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INTRODUCTION

This work brings ont some explanations @nd corrections

concerning our first preprint on the subject [P3].

iniits

Hh

ry

oret

first

mamifelds (Tekile).

part, we give a simple algebraic criterion

e local equivalence of two pseudoriemannian homogeneous

As a corrolary, we give the local classification of 3

dimensional pseudoriemannian manifolds-with & multiple transitive

group of automorphisms.

In the second part, we settle in detail the complete

ist of germs of Lorentz 4-manifolds which admit & multiple

transitive group of automorphisms, and we point out some of the

omissions in the list of 4.Z. Petrov [Pe].

In this paper we shall frequently use some notations

and ebridgements,

) e 5
TR manifold
n,g

v) W o o
s m=-Space

Oglit)

s

aut (i, g)

namely

pseudoriemaennian manifold of dimension n,
furnished with a metric tensor of index g

‘V.RD 5 nanifold with a multiple transitive
H

group of automorphisms., We shall point out
that the group is of a2 specified dimension

d, by changing m with d

current notation for a'ﬁ%Rn n-space
)

q
tensor metric of W :
transitive group of sutomorphisms of (ii,g)
Lie algebra of K

total space of the bundle of g-ortonormsi

frames of M

the group of automorphisms of (l,g)



g

o

e
O ln) - Lie algebra of O(n-q,q). If g = O, we shall

omit it

2P0, v)

i

the space of the differentisl forms of degree
p on ki, that are V - veluated (V reasl vector

space’

ey - .eénonical basig of R
‘eg - csnonical basis of Sl(n, ﬁj-ﬁfL(En, ﬁn);
(eg(@k):= 5% e;)
- 5£Jy i n-g
e
qQ°i] ;”éij’ i n-q

Sp(xl,‘,g;xé) - vector subspace generated by xl,ﬁ.,, xp
.:‘ i ~

- both exterior and symmetric product of and

- exterior product

<,
°
-t

§

linearly independent

must thenk dr. M.Martin for waisting his time to
read part of the manuscript. ? must thenk my wife Adins too, for

correcting part of my bad English.
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: ten sor in the senseof LB.u.u;]

1. Local eguivalence of two homogeneous

‘V@Rﬁ’q -~ maénifolds
Let (M,g) bhe a ¥R = panifold end u O-(M). If
n,q g
u = (X,uy,e00,u ), we associate to u, an imbedding & of.

u
aut(i,g) in 0.(M), given by

et
~~
bt
"y
g
£}

(k(x), @ k(uy),ees, dk(u)) [ Kol

If V is 2 reel vector space and A.e.f}r(og M), V) we

shall note . oy ey Ko Tt 0% G‘le = 5?;(0 B b e

dual form, W mhda ei(;(}_ (ot Aii,ggﬁ\ﬂ, RY) be the connexion

'2

o = (2 € s e \
form of the Levi Civita connexion of g, and 5S¢ £ 0 (Og(m)?bfn);
A

> il
1ts curvature form.

We shsll note by ( ?J)l i the components ax,S? rela-
<% S * =
tively to the basis (fY)... of (O (n) given by
171<g Q
5 e ooy . o
: (egée~,1<ggn-qunmq€ 1950
fg e L J
: 5 :
}e‘-] SiE G S OE
1 J
and by KEMa the components of the curvature forms relatively
PAR]
¥ 3 q}“‘ v e C ‘j"’ o l /‘"]: P 8
to the dual forms: Jaj 3 Bl ® AR
If KO But(M,g) is transitive on m’,uﬁjrs are constant

s : )
&8 R = TR et e nmponents of a curvature
on ¥ end ijrt -qgls uKjpt Bre the components of cur

uR’ named the punctual

curvature tensor associated to the pwlr AR

Let '@; be the space of curvature tensors on

BTl » p«68); then,ch(n) acts on 7:n by

! [t - ~ <~ ~ 13 ~ - -
Aq\ﬁ;c){ﬁl,K2’X35A4) & H(Cal,CKZ,C£SyGX4)

Theorem 1l.l. For each index & = 1,2, we take one

W{Rn o hanifold (Mg} g ), one transitive group of automorphisms
3 Y A



of - AM-; g Joeand one frame w0 (M ),

&

The following are equivalent :

1) (3. ,2,) end (i,,g,) are locally equivalent
e 2122 :

2) and belong to the same orbit of A .
Uy : Us g
s A
Froof. It is enough to show that 2) i 1) 2]

being evident.

£ L u' e Oy(M) and ¢ € C (n) are such that u' = u.e,
then qux !- Q\ s¢), so.that if we change in a suitable way
the frame u,, we & suppose the R = Resly

1 Uy Vo

We koow (T.2.3 in UP3]) that if we choose in a

neighbourhood V of the identity of K%, & coordinate system
- _
d d

1 n 1 : n : 1 n
(xxﬁ..., % o g.,.,xk) t VR xR , such that X seeey X,
are functionally independent prime integrals, of the Pfaff

1 @ 0. th (Vbc{ @I’ @ Gu}\ ) . i \‘/ R
systenm 3 = 0, then (V slias v
i TR ! q e YV = toeg
menifold, locally equivalent to (;f.x.c\,_E ga) (here

b ¢ ;

X ' !
¥ oE e K 4y (e) sk ) ~

s R )
b e b
gy - : : w =
200 il el and f z{? o J. t ¥V —>0 (M)
o o o x Q Y K B
o : : oL e ol
$ £ Pl h e raen L f’\f( Sk i %
he forms 0 = F£-(09) w = f W o/ verify the structure
e B e sl 4
b, ;
equations (E) on V =~ with the same conetant coefficients ijg,

, A ) B S
o P R ) o
J.Ql“ S lﬁg L)

._—i -"""‘i ,,,.,-J-
g0 ~E i A
Gid RA il 9«

= el =3 gl L.l e oag

5 3 o b (O TA e Toem K A
(£) s J k.n T P “kps Va Gi

(‘* — ey = <« . : s
O F T e y = gk =]
q ir ket MYl atek 0 ; ! i
e 7 s >
Lemma 1.2. For = 1,2, let ( ¢y ); s be fields of
S I i“l,n
orthonormal coframes on the R wpapifold (W &y 5
n,q A
[fy for o= 1,2, the structure equations rela tlva7y fo

(‘au‘),”mwf are the same, then (ﬁl; gl) and (Mg, gz)'are locally



St

5

(&

e
Proof. Let (w Y be the connexion forms associzted to

%
]
L ol

ok
the fidd ( w*). =—— ({[5p]). Let s consider on Ml x My x QO(
=l 9 X : > - ]

the distribution Ayl ~ that ennihiletes the ideal genersted by
¥

p
E o B 23 i i 8 4 <
the Pfaff forms (87, @) ;-7 defined as follows.
JodsdTAheD :
E ?p1,iL25§L3 are the projections on the factors of

the product Iy x I x 0 (n) and w is & differential form oh M

o, o . .

(= L (o), then :
o

L O e

(@
%_.'
N
5
b,
w4
n
(4]
FI
i
S
d
§
m
L

- ~ :".' .‘., e 5 ml =
3 2 : S e e
§ixta m) =it ) GTGENT - Al

be the isotropy subgroup of R, relatively

to the a¢tion 4 _, Let us proof that A 5 \N; *x 0 x O.tn),
; g 1,!—- l ‘ 2 q A
is an integrable distribution, i.e. that the ideal J genersated

by the restrictions of

o3
a4
}A
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o
i
e
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i
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=
bl
L
b

o bl A e %f{f\91\«=gﬁdé i agﬂ%JJ + 8 Ja(a™HE A
J ;
g, i Lo ky eles o e T Ik
£ E TRl ol 3R A kK slaael

coade lngd 3 Foiiol v eleg el ol b wlep
d OJ = 4( LuJ) ﬁar A Wy ( )J a, d L«us(a )J- +

-t
20§
"
o
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i . 1o b bl L ? 1.8

- Gl 8 ")k

B L”p/\ a7 “abg A ) ( )J
i K % r Jae R el ke

+ oy TR ﬁéak Bdta T
k J € J

- ol o Ll o adg AN awl i crpk g pk 3 s(ﬁml D
( e dr, L.:.)q ('-4 ‘¥ JI’ C‘( )1{) /A\ ((TJ s ) )J

4 e

s e R ok A K e
ik Eﬁk ”d(a ‘L)?) * 7 AL (6" + a}c‘ u\r‘f (Qp o éap 1@3)

g J Jkp

LI LRk slopg g & P -1 K Tt %0 -L.s |
- “aa, A L&)p( )J ak( oA U,)S B K’qu Gy A oy ) le 75 i
& a% ﬂgg jd(aal)p - Bdag A L “l)% =
e S e g G e g Sl ERET
ek OV(G) “ 2 (A&Jkp »:‘f" SS = 8;‘; qr ‘a )J) &%) /\ (89 (5 (U} & J

If the dimension of O (n), is 4, J is generated by
T

+d 1l.i. Pfaff forms. Because L ’ e =T
n e S faff forns Se.0 se !(X%(Xq‘ 9}59,8) ( 192) LXV( lu;fi

<
#

1,2, we may consider that an integral manifold of dimension

n of J is locally the graphof a differential map (*,d) P Dy

s B B Gc(n)q, where D, are open sets in mm‘and f is 8 loeal
: i < :

¥ feomornhian ith - )i = f,,i : J
diffeomorphism, with £ 6&2 = dj & sl

(&)

Corrolery 1.%. For each « = 1,2, let (%xf g J)-be &
ol e

natursa 11J reductive, connected l-connected, %:Rn homogeneous °

= a

maniEOLaa The following are equivalent :

@

PR S ) and (M,,g,) @re isomorphic
17.81’ 2162 ; .

2 Bodes ol o paquivBient too ol
) Uy q o . Bg

Proof. Natursl reductive R q -manifolds &are geode-

sically complete, analytic Y.R qmmgnlfolds.-Frcm GibaZein
) i

(Ex.N.I.0) it follows that a logal equivalence of I My with I
extends to en anslytic isomorphism £ of enalytic manifolds

furnished with enalytic connexions. Since F is & local
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isomorphism of enalytic %ﬁ&n qmmanifoldg, it follows that T is
# 5

an isomorphism.
Theorem 1.1 shows thet the invarients of the local

eguivalence class of an homogeneous TR qwmanifold ere precisely

n,
the invariants of the Aq orbit of its punctual curvature tensor
Among these invariants we distinguish:

&

a) - the invariants of the orbit of the associsted

T

q - Riccl tensor GQﬂﬁ(relaﬁivaly to the action induced by &, on
0N : & 4

>

bilinear symmetric forms on R") :

el deE s ko 5o tpg f ke 4
Ol{;’R(LwV) \ %;jrk Wy e qc R&ka e

b) - the @ - norm of R, given by :

120
d
Ly

T s
. e
s e o )

The punctual curvature tensor is unlcualJ de*ermxpﬂé by

&

M pa1y (B, with indices pairs B i

LL
0 = “:«:r’((l,m( ))

Becaus (2 is symmetric, we shall ommit in its writing
the terms under the diagonal.

Now on, we shell study only(‘%:ﬁn q B-spaces.
‘ ’

Corrolsry 1.4. The local equivalence clags of a ¥, R

m-space il is uniquely determined by the eigenvalues of the
g=Ricci form associated to its puwc*ual curvature tensor,
Proof. Ve may bupposm that 2q < 3.

~1f = 0, one Tinds the next metfices §7>( Cap )
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Q:

O

<O
R

)

3 0

o) = o

b
=
&
?.._J
—
o
S
i
/N
§
Q‘\
4
09 s
N
A
L7
.
et
o
-
@
3%
\w._.-—a-*""/

0 ST
If g = 1, one finds the next matrices :;} P )

g /3agmm\ (G 05 a? 0 0 \
o ' e -y
,—4{"1(8;‘*) = s\ .8 O i_2(a9 \ = o &} O

\ a? h
: el oy 0 P e
O f» & :
(a,x) i y G lEgs) s ga2a” O
el : 2
-8 Ol a

If we determine the associated g-Ricci form in every
case, we see that its eigenvalues determine the orbit of the

punctual curvature tensor.

A R, . - m-space with the m&triV'£7> CT>(8?d) will

be named & space of type (8 i

i

3ince two m-speces of the same type are locally equiva-

&

{

lent, we obtain the following.

! .. . i o ; = A §J i a
Classification 1.5. Any 3“3 q m-spece (g = 0,1) 1s of .
; ; ‘

one and only one of the following types :

Z i S )
- “o,ml(a’o)’ a >0
i 2$i(ao<), 8% 0, <€iR
”"I‘g,l( PO ST - e
v of € RN{_g°
My (e, o) a . { }
_uli S e
1.2
<L s (e J 0ER L8 5D
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: o : A
2. The list of pgerms thhﬁﬁ 1 M-Spaces
7 g

Je snowed in LP3] how one mady regain the 1list of

ﬁ’? n-spaces &s soon as one knons the conjugacy classes of
v ( L
e ¢ i %
subalgebras of Qo(n)@ We gave, using that method a list o metries
- 34 o e P et S > ~ o8 3 4 5
of T.R, ; mn-spaces. As this list had some omissions, 1in order
L

to give a complete one, we have resumed more times the caélcula-~

tions. To be more precise, the only point when one cen loose sonme

cases is that one of imposing the integrability conditions (the

correct settling of the system 3 _in the terminology of Pa Yo

0

Tn order to determine the bssis of left invariant l-forms on K

from the structure equations, we applied the next elementery

‘ 2
& . 3 2 L s
the locel I.i« 1-formg 3 , ol= 1.5

N

Lo For
8- fl =~ £ WAL , 4 o X“BAﬁvl?

to & change of variables, we have :

shxdy + chxchydz

chxdy + shxchydz | , if &= -1

133 } cos x @y + gin X 6o8 ¥ dz'

4

“gin x dy-* cop. X . cop y dal o, Al

¥y
it
ot

\ - dx + siny dz

r.l
10
=
=
&
N
&
o
©
b
F
1
PN
O
}_A
e
’T
N
@A
S
®
=
s
Fica
e
D

local 1-forms

e e . ;
for each eigenvector v of A corresponding to the eigenvalue

1,&

; = ol 4>k i i P
Aq the 0 -valusted 1l-form e VW is exact.
1?1
Je remind the reader the list of subalgebrag of C31(4)°



conjugated to one and only one of the following :
. 1 5 =
L7 g ggete il g el L S e
},ﬂ\_/) v (; % 24 g 3 54 0
2 2 } . }.‘ e 2 G ? RS :) e
\\;\/ﬂ & E) 5 ?'J 4 35 i_; 3 = % 4' SN L.ﬁi‘ e \.}
v PR > & l ST i ? SO < 5 —
Cj ()) ¢ g A o ‘{{» 4 ok gu {‘4? = D
£ "l m(,l Sk }_’l TR
01(3} PEo e 0
3 : lo 2 e e 1 %
< { s () Tow Y e w- =g ¥ & R
ey B0 Easa nE e FEa R R
, 3 ey ol
5 Doy ()& =8 rige =t = 0
&g / éj ~.>4 g:‘, 34
. o e -1 -2 oy
s ¢ g g = = =
M2 : %2“’?*@3”34“%5 §4 O
K e L e “,ﬂ1-+§51 m§;2 et =
: E2 R BA s By AR
- Sipho SR e
SN T a0 -«%_ﬂ:%;l::é‘jn()
0 Mo ge il o 4 =4
. diig el il g 5
Q 3) s PR = E AR~ = - :‘
el g.? e e
i ~ 5 S et e ...;_‘2 = Z Tl
\./:L((} @ 52 ““'%5 ”‘;)4. ““E;rfj pays §4‘ 0 "
r R e g =n L
N ome e o f eE e =g , = =£ 7 = mg, = 0
orenie B TS e N T S0
3 o 1“"‘" " : )
From now on, using the method of . Cartan pregented
4 in [P3], we shall locally determine the “.R, 1 m-spaces. In each
N : Sy
nontrivial case, we start from the equations of the isotropy sub-

albegra ) of

S
3

Proposition 2.%. Any nonpul subal

[ o
5, @s a subalgebra of (J,(4)

structure equations of K, the punctual curv
integrate the structure equations &nd we fi
metric g of M = K/H.

g e = s Yy
Ja= U (3). e distinguish the cases i
a) I has constant positive curvature

is locally the Lorentz product of one

ebra of O (4) is

, @and we find the
Ve
ature matrixgiz? we

nd the X-invariant

Riemann msenifold of
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sam o~

Fuclidesan

one Riemenn menifold of constant curvature with the

line. .

f} - (}1(3) a) i is locelly the product oﬁ the Buclidean line
with a Lorentz 3-space of constant curvature.

by =), i is locally iinkowski.

hy = QL Then (u, 0%, 67,00t w3, W5,W5) is a basis of left

invariant l-forms on K. We shall note by ~« the equivalence
: - ; i g =
relation modulo the subspace generated by (w AwY). . . . From
. : 1<i<g¢4

[P4] and

m
5 :

AT the equation of (O

+ @1

, we obtain

- =

s L2
3

T

-
Cope ¢
}(”)Z =@, where @ agcda yod el

b

- If we replace (CV.1) into the structure equations of X,

obtained pulling-back the structure equations of O (M), we find :

du}um1~ca%cdz _00%( oa), dQ%/V'—LO%€§2 +c@§ ar
s /\;«'w%eﬁ - ((.u ), dw% Sl wé‘ % -»w%'C*B
(ng)méﬂw%wl+U€uﬁ 7&%A/ w% gww%eguuég3
— dust v wp%ulm %wz >,m£fwu% %~u€93
méﬁwwégé+u%@lum%ph&iﬁﬂd%@l+u€92
If we differentiate ((Q.1l) and we use (¢ .2) we find
Qi 2 01 % 1.5, The cgue tions of structure of X become
dcol :Logug% + (QJ3 %LQ4)CQ%
duﬁ=:-u}w%4-u03+aﬁﬂu§
(Clas)

dlcn 2 +0oh)

4
A

=TGdy

:Ol

(D) ’)
+¢u‘uJ%

ol
b
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2 e e 1
duw)? M‘Qg mu,.ﬁ = -=-~w)2v35 Fal g
mgf:w%u9~uh§

) & J 5

We impose the integrability conditions to (1 .3), and

find} ;
31 = 0, Q& = vet? +why =825
(o.4) . ,
G s ) - bl +wh) =25
4 > 4
The local sqlution of v )ils
pliagng 2 S ey Lt
1 Sk b ‘ :
(()JS CQB.%'1(03 = ¢~" (dv f budy)

u33-+uﬁ’: dy oaé = dx

Dot = d¢ + (buu - vv)dy ~.($du + ydu), where

u = ul ¥ iuz, v = vl 7 ivg. The Pfaff system

ugi el = 1,4 has the prime integrals xl + ixzzug
v =" x>, t = x*, apd we find:

§

(1) op= @R )+ L - o ((x1)2+(x%)%)) (ax2)°-ax’axt.

h =0 (2) x()l(Q) M is locally the product of two surfaces of’

constant curvature.

h = . wWe have

s s e S

Trom the .structure equations written modulo the sub-

i e . . e
space generated by 4w . | 1<3g4 it follows that i
g v {25 ¥



i

6~ s bhe i ket gl EnaY
5

2 ] 2 5 A 4 . A e
S5 s whidT AEG ¥ dw‘4 9‘2 = -8 w’ﬂ where <;,j4 ::c/\yww‘ie

®

If we impose the integrability conditions, we obtain

the following cases.

fad ey NS f
L e = cwo't, @2=zduf4, 02 =0% = 0, The
punctual curvature te 1sor is given by :
(b e 0T e ».,umw-agz; -0
25 2 4 S
=i = (¥ + '
s = reet 5 -
The structure equations of K become (W —604,00 mao4>
doot = Goco” weoflva't G mﬁ%@s-&dagé'+dugww
2 duug = (= cL02+cu )w’"‘L de'4
(0.3)
= : 3 <
dm):&m}'wdg+cw6+duﬁM@A
mm6”(WU %>-+dw6-cw5no“

Proposition 2.4. The family of m-spaces with trensitive

groups K given hy (bb.3) coincide with the family of spaces

(33.54) ih the list of Petrov (EPel)u

Proof. Let 51,0.., §6 be the left inveriant vector
fields on K dual to Lui,goz 3 Qo'“ (d) 606, If we change the

notation as follows: d = b, ¢ = ¢, o =~d, p = BN =
& iy e e % = Y <& = h - =) : = e
51 == A(?, SZ A‘ly K x»l, s 4 “6’ %,,5 )(4, %6 <:5 we
obtain the structure equations (%%.53) in [ Pe].

In [ Pe], the author did not succed to integrate the

structure equations of X. If we use T.l.l and (l3,2), we see

that ¢ and 4 are unessential parameters, so that we may take
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2

We may write L5t = dx, then . the 1R4~valuated 1 - form

W=wre, +WieytWiey twve,, verifies the system deo = dx.8w,
i o Ga 4 :

o ; ; ; 2 i e 2 .
‘he chapspoterietie equation of & being (N "=e) (" =4) ~(% =
= Lo : : : : .
IfK -3 = ﬁ = 0, we see, from T.l.1 that (i,g) is

locally equivalent to (',g'), with g' given by ).

(9]

. P 2 : :
-3 , Koy e .
Je may suppose that (o %) +{% # 0, and we integreate

\

(b .3) with the help of L.2.1.% L.2.2, depending on the signes oF
. N h'
the roots f',,', of the equastion (ﬁ-&“)‘(ﬁ - )-»F‘ e 0
: TP 7 G i oe Oyoue consider the forms
(G.4) S . . .
e ; 1+ 5 3 . -
g :P@Q’+~(Hiadyg -5 lz@u))4~(ﬁi~uXQ“ﬂ. i=1,2

Toon L.Z2.2+ 1t follows. that

i

e e
V}iiG)l +(}l+2 e e du21-—l
(b -5) V@:x

2 e LS A 21

il

BERE L S
m\l.g«ti 4% 48
From {D.5) end 1B ..5)

3201 k)% W = ((pp-0? 4210707 + ((p-w®p et -

L e
= 2132 ((kpm 2+ p?) aud @u? + 12k -0%4p®) au? auh)
- -
B2yt %0? = au® - 2 Blpp-0? p%) uf aut -
1 :
-2 H22 ((Hluddz +{32) ut au?

: ; '91 o
f i = o ————— & l ‘7 a n -»«.T P
The system GO o= B, il = 1 A} R lent to ©

= : . S : g . B s <
has the prime integrals x, i = 1,4 given by i

-
"\\‘H'A‘ 2.

— 1
757 V o
g 4 l){ u2 = {‘le Xl u3 i 02 Hl}: U4+Eb‘:‘2'§ 7t

. ::'(‘Q3 ::(/Q94 =0

4

X oFXy0 =8 ? %

(o .

(@AY

)

Z EV;jX o
((‘}i?ﬁ,f){)znf-!’l}d)@ 1. ( Gl
o !

AN

i) e
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(2)

(-, 8)

,V

‘?)2

W

PZ(FI;FQ)%M)B 5. gu®

The

integrals

vt
X

s 45
.-.{)gl A

“P (fy=#5)%(ax?)?

Bobic s gt .
-k, 02 +p4 o,
From (b.3)
(FlmFZ)g g =
i 2(({«l 22 *p )f‘

¢ 4‘ 1

‘“‘V __qu 3
= ax, Vg2 o

2

= ~ sin(x Ve

Pfafy

i=

e /}2

1
((Pz““>2+ﬁ2)(mf1> 2

1’4,’ givan Dy s

oy Irom Le2e2, we have
~1 Vel x
1 (Qut - idug)

iV-pox
g - idu?)

§u4

it follows

du B

2 dquu 3 then

\[E‘_":‘igx L2
e - -dy

i
bt

\A
H

l) ﬂul e COS(X V:?Zl) du2

- 1
((]-Azmtx)2+jfg,¢)(_j,¢l)? uzdui

- C‘rig ((}'Ll.,,.o()2+lg)2) 1.14du§n

] 1
system 8+ = @

=op? =0t o 0 has the prime



x

x* = x )mul = ctgl W:;le) ul v1\1 |ty cosec ('@:;ulx}
e 1
_ e Zﬁ%x‘4+‘V§ 2
©.9) u e u Pa X
= — 2
200 + ((ppma) 2+ (= }5) ? ctol Topenlaf)? -
;! . ;
- : > 2\@“ X - :
Pl (G tepie 2 (@h? =202 = 0

We find out

(5) P 2Ag-pp) em (om0 ®epd)ax - oy ctg(x* g axh)’
~ 2 ‘v":nXAf 8 - St
+ ((Hl”o()é*%vpg) ) o (dxg) + 265{33}{4 “@2(%1“%2>2(d3{4)é

£ @ # 0> Ky, ,, from L.2.2, it follows :

s o ~iVope x ‘ =
(b1 i V;t&dgé 445W+2 = s (du2MWL < iduzﬂ> =12

A
where @ , «= 1,2 are given by th,4). From [ .5)

2 | -
= ((pgm0r pP) (o) 7 vt 4 (i, ~0%+p2)(=ftp) “du’au’,
| ‘l

b () %w? = an = ((pm0PepPaiapy) = 0f aut -

§

- _
B
Cri ) ot e

i G

i | 2 '

Phe Pfaff system §~ =0 ﬂgg‘4 :cd5 £ 0 has the
: : e L ;

prime integrels x7, 1 = 1,4 given-by 3§

4

% %,
L oz ctg (x =R 2 = s e
i) T ctg (x Y-fq) u + Vw cosec (x erxl)



@

s

- 17 =

st s i e

BERIEC
0 R ' 3 wr(: 3 i v % » [= ’
sl B et & { X \vf“"‘ = o ) A ‘!“’ ,“? cosec (}» \J""' }’& 2 )

L

Poe
v

2% = Clip=)® + RN 1) 2 g (o md)2 L

{1

),

s 7

AN

T - s
= (('\J\l mo() '9*()) )(..}4,2) Ctg (Vw}{zx)(ufi) %_ rﬁ}{’)
We obtain

(Wi polinta) e = (k=) (0P, et g(xVTR raxt)? +

+ ((Haw&)g +@f)(dxl+le:Fi ctg (X4iji)dX4)2 + 2ax°axt -

- Py~ ) 2 (axh)2

, o :
T8 Pk O :‘“2<?"’“1 =F let 0 o given by

COid o Trem b0 follows that

Vﬁ@1'+-@3 e“\G:x du?

~y — 2 r-‘
(b i) __‘\‘)i,v@,l e 2 e\Hx du2

i

2

a4 = du”
: ~ \
Because (A= +¥, from (0 .12) we have

g s p ‘
k&PQUB = (e“ﬁtk dut + KX aut) + Fags

N

‘_r‘” r . { ‘ f>
Wi s g 1, Ve du® - au’
and from (b..%)
L e wl o g W 1 Wiy oo
(A s BN - o AEE R el du

_ 1
o 1 "~ g
(g P wl =« T E e e
e

5

i

‘ﬁﬁquB du® + 2K R ul duc +Y}ﬁ du4 :wf

o comiaim.

e i : : i ;
The Pfaff gystem wu? = O, 1 = 1,4 has the prime

lLMQZ%qu '

‘ gy : :
integrals x, i = 1,4 given by :



-f. .ﬂ "
= x xl = u2 - e"gGLX ul, x“ = ut +
(L 1’7 1
Ex3 = 2u- + 2@<F~” ?”AY (u l o Kk{u5)
(s 1%) apd (bol4) pive o
. o R 5
e e
2 5 + 2ok +X) dx4 (d4h)éx (axT )2
If (p#0=P,> i, = =f = —(a+c),ok+a =¥+ = O,
: from L.2.2. 1t ‘fellows
RS (8 / ';,.-:-
ot ) LN E (ba; * cmg) - bm5 3 cw6 = e"l\IX (dulniduz)
.15 S iaan 5
bwb-a&ﬂ :dui
T o e = orA A o S 5 6 P fn, o 2y
If we solve (0.15) 2nd introduce w”,w” into (£.3)
we obtaln :
3k
e 3 S g e o , S
(0.16) fu)g = qut + xau’ - f < kgln(fo)dul + coa(xVf)du"), then
L .
5' BERE = art QL L a Bt ot = sin(x )dut+cos(xVE)dau”
.17) 1 '
1- f° = @2 n'f‘fgj‘ ; @‘f"4u4v+ xdu
. We finngly find
_E :
b fw”’ = af € utdu® + u5du4 + gu® :-93

S 1 : e : ‘
The Pfaff system w™ = 0, i = 1,4 , equivalent 1o
uﬂ4 <@ =0, 1=71T.%5 has the prime integrals !
3 2 5 1, 3 ".1‘ 2 . T
x4 = o e = dogne S WEE ut ein(xVE) + uCcos(xVE)
£ oals) ,;
5 ) ~ < t o \f - ity
2x’ = 2u” -~ af (x L)(@ aoaallEe ) We f£ind ¢
e 5
(6) (A+) g = ~(dxts Voa¥ xb ty (h*\( —a-¥)ax? ) (&4”X4\f) -

& ~ ~
T A +\.{ YA &"3 A v4 AR e gn( YA ',\(4 NG



I BE o, 2a B =¥>0, from L.2.2. we obtain

A e 5 Vot e e e %
(0.19) Vusug +w? o= 2 e‘ﬂ}*dul ¥¥@;£*%Qﬁ =0 gm VM E gy
S } "r T‘., - ad ~ bt o Afﬁv
i S gixdhg ~fo® tw® = 2 J?Xauy
and after that we find ;
1 1
-7 - 2
cgs = -2 A 2 i dul - 2 %’a u4 du’ + qu®
The prime integrals of w?* = 0, i =1,7 ere x*, i = 1,4
s given by !
: =z - ¥ -
£ x4 = 5 ut :_62“‘X u2 + xlﬁd, ul = 62 20 XZVK’
(0.20) 1 - 1 :
S Kz, Poo REpIL e
nguo“@((@Z'(U)&"{ae X(u&):?
We find
"i:r-: E 4 0] “’/\‘('-\z“ ,.“l;“ : ty o)
@) g aTS X i) roge o (dx2)2 + 2dx2dxt - (dx4)h
If (=0, , B 0, k+a=¥+c=0, fromL.2.2.
. o “.J':‘;. 5 X
iJéQJl'%uf = elJ X(dul~”1du2)
% 5 ST e
(b.21) i Qccoz G =8 ife x (duj - 1du4)
L JE
(oo =g WFan s = 2 a*an’ vaul
£ The prime integrels x>, i = I,4 of the System
G = 0, 1=1,4 sre given by .

x4 = X, —ut = ctolx\a)u® + 3 cosec(xVa)

=
+ x“y¢ cosec(xVe)

—
&
e
no
N
~—r
§
o
A
#
(9]
o
3
~
=
ol
il
=

1

) ~ (5] )
2y’ =.2u *a " ctg(x-a)(ud)d +.¢ btplx ¢)(uh)©

Then :

(8) g = (dxl - xlfg ctg(x4{%)dx4)d + (dxgaxzfg ctg(x445)ﬁ34}2

Loel

P4 % 3 L 2
# 2dxdx < dx")
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If P= 0, P, =«> 0> =¥ = - ¢, from L.
follows :
s = S
Wt +0? = g g7 i8% dut
S 24 J sty =)
Mot +w? = 2 o™X du”
(G.23) : 5 =
e < B v / < % )
iVow?® +eol = oiVe x (Qu’ - idu?)
1. i
5 e -
G e du u dul - C - u4 du’ y
The prime integrals x*, i = L4 Of o= oF
are given by
}:4 = x, ul = QZV«X u? A Xl@
b.24) bt = ctg(xVe) + x°VS cosec (xVe)
' i B ,1
Then : =y :
-2 ¥ 1xe 2 = 50
(9) g = e A ax s + (d%° - x“Ve ctg(x"e) dx
e -
+ 2dax° axt - (axh)?
It p=0, Y=, = 0Ky =X, from L.2,2,

(b.25)

(.26

=\l -

Returni

3

o2

I I e
N s grilecn g 0

it

5

it

+ 0 2\{526\!‘_’{}{ duz, C,,QG =

ing to (0.3), we obtain

2 B ey du3 + du4

dﬁ' - u3 dd4

systef Wt = 0,

FoMy Xl = Lll s ed\fu< e Ll(:,. XC = u4 e
K 4 B e &

i r4 Bt -

R e (ax“)° + 2dx° axt - (dx

4)2

if Pollows

s}

©



® = -8, from L.2.2. it follows

}.—l
Hh
TP
i
O
Hi
i
=
?..J
Z
N
i
3
it

. [ picl
=18 X 1 2 2
5> - : Cdas =~ idu" )

mxdu3 + du4

}»—J
et
B3
@
163]
=
"
®
.
{t]

g .
7
w’ =.a° ul du2 - v’ gut + au®

: : : i -
The prime integrals of the system w = 0, 1 = 1,4  are

ut sin(x\a) + i e (x\V2)

¥
>
i

2x° = 2u° - (u3)2x - a tg(xVﬁ)(ul)z. Then
s
e 1)2

(L) g = (Xl'tg(x4{:&)dx4 + Lot dx + (dx2)2 +

4 24%° dx* - (dx4)2

; e - = ,
§¢§¢ (8,0) #0¢ Wemote O =0 3= 1,25 s whe = e P
94 :ugw,@5==auﬁ*%bw6,96:-@uﬁ +aqﬁ.

The system of the structure equations becomes

ad =gt . (eg” w028t
46° =~ (o8l +¢% —9%0 !

(0.30) 493 = glg5 + 9266 4 2r 9204 _02p3 +aedpt
agt = 2p%p 4

a8 =G0 - (8% + op*) & -(9%a0*0°,Q2= a0} + bQ22

at® =A + (@1 + cohe’ - (p%+a0t) Sroet,
e
A ~ me4 + 3.5\24

If we impose the integrability conditions, we find that



()~ 04

i ./\2
(b'e j?l )
g : /*w L
SNl
i<j¢4

= 3;‘* +g\ .g¢24 = 0, wherg

Q%j@iej

1<j<4

5°)04 = (A -2 fg2i0d =0l AN = o

Lk e

From (D.31) it results that Q =ftg 2 o olpd

A= 929 o (30 + 4k) 6‘2@4, where k =C)

51y = & Then
-1 0 e el 0
«—r‘m(XH.,)(r&-Bbz) (L) (243b2) 0 ~%ab( A +1)
= p-(A+1)(r+3b°) =3ab(X+1)  3eb(A+1)
= ; + : :
s «r-(k+1)(r+5@2) (>;+l)(r+5a2)
(b.32) r-(h+1)(r+38°)
In order to integrate (0.30) we distinguish the cases .
kg 0, k =04 :
- e i _zgm_g’__g? we note Y?)l = 96 - 93 %2 = 292, {333 =
= 2c 8% + 0 =05, then a p? popl apt mgppd ap’ s
& s ' : :
= (S (5 A
TE k>0, {1,1 = \[E—ﬁ*l,@c? ::“5’3’(33 :V’&K%SJ'\,]- =\k
:17_? " Q'Sa the system (b.30) becomes :
aat e
gt oo vt
s e e |
. : , ‘ .
gt = 2t « L G2
af =l gl a2y
3 L0 e B e r L
SRy :**:;:.Jédz tamd ) ot +1<)
(I Ak |

@

O
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e

o oo s . ;o -
Then Jom; i = 1,3 are given:in L.2,10(€ = 1), After

T
fhe snocessive trensformations SL Y = et AT, 0V s o 2opt
g ot _iZ
il Cenat iy i e il n o i 2 .
st o+ % = e” C, 47 - A7 = ¢ Gy Cl + iCT = e D, one finds
G0 = .0 then D = dlu & 1y ),
The last equation of ( .3%3) becomes
e el aeal el B : :
GRS o Gl dn e S s (e ATy e Tinds
2V k : 2}(
- y
AL o - e ey
g = Mﬁf( e~ (cos » du + sin = 4v) ~
2\k =
- ¢ (sin £ du - cos 3 av))
&

dy + chydz)

2VEO2 = 3t - udv + k(chxdy - shxdy)

acameens

: e . - ‘ : 1
The system w~ = 0,1 = 1,4 egulvalent to g= =0,

i = 1,4, hes the prime integrals ¢

xt =z + 2 arctg (&Y)

In(chy)

>4
nO
i

>

A

'(b-%) o e

x? = Vv - u tg'g—

sihdy ik «-X
x4 =t - %m tg %— - ke - 2 shy . If we renote x, = Xg,
then :
| 2
] X ek s e : -
L2 pis %:r (ooas 2~ (dx5)g + dxldx4) +
s S NS Z : ¢
: 2
% 2 2%
1 an 2 a2 2x 1.2 e Tl
e [fdw ) = Ldx 3" % (dx )‘) * v (dx") = &k

One sees that g depends only on r and k.

3 e \1—:]:( ;l,&,}\? :\:)Lf

i 1 —=
Lf &k S0, we note f = U=le W=, 05 ;
. 1

Q»kﬁ@l :S?ly Bl el anen 00, d el el venity the
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e

£

first 5 equations of (D.33). If we choose the same solutions as

before, we find :

ab uah wf%xw (k"&i + r($l¢ﬁg)mudv), then Gl, 92, @4 are
2\ 1 '

. S f,}
given in (V.%4) and

e \J:’;;G:) = dt - udvy + K\fl 51 I'(Y:l +.~\!d>0

z i Fa VAl { i.. > e ¥
The Pfaff system #* = 0, i = 1,4 has the prime

) - e - : s 0 >
inteerals (0,350 we finnally find g = @,
oS

1f k = 0, we congider the forms

ORI ———

: 7 - 3.~ o)
Co s R e

S}l :;Ql, SEZ = @5 3 which verify the fipst 5 egustions

of 5.33). Then
1 - 1
397 = 2 d(*§1-%95 - %.d (tl-Ffz) + % du dv ; end we find :
Ol = ea(eé(cos % du + sin

S :
£ e :
+ ¢ “(sin 5 du - cos Z av))

§

H
N
NS

dv) + e

N

'92 = % (dx -.shydz)

N

(@37 102 =

ot

(udv + dt + % e~ *(chydz-dy)) - rex(dy + chydz)

04 = - == dy + chydz)

The Pfaff system Q* = 0, i = 1,2,4 has the prime

inteprals x . i = 1 % given in (b.35). If §° = 0, we find the
2 Ly - ; ;
2

. i = o _
prime integral xt = o e o shy.

i

Renoting X, X, wWe find i

2 2 1
) ' L
(I3 idrg= (d}:")2 e dxl dx4 3 Zet 0052 %m (dx3)2 -
: ol

L e R e



i

Proposition 2.5. There are ¢R4 1 6-spaces . :
1

5, which are not on the 1 st of

b7, Fetrey,

Proof. In the classification of R4 1 e B-spaces
?

given by

4.2. Petrov, beside ;hé spaces with the groups (baB) there
appear, spaces with constant curveture, products of spaces of
constant curvature and two spaces admitting the Killing vectbr
fields (Ki)izijg given by (33.44), (3%.45) in [ Pe]. One may
show that tne transformation group generated by (Xi)iﬁTTE is
not transitive on M, in both cases (3%.44) and (33.45).

The Ricci form of the punctual curveture téensor of &a
space from the family (0.2) is Q = ~2(3u2ﬁ4 + (a_+ﬁ‘)(u3mu4)2,
that is, § is degenerated, while the Riceci form of one space

from the family (0.3%2) is

0= —r(3n(ul)? + (v4)(u2)2 + (5A+8)(00)° + 6(A+1) wlut +

~

2 ; ; : el :
5 (4;+l)(u4) , form which is gennerally non singular,

by =Y (2). Starting rrom the equations of TM(2), we distinguish

P -
the cases

o Lol e b i 2
jﬁukﬁ'u%2~w3w@ ~‘0<93ﬁg) ;

(2) b A

(). QF =0, 5=, QF = b, Pekel, sy,

M is the local product of the Fuclidean line with

a Lorentz space of constant negative curvature

J L =,
20 .2 Q)§ 2=pd , J= 2,4,&35 xcdi, il has constant nonposi-

tive curvature.
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3 - g el g ol g 17 1 4
r-a3 SSmihe i o = {? Ry e (o g Fodi e :
S T e J - i

Using the structure equations one finds

o g 4

A
g Ao NS0T Voo @by s D, Bt AL e o)

3 ' i s Py z ”A Iy 1 = 2 “f 3., 4
(X .2) d(h¢y” + B + u¢,54+ Des ') A ((A+D) ™ =-Beo' ") w

We have also

s 20 A a s T e g - 1
aG3No§w2,aQ4mgég§,@$4m@3m2,dﬁgw(%g nwg,

N

&(}4AJ 0; from (Xo.l), (KO.Z), we obtain the system

e e B ok N TR
= (d3 + §5ﬂa - ogaf = (a

<
(SIS

2.3 0 e
: )": “"bq_(u \.. 4 6.4 }L\,t ‘ uv
(3) -

i+@ Jastols

uﬂl,QB @9% Z(az»&dgﬂuz »b%&ﬂ*

o
NS

o

: 1
(a 1

Selvine {(S) we find -

>

L
DB VI B U
H

1 ;
= {p=c)tu' + b * B

(E . 3) :
i 2 ‘

BowGrpg s & Bag o nc.o? TP

<<

=N cu”l #5050

2

o

58 s
& omart H fe o+ g

<>
I
it
$
4y
i
»

The structure eguaticns o

: .
gt e (efeo b {p*o)eo

by

=hea' Ten”

- z
o= cu’l(mtu})’ T

{en

R
“Yeal

Fe ]
£

(£,4) Feos

2 b

s DG L0y



= 2] T o 5 4
Q. =6 s koo (20w * (gre)o - meT) +
% z o i
Fea?(bw® * (p=g)a™) ol t
e i i Loy % 4 ;
a <) i)- & (L) [ ( Mo : i tl L) o ‘i Ce }) (:?. = p (-w’ ( hud’ o+ p (29 ’ ) R
1 2 gD 2 e , .
écu‘“{(p ~petb £ ) © # (OQ«XQ)LQB + bpco4>
: Ry 2 i 2 E : ;
The conditionis 4 ' = 4d ij = 0, imply
XO;B} i =Bl = 0
A - 2 o 3 a
it lasp =0, d7C = Uosycs? (&\q - p cd4) = 0,
d%w T = u><~g%‘+bh~&ﬂaﬁ 5)4(quﬂ) bio-a) wolioTo—
=)t hen ' :
B B e ik L
(Jam B LD TCD + b(m«?n)ag‘ Ldj D O
£y z :
¢

#e find the next
| bim=2h)
| ) 2
-bm. . 2elprgi+h™+
j ; : 2
] +h(m~h)-p°
~ }
b 0
ST
' !
( & el ) : e
0 U b joi
. 2 i 1 Lsp3p
jol = b{x=2h)
| i
b ZelpEg) 4
\ +h{n-h)
As g (S 3
then we analyse the
e f =b =0, g

1 (ptq)m = h(p=-q)

g

form Lfor Q

0

C

@

4]

resulting

b(??

-b(2p+q)

s symmetric, we find bh

cases

éQ)

=

b

no

o’

hm

bm

g

b(3p+q)

2olpto)+h

2h

b ( Tl )

2

+h{m-h)

2c(
D
+n(m-h)+p°

and

bp
bfm-2h)

p*q ) +b

7 0.

|
-

~y
-




(hem) = 0.

m 3, 1s equivalent with (Ké@7) + (¥:9 ). Ih opder Lo
b ’
(£,.4) we find all the solutions of 3
L™

)

Replacing these values in (X _.8) we find thet the
punctual curvature tensor depends only of .p,q, c«jXqﬁ We solve

(Xt ) and we £ind

tprcix

3

) e dy
eP* (zay + du)

A elPralx dyi+dx

' Y '. 7 A D ey
. p=GJX . Z ghe s oo
. G = ﬁ(‘ =2 (8t - zdu - 5— dy - &= e 4
a s
: &G

CSES O e G e
CL)E?" @ 2 dz +'/\pu;1

e X X o8 vy x5 Xl BreRaine

+ )
O
H
r\
&
P
it
b
}.—l-
il
b}
|

sl
(axtene PIRIE g 2y2 .,

(14) g = - o ] dx +
’)»wl [ L [ U 1 ‘
2 DX : ) S0
+ ¥ (cx))g 4 g g dxa ax’

ST 4 s 2
Aoﬁl.‘l.Z.‘ p# O#F h =m g =p =-pc + =0,

Replacing the

B 1

that the punctual curvature tensor depends only

may teke h = 1. The solution of (X .4) is

determined perameters in (X _.8), one

integrals

£1p

43

¢

i

A

al
3
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; )
b b4 2

‘ = e % .
w'h = e*dy, o =eFady + du, pe’ = dx + ¥ ay

e

o
e
O
153
~
Sds
=

g zdy +du

, e e . i
The prime integrals of the system

'} 2
Loy ¥ =y, %0 =y, x* =t

~~
fou
x|
~r
410]
{1
o
'y
—
@
s
~
St

Xoodadesv me=m O 2.0 2 p =g Bk g
(9] ; :

If we replace the given parameters in (X

: p g ‘
that g> depends only on p, 4pe-h~. Ve

gdofution of (50;4) is

e
>
b

K ol
i}
P}
ro
o
(&5
A

o~
-
pe
i
3}
P
‘ilx
'94
+
[oN
S
o
S

+ éﬁ (dxl + e2x ﬁxd)

P

i

Koolﬂleé. Q= =p ¥ B =2z

R A £V
g,

may

lo

: / “7- 4 r-" Q & % S
(X Al gt =t - %m dy - zdu - E;Xdy + df)

1

-~ pec *X) =0

098), we find

are prime integrals

4 ’_l ! i ~
R

55532 does not depend on m and ¢, we may take m = 1,
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= oie

gler 0ot A s aonivelent Lo s

N

fe z

gl o= A% deny ™ = wdxojé + pdyco

Uy 2, "3 b} 7 }a - CRER ?, : 2 2
(xgql;) ¢’ = dy dews ® (pdy-dx)iws + (K=p“)dxw ©
< o
= e e o5 \ o
! = =ti W + [2pe)” mﬁg'l)ta4 pc&'lh))
£
5 ‘! v} 7 s l ? ! 2
If !J; =gt BT, w" o= Vg i bher s
Al ] S 2
: de8” = dx(=-0" + (x=p7)6 %)
(X,.14)

a8 Al

-In order to apply L.2.2., we note A= 1a464~p2},

4>, l] #RZ ar&ﬁherooﬁ;ofka'%)‘%x««pgx 0.

Using Li2.2. we find g

b
e

@
H
S
 Saad
¥
S|
n
i
LS

gibe

If we consider the prime integrels of the system

- B e ;xzx - éAlx -

B
i

- (k—,“’xr )X
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]
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