forme on K. <“ﬁﬂ°>9uo>,%3=,h are generatlors
S % i e = Ak :
of the Lie algebra of left invariant forms on X, By _ i=lm
)

being 11nearly independent.

: v - . - il v
Proof.As w: are uniquely determined by the conditions

¢ (© \ t : ; .
kﬁe e 0(0 q),d6 :~%95A63 and O are 'K invariant,it
t . -
follows that Lo, are K invarisnt and we can use Lemma 2.1.

. S e L' ot ; o
Because Ggf@d;ﬁ:hn)@(f%&tipx> form a basis of 'Ynﬁllfﬁ)



B

T ' e s 43 o o =
Uoju )@u )L)Szl)ww generate .31nce K is transitive

on

W,given we T oy there 1s an one parameter subgroup Kw(t) such

J- 1y 1 L % L
that T \M,(')(P) Lol .Then for each j=1,n,we find one

: : - Sl : 4 5 o
parameter gubgroups af ﬁ,hj, with s Kj(‘)(gﬂ i Let

olj

5,€ %05 (M) then K 5 = eé(suﬁ)uolj and B, (K:(o))=

[§
which shows that B, are l.i.(lineerly independent).

(51
J

Uy
We shall denote by (f J)1> the basis of G0(p,q) given
\ e ~e§ e S Cp or it £ e :
Dy i J '_ J
fj = » snd by ,J<l
S : . s
) gy~e£ s> B r

the componebts of § €5 Q(p,q) relatively to this basis.

o
of thelR mnifold M=K/H,such that ujn‘) =d and b s given by

- 1D

h= J\%‘QS") eA) ) l‘\n}% - A,

Then there are constants Cl,j i:l,ﬂigjilm@ ,jzijﬁ,nrp+q
il h e
; 15 === ‘ (M-

Proof.Let ¥ be & paremetrization of i and -L{f) the in=
duced pe r“m~trizati0n of L(M).The representatives of the
formﬁ 9 &J re]atlvely to £ are given by
@4('5’1"\’> %J 6{35 wd@r‘n y=v = nd

%i&ﬂw?: QCdv 4_Df ;dk ) bome L 0|
Since d %= \% 6%* if we put )g_ %YKCLV

6~‘L :_rp \IA e k
1,k LW »)"aP\UK the equality J,’k 4'*'6— ’k@.{i

does not chenge when it is pulled back on 4 (Cbuo(Kﬂ.Since

)

2.1l.Let XK be a transitive Lie group of automorphisms

such

the manifold structure of K is induced by the map ¢N{ sl
[e]

Tollows that relatively to a pars ‘iriﬁat‘on T of K ihe
L :
loeal o rms Q“jf end the local reprezentatives
o )

L
Co= |
e

o

o
UO‘\‘D



=
. ¢ K
verify co ot ngkOuqu

But c?uo(H) =4, ( K) O e) ,80 that cao\ch?u’fw\YZ )

If ngb)cuu§K);Jh£fhd(€(xn> where 6(X>' is the

vertical vector fleld generated by exp(tx)(uo),Since

/ . Y . . -
a{ﬁ(x&>::A»(X3 where ;X is the 1sotropic reprezentatilon
¢
of \) in 6{j(p,q) and G“OKF{T:O ,it flows that
¢ ) -
(& =i GO pi=@ - 18 &8 ) ra lLaunat &l M a’
PPy e | A(h valauated form so tFat
¢ = :
N &330 =0 and we have (1).The forms €Oy é&nd
- e
‘ ¥
(9 . . .
éu being left invariant,they must be constent on v f.
B I
< \ . 4 < . ' 78 “(‘ — k{
Recause Guarw Y. laby Propositiong. 8. Cg) “'ng .
(o} 0
S T . - L
PROPOSITION 2.%.Any linear dependence relation between co e
v )o
L
<4, and €., is a lines oy combination of relations (1).
ey Ao - : = g
Ldl?iAfogufwﬁk.I? _&b is the projection of X on b 1N 2 decorpt-
e L L]
' &; m®bh 'f’(AL\ 1d b i oo A >
i i = & LTk o o awoul 35 i Ly
81t10a_~#ﬂwégm . R g O e 1 1,0 M3 )5 L
" (v~} . = = X
= | M%imy“d , then dimb < d-1.Fron lhnorem 2y

it follows thaet A :> Aﬂj 73 sl L,(>‘CAL =0 )@ “O

From Theorem 2.1l. and Propositions 2.1-2.5.1t results that

i€ *) projects isomorphically on the space generated by
(o o : ¢ cLa :
{L¥ ) e ‘“ ‘d>34‘8 , then (}RO)LQMV\ together with
Qﬂcdﬁd<-iﬁdﬁéi5 a basis of left invariant 1-forms on K.
. : " 5 H iR = - ; z
In this 1tuatwon ,jf —Ld (L,)\L<j,@,))#zgqﬁd) M:{Nj T
§3 o ASLq (Hj) éﬁl& (2)

§
are the equations of‘V> , there are C? %é§ﬁ ,K:TT§¢H“,i<j,
t,,*\~
L \’))‘,( ]°< (:
(«)j\)\_(o = ? Lx-—«\— QSIKG (_(o ( 3)

ILoyma 2.2.The structure equations of K are g consequence
of the Levi Civitse connexion of the 0(p,q) structure 0 (k).
%) :

nds on the next simple remarks:

ae o T ey 5} Sy
The proof of Lemma 2.2 sta

! 3 -~

¢ L ¢ ¢ -
- o e are the pull backs by dﬁ( oL Qﬂ~)6 and pulle=

<



v I s
back,d and A sre commuting operations on forms,

Q)%Mo (jﬁ) e Id are linear combinations of

3 3 "" T
o5 > =
( L‘()\‘(o \'—‘(-»‘/6“ (6‘“(0)) . })'\'\
Tfwe remerk that the Bianchi relstions on Qﬁ(%) and the
(G5}

Jacobt conditiones on the structure equations of ¥ ave the

integrability conditions of the stucture equations,we can say

LEMMA 2.5.The . Jacobl condidiens s 9n fS are & consequence
of the Bianchi relations on 0_(M).
- g f
- Vit _ - = s
it FhA are the components of the curvature
L B ~ ~ ~ s ,‘ < 4 &7 .
forms _$2; yLemmas 2.2,2.5, state that the existence of X
is assured by the existence of & solution of a gystem of
@Quations of degree at most 3,named S,with the unknowns
S
LVB(“‘)HG,\ )\f~l’h and K A ol——lci e ]
The system S ever has solutions by the next simple remark
ces e B = : S N . ;
PROPCSTTION 2.4.Any Lie subalgebra of‘Ej(j (pya).i8 the

isotropy algebra of a flat space M.

This 1s trivial,since if H is a subgroup of (L(nIR) then

S ,\’\r\ : Sei 145 : :
T W acts transitively on @R by «(h,a)x=hx+a,and gozﬂc
THROREM 2.2.The structure eguations of M are determined
by the inclusion B €5 (p,q) and the structure equations of K.
This is a converse of Lemma 2. /.,l@t ”fl.énfl(tg(ru Vﬁﬂb n
be tho Curvature form-of M and ~§2 =~&> SZ A
R
S5 =3 Kjny 018 then (25, = 2KW>6 Aeuo
h
but the forms (O ) belng 1.4, 9 /\6u )
"(0 /l:-]"h /\-C/)
sre l.i. too,so that k(;aﬁ> are uniquely determined by
NI
= : : L)"’(
the struciure eguations of-&s and the constanis AS,S&
in ralations ().The etructure equations opig are a conseguence

: : S S | s N T 5 : - ~ 5
of the structure equations oif r)Chbﬁ%@g,un& bi the choice of

the sglution of 4he system S.



COROLLARY 2.1lsFor a=1,2,1et Ka be a transitive group on the
: * e . g
ﬁfR,nmn;Fold mq,ana “ﬂjkl the components of its curvature forms
L2 L3 o

%

Q%157 .Then 11 end | v2 ars locally @quivalent iff-thﬂre s ¢ =
>x ) thet K1 =

= c EC(Dyd ch a Ky = 1

( @ su g 1X3kp (¢ o{chkc oK Af( e)

Proof.The necessity of (e) is obvious.If (e) hold,we can sup-
pose without loss of generality that c=id.Then the structure
equations,pulled back on M1 and M? are idendical.By chengihg X

with the automorphism group o

Then

W
Iy

oyWe can suppose that ch bz

+1 G tions £ o Y & L \ "\ 2 T
the equations of K ere cbju s e Ay A
; e
ond we see that e e are the saustiorns of
and e SOl By e 1147 are the equations ef
2 subgroupk' of Kg which has same constents of structure as Kl.
We find then a local morphism into from Ky to K,,};such that

%(gl)c H, and %?Q;otlieco i=1,n.From Theorem 2.%. we find
thet M, end M, are locally equivalent.

e (W) ds 5 LR wgnlfold of signature (p,q),then

‘Yg pe's--+ol0 ol 8" el .. @W@BPM Jif s

hPﬂ?“oneou then

and I(,u":’j“:o Cbl‘o ;
- 9 ® @ =
i=pd Yo

equations (3),the left inv

it

induces 2 nondegenerate quadrat

B /b

,which

(4) ConVﬁrﬂﬂﬁy,given\vcfjg(p,q) and

ariant tensor field

4d (B ) inveriant.If we

Z:é} @@d

=

e
B by

given in (4)

ic form B of signature (p,q) on

£
2

CETRY by leit

translations on every tansent space ”X(K/ﬁ),K/H bacomes a homo-
geneous TR menifold,thet admits X &8 & group of isometries
with deotreopy group H ( 2 );this .R. stucture is nsmed g.
An alternate description of. g in & neighbourhood of H in
K/H is the next one:let I be the ideal generated by (Gia)(ij?;
then kH is the maximal integral manifold of I,thét pasges Lo
; v et «
k.If we toke a coordinatie system u = xxy:V~m~ﬂ@\)‘ﬁQ such
that 'g: lp%x(p)xa}ave integral manifolds of I,and if we put

\

W)



v ={plv<p)=b5.
THEQOREM 2.5. 1. \PWQ is constant !
: b b .
2.The natural projection ILL‘ :(\/ RV )’“>(k/H a
o J )}
is a local isometry.

2. 1s obvious from the definitions,because i we choose s

el

\.D
frame u, & Ow (K/H) “u 3 = ;

0( o €]
l.Let wy,) B\;dx +Wlp hdkg > @, ( A% .The structure

5 2 o/\
equations 1imply that for anv r,(mpm 0 (p,n) and
DEP o ¥

93 an‘,'hefi .Since %V’)‘~Z(P{) PZ"*-'(P Y,

“rom the structure equations we find that E&}fﬁ — O
e 9‘3"”.
PROPOSETTON 2.5.Let b 13 € YH0tn q Jiwbe twor condupstadisibat -
gebras.If h is the isotropy algebra of s» homogeneous W{F{_ mani-

fold M, there is an homogeneous *ﬂR.meni*old M' isomorphic to

| .

It 1s enough to see that h,b are conjugated iff thev have
same equetions relsatively to two *ﬁR.*orthogonel basis,so that
a solution of the system 5 implies the exiwtence of two homo-
geneous manifolds i,M' with isotropy algebres 17}b .Cnce we

. : i : Lol : _
choose the isomorphic pairs of algebras h,b>) (&3)k) of iso-
morphic pairs of groups (K,H) (K H ), it Follews that (K/H,2)
(K'/H',8') are isomorphic. gk

: L L , REg e I R
; 1 =) = Y4 ==lCO =
If we put wJ euo.)L Jpts a0 : -ta,uofx ff i
i : e . : ; :
and —Cik are the constants ef. structure OP}5 relatively to6 the
e :
duel basis of (o) {=4 p+q+d ,then

PROPCSITON 2.6, 1.M is reductive iff c?k =0,for j< ptack,

C

i p+g ’ 2.1 is locally symmetric iff CEK =0 for
(i< Pra <kl >ptq ) or (l<ptg,j<ke < pta ).
If ({ b T i the dust ' of (CQJL \n+d> 713 is the

su;space of E> generated by Xl,...,AD+q,tne coneltlons given.



=Yt

in 1. respectively 2. of Proposition 2.6. ere equivalent to
[\f))mXC\”Y) respectively to O(),W)')C-YY) and [YY\)\/Y\}E $)
conditions which are equivalent to the local reductivity res-

pectively the local symmetry of( K/H,g ) (V€3,t4ly,

%%, NORMAL FORMS OF 3-DIMENSIONAL
HOMOGENZOUS T-R. MANTFOLDS

we recall thet a V.R, manifold M is extendible if it embeds
as a proper ppen submanyfold of another TR menifold,M'([4] )
We shall say that a TR, manifold(ii,g) is & normal form if it
is connected,l-connected and inextendible.Normal homogeneous
‘forms of Riemennian geometry were séfﬁled in small‘dimeﬁsions by
Eocartaﬁ([k]),and Tshihara( [ 6] ) .Roughly speaking,in this case,
for a given H, the topological type of M_is deternined by the‘one
of K. The key of this fact is the completeness of homogeneous
Riemannien manifolds. In theTZR_case, the geodesic completleness
is a consequence of one of the following hypothesis:
Hele. -M is compact ¢[ 4] )
H.2, M 15 a natavally reductive([gl)c4f3)
The question of the natural reductivity of a given‘tﬁ,nani—
fold of dimension )4 is more difficult, as we shall see in %5.
THEOREMD.1. Any homogenaous‘ﬁﬂ.manyfold M of dimension 3, 1is
reductive.l is naturally reductive iff it is symmetric.
In the Riemannian case‘this is & consequence of the..
compacity of H(f%l ),snd a? some calculations,not presentéd in

this paper.In the Lorentz case,if K is simply transitive,we have




A
nothing to prove.For multiply transitive K,we use the method
described in §2.The algebraic support of Theorem 3.1. is

THROREM 3.2.There are 3 conjugacy classes of l-dimensional

subspaces of 50 (2,1),denoted by ¢ ¢ Land cose odg. - bhe ooy
L J 3 ’ + 79 S

Jugecy class of GQ(2) 4&nd corresponds to a spacelike isotropy

O Allle
subgroup,co is the gonjugacy  clsss of < X&?,Wher@ X =(-\ O 4
O O

and corresponds to a null isotropy subgroup, and c; is
the conjugacy claaswﬂ?gg(l)xgg(l,l) and corresponds to a
timelike disotropy subgroup.

We sktall not prove this theorem.Using Proposition Yol o5 e

see that there is one conjugacy class of 2 dimensional subal-

gebras of{50(2,1),the class of 1) (2).If M has T (2) as isotro-

py algebra,¥ is a space of nonpositive constent curvature.

S ; 4w 5 2GRS
Case c+.3{](4) has the equations §,=€,=0,that is
1 4 2 CEREAL R s D Dl . : .
Qhﬂjﬁlw%+bwujﬁ“mg)wwb—ﬂunv+bu%o+e&mo(f)nqmm now on we

shall omit the subscript u ;we shall also cmit the symbol A
for exterior multiplication of forms.To understand how is Hp-

plied the machinery of ¢2.,in this case we shall give all. the

: s Bl :
detalls.The forms UJx y are subject to the structure equa-
: 4 iR ar 4 el 1
‘tions: dw =-w, -, dkiz—q%w3+§2ﬁ
: 2z | 2 = s ! S

du;:cola>~co5aa A‘Osz‘*uzw3+—fls

5 7 kst o 2 e % 2

et g 2 ok -+ z

4w = o 0 = oy GO do}“wl“)s o

: ¢ ; L : :
If we identify the terms in W ywhen exterior differen-

tiateing relations (5),we find that
L] P Y 4 4
ww;(dw44wa+gbsz—awgw-H:wzm and
A 2 3 15 s 2 o 9
LQ;(GQ)+LQ)4£C0)=:~QCUfU4bCOZQ)

that dis

8:br,b:—a',0:c':Q.Th9 structure equations of ¥ are
] 2 200 oL 4oy Qo 4
(6) dw’-:-— 4ww~b®w3+wwl , dw = bww=aw,~who

o 3_

: 4052 ) i ] el e
A Db @ )chol:»{aﬂbﬂa)keruﬁou)+KzB“)w”*Kzzyd‘o



Lyos
Wwe see that the conditions in 1, of Prop.2.6. are verified,i.e.

M is reductive.The Jacobi conditions imposed to (6) give us

ool S & il 2 Chaet Bl 2 2
K215 “"K223 Saced O’ ab~O, 8(41\212'—8 “b )"‘"‘OQ \N@ put C"'K212“a "bz;
: 2
if 840 then b=c=0 and chf'wqw . Now Qfdw;i-&);cuis—azdwsand Q’;:

Al or e ; : :
= ~Q o Co yl.e. M 18 a space of constant nonnegative curva-

ture 82, and then M is reductive.If a=0,then [X4,X2,:(m:7_5><5

Then M is naturally reductive iff b=0,in which case M is

=

symmetric.

Case cO.Similar computations,show us that in this case,

e o . -
602f¢03=605210 i.e. M is locally symmetric.

y 2 ; )
" Cage o If QJ:CQ},the structure equations pulled back on K,

T 3

i A >
give us deoo = 2Lto @

51 § 2
des = =b s o -L.&3°93+ L &
5.
deo = ~,cc«fLol; Calo o !
2
b e be=ab=0

Ce 9 ; ' =2 : .
For b # O,M is a space of constant curvature -b~ ;for b=0,1t
may be shown thet M 1s reductive too.M is naturally reductive
iff ¢ = 0,and in this cese M is locally symmetric too.

PUROREM 5:3.A normal homogeneouswfR,form of dimension 3,

3
- T S { i 2
is diffeomorphic to K ,53 or SxR.
Proof.If X is simply transitive,i = X,and a 3-dimensional
3 3

1-connected Lie group is diffeomorphic to S orfR SAf ek e
multiply transitive,we have to check only the cases with dim H=4
Cagse c_.IT a¥ 0,

If ¢ # O=b,from Corrolary 2.1. we see that K is the product o*

5 complete Riemennien surface of constant curvature and (ﬁi,%o).
)

o ‘1 b > A -
If ¢ # 4b ,b#0,we put co= =B o el ity = —iltiyco >
2 i 4 2. e,

dcslwcouf- Ao 2 bauito §‘i“’=‘£‘O 9 where 1 = 2b2+c.




] G

If 1=0,c0=(0 gives a subgroup of K,T with structure equations
4 ; 2. 5 - Bl e )
e b 0 e L .Since T the Lie algebrs of

.
; . - . 5 . b -~ o = s >
T cuts ¥7 in 0,7 is trensitive on M;then T = M,but T = 1R :

.

1# 0,the subgroup G given by Z}DQ34—{cg = ig transiti-

ve on M,then G=i,but G is topolpgically 37 or R .

o
: . b E
Case ccﬁécsuse 43 is solvable - = R - H CSXF{) B s (RO

Case ¢ _Symiler earguments as in the case ¢, show us that M i

tonological “{ .

653

V4

.We nottice that in the case Co o mey be ame of

es:~Minkowski space

-(Fha ) with
: ]
ke e o ok =
- < ax g e77 * (dx7 )< ,when o¢< ©

topological R whén X > 0O,where
9

s 2 -
- e g i = =
§M3(1+(X )thg zx +2x < m%ﬁjctg(xlv&)dxldx‘ -

N e

) > 2

-:»«WTLP,M,.',._.?W..‘.& d'}; 3 ”d}f 2
VY sin (%~ V)

We shall say that i is a space i

B

In the cese c¢_ ,apart of Minkowski spsce,il has one of the

2 .

N

D) faa
+H(dxT)=(dx7) if a = 2¢

. e L e Sk 2 L
2 =(ldy +oe amxcdx))(+(@macg)((dxg)d—chdxg(dxg)g),

@

In the case ¢ ,epart of Hinkowski space,M has one of the

JWS)Z

-~ 7y
metrics given below:g x(dxl)a+(§xd)2 b (ledxz X saf 1= O

o - e ‘ L2 .
tQQ = L((Lu ) +C 08 Xi)kﬂw Y )~> 2sinx dxzvfx)) St > 0

a
crE > . e
+ch x“(dxf)*)mbg(QSaXIdx2+dX’)?
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§4 .REAL SUBALGEBRAS OF S f (2,0)

In order to find the subslgebras of ﬁtj (p,q),we were
lead to the next problem in linear algebra:find the ''canonical

form'! of a (p,q)-skew symmetric matrize,that is a matrice

e - b\
+ QX Q = O,where Q = P _ L For our
0 -1,

i
m
s
)

N
=
.
)
e

P,

purpoges we shall solve this problem only for p=3%,q=l.Let us
denote by <X > the linear subspace genersted by X
el = N0k \ = +o-k
Blir a0 Gunvend Pl =tP e T s
P4

e -
ig its characteristic polynomial,then acv*l(x):c snd the
re i

following numbers ere inveriants of the conjugacy class of { X :

1)sgn(a,.,.(X)),2) (a5,(X)) (8, (X))72,if &, (X) # O.

er )

85,1 (X)=0 since P.(t) = (-1 P, (~t).The numbers in 1)
P49

and 2) are inveriants because Py is inveriant under Ad.

e shall now specialize in 50 (3,1).It X = (xﬁ)éS(}(j,l),
o 15 e 22 it 22 e
3/ o~ B iz {.. r“, v -“ o "_ .
a5 (X)=(x3) 1(55) (x)) (X4 (f4) (x4) and
e e = : .
a,(X)= (&2x£+x4x9mx5x4) .Looking at the eigenvalues of X we get to

FIME 4.2.0F a¢(X) # 0, X is conjugated with a matrice of

the form W2¢2 2
e 5 oL yWith s, 6> 0.
7 8 L) > \:> 6

445.1F 84(K = 0,62(X) # 0,X is conjugated to XCb
with b >0,0r to X o with ay0.
BIEIA 4.4.TF ay(X) 384(X) =0,X is conjugeted to ¥  ,a8> 0,

O

(SIS
oo G

O
&
where Y _ =
; q
O

(@
@D e

[

Another simplification of the problem of determination of the
conjucency classes of subalgebras of §0(3,1) is furnished by the

remarkable coincide nce S Cl(ﬁ,l);rﬁgl(Z,Q) ([?],DS])



3.
If we exhibit an explicit isomorphism I :G(}(j,l)“bsql (2,@£?‘
theh Temnas 4.2-4.4.can be red in the next form:
PROPOSITION 4.1l.Any X €9 E(z,ef) is conjugeted over IR with
a matrice of one of the following “orm°°(g wi )or 1(2 “i),aeﬁi,
Recause conjugated subalgebras are‘isomorphic and the iso-
)

morphism classes of 2 and 3 dimensional Lie algebras are known

(E?]),we can find all the real subalgebras of g?R(Q,()im,ihe

C\J

next manner:we take X € ?(Zd) of the form given in Proposition
4.1.,and we complete it to a basis of a Lie subalgebra of dimen-
2den 2 or. o ,relativelv to that basis,the subalgebrs having the
canonical st IthUPd] equation (! ib.;o,@Ftﬂr solving the problem

of classification of real conjugacy¥ classes of subaslgebras of

U3
e
(T
[\
=\

; ] o e : e ) =
) ,we ve got back onf{}(3,1) and obtained the following
TUROREM 4.1 .The coniusac lassas of sul 014 bras e \O (‘% il )
LUl e e JUugacy guasses. al - SURnE e oras Ol D5k
are:-in dimension 5 ~none
y A . N % | 4 & ‘L
~ins dimendion 4 -class of T(3),with Qqu3t10H82§§§%:§3~§H:;O

2

-in dimension % -classes of

ngb’"él(ﬁO k>O
on 2 =classes of [](z)x 0(4,) 53 §y-§3 §L
Y\/)(l)‘. 11%7):%‘1:%5 gg—»o
H
Do s B e 8
~-in dimension 1 -classes of

- /
<>’o>- %;_Tig’*%

-1n dimens:
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§5.THE TLOCAL CLASSIFICATICN OF 4 DIMENSICNAL
HOMOGENSCOUS LORENTZ MANIFOLDS
In this persgreph we shall give the list of all germs of
4-dimensional multiply trasnsitive homogeneous Lorentz manifolds.
This list wess obtsined after sone lenghty and rsther irrele-
vant calculations,that we shall skip withowut exception,as a
direct application of the method presented in §2,=md of 1 c0-

rem 4.1.There are few examples that do not verify H.1l. or Bl

Z2)

(o4

in §3.This fect.does not sllow us to describe completely the

normal homogeneous 4 dimensional Lorentz forms.We shall point
1

t hem out,but we shell examine them elsewhere.We shall enumerate

the spaces after their isotropy algebra,which will be under-

A

lined at the begining of the row.
NS> M ic locally Winkeovski

BLy M is locglly Minkovskil

e o

: L
o 0 s OO L boleted)
2
.gziilggLf:bcdl(aﬁ+%aq) M i's locally symmetric,

X2)2

- (dxl)2+(d +(1~b((X1)2+(X2)2))(dxj)gmdxﬁdx4

g
- »
6{)(5) 1. has constant curvature

A )

2.4 1s-locally the Lorentsz
product of a 3-dimensional Riemannian space of constant cur-
vature end the Buclidean line. v
NﬁflLELll e M.hns constent curvature ;2. is locally the Lo-
rentz product of ian Suclidean line and a J-Lorentz manifold

of constant curvature

. : : : .
SNJ(Q)XEQ(I,I).E 1o’ locally thetToverntz product o° twoisur=

faces of constent curvature,one Riemamian and one Lorentz.
(2) ¥ is locally the Lorentz product o* an HBuclidean line

and & Locrentz menifold of constaent nonpositive curvature




£ s

5. —Ql} :Q:‘ 0 ”..gzli‘f,:Q:z (etes + - W) (cf__w“)

»-5‘2 g( [ = ( @Qj"“}{.‘“ﬁ)(mg“wt‘\)

If we consider the basis of left invariant vector fields

. A 20 R e 5 G
dual to Ap)—w)“thumw)«@ fﬁu

5 we find outl the strnucture

equations of & G, on a homogsneous space considered in ([43]).
This is not a reductive,neither & compsct space, R heing & 5
U ME > Lo s LLvie s G L L@l o LA LI G x..?‘?)m.Ct,, 9 ) BES Kﬂ & QO]"'

vable algebra.

7L 94 = -(a2+ ’bl><04w1 Q;: - (a2+b2{~ (’14‘"")@2‘“[’}’1))(’;('”

+ (A1) (q§+ l,b?‘)w/{cul'“ 4a E(Mﬂofcul' ) Q(;: ’5(/\+-4)abofcf_,
- < b% (Asa) (b ;f))cf*w"” -3 ab aeo’ (i) (% ol
( M)(O Mb W' —-3(>\+ﬂ b w’ +g(/\44)abw 2
,_(A(a*}} )+ 30 b e’
Ql[‘: 3(+4) ab e’ + (Aa)(has 1) o 4 30+ )abaeo =
- ()\(a2+ b )4 B()\Jrﬂa?')w?"wlf
Q= (F+8)ebe”

This is not a reductive space
‘<V > Lo is ibp 211y t1: product of an Buclidean line and W 2 .
-5 o Q = chw ~c,o.: w[' 52 (5‘54*25)6("“ +Zc(}’+c>w3‘d
QZ 2 %‘1 Q L ‘1_ i Ql’ c(Mc)wc\) +c(2bic)co 60[7
1)?

| 5 sl ; i
crordyesttoCint g 2 i B o 2

3¢ o0 F 0. Q-~(o<9o)ww L C)Cu b Q—~—~c_ww
Qt,wcwc(f' Q*~cww Q:, @< & it e wt’ 9 ~+cw7’wl’

; 2 i 4
Tro 3.0, 82 ( (L) P (@x2) 240 2% ((50) 212 (xNT0) 422D to(xNK) )
5 - eeslxNE)
*(:’1‘,*2) +(dx 2 St g w_.,w...f --------- _dx2ax”
cos(xVe< ) cos(x"Vx). .-

bt

Zog i 2x—x

50 0L 0, 5= (X ) ~(dx° ) S ra R (2¢1.y;1c1x""'~1’:--;{17&w(dx7>5)

Ldestll. 02
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ﬁﬁkﬁl »\1 = (25a) coleo” JQ 5 “hfa)kﬂv4%5“ dﬁ)anoq

(Z (qn o«ﬁoocu +ﬂU5%x>&HJ (? {XﬂﬁQF%U‘x“FOQh“NCOA)Q)%

>
~(0</& ““6{&(\»-\) m = (4 A~ >¢d &g \1'5 (/5 -~/ )(a LAJH) At =10

: ; . i oo s Sl Dea g
g=o (a1 2422+ H(ax?) -2 axdaxhi S(axh)?)
h? &

8 : 2

2.8 is locally the Lorentz product of a Riemannisn surface of

constent curvature and a Lorentgz surface of constent curvature.
A 2 2 e g 2 Pl
ol ?_*:o( Lo o = o S 3 g

e
] o = 5y =
,CLH:"“‘”&) * H~—o<6>a) _flﬁ ﬂ.&)&q
b 4
o e e e o (TR

7

4. Cléfgﬂmnoz Hﬁl bg}(PCJ+(’kﬁ)_§ZH ﬁMQ(bg>+(Ma )
-\ q..:’&;to (bu\)ﬁé« {BLO ) S}‘HN \9(0 (b(\) 4+ (SLQ > Q L’ — (q

qF 1 =0 =20 45@ ,and g is the express ion

o
* the metric of m;’l

with the sbove 1,then M has the metric g, given by

Z | - ”~ /‘ B 2 ? 2
g, =ot P (Zdex‘iij)Z it L =0, 1 el B ey

A o :
2TGX') sfor 1@

,if 1 # O,where

(3( bxﬂ(} Y%
C=

w0

1 - i ,‘ e 5
@(th(x*)&x“+dxi> sior 1< O .FOT\EZO M is locally the
s o - o 2o o Ta

gnd the Buelidean line.For b= B =0,
i locally isomorphic to the space with isotropy algebraﬂsk

given on p.16. e
-
s ah=cp me-xb —D—’L (¢ pi-a*b b) ew'ey

]
e O )'~q>ww L fa it h(i)c‘),fj
‘leW<Q%%bPﬂJQ) 1 (lm%f e

,‘_.(C(O('§' ij> o CJJL’

4

(2% J\(’ = )LJ o)
gzﬁ GR“’*b?QCuCQ + (7““Fﬁ )cgc@

Ve e

Y

e el s e e
e a:@,g:(dx“)“+(d4“)‘+(d3))”W(UXA) +4(b"-p7) (x ) ay )t



%
~ ~y % /) ™ y
- CR i 0 4

< ﬁ .
- - - o P S 2 - SN = 3 [J D, 7 ‘]_ > P : 3 lo'd S 4B
TE o S0 (0 ) e ) ~(dx§)’+23 = by ode dX“mngJdX )+

- 5 o
L Ly ) q“mm 424

Te - (qﬁpfmu )(xl)”(mx ) S )’n;m( 4M)Y ax dy4)) -
u <4

50 (1,1) 1.M is the Lorentz product of a Riemsnnien surface

nt nonpositiva ‘curvature and a Lorentz surface of

Cons tant cusvature

“5(1-”(&%)@@@ ﬂ. =(ad - C)ww (edrac)e'co
JD[{_( -qd>awo4%fd+acﬁa£Q9 \SZ (bd dc)@gu)ﬂ

,;{ Q)Qg@ S\Z *~(Ccf bd}mw ~L(d+.>c)c,\gcu
51% e )wcﬁ‘.

C %
cax o e e D
”“(c +d )o . (dxl) e dx]ax +(dx

3

J

e
N2 s Dl o
) =2 dx)dx4

%4 is locally the Lorentz product of the Buclidean line and

T ’;> b ]‘

e 1 . 5 .
. “Stlgf:() _jwl_é:-we(ecou«fcuz)ags ngngse(éau’+,gau&)auq

j:gin«~g<é&;%fcg>)u) = w %Uﬂ04fﬁJ)w>_m s e

+(dx -) '%”(d

o 0 L‘gz4(e2+f2)“5“x)(df )Q»ZL \A)dx (Ld&1+ "dx 25
1 (ax)2=cn’x2(axh)?).

The shove list gives us the local classification of 4~
dimensional multiply transitive honogeneous Lorentz menifolds.
Simply tresnsitive Lorentz mnifolds(Lie groups endowed with

1eft invarisnt Lorentz metricsg) were enumerated in (C.%]) ithont
distinction of isometric menifolds.Cur Corrolary 2.l. shows
that two homogeneous Lorentz manifolds are locally isometric
A ir linesr curvaturs tensors ( ngr) are AdkO(B,l)) squiw

thel

Y



~
o
valent.Using quadratic forms in curvature(see U 27] in the
Riemannian case) and the above list of linear curvature ten-
sors,we can now answer ine problem of equivalence of two ma-
nifolds in our list;the details will be given elsewhere,

In the years '50-'60,the Soviet ms thematicians Bgorov,Krucko-
vich,A.Z.Petrov and others,obtained many results concerning
oroups of "utomor phisms of Y.R. man i®olds;for some of them
. 5 - z e i~ e e - ol < el \'{}P L' S e

we send to | 13 | ,where is given a list of YR U-msni®olds and
their groups of motions in Chap. .Our clessification shows
that this list is not complete:for instance our o) Ta el
is a family of spaces,that contains for each (a,b) a one
paremeter famlly of homogeneous Lorentz manifolds ,Dassing

pie 2)

through ds Sitter spasce of constant curvaturs ~(8 +to ) .diees

not apoagr there.
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