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EQUIVARIANT MAPS FOR PROPERLY
DISCONTINUOUS ACTIONS

by LAURENTIU PAUNESCU

>

In this paper we study the fundamental group of an orbit spece,
éﬁd we give necessary and 5ﬁfficient conditions for the existence
of ‘f -equivariant maps for properly discontinuous»actions.

As a consequeﬁce,we give a g@n@réliz&ticn of é cl#ssical theorem
of Borsuk-Ulam typa,regarding the nonexistence of equivariant maps
between certain spaces,

From now on, G 8md H will be two topological groups and X a
Ge-gspace and Y an H-space,

Let g'(g) be the normal subgroup of G (H) generated by éhe path
components of those elements of G (H) which have fixed points,.

" We have the following proposition,whose proof is obvious.

PROPOSITION 1,

Let N be a normal subgroup of G. Then G/N acts on X/N and we have

@ canonical homeomorphism (x/n)/(c/N) =~ x/G .

Lat piX——S /0. qiY >Y/H be the canonicai projections.By
s} 77(X9x0),W@ shall denote the consequence in _7T(X/G,p(xg) of
R¢ ( ﬁ/(X,xo))gand whenevery tﬂ@re is ﬁo danger of confusion we shall
emit the base pointa,

Let X be a path connected G-space and g (&G.W@-conmider ¢ sIT——3X%
a path such that G (o)s=x, , ¢ (1)=gx, and we take the right coset |
of p«¢ in ?.7(;‘«a’;/(})/p%h ZV(X). This correspondence defines a group
morphism Vg :G<T~¥5w-a»?1x/e)/%tZ’(x)-~iiw-§>21x/a)/c ?(x)

N

=~ [
Np, U (K)/pﬁ\ §(X)

Since it is known that G & ker {G - "'"‘}Np.% Vi (k)/%r U (X)} (s@e[f&?)
¥ 5 b
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: : f
we can factorise%%% in the following way @

) !

%é' gG»wmwﬁG/G&ﬂlﬁi@?ﬁ{K/Gﬁ/p E%) . ;@ we shall denote the compo=-
e
site G/G fe ,é'V/G)/p H( L) ?$y(x/a)/a H(y)

£f we consider a continuouns group morphism f3=G«-w"~§H and a
*f»eguivarlant map £1X———Y (i,e. flgx)= f(g)f(x) for any x&X,
g € G,we see that f(g;.;_) o H and we have the follewing commutative

diagrams (with obviously induced arrows ).

1x_;_fL.m>Y

L

(1) X5 Sifm

e - 4
)J(// G 5— ).YL/'H /

s T2/0) /3. T (x) ——T(x/6) /¢ Tx)

(r{)‘ w’L . ﬂ; . \\}Z | \L?.

H: /it 5 7(2/1) (4,7 (¥) e D (3/8) /0 1 ()

Since f :X/G —3 Y/H is a 7paequivariant map ,a NecCessary

condition for the existence of a f’mequivariant map is the existence
cf a fg-eqnivariant map between certain orbit spaces, on which the
assooiatéd actions turn out to be,ih @any interesting cases,;propexly
discontinuous,i.e. much easier to handle‘o

Definition. q,

Let N be a normal subgroup of G.We say that G acts N-discontinu-
ously on X if G/N acts properly discontinuously on X/N (see [ﬁl ).
¥e have the following characterization of this propertye.

PROPOSTITION 2,

G acts deiscontinﬁously on X if and only if for each x &X there
is a meighborhood V of x,such that gV/() V= ¢ for each gsgﬁw

Proof. Trivial@

o

PROPOSTTION 3,

If G acts G-discontinuously on X,and X is a path connected space,

PN N P Y



3
‘a) GG implies ]}’(*{/G)-ﬁc f/v(x)

b) If ¥, is onto then //(J‘u/G)/C// (L)NG/’G and €7 (X)= =P //( %X/G).

ene
Preefo w SUppese more?kally, that G acts N-discontinuously on X.

/e remark that we have a regular covering X/N-«——~£v~>x/6,p”(ﬁ/m)
is a normal subgroup of &’(Xf&) sand kS becemes an isomorphism (see
2

Ls] ).

Consider the following commutative diagram

s >77'(X/G)/x$2«“(x) $7(x/G)/c 7 (X)

(3) 1 . J,/

| 7’@/), Gf/1‘1‘>~~--~-——~—~>>// (X/G)/p W (X /W) y—==> 7 (%/G) /¢ T(X/N)

0

X

and we deduce the inclusion Xer %é C N, Since we have already
remarked that the other inclusion holds for N=G,a simple inspection

of diagram (3) establishes our assertion a).

Irf % is supposed to be onto the dimgram (3) becames

e 7 (x/6)/c 7 (x)
T
&/¢ — W%, >7 (x/G)\//p;/?‘/(X/&)

and our claims followzg

Ramarks. - In [A] one may find several exemples in which %é
is onto (and thus %& is epimorphic ),and also an analogue of b)
of proposition 3,in the case when X' is 1-connected.

Ve list here the examples
a) G acts simplicially on a triangulation of X _
b) The action of G om X is discontinuous (in the éenﬁe of [A] ),
and the stabiliser of any point is finite
c) G is a compact Lie group
d) G is a locally compact Lie group and acts properly on X
.e) X/G is semilocally simpiy connected

On the other hand if X is a G-gpace,G a finite group, G acts

G-discontinuously on X, <. . ¢ .. 1k
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LOROLLARY 1.

Let X be\a path connected,Hausdorff space and G a finite group
which acts on X,
: We have the following facts :
a) [J(x/6)/c] (%)~ /e ,
b) If X is simply connected then 27(X/G)53-/§,and thus ZV(X/G)zO
if and only if G=G. |

¢) If G=Z, ,where p is a prime integer then / (X/G)/C# (X)#0 if and

P

.only if the action is freeg

COROLLARY 2,

Let G be a finite group which acts on a path connected,Hausdorff,

E s '\"/r 5
paracompact space X.There exists a map_Fﬁxzx/G~——-—~931 M(X/G)/CI(X},@

such that ( Ky )f: J{(x/a) »/[(X/G)/C/ (X) is the canonical
projection, -
: : .
Proof. - X/G P »X/G is a regular covering with structure

s N
group G/G & //(%X/G)/C/(X),sce proposition 3, Since X/G is paracom-
pact the results of Dold [é} give the map Cﬁx. THe assertion about

( 94)( follows easily@g

1# 3
From now on we are going to study the connections between the

morphism 79 and the applications f,%yinduced by %,where’f is a
‘f ~eguivariant map.

PROPOSITION 4,

Let £3(X,x,)——>(Y,y, ) be a f’mequivariant map,where'f>:G-~—¢H
is a group morphism.

The followings hold

- :
a) f nontrivial implies ¥ nontrivial

2! : > * e 0
b) }# surjective and ¥ epimorphic imply f surjective
¢) Let N be the kernel of ¥ and assume that G acts N-discontinuou-
sly on X, and H acts H~discontinuously on Y, If 53.15 nontrivial

~

Y il
then both f and f are nontrivial

- 1 -
- ara iod S 5 :
d) Suppose that %ﬁ 5 %; are surjective and that H acts H=discontinum
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S

e, w0
ously . Then y3ia epimorphic if and only if £ is surjective, if and
g e g o =
only if f is epimorphic, and if P is monomorphism then £ and f are
injective . If in addition,G acts G-discontinuously, then 75 ig a
: : e
monomerphism if and only 4if f is injective, if and only if f is a
monomorphism,
Proof, = a) If f is trivial,then f factorises as fepswhere
. - . ~ e
Q:X/G ————>Y, Moreover qef=f and thus f and f are trivial .

b) With our assumptions the diagram (2) becames

&€ ~ala > T(x/e)/ §ifx) ————3T(x/6)/C 7 (X)

f! ) 7 x\* |
i( ‘ N o - . .
B u/E (Y1) /g 70— $Tr/m) /7 (1)

and b) follows.
¢c) Remember that G o kerﬁé C. N(see the proof of proposition 3 ),
We have therefore the following commutative diagram

Yo ~

> 1 (x/6)/p 7T (x) — \‘>7/‘€>f/e>/c /(%)

b \\L Y%’ ? ~ N ~ ’ T/ Y ~
bfn) il 8N > (%/6) /3! J(x/n) #(J{/G)/p;_if (/)
o~y

\tfi §7W [ l;?i l ;7
H/Hy— >/ (t/18)/q T (%) > T(x/m) /e T (x)
7

\W-—Mw\m‘l"j— L__M

vhich gives all our statements .

é) Inspect the commutative diagram:

G HRYG - —57 x/e)/p, J(x) 30 (x/6) /¢ T (x)

Dl (X/5) /1Y) e I¥/1)/C T (X)
|

Remark : If for example,l acts freely , notice that ;Z i8 epie

morphic if and omnly if 7f-is epimorphic,and if f)'ig monomorphic,

i

Eh oy D e



6.
Ve go on giving some theoremg about the existence of ‘fmequivaa
riant mapse

 THEOREM 1,

Let X be a Gespace (X conmected and locally path connected).Let

Y be an H-space and suppose that B acts properly discoh%inuﬁusly on

Y. If we suppose that there is an application %:(X/Ggp(&))wﬁéinﬂgﬁﬂ)
: ‘ . W Y oy, ¥ » .

such that %ﬁ(p@d(x)) 5zq#H(Y),then there is a group morphism

f tG—>H and a f’«equivarianﬁ map Ts¥X—————>Y such that :

a) If ¥ is nontrivisl then Y is montrivial

b)If Y is a connected space and %g .is epimorphic then f surjective

S
implies %3 epimorpiic. If moreover G acts G-discontinuously then f

injective implies 79 monomoxrphic,

Proof, - Denote by £ the unique 1lift f:(X,x,) > (Y,y,) of

Tep 1 (Xyx, ) —~————3(Y/H,q(¥%) ) (see [?,p‘7é] ) Pick any g & G. Since
qof(gx, )=feplex, )=F plxs )=a(y,), we know that there is an unique
element Y(g)€H such that £(ex, )= Y(&)£(x,)= f(g)y, . We consider
the following applications : f=fuug , f=Me® I, where M, (x)=gx,.
and we observe that qaa(x):qu(gx)mf¢p(gx)z§op(x),qoggx)z

2:{_‘2

mq(\f(g)f(x))xqof(ﬁ)ngop(x),any x. Moreover ﬁ&xc)zgﬂxo),hence £
and thus flgx)= f(g)f(x) for an& xé&X,g8€G. The fact that H acts
freély on Y implies that f is avgroup marphismf The rest of th@
theorem follows from preposition &ﬁg

COROLLARY 3.

Let X be a Gespace (X coﬁnected,.locallf'path connected ) where
G is a finite group with square free order. If H acts properly
discontinuously on Y and there exists ?aXfG*-~w;ﬁY/H such that
ELCEQ?XX)QQ qW;kY) and suchlthat ror nontrivial,then there exists
a nontrivial subgroup L € G and a %/mequivariant map £ ¢X————3¥
for some monomorphism %’:L*****%I{ e

Proof, ~Theorem 1 provides a,‘f«@quivarianﬁ map fiX——>7Y,for
some nontrivial morphism Y’s&~m~*~?ﬂ. Let L be a subgroup of G,
such that L(?kerf::)i} (remember that the order of G is squarefr@e}

We may then take V/ = /1
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If the groups G;H are both {finite we have the following theorems

THEOREM 2.

" Let X be a connected,locally path connected,paracompact Gespace,
and léﬁ Y be a connected, paracompact H-gpace,with H aatiné properly.
discontinuously on Y. Suppose that G and H are finite and let
“f:g“”““éﬁ be a group morphism,

The following are equivalent !

a)- There exists a 7”wequivariant map £ s$X= Ty

b) There exists a 1ift up to homotopy in the fpllowing diagram
Y/u
o

s o

%/ X o x( T(/e)/e ¥ (x) 1) —Ls x( 7(x/u) /e 7(¥),1)

L

for some 73 making the diagram below commutative

7 (xfe)/c T (x) e Tamyed ()
A i
G/G : H
G r : > H , vhere °<)<- and ‘3<‘7f

are given by corollary 2.

- = :
Proof.~- Given the 7Dmequivariant map £ ,use f in order to constrilct

Trass

v S
‘f,. The desired 1lift is then £ ,which may be easily checked

using corollary 2 and the classification theorem of [p:k
The second implication follows from theorem 1,which gives a
%/ ~equivariant map f:X———3Y for some group morphism y’:G"~—-ﬁ}H

& 3 3 Frad q Ty
Knowing that f 11Lts‘f6%% s we deduce that f; = £ o On the other

hand, the y/ -equivariance of f gives the commutative diagram :

?/(X/G)/G};/(}:.} i SO (Y/i) /¢ 7(¥)

™

: %’ﬂ
e
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which still commutes ,with'f in place of %/, by our assumption.

We thus see that actually %f m? , and we are done,

If we no more insist on fixing the morphism f’we obtain the follo-
wing form of theorem 2.

THEOREM 2°',

Let X be a connected ,locally patﬁ cbnnected G-space,and Y a conn-
ected Hespace,with H acting properly discontinuously on Y. The follo-
wing are equivalent . ‘

a) There exist.a nontrivial (respectively aurjéctive,grespectively

such that ?3 is injective) group morphism 77:G~—-—?Ii and a 7P~eun—

‘variant map f¢X————3Y, ‘

b) There exists an application f :X/G———3Y/H such that %‘;f* p#,’/;’(x)f—;
> 7 (x/m) /o f(Y) 15

nontrivial (respectively surjective, respectively injective Ya

= q, J/ (Y) and such that f: //(X/G)/%// (x)

If in addition X and Y are paracompact these are also equivalent
with

¢c) There exists an application %’ sX(G/G,1)——>K(H,1) such that

T

7; is nontrivial (respectively surjective,respectively injective ))
and there exists a 1lift in the diagram
Y/H

\"y
~7

P S i
X/G -—-—-.-—-§-—-—-——->K(G~v/§‘,‘i), 7& S K(H,1)

Proof, = Anaiogous to the proef of theorem 2 R

TR S

How we give some corellaries .

COROLLARY &4,

Let G,H be finite groups and let X be a simply connected, locally

path connected Gespace and let Y be a simply ccnnécted Hmspaé@, on

winich H actse freély.

Ther@ exists a nentrivial (res spectively auraacﬁiva sFespectively

such that f’ is injective ) group morphiasm f’ G~—>H and a f e@qui =

variant map feX— )Y if and only if there exista f:X/G‘~

SY/H

with fg nontrivial (r@spectively surjective, respectively imjecﬁiv&)



_COROLLARY 5.

Let G,H be finite groups and let X be a conmected,locally path co-
nnected Gespace and let ¥ be a simply genm@ct@d Hegpace,with H acting

freely on ¥, ’ :

There exists a montrivial (epimorphism) f :G——>H, and a f’wﬁqu@
‘vaviant map fi:X——Y if and only if there @xisﬁﬁ.%éx/G--e¥/ﬂ
“vsnmhvtha% (fep%%ia,%rivial and E%i@ nontrivial {epimorphism),

Proof.- Follows from theorem 2l : i

COROLLARY 6,

Let G be a finite group actinglfre@ly on a connected space Y,and
let X be a conmected,path connected G-space and $ﬁppose that there
exists T:X/G ——> Y/H such that (iﬂp)@( T(X)) o q#?/,(Y) and E‘-# is
epimorphic, Then there exists an autmmgrphis@ of G and a‘f;equivariw
ant map stw-f0¥ ( snd ‘consequently G also acts freely on X)e

jPr°°f°“‘E¢ being epimurphic,ﬁhegrem 1 implies that tﬁ@re is an
epimorphism 7”:G~—~—)G and a,7’~eqﬁivariant map fs1X——Y, Since G
ig finite 73 must be an automorphismge, .

COROLLARY 7.,

Let p be a prime integer and let G be equal to Z, or Z. Let X be
a connected ,locally path counnected Gespace and suppese that G acts

properly discontinuously on a connected space Y, Assume also that

+ there exists f:X/G >Y/G such that (f p&t(?(x))é;_ q#mY) 2

Then there exists an application f:X SY and a positive integer

™

r such that f(gx)=g" f(x) for each x ¢X,g€ G, If we have im;tm%{; im.q,
then (r,p)=1 (when szﬁﬁ,and r#o (when G=2Z ).In both cases it followg
that the action on X must be free. ‘

Proof.~ We make use of the description of the group endomorphisms

of G%

COROLLARY 8,

Let » be & prime integer and let X be a connected,;locally path
connected space. We suppose that Z, acts freely on X in two ways.

Let pyq be the canonical projections corresponding to the given



10.

aetions, xaumﬁLmyx/Zk = X X t '}X/sz X&,Xf there exists
s quf*_m? h such that im, (fcp) Tt im,qg and,imofk gé im.qg then
there exists an equivariant map £1X 3%,

Pye@fzm FProm the previous corollary, there exists 8 ¢ N such that
{(r,8)=1 and there exists f?:Xw~—~mﬁyX such that f4(gx)xgsﬁ(x) for each
. xeX, g€Zy. We take then fafy ™

Finally we shall give a generalization of a classical theorem
(éergukmvlam 8 theorem LG»p.Ié%} ) regarding the nonexistence of equi-

‘variant mapa between spher@s of certain dimenaianse

The universalvzfmspace and the mwuniversal Z mspac@ will play an
important role;'therefore we reéall some of their properti@s, which
are of interest for us (see CﬁwE»p°67~683

Let z},, AR EZFM~) BZ,= BZ, /sze the universal principal
bundle ( see[ﬁ»pQSjl ). Let EmZ? be the m-skeleton of the equiva-—

riant cellular structure of EZ?(see [%mE p,67»6é] )}, and consider.

the m-universal principal bundle ZFamuwa EMZ '>E?Z zE@ZP/ZP o

[ f
" The muuniversal‘z? -space EmZPi@ m-dimensional and (m-1) c@nnecﬁw
ed., The cohomology algebra 384 (E“&;zF ) is g@nérated by the homoge¥
nous components u? (B 32 ) and H (B @sz ) in dimensions £ m~1.
Moreover ,denoting by Ay & H (ﬂ“ Zﬁ) the subalgebra generated
by ' ana H one knows that Aw\lg nonzere in degree m (see [ﬁ»L,p.6é}>
Lemin a 1. ;
Let m>n > 1 be positive 1nﬂogerc and lat 7ﬂ be an automorphism of

ZF « There are no f}w@qmlvarmant maps f¢ B P 71&

ZP @
Proof.- Supposing the contrary we must have the following commuta ~
tive diagram
Z ?
s
¥

E;’“Zr«———f—-——'?\:%i'zr
foi et

Bmzr-~—-—£- B“z?

We may safely suppose from. now on that m»2 (if m=

n

then necessw—



T1e

arily n=1 and it follows easily that there are no equivariant mape

SR ,‘z’r‘ it *;f,\/i 53 A &
£:B &? ey T Z?ﬁby.lakang at f#5°

. T Mol :
Since i:E ZPCM > B Z is an equivariant map, the composite

gy A

v " . = ™
iof passes to orbit spaces B Z *-~¢~“»ﬁB Z - > B Z

i o

inducing a 2-equivalence for m> 2 .,

(‘)9

; e : . 2
2 It follows that f induces epimorphisms between 1! ana H(meca@ffin
cients ) sand consequently Aqu;'imwfﬁ .
. 4 : i m n ; i .
But this is a contradiction in degree m,since H (B ZF;ZP)m@,for

dimensional reasonsﬁa

THEOREM 3,

Let X be a CW-complex which is r;connected (rgo0 ),and let Y be
é CW-complex which is ne-dimensional (n < ec )oAssume that the group
ze? sP 2 prime integer, acts freely on. X and on ¥, If rg»n then
‘there are no 79mequivariant maps f:K---f>Y with f tG ——>G non-
trivial, -

Proof ,~ Suppose thxt there @deta such a map f:X—>Y, We con-

sider the following diayrams

E 2 x
2 L
B s 4 _~
A -
o ~ e NS
r oz FFHZ : %2
. bt = /7 F/Z % P 5 . P P
. h ' g -
& . big A Eivoie i’ ot =
g Y+ S v
Y/!;f’ E Z /ZFW—W /K(A?QT')

‘where the maps labelled by A are classifying maps (see corollary 25
and we-dé&uce,via obstruction theory onﬁY.([émch,g]) and the éloba;i"
zation theorem @Jﬁyfrom [ﬁ] ythe existence of a 1lift h (and similare
ly for E }. Use then coroil&ry 5 to obtain a %'«equivariant map hg
and & ¢|wequivar1ant map g,for some automorphisms % and‘¢ of G,

It follows that hefeg is a ~ y f’ 7( mequivariant map and this

contradicts the previous lemma.,.




COROLLARY 9,

Let X and Y be as in the previous theorem, Assume that the finite
grcﬁp G acts freely on X and that the group H acts freely on Y,

If the order of G is square free, then there are no ‘fwequiv&riant

maps fiX— -»Y with f a nontrivial morphism,

i ,Egggﬁjm Reagtrict to the action of some Z? & Gy,p a prime(compare

with covellary 3 )@

» . COROLLARY 110G,

Let X be a Cwucomplwﬁgconmémt@d and finite dimensi@nalvﬁssumg
that the group G has nontrivial torgioﬁ and ac%s free;y on X.Denote
by Jlyx the connectivity of X (i;@. Zg(x)=03i\g.}zx Y Ifﬁlx;.gig%zg
then X can not equivariantly split as a product of two free finite
dimensional G-spaces which are CW-complexes,
‘ggggg.; 18 X= X = Xbaﬁ G=spaces thén one of the cancnic&i prajec%km§

will centadict th&or@m-ﬁfﬁ

- Remarks »
. same_ (dea
We can proove theorem 3 by means of theV;using the criterien
of the existence of equivariant maps (see [é}pgo L6 e
: Kbout, :
After I had written this paper I learned¥Professor Dold's article
EQQ swhose aim is to prove this theorem. Thus,lI thank him for his
kindness of sanding’m@ his article,
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