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AQUI .RI,&NT MrlllS r$n pnSpItALY

ST$OON?SFIUOUS .ECTT$N$

by L,A"UIISN?.[IJ PAUNT')SCU

fn th*s' pap6r \ds study the ftrndamenta.l g:roup of an orbit space e

and wo 6 i {vo necossary and euf f ic ien*  csndi t ions for  the ox is tonce

of ,  f  * *qt  ivg. r iant  meps for  properJ.y  d iscont inuoue a.c t j -ons.

Ae  a  consequencerws  g i ve  a  gsne ra l i sa tdon  o f  &  c lase l ca l  t heo res l

of Borsuk-Ularn type'rre6arding the nonexistence of equfvar: i .ant $a,ps

bctseesr  cer ta in  s t r )ae@s.

Frosn now onr G e$d H vi l l

G-spec@ and Y an l l -epa.cG.

be two topo log i .ea l "  g roups  and X a

t et  g ($) be the nsrrne. l  eubgroup of G (H) gonera.tad by the path

compononts  o f  t t rose  o lenren ts  o f  G (H)  wh lcb  t rave  f i xsd  po in tc .
'  

l te  have the  fo l low ing  propos l " t ionnv . t rose  proo f  *s  obv iousn

P R 9 F O S I T I O N  ! ,

Leet N be a norural  subgrougr of Gn Then G/N acts on X/N and we hr*.vo

a csnoniea. l .  l .oaroomorphism (xl tu l l (e/W) x x" l&

Let prX-*--)  X/&rArY***y/$ be the cenonieal  project ionsnXly

c  i f  (x r *o  ) . r *  ehat l  dcnote  t t re  consequenerb  in  ? i  $ / * ,p (xJ)  o f
. N

p.  {  l {  (Xr to  ) ) ranc l  w} renover  t } re ro  ie  no  danger  o f  eonfus ion  we ehaLL
IF

omi t  t ho  base  po in too

Lot  X be 6r  pat l r  Goxlxrscted $-$pac6 and.  g €G.Wo consj .dor  6 's I - -+X

a  pa th  euch  tha t  ( ( " ) * *o  ,  ( l  1 ) *gxo  anc l  we  take  the  r i gh t  cose t
av

o f  p .6  i n  l l  ( x / c ) /p -  / /  (X ) ,  t ' h i e  co r respondoneo  de f i nes  a  g : r . oup
F

Vt,*/s| /c T $)ruorplriom Y. : c --$--e 
T"ro) 

!u* T (x)i*+>

\ Np,s |in lun T ('t)

(,,)Jr  f , - 1  \
( $ e e l l \ l l

L  J '
$irrce : i . t  j*e knerwn t irat Q Q ker { e**.-9Ln V $} /* T

t #' -{r
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f n the fo' l-J,owj.ng $ey r

i l ? . * ,  .  = -d ' g  \ -  t t ' t , ,  ! / ' i  t
r G---*lG/g**-:"+ l{ tY"/ G} / p_ ll {X } " ilr ffi wa shall denote the cornpo*

i t e

Ya
c, c7s--*L*$Ex/c)lqfitx) *** -->{tx/s) lc f {x} .

I f  we eonslder a ccntinuous 6roup morpkrls,n f tG-*-*H and a

f  -equ$"va r ian t  marp  f  ;X - - -9Y  (1 " * ,  f  ( go ) *  f (e ) * ( x )  f o r  any  x  € .X r
l .  I

gQ$rwe seo that 
f 

(C) 5}$. a.nd we have ttre fotr lowin6 comffiutati .ve

d.iagrarno (vit fr obvior:sly tnduced arrcto.s ).

-s--*r
r t( r ) \/sr-4x1sr--+Yts

l r ' fr'J/, t d/.
X/ C*--t----2X /tt'

t

(a,')

c--+> o1g*k-rVtt/*j /**Ttx,t ---4f(x/*) /c T{x}
t -.+ l  ? l  l ' .L  lTTJ YJ V., v l+.., +
rr :-*.) u 1 u --U--rii(" l*\7 %7 (r ) 

.-----+ Tt v /n) t * T v I

;
${nce T :X/g-  - . -9V/ I l  is  a  / -equ{var iant  map ,a nacossary

I
eondi t ioa for  the ex is tenco of  a  f  

-equ*var iant  map is  the ex i - .s tCInee

of  a P-equLva.r*ant  map between cer ta in  orb l t  spaeesr  oD vbich the
t '

a s s o c l a t e d  a c t i o n s  t u r n  o u t ' t o  b e r i n  r u a n y  i r r t e r e s t i n g  e a s e B r p r o p e i r l y

d i s c o n t i n u o u s ,  * . 6 .  m u c l l  e a s i e r  t o  } . a n c l l o  c

D e f i n i t i o n "  { ,

Let N be a nor"nral subgroup of G.Wo say that G acts N*discott 'h*nu-

ously on X i f  c/N acts proper}y disceut inr :ously on x/$ (see f+J l .

I {e  } rave the ' fo} }owing c} raracter izat i .on of  th is  proper tyo

pRoPosl:t'I()N -?*-

G  ac ts  N-d i scon t i nuous l y  on

s-s a r re ight rorhood V of  xrsr rch

Proo fn  T r i v i a l  
"o% C d

Plt0PCIsT'f l 'ol1 ? "+*.+6:.al*@

I f  G  ac ts  G-d i .eco r . t i nuous l y

ua lr *-r ild$ t

X lf and orrly i f  for eacLr x € X tt ierer

I
ttrat evfl V* f tor eacrr * /*"

on Xrand X ls  a  pa th  eonxoc ted  spa lc ; { * f



&) cfc rmpsirireei fft*t*>#cfi (x) "
a) rcYS is onrc r l ren Ttr /*) lc l t '$)*r ,o/g ano cT$)*n*T$/g)"

Pff.K. * $uppose ,*"**##{11^ys ttrat G acts N*dfsco*ulo"roosJ.y on x.

lde remark trra* r*e hsve ;r reg:ular coverlns x/N ---e-)x/hop7(x/r*)
'D

i s  a  normal  subgroup o f  V{* lo )  uand / ; r .u* "e . * *u  an  isornorph i rJ 'q* * ,
f'^ -'t , 

'u/d

L"J ) t,

Cenesdor thei foJ.Iorring coriunrttativep d,iagnam

{ , ______> rr $/s) /y
?

Y^, z c/lu 7--=--__y2T $/' s/N

u
e l l

and rra doduce the incLusion rc.** p. * I{n Since we have alroady'  ( t  
t*nt* ,*"nr.*r",rennarksd ttrat the other l .nelt lsl"on hold.s for N=Sra st

of  d*agrana ( f )  establ {ehee onr  aaser t ion a)  "
I f  V6 ls  supposed to be onto t t ro  d la6rarn ( : )  becamee

c  le  
v -T&t , i , f cVe l

| 
'J'/

{2 : 
f*l* _ ,- . 

'9 
,,u.e/9.--+*r--> tl (x/s) /v_titx/g)

and our  cLaime foJ. lor*g
r' '1

_k*l**:.  
- f* L{J on@ rnay f ind soverat exempteo in whl.ch

*e oato (and ttrus ' l t" is epdrnonphic )rand also an enatro6:u6

o f  p ropce i t i on  3 r i n  the  cas@ wh ,on  X '_ i . s ,  . l - conn€c tod "

W'e f. iet, here the examples r

a) G a.cte sirnplicia. l l .y on a &r*.angu.Lat,Lon of X

b)  The act ion of  G on x i .e  c l iscont inr . . roua ( in  t r re  6ens€ 
" f  [4  ) ,

and tho s tabi l ieen '  o f  any polnt  ie  f in i te

c)  G ie  a '  cornpelc t  L io  6roup

d)  G is  a tocaSJ.y csmpact  L ie  group anct r  acts  proponly  on x

e )  X /C  i s  se rn i t oea l l y  s i rnp l y  conc rec ted

On t t r^e other  Srand i f ,  X J-s  a G-epacerG a f i "n i to  €: roup,  G crc ts

G*diacont lnuously  on Xo :  '  . '  . : ,  ,^  . . . -  ̂ ,  , r ,

* ^ : . e
(" 't(:) J

r- (x) 7 t* l

a TG|$Ip: tr
g

4rr
t &

o f  b )



t ,

*.$.9*-9,-!^1lsH&-i*'
Let X bs, i t  path eonnocteclnltaumdqry'f ' f  spnc6 and, S a f ini"*o Srloup

wh ic t r  ac t s  on  Xo

tJe have *he f,o3ler.w*ng f,e'*te €
| tu r\./

a) [ (x/*\ /c tt  (x) iv o/a

"  b)  I f  X is oimply connoetecl  then F$/* l  *G./& sp6 t t rue f ,1x1a1*a

if and only if G*S.

c) r f  Gxzo owhere p is a pr ime intoger then V$/n)/cV (x) lo i f  a,nd'  r -
.  on l y  i f  t i . e  ac t i sn  i s  f reog

COI?'OLLARY 2 A

Let G ire a finite group *rhj"ch acts on a path connectedrHausdorf,f,

paracornpact space X.Thore oxj-sts a rne.p {XIX/G -.--g X( 7$/q /CV{g,4)

such that  (  dx '6tT1x1c)--- - -Jf i . :Xt*)1cr{ i l  is  the canonical ,

p r o j e c t i o n .

t{-oof; X/g ':--d--+x/6 is a r-e6ular covoring with structure

sroup a lg  *7$/* )  1c t r$) ,  soe proposi r ion 3c s inco x /c  is  parasom*

pact the resulte of Dofd IDJ give the map 4X. THe assert ion about

t AxL fol tor*s eaoityg

Fronn nor*  on we are goin6 to  s tudy the eonnect ions betwoen t l re

morph.isnr 
/ 

ano the applicatione V r? *nduced uy 
{rw}rere 

f is a

f  -equlvar iant  mf lpo

PROFO$ITTON ,+ 
"

I"et f,r (xo*o )__.->(yr% ) u" a 
f 

-otui.variant mapowtro** f rG--:-+H

" i .s a grqlup morphismo

Tbe fol". lowings troLd r
r F

a) f non*rl"vtral" 5"mpL$"ee f noratr i"vLa.I-

- \ J t lb) ry surJectJ.ve ancl  f  epfrnorpir ic impty F surSect ive

c)  Let  N be t i re  lcernsJ.  o f  f  and,  e ,seume that  G acts  l { *dfeeon* in l rou*

s ly  on Xo ancl  l l  acte g*d, iscont i "nuogsly  on Y"  I f  f l  * *  nontr iv ia ! .

then bot l r  f  anO f f ***  nontr iv ia l

d) $uppaso thrt:t t  f) ' ,  o V'^'  as"€) surjecti .ve arrd t i iat H ac*s H-discostinu,e*l H  l G  
* - - ^ t r  v " E w  & '  

- *



5 "t f v

ou.s ly  "  Then Ptu opi ruorph{c { f  and $$3"y l f  F  *"a surJ@ct i \ rs ,  i . f  anrJ
q:df d t:f

only i"f  f  is epim*rpkri"e e and j-f  
f  *-s mononlorphisrn th.en f, ayrd f eare

imJect ive .  3 f  i i t  adcXi td"oar*G acts  $*ct ioeont inuotrm.Ly,  t ;hen 
Y 

{e &t
.v 

'rN

mo$omsrph*.em { f  and only  * f  f  i "s : inJect i .vo,  i f  a$d onJ-y $. f  f  . ts  a

rnoslon]orphi sm ,

Jngq{ . ,  a}  I f  f  
j .s  t r iv f .n lu then f  factor f  sos asr  {opr t r t rearo

{rX/G *'-**?Y" Moreoves q6{*? and t irtre F and ?*** *r ivJ.al n 
'

4 ' , " ' l

b) With our assr*rnptS.ono t lae d*a6x'a*r (e) becarnes

end b)  fo lJ"owe.

e )  Remember  tha t  g  G  ke r f *  G  $ (see  the  p roo f  c f ,  p ropoe i . t {on  }  } "

I{e havo t}rerefore tho fcyl lowing commutative d{agrnrn

I  t ,* l  f

Rerna.rh r I f
@

n t o r p t r i c  i f ' a n d

tho'n Y s Y.

for  exarnp3-er l : l  erete f ree ly  ,

onJ "y  i f  Y  . i r  ep i r *o rp l r i " cua r rd

t ;ha t  Y  i s  ep i *
l '

i  s rnonof i lorptr3"c ,

'*Ll -_*\ trr"il,%rt,) 5 rnh\,c71xy

vhiclr gives aJ.l" our etatenrsmts .

d)  Inspoct  tha conrrnn*at i .we d iagrami

6 *-* -+)c{e --*+) f$/*)/altx)*.*-*:* fftx/*).lcflwir '  t ' *  r y l  
o  

+ 1f  I  1 - +  + l  1 r'+  J ' l  u  TU ?r  . *  -  t , '
I l '--Yt/g* ^,-*+li(Y/H )lq"it (Y) ---=,-- -:* l l(v/H71c ti (t)

ffi
n o t i c e

rt' f



6 u

Ho 66 on g iv ing sonn@ t t roore&rss a?:out  *he exfs tence of  f -equiva*
I

r iant  nt&p$ c.

fi l l : loIi i i-M 1"

Let  X be a G*s l rsece ( ,K conr , rectec l  aurct  3 .oca3.3.y  pabh connected)  "Lo+;

Y be an l{*$pacs and $uppose "bl:at } l  scte pnopertry di.econt:LmrctxsJ-3r oxr

Yo  3 f  wo  s rsppose  t i a t  *he re  j . e  an  app } i ca t i s l n  F ; { x / *up {x * } ) * } { y /# ,q {Y" ) }

'  such that  
% 

(n*F( ; t ) )  e  oo?i (y i  r thon t l rerqr  is  a  g! 'suB morphisrn

- f tS*-+H ancl a f 
-eOuivar{ant r l*p frX--*)Y such. that g

a)  Tf  F is  nontr i r r i .a . l  thren ' t  ie  nontr iwia l

b ) I f  Y  i s  a  connec ted  space  and  f * f  i s  ep imorph ie  then  Fsu r ;oc t i ve

imfJ" ies 
f  

ep imorp i r j -c .  l f  raoreov@r G acte G*diseon. t inuously  t i ren ?

i n j e c t i v e  i m p l i e .  
7  

m o n o m o r p h i c  .

P r o g f  . , -  D e n o t e  b y  f  t h e  u n i q u e  l i f t  f l ( X r x o  ) - - - - - )  ( Y r y o  )  o f
..t

f . p  :  ( x , xo  )  - - - - ) (Y /H ,q (yo )  )  ( see  
F rn . ta ]  ) . 1 , J . *1 .  any  6 :  6  G .  s inco

q" f  (g . r (o  )* Iop(A*.  )=F"  p(ro"  )=q(y")  r  w€ know t l ra t  thoro '  ie  an .un ique

o lemen t  f  
( e i  e  H  suc l t  t ha t  f ( sxo  ) *  / ( s ) f  ( xo  ) *  f (e )U  .  se  eons i c le r

t l re  fo lLowing appl icat ione z fp fayg,  f  Ff ig io  f ,  r *her" f t  (x)*gxr .
- a n d  

w e  o l : e e r v e  t h a t  q . q ( x ) * q " f  ( A x ) * f  * p ( e * ) * F o p ( * )  r q , { x ) *

= q (  
f  

( g ) r ( * ) ) * e o f ' ( x ) * F " p ( x ) e a . i l : r  x e  t " i o r e o v e r  { , , ( * " ) = t ( K o ) n i r e c r c e  {  * f z

a n d  t l r u s  f , ( e x ) *  
f ( e ' ) r ( " )  

f o r  a n y  x € X r g d G n  . f h o  f a c t  t h a t  H ' a c t s

f ree ly  on Y impl ies that  
f  

t *  a  g: rout r )  morphismo ?he rest  o f  t l te

theoc'em f 'ol, lcrss froer proposit ion t* 
*

COIIOLLAI:IY 3 e ,

Lot  X  be  a  G*"s l laco  (X  connected ,  J -ocaJ- ly  p€ i th  connsc ted  )  where

'  S  is  a  f in i t s  6 ro ,up  ro r i t l :  squ .ar6  f roe  order ,  I f  H  ac ts  p ropor .Ly

dj-scont inuouely crr  Y and there exists FaX/C-------)V/ l i  such t trat
d ,.\r

qo P* r  (x lq  
%l i  

(Y)  anc l  guch *ha t  ?  iu  n*n t r i v *a t r tk .en  there  ex fs ts

a nontrlv{al subgrorrp L € G ancl a' f l*equivariant map f tx-*ty

f 'or sorne mononror.phisrn 
Y, t,  -*--* i I  c

FLq"9f-" -Ttreorom 1 provicles a 
f 

-equivar: iant mep frX**2yrf,or

solne *o::tr ivi .al nros.phisrn Y rC**_ri ln Let L be a subglrorlp of G,
'  such  ' hha t  L  0  t ce r : f  = / t ]  ( ne* ten rbo r  t ha t  t l i c  c rde r  o f  G  i s  squa r * r r * * )

trde nray tlzen take V * * tf **
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If the gr<lups$ $rtt ar€ both f i .rr i t+ we have *ires folLowl"ng ttreoreml

TiilLor{itF,i 2.

Le t  X  be  a  connec*ed*Loca l l y  pab i r ,  connec ted rpa t r&co rupae t  G*sFs lc r l r

ar id  J"et  Y be & conrrec 'hedu l lar r rcor . { tpact  1 l -spacerwt t l r  I l  a ,c t*ng proper ly

d{scontlnuoersJ.y on Yo $u,ppose that G and IL ar$ f, ini. te and J"et

f  ;G**+ i I  he a € i roup morphisrn.
t .

Ttre fotJ-owing are equival-ent :

a) -?t rere ex is ts  a f  
-octu ivar i .ant  & lap f  sX-- : )Y

b) There exiets a J-i f t  up to homotopy ln the fol l"ou*.rrg d$-agrarn

u /H,

o { -
x/c  * l I -1  ic (  ? iG/o) /cV (x)o l

for some i-- m.i.it g tlie clJ-agram

[ *
| ' y
I

I - *, rrf tr(v/s) lc T(y) , r )
fe fo l  conimutat ive

( v i

G
( y

are glven by c.eiro3-larY 2:.

'Froof .- Given tho f 
-ecluivarj-aut map

tu

f  ,use 1r tn ordor: to ccxrst$g{

q . Ttre de s*Lred l- i f t  {e t}ren F uw}ric}r rnay be oa.e5.ly ctrocleecl

us ing  co ro l l a ry  2  and  the  e ra .ss i f i ca t i on  theo rem o f  L " ]
The second i-mplicatiorr folLotre from tlaeorern ' l  

,whiclr 6gl-vee a

Y 
*equivar ie in t  map f  IX--JY fon some group morphism y :G-- -*J1I

.  
Knowing that  f  L i f ts  

FnO ,  we c leduee t t  a t  
'q  

*  ?  . 'on t t r *e othet -

lrand- t lre \U *equ*var: ia.nce of f  gd-wes t}-re eommutative diagram s. I

.a
l *

tl (x ) /qv1w) / s F
+r l%
H

(x/e'l / c
- /t\

Pn lt
clq"
rh

t
I
I Y



g e  

.

wt r i ch  s t i L l  comnnu tes  ew i th  f  f *  pJ -aeo  r f  p ,  by  ou r  a . ssumpt ion .
t

I{e t}rus see t}rat actuallv l- '  * Y9. anel are i lre done6- t t .

I f  r rre no rnore insLst on f ; ' i ,x: ing the nnorphi-sm / we obtain t l :e fol"Lo"-' t

w ing  f , 'o rn r  o f  theore lm 2"

'  
TII$Oi i l i l . !  2t"

Let  X be a connected ,J-ocaJ"J.y  path connectod G-sp6lcorand Y ar  conn-
' 

i .ng properly J.g on Y. Tlre folto-ected I { *sFJa.se uwl th i {  act ing proper ly  d isoont i r tuous

ui-n6 ar6 equf-valent

a )  ?he r :e  sx *e t :  a '  non t r : i . v i a l  ( c ,espec t i ve l y  eu rJee t i ve r '  r@sp€c t *ve l y
' -

such that  
7  

is  inJect ive)  group morphism 
Y 

,* - - -+H and a 
/ -eUui*

'varirant m&P fEX-2Y.

b)  T l roro ox lets  a.n appl ieat ion F lx le  - - - -ZY/ t l  such t t ra t  E"  n*Tt* ' t  *

g % T$l and suelr urat it T$fol/uuVtx) 
'f,$/*)/u*7tx) 

is,

non t r i v i a l  ( respec t i ve l y  su r joc t i . veo  respec t i ve ty  J .nJec t i ve  ) "

I f  tn  addi t ion X a.nd T are paracompact  theee are a lso equiva.Le*t

wi th  i

c )  T t ro re  ex i s t s  an  app lsca tJ ,on  
f l  r u (G /$^ r f  ) - - - - -+u ( r i o t )  such  tha t

" f *  l s  nc ln t r i v i aL  ( respec t i . ve l y  eu r jec t i vos roopoc t i veJ .y  tn jec t i ve  ) ,t #

*1d there exl"ste & Itf t  i"n the dC.agram

v /rr

$x
e(x ''\' \
l 'o -) x(c/Sn r ) *--f.-5 i(n, r )>t/e

ggg:f :- - Analogoue to tho proof of tbreorein 2 ff i

Now we g{ve  soru@ cono l ls r iee  .

COINOLLARY I+.

Ls t  GuH bo f i .n i t ca  g roups  and ls t  X  bo  & oJ . rnpJ .y  connected ,  J .oco . l - }y

p a t h  c o n n e c t s d  G - s P a c e  a n c l  l o t  Y  b e  a  s t r n p l y  c o n n e c t e c l  t { - s p a c @ r  o B

v t r i c h  i l  a c * s  f r e e l y ,

f l rs re  ex l .e t$  a  r : .on t r i v ie l l "  ( re l rpec t ive ly  eur joc t fvo  orespoc ts ,ve ly

e u c h  t l r a t  q  i e  i n * i e c t i v e  )  g r o u p  m o r p l r i . o m  / ; G - - - 9 H  a n d  a . /  - e q u j "  *, ! . v * r  
I  " _  

t

l4aniant rnerp f sx+)Y lf  etnd. orrLy i f  thers ox*ste frx/c*-7t/g
w i th  E  non t rdv$a l  ( reopec tJ -vo l y  su rJec ts . ve ,  rospec tc . vo l y  *nJoc t t vo  )  * *

:&'



9 "

coRoLL.s.RY 5 "
t r ,et  Grl l  be f*n!*e g:rou5)f f i  exrd }ef"  X be & Gon$@ct@doloeal.J.y path eo-

ns1ested S*BFacs e31d J.et Y be & e$.*rgt ly connectecl  t r I*&Feeo rwsth I t r  mat$.ng

f , ree ly  on  Y '

'  t^here exJ"eto a rront,s ' iv ial  (ep*.monptr ism) ' f  ;C----}Hr aErd a 
/  

*etui-

' .vsc,J.ant mnXr feX-JY l.f snd only *f, ttrere oxists FrXIC --+YlH

\
aueh tho& (f"p)* ** tnl .v*a} e.n* L*,s cl$ntr t 'sr$aL (ep$.monphl 'em)'

Pscof .- FoJ.lowe froer ttreosenn 21 ' g

coIl.oLLAnY 6"

Let G bo a f ini. te group actfung freol"y oJi l  a. connected spo.c6 Yranrd

Let  X bo a eonnoctedrpath oonnected G-sPace and suptr )oso that  there

exi,ats T*/o -+ v/u suelr ttrat (F"p) ( 7(x) ) <:' a*Z(x) and t" is

epdmorphie, ?ben t lsere exi.ste aa automorphiera of G pnd a f-equivard"*

a13g, map f eX'*)S ( a*A . ieoneequentfy G s3.so scte freely on X) 
"

Pf"ooq-"* 4, boing opimorphi.crttreorem 1 *rnplies that ttrore ie aa

epimorphfiem Y 
tC --+G and * ' f  *euivarl.ant r*ap f lX-**-9Y. $ince G

ie f inite f 
must be an a,utornonptri .smg'

coHoLLARY ?,

Let p b@ a prince inte6ar arud let G be equal to %t or f i .  Let X bCI

a connected , local ly  path connected G-spa,66 and supg,ese that  G acts

proper}y  d iseont inuousJ.y  on a connocted space Y.  Sssumo a leo that

Ttren thone exiets an appll-eatien fgX-*+Y and a poslt ive **teger

r  suclr  that  r ' (er)*g"r(x)  for  ea.ctr  x *Xpg€G, I f  we | rave fufo{ dnr.e*

t t r en  ( * rp ) *1  ( vhen  Gs f lp luand  r fo  (when  G*Z  ) . I r .  bo th  cas@s i t  f oJ -J .owg

t t ra t  tbe act ion.  on X must  be f rog

J.J:qo{.- tr{e rnake t lse.of the deecrlpt ion of the group endomorphC.sms

o f  G *

CORCILLARY 8

Lot  r  be a pr ime in te6or  ey:d l "o*  X.be a c{ r r rneetodelocal ty  pat } r

connectod 6peco.  I r lo  suppos@ the. t  Zr  ac*s f reeJ.y  on X l -n  two ways"

Let .  poq i le  t t re  canonica l  pro, ject tersre corre.eponcl ing to  t l ro  g iven



.l 0,"

p I
eet ions ,  x ._ - rL - . ;x fny  =  x4 ,  x -  - -  '  

)Y" /n r=  x ' I f  there  6x{8 t8
'  

t z  r  .  
I

FrX4--) Xa cuctr ttrat i*, (i.nla c. O*nQ+ and. j.ru.rn 
# 

inr'Qg thren

there ex*.sts a:e equ3.variaa* nnap f'tX --*)X'

Fresf  " -  
Prqrm t tee prev{ot le  coroXlaryu there ox l 'e*e s  €H euc}}

t r ,  *)* l  and theye exL,ete {  cX-----7 X sucr}  that  fo (ex}*d q("}

x 6Xe g€ Eyc He take thera **4-n)  .

F$,uatty we ehall  g*ve a 6srr@ra1*'aati-on of a el"assical theovenn

r  - " ' !  A  o

(sorsuk-Ui.amre t l rsorenn L*-"" t5SJ )  regardi ,ng the nonexistosce of  6quts

1.v&riant mape between .eptrores ef,  certai . tL d1'meneiosgo

?he universatr zo-space Srrd 
the m*un{verssl Zr-eFaco rEil l p}ay an

important role;  . therefor@ we recal l  sorne of  their  proport ieo;  whl-ch

&ro  o f  in te ros t  fo r  ue  (see f * -u -n .6?-68]  ) .
, ^  .  , ! , - , L - ,

L e t ? ^ 4 E Z p - H B E . g E n n / E ^ a a t h e u n i v e r g a 1 p r i n e i p a 1_p  
|  /  f  r  r

bundt-a (  eee[ t t -o . : :J  ) ,  Let  Emzp br  the m-skel -eton s f  t t re  ,  equi .va-

r {ant  ee l lu la ' r  e t ructune of ,  EZp(u*u f t *n 
p '6?*681 } '  and eonei 'dor

ttro m-trnivereal priacipal. bunelLe *?a n* z 
r--) 

f ,f *s* u, / *? 
. 

.

. . t lno 
rn-univereal  %Y -space E*u, is  m*di rnenstone, ] ,  and ( 'n-1}  eonrrocd.

,6d" The cohornologlr algebra !I 'F (U*;ia,[,  ) 1u 
goneratecl by t lre homog@*

nirus compon€nts ft4 indApf,- ) and Lla(g*8f ;Zf ) in d,imeneione 3! rn-, l  .

$ . foroover  ,denot ing t ry  A.n g [1*(d lun a;nf ]  thm *ubal -gebr& gen@rated

;  A , o  i e  n o n s e r o  i n  d e g r e e  m  ( s e e  t U - u r n . g d ) ;

te$ge .!,c 

:

te t  n>n 'V ' l  be posi t ive in tegers a i rd  le t  
/  " *  

an automorpl r { -sur  of

?,? . Tlrore are ne 
f 

-eauivar*ant maps f !  *t*p*** un tp
I t

Froof.- Sr:ppoein6 the contrary w@ must bave t lre fo1lov{n6: commuta*

t ive d iagram

. l l
g'

3p----*----, fu.q^' .r. +"
n^ao*=3-rpio

i l  , l

t l\L; r 
't;

.  B  Z f * B  Z ' l

t r r le  may se. feJ.y  supposo fno ln.  nov on that  rn  )z  ( i f  rn*a t t ren ' r r@c@,$s--

tha,*

fon eag.h



f rsanp -*-**)  uoul  rh,y .J.ook5,ng at

$ i n c e

$ra  f  paoseo

f : :du.cin6: * 2*equivalence for n: ) *

A  , .

:  I t  fo l - l "owe tha t  f  l -nduees ep imorphLsms botweera  I In  anc l  t t (%e-coef f t -
I

c ien ts  ) ranc l  eonsequen tJ "y  A*  G  in r .Fs  .

Bu t  t } - i s  i s  a  con t rad ie t i on  In  deg ree  mos$"nco ,  l t n  ( rn t f  r f ' ) = :@ru fos

d imens lona l  reasonem

Tl$ItOIrEb4 3,

Let  X be a CH-conpLex wkr tet r  is  s ' *ccnneeted.  ( *<. . r  )nand l "o t  Y be

a Cll-complex whi-ch is n*dj-rnensfonaL ("r < ,"o ) "Aseume 
that the 6roup

Ga? ' ,  rp  a  p r i t ne  i n tege r ,  ac ts  f ree l y  on r  X .  and  on  Yn  T f  t ) ,  n  t k ren

'there ars .no 
f 

-equivariant naps f rX:--=-JYrr 'r i th I tQ ----- )C rron*
l '

t r i v i a l .  .

JXSI"-  Suppose that  *here ex is ts  euch a rnap f rX-*- )Y,  1{e csn*

s ide r  t he  fo l l ow ing  d . i ag ramo

equfvar{ant ma5}sl&r€ n0

4 n
E  l o

ar *J . y ' n= l  an r l  f t  f oJ . l ows  eas$" l y  t ha t

lsEn Zo c- - - - -J  a4u,  is  an eqr . r ivar f  ant  mapr  the
f r

cornp$ sl"  te

t he re

t
t*J 

"

to einbit spaces l3'*z p'$"nfi '
r l

itl

-7X
In"; u,

: ' " " - ' L  - 3 t -  J
T 
' '  

.  -,rt zr/2, {n' ,r '- * -; ir,
I  

- h z .  
i  I  

l '  L - /  |
. l  - -  lan J,  " r '  l * *

_- - c(y ,V *.i / .lrv/ i r  -  o I ->  r . ( io , r )  ET '^zr ' /z r*qyr4- ;x* (zr r r )

re  the maps . l "abel lec l  by {  are c . las* l l " fy ing maps (see coro l lary  g) ,

vro d,educerv ia obst ruct$on $ l reory on T t  [b-" r r rgJ ]  a .nd t t re  gJ.obal i *

ion t i reorem *"Y! !  r roro i " ]  , the ex is tence of  a  l " f f t  [  (and s im* lar -

for  F ) ,  Use then coro l lury  g to  obta i r t  a  P *equivar iant  map l r ,

a  f  
*equivar iant  map 6 i r fon seme autor*orphiomb / 'anc l  /  o t  A"

I t  f o l - J "ows  t i . a t  h , fo&  J -s  u 'Y ; , f  "  f  
*equ iva r lan t  rnap  and  tS i s

t rad i c te  t l e  p rev i -ou ,s  l en rn ra *

whe

and

na*

1y

a.nd

c(}rr



0-osoI{L4il.Y_-g ",.

. Let: J{ and Y be as in tho prev*,oue t}reoremn $seume ttrat the fi.nj"te

6roup G aete f"roeJ"y on X anql that the 6reup $ ac*s f,reoJ.y orr Yn

If the ordev of G ie oquaro fnoo, tkren t leere &rRe $.o f-equi.vmr{ant

meps f aX-**)Y r*J"th 
f 

a nontnJ"v*a} morph$sRr".

, P.{po-f** Restr*.ct to the aot$"ott of somcr f ip Q Grp a prtmce(compac-o
t .

rs i th corol lary 3 iW

: coftsLLARy troo

Le& X be a Ctrr l*corsploxscottnocted ared f{n$te dimeaeional.JLsgusre

that  the group G has nontn{v$al  toreLon and ac*e f ree l .y  on X,Denste

uv YLx r}.e connecriv3"ry of x (i"o . tr (x)-6., r a h.y ). rf 46 P d4fl,x_
then X ca:a not equivariautJ.y 'epLit as a. product erf two froo f i"nf?e

dimeneisnal G-spe.c@a whictr a,rc Ctl-c@srplexeso

Pqo-gf  . -  I f  X= X,  x  Xoao G*spaces th .en one of  the canoni"eal  proJee* ien5

w1,11 conta.dict t lreorem 3 6

s6r?e idea
We cen pro@vo theorsm 3 by rne&.n.s of th"ff i ; l ,rg the crf.tor{on

o f  t ho  exLs tence  s f  equ ive r ian t  m&ps  ( see  [4q* "  46  ) .

.a f ter  3  had wr i t ten th is  paper  I  ur** r r*MFofoasor  Doldt  e  arsb le
r * 1
Lo+J twlrese aim ie to Frsve thie thecrem, Thuertr t tralrk birn for lei"e,

ki"ndness of, sendlng me tr is art l"c. l .e.
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