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$0, rNTRoDir'c,froN

Let 0 be a 0 struciur:r l  6F type one on M nncr I (  a f l rouo e+
/'\4 /.

automo: :ph isms o ' f '  i l ,  r f  tu / *S1(F,S)  t "  a  K i -nver iant  symmetr ic

connex . ion  on  b , ' , n ;h€n  f c r  e , *ch  f i xed  G*ac lap tec l  f rame uoGE,  K

n e f r r r " g l l r r  p r i n l - l  ' '  - r  : 1  '  t h  / 1 . \ - r l L \ 1 , "  \  T , -  + h { ^r , c r L L r r a r , - " v  q r r ; { . 3 Q $  1 n  . i t  D . y  
Y u o ( K ) = L ( l ( J  

( u o / . t t r  t o l s  n a p g r  v , ' e

a n a l v s e  l . h i s  e m t r e d r l i n * q r n ' h e n  c = 0 ( p , e )  a n d  K  i s  t r a n s i , t , i v e  o n  I r 1 ,

: :e lat ing t i re geonetr-v or K ancl  t i  nV d, ,  .

Thus  in  the  second sec t ion  v ,e  s : io t r$  th r : t  th*  s t ruc tu re  f lqus*

t  j . o n s  o f  I (  a r e  t h e  p u l l - b s c k  e f  t h e  $  t r u c t l l r  * r  e q u e t i  o n s  o + '

S =  0 g ( t { ) ( l l n e o i : * : : n  2 . 2 " ) , s o  t h n t  t h t - -  J e c o b i  c o n c l i t i . . c n s  o f  K

a r e  I  c o n s e Q u e n c e  o ' f  t h e  3 i - n n c i r i .  r e l a t i o n s  o n  O . , ( i , ' 1 ) ( L e r n n a  ? , ' j , \

and  i i r ( : r  g i 'u 'e  a  s " i  np le  necessar ;q  and sur€ ic ien t  conr i i t ion  fo l

t h e  1 o c a l  e Q u i v e l e n c e  e f  t u , o  0 ( p , q ) - h o n o g e n e o u s  $ D a c e s ( C o r r o -

l a r y  2 .  1 i  ,  J . n  o  r d e r  t o  c l p s , s i f y  g e  r m s  o r  h o n o g e n e o u s  l , o r e n t z

s n B e o s . \ / , " r a  r j n d  i n  t h e ' F i r s t  s e c t i o n  t h a t  t h e r f l  i s  o n . l - y  o r E  c l . n s sr . " | "  v r r !  r . . ! . r u v  I u v u r w r r  v . r . .

o r  c o n j u g a t e r l  r n a x i n a l  s u b a l g e b r a s  o o  n o n c o n p a c t  t y p e  i "  $ $  ( n , . f  )

r ' F n n n n s i t - i  o n  1 . 1 ) p n d  < l e r i v e  t i r e n  a  ' r " i r s t ,  g a p  j . n  t n e  d . i n e n s  j . o n
\  r  !  . J F v

o f  a u t o r n o r : . o h i s n  S " o i i p s i  o f  0 (  p , e ) * s t r u c t u r e s  ( f i r e o r e  m  l . l ) .

S e c t i o n  J  i s  C e v o t e d  t o  t h e  c l e s s i f i c a t i - o n  o i  n o r m a l  f o r n s

o f  h o : n o g e n e o b s  L o r e n t , z  J - i n a n i ' o l c i s  ( T h e o r e m  1 " J .  )  * n d  . i e c t i o n s

4  a n d  5  t o  t i r e  c l . a s s i f i c a t i o n  o f  c l a s s e s  o f  e q u i . v a l e n c  e  o r

Ser :ms s {a  hono.gen{ :ous  Lorent  z  4 -nan i . fo lds .

{  rnus t  thnn} i  } ) r ' c fe  ssor  f , .  Te le rnan oor  encoura ,g in . ,  conversa t . i  on l

and he ln - "u l  rennrks  on  th .e  sub j t rc t  s f  the  paper ' .  Th i$  v rork  rn" 'ns

'nn- i  n l  r r  nnnn ' i r red  v , 'n i . le  I  u ras  de 'Lached a t  the  Deper tmeut  o {  IL , i i : *\ ,  Y l  ?  D  U C :  V q V  I  l r ;  , J

theraa t ics  o r  INCRI iST;  1 .  must  thank  a l l .  my co l l -e .ques  tha t  su i r ' :1 ie , ' i

m 1 /  q n h n - l  r . r r .  + A S k S  ' { ' O f  ' L h a t  p e f  i O d ,





$l"frIRST 
'GAP IN Dllr[-it lJSTON 0F AUTOll0npHfSiU

GROUPS 0F LORJiIII'Z Gl{Ol,lEt'RY

It  is  r r ie} l  knov'rn t i rat  the maxinal  cornpaet group of  SO(pnq)

is  S0(  p ) rSO(q)  ( t l  8 ]  )  "  I f  n7n2 i t  i s  Hnown too  th .a t  50  ( . * ,  t )

has  a  suba lgebra  o f  d i inens ion  3 !k1)*1 , tha t  v re  sha l l  de*
t

note by 1 'Y) (  n)  ;a de scr ipt  ion of  1 'Y]  (  n)  i  s  the fo l lowing

( L l 2 l )  r l e t  $  Q  ( n r l 1 =  $ O ( n ) O  0  b e  a  C a r t a n  d e c o m p o s i t i o n

o f  6 $  
( n , t )  a n d  l e t  b  b e  a  b i l i n e a r  s y m n e t r j c  p o s i t i v e

def i i : i te  fo rm on p  , t i ra t  g ives  a  s t ruc tu r .e  o f  cons ten t

c u r v a t u r e  * 1  o n  S S ( n , l ) . / S ( n )  "  I f  v i e  c h o o s e  X e  0  , v , ' i t h  b ( X r X ) = 1
t

end p*  is  the b-or thcgonal  complenent  o f  X in  13 , then
. ry ) (n )=QCI<X>+YY)  v rhe re  q  =ke rAd(X)  anc l

'  O  . , - ,  -  L L  
C J' n J  - \ V + A a x ( 7 ) , Z e  a - 1

FI{OP0SI?I0i{  1.  1.  For nt 'A tany naxirnal  subalgebra * f$0(n,  1)

is eonjugated v, , i th ' t f ]  (  n)  .

The i.deea of our proof i.s to shor,tr that the trace of a

max imaL subo lger : ra  (L  o f  $  f , r  (n ,1 )  on  SO(n)  i s  a  max imal

. e r r b a r o . o h r n  n *  $ 0 ( n ) . f f  n o t  O n 9 O ( n ) = 4 0 ( n ) . T h d r e i s  a n  Yp u v u . r . ( : ) J V " ' - / Y , - .

i n  C L \ g O  ( n ) i a s  A d ( r ) ( g O  ( n ) )  e  S  i t  f  o l l . o n , s  t h a t  $ O  t n , l ) < C l "

Le t  f t  =  cLn6o(n) ,up to  a  conjugat ion b e $o(n-1)  ( t ro l , t 'z1)

so that  vr*  can suppose t t ra t  ( )  =  $O Cn-1)31I -et  us denote by f i

t h e  e a n o n i c a l  b a . s i s  o f  9 O  ( n , 1 )  ( s e e  $  2 ) " A n  e l e m e n t a r y

argu:nent r-rsing rnalr ices sho-r l 's t1s t ,nat t :* 'e C! rand for any

k="I; i l : f  , f f+ff{ ' l€C\, or for &r1y k=1,n-1, -{  + f f+l .€q/ ,

g i rs t  cr lso leads us to  tD (n)  (  CL and second to  Ad T(" ry(n)

e 0,  , i 'here r  =( : " -?)  rbut  
^ rTJ(n)  is  maximal . .

' I 1 - r ' , . 1 ( ' . 1 {

Using  propos i t ion  1" f . .  v r r€  cen pro \ re  the  ane. logous  o f  a

) s
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tTang l l i reorem (  t {?1 ) ,nar , ' :e ly

Trrucnilr{ r"t.llo:: any o e t*!#"1) *1,-(p-fil{-n:3) I rhere is' 2  - '  
2  t  '

n . J - - I

no Lorentr  nani fo ld 1\ , { ' " ' *  havi . .ng a group of  autoinorphisms

of dirnension d o

PROFOSITI0N ] .2 .Two po i -n ts  o f  a  Loren tz  man i fo l .d  can

b e . j o i i r e d . b y a p a t h \ r t h a b i s p i e e e v ; i s e a s p 8 c e 1 i k E g e o d e -

s ic  r rshenever  they  bo long to  the  same component "

T f  x e y €  h [  a r e  j o i n e d  b y  a  p a t h  ( , 1 3 , b ] + f l , a n d  p =  a ( ( t ) ,

v ie  take  a  ' , , ' J l : i tehead ne igh i :ourhood ev ,FpVp o f  p .Le t  € ' [o ,b l  '+ (o r 'o )

l : e  a  p a t h  s u c h  t h a t  t h e  c l i s k ' D ( o , e t + ) ) g  V * e )  f o r  a n . y  t  6 [ a , b J ,

r f  5,  {n;  =-{exprtx l l t t .  t  rZvlx,x) ,  " \ ,as 
1 im 5, , , , (ec*r ;  = S*or(r r+,) )

t -+t., o(tt)

vre  $ee t i ia t  fo r  any  t  € fa ,b ] , thc r :e  i s  sor :1e  5* "  such tha t

q (e {+)) f l S**") (t u;) * f whenever I t-tot 46".,,,e coverfa, bl"a< ({)

v,r i th f  ini tely many interval* ( f  i  tSurrfc *f*;)  5utch t  h4t

5",*r)(E(+i))f l  Soc+dn() (€({,  r ,D + rt  ; i r  pi  stay in this inter*

c n n * -i nrr rlr11 r.. ,uur r ' r . (J ' r \ : r .  war ' r .  Jo ln  p i  anc i  p r * ,  by  a  $pDce l i l<e  geoc le" i " f r

Nov , '  Th*o : 'em 1 ,1 . "  fa l lowsrs ince  i f  l , l i  i s  connected  and.

hos  a  d i roup o f  i sonet r ies  l r i  o f  d imens ion  d ,K  is  € )n  open

subset  o f  0 , " (11) rand i . t , s  i so t ropy  gro l lp  a t  o , I i .o  i s  an  open

s u " b g r o u p  o f  0 ( n , i ) r s o  t i r e t  : f o r  a n y  s p a e e l i i r e  v e c t o r  X € T o i i r i

t h e r e  i s  o r , . e  k G l ( o  w i t h  d o k ( X ) = - X . T h e n  i f  f  i s  a  s p a c e l i k e

seodesic  and i r  u  l t t (& l  r , ' i th  dk(  + t l l  l=-  *c l l  ,k (  * (o)  )= t  t ) .

Frorn  F : :opo$ i t ion  L .2  i t  f ' o l lo r ' ; s  tha t ,  g iven  x rJ€  I . i r t , ) rc re  a re

l . l . r , , } c u  €  K r s u c l r  t h a t  k u o . . - . * k t  ( x ) = y ,  t h a r  i s  [ f  j - s  h o r n o g ; c n o u s .

rhen cti mli-,,!Sfltn:il-.
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$ 2 . H0]/ICC ll il 0tr U.J p$ iIUCOR I ij,'ji{AN l'tr }A N i,iA N IF OIDS

Ihe prob lem o f  thc  loca l  cLese i f j . ca t jon  o f  rnu l i ; j2 le  t ra i ,s i *

t i ve  honogcr ieou$ i  , .  : . , -R ie ruann ian  inan i fo .L .c is  i s  essent ia l l y

an  a lgebra ic  CIne .L t  re r l r " tccs  ,as  . i ! l i -e  ( ia r tsn  shcnt ied ,  to  the

nex t 
_ 
tvro p::o b.Le ns :

A " t  . ; r "1y16- the conjr . rSet, ion cJ"s.$, . .es of  subalgcbras 6f

C r \  r - t
J  \ ;  1 . r . '

.8 .  i ro r  a  suba lg*bra  b  o f  $  0 (n)  t i l a t  i . s  thc  i so  L : :op ; r  a l - . :3 -

bra  o f  a  g roup o f  ieomet r ies  K , f  j r rd  a l l  AO ( ts )  invar ian t

bi- l  i  n€syr symme tr ic posi t ive def in i t  e f 'orms on 4 /b i [4 l feJl  "
ln9e have taken over th in v iew poist  on homogerleous spee.ee,

trying to explain it in a bundle viewpoint f or peeucui' ' i-enanriian

manifol<is" i r te nust say ' thet  the method clescr ibed bel-c lq is avei*

l a b r l e  f o r  o t h e r  G  s t r u c t u r e s  t h e n  O ( p r q )  o n e s .

l te shal l  abrsviate v i i th Y. R. the v,rord pi :euclor iemannian..

From now on,v, 'e shal-l  clenote by l l t  a hcmogeneousY'RY;;U;lr i-

(  Fr e) ,  i .  e *  a manif  o ld that  hae &n 0( p,  q)  stnuc' t ,ur  e,  and b:y K

a group of  autonorphi .sra.s of  i i l i  that  is  t ransi t ive oru } ' { .H=Ko

w i l l  b e  i t s  i s o t r o p y  g r o u p  ( a t  o ) , !  a n A  b  t h e  L i e  a l g e b r a s

of K and ll"

t f  heH the  d iagram To ' f f  
" t l tn  

i s  commute t ive ,so  tha t

*P*U I *r"
fa .--t f1

t h e  i s o t r o p i c  r e p r c s e n t a t i o n  o f  H  i n  0 ( p r q )  i - s  f a i t h f u l - "  a n d

\  c a n  b e  e r n b e d c c l  a s  a  s u b a l g e l r r a  o "  9 O  ( p , q ) .

Let i , ( i I )  * I - ,  i , l  be fher f ro i lecundle of  id ancl  O*( i , i )  i te

O(p ,q  )  re . " luc t ion  induced b .y  t i re  met r ic  g .  f f  uo60n( ; ' i )  j "s  &

.t*
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f ixed f ro .me, the d i f feren l ia l  s t : :ucture of  K is  induced b;7

the mappin.g { " , t "  " - - ->  o*( i , t )  ,  Sr jk)=; (k)  (un) , r , , ,here L(k)  is

the map induced on L(11) by k,Froio nov/ on r,^, ,e shal l  surrpose tha.t

d im  I { ) l r t ha t  i . s  K  ie  a  ;nu l t i p l  y  t rans i t i vc  g roup  on  l * t , o r

sho:rt1.y Ir ,{  is & mult ip.Ly transit ive }romogeneou$ Y. R. rnani: fold,

FROpCSI ' j ' f  0N 2.1,L* t  IJ= i ( , /11 be a homogeneousYR. mani fo ld  and

0 * odei 6 -[)'(r-(x), {RT*) be the canonical  I  fo: :m. on
^ t  ' *  - i

L,( I , { ) ,Then 0r"=8""0 are le f t  j "nvar iar : t  l - forms'  on K. .

Suppose that  c t ,  Kx N - . - )  N is  a  ler t  aet j "on.  on N and

xq,  N- t | *J  r  q l  ,  K**> N are induced by o< , then v , 'e  have:

. Li f} , , t ] {A 2.},  I f  0 e Sf tru) is K invariant on irr , then for

any p€ I { ,  Op = * r*0 is  l -e f t  invar ian. t  on K.

Ln f . 'ec t  i f ' tk  is  the le f t  t rans la . t ion b: f  t r  on K,we'  h .ave

{ f  o L k =  " ( k "  d p  r s g  t h a t

r  * ^  |  + ( -  . r F n  ( - ,  ,  \ * . r  |  l *Li  o,  = L+" qig:$r"Lo) I  = (<*."*r)  0= <fxf ,  S =* i0 = op

l {ow l , ropos i t  j .on 2.L.  fo l lons i f  , , te  take p=g ( [ i )  and

\  the act ion induceC on L( l t )  b l ,  the act ion of  K oL r* .

Let  ^  6 I i  ( t - (n) . ,g t (p+q,R))  ou the i ,e- / i  C ivr ta  connect ion
\  = .P*+-  , ' \

f  orm oq Lt f f .n  $ f - (n)=Tf tJR)  r , *  con$ider  the canonica l  bas is

t . j l i ,  j *1; f r , *J;R. '  , '1 i l ,  * ] fur l=! [* ; iv :e have , - - '=" i " i  r lhan

pi i ln0SITION 2.2. The f orns - j ,uo:* 6i- i  are lef t  inva-

r iant  for ros on K.  ( . t l r " " r0 l "  ) r f  j=rF 
v  u  'n**  

gcnerato rs

o€ the L ie  a lgebra of  le f t  invar ient  forms on i f  ,  €1, ,  i : IT

be in$  l i nea r l y  i ndependen t i  "

Proo f .As , ^ - i  a re  un ique i l y  de te rn ined
. , ;

, , r ' .a7  c  Cf t (n .  n )  .  d  0 t=- .^ : f  A0 l  a r :d  0 t  a re* i  * (  "  v l v \  t / ! ' l '  ' . , "  "

follor, ';s t,:a' i a-,1' sr.:e l{ invariont and lt 'e ean
J ,

by  the  cond i t i . ons

K inva::  iant,  i t

u s e  l e i i l n a  2 . 1 . '

Because ( - i tu ) , i , j= | , - rO?*) ,d=" f , i )  fo rm a  bas is  o f  T"  ( f ' t l  )
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/ .  . i  / 1 t  
- -  \  l ^

[ ^ L r . " r O * . ,  t ,  j ' -  l l -  )  g c n e ] 1  
" L . *  

y . S i n c e  I {  i s  t r a n s : i t i v e  o n

l l ,  g iven u" '  € ' lo i r , i ,  t : lere j .s an one pHrane ter subg;roup K*( t  )  such
1 1  -  A ' v  r  r r ^ \ lthat  an . . . - ( ' ) (PJ k=o:  n^r--  ,Then for  each j= i l f r ,w+ f  i .nc l  one

para i i re te r .  subsroups  o f  . r r r t { ; ,  r , ; i th  
*  k ; (  ) ( f )  l *_ iq , , i ,Ler

9u 6f"  Oo (h)  ,  then [*  tuo = o](g*-) , .  o, r  an "  0 *(* , '  , " r*  J j "
v' , rh ich sner l ,s that  € i"  *r 'o l "  i .  (  t inea:: ly inclep*ndeir t  )  .

i t i e  sha l1  c leno te  ' by  ( t J ) r r i  t hc  bas j - s  o r  $O(p ,q )  g i r ren

t * 1  - - i  , i j  < i - ( p o r : p + l { j < ib y  . ,  {  J  r  r - ( P  o l :  P + l \
r i  :  

i  and bY 9 { ,  i . l"  
t * j - e {  , i ) p ) j  :

t h e  c o i i i p o n e h t s  o f  g  € 5 0 ( p , q )  r e l a t i v e l " v  t o  t h i s  b a s i s o  ,
?IT" i loRl ' i i$ 2 '1 'Let  i (  be a t :nansi t ive Li-e groun of  autonor i rh ism$

of theYR.mnnifor,d tt i=id/r:I,such that ai.m t2 =fl and b i"s givr:n b;r
' \  -{  r  t  $o cP,r) i , } ,  ̂ l i  g ' ,  :  o, tr=r,alt f i  1
T'he' tni l r"e are constants c. ;=Tff i  . i*T--:  .  *j ,  j  * * L - r * * Z ' + - a c l  r . l = l r n r n = D - F q  s u c h

\ - r  ^L .  - i  ^rL ---*
that I, 

onrQ'i,uo: "n,n 0;, , tu = /,ry:a
Proof . l ,C I t  f  be  & parenet r i za . t ion  o f  j , t  anc l  L ( f )

ducc1 peraroc  t r i za t ion  o f  L (  j r { ) .  T ,J :e  representa t ives

f o r m s  0 i  r j  r e l a t i v e l y  t o  f  a r e  g i v e n  b y
n t z - - . \  i ,  tU+t*ln) =N L4* 

^ 
n,here .y=v-l anu

- i , g ( * , - . r ) - :  t l (o . l  *  {n , , }d *n  )  ( see
s inc  e  d , r . i= t t l  9J  i : : J  v ;e  

t  , .  t .  ) -  k
)  t  P u t  o b  \ , {  

:  
} r . 4 ' i

- .1,  *  rP 1 '  /u
"1,h 

-  to,nt)Y 
i r " {  rhe equal i ty t  (  - t '  k

1 . r  I  t . \ .  J -  K - .  r \*J,' i* - 
o*) r* T "Jr{* oS

does not  change v ,hen i t  is  puneci  bac l r  on 
{ ' (S-- (K) j . ; i r . " *

the inani fo ld  s i ruct i . i re  o f  K is  inc luced by the map $U. .  , i t
f o l  l o r i ' s  t ha t  re la  L i ve l y  to  a  pa rn ine  t r i za t i on  y '  o f  K ,  t he

loca1  {b r ,ns  
oa j t , r  and  the  roca r  rep rezen ta t i ves  - - ' i  , 1 ( '" J , r , o l {  ) " k " q y

( 1 )

the in*

of  the

L  8 l  )
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verify - iru,;f = o^'!sri * frt, t  6lrrY

uut 4,,( vl1 =4:u,(K) f l-c- ' ia) , so that ,r" lH : +u!u\l i  
-, ')

r f  x <b , . . ru,(x) -  FuI (-(€(x)))  u 'herre 6 ({)  is the

ve r t i ca l  . rec to r  f  i e  l c l  genera ted  by  exp (  tX )  (oo ) .S ince

er(a(X))  = , \  (X)  v ;here I .  is  the isot rop ie  reprezentat ion

o f  \ l  i n  $ C t p , e )  e n d  0 ' - " \ U * $  , i t  f d - l o v , ' s  t h a - t
i  i  \  r t  \  -

o6y = o,ol,y ! 'c 
is a \ ( b) valauatecl forro so t!^rat

, t 
gi,i ,*l* : O and vie h.ave ( 1) " The forns oJ,uo 

",rd
' '  t  

0."  Uuirrg ief t  invar iant ,  the.y nnus t  be c onstant On , 'n*r  Y.
'  - t { o  - ^ r ' ' '  

^ 1 .  - ' ( '
L l e c a . u s e  0 u a r , :  l - . i ' b ] t  l } r ' o p o s i t : c n ? . Z o e  t , , j  = c . l j  '

F i tCpC: r l r ; cu  2 .5 .Any  1 j : rear  de i>enr3r :nce  re la t j -on  be  t r ' :een  * l r r . ,

^ i
j ,  * n i  0 ; ,  i s  ?  l i n e a r  c o m b i n a . t i c n  o f  r e l e r t i o n s  ( 1 ) .

t A ' ; t l r , u r c o O | : r  , , b  i s  t h e  p r r : j c c t i i : n  o f  X  o n  l r  i n  a ' l e c o r i , ; -
J  - ) ' a  \ o  r  d r  r  ^ t  \
s i t i o n  b  =  r ? o b  ,  , i f  [ A j  ) i .  i  w o u l d  b e  1 ' . i '  o f  (  r t r t , j  

) i . .

f4

Lnf

h =  { . , 4 9 - l ) * d  o t h e n  d i m b ( d * l . F r o n o ' l h e o ' r e m  2 . l .
'  

L  
-  

i  . ' . 1 4 . . '  / r L  . . , . d  1 1
i t  f o l t o u , s  t h a t  A j  =  ^  A ^ t  i ) j  , i . u .  ( ) ' ? n , c - ( i ) 0 i ; 0 .

t r ' r ' om ' i lh .eo : :em 2 .7- "  anc l  Propos i t iOns  2 . I -2o 'J . i t  resu l t  e  tha t

i f  b  p r o j e c t s  i s o m o r p h i . c e l l y  o n , t h e  s p a c e  g e n e r a t e d  b y

{f q; ,*=F, r,,> ju } , then ol" ,r=F toge ther witn

(d1riu. {"r$i- a ba,:: is of }eft inrrarinnt l--rorns on K.

T n  t h i s  s i t u a L i , o n  , i . r  I a = { ( r ' j ) t t J r 0 , j l # ( * , ' * )  ( = G  \

r i ; L + l ' l , i g i , ( c , i ) e r 4  Q )
) l  x J 1  J ' o < ' 1 4

are  the  equa t ions  o f  b  , t he re  a re  
"J ,O* t r  

, ] i =T l5T t - , i < i ,

( i , , i ) e  r u , s u c h  t h " f ,  d f  , ( ' ' , 1 . ) e 1 4  - k
Li,*, :*i Aj li i-',i* "l,oo u- (  r )

Ln l , " , l ,L \  2 .2 .The s t ruc tu re  equa ' i , ions  o f  K  are  a  cOnsequ€nce

o f  t h e  i " , s v i  C i v i t a e  c o n n e x i o n  o f  t h e  0 ( p , q )  s t r u c t u r e  O r ( l ' { ) '

, Ih t r  p roo f  o f  Le inua 2 .?-  s tands  or i  t i re  nex t  s imp le  remerks :

, - '  ^  L '  -  L , -  , t  
t t  '

-  c^ r ;  
,u , ,  

9u ,  a l :e  the  pu l l  back$ b l '  
\ .  

o ' t  c ' l ' r€  and pu1L-



*  / *

bacl i . ,d an.d 4 r ,Jro cot i tuut i -ng onerat ic lns on rorn$,

4  /  \  ' \  1 -
oi ,uo ( ! , ,  )  e  rd  * : r re  l i .neai r  combinat ionn of

{ , , \ o  \  / . " t  \  ; - . -
\ *  J ! ,u"  )<=t , l ,  r (uuJ t= l r t

Tf 'v, 'e rwii i lr le t irat t,he i3j-anchi relations on O',(l l1) and the

Jacobj-  con. i . i  i  j .one or: i .  t i r*  structurc eeuat i .cns ot '  l ;  are i l ie

i  y r * o , . r n , r i r - i  l ' i  * r ,  C O n d i l " i O l S  O j '  i i : e  S t u C t U r e  e O L l D . t i O n S r V ; e  C A n  S e r y

L5[ i i , fA 2. j , ' - [ht :  Jacoi : i  co; : rd i . " l , ion,s i .?r . l  b are a consef l .uence

o f  t h c  ' J L s n c l i  r e J a t i . o n s  o n  O r ( i { ) .
r ( )

. ,  L
I f  K i r ra  t l re  the  co inpr :nents  o - f ' t i i e  curve ture

^ (-\ t' 
,.r o r i n $  J  L i  , l , e n i n a : s  2 . 2 1 2 " i .  o t a t e  t n * t  f h c  e : < i s t e n c E :  o f  i i -

i - s  
" , r *o** .L  

by  t i re  e -x i -s tence o f  a  so lu t ion  o f '  a  sys tem o f

s{ iua'Lions o ' f  dc; i rec at  r lost  3,  nai ie i i -  $,v,r i " t r r  the uni ;noi ,yns
( n i  \  , , 1 {( ct',u )( \,,) *r* ., k *-\i and K ."i f. A c{- =iF ) /, , A *< h

/

T'he syrt* ; : :  S ever has solut  j .on-q bt '  tne nsxt  s- l .mple reina:: i r

, l",.RCi(:: iTf .t lOiT ?^. ir.Any Li-e sr-rbalge bra. ot $ 0 ( p, q ) i..s 't, ire

j -sot :oplr  a1; ; l :bra of  a f lat  r : ipBce i r ' l "

l lh i  s is t : : iv ia l  ,  s incr i f  . t  is  a subgroup of  { iL(  n l f f ,  )  ,  t r . :n

^1'\ /\o\
I i= r tX  K ac .Ls  t : : * .ns i t i ve ly  on  \K  by" (h ,a . )x=hx*a ,anr3  K, . ,= i l ,

?1: l i i f - : I t ' i l : i  2. '2, ' t ] r re s- f ructure ecuat ions or i r i  are c lete: :n ined.

b i r  the  i r r .c l l "ue ion  b  C$Q (p ,q)  and t i " re  s t ruc tu re  eouat j .ons  or  K"

f h i s  j s  a  convc r$e  o f j  l , e i i :ma  2 ,2 . ; l e t  *C f -e  S r (q , r r ) r  S$ f f ,q ) )

be t he curvat u::e f orm of lt{ anci -Q u . 
= 6ul J-L " If

JL; =eKinn gnt o' , t'en -ft:,u. :: Kj',.,.a of, n of"

bu t  g re  r o j : n$  (nh  \  be i ng  1o  i . , ( o t "  A  o i . ) n .u. v k o  / ^ = f , ;

sre f  "  i .  too,  so t , i ra t  K i r . r ,  &re un iquel ; '  c ' ,e ter rn : l *d  by

t r*  s t rucr l l ie  ccuat  j -ons of  b  and the constan"bs n i  l t ; l
- !  n  : i , . : ia ' t - i , tns ( } ) . l l i re  ot ructur .e  enr :g l t . ions o ' f  b  a. r "er  a  cc) i 'Lsef lL lc :11c i r

oo the sbi : , " rctr .1r"e eeua"[ |ons of  b CSOCfrr fJrsn.d t j i  thq choice o 'F

t h t i  soLu 'ul c ln  6 { ' + . I  ^  r , * ' ^ *  r q.r, tru i:r,y l) u l;tu
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f ig i iQtLARY 2, 1.  Por a=1, 2 r  l .et  I i *  be & trans i t ive groufr  of i  the

YR mart j " f  o l -d l l i  .and l {1,  .  the eornnr}nr.)nts of  i  tS curvature formst' ' r g  t  s r r u  
n " - i k l  

w r r ! '  v  v l r f , i l J v r r u r r

t  * ^ L  
' '

9"; t , .  "Then i ' , ' i ,  end l r ,1t  ar$ loca" l ly  equj .valcnt  i f r  15*r"e is c =
^ /  ! , ,  i  - t . i  P  A  g  _ . F {= ( " i ) e  o ( p , q )  s u c h  t h a t  r l . i r . p  = ( c * ' U " i - ; " i 2 r ( p ) 9  (  e )

F r o o f . T h e  n e c e e s i t y  c r f  ( e )  i s  o b r r i - o u s , I f  ( e )  h o l d r v ; e  c a n  s u p -

po$e w i thsu t  loss  o f  genera l i t y  tha t  c= id . " ' I ' hen  the  s t . ! :uc tu re

equo, t ions ,pu l l "ed  back  on  ; t i r -  an t l  ru i ,  o re  i -dend ica l - .By  chang ing  K,

vr i th the auio: : lorphis in f l roup o:  i \1?rv, 'e earn $uptose that br.  h,  .

T h e n  t h e  e  c u o t i o n s  
. o r r ' t u  

, . r e  
^ * j ; u J . O l , i l  

n \ d o ,  l o ,  s \ d , -

and vie see that 
,co, ! ,u"- :  

C ,( i ,  j  )  G Ia1 are the equat. ion.s ef

a .  subgroupK' of  K,  w'hi-ch has same constants of  structu: :e as J. / , r .

lYe f ind thcn. a . l  ocal  rnorpir i .srn into f ' ro i : i .K,  to f -2r j rsuch that
(  , { - i  , . i
} ( l i r ) c  i l 2  a n r l  l  r O * o =  . _ o u o  i = I , n " n r c n  T h e o t " e r i  2 " 3 ,  $ ' e  ' r i n d

thot l, ' i l  arld j!. i '  a.re loca}ly e quivalen.t "

f f  ( , l f  r g )  i s  * ' t . R .  r i r a n i f  o l - d  o f  s i - g n l t u r e  ( p , q ) , t h e n
- - f €  t  r

f , "e= 0'roo'+ -  -  + t?g€P-ot ' tbor i  -  -  -g?tb oP*1 ,  i f  i r r  is

homnrr . ,n*n l lq  ; rnr t  lc ,  =Tf"6 thnn l l l - .  
* ,a  :  Z +: '  @a, l, r " r , ; 1 4 ( j  ' . r r . " \ ; v u ! f ,  . ; r r u  ' - ! { g  ' " '  f  

k o  t  e r r \ ; i r  ' " k o  
d  t = i  

{ o  
. r . O'< : - '  

^L  |  ^*L  0 ; .80J- :  f  (4 ) ,conversc l - ; r ,g i r re "  b  c  5Orp , ! l  r ta4  !3  by
[ : p + r  

- o  1 a

equa t , i . n i r s  (3 ) , the  l e f t  - i - nva r inn t  t enso r  f i e ld  Y  g ; i ven  in  (4 )

inr luces a nondegenerate quadr :* t ic  for ' t t  i l  o f i  s igne. t in :e  (prc , )  on

v /b , r , i ;h ich  is  Ac1 (  b  )  in ' , ra r ian t " f f  ra 'e  cs r ry  i J  by  le€ t

t r f inslat ior . is  or)  every tani-rent $psce T*(;<, / i ' l ) , : ( , / . i {  becornes a homo-

\ ,  O  , ,
S e n e o u s  Y , K .  n a n i f o l d r t h t t  a C m i t s  l { .  & s  a  e x r o u n  6 r  i s o i r r e t r i . e s

rn ' i " t i r  i so t r :op ; r  , l r roup i ' {  (  L8 ]  ) ; th io  l ' .R ,  s tuc tu re  i s  nanec l  E .

A n  a l t c r n a t e  d c s c r . i p t i o n  6 f  g  i n  a  n e i g h h o u r h o o d  o r  i ' l  i . n
, t ' - \

K / i I  i s  t h c  n e x I  o n e : l e t  I  b e  t h e  i - c l e a l  S c n e r a ' i . a d  i : y  ( e i , r  r a : ? F  )

then k i " l  i . s  th . , l  ' na : r i ,na l  in tc ; , reL t tun j . fo ld  o f  I ,  t i rn t  passes  th r :ougr
_ 4 1  1 d

k" Tf  we t .eke I  coor ' l inalo s,ystel l i  ' -1 : :  xx.y:  V *) l i { .  \  lK ,  r :uch

l r \
tha t  i / ^=  {  p l> l ( t r r )=a fare  j "n te iq ra l  i .nnn i ro lds  o { : '  I ,e rnc l  i . f  l , :e  pu t

o  \ '  )
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-  g l r r
l .  I  t t n  ] - g  c o r l s t a n t

K

2 . T h e  n a t u r a l  p r o j e c t i o n  f , u ,

i s  a  1 o c a l  i s o n e  t r . y .

2 .  i s  o b v i o u s  r r o m  t h e  d e f  i n i  t i o n s ,  b e c a u s , l

r r a m e  u o  €  % ( . K / H ) , & : 3  
: Y  .

; o ( ? f 4 hI .Let -f , ,ro= r i , t  dru.+yn;, ndy: + t ia"P. rhe structure
equat ions inp l ; '  that  +Or ,  '  d  '  

6  C 
' f t  

(p ,  c , )  anr i
n  6 Co\y-= - rrn{. - { I 

tn'Y r' th 's"' ) \ 'J 'J

?Zn ,',, ' t P .since Anr* tit. l  
#.i 

U;,
0r =l

orom the s t ructure equat ions we r ind that  !_?*> =_ ( . )
pRopcsrr  oN z.5.Let  b,  b '  .90(  p,  q )  ue ,?]*" ; ; " . *u subar-

g e b r a s . T r  b  i s  t h e  i s o t r o p 5 r  a r g e b r n  o €  n  h o m o . g e n e o u s  Y .  R .  n a n i -
fo l - ' l  ! { ,  there  is  en  honogeneous + .R.  rnan i . r "o l -d  L I ,  i s , rmorph. i -c  to

M , w h o s e  i s o t r o p . v  a l g e b r a  i - s  b '  .

T t  i s  e n o u g h  t o  s e e  t h a t  h ,  b t  a r e  c o n j u g a t e d  i c r  t h e y  h a v e

s e m e  e q u a t i o n s  r e r a t i v e h r  t o  t w o  ' f .  R . - o r t h o . g o n e r  r r a s i . s ,  s o  t h a t

a  s o l u t r o n  o f  t h e  s y s t e m  s  i m p l i e s  t h e  e x i , * : ' t , e n c e  o r  t l t , o  h o n o -

B e n e o u s  n a n i r o l l s  l t , i i { '  r , r , i t h  i s o t r o p r :  a l g e b r e s  b r b ' . c n e e  $ . , e

c h o o s e  t h e  i s o n o r p h - i . c  p a i r s  6 r  a t g e p r a s  ( b r b ) ,  ( b i b ' )  o r  i s o _  .

n o r p h i e  p a i r s  o f  g r o u p s  ( K , l t ) , ( t < ' , H ' ) , i t  F o l l o v , , s  t h a t  ( K / t J o - T ) ,

( W ,  / t 4  t  ^ E ' r  )  A y , o  - i  c n m n r . n h i  n\ . r  t o  /  v t .  v  l u v r l r v t  
P r I I \ , .

'  
L  r r L

Tf we put ( ,  = Utro )  L
= { .F rE r'<*tPt1 

*

.i

and -a j *  are the constants  o f  s t ructure o"  b
clual basis or (^ 

t l  
i  = 4-- l  a. *.a ) ,  then

h l r 1 .
v*  = tp l  y (  p)  =b, , r  .

THSOREI,{  2.  J.

z . b  .  b r  / . . ,  \, (V ,Y l v  /  ̂ ' (V /u rZ )

i r  v ie  choose e

PROPC i ITON 2 .6  .  f  . i {  i s  reduc t  i ve  i r r ,  g  1- 3 k

i )  p + q 2. i ' r l  i s  loca l1y  synmet r ic

( i < P + q ( k , i > p + q  )  o r  ( i < p + q , j < k < p + q  ) .

' " { ) H  
o  )

r e l a l i v e l y  t O  t h e

*"or j  (  p+cr (  k,

J1, -  =o  ro r
J K

* v  
t

i f f

rr (Ki)i=TlErE?T is u-re c1ual or (oi(=1,--r,E) ft is rhe
t _

su 'ospace or  b  gen.era ted  by  X. ,  . , . . ./ -  :  .  : . , - ; f r . . .  t X n + n ,  t i r e  c o n d i t i o n s  g i v e n
A J ' , V  

-

:
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in  Ls F€spect ive ly  2o of  Froposi t ion 2o6o are equiva lent  to

[b,rnJ ( \"\ry respeetively to [bpl c n0 and fvrrrgn] e b
conCit ions v;hich ere ecluivalent to the local reduetivi ty res-

pe* t ive ly  t ,he loca1 synnetry  o f {  K/ r rE }  (Ls l } t ' i4 l ) *

&7. NORilrlAL tr.0Rbis OF 3-Df['ml.ISf0NAL

I{OI,TOGEI\TEOUS Y.R T,q,ANI-?OLDS

We recal1 , that  "  
Y.R, manifold l , [  is  extendible i f  i t  embeds

as a  proper  ppen subnanyfo ld  o f  anot t re r  Y-  R.  nan i fo ld , l , l t (  t l l  1
'  

. 1 /  A' ,Se shal l  say that a Y'R. nanifold( iu:rg) is a normal forrn i f  i t

is  connectcr i ,  l -connected and inextendib le . l r lormal  honrogeneous

'  ' for rng 
of  Rienannian geometry  v lere set t led in  snal1 d inens ions by

E"Car tan(  L \ l  )  rand Tshi l :araC Ie l  )  "Roughly  speaking,  in  th is  csset

en Hr  the top of  M is  determined by the onefor  a :g iven H,  the toPolog ica l  tYPe

o f  K ,  The  ke l ' o f  t , h i s  fac t  i s  t he  conp le teness  o f  homogeneoug

nibr , rannian nani fo lds"  fo  the f .R.case,  the geodesic  conpleteness

.  is  a  conssquence of  .o : le  o f  the fo l lov ; ing hypothes is :

H o l .  - M  i s  e o n P a c t  (  L 1 l  )

Ho2* -1 , {  is  a  natura l ly  reduct i ' ie (  [8 ] r [441 )

The  quss t ion  o f  ,  t ne  na tu ra l  reduc t i " v i t y  o f  a  g i ven ' tR , ,nan i -

fo ld  o f  d in :* r rs ion )4  is  nore d i f f icu l t r  as u 'e  shal1 see in  95.

TUFgREii i" lo Any ho:nogeneous Y& nanyfolcl  lv l  of dimension 3t is

reduct ive. l j [  is  natura l ly  reduct ive i f f  i t  is  s ] rmmetr ic .

In the niena.nnian ease this j .s a con$equsncc of t i :e.

c o m p a c i t y  o f  I { ( t 8 1  ) , a n O  o f  s o m e  c a } c u } a t i o n s , n o t  p r e s e n t e 6  i n

th j . s  paper .Tn  the  l ro rC I r t z  case , i f  K  i e  s imp ly  t rane i - t i ve rwe  have

*iPi:iguE



subspacee  o f  $O c? r l ) , c leno ted  by  c *  , co  and  c_ ic+  i s  the  con -

jugacy c lass of  9  O (  2  )  Anc l  cor t :esr :onds to  a  spacel - ike isot rop l ,

subgroup,co is  the donjugacy c lass of

and corresponds to  a  nu l . l -  isot ropy subg: .oup,and c-  is  
\  o  4  o I

t h e  c o n j u g a c y  c t a e s  o f 9 0 ( r ) x g 0 ( 1 , 1 )  a n d  c o r r e s p o n d s  t o  a

' r  :  ,  
.

_11_

noth ing to  prove.For  mul t i "p lp  t rans i t ive F"rwe use the method

desc r ibed  in  $2 .The  a lgebra i .e  suppor t  o f  rheo ren  ) .1 .  i s

Ti{ i l0RE}' f  'J,2.fhere are 3 conjugac"rr classes of l -d j-mensional

t innel ike is otropy subgroup.

' / /e  s la l l  not  prove th is  theorem.L ls ing Froposi t j .on l .1 .  rvre

Q a ; ) that there n]1er c on juga:cy c l a s s of 2  d in iens iona lDs<:  u i r< r  u  L r rs r '3  rs  u { re i  uor r . juga .cy  cJ .ags  or -  z  d ln iens1ona l  suba l *

g e b q a s  o f  $ 0 ( 2 , 1 ) , t h e  c l a s s  o f  t 1 1  t 2 ) . f f  i {  h a s  f n e )  a s  i s o t r o -

py a lgebrar i t ' i  i s  a  spece o f  nonpos i t j_ve  cons tan t  curva ture .

: i : " i . j . . 90  
(z )  r ras  the  equa t ions  E \=  t l=  o , tha t  r - s

-  |  -  I  ,  Z  j  2  I  4  i  1  r  7  , - \ul,rJQ c.rro+b/.;uo+trbio ) 63,uo= o'r.<)\e+ b'couo+ e'c..rd. (r) .From norv on ri/e

sha l l  on i t  the  subscr i .p t  uo ; rve  shar l  a lso  omi t  the  syrebo l  A

for  ex te r io r  nu l t ip l i ca t ion  o f  fo rm.s . l lo  unders tan , l  ho . r , ;  i s  o1 , r *

p l ied  the  mach inery  o f  . ;2 . , in  th is  case v , ,€  s i ra l ] "  g ive  a l - l  the

deta i l s .The f  o rns  * t ,  , i  & re  sub jec t  to  the  s t ruc . t ,u re  eoua-

t ions :  d  -n  =*^ ' - " t ' - - l ^ '

ol *\= ,.-l^'- ,l*n
4 ,.r9= - -'s ,,ut - ,tl 

"t'

d.,uL=--l-l *J)l
d *i = * J".1* fL.

e x t e r i o r  d i f f e r e n *

and

that  is

d ..rl= -l-i.'-i4
I f  vre idwnt i fy the terms ia * t* t2-  ,when

t i a t e i n p - :  r e l a t i o n s  ( 5 ) , w e  f i n c j  t h a t
|  /  |  |  r  |  2  r  1 \  |  z  ,  .  O  

L . , 4- t oz lo  -  *  b  t  l  +  g '  cn> '  )  :  -  a  t ^s ' aLo -+ f>  r - ^ :a

I  t  |  1  ?  3 \  I  1  z  , l  ^  
e r oO. (a  t ^>  *b  Ln  I  t  6 ' ) :  -  a  (nz - tu  +  b  . r r .

a=b t rb= -& ' r c=c '=0 . I ' he  s t r uc tu re  equs t i . ons  o f  l i  a r r e
(6) d,tut =- 

"oJ,J-b-L3r--LL , d-\ b^'r.u3- o-t-3- * '*1-

d, ̂\ = ?- L "o' rs', d *)_= -(a?+ rt)*a-l Krr-{.,1r^-r)+Kl,.r.rLrtn * j . *.r1.'3



-12-

We ' seo  t ha t  t he  cond i t i ons  i n  1 ,  o f  P rop ,2o60  s re  ve r i f i edy i oe .

M is  reduc t ive ,The Jacob i  cond i t j .ons  imposed to  (6 )  g ive  us
1  ' r  1  ?  - ?  1  2  , 2Kitl =KiZl = O r ab=O r a(liite-s'- -b- ) =O. We put c=fitr-a- -bl ;

ir alo then b=c=0 ""d Ql=";J*i,mo* Q.]=d".,!+ori.,i= "}t;tuna Qf =
z  z 3

=  -  A  c4  a )  , i . e .  l d  i s  s  space  a f  eons tan t  nonnega t i ve ' cu rva -
2

t u re  & - ,  and  then  M ie  reduc t i ve . r f  a=Or then  tX4 ,X* l r , ,=  Zb  X ]

tXn,X.lr- -  bX. ,  and then B([X,,,  X.]nrrXr)+ B(xz ,[  xr,  x3i rn) = b

fhen M is natural ly reduct ive i f f  b=0, in which case } l1 is
. t

symme t r ic .

gggg_go. . i imi lar  conputat ione,  show us that  in  th is  case t
4 t ? -

Ui ; - f=  c^ r t=O i . . e .  l l  i s  l oca l l y  synmet r i c .
\ 2

QgsS c* . f f  <^ - t= tu ] ,  the  s t ruc tu re  equat ions  pu l led b a c k  o n  K ,

give us d. r., 'n : / r *.'ut

d; = *b *n - ' ' -  *

d ; = - F t u i " " - u

l 3
C,C C^)

t 3
Co tn

" , t+  c J ' a '
z t r

+  c )  Q ) '

b r :  a L t  =  o. 1 , 2 - ]
d '^rt '- - ^ca a> )

. F o i :  b  /  Q r I t ,  i s  a .  $ p a c e  o f  c o n s t a n t  c u r v a t u r e  - b 2  l f o r  b = 0 r i t '

nsy be $iroirr t  that ,  i , [  is  reduct ive too' i ' f r  is  na. tural lSa reduct ive

i . r . f  ( )  : :  c ,and in  th j .s  ca$e 1 ,1  i s  loca1.1y  symnet r ic  too ,

: ] l i lg.ql{* :2 ' -2 'A normal honoger: .o,rnY'R. rot*  of  d i rnension 
'J,

^ /  
s5  o '  s2x tR.i . s  c l i f -eomorph ic  to  lK  ,

P r o o f . I f  K  i s  s i r n p l v  t r a n s i t i v e , i ' , 1  =  i ; { r a n c l  a  J - d i m e n s i o n a l

l -connectec l  L ie  Sroup is  , i i f . ' reomorph ic  to  S '  o*  R,  . I f  K  j . s

mult ip ly t r .ans Lt i r ls  ,y, ,s harze to check or i ly  the cnse s \ , . i i th dim H=4

!ggg_c*. I f  a/  0 '

I f  c  /  O = L l , r r o u , . l o r r o l . a r . J , 2 " 1 .  w e  s e e  t h o t  i , i  i s  t h e  p r o t l u c t  o + ,

a  comple  te  J? ienanr i ian  su l " fec  e  o f  cons tan t  curva  tu re  and 1 fR '  ,  X"  )  '

2  q t  )  t  L
1f c t '  4bt, bfQ,vre put 6;r= 6' '>'- b aJ , then d'c'-t '  - - c\ ' c^) t

I  L  4  , .  3  q l  1 . - z  '  t t  a  2 -  
=  Z b ? t - c .

d(,"> > c->(n , , l* t=2.bco 
* 

,  
dLa-]= {  cul 'c '"1 rnu'here l -

:re



* 1 J *

r f  l=0r  ca= 0 6 i .v*s  a  sub; r .ou; :  o :1 . '  Ko? wi th  s t ructur*  e leuat ions
d ,u rn= , l roLa  J , . -? *2 tu t r . r -  . $ ince  t  t 1 *  [ , i e  a lgeb ro  o f
' l  cuts  V in  0 ,T is  t rans i . t j -ve on i l { l then T,= j ,v l rbu" f  t  -  lR ' t

] f  ) . /  0,the oubg::oup G g; i .rren by 2b c.:* {  c-r.3= 0 i .s trenni. t i*

v e  o n ; ! i , f , i : e n  ( l = t i t D u L  G  i s t o p o l p g i c a l l , y  5 5  o *  l R t .

Cese  co?ecause  &  i s  so l . vab l *  . ,  K  *

C"llj-,i=iiyrni-ler argunents ar] i ir -t,tre

,"- ]
topo lo . ' r  i . ce l  l l< '  o

L ^
R ' r H = l R ,

c e $ e  c +  s h o w  u s

Yl  : -  lR \

that hJ i s

l l l l iAt i i  J . l . ' , , ' i ' t :  not t ice tna. t  in the cose co , i i ;  may be one of

the  ne ; : r t  spsces :  - , r i inkowsk l .  spece

- ( l*1., 
3* ) wi. th

.  1 . ?  f  )  1  r  
' 1

9 d .  =  (  d x l  )  
t  ̂ ? d * t o * ' * *  u - 2  

v - x x *  ( a r . 5  ) 2
, ^ )

t ,opo lo ; : ' i . ca l .  lK  wnen

I - (r-*( r2) 2.tiZr,k +zx) s-9il '{ ',Yt"i") (.3
o(  

s  in tx 'VE

.=*?.*--** rl:.l-d" 5 .
v( si. ir  ( : i-Vr< )

: ie  s i : .a l l  ssy that  l r i  is  a  $p.sce iNi | ,

l n the c s$ e c *. r aper'|" o fl ir{in}tor';sk j

metr ics E g i rg . . :n  be lor , , r :

g = c ? ( , r x 1 + 3 2 6 i : 5 * * 5 , . 1 * 2 ) 2 * ( d r , 2 l  2 - c o " l J )  2 ,  i f  a  =  2 c 2

( a - 2 c ?  ) ? ' e  - . (  ( c l , r l  + ' 2 c  s l : x 2 c l x J ) 2 * ( a * 2 c 2 1 (  t o * 2 )  ? - * h 2 * 2 { c l x 5 ) 2 ) ,

i r  a-2c?lA. ' . . , *  s l re l l  ss .y  that  i i l  is  a  l l {2-1.

In  th i :  casc  c -F ,spar : t  o : , ' i , ,1 jnhor , . , sk i  space, i r {  h .os  one q f  i l : re

inu i , t r i c  s  . i i ve t r  i r r l . ,ov ; :g  .=  (c ,x ] ;2+1ex2 )2 -u2(zx ldx2* . ,1o ' l  )2  , i r  I  =  C

: 2 g  :  l (  ( c x r ) 2 - , . " . - ' * 2 ( " 1 ) ( , i , , , 2 ) 2 ) - i r 2 ( 2 s i n " l c *  2 * d r . 3 ) 2 ,  
i f  1  >  0

1 2 . 1  = - t (  ( d ; : 1 )  2 + - c i r 2 * 1 (  a x ? y  2 )  * n 2 (  2 s i r x l , i * 2 n , 1 *  ' ) 2  
, i ' ,  1 <  o . 1 . , , , e  s h a l l

s o y  t h n t  : .  j , s  a  l { ? ' 1 e .

,v.' lren o< < O

o(

,  . - * 2  1j  
)  *€"  te(  x lv ;  )  dx ldx2

\" r

s'Dace , i . i  hes orte of  the



$ f l ,  (2,€)0l'

*r4*

$4,RpAL $ui:lAt3itBliA,l j

fn ordirr  to 1l incl  t l re subalge i : r .as o. f  $ $ (  p,  q )  , r*s were

l r r a C  t o  t t r e  n c x t  p i ' o b l * r n  i n  1 i - n e n r  a l - g e b r a : f i n d  t h e  ' ' c a n o n i c a l

f 'o rn ' t  o f  a  (p ,q ) -sker i i  syminet r j "c  met r : , i :eo tha t  i s  a  mat r iee

xG t ln?* i ( {1) ,wt t i r  x  +etx  A = o, rvhere O=( l t_1. ) .no*  our
\ "  * 1 /

p u r p o $ e s  v r r g  s h a l l  s o l v e  t h i s  p r o b l e m  o n l y  f o : :  g = 5 t Q = l . L e t  u s

denote  by  (  X  >  the  l . inear  subspace genera tec i  b .y  X  o

L L ; ' l d i u { A  4 . . 1 - , J J l  X € S 0 ( r r , q )  a r n c l  l ? . , ( t ) = 1 P + Q *  7 l  a .  ( X ) 1 ! + o - k

i s  i t s  c h a r p c  L e r i s t i c  p o l 3 r 4 3 i r t i a ] ,  t h c u  € A r n l ( H ) = 0  s n a  t 6 e

fo l lov ; ing  nu .abers  e re  inve . r ian ts  o f  the  con jugacy  c l -ass .o , f  (  X  ) :

t - ) sp ;n (  az r ( y ) )  p  ? )  ( az * ( x )  ) t {  a r * ( x )  ) - 1 ,  t t  a2 r ( x )  /  o .

* 2 * * ' ( : { ) = c r  s i n c e  l l - (  t , )  =  ( * r ) P + q  } ? X ( * t )  " T h e  n u i n b c r s  . i n  1 )

and 2)  a rs  in . r$ . r ian ts  becau$e pX is  j .nvar ian t  under  Ad. .

; ; e  s h e l l -  n o - ! i '  s p e c j . e l i z e  i n  $  0  ( i , t ) " r f  {  =  t " ] l e $ O t  l } } - ) ,
1 . 2  , - - L r l , , - . 2 r 2  r * _ - l - . , 2  / - _ 2 \ 2  , _ _ ) r 2  _ - ^ _ ,  

'
u z ( . v ' ) =  ( r r ; ) -  u ( r r ] ) * + ( x 3 )  - " ( x [ )  - - ( x [ )  * - (  

" 4 ) '  
a n d

ao(x l= - t "1 t t ,1  * * \ . t2 r - * \ " , t r ) ' .Look in . - ;  n t  the  e igenvatue$ o+ x  rve  ge t  to

LEl i t i ' i lA  4 .2 ,T f  aO(X)  /  C ,  ;<  ie r  con jugated  w i th  a  mat r ice  o f

t , h c  f o r r n  / o q  n  \
x*o :  (  A:  i : ,  )  ,wi t i :  e,b) o.

L f r l i i v i A  4 . i . I !  a O ( X )  =  O , a r ( X )  /  O r X  i s  c o n j u g a t e d  t o  X a O

r t i t h  b  ) 0 , o r  t o  X a o  t ' i t h  a ) 0 "

L E i r l l , I A  4 . 4 '  f f  a r ( X )  * a O ( X )  = 0  r X  i s  c o n j u g a ' b c d .  t o  Y u  , 8 2  O ,

/  o  o  o  o \

r ' i r e r e ) i " = i :  o o 2 : j

\  O  o  c .  o l

f rn .o tSer  s : , rnp l i f  i . ca t i ,on  o f  ' l "h t :  p i "ob le  m o f  c le te rn ina t ion  o f  the

con juganc l ,  c l i : sses  o f  suba l f jq rb ra  s  o f  S0(  )  ,  t  )  i s  fu rn  i shed by  the

r e i l l : r kab le  co inc  i c i c : : c *  $  O  ( ' 1 r l . l  =$  0  t z ,C  I  (  [ f ] , I  f 1  I
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f f  i ' :e  c ;xh ib i^ l ,  in  e , rp l . i c i t  i so r , to rph i . , . rn  I  r50  ( i ,1 ) -$ t

thc r r  I .enr ras  4 .2*4 ,4 ,  can  t le  r .e rd  i v r  thE:  r rex t  f r : rn :

F l l0 rOSl l f lO i {  4 .1" i iny  X  6$€(a ,C) io  con j r - rga ' l ,ed  over

^[<
\ c r q / r

t \ ^ t \ = a  k = q
90(z)*90(n,  D: l -E l
t i  =  o
! , -  r l :  o

li\ v; ith

a matr icc of  one o1l '  t i re fo l lorqin. , ;  " rorrn- , ( f i  - l  ) " r  
, (3 - : ) , "€1R."

Because con ju ; ;e ted  su^ba l .gcbras  are  ison to : :ph ic  and.  th*  i so-

morpl : isn c l , :sses or2 ancl  )  c l imensional  L ie algebras s.re knoum

( t3 ] ) , r ,ve  can f ind  a . l - l  the  ree l  suba lg ;e i : ras  o f  $ f l ( f ,C) in  t i * *

r ie r : t  manner , :we 'bake X e$  t (Z ,C)  o f  the  f  o r "n  g iven in  Propos i t ion

4 , I . ran f l  u ,s  conp le te  i ' L  to  a  b r :s is  o r l  a  l - , ie  suba l ,Sebra  o f  c l i raen*

s i o n  2  o r  i  , r e l a t i v e l y  i o  t h e t  b a e i s , t h e  s u b a l g e b r e  h a v i n g ;  t h r l

canon ica l  s t ruc  t r : ra l -  r : rQ ' . ) "o i i :on  111 51)  .5o ,  a f  t  e r  so lv ing  the  prob lcn

af , l  c lass i r i ca t i -on  o f  rea l  con ja i iac l t  c lesses  o f  suba, l -gebras  o ' f l

$  t  (1 , ( )  , - , , , , , s r . , , ' g  E ;o t  bac i r  o "$Q( ' i , t )  and ob ta in*c l  tne  fo l " lour ing

r l l , i A n . : ; r , . 1  4 . l - . ' t h e  c o n j u g a c y  c ] a s s e s ' a : r  s u b a l g e b r a s  o f  S 0 ( f  , f  )

a r e : * i n  d i n c n s i o n  )  " . n o u c

- in, d.im.lns ion 4 *c lass of ry$ ,v': i-Lh erquertions , 5'{\ 'q= t l- 5 i= O

* in r l i 'n+ns j "on ,  *c la"r :ses of

C L :  l r r ^ t t \ =  \ \ - € i  =  t "
C i ' . , r - . .  - 4  - a  3v r)t3) : tr\ = git .=_ t,. :  o
5 n  .  ,  -  |  4  4
) U ( z , t ) t t z = 9 2 =  ! q = o ,
.  o.u'  ,  lL uF i i :  d.  *1'v:

* i n  d i n e n s i . o n  2  * c l a s s e s  o f

ry(z)  \  9L=a\-g ' r -  t i -
b  \  t i - a l , = S \ ^ g t r = S

* i . n  r i i , l e n s i o n  1  - c l a s s c s  e f

(x"> ,  l t r=  l l  ^A|= t ; -g i  =  g l  =o
9 0 r e ) ,  r l =  3 L  - - t ;  - E i :  1 l  = e  i

l , r t > e

50( l , r ) i  3 ' t -= .  t \ -  11,  =  ;1= 3 i  =o

C *" , '  9 : r -=  r ,n \=  t l  =  t \=  t t l  -  f \ .n  5 ' -  =  o

= t.t= t. i  = o
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$5.TH;I TOCAL CI"AIjSIF]CAI]O}; CF 4 DIl ' .,{O}iSIO]vAI,

HOI,,IOC[I'INOU,J I,ORAIITZ T,IANIITCLDS

rn th i  s  psragr .&ph we s r ra l  -L  g ive  the  l i s t  o f  a l l  ger r ts  o r

4 * c l i r n E n s i o n a l  m u l t i p l y  t r a n s i t i v e  h o r n o g e n e o u $  L o r e n t z  n s n i € o l d s .

Th is  l i s t  v , 'as  ob t * j -ned t ; f te r  $ome lenghty  and ra ther  j . r : :e le_

vant  e { } }cu .La t ions  ,  tha t  r , r 'e  sha l l  sk i  p  u , i  thor f l t  exce  n t ion ,  ns .  &

d i r e c t  a r : p l i c a t i o n  s r  t h e  m e t h o d  p r e s e n t e c l  i n  $ 2 ,  a n . d  ' f  r h e o -

r e r n  4 . 1 . T h e r e  a r e  f e v ' ;  e x a m p l e r s  t h a t  c i o  n o t  v e r i f y  i { " 1 ,  o r  H . z .

i n  $ ) ' T i ^ r i *  r e c . t  c l o s : s  n o t  o l r o v , , u s  t o  d e s c r i b e  c o n p l e t e l y  t h e
h^Fm' ) r  I r ^mr .  - lneous  4  d  imens iona l  Loren tz  fo rms r : , , , ,e  s  ha l l  po  in tr t \ / f  L u v  f  r r \ / r i r v i i r

hen ou t ,bu t  t r i i€ t  sha l l  ex r im ine  them e l .sewnere . , !e  sh .a l l  enunera te

the  spaces  a- f ' te r  the i r  i so t rop l '  a lgebra ,v ;h i .ch  u , j  1 ' l -  be  unc le r -

l inecl  at  th 'e bei l in ing of  the rovr.
^ r n r < \  

: l , l  i r  ' l  n n q ' ]  1 . ,  i j i - i - 1 - .l oca1" ly  i i i nkovsk i

() . .R i , t  is  locet l : l  [ t i .nk;rvski

b u' ( rJt-rrr" )-g- el=.JJl =o Stl =-f) l, =
Qi= Q;= b o'( ' '3*",q) 1 {  i s

g  -  ( d * l ' ) 2 * ( o x 2 )  2 * ( : - * b (  ( * l )  2 *  ( * 2  ) ?  )  )  ( d , x J ) z

fo_f: t  1"t",r t  has constant curr/ature ;  Z. l ,{ .  is

' l a ^ ^ - 1  r _ *  r r * r . . i nr v l - f l  . r .  t  v  D . v . . l i r l t . T  u r  - r u ,

1 A- f  ) i - c l x '

l o c a l l y  t h e  L o r e n t z

o f  c o n s t a n t  c u r -prod i . t c  L  o r  e  J -d ime .ns j .ona l  R  j . emar in ian  s r )ace

va ' [u re  and  the  i l uc  l i de  an  l i ne .

A / \ '  r .  1 \  1  t n

: ,Y!3tU 1" . t ,1.  hns con$tant cu: :vature 1Z.I , , i :  is  1.ocal l ; r  th+::  Lr :_

r , ran t ,7 ,  r , , v ,n r1 t :o !  O l .  An  i tUc l iC lean 1 i1e  AnCl  &  
' J * iLOrent ,Z  

n ten ioOldd  y r  v \ . { L t v  w

o f  con$ -unn f  c  u rv i l t u re

S O t a ) 1 L \ O i l , 1 ) . i , 1  i s  l o c r : 1 1 3 r  t h e  L o r e n t  z  D r o c l u c t oo tv'ro s ur-

r S c s s  p r  : o l " l s t a n t  c u r v a t u r e r o n e  R i e n n r y r i a n  e r n d  o n r )  L o r e n t z ,
. V ^  ' / , \

Jr l j . " | . t r  i - : ;  l .oca l l . v  the  Lorentz  Dror luc t  oo  Rn i : luc1 j .d .e r . *n  f i_ne

{ r r i l i  i i )  L : . l rn tz  non i . ro l i l  o f  cons tan t  nor - t lpos i . t i ve  a , r r . , r " tu re



U L. f l l=Q,: o - f ; f ' ' r { ;= (o'un nf  ̂ ")  (* ' - ' -u)

-Ql : f ) ;= (P^n*Y^l)  ( 'u ' - ' t  )- t 1 3  J L 1  \ t

J ' f '  v"e conside-r  the .aas i - .s  g f  l -e f t  i - f l r rar . i - ;1p" 'g  vector  f ie lc is

dusl  to -d,  -^ur=^t ,  ^ \ ' ror- . , :  *  * '  1^ 'e f ind out th* s- [nuctur, t :

ecua. t i -o r ls  s - r "  D  ' l )6  o i t  n  . i rc tnoqqneous specc  cons idereC in  C[ t tJ  I  "
th i -s '  " i . s  t io ' f  & .  rc . r , iuc t  i . rc  ,ne  i the  r  a  compnct  spacs ,  4  bE: i ,n , i i  a  $o l . -

valr l . .e alge i t r* ,

2" Q; = *(o'ot')*t*' Qi= - (*-:* (l+r) (o'*4rf)) on'i

r  f l  * t \ (a ;+1  f )  , ^ l * ' - i  o  f  ( r - r )  # - '  ,  {? \=  i (A+ ' r )abJ , ; *

- (u'* f + (A*a) (t trb")) ,,} r ' - 3Q+a) a. b i*" * ]1nn\ (Ef.. f)""*\

e l: (I+r)fa"+ q f),J ; -lh+a) a b''?*3 +7(A+ n) ab *'*\ -
l ^
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"  

-
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fr, r" 5fn = (*e*) ,J,^? -[!- k"-")JJ. (aA -or ^)*a,uh

$1* (aru-d^) un*i*(ot *)^LhJ); {o^ *)"i&(. n -"<{ui.'!

*fii=(oA *a<)a,|,-l+ r,{n-'f)o1.r! L;=(na'*)'{-\ , oA -o{'^ = o
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r ,v i " th the above l - r t i : ien i \ , {  hes t i re r i retr ic S* Si-ven by

g* ' . ,1 i*  p*{  2rr .1. : r r2 *a*4)2 ,  i f  1 = o '  12s *12so* '  'u2 , i - ' r  t  /  c rvthe re
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, f o r  1 <  o  . r t o r , p = O  T , 1  : L $

r or{}) ' j tz  p. , -" i t r i "ucl  ct  i * f  ' }  anl .  the i lucl ic lean } ine.Tror

i : :  is  l -ocal iy isoirLorphic to the sp{rce v: i t t r  isotr"op; i

g i v e n  o n  p . l ( ; .
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I
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-1,  (  (  r lx i  )  
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I l l - r  a i : o v e  t i s t  . q  i - . / c ] $ '  u s  t h e  l o c a l .  c l a s s i f  : i c a . t i . o n  o +  4 -

d i inens i -on l r l  ' l tu l t ip ly  t r *ns i . t , ' i . ve  i ro  r rogcr :eous  L 'a l 'e  l ' . t t z  man i^ f 'o lds"

Sinp1."r ;  t : rq:nsi- t . i .ve 
- i . ,o: : . r tutZ 

nn niJ 'o1.ds(Lie grOups endorn'ecl  wi th

lerr t  i . i r r rnr ie l1 Lo::cntz n*tr ics) v igre r l t t r r : teratsr l  j .n (  f ' lq l  )  , ' -nt i - th i : r - r t

<1 i -s t inc t ion  o{  i so ins t r i c  iuon ' i . fo lds . i lu r  Uor ro la r ' /  2 "1 .  sho i t ' ' s

t i r* t  t l , , ,o l lOl i tO;;c;neouir  - l t ,Or, , ;ntz r i i l r i t i fOlds Are lOCAll-1: ,r  iSOinet ' : : ic

, i . 'P1"  
' r i r , , t  j r '  - l  i ,n r :s r  cL t i l / i r , ' L * r r , i  i i i nscr :s  (  j f  j i . r )  a re  Ac l ( ' J (3 ,1 ' )  )  ec ' i r ' i i - *
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v a l e n t , . u s i n g  q u a d r a l t i c  r o r n s  i n  c u r v & t u r e ( s e e  L  a  l  i n  t h e

R iemann ian  cagre )  and  the  above  l i s t  o f  l i nea r  cu rv& tu 'e  te rn -

8011$,V:e can r jo i4 ; ,  ansv:er  the problenn of  equivr : lence ef  tu :c  .na-

n i r e l 6 s  i n  o u r  r i s t ; t h e  c l e t a i r s  r , , , i . r r  i : e  g i v e n  e l s e v , : h e r e .

f  n  the  years  '50- . '  60 ,  the  l lov ie  t  msthernat ic ians  Egorov  r i ' ( rucko*
.  v i . c h  r | \ , 7 , . P e  t r o v  a n d .  o t h e r s , o b t , n i n e , l  m a n : , ,  r e s u l - t s  c o n c C I r n i n g

? r o u p s  o o  n u t o n o r p h i s ; n s  o f  Y .  t ( .  i n a n i o o l d s ; f o p  s o i n e  o f  t h e m

we sen. l  to  f  f  i  ]  ,where  is  g i .v r rn  e  l . i s t  o rYR, .q - rnan i+ ,oL< is  snd

t h e i r  g r o u p s  o f ' m o t i o n s  i n  C h a o "  . C u r  c l e s s i + i c a t i o n  $ h c r l , s

t h a t  t h i s  r i - s t  i s  n o t  c o m p r e t e :  r o r  i n s t a n c e  o u "  b  . 2 .  , r , [ i . s 6
j - q  a  f a n i l j , ' o f  s p a c r s , t h a t  c o n t a j n s  - o o r  e a c h  ( a , b )  a  o n e

p R r e n e t e r  f . a l n i l y  e f  h o m o g e n e o u . s  L o r e n t z  m n n i f o l c i s , p a s s i n g

t h r o u g h  d e  . j i t 1 - e r  $ p e c e  o f  c o n s t s * t  c u r v a t u r e  - ( o 2 + b 2 ) , d o e s

no" l ,  Fpoear  there  r
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