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ON HOI4OI4ORPHTS}.TS OF CERTAIN C*-ALGEBRAS

DV

}4arius DADARLAT

The  p resen t  paper  dea ls  w i th  un i ta f  * -homomorph i= * "  
$ : c (X )  E  Mr r . t

-+c(Y)  @ l4Lr ,  ,  where X and Y are compact .  our  in terest  in  such

homomorph isms  a rose  j -n  connec t i on  w i th  a  ques t i on  o f  E .6 . .  E f f ros . [3 ]

conce rn ing  the  s t ruc tu re  o f  i nduc t i ve  l im i t s  o f  C* -a lgeb ras  o f  t he

f o r m  C ( X )  E  M- n

f f  X=Y and  k=1  we  have  the  case  o f  au tomoroh isms  s tud ied  by

R . v "  K a d i s o n - J .  R i n g r o s e  [ 6 ] ,  J .  p h i t - l i p s - r .  R a e b u r n  [ 9 ] ,  [ 1 0 J  a n d

K.  Thomsen  [ . 13 ]  A l so  i n  connec t i on  w i th  the  ques t i -on  o f  E .G"  E f f ros

cer ta in  c lasses of  * -homomorphisms re lated to  a cover i -nq X * .a  y  have

been  cons i c le red  by  C .  Pasn icu  i n  L7J .  Our  resu l - t s  conce rn  the  s j - t ua -

t ion when no connect  j -on between the spaces X ancl  y  is  imposecla pr ior i .

The  paper  cons i s t s  o f  t h ree  sec t i ons .  I n  t he  f i r s t  sec t i on  we

show that  under  cer ta in  topologica l  rest r ic t ions on y  the s tudy .o f

homomorphism + can be reduced to.  the case when n= ' l  . .  The topologi -

ca l  condi t ions involve that  the homotopy. type of  y  be that  o f  a

c w - c o m p l e x  o f  d i m e n s i o n . (  2 k  a n d  t h e  a b s e n c e  o f  n - t o r s i o n ' i n  K " .

Sec t i on  2  n rov ides  a  way  fo r  desc r ib ing  * -homomorph i - sms  
0 ,C tX i  

* -

*>  C(Y)  @ la f  (ThmZ.q ,A f  cou rse  i f  k=1  such  homomorph isms  co r respond

to cont inuous maDS Y-- rX.  To g ive an idea about  the addi t ional  com-

p l i ca t i ons  a r i s i ng  i n  t he -  case  when  k )1 ,  ou r  g ,ene ra l  resu l t  be inq

somewha t  t echn ica l ,  l e t  us  cons ide r  t he  homogeneous  case .  Th i s

means  tha t  f o r :  eve rv  y6Y  t -he re  i s  some feC(X)  such  tha t  t he  ma t i : i . x
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t.

$ t f  l  tV t  has  k  r i i s t inc t  e igenva lues .  Then +  is  comple te ly'{

.  cha : :ac te r i zed  by  the  fo l l ow ing  ob jec ts :

( 1 )  A  k - f o l d  c o v e r i n g  s p a c e  \  z Z - - n Y  .

( 2 1  A  c o n t i n u o u s  m a p  Y  z Z  * + X  w h i c h  i s  i n j e c t i v e  o n . e a c h

f i b re  x -1  ( y )  ,  y€Y  ,

(3 )  One  d imens iona l  p ro jec t i ons  p (z )  depend ing  con t i nuous l l '

on zeZ such that

:  L  .  F  ( z l=T . ,  ( r , -  deno tes  the  un l t  o f  l 4 ' - )
z "  € x - t  ( y ) ' -  

' - '  - k  ' - k  - - K '

m l ^ ^ ^  Ir - r re r r  \ t )  i s  g iven  by  the  fo l low ing  fo rmula
t -

<-1
( 4 )  d : t r ) ( v )  =  L  f ( f ( z l ' t ? l z l  ,  f e c ( X ) ,  v e Y -

b _ 1

e n  ,  ( y )

'The 
th i rd  sect j -on conta ins resul ts  concern ing * -homomorphisms

compa t ib le  w i th  the  k - fo ld  cove r ing  * :X - -+Y  in  the  sense  o f

C .  P a s n i c u  t  7 1 .  T h i s  m e a n s  t h a t

( 5 )  
Q  t  t o " V )  6  r n ) = g  E  r k '  f o r  a l l  g e  c ( Y ) .

This proper ty  apneared as the essent ia l  feature of  the homo-

morphisms in  the descr ip t ion of  the Bunce-Deddens a lgebras t2J

as induct ive l imiLs .  V -compat ib le  homomorphisms can be a l .so

v iewed  as  a  k ind  o f  " sec t j -ons "  f o r  $ l :X - - - rY .  More  p rec i se l y

they make the fol lowing diagram commutative

c  (Y )  @ Mkn

\

c  ( Y )

w h e r e  e . G )  = g  q }  I U .  a n c l  * ' * ( g ) { g " 9 )  &  I n
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f - c o m p a t i b ] - e h o m o m o r p h i s m s a r e , ' ' h o m o q e n e o u s u n d e r n a t u r a l

connec tedness  assumpt j -ons .  Assuming  n=1  e  g rona r  d 'esc r i p t i on  o f

the s t ructure of  the Y -compat ib le  hornomorphisms is  prov ided in

P r o p o s i t i o n S s J t ] e a l s o g i v e c e r t a i n r e s u l t s c o n c e r n i n q t h e e x i s t e n c e

of  V -compat ib le  maps and d iscuss some examples '

. F o r i n s t a n c e i f G i s a f i n i t e a b e l i ' a n c ' r o u p a c l i n g f r e e l y

on  X  then  the  na tu ra l  i n jec t i on  c (x )c * rc (x )xc  can  be  tu rn  i n to

a homomorphism compat ib le  wi th  the cover i -ng x '+x/G prov ided

the  c rossed-p roduc t  C (X)xG i s  i somorph ic  to  somq C(X /G)  @ Mi< '

The author  thanks M.  Put i r rar  for  usefu l  d iscuss ions in

c o n n e c t i o n w i t h T , b m m a l . 2 . A l s o t h e a u t h o r i s g r a t e f u l t o

v.  Deaconu and A.  nemdth i  for  s t imurat ing conversat ions.
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1. UNITAL *-FIOT{OMORPHISI'1S

We need in  th is  sect ion some e lementary sheaf  cohomology.

I t  is  known that  every shor t  seguence of  shea.ves of  abel ian

.  groups induces a lonq sequence.  of  cohomology gro. r . lps (  L4 l  )  .  We

'  may a lso consider  sheaves of  nonabel iaq groups and homogeneous

.  spaces  bu t  i n  t h i s  case  we  ge t ' on l y  a  sho r t '  sequence  o f  coho*
J

molog ica l  se ts .  We  sha l l  g l ve  some de ta i l s ' f o r  t he  conven ience

of  the reader
I

A sequence  o f  po in ted  se ts  (o r  po in ted  topo loq i  ca l  soaces )

and maps

F :  .  F ,  .
, r  r  i  t ^  \  l + l -  1 a  i i  I( A . ;  ; X ;  )  - - - - - - - - >  ( A ; . r  l Y '  t  I  - - a  \ ^ i * 2  t X i + 1 ,  i

l _ '  l -  - L f  |  " l - T  I

i s .  ca l led exact  i f  the equal i tY

r i (A i )  = t r .1 r  (X i *z l

holds for  every i .

For  an arb i t rary  pointed topologica l  space (Ara)  we denote

by 'ac  the  shea f  o f  t he 'ge rms  o f  con t j -nuous  func t i ons  f rom X  to  A .

For  xGX we denote by (Ac)x the s ta lk  at  x  of  the sheaf  Ac.  We

dj-s t inguish in  (A")x  the funct ion which is  eqt la l  to  a on a

neighborhood of  x

Let  G be a L ie group and le t  H be a c losed subgroup of  G.

We have the fo l lowing shor t  exact  ="nrr " r r " .  o f  po inted tooologica l

spaces

( 6 )

c a n o n i c a l  w a y  9 .  ( x l t )  =  ( g x ) H .

1 - ' * ( H ,  1 u )  - > ( G ,  1 . 1  - - - z ( G / H ,  ( H ) )  - * > 1

Recal l  that  G acts  on the homogeneous space G/r I  in  the



,:

The  fo l l ow ing  sequence  o f ' sheaves  i s  exac t

tB ) 1 '-211c--- 'u Gc-- . (G/Hl"*-, 1

We mean .by  th i s  t ha t  t he  fo l l ow ing  seguence  o f  po in ted  se ts

and maps is  exact  for  every xEX :

. -  t t r C t  . -  , ^ C t  r n  / r r r  C

t $ )  1  - ' z  ( H " )  
x  

- +  ( G - )  
* *  

( G / H ) * ' *  1

:
f,his is nothing more that the f ibering I{ -* G ---z G/H admits con-

t i nuous  1oca l  sec t i ons  and  th i s  i s  c lea r  s ince  H  i s  a  c losed

subgroup of  the L ie group G.

Novr  we can der ive f rom (8 )  the fo l lowing exact  sequence

o f  po in ted  cohomo loq i ca l  se ts

t . r o i '  1 - - z H ' o  ( X , H i ) - ,  H o  ( X , G c )  - - e H  o  ( x ,  ( c / u ) " )  6  
o  H 1 ( x , H t )  f , o  g t  1 x , G c )

W e  h a v e  t h a t  H "  ( X r H c )  i s  e q u a l  t o  C ( X r H )  t h e  s e t  ( g r o u p )  o f  a l l

con t i nuous  func t i ons  f rom X  to  H  po i -n ted  by  f=1n .  S im i l a r l y

i

H "  ( x r c " ) = c ( x r c )  i s  p o i n t e d  b 1 z  f = 1 "  a n d  F I " ( x ,  ( G / H ) c ) = c ( X , G / H )  i s

po in ted  by  the  cons tan t  f unc t j -on  f  E  (H) .  The  cohomo log i cd l  se ts

l F t ^

I l '  ( X r H " )  a n d  H '  ( X , G " )  a r e  p o i n t e d  b y  t h e  t r i v i a l  c o c y c l e s  ( X  '  i , { )

and  ( x ,1G)  respec t i ve l y  (  L4 j  )  .  G iven  fe  c  ( x ,G /H)  the  cocycJ -e

1 ' t

E ( f  ) € H ' ( X , H " )  r e p r e s e n t s  t h e  o b s t r u c t i o n  f o r  l i f t i n g  f  t o  a

f u n c t i o n ' i n  C ( X r G )  .  B y  t h e  e x a c t n e s s  o f  ( 1 0 )  t h e  f u n c t i o n  f  h a s

a  l i f  t i n q  i f  a n d  o n l y  i f  5  ( f  ) =  ( X , 1 " )  i . e .  t h e  c o c l ' c l e  6 ( f  )  i s

t r i v i a l  i n  H1  ( x rH" ) .  Fu r the rmore  the  ac t i on  o f  G  on  c /H  j -nduces

an  ac t i on  o f  t he  g roup  c  ( x ,G)  on  c  ( x  rG lH)  .  r f  f  1  t f  2eC 
(X ,  G /H : ]

t h e n  5  ( f  
f  ) = 6 ( f  Z )  i f  a n d  o n l y  i f  f  , = 9 . f  ,  

f o r  s o m e  g 4 C  ( X , G )  .

Nex t r  w€  desc r ibe  the  sequence  i n  (4C I )  i n  t he  case  o f  t he

u  { k n )  / u  ( k )

f i  h a r i  n n

( . t n |  u  ( k ) u  ton t J0
€v
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where  the  embec ld ing  T  ,U (k ) - - r y  U (kn )  i s  g i ven  by

02)  '1r  'u(k) ;u 'o-*>u G!  rneu(kn) ; r  u(Mt  *  *+)  .  -

Firs t  we need some notat ion

Le t  Vec tm(Y)  deno te  the  se t .  o f  i somorph ism cLasses  o f  com-

p lex  vec to r "bund les  o f  rank  m on  Y .  I n  Vec t * (Y )  we  have  one

na tu ra l l y  d i s t i ngu i shed  e lemen t  t he  c lass ,o f  t he  t r i v j -a l

bund . te  o f  rank  m.  Le t  T r r ( vec t * (Y )  )  i

be  the  subse t  o f  Vec tm(Y)  cons i s t i ng  o f  c las ies  o f  a l l  vec to r

bund les  E  fo r  wh ich  the  Wh i tney  sum n .E=E 6  O  E  (n - t imes )  i s

isomorphic  to  the t r iv ia l  bundle of  rank mn.

I f  A  and  B  a re  un i ta l  C* -a lgeb ras  we  deno te  by  Hom(ArB)  the

se t  o f  un i ta l  * -homomorph is tns  f rom A  to  B .  Hom(ArB)  i s  a  topo -

log ica l  space wi th  the topologlz  of  po intwise convergence.

Two  homomorph isms  f  , , $ r€Hom(A ,B)  
a re  sa id  to  be  i nne r

equiva lent  i f  there j -s  a uni tary  ueB such that  QZ=*{ . , "o . .  L .et

Hom(ArB) / i nn  be  the  se t  o f  c l asses  o f  j - nne r  equ iva len t  homomor -

phisms f rom A to B.

PROPOSfT ION 1 .1 .  Assume tha t  Y  i s  a  compac t  space .  Then

there is  an exact  sequence of  po inted sets

03)

-f: vecto,, (Y)

which j -nduces an isomorphisms

Hom (Mrr ,  C (Y,Mkn)  )  /  j -nn -3+ Tn (vecto (Y)  )

p5oof . .  We have the fo l lo iv ing commutat ive d iagram of  po inted

se ts  and  maps

.r,) ) 
-E; v..to,(Y) ->



(Y ,u  (kn)c )

i
j ,  c (Y,u (kn) /u (k) )  l"  n1 (Y,u(klc)

r " . fo r l  V  I
t, 'l'

t 4
I t  --  |.^7 ri' l ** C (Y;U (k) ) -*, C (Y,U (]fl) )

l i i t
.! -*[ (y,u (k) ] .w c (you (t<r,) ).j*'nom(Mn,C (y,]4kn) lL! vecl tvi I* Vect* (Y)

' I h e r z e r t j - c a l a r r o w s a r e b i j e c t i o n s ' T o d e s c r i - b e x r e c a - l - l

t ha t  I l om( l4 r r , l ' l kn )  3  u ( l cn )  / u (k )  as  topo log i ca l  spaces '  t he  i so -

morph ism be ing  i nduced  by  the  map  1  :U (kn )  -+  Hon(Mnr |4kn )  g i ven

by  t1  ( v )  (a )=v ( r t  6  a )v * ,  a€14n ,  Mkr , *  I \ 4k  E  l {n  ' ,  Now '1  i ndu -ces  a

b i j e c t i o n  1 * : C  
( y , U  ( k n )  / U  { k )  )  - - +  C  ( Y , F i o m ( M n , M k n )  )  a n d  i t  i s  c l e a r :

t ha t  c (Y , l {om( l4 r r ,Mk r r )  )  s  Hom( } {n ,  c (Y , i \ 4kn )  )  by  the  map  a1  1 r^t h i clr

hotno-
takes the cont j -nuous f  unct ion * :  Y ' -? Hom (Mk '  I* Ikn) to the

m o r p h i s m .  { 1  ( t )  ( a )  ( y ) = 9 ( y )  ( a ) ,  a 6 } { n  '  Y € Y '  B y  d e f i n i t i o n  w e  s e t

o (  -o ( . , t 1 * .  I n  Hom( l ' { n 'C (Y , t4kn )  )  we  d i s t i ngu i sh  the  homomorph ism

ae.-* Iu  f f  a .  Thus , / .  is  a  morphism of  po inted sets '  The maps f3

a n d 1 3 r a r e c h e n a t ' u r a l o n e s . N a r n e } y i f ( U i , 9 i j ) i s a U ( k ) - c o c y c l e

t h e n F ( U i - , g i j ) i s t h e i s o m o r p h i s m c l a s s o f t h e v e c t o r b u n d l e

E  ob ta ined  by  c lu t ch ing  the  t r i v i a l  bundres  u rxck  w i th  the

t r a n s i t i o n  f u n c t i o n s  ( V r i ) '  F 1  
j - s  d e f  i n e d  i n  a  s i m i l a r  w a y '

The other  map5.are c le f ined to  make cbmmutat ive the d iagram' .  We

desc r ibe  them be low

Tf  ueC (v ,u  ( kn )  )  t hen  j  '  ( u )  :Mn- -+  C  (Y ' I4kn )  i s  de f  i ned  bv

j ' ( u )  ( a )  ( y ) = u ( y )  ( r r  e  a ) u ( ) ' ) * ,  a G l 4 n  '  Y d Y '  T h e  m a p  { '  t a k e s

the vector  bundle E to  t jhe Whi tney sum nE=E @ '  '  '  @ E'

r f  t { - r ' 1 , * z e H o m ( I 4 n , c ( Y , l 4 k n )  )  t h e n  
" ' t $ t ) = 5 ' ( Q z )  

i f  a n d

on ly  i f  {>  . ,  
ana  $ ,  a re  i nne r  equ iva len t '  The  i somorph ism c lass

o f , t h e v e c t o r b u n d l e 6 ' ( * t ) r e p r e s e n t s t h e o b s t r u c t i o n f o r

l i f t i n g  I  t  
t o .  a n  u n i t a r y  u € C ( Y , U ( k n )  ) '  n

. W e s h a t l u s e t } r e f o l l o w i n g w e l l _ ] < n o w n r e s u l t c o n c e r n i n g

t r i v i a l l i t y  o f  t h e  v e c t o r  b u n c l l e s  w h i c h  i s  c o n t a i n e d  i n  [ '  s '  c h ' B

T h m .  1  . 5 J  .
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LF-$MA 1 ,? .  L€ t  Y  be  a  f  i n i t e  CW-comp lex  o f  d imens ion  r  and

let  E be a complex vector  bundle of  rank k  over  Y. .  Assume that

r$2k  and '  t ha t  E  0  11  i s  t r i v i a l  f o r  some ' t r i v i a l  vec to r  bund le

t r iv ia l ._ f t l "  main resul t  o f  th is  sect ion is  the

f o l l o w i n g :

THEOREM 1 .3 .  Le t  X  and  Y  be  compac t  t opo log i ca l  spaces  and

.r
fe t  Q.  be an uni ta l  * -homomorPhism

0 r t  +  : c ( x )  I  Mn  >  s (Y )  I  Mk r , e  c (Y )  s  Mk  I  Mn

Assume the fo l lowing

(  1 )  Y is  homotopic  equiva lent  wi th  a f in i te  c I { -complex

of d.i-mension 4 2k

(2 i  K .  (Y )  does  no t  con ta in  non t r i v i a l  e lemen ts  whose  :

rde r  d . i v i des  n .

Then  the re  i s  an  un i ta ry  u€c (Yru (kn )  )  and  an  un i ta l  * -homomor -

phism Q 
'  r  a  (Y)  -+ c  (Y)  €)  I4k such that

( { r )  Q 
=" t4 '  e id*n)  u*

proo f .  a )  cons ide r  f i r s t  a  pa r t i cu la r  case .  Le t  us  suppose

tha t  e !  ac ts  on  ma t r i ceS  as  an  amp l i f i ca t i on .  Tha t  i s :

- 1  € l r k & a . 4 ( r & r n )

( , { 6 )  Q t l c ( x )  8 a ) = 1 c ( y )  @ r k @ a  ,  a € M n

us ing  (46 )  we  ge t  f o r  eve r l '  f ec (x )  and  aGMr t

Q l )  Q  t t  @  a ) = Q t r  E  r n l $ t r  e  u . ) = + ( 1  s  a l S t r  6 i  r r ' ) =

T h e c o m p u t a t i o n i n ( 1 7 | s h o w s u s t h a t t h e a l g e b r a

t.  $  ( c (x )  @ r - )  l i es  i n  t he  re la t j - ve  commutan t  o f  t  @ r r$  M.  j ' n
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"  I t  f o l l ows

(x)  **  C (y)  I  Mt .

I n
C(Y)  € l  M i<  6 ; [1 , - ,  ,  wh j - ch  i s  equa l  t o  C (y )  e  Mf  @

that  there is  an unique uni ta l  **hoinomol  '  {rpnr_sm 1i

such tha.t

- L  , -  ,  i , , - .( i 8 )  q  ( f  t r  r n )  =+ '  ( f  )  &  r n

N o w  u s i n g  a q a i n  ( 1 7 )  r v e  g e t

REIVARK 1 .4 .  Assume

0s) {, =4,' s id,
n

b)  Cons ide r  now the  qenera l  case  o f  an  a rb i t ra ry  homomor -

ph i sm under  the  h$po theses  1  )  and  2 j  we  sha l l  f i nd  an  un i -

t a ry  ueC (Y ,U  (kn )  )  such  tha t  t he  homomorph ism r -Q ,u  w i l t  ve r i f y

t h e  a d d i t i o n a l  c o n d i t i o n  g i v e n  i n  ( 1 6 ) .  D e f i n e  & " e r n o * ( M * r c ( y , ) 4 , , ^ ^ ) )r  I  n '  K n '

b y  $ . ,  
( " 1 = Q t 1  6  a )  ,  a 6 l { r r .  O u r  p r o b l e m  i s  L o  f i n d  u e  c ( y , u ( k n )  )  s u c h

t h a t 6 . ( " ) ( } , ) = u ( y ) ( r ' - s a } u ( Y ) * , , Y & Y , a € . M .
l l  K - ' - - n

But  i n  v i r t ue  o f  P ropos i t i on  i . 1  t h i s  can  be  done  i f  a .nc l

o n l y  i f  t h e  v e c t o r  b u n d l - e s  n = 5 ' ( f r )  i s  t r i v i a r .  i l a v i - n g  i n  m i n d

the  mao  v -  t :Vec t , .  ( y ) - - *  Vec t ,_ *  (Y )  wq  de f  i ne  a  homomor r :h i sm o f" ' * r  0  
' "  

K .  
- k n , - ,  Y Y \ -  u u r - J

s r o u p s ' * ' : K o  ( V )  a  K "  ( y )  g i v e n  b y  t ' ' ( x ) = n x ,  T h e  s e c o n d  h y p o t h e -t J  r - -

s i s  o f  t he  Theorem a l l - ows  us  to  conc l -ude  tha t  6 '  i s  i n jec t i ve .

S ince  EeT-  (Vec t . , - (Y )  )  i t  f o l l ows  tha i  t he  c lass  o f  ( - t heo r : y  o fn '  K '

the vector  bundle E is  zero hence E becomes t r iv ia l  d f ter

sun tm j -ng  some t r l v i a l  vec to r  bund le .  S ince  rank (n )=k  and  d im(y ) \ (21 (

i t  f o l l ows  f rom Lemma 1 .2  tha t  E  i s  t r i v i a l .  . f i

n ' l r c c i f i n r l  1 - r r z  t h e  S e C O n d

l ows  tha t  t he  conc lus ion

bo th  h l zpo t i reses  (1  )  and

k = 1 .  S i n c e  t h e  l j - n e  b u n d l e s  o n  Y  A n e
a

Cech  cohomo log l z  g roup  H ' ( y rE )  i t  f o_L -  .

o f  T i reorem 1 .3  remains t rue i f  we drop

( 2 )  b u t  w e  a s s u m e  t h a t  u 2  ( u , n )  h a s  n o t

n * t o r s  i o n .

In  th i s  way  we  recove r  a  resu . l t  o f  Knus  (  c f  " t 9 l )
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T,et X and Y be compact spaces and let

r b  , C ( X )  ' - *  C ( Y , M , - )\ t K

be an"  uni ta l  * -homomorphism. For :  every yeY the map $, r t tn*+ ( f  )  (y)

de f i nes  a  * - rep resen ta t i on  o f  C (X)  on  Ck"  Th i s  rep resen ta t i on

decomposes j -n to a d i rect  sUm of  characters of  the Cx-a lgebra

C ( X ) :  * O = * r * 1 * . . . * * r * r . . w h e r e  
* 1  , .  ' .  r x r  a r e  d i s t i n c t  p o i n t s  i n

. f ,  and  1 .<mr ( . . . . ( f t r  a re  the  mu l t i p l i c i t i es  w i th  they  occu r  as

cha racLers  i n  t he  decompos i t i on  .o f  4  u .  
0 f  cou rse  we  mus t  have

f r n * . . . + m - = k .  L e t  u s  d e n o t e  b y  r ( y )  t h e  s e t  ( * 1 , . . .  r * r ) .  I t  w i l l
I T

be  use fu l  t o  t ake  i n to  cons j -de ra t i on  the  spec t ra l -  p ro jec t i ons .

L e t  G ( k , j )  b e  t h e  s p a c e  o f  a l l  j - d i m e n s i o n a l  s e l f a d j o i n t

r- l<
p r o j e c t i o n s  a c t i n g  o n  C o  a n d  l e t  G ( k ) =  U  G ( k ,  j ) .  T h e n  t h e r e  a r e

j = 1

p 1 € G ( k r m 1  ) , . . .  r P r € G ( k , m r )  s a t i s f y i n g  P 1 * . . . * p r = r '  a n d  s u c h  t h a t

r
6 o )  , A  r r r  ( v )  = 6  ( f  )  =  i  f  ( x .  ) p .  ,  f e c  ( x )  .
\ / - Y l  \ ; \ r ,  \ j
\  /  r y '  r * I 1  l  - l -

' t :

2.  THE ' 'COVERING" ASSOCIATED WTTI{

0 f  cou rse  * i

p rope r t i es .

g iven below;

be the setFor  1r<r \<y def  ine .Y,  to

that  card F (y) .< r  and def  ine Y (m1 '  .  .  , * r )

po in t s  y  i n  Y  such  tha t  F  ( y )  has  exac t l y

m u l t i - p l i c i t i - e s  m 1  , . . .  , R r .  B y  d e f i n i l - i o n

and p, depends on YCY and thel '  have

We t ry  to  s tore these ProPert ies in

:

A **HO}4OMORPHISIVI

some cont inu i ty

some construct i .on

o. f  a I I  po ints  Y in  Y such

t o  b e  t h e  s e t ' o f  
" l t

r  e lements wi th  the

we have that

G4)

trrl

Y = Y O ) Y U _ 1  >  . . . .  t u i

Y r \ Y r - . 1 = U Y ( m 1  ,  . . r * r )

and
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l l

L B I I M A  2 . 1  .  t , e t

Assume that  V.1 '
Q *

X a  s .  .  .  r X ^ . - .  
' I ' n e n

l !

that  for  every

n n i  n f  c  / n n r r n { - a . ' l
I / U l r r  L J  \  U V  U r r  L U U

;  - 4
L -  |  f  .  .  .  I  L  .

\ 7

L l ^ ^ , - ,
L I ] C I  C

ye-v we

with

y o e Y ( m . , . . . r I I l - ^ )  a n d  F ( y o | = i " o  . ' o I
'  

l '  
'  

f '  
-  \ r  I  \ A 1 t '  t ^ 1 .  J '

a r e '  d i  s i o i  n t  n o i  o l r h o r r r h o o d s  o f  t h e  p o i l t t s

i s  a n  o p e n  n e j - q h b o u r h o o d  V  o f  y o  s u c h

h a v e  t h a t  l " ' { y ) C v t t .  " . t V ,  a n d  t h e  n u m b e r  o f
',

m u l t i p l i c i ' b i e s )  i n  I t ( y ) 6 V i  i s  e g u a l  t o  m .  I

. g I g g | .  a ) .  T h e r e  i s  s o m e  o p e n  V ; y "  s u c h  t h a t  F ' ( y ) c V r V  . . . U V , ^
' +hat +h€re are | !

, , r ^ ^ , ^ ^ r . ^ r  r , , \ z  r r r a  a n r -  r  n ^ n + 1 ; 1 f l i r - : f  i o n  s r r n p O S E Y € f r O  n e t s  ( y _ r )  a n d .W l I ( J l l C  V  C f  - y C  V  "  
I  \ J  . J = . "  A .  l z \ r l L  L r  q u  I V  u r v r r  r  u l -

{hc
( v  I  i n r l e , w o d  h r z ' F h a  n o i n l . r l - r n r r r l ' r n n r i q  n f  r r o  c r r n h V l T  ^ ^ n \ r e 1 . g : e S  t O  y o, r ' V ,  I  p  

V  " " , " "

a n d  x  e F ( y  ) . . ( V " v  " .  "  ' . r V _ - )  .  N o w  c h o o s e  f C C ( X )  s u c h  t h a t  f = 0  o n
v -  - v  l  r

l ' ( y o )  a n d  f = 1  o n  X \ ( V t r  . . .  v u r )  .  S i n c e  y y ' - , - y o  i t  f o l l o w s  t h a t

l i T

q  ( f  )  ( y v ) - * Q ( f  )  ( y ' ) .  B u t  t h i s  i s  i m p o s i b l e  s i n c e  q  ( f  )  ( y " ) = 0

a n d  l \  ( >  ( f  )  ( y u )  l i  > z  I  f  ( x u )  l = 1  ( R e c a l r  t h e  f o r m u l a  ( 2 0 ) ) .

b )  L e t  V  b e  t h e  o c e n  n . € f g h b o u r h o o d  o f  y o  f o u n d  a t  a )  .

C o n q i c l o r  o n e n  s e t s  I N n  r . . .  f W - -  S U c h  t h a t  V . , , g t r r t r *  a n d  W .  a r e  d j - S -
r  

' r  ' i t " i  " i

i o i n f  -  F o r  e v e r \ /  1 < ' i r r  c h n 6 5 g  f . e C ( X )  s U c h  t h a t  f . = 1  O t t  V ,  a n dJ v l r r u . J r \ - \ - & i u v \ . ' / * i ' i

f .  =0  on  X \W.  .  Sh r ink ing  V  we  may  suppose  tha t
l - r

(rg) I t  r .  $  t t r )  ( y ) - t r+  t t r )  ( y " )  \ 1

B u t  t h e  f u n c t i o n s f ,  w e r e  c h o o s e n  s u c h  t h a t  t t  d : ( f , )  ( y o ) = m .  a n d .-  
l -  I  l - '  l -

such  tha t  t r  S  ( f . ,  )  (V )  equa ls  the  number  o f  po in t s  ( coun ted  w i th

r n u l t i p l i c i t i e s )  i n  f ' ( y ) n  V i .  W i t h  t h i s  r e m a r k  t h e  l i € m m a ' f o l l o w s

f r o m  ( 2 3 ) .  
W l

L e t  Z = \ t V , x ) 6 y x X : X e F  f  V ) )  "  I t  f o l l - o w s  f r o m  L e m m a  2 . 1  t h a t

Z  i s  c l o s e d  i n  Y x X ,  h e n c e  Z  i s  a . c o m p a c t  s p a c e .  C o n s i d e r  t h e

- c a n o n i c a l  p r o j e c t i o n s  o n  f a c t o r s  f r  z Z  - - * * Y  1  ; 6  ( y r x } = y  a n d

Y z z  - - + X ,  f  ( 5  , X ) = X "  D e f  i n c  a l s o  t h e  p r o j e c t i o n  v a l - u e d  m a p



t z

p t z  * " * c ( k )  b y  t a k i n g  p ( z )  t o  b e , r

^*^  ^+  r^  4 ' r  I -ha  l -  a r (1 r r (a  c r :Ond.SD I . / E U  L r  G r  J t j c t  \ / e  u r t r ( r  L  u u r  J -  \ : 5 I

i n  t h e  d e c o n r i ) o s i L i o n  ( 2 0 i .

the or thcqonal  pro ject - ion on the:

to  the  cha r ; : c te r  g -Lven  by  x=P(z )

T r { B O R E m  2  . 2 .  1 ) ' I ' } re  map *(  :Z -?Y is  open.

. . ?  Y 1  i s  a  f i l t r a t i o n  w i t h  c l o s e d  s e t s .

i s  open  i n  Y- r
-f

. r I T l  ) )  - : : * >  Y / -  h  t  - r d
r  

\ r L ,  
1  

r . . .  r r L r r /  q r

2 )  Y = Y , - )  Y , _  ,  )
la J1--'r,

3 )  Y ( r i r 1  , " . . r f f i r )
4

4 l  i (  
' ( Y ( m . , . .

" l

- 1
I  l \ r

f i  \ r

every

- \Y*  . , )  E+,  y-^ f  y-^  4 are cover i r rg  spaces"
T  r - l '  T  r - l

5 ) . T h e  ; : r o j e c t i o n  v a l u e i l  m a p  p : Z  * + G ( k )  i $  c o n t j - n u o u s  o n

V \ \ /' r -  * r - ' l  '

Proof  .  Essent ia l ly  the theorem is  a reformulat j .on.  o f

L e m m a  2 . 1 .

1 )  L e t  I { c Y  a n d  U c X  b e  o p e n  s e t s ,  T h e n . : r  ( ( h I x U ) n Z l  i s

^ n A n  i n  v  r - d e e d  i f  ( y o r x o )  e  ( W x t J l  n  Z ,  b h e n  b v  L e m r n a  2 . 1  t b e r er r r v u v v  4 4  \ J  , ^  _ _ J  _ , _ _ . _ _ _ . _

j - s  an  open  se t  VcW,  yoGV such  tha l -  F {y )n  U  j . s  nonvc i i d  f o : :  a l . l

y  i n  V .  H b n c e  V  c  (  ( W x U  ) n Z |  .

2 )  I t .  f o l l o w s  f r o m  3 )  s j - n c e  Y , r Y -  . = U y ( n . ,  " . .  , m , )  .r  : r - t  l '  r '

3 )  L e t  y " 6 y ( r n r r . . . , f t r )  a n d  p ( y ' ) = { x i , " . . r " ; }  B y  L e m i n a

2 . 1  \ d e  c a n  c h o o s e  d i s j o i n i -  n e i g h b o u r h o o c l s  V " , a X l  ,  - i - 1 , " , .  , T  a n c l

vayo open such that  r tv f .v lo  .  "  "  ry ,  and ut i l , . i ,  has cxact ty  m,
t / 1 ,points  (counted wi th  nuJ h i .p l : rc i t iesf  whenever  y€V.  I {e  prove tha. { :

V n Y r ( . Y ( M 1  , . .  "  r * r ) .  I f  y e V n Y r  t h e n  F  ( y )  h a s  a t  m o s t  r  e l e m e n t s .

S ince  each  l "  ( y )A  V+  i s  nonvo - id  i t  f  o .L lows  th . r t  f ' ( y )  has  exac t l - y

r  e lemen ts  and  the  mu l t i n l . i c i L . i . es  a re  as  des i red .

4 )  I t  su f  f  i ces  to  p rove  the  f  .L rs t "  asser t  j -on .

L e t  \ / .  b e  a $  i n  L e . f f i t r r c t  2 , 1 "  D y  2 j  e v e r y  p o i . n t  y ' g  y ( m . j  ,  . . , r n - )
l-

h a s  a l i  o p e n  n c r i g h b o u r h o o d  V  s u c h  t k r a t  V z r  Y . .  C  Y ( m n  r . . . , m - - )  a r r r l'  
I  

-  
I '  Y '  !
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1

r (  '  
{ vn  y r ) -w ,  Ld  .  .  .

d e t s  i n  . x  
* '  

( "  ( m ,  ,  "  "

a n d  b i j e c t i v e "

The map ( : r j rv . ,  )
g i v e n  a t  1 ) .

(Vn  Y - )7 r  (YxV*  ) . r re  o l renr ' -  l -

t l t_i *. '- t  U^ U, is conLirruous

u,  Wr.  Here

.  ,mr i  )  and

4- l

1 t

'r

I r,v
1

! .){

5 )  L e t  z " = ( y o r X o ) € x - l  ( y . " , . o  ) -  {r r r \ r r * 1 ]  "  C h o o s e  o p e n  U s x o  s u c h
t h a t  u n F ( y o ) = ( x " }  "  r f  f 6 c ( x )  i s  e q u a l  t o  1 . o n  a  n e i g h b o u r l : o o d .
o f  x o  a n d  s u p p ( f  ) c U  t h e n  p ( z t = $ t f  )  ( j f  ( z ) )  i n  a  s m a l l  e n o u q h
ne ighbourhood  o f  zu  i n  , q  -1  

{ y , .  y  _  )  .' - r r  - r -  
1 ,  -  

V ]

wi th  the above notat ron we get  i :he for lowinq formura for

4  , t )  ( v )  =

t h a t ' F  i s  i n j e c t i v e

i s  i - somet r i c  i f  and

is  open by a sj-m_ila.r a.r:gument .Lo the,t

f ( Y ( z l l p ( z j

( y )

when  res t r i c ted  to  the  f i b res  o f  : f

on l y  i f  Y  i s  on to

,L
1 l  I  r
t*/ I

( 2 + 1 {.-

Z  6JY

Note

ana f

REMARK_ 2. -4.  The homomor:phism 
4 ,= ca] led homogeneous i f

for .  ever :y  y6yr  F (y)  has k  e lements

For  homogeneous + i t  fo110ws f rom Theo.rem 2.2 t .hat
7 i ' z z - * * y  i s  a  k * f o l d  c o v e r i n g  s p a c e  a n d  t h a t  t h e  m a p  p ( 2 1  i _ s
cont inuous on Z.  Conversely  i f  r i  . .2  - ->y is  a  cover ing space/
> (  : z '>x  i s  a  con t i nuous  map  tha t  i s  i n jec t t ve  on  f i b res  o f  : f
p i  Z  .u r  G  (k ,  1  )  _ i s  con t -Lnuous  and  ve r i f  i es  X P  ( z )  = r k  f o r

1z6Y t i ren the formula (241 def ines a

- l

z e r r ' ( y l

homogene0us homomor:phj- sm.

Bgf4I5_2_:-!.  suppose that y is simply connected, localty
pathwj-se connected and that  4  is  hornogeneol ls .  T j ren i t  fo l rows;
f rom the gener :a l  ' theory r : f  the cover ing spaces L{2r  -bhat ,

z=YU . . .  u  y  (P* - t imes )  .  The i : ' e fo re  the re  ex i s t  con t i _nuous  f i r aps

ano

ct l- .-l.
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Y r  n "  " .  ,  ' f  
v : Y  - + x ,  Y .  ( y )  l f - , ( y )  ,  : / e Y  l i . f s l '  t

I  J { .  J . -  J *

k k

F l " p i ( y ) - r k  s u c h  t h a t  S  t t )  ( y ) , = ) i , r ( ) o r ( y )
r - r  I - l

P 1 ' .  .  "  r P O : Y  * + '  C ( k r ' l  ) ,

)  R t -  ( v )  '  Y c Y .  r f  i n

add i t j . on  we  assume tha t  i l ' ( y ,K l=0  Lhen  i t  can  be  show l :  t ha t

the : :e  i s  some un i ta ry  ue  C  iY ,U  ( l c )  )  such  tha 'L  p . ,  ( y )  = '
f

, .s,= u ( y ) p ,  ( y " ) u ( y )  ,  y $ Y ,  i = 1  , .  " . , k ,  f o r  s o m e  f  i x e d  y o e Y .  T h e r e f o r : e

we oo f  . i - hp  f o l f ow inc r  f o rmuLa
Y v e

f ( f " ( v )  )' l

S , t )  (v )= '  'u ( .y ) r"r (y) * , f*C (X) , yey.

f ( f r ( v )

Consequent ly ,  under  the prev ious assr :mpt ionsr  . th"  homogeneous

homomorphisns are c lass l f ied modulo a inner  equiva lence by the

s e t  { Y " , . . .  r ' p  l  ' n n  c l z a ] - n ' n  a  p r o o f  l e t  T = U ( 1 ) x . . . x U ( 1 )  b e  t h c' , 1 '  ' k / ' . * '

max ima l  t o rus  o f  U (k )  .  The  
' f  

i b ra t i on

r  . _ >  u  ( k )  _ > U  ( k ) / r

an exact sequence of  pointed cohonrological  sets

c ( X , T )  - - +  c ( r , u ( k ) )  - - * +  c ( y , u ( k )  / T )  * - L ;  s 1  ( y , r c )

k 4 . k
s j - n c e  I I ' r  ( Y , T c ) =  S i  H l  ( y , u ( 1 ) c ) =  @  H l  ( y , f i ) = 0  ( s e e  [ 4 - l )  w e  g e r

i =  i  i = 1

tha t  5  =0  and  so  eve rv  conu i -nuous  map  r { - r :Y  - -+U(k ) /T  can  be

l i f t e d  t o  a  f u n c t i o n  i n  C ( Y , U ( k ) ) .  L e t  N  b e  t h e  s p i c e  o f  a l ]

k - u p l e s  ( g 1 , . .  .  , g k )  o f  o n e  d i m e n s i o n a l .  p r o j e c t i o n s  a c t : L n g  o n

^k
C " '  e 1 * . . . * e k = r k .  U ( k )  o p e r a t - e s  t r a n s i t - i v e l y  o n  N  b y  t h e  f o r m u l q

. l

u ( k ) . - : u L ; ) ( u p ,  ( v i ) u n  t . . . , u p r . ( u o ) u * ) ,  y ' 6 ' v  i s  f  i x e d .  S i n c e  t h e'  -  
l  

' -  - 1 ,

cor . responding s tabi l j -zer i "  is  T i t  . io l lows that .  l r l  is  homeomo::phic '

I
I
I
I
I
I

I
I

, J

lz.rl

[.r ,:.\
\ * "  /

i  h l , , / \ ^ , -
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t o  u ( k ) / r .  T h u s  t h e  m a p  S  v * t  ( n . , ' i v l  , . . . , F g ( v )  )  c a n  b e  l . i f t e d  L o

a  c o n t i n u o u s  m a p  u c C { y , U ( k )  ) .

,. HO}.{OMORPHISI4S COI4PATIBLE !{rTH A COVERING

.  Le t  y  r x  * z . v  be  a  k - fo l -d  cove r ing  space  and  A ,  B  be  un i ta l

d l * - a l r r r r h r a q  A  h n m n m n r n l r i  
t

8" ,  q l v=U !a r .  n  r ru r r rL , r r \ r ! ; r r . r r s rT l  
Se i i om (C  ( x )  f f i  a ,  c  ( y )  ( * )  B )  i s  ca l l ed

compa t ib le  w i th  the  cove r ing  v  o r  f - compa t ib le  i f

0  t n " Y @  1 a )  = g  &  1 " ,  f o r  a l l  g 6 c ( y )  (  s e e  t ? 3  y .  I n  t h i s  s e c r . i o n

We COnS ide f  6n  1  r r  t h ,o  r r . a  ca  A=14 r ,  ,  B=Mkr r .

REI4ARK 3 ._1 .  t e r  { )e  Hon  (C(X)  S  l 4n ,  C (y )  g  *O , . , )  be  a  g  - con*  .

paLibre homomorphj  sm. Assume that  t .he hypotheses of  Theorem l  .  J

a re  fu l f i l l e< ] "  Then  the  homomorph ism S '  t r t . t  appears  i n  t he

d e c o m c o s i t i o n  
$  

= r t 4 '  8 }  i d l u *  i s f  - c o m p a t i b l e .  f h i s ' i s  c l e a r

f rom the fo l lowing computat lon:

, ,  { ' { t o " f  )  @ t ' l r *=g  S  to r ,  * }  4 ' (goF)  I  r r ,=u* (gG}  r k ' , ' ) u=g& r i rn

PIOPOSITIqN.  3"2.  Assume that  X and Y are connected,  local ty

^ - ! l ^ . . - i  ^ ^parnw. r - se  . connec ted  and  thab  Q  tC (X) - r  C (y )  @ l tO  i s  compa t ib . l . e

w i th  the  k * fo l .A  cove r ing  Y :X . * r yY .  Then  the re  i s  a  con t i nuous

n r n i a n #  i  .v - - r * - , . . t J n  v a l u e d  m a p  p : X  * - 7 G  ( k r  1 ) =  p  ( c J ( )  ( t h e  p r o  j e c t i v e  c o m *

plex {k^t}space) such that

tz "  - \ '  u _ ,  p ( x ) = I , -  r  y € y  a n d
{ a ? - l  - , - . , ^ - 1  , . r ' : ' '  

r k  '  r f , !  q r r u

\ * ' /  x  € f  
- '  

( y ) -  K

" a

G a )  S  t t )  ( y ) =  X * . ,  f  ( x ) p  ( x )  r € c  ( x )  ,  y c y .
x  € _ t  ' ( y )
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!:

! I9€" ir{c-: s}ral l  use the notatiarr -1-n section Z " I . t  fol l-ovrs

.  * 1  * - 1f r o m  i h c  c o n d i t j o n  o f  g ,  * c o n j p a t i b i l i t y  t l 1 a t  y  ( f r . * r  { y }  }  c t r - " ,  ( v }

yeY.  combin i r rc ;  vr j - th  r ,enun;r  2 .1 Lhj -s  s i rows t i ra t .  every subsct :

y ( m 1  , . . . , * r )  i s  o p e n  i n  y .  s j - n c e  y  i s  c o n n e c t e d  a n d  i t  i s  a

, i i ^ - . i ^ - i ' ^ !  . . * r ^qrsJo l -nc  un ron  o f  such  subse 'Ls  ne  i n fe r  t ha t  y  i s  egua l  . t o  som( :1

y ( m 1  , - . .  t * r ) "  T h e r e f o r e  f f  : Z  * . * . y  i s  a  r - f o l c i  c o v e r i n g  s p a c e .

I t row,  s ince S 'Y = x  i t  fo l lows f rom i l4?J t t ra t . .  ts  :  y*7 X is  a

cover ing space"  Thls  impl ies r -K anci  we concl -ude Lhat  > i t  is  an

isomorphism of  cover ing spaces.  Thus we may take z=x and yr -  =r1;

REi4ARK 3.  3 .  I t i s  eas i " l y  seen  tha t  eve ry  p ro jec t i on  va luec i

con . t i nuo r i s  map  p :X  * "a  p  ( ck )  wh ich  ve r i f  i es  (2 . .7 ' )  de f  i nes  a

{  -conpat ib le  homomorphisme l lndcr  the connectedness assurnp.L. ions

a f  l ) r n ^ n . . i + { ^ h  a  1  . : !  - 8 , - 1 1( r . r  r ruPUs-r -L l t ;n  3.2 i t  fo l - lorvs th . r t  V -compa. t ib le  homomorph- isrns

mus t  be  i so rne  b r i  c  .

we q ive be. l "ow sone cr i ter i -a  for  the ex is tence of  v  -compa*

t ib le  homomorph- ism. suppose that  the cover  g ;X * - r  y  is  regu. lar"

I f  G  deno te  the  g roup  o f  t he  cove r ing  au to * t c rph i sms  ,  t h i s

means  tha t  G  ope ra tes  . : { : r ans iL i ve l l z  on  f i b res  Y -1  ( y )  and  we

c a n  r e c o v e r  y  f r o m  X  a n d  G  a s  x / G .  o f  c o u r s e  l c l =  l v - , ( y ) [  = ] r .

P R O P O S I T I O N  3 .  3 . Suppose tha- t  G is  commutat ive and that

n 2  f t , n )  - i s  t o r s i o n  f r e e .

homornorphlsm $ e Hom (C (X)

t , roor  "  t ' ] . rs i t  we 1 - h , a  F  f n r  a r r a r \ r  a l r : r -  n r .  a vu v u r  y  u r r q r q u L c r  t i j g G

t he re .  i . s  a  con t i nuous  func t i on( G = t h e  P o n t r j a g i n  d u a l  o f  G )

f .  z Y . '  ' + U ( 1 )  s u c h  t h a t' (JJ

FA

Then there ex is ts  a .V -compat ib le

,  c ( X )  6  M k )  .

prove

(,1- $) fd  (g  (x )  )  -< , )  (g  )  f *o  (x ) x € X ,  g € G
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F ln r  . . ,  ,  XI v! LC.{ g U

over  1 l  obta ined

L e t  $ ( v ) -  Z j ^ J ( g ) p - -  b e  t h e
deG &J

d i r e c l -  s u m  o f  c h a r a c t e r s .  H e r e  p f i l

one  d imens iona l  spec t ra l  subspace

/^
e v e r y  & J € G  w e  c h o o s e  a  c o n t i n u o u s

s a t i s f  i e s  t ? {  )  a n c l  w e  c l e f  i n e

' l t  q  r l a n n  F a  l - r t ru u  ! J E (ar)  the complex l  j .ne bundle

g e G .

decomposi t j -on of  g  as a

is  the oro ject j_on on the

corresponding to  cd .  For

f u n c t i o n  f . ^ r  r X * - ' U ( 1 )  w h i c h

6

E (e') =XxC/ (x rI ) ( g  { x }  ,  & }  ( g ) X  )

r t  f o l l o w s  f r o m  T h e o r e m o 2 . 6  c h . r r  i n  t i i  t h a t  t r r e  c ( y )  - m o d u r e

o f  c o n t i n u o u s  l i n e a r  s e c t i o n s  i n  E ( e J )  i s  i s o m o r p h i c  t o  t h e  C ( y ) _
-modu l -e  o f  con t - i - nuous  func t . i on  f  :X  *  C  wh ich  sa t i s f y  (Z i l ) .  Our

a im is  to  f  ind .such a funct ion wl i ich does not  vanish.  , rh is  is

equi -va lent  to  prove.  that  the l ine bundle E ( r i r )  j -s  t r iv ia l .

r f  c0  1 ,  c , J2  €  G  i t  i s  no t  ha rd  to  check  tha t

g ( s t )  I  E ( l a  
r l z  E ( < , 1 1 1 6 , ] 2 )

This isomornhism al lows us to  def ine .a  n iorphism o. f  groups

G") gcor r--- .*  c,  {E (ar)  )  e u2 (v,al

(Here  c . ,  (E )  i s  t he  f i r s t  che rn  c lass  o f  t he  l _ ine  bund le  E ) .

s i n c e  I  i s  f i n i t e  a n d  u 2  ( y , z ) ,  i s  t o r s i o n  f r e e  t h e  a b o v e

morph ism mus t  be  ze ro "  Th i s  imp l i es  tha t  B {eJ }  i s  t r i v i a ' I .

L e t  y : G  - - * B ( t 2 ( G ) ) s  l { k  b e  t h e  , - f ' 6 h *  r : e s u . l a r  r e r : r e s e n t a * .

t i o n  ( t 8 l ) "  u s i n g  t h e  f i r s t  s t e p  o f  t h e  p r o o f  w e  s h a l r  d e f i n e  a

con t i nuous  map  u :X  - -+  U  (12  ( c )  )3  .U  ( k )  such  tha t

t-ar) u  ( g  ( x )  )  =  
S ( 9 ) u  ( x ) X6X r

t
T

t

M,,'
(
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1 R

s p a c e u  [  5

{  s g : g e c  }

u  ( x )  = [  f . . .  ( x ] p  .
&j 

u' -(ll

to  check thac

us denote by {  e
.T

^-J spanned by
Y

t

o f  1 -  ( c )  "  N o w

l:r)

I t r_s easy u  ve r i f  j - es  ( f 4  )  ,

,  ^  r  r \  L  - t ^
g .y  s  u  /  L r r c  p i : o jec t i ons  on  the  sub*

the  e lemen ts  o f  t he  canon ica l  bas i s

\^ /e are able to  def ine

:  c  (x )  *>  c  (x /G ' )  a  B  ( r2  (c )  )  : : c (Y) €i Mi<s l - r t z

+1

G3) $  , t )  ( * { x }  }

The homomorphism

h ( x ) = z  f o r  s o m e  h

u ( z )  *  ( X  r  ( g  ( z t
. Y

<'t= u  ( x )  *  (  t '  f  ( g  ( x )  )  e ^ )  u  ( x )  * * *  ,  f € C  ( x )  .
9eG Y

w e l l  d e f l n e d  s i n c e  i f  V ( x ) =  v  ( z )  t h e n

and we have

f  ( h g  ( x )  )  e ^ ) ?
Y d

( h ) u  ( x )  =

) e o ) u ( x )

)  a n d  Q  ( h )  * e ^ S ( h )  = e q h
! 3 r A

T

Q i s

g, \J

) e , - , ) u  ( z  )  = u  ( x )  o S  ( h )  *  ( X
Y g

= u  ( x )  *  d r  ( 9 , ( x )
g

In  the a] :ove computat ion we used (gt

REI4ARK 3 .4 .  The  conc lus ion  o f  P ropos i t i on  3 .3  rema1ns  va1 id

i f  we  d rop  the  assumpt ion  on  H2  (y , f t )  bu t  we  suppose  tha t  X  i s  a

commutat j -ve compact  group and G is  a f in i te  subqroup of  i t  which

ac ts  on  X  by  t rans la t i ons .  rn  th i s  case  the  l i - ne  bund le  E (a i )

wi l l  be t r iv ia l  s ince every character  o f  C malz be extended to

some cha rac te r  o f  X  (  t 1  1 l  )  .

R4MARK 3J. '  Assume the hypothesis

act ion of  G on X induces an act ion of  G

c  ( x )  :  g  ( F )  ( x ) = f  ( g  1  ( * )  )  .  T . h e r e f o r : e  w e  c a n

p r o d u c t  C ( X ) x G  a n d  w e  r e a l i z e  i t  a s  t h e

o f  P r o p o s i t i o n  3 . 3 .  T h e

on the 
"C*-a l_gebra 

(

cons i -de r  t he  c rossed

fo l l ,owing subalgebra
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o f  c t x )  #  B ( 1 2 ( " ) ) l c ( x ) x G = { r n e c t x l  S  B ( L 2 ( " } ) : r ( g ( x } ) =
I= f  ( g ) ! ' ( x i  \ ' ( g ) x ,  x 6 x ,  g e c ) .

The a lgebra  C(X)  can be  canon ica l l y  i rnLedded j -n to  C(X lx -G

c  ( x ) ; 3  f  i * - :  j  ( f  ) e  c  ( x l x G ,  j  ( f  )  ( x ) =  I l  r  t g ( x )  ) e ^ .  L e r  u : x * y u ( 1 2  ( G )  )
EE,G Y

b e  t h e  u n i t a r y  c o n s t r u c t e d  i n  t n J  p r o o f  o f  p r o p o s i t i o n  3 , 3 .

T r l a n l - i f r z  f - f V  " ^  I  ' -  
" 1  '  - ' r t v  1 / T  l . E ,  1 ^ / = , \ I - n 1 . . \  . , . a '  ^ tr v u r r L - r ! r  -  1 . 1 1 4 g )  w i t h  (  f  A C  ( X , t t k )  :  F  ( g  ( x )  i = F  ( x )  ,  x € X ,  g e c  ]

T h e r :  t h e  i s o m o r p h i s m  J r : C ( X ) N G  - - +  C ( y )  g $  B ( t t  { c }  } * r  C ( v , u O }

Yt r )=u*Fu is  such tha tY" j= { )  where  +  is  i :he  homomorph ism g i r ren

b y  P r o p o s  i t  j - o n  3  .  3 .

EIAIIPLE :"  5.  Let  Vn=sn /2,  b* the real-  n-d. imensional  p: :o jec-

{ - i r r a  c n ^ ^ a  (  ?  nL r v E  ; y q . . - c "  j i n c e  H ' ( p " , ' / , ) = E Z  p r o p o s i t i o n  3 " 3  d o e s n ' t  a p p l y "  t * Z e )

I lowever  the fo l lowing s t .a tements are t rue:

.  a . )  T h e  s e t  o f  a l l  u n i t a l  * - h o m o m o r p h i s m s  ( ,  : C ( s 2 ) . - - > c  ( p 2 , u t " )

which are compat ib le  wib.h the canonj -ca l  cover ing s2. - -*  v2 is  in

r - . i ; ^ ^ l . i ^ " ^  , . . : ! L  L 1 ^ ^  ^ ^ L  ^ C  i - - - - - - - -  .  .  2  ^ 2u r J C U L r \ J I r "  w r c h  t h e  s e t  o f  c o n t i n u o u s  f u n c t i o u s  F t . 5 a *  g a  w h i c h

1 - s l - a c  = n J - i  ^ ^ . l a l  n n i  n . { - n  * - a  : r n l - i  n n z l : - l  n n i  n { - n  i  ^C a i ( e s  a n 1 - l - p O G o . r  1 r \ r r r r  L b  L U  * - - n t S  ,  i  .  e  "

/ - * t  \

L I U  P '  ( - x ) = - P '  ( x )

b )  T f  n a 3  d o  n o t  e x i s t  i r o m o m o r p h i - s m s  t p e  H o * ( c ( s n ) ,  C ( p n , I 4 ? )  j

compa-. t ib le  wi th  the canonica l  cover ing '  Sn.*-+ rpn.

p r .oeg .  a )  I n  v i r t -ue  o f  p ropos j - t i on  3 .2 .  i t  i s  enough  to

.  cons ide . r :  con t . i nuous  maps  p ,  s2* - *  p  ( c2  )  f  o r  wh ich  p  ( x )  +p  ( - x )  = r2  "

But  P ( t2)  is  homeomorphic  to  s2 by a homeomorphism that  senqls

o r thogona l  p ro jec t i ons  to  an t i poda l  po ins .  The re fo re  eve ry

p  i s  q i v e n  b y  s o m e  p '  t h a l *  s a t i s f i e s  ( J t r ) .

b)  By the Theorem of  Borsuk -U14ip1 
l lZJ does not

*  ^r r  ^2e X f  s t  c o n t i n u o u s  m a p s  t : S ' ^  # 7 S a  I  n z , 3  s u c t r  t h a t  f  ( - x ) = - f  ( x )  .
ltl
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.  C O R O L L A R Y  3 . 7  "  L e t  n = 2 k . r 1 .  T h e  h o m o m o r p h i s m s
.)

" - . r  C  (S- ,M^, -  )  wh ich  are  comr :a t i j r te  w i t -h  the  cover : i r - rc r'  2n  - ' : . -

c l a s s i f i e d  u i o d u l o  a  i n n e r  c c { u i v a l e n c e  b v  t h e  s c 1 -  o f

) ? )
m a p , i  p :  S -  - - - r  S -  r ^ i h i c h  v e  r i f  y  p  ( * 3 )  = - p  ( x )  I  x e  g ' .

$:c  (s2 , t4 , . , )  - *

s2 -** P2 al:e

cont inuous

Proo f .  S ince

asse : : t i on  fo l l ows

4
t .

K u  ( F z i  = f "  w e  m a y  a p p l y  T h e o r e m  1  . 3 .  N o w  t h ez

f r o m  E x a m p l e  3 . 6  ( a ) .

€
'a

we have to  ment ion that  i t .  was p: :oved in  [T i  that  a l l  the
t ? )

h o m o m o r p h i s m s  t | l , C t U ( 1  )  
- , M n )  . - +  C ( U ( 1  ) ' , M r r r " )  w h i c h  a r e  c o m p a t i -

)  Y  q .  )b l e  w i t h  t h e  c o v e r i n g  U ( i ) ' >  ( 2 1 , 2 2 ) r - - >  ( = \ , r , ! t  e U t t t ' a r e  i n n e r

a n , r i t r r ' l a n . r -  r \ T n . r A n A r A l  r r r * , l l t $  t h e f e  a f e  k n O V f n  O n  t h e  p f O b l e m  O f.  r t v  y u r r u ! q - L  ! u J l

^ 1  - ^ ^ ; € . ' l ! \ - .  r r r  ^ r - i l ^ a ^  Ir - r d b ; ) r r y - L r r 9  y  - c o m p a t i b l e  h o m O m o r p h i s m s .  q

:

b
r,
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ADDED IN PROOF

After  th ls  work was complete,  thanks to  a prepr in t  o f

K .  Thomsen ,  I  l ea rn  abou t ' t he  fo l l ow ing  re fe rence

14 .  K .  GROVE and  G.  K .  PEDERSEN,  D iagona l i z i ng  Ma t r i _ces

o v e r  C ( X ) ,  J ?  F u n c t . A n a l y s i s  5 9 ,  6 5 - 8 9  ( 1 9 8 4 ) .

The problem of  d iagonalLz ing nofmal  e lements or  6bel ian

*-subalgebras of  C (Y)  @ t f  is  somewhat  re la ted to  the s tudy of

homomorphi 'sms C(X)  - '?C(Y)  I  M' - .

In  th is  context  we may in fer  f rom the resul ts  of  sect ion

2  tha t  t he  va r ious  bund les  tha t  a r i sed  i n  t f a l  as  obs t ruc t i on  to

'd iagona l i za t i on  a re  i n  f ac t  bas i c  cons t i t ueh ts  o f  homomorph isms .


