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II\iTiiCIJiUCTION

Thi .s  l ' ro r l c  b r ings  on ' t  some exp lanat ions  and cor rec t ions

c o n c e r n i n g  o u r  f i r s t  p r e p r i n t  o n  t h e  s u b j e c t  [ i r A J .

I n  i t s  f i r s t  p a r t r  w *  g i v e  s  s i n p l e  a l - g e b r a i c  c r i t e r i o n

for  t i re  Ioca l  equ iva lence o f  two pseudor ienenn ian  hor iogqneous

r n a n i f  o l d s  (  T . l  "  l .  )  "

A s  a  c o r r o l a r y ,  w e  g i v e  t h e  l o c a l  c . l a s s i f i c a t i o n  o f  5

d i n e n s i o n a l  p s e u d o r i e r i i a n n i g n  m a n i f  o l c l s . w i t h  a  m u l t i p ) " e  t r a n s i t  i v e

gr oup of  aut  onor.phisns o

I n  t h e  s e  c o n d  p a r t  r  w €  s e t t  l e  i n  d e t a i l  t l : e  c o r a p l e  t  e

r j . s t  o f  gerns  o f  to ren tz  { -nan i fo lds  wh ich  adn i t  s  mu l t ip le

t r a n s i t i v e  g r o u p  o f  a u t o n : o r p h i s r n s ,  a n d  w e  p o i n t  o u t  s o n e  o f  t h s

o r n i s s i o n s  i n  t h e  l i s t  o f  A n Z "  F e t r o v  l p * J  .

f n  t h i s  p a p e r  w e  e h a l l  f r e q u e n t l y  u $ e  s o m e  n o t a t i o n s

a n o  a ' o r i d g e n e n t s ,  n a n e l y

p s e u d o r i e n e n n i a n  n a n i f o l d  o f  d i m e n s i c n  n ,

f u r n i s h e d  w i t h  a  m e t r i c  t e n s e r  o f  i n d * x  q

Y ' . l l n n n  r n a n i f o l c l  v , , i t h  a  m u l t i p l e  t r e n s i t j - v e

gr roup o f  au tonor .ph isns .  i v 'e  sha l l  po in t  ou t

tha t  the  group is  o f  a  spec i f ied  d i rnens ion

d ,  b y  c i r a n g i n g  n  w j . t h  d

c u r r e n t  n o t a t i - o n  f o r  a  Y , * n , n  m - $ p a c e

t e n s o r  r . e t r i c  o f  i * :

t rans i t  i "ve  group o f  au t  onorph is ins  o f  ( i i l ,  g )

t i e  a l g e b r a  o f  K

t  o ts l ,  , space o f  the  bunc i le  o f  g -or t  on  orn& l

frames of i\f

the gr oup of aut omorpirisms of ( 1,,. i, g )

.g

f l d

M

6

Lt4

t,rg I r,1 /

i i u t ( i : i r g )
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t j . *  e ) " ; l s f v s  c f  0 ( n - q , q ) "  i f  q  ' "  f ,  i r i f i  s i : a l - L

o:: ;" -i: .i t

the $psi :*  o- i . '  thel  d i f : fcr*nt i t r l  f 'cr , ' r :s,r- i l  r i { " : i . r i . "*c

p  s i " t ' \ l x  t l :n t  i ] : { ,e  V  *  i ru r lua t ;e iJ  { \ i  rea l  ! (+ { l i l r r . J '

s p s  c e  )

c i - ' f i  * r i i ^ca l . 'aas i rJ  o f  l i l n

c a n r : n i c * l  b e s i $  o f  
E i ( n ,  

i n j  : : ' t { l n r } u  [ - i i r ) ,
; f i( e Y ( c r )  =  b t  u i )

i  .  n* ,q

i  r i ' . q

.L
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niu st t

c:f t )rcr

r . r , : r 4 .
I . . , : i  u  L /

vc:c ' i "  o. t . '  I ; r t i . l isFS?e e,ene r"at*d f :y x1 3 o.  "  r  *p

b* ' i .h exter i .c, i ; :  ancl  sy:n":etr i  c.  prcr l l ret t  of

e y:t qr- r" i or pr r.:d ri r:'L

-L i r r ;  r : : ' l .y  in i t  epcrrd t :n t ,

l : l l i . i

l; *lt 't i d r . l; '" .lrlei.r't itl

(r
i i . i j i lu$c:- ipt  "  I  i : iu ir ' t
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thernk r ' : ry 'u, ; i - fe i r r j i l rs ' i ;  eo s fc. , . , : '



i' tpcqJ eqqj.yqt e,{Se_J>f, td[g" FgJpssegg_oge

and u 0S(1,{ i

iubedding &*

l + '
r .t- J-

U I  .

c J, i

e  o a s t s  ( r I l

f * i  u  * i ,  i
{,/

l
l ' l ' r .
(  e Y  *  € f i l r

d

*

on K and

t e n s o r  i n

curvat  ure

(  [ 3 . 0 . : ' , . 1  p .6B ) ;  t hen  cn (n )  ac t s  on  Z "  by

Ao( f r  , c )  ( x1  r *z r * ' u * * )  =  .R (  cx l r  cx2  r  axs tcxO)

Thd orern  1 .1 .  ! -o r  ea  ch  index  o(  ; : 1  r2 ,  we  teke  one

6jr oup of aut onorphisns

\Y !a- I  
. i { *  nan i fo lds

l l  r  u

L e t  ( i i l , g )  U e  e  * n " , 0  -  : n a n i f  o . I c i

u  ;  ( x r u r r ' o o o r * n ) r  w 0  8 $ $ C I c i a t e  t o  u r  € n

Aut  ( l log)  in  0o( i r , { ) ,  g iven  by

t i v e l y  t o  t h i . - i  a f  $ ^ ( n )
r * t j  t i .

( , i < n  q V  n

(  n  q <  j

f\
ccnponen ts  o f  . \ l  r e la -

g iven by

q <  i <  j

$ . , r k )  
=  ( k ( x ) ,  c r * k ( u 1 ) r c c o ,  d * k ( u n ) 1  [ r o J

I f  V  i s  a  rea l  vec to r  $pace  and  X  e  f t - - * (O^ ( I l ) ,  V )  v re

shal l  note S l f  uv.  ut r .  lu .  
g = o ie,  € f* ,gs(1,{ lT mn) ue gre

d u a t r  f o r n ,  ( !  * c J i l  - i  a g z t ( o * ( i i t ) , g 0 ( n n  R ) )  b ;  t h e  c o n n e x i o n

f  o ru  o f  the  Lev  j .  c iv i ta  connex ion  o f  g ,  and .S l  e  92a(o- ( i . i )  oo(n) )s  ' q
i ts  curvature fonm.

^ i
i i e  s h a l l  n o t e  b y  ( ! 1 . ) .  .  t h e

t i r - J

;
and by I { i ' . *  the cCInponents  of  the cur .vature forms r .e}s t ive ly

J T - i )
n ' i  1

t o  t h e  d u a ]  f o r n s , S J  j  =  
*  K ] * ,  e f  A  e s .

.  
.  I f  KC Aut  ( i , , i rg )  iS  t rans i t i r re  on  i l t -  l r1l  O n  t t , r , * t ' j " u  A r e  C O n s t e n t

, rRi ; " t  = 
nJt*" , rK!" t  

sre the cornponents of  a curvature

the senseof [A.G. i r i . l  ,  uR, .nanaed the pulq lqg]

l e l s -g t  &s$oc ia ted  t  o  the  pa i r  (K ,u )  "
. 7

Let  ( ) -  be t t re  $psce of  curvature tensors on
l l

Y, *n 
,  n 

manif  old (  i r i  
'  
,  g* )  ,  one t rano i t  i ve



K of ( t l {  r  & ) and one franre u 0^ (t l :  ) .
6

The fc l lov r ing  s r€  equ iva len t  :

l )  ( t i . ,  , g ,  )  e n d  ( ; , , . 2 r & ? . )  a r e  l o c a L l y'  
- 1  ' , - I '

2 )  u ,  u n d  
, 2  b e l o n g  t o  t h e  s a r r e

equ ive  len t

o r b i t  o f  A - .
r{

1 ) ,  r )  2 )-IYqg{.

b e i n 6  e v i d e n t ,

I f  u  u '
i \ ^ ft h e n  , , R =  A ; ( u , R

. L l  t {

f  ha  f r . g "n r :  l . t - .  u l r Ju ^ ^ v  4 r  u r s  * l t  t r v

Lernma 1"2 .  For

I t  i s  enough  t  o  show tha t  2 j

A  C . , (  i l i )  a n d  c  e  C ^ ( n  )  a r e  s u c h  t h a t  u '  =  u n  c  3
Q . *

, c ) ,  s o  t h a t  i f  w e  c ' h e n g e  i n  a  s u i t a b l e  w a y

a  s u p p o s t i  t h e t  , ,  R  = ' , ,  R .  = Q .
. * 1 * 2

r f e  know ( f  . 2 ,3  i n  [p { ] l  t ha t  i f  we  choose  in  a

neighbourhood vo.  o f  the ident i ty  o f  Ko*r  I  coord inate system

,  L  n  I  d .  n  d
( x l e . . .  r  * * ,  y j  ,  " , ,  r { )  I  v o . c  R n  x  R  ,  s u c h  t h e t  { , . . , ,  " i
a re  func t i ona l l y  i ndepencen t  p r ine '  i n teg ra l ' s ,  o f  t he  p fe f f

systeu uu0*= 0, then (v:-,  
n6r* ,".0l ts u 0.1 I , :") is I  *.*n,n

i n a n i f o l d ,  l o c a l l y  e q u i v a l e n t  t  o  ( ; , ! ,  g o )  ( h e r e
U :  t  Iu**  =  

i * *  l i  l r * ( r i  =  bo  ) .

tl. io , ol*.-tK and f o 
= Q**o in r v:--+ rr*r%),

the rorrus 0* = r"(  o+) c^:f  
x l  i  \

-o( *n "* i ,*  
-  fJ, .1i ," l  ver i fy the structure

equat ions  (E)  on  t / ;  vu i th  the  sene cons tan t  coe f f i c ien ts  *1** ,

f o r  o < = T l 2 :
- . i  ' - . i  - : i

d !i" = -'* 
,,, 

A 0l
- . i  . -  i  - :  ^(E )  u ; i , *  n ( " ) l , *n l [ ,d  *  ]  * i "_ (1 :  n0 ,?

' C + n r

d. .,..tr +71'r t = nq r r  L ,  *  
*Lu i r "a  qdrk  = o i ,k  *  l l i '

* ' L t Z ,  1 e t  (  c u i ) r - , i - - ;  b e  f i e l d s  o f-  
o (  r * r r l . l

or thonorne l  co f ranes

If '  for  D(

,  i .( .c."1- ); *.;-; are the
c (  - L - r  9  r I

n , q-n&nif  old ( i ; t  
, r  8"a) .

s t r u c t u r e  e q u a t i o n s  r e l a t i v e l y  t o

(; . ' ;1"r gf )  and ( l i i2 r  g2 ) are 1ocel ly

0 n  t h e
. i "  n=  L t l t

s a r 0 e ,

+  ! . ^

t h e n



t h e

the

+ L ^
L  I I g

' t -

S"-qg{."  tet  (Jt  
i )  

be the connexion forms &ssociated
;

f i t ld  ( .c . r ' ) i .T l f r  ( [SpJ)"  l ,e t  u$ cons iden on i ' { t  x  I ' , {n  x
0 (  ' & * J . t l . l  4

d i s t r i b u t i o n  4 . ,  . ,  t h a t  s n n i h i l a t e s  t h e  i d e a l  g e n e r a t e d
.  L r f

t t t s f f  f o r r n s  ( 0 t , 0 1 1 ,  ; * r r  c j e f i n e d  8 s  f o l l o w s ,
J  r  r  d . . r  i r J

; -,1- Tr r '  , , , 1 ,  [A  ,  t l '  a re  the  p ro iec t i ans  on  the  fac to rs

croduct  , i i . . ,  x .  1 ,1 , " ,  x  0^(n)  and c-  is  a  d i f ferent ia l  forn onr - -  I  ( .  q
' : *  

.  
i '

;  tL (Lr)  ;  thren I
a( '

- ;  ' t  2  ̂ \ - 2 , i  ^ i 1 , , i$ * ( x * r x  r i l ) . =  L n  a ;  * c d u  
,  i r i  =  l r n

i .  1  2  2  i  o i  l . r r o * 1 \ $ " _  o i  5 . 1 1 o - l 1 r'  
$  i ( * * ; l l * , 8 )  

=  - c r ;  -  a ;  c ; ! ( a  
- l ;  -  o r  . u \ a  / s

Let C^ ( n ). ,r  be the isotropy subgroup of R r r€let i ' " tel"y
v  r (

,1 I
act ion A^"  Let  us proof  that  A r  ,  l i i t - . ,  x  i r , ,  x  Q. ,  (n)

q  
s u  r f , , ,  Y r v v r  r r -  .  f  

- -  - - l  q r - - , H

i n t e g r a b l e  C i s t r i b u t i o n ,  j . . e .  t h a t  t h e  i d e a l  J  g e n e r a t e d

r e s t r i c t i o n s  o f  0 i ,  0 i  i s  d  -  c i o s e d .

r i e  h a v e  s u c c e s s i v e l y ;

d o i  =  n (2e^r i )  *  7d t t
t  &  . l/\ fu-

E,i A (ok n ul  L"I  "  n: )at"-r) f  u[ n l .ui  +

A  €  
k  -  ' ^ *

t 0

n  / * \
v

ul .

nrrvJ t
+ t  ^

o(

{,^)

t  r:  the

L s  & n

b y  t h e

^i-{ : .
I

U

*i uc1.*i l =

i o * j 1 , * ^ \ , h =, 1
A c,)

d L'!t*

l. '.5

n a l 'r

A a {
J

* a {
J

2 . . L
Qir-A L j n

* ** lofiu

^ ( ' -* s

1 1
: t

I

L '

1

I

n * A*l- '  \
trL

o " i
r

In i

l r
t") i

U

l -r , .  J
LO

F I

A a'* *")' +
J

I i LL , . &  A  n  r L-  . - k  / \ u

1 ,  . k f  o * 1 t  s  )! L / s \ *  t T t

lc  (  u*1r l  n^ io k

jI
LJ

- 1 ) u  
A  a {  1 , , j  =

,  ' T 1  1  w

i  )6qs*1) l  -  - i

z.r i  ngk *  u:  1. - i  no i

1 r  , ^ - l r $  
' i

L J ^  \ c l  J :  a i.  - s  J  r

] o  r  - - 1 r f  2 ,  - iL , r \ o  I  i  * k
, U

o :  =  a ( t u

n  5 o ( * - 1 )

?irk A 2r"

'un*

z , {'1d ai

:'-r. \ D +,
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t 0 -
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* u* hX n r tor*}) l  'u" i  , r  3oi*-11| ;

= -(0,1 *  * i  1* ;  tn* l )*  *  * i  5a("*11[ l  n  (s :  *  * :  t -$ ,u- t ) !  +

* * :  iar**r lJ) .  *  * juo(n* * * l  1,r ' l  n rop * 'g l* f  I

- tu*l n hftu*il5 : -t,-t*|  ̂ '*: * & o5o, Lopn Lnt,,-t,J *

.  - i  LI  }ot*-r ) l  *  'uu* A :at**r l l  *

^ ' l i V v \= t r (o)  + i  ( * l *o a i  a ;  u;  r , l " . t * - l l l l  1""  n i r t  =o-(6 le. r

I f  t h e  d i m e n s i o n  c f  O ^ ( n L  i s  d '  J  i s  g e n e r a t e r i  b y
( { K

n  +  d  l " i .  F f a f f  f  o r n s .  B e c s u s e  l l * - ( x i , x 2 , a )  ( d t r r )  =  T * " *  
\ ,- - ^  r - . i r - - . l r * ,  _ ,

o(  *  1 ,2 ,  \ {e  nay cons ider  that  &n i r : tegra l  rcani fo}d of  d i rnens ion

n  o f  i  i s  I oca } l y  the  g raphq : f  a  c i f f e ren t ia l  nap  ( f , e ;  t  D l * t

" * . -+  DZ x On(n)* ,  where Dn rare open sets  in  l ' i *  an,C f  is  a  loca l

d i f  f  e onorphienr, wit i r  f*  ol , t  z *1 arr- i  .
L J L

Q,.qr lq lg lU-L"2.  For  each 'd '  =  L12,  le t  ( t ro( ,  * * )  be a

n e t u r a l l y  r e d u c t i v e ,  c o n n e c t e d  l - c o n n e c t e d ,  * " R n r q  h o i n o g e n e o u $

rnani f  o ld .  the f  o l lovr ing are equive lent  :

r )  ( i ; i 1 r .g r )  anc  ( i , . , r2 r82 )  
.a re  

i sonorph ic

2 )  . -  R  i s  A ^  e q u i v a l e n t  t o  . ,  R "
t l Y * 2

F-gqf  .  i {a tu ra l  reduc t ive  t  Rn 
r  e - i lan i f  

o }ds  ere  geode-

s i c a l l y  c c r n p ) - e t e ,  a n a l y t i c  1 - .  l i n , q - o n n i f o l d s .  F r o m  C " 6 , ? " i n

( [ K " U . : J  )  i t  f o l ] o v r s  t h e t  a  l o c a l  e q u i v a l e n c e  o f  M l  w i t h  L { 2

e x t e n d s  t o . e n  a n a t y t i c  i s o m o r p h i g m  i t  o f '  a n a l y t i c  n a n i f o l d s

f u r n i s h e d  w i t h  e n a l y t i c  c o n n e x i g i l $ n  $ i n c e  F  i s  a  l o c a l



i sonorphism of  nnaly t ic  " l - "  R, , .u-**n i fo ldsr .  i t  fo l lows that  p  is

qn J-sr:ncrph.isrir.

Theonem 1" I  shows  thu t  t l i e  i nva r ian ts  o f  t he  l ccs l

equiva ience cLass c f  an honogeneous Y.R" .  ̂ *mani fo lc i  E: . re  pr r :c i -sc .L; ,
r r t V

the j "nvar iants  s f  t l l .e  , {e  orb i t  o f  i ts  pur :c tua l  curvature ten$os- ,

Among  these  inva r ian t *  nu*  d i s t i ngu i *h :
b

a)  the  i nva r inn ts  o f  t he  onb i t  o f  t he  assoc ic l t ed

q  R i c c i  t e n s o r  ^ C -  ( r e l a t i v e l y  t o  t h e  a c t i o n  i n d u c e d  b y  i l ^  o nq , . H  q
'  

bi l i r ieer syarnetr" ic forns .  on Fn ) :

t ' )  | , . . , \  -  5 1  , ' r '  k  " i  q P S  r :  , , k  i
e ) o ( u r - J )  :  e  K " . .  t l ' *  v t J  =  c t - -  I t - . ' . - , -  u *  v d

i r . r J r K q s J p K

b )  t i : e  q  n o r m  o f  R ,  g i v e n  b y  I

it Rrtfr s 
,*,* qd"uvT 1.8

i l r . . I \ r r .
r " i  J  l (1J

The punctual  curvatut re  tenso:"  is  un iquely  determir red by

t h e  n a t r  t *  Q - * l t ( , n ( n - l - ,  ( t i t  ) ,  w i t h  i n d i c e e  p a i r s  ( i , i )  i < i
c

l ex icogrsphyca l l y  c rdered $

fn

a) ,,.L \
: /  =  ( K l p - ) i r . ;  . i \  / L , * \ \' - ' J * : ( ( r r J ) , ( k , r " ) )

i leca i rse  j  /  i s  symf f ie t r i c r  v re  sha l l  o :nn i t  in  i t s  wr i ' i rn r ;

t h e  t e r m s  u r : d * n  t h e  d i a g o n a l .  .

i ' ' , iaw on, vde shel l  ntud;v cnly t  R- ^ m*sp&cesn
t t l Y

QQi'qpigg,I*k"$,.  The locsl equivalence clees of a Y I , ,  (- ,
) t \

r r ] *$pece i ; l  i .s  un iquely  detern ined by the e igenvelues of  the

e* l? !e  c i  f  o rm assoc ia ted  t  o  i t s  punc tue l  cu rve tu re  tenso r .

.ggg" *Je asy suppose that 2q. S 1,  ._\ . ,

I f  q  3  o ,  one f  inds  the  nex t  rae t r i r * *  " f )  (  car  )
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I f  w e  c l e t e r m i n e  t h e  a s s o c i a t e d  q * R i c c i

c a $ e ,  i l e  s e e  t h e i  i t s  e i ; 4 e n v a l u e s  d e t e r n i n e  t h e

n u n c t u a l .  c u u v $ t u r " e  " t e n * o r .
/'v

f-\ /-\
A  R"  r ,  -  n *space  v ; i t h  the  ma t r i x  5 l  =  - \  l - ( *o< )  v r i l L

2 r V  
r y .  L

b e  n e n e d  i :  $ p s c e  o f  t y p e  i ; ' 1 ,  , *  
(  e ,  " {  )  .

S i n c e  t w o  n * s p e c e $  o f  t h *  s a f i e  t y p e  s r e  l c c a } l y  e q ' : i v a *

l e n t  r  H €  o u t e i n  t h e  f  o l l c r ' ; i n ; ; .

Q.lag,t,*.€*tg.j l fgt*k_?" Any Y'=-,, n*$psce (q : 0,I) is of

o n e  a n d ' o r : l y  o n e  o f '  t f r e  f  o l l o , v i n g  t y p e  s  :



? , Ttre t j.,s t cf f iel"$ll of "l '"R,.r, 1 m-'spsces' - r. .T r 4 ----- --

i ' is sno'+;erl :i^n i-l 'X1 nai,l one nay regsi,n the f ist r:f

" i '  i l  g * I i L i i l f l s$  sS  $8c r l  a$  one  kn  cns  the  con  j uga lcy  c iasoe ; :  o f
l c  Y l  { 1r i l y

sube l lg3+hr i *s  o f  0c , (  r ' r  )  "  , ie  gsve  r  r$ ing  tha t  ne thod a  .1 is t  o  ne t r i cs

of i ' . Ha . t in.*$ps*uu . As. thie l ist lrad $ oiue oni$s i.ons , ir: orflex-

t o  S q i v e  a  c c n p l e t e  o n e , ' , , r e  h * v a  r e , $ u n e d  a a r s  t i m e s  t h e  c a l e u l l r *

t i o l s .  T o  b e  n c r e  p r e o i s e ,  t h e  o n l y  p c i n t  w h e n  o n e  c a n  l o o s e  s o n e

c a e e s . i s  t h s t  o n e  o i  i r r p o s i n g  t h e  i n t e g r a b i l i t y  c o n d i t i o n s  ( t n e

c o r r e c t  s e  h t l i n g  o f  t h e  s y s t e n  " 1 , , ,  i n  t h e  t e r r n i n o l o g y  o f  p g  ) .
' )

In o.r , ier  t  o ceterf f i ine the basi-e of '  tef t  invar iant  1-f  orms o1' l  i (

f r o r n  t h e  e t n u c t u r e  e q u a t  i o n s ,  u e  a p p l i e d  t h e  n e x t  e l - e m e  n t a r y

f e c t s  :
. . a.'-1

*gg,3g"-.a*. i f  the local 1"i" l*fsnns ) r c4 x \r7

ver i fy  the  equat ions  d  S1 =*  f  t "? r t '3 ,  d ' f ,2  =  f  5n f  l ,

, z ' l t

d  S '  = f t 4 { " ' ,  t h e n r  a F  t o  e  c i l a n g e  o f  v s r i a b l e s r  v / e  h a v e  :

z \

- i  .  i r
I

t  u* \

"  
ur i  ,

d n l

+ chxchyC

* shxchyr l

ry shyti z

d Y  +  s i n

d y  *  c o s

d x +

f 
-:" x

\ - $ 1 n  

x

\ -

t .
i  s h.r',- l 1/

i""^:"
lcnxay
t
\ d *

F' , t  * r

x .  c 0 s

x  c o $

- i  - . t
| J * r i J

i f  S r  I

!Sg$g-e"a.  I f  . ' { ,  = teJ)  pALn(Ui  ) ,  end the Local  l * forns
l h

v o r " i i ' v  t h p  . . ; v s t g i " - l  I( t r ) * r . . . 1 ( r ) " ) . '

1 1
d a- l '  =  a]  dxA cr . r  'J  , .  i  =  l r i l  ,

r)

eech .  e ig . *nve* ' t  o r  v  c f  'A  O  
co r r "espond ing  t ' o  thc  e inenva lue

r i ] : i

the C *valuate d l - f  orn eia*t f ,  v '<^) I  is  exact '
: *. 1
r - I

i j e  ren i r : r l  the  re€ id€r  the  I ie  t  a f  su l ia igc i : r "a$  o f  O ' t  (  +  )  "

for

/ L r
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It: r

i ' rom nn" ; ,u i  on ? u$j -ng t i re  ; i i {J- lhc}a i  o f  : i .  .Car te n p i 'e  srent{ :a l

i r r  I r ' :1 ,  ] , r r i l  { lh l i i }  J -ncn. i - ) . ;v  .Jctc i ' i l j .n i :  t i : *  t1 ' . i * ,  
?}  

[ ] - 'sp i ice s"  i r :  i i rar i l .

ni ln' l i r . i"vir"al cf i i ; i { j  e ,\ ' ie $'t [ ir"t  f i"cn t,he *c].Li, i ; i ' i . ioi: is cf '  - i"] :* is*trcp;i  f ; t . th.-

alLrr:; :ra l ;  of i ' i  r  " i ,$ i ]  sul]* ig*t i .r 'e CIi" i ' i r( 4 ) ,  end vrs f inciJtr*
f t

s'L.ructrrrs cqu$t i ,  r :n* of  i io t i :e i - ,u i i lc tu i t l  ( :urvel ture r : :atr ix )  C* u ! i$

in i ;e { l r t [ *  t i r , ; ;T , . : ' ] . rc fu . . i -c  uquoL io i - : r ;  e r :d  1 , ' , r€ i  f i . r : c l  the  , { * inv&r l i .1 l ' t

l:r c b i-' -i. c i'l; Luj ;;) = t\ f ii. "

f ' t  . -  ' f ) ' r l ' r  
\  r .  i  -  I  r , , ,  , l  I  , ,  , , . . - , , . .  , , . ,

***/^*:*;.'L:;./*!-, i,'- j"s 1" cil-i- "1";y .'-i-r:i; oivl;1*-j-

! ^ t ' '  t r  ( ' : ) *  o ; f  r j i " s t i . n r ; u i . s i : ,  i : ; i i :  c * e r e , s  ;

l l  )  i , ,  i t : r : r  c i j ; l ; , : " i * i i L  p , ' ; * i ' t ,  i v c l  L : t i " l l ' ! r i i  LL l . i ' *
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,  t , l j , , * ,  1  " t i , , t ' ;  " ^ { . ? : :  i

,  t l  = t i  - t i  . = i ? ) , , t ' i *  D
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] f  :  C l  rhen ( .1 ,  *2 ,e i  , (u4, r ,u l ,ur5t  ,u l )  is  a  bas is  o f  l -e f t

i nvar ian t  l - fo rns  on  Kn r ' Ie  sha l l -  no te  bynz  the  equ iva lence

r e l a t i o n  r n o d u l o  t h e  s u b s p s c e  g e n e r a t e d  b y  ( < ^ l 1 , t t i ) r * i c j < 4 .  I ' r o m

t . 2 . 1  f p S J  a n O  t h e  e q u a t i c n  o f  C t  r  w €  o b t a i n

{ - i  = * }  o  0 i ,  i  =  L , Z(  o . r ) (
I  o  . , \
l * i = 0 2 ,  w h e r e  0 t  =  

" J * ' '  i  = W

. I f  w e  r e p l a c e  ( C t " 1 )  i n t o  t h e  s t r u c t u r e  e q u a t i o n s  o f  K ,

ob ta ined  pu l l i ng -back  the  s t ruc tu re  equa t ions  o f  0 - ( i , 5 )  r  w€  f i nd  :
5

d* l  .^r  - r ! * '  - " t \1* f  *o! ) ,  u4*-* \s ' * - !  o1

a,3 '-'u!,J -*tr(,rln"jf ; , uQ * -*L*l - ,"1 g7

(  o . e )  o o 5 , q , a r ) * '  * ^ ? r * 2 ,  u r t  *  - * ! ^ f ;  - * L  * '  - * , |  o 1

'l 
1

on€ Riernenn nsni fo ld  o f  constant  curvature wi th  the $uc l ic ie$n

l i n e  "

f )  =  0 r f f  l  a )  ; t  i s  l sea l } y  the  p roduc t  o f  t he  i Juc l i dea r r  l i ne t

w i th  a  l o ren tz  ) *space  o f  cons tan t  cu rva tu re .

b = CU ,v i  is  loca l ly  i ; i inkowski .

a#- -- l* t  -^1* ' , u"{ *^$*l -ut} at

e<'$uwl*i **l or-";!07,,uG4Ntu) l** *r,:f,e2

I f  v re  d i f fe ren t . ia te  (  0  " t )  and we use (C .2 )  we f ind

0 i  =  0 ,  t ' :  f ,3 .  The equat ions  o f  s t ruc tu re  o f  K  become

d o1 =.*t*l  + (u-t1 our4)<*t\

2 ' l  1
d.^ r '  =  - * t - i  +  U" t1  *^4)u t2

( Q . 3  )  
"

o -4 = ̂ L ut\ * urz^?,



t2

at r |  - .Q l
^ ' t 1

d ^ ;  = d ; a : ,

We impose  the  in teg rab i l i t y  cond i t i ons

a .l ,/-\ 1

, r r " r (  + \ . J *' ,*r2*'1 - .r (- v)

t o  ( f ; " 1 ) ,  a n d

A l = o, Ql * bc^rl(t*r5 +cr4) =(?l

n ? = o, Ai = o-2(# o*4) =912q

f ind  I

(o",.)

The  loca l  so lu t i on o f  ( C t . 4 )  i s  :

, r1  + i1 ,92 E u i*  (dr l  vdy)

, r ;  +  , ^ ,  =  , i *  ( a v  +  b u d Y )

(D7 **4 = dy * !  *  dx

2co4 = dt  +  (uuf r  -  vT)dy (TOu + vdf r ) ,  where

u  = , r l  +  i u 2 ,  v  =  u l  *  i u 2 .  T h e  P f e f f  s y s t e n '

a l i ;  o ,  i  =  f i  has  the  p r : i ue  i n teg ra l s  11  
*  i x2=u ,

y  =  *7 ,  t  =  *4 ,  anc  l ue  f i nd :

( a * l ) z  +  ( a * 2 ) 2  +  ( r  -  b ( ( * 1 ) 2 o ( * 2 l 2 l l t e x ] ) Z * d o l d * 4 "

x O r (?  )  l f  is  loca l ly  the product  o f  two sur faces of  "

/
I

t
(os)  i

I
I
I
\

( 1 )  g  = .

b  =  0  ( 2 )
cons tan t  cu rva tu re .

-P ;  -b,  *e have

|v

] . lu i  = t ) *  =

(  b . r )

e q u a t i o n s
)

i  i . j r+ ,

A.|

I  ai- ','rl .crl s ,  i  ;  1 r 2

wr i - t t en  modu lo  the  sub -

i t  fo l lows that  i
F ron  the  - s t ruc tu re

sps ce generat ed bY {- i  
.  .^)J



(v

h . - ' l A
L . r ' e I o  g -  =  C C o ; t ' t

punc tua l  cu rva tu re  tenso r

1 t

r  a c ^ i  t  b - 2  +  c t * r i 4

:  * b i l l  +  a c d a  +  d E - r ' 4

,

i s

n i
, v

n . f

^ ' l
I f *
t ,

v

n 2v ;

g i ven

t
L ,  . t ' +;  U(/ \J

d . ' 4 ,

b y r

^/

0 7  = 0 4  =  o "  T h e

f

s *a c,o' 4 
, where <,.lt 4 * c.)5* a)4 "

I f  ' u v e  i r a p o s e  t h e  i n t e g r a b i l i t y  c o n d i t i o n s ,  w d  o b t a i n

t h e  f o l l o w i n g  c a s € $ .

( b,e.) A I E -e l = 1,rc, ' . '1 *P*2)c.*l '4,!Jl = o

A? = -Ai ;  (P*u ot r t )u- r '4 ,Q? E o

( h . 1 )

The stnucture equat ions of  K become kr lg  =c,u.>t ,Q6 =, l i )

dq,; l  = ("rs} nrrsi) .^. , '4 d-,ol  =ral. ,o? no2,^:6 n dc^:3*'4

d , , rZ  =  ( - . , . , r2  * *5 ) r . * ru4  dcn .J t4  E  c

dc,J5 = (q.^.,1 f t^Z + .*6 + dc^.;5)co'4

d c,J6 = (Frl +\f02 + or,.J 6 c r,"15 ) c^J'4

i : r opos i t i on  2 ,4 "  The  fan i l y  o f  rn -spaces  w i th '  t rans i t i ve

g r o u p s  K  g i v e n  h y  ( b . l )  c o i n c i d e  w i t h  t h e .  f a m i l y  o f  s p a c e s

3 1 , 5 4 )  i n  t h e  l i s t  o f  P e t r o v  ( [ P e l ) .

f , roc l { .  Le*  f . f  , . , ,  ,  4 ,6  be  t i re  l e f t  i nva r ian t  vec to r

f i e l d s  o n  i l  d u a l  t o  c o . r l ,  c r 2  , C ) T r k ) r 4 , C d 5  r Q 6 .  I f  w e  c h a n g e  t h e

n o t a t i o n  3 s  f o l l o w s :  d ' =  b ,  c  =  c r  o <  = - ' - 0 ,  
P  

- =  - e ,  t  -  f t

9 r
i l  =  X Z r  T Z ' = ' { I ,  g 1  =  l { 1 ,  F 4  =  - X ' 6 ,  € 5  =  - X 0 , 7 6  =  X i  l ' J e

o b t a i n  t h e  s t r u c t u r e  e q u a t i o n s  t 3 3 , r 7 )  i n  f i ' e ] ,

f  t reJ,  the aut i ror  d id  not  succed t  o  in tegrate the

s t r u c t u l . e  e q u e t i c n s  o f  i i '  I f  v r e  u s e  l ' . 1 . 1 -  a n d  1  b . Z ) ,  $ J e  s e e

t n s t  c  a n d  d  a r e  u n c s $ e n t i a l  p a r A n e t e r s ,  s o  t h a t  w e  n a y  t a k e

c = C = 0 .



1 rr +

iue nay vr r i te  *d '4  *  dx,  then . the lR4-va luated 1 f  or tu

r ? e , f
a t  =c r l l e . ,  n * ta  c+u)2e .a  +cx j c€ l r  ve r i f  i es  the  sys te in  dc ;  =  dx .AcoJ  ,

r ( ) +

the  charac te r i s t ] - c  equ : r t i on  o f  A  be ing  (  ) . 2 -<  )  g .2  -b * )  -  
P '  

*  0 *

I f  o (  -  f  =  I  =  0 ,  w e  s e e ,  f r o m . T . L l  t h a t  ( i ' f r g )  i s
I

1 o c a i 1 y e c ] u i v a I e n t t o ( ; . n o , i j ' ) , w i t h g ' g i v e n b y ( } ) .

rTe  mey  $uppose  tha t  1o  - t )2  n  n42  t '  0 '  and  we  in teg ra te
rl

(  b . ] )  v , r i t h  t h e  h e l p  o f  L " 2 . 1 , ;  L . 2 " 2 ,  C e p e n d i n g  o n  t h e  s i g n s  o f

" t  n 2 ' -  n
t n e  r c o t s  I r , F z  o f  t h e  e q u a t i o n  ( p = x )  ( F - b )  - f ' ' =  0 "

I f  f t  /  C,  t^ f  '  F  2)  0r  we cons ider  the f  orns

(  b . + )
Oi  = l " 5d t  +  (F i - x ) r nz ,  0 i n2  =P*5  +  ( [ . r - x )u ;  6 ,  i  -  t , 2

l r

Fron Loz .2  .  i t  f  o l lows tna t

\ t ,  ,

z  e  
' f  

i *  du2 i -1

z rv{a" d* zi , i  = rr|

" T )  a n d  ( b  . 5 )  ,

v l-'. A i
1 - '

+ 6 i + 2  =

+  g  i+2  =
(  b  . 5 )  , n -* \ t r .  0 '' 1 1

From ( h

+ ( '
\

i  r r

r n

0 *  = d '

g i v  e n

l
, . 4  * l L Tu  ' l Z

f , ' t t ^ r . - f r ) 2  d c ^ r 5  =  ( ( i - t r - * ) '  * r . 2 l 0 1 O )  +  ( ( h - * ) ' n ? ' )  e 2 e 4 ;
, }

) 1 2 ' 4 . : z A' )  
d u r  d u c  o  t ^ z t (  ( f . 1 - c < ) ' - +  p ' )  d u /  d u * )

I- D  )  2 .  2  ' !
o  2  v  .  ' (  ( F r ^ - d ) '  A '  )  u -  d u *

I  I  " t  I  I

I-;5'

2  v^ '  (
t ( .

T h a

= c ^ 1 3  ; q 4 r 4  =

I

x 4 =

(  l r  . d )
7 .

x t g

1
= 2 (r.;2 

.( 
( l.r- ,r) 

2

{rt 
(f r*1" i'r^t7 =

(F ,  - r r )  2  o  Bz  )  , r4  ou}
t r l

systera ct i  = o '  i  = T7'  eaui la lent  
:

0 has t i le  pr ine integrals xL,  i  = f ,T

, t j -  I  -  - r f i l
. ,  2Vl^ . , -  T 1 ? ?\ l - ' (  v

x ,  u -  =  e  - *  u 2  +  f t t '  x "  u /  =  e - '  1 "

r *r    ^  Z V F . x  ^  -^ -?5

t r o  - l - i - , '  ( ( 1 " " - d ) t * p z ) e  r "  ( u ' ) t  -
I  I  

- ' i  
c  I

1:

bv

(
X
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>  Cr  f ron L.2.2 "  we o 'n l  a in

t - r r l \ t

( l J . rg )  1 -1* t  +Lr5  *  ze* f i *  du l  r {F*z  +c . }6  =  a* - (Tx  uu}

*u?r^i +*i5 s z * ' tn , ioZ *.f*t **6 e z *ff i* do4,
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-r 'l /)
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L  - - r
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q 2
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4  
' ,  -  ,  l .  

_  l

The Pfa f f  sys te in  Q 
t  =  0 r  i  =  L?2r '4  hes  the  pr ime

t .  
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l3"gp9g;"!jg_*?,l. There &re "R, r 6-spaces ..: 
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t f l l -

'  j ,  w i : i ch  a re  no t  0n  the  1  s t  o f
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s p s c e  f r o n  t h e  f a : r : i l y  ( b . 2 )  i s  q  =  - 2  7 t u 2 u 4  +  ( < + T  ) ( u 5 - , r 4 ) ' ,
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f r o n  t h e  f a n i l y  ( b " 5 2 )  i s
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t (  t  - -  '  ( . '  I

1  2  ' x  4  .  1 .  1
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{ , i t *  3  e ^  d y ,  ( ) ) -  =  e ^  z ' t j r  +  d u r  p c d l  =  d x  +  e ^  d y

. r )

A  v  , r '
c d 4  *  e x  ( -  h  o y  s d u  *  *  t a y  +  d t )

& P

(a l l  x c l r  + el i  zdy + du

The pr ine in tegra ls  o f  the systeru cd l  =  0 ,  i  *  T l {  ere

1 ? o " A
x '  s  x ,  Nd  =  J r  x2  =  D ,  x t+  =  t

s - o L -  ?  )  , - , L  ) .  A  n  1  2 -  q  )
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.  I  
' ^
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I f  w e  r e p l a c e  t h e  g i v e n  p { l r a n e t e r s  i n  ( , { ^ " 8 ) ,  w e  f i n d(.)
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, { o " 1 o 1 . 5 , e =  - p /  0 = u : : : h , [ t = p c  p ? * c ( e  A s
fJn d o e s  n c t  d e p e n d  o n  c ,  w e  m s y  t e k e  c : 0 u  T h e  g t r u c t u r " e

e q u e t i o n s  h e v e  t h e  f o l l c w i n g  l o c a l  s o l u t i o n

L ) ' l  =  d> r ,  { r }  =  dy ,  { sz  =  *PJ  s2  ,  , r , 1 .  =  *PJ0  r  whe re

, 1  0 2  r - o * S l  =  d o r  e x 0 2  =  o .

r r  F : - J ,  c o f  =  * Z p y $  ,  t h e n j  0 I  =  d z ,  i ) 2  =  n d x  +  d u

0  =  - z d u  p x  . 2 P r '  d y  +  d t

ihe  sy ; te : l  c t l  ' i :  l ,  i  *  i lT ,  equ iva len t  to  c lx  =  dy  r :
^ - l 2 1 r l

=  O t  =  $  =  0  i r a s  x t  =  x ,  x . t  =  J t  x )  =  u ,  x q  =  t  e s  p r i m e

.  ' r  , )  n  . t  a , - - .2 '  , z  D 1  t t  1  j

(  z c )  g  =  ( d * l ) 2  +  ( , i * 2  ) 2  +  * 2 p * *  ( ( d x l  ) t  +  2 d r , ' ( d x 4 - p x l r l r z  )  )
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B1

( x o " 2 l ) + clu

( d t

=  u r .

u5 r  dx,  L . l ' l

c , . )2  f r  ePX( rdy

{ d 4  ;  u ( P - q ) "

/ 1

x- = .f r xt

: - ' 1 , {
I  L 1 * o

l ' .,".1n \ v 
'l 

.-n v
^ \ p - r l l ) h  A r ,  t . , L  ^ ' - Y A  A o

=  g  u J t { l . r o  c  L { a
E

( - o * r ) 2  +  e 2 ( p r q l " t J

*  u 2 p x l  ( ( o * 1 ) 2  +  Z

rr "t 1 n v -l t - n - m a. i1 = 0.l l ^ " I o l o  / e  Q  f  o (  P

depends on ly  on  cq .  *  h2
z l r . '  I

,A l  =  dxn  L , ] t *  - . g^d ) "  ra i  =

+ , ^ 2
or  

'=  
e- r { (d t  -  ?  o t  zdu

1 2 7 4L  =  X r  X -  =  J t  X '  =  U r . X '  =

_ f f ir r t

) n y  -  
" 2z d u  +  ( c o q r * c e r  y d x  -  
f *  O V I

A
x4 ;  t  "are pr ime in tegra ls  0 f

. t  2  1  i
( n * - 4 \ e  * 4 .  ) ( n  +  n \  - t r 1  ̂ . * d w ' \  +
\ u x  )  T  4 \ t l  ' r  u )  x  u , r  u i a  t  '

a A
-  c -  -  { l \

d x  o x ' /

I
X *

c J i

l '  
,

* . . \ J t

( 2 7 )  I  =

fl we m8y suppctse
A

e - x  d z  ,  ( , > (  =  z d y

a . .

+  1 9  +  1 )  e ' ^  y d x )

h - =  C r  e * L

+ d u

( K a " 2 2 )

are  pr ine  in tegra ls  o f

. 1

:  ( o x l ) 2  +  ( a x 7 ) 2  +  a d x Z d x 4  n '  u z x l ( ( d x 2 ) 2  +

+  Z ( c + t )  * 2  d * l  n x z )

X o " 1 . 1 . t .  p  =  q  =  0 "  R  d e p e n d s  o n t y  o n  o (  a n d  h ( : l - h ) "
{,

i

r d e n a y t " * - " = h + 1 r c = 0 '

f h e  s t r u c t u r " e  e q u a t i o n s  a r e

d co t l=O, d.u ]  = -r I  . . r t  1a. :1 
,  d t -12 = -  ( t ) ' I

'  
1  ' l ' I  I  ?

t {  2 v , \  d t d :  =  - I I I G ) r * L , " ) i  + o ( c . r - t r ) -
\ ^ O . - / t  " * . 2  

- - ' I

' l  2 1  1 A

d c. l4 = t* .  co) _ n { ,J,*(r*

t
L,") 2

Then a, . r ' I  s  dx ,  t ;  :  e-hx dY t

l o  - 1  \=  d x l  I
\ c ,  - * /

rf)
\-hl

u i - t \
\.t I

( ; t o , 2 4 ;
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I n  o r d e r  t o  f i n d  t h e  s o l i : t i o n s  o f  ( x u . 2 6 )  i  w e  n o t e

n )  ' \

h . , , . / r  t t r p  d i s + c r i r . i n a n t  o i l  l "  *  m r \  +  a (  =  0  ( E )
U J  ( . " r  u r . v

t t  l i r (  0 u  X  i s  e  r o o t  o f  ( E i r  t h e n  b y  L " ? ' ? o  '

;-i )* ': I ')
r  \  r .  { , . 1  =  o , t x  d . q . , , r e  t a k e  r r  =  ( 2 - ) ) ( z * + i z t )( n  + l t J [ o :  - k ) ? . "  e  u . ,

Q2 = 2te( o}*u, )  "  r f  
"  

c^.r4 : :  e-mx , then

r n  *Ld rz  +  d t .

, !

The systs ;n  d. ) l  :  C,  i  =  f ;e  has as 'pr ime in tegr* }s  i

-
* l  =  * ,  *2  *  J r  x :3  =  cos (x  In  X )z l - s in (x  In ) )  ' 2

x 4  :  t  +  4 I m  )  s e c ( x  I m ) )  * 3 r 2  +  2 I r u A  t g ( x  f m ) )  ( u ? ) z

\ 4 ' )  ) g  =  ( c * 1 ) 2  +

t g ( x l l n  X

^ r  I

e- l t l x

) a * 1 ) 2

e n d
A r x

e * c i u

1 t
-l.

i
t

. . i  -  r \Lr  *  \ / \ 2

n. l t  ^L  
d t <  -

( A z  -  A r )  t

d x l  d x 4

=  2  i i ,  a n d  u s i n g  L . 2  . 2  .t r t  A

/ \ ' 4

( x o , z 9 ;

( x o . 2 6 )

r' ie t ake

cJZ =

0 =

The

in t  egra  ls

* 1  =  x r
(xa"27)

x 4 5 t

=  ( o * 1 ) 2  +  * - t * t ( u *

+  z .  e *1 i1+1  )  x l

r ' F 1 " r € r  ̂ , t r * o m  , ,  i  n  '  -  T 7  .  h a s  t h e  p r i n e^t ' I 'aIr  syi i relu | . \ r  vr t  *

-
I

v = 1 /^ .1 ,

+  ( I ^  - )

a '

1  / )  l t . , r l - - I  e  Z

( , i x r ) z  o  4 e - | .  
j l + l l x  ( d x 2 + ( r m , \ ) x 2

'l

,  4  ^ - ( n + } ) x t  o - l  o - 4+ l e u A \ r r r

-  ' q r " { : ' t h P  n o o t s  o f  ( E ) r  w e  h a v e
2

i  -  L r Z

-  )  . .  ) t i .  a n d  u 4  ;  * - * *  g  ,  t h e n'  r '

4"., x ,-'l
e  

^  
{ l t ^

i a t 2 + d t

z ).2 * u'^r"l( dx3 )2 +

' t A  f  i  n A
y l E  !  - L i J vn * r\-*1 .i I

( 2 6 )

I f n o t e  f f
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The syst em c*Ji

1 ? -
X " -  3 X r . X  r : l f r

/ r l,.l
V \ O . . / v /

z A

* 4 * t - $ t i r * l n ) * t

*  ( e  * 1 ) ?  +  ( c r 2 ) 2  *  t e

= o,  i  = Tl4 ' ,  hss the pr i rne integrels :

?  A rx  . ,  Ap *  ?

* (Ar*hn 
)x

dxtdx4 *  a -1( *x } * ) rx3o* I )2

( u - ) *

I
r-ax

/ ? a \  #
\  G u  /  e J

vre f ind

le

t d ' =  e

(r".  I  t)

i f  $ { - , -  "  
' f l ' e  n o t e  n  =  2 r ,  ! - A  3  2 s ,  t h e n  f s o n  

- L , 2 ' 2 "

( r + i * ) o 2 + ( J =  e * " * (  c o s (  s x ) + i  s i n (  s x )  ) ( d u 1 - i d u 2 )

- t * (  
c t  * ' l  , r l  oo2 )  .

r i l ^ ^  ^ ' ' a *  a ar r l e  i i J i i r , *u ,  { . ) i  =  C  has  the  f . c l l ow ing  p r ime  in teg re l s

* l  =  X r  *2  =  y

. * 3  =  s i : r (  s x ) u l  -  c o s (  s x ) u 2

z x 4 ' *  2 t  s * l  t s ( s x l ( " t ) z

t,

a

. t "

(  5 0 )

{ 2 g )  g  =  ( d x 1 ) 2  +  ( a * 2 ) 2  +

I
. - m , X * r t t ' 7 'r e  r ? d x ' d x +  +  ( d x ' r . ts (s'+F-) o*1)2)l i eu  3-1.- x-

I f A * C L. l  = e*mx dul ,  c. l  2 = -ol  g-**  d* + du

b4  =  u - * *  ( u rau2  +  d t  -  * ( u1 )2  * - * *

r f  i v e  n o t e  * l  =  N ,  * 2  =  y ;  x 7  =  u 2 ,  x 4
'l

( o * 1 ) 2  * 1 a x 2 ) z  + ( o x 4 ) 2 + 2  * - n x * u * 1

2.  qqsg-f  . / -  Q.  Then P -n = s

2
,

d v l

J -  + l r ^ n
L ,  t J I I g l l

d x 4

. n  I
+ \ /  a  f

" " "  ( ^dz ca7 = crs ' l (  2nf  ,u3 , "2  + 2f2 t - ta

+ fzr* 2cJ 4 [f r-) lr,2

o ( , \ "  l *- t 2O r bf c.r  2u7 +

Q

4'

f

, 2  . +  q f  , u 4  ̂7

r ( A
qf (-J /,:.r t )

^ a ^
a e 4

r-d c*) T

+a2u4 = L,-)'1( ( :.r*i*-Qi.r,* 7*'

+  ( a m r " r : Q -  \ . - " r 2 a r , 4  +  ( r a q + g g ) * 5 . r 4 )  d 2 . . : 4  =  o { r ;,  \ t r u s  . - 4 1 4 / L L ,  L L r  \ r L Y  v ! , , w  t L /  t
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. { '  ( i rn  + }c f '  f 'q t ) ; * }  4nfe, :4)  +  fc{ )

,r( i  note f i ; ,  ; .  t :4

'  
L.u' I  

(  (  u 2.- ' i?"r*d) rr :  2 1'  (  bmr'1cf - fci  )  a-,1 -cr l
t.

f)

r f.-
t1

+ f ts7( rr (*l 5 +f r*.ro il t" ii,r' l+f c*Zoq iu} )**r;){ afJ*q# }qc*' 1*

("; *

fl'1'

Thc  las t  i n t  Eg : ' ab i f  i t y  ccnd i t  i ons  g i ve  us  i l l  =  q  =  b

:  , 1 ,  i ' r o ra  ( , {0 .4  )  t he re  resu l t s  the t  l -  i s  t oce l l y  the  p raduc t

the  :uc l i , J ian  l i ne  w i th  a  $pace  o f  bype  , t l ' y ro ( f  , c (  )  '

' ine s t ruct  ure .€quat  ions of  t  he t t "ens i t  i ,ve gr  oup on

i, :4  ̂ (  f  , .v )  ar e
* ' -

t  " ,  r l l  =  - 2 f  S r t i 2  c 0 ? '  =  0 1 ( *  0 1  +  r  g 5 )
I O  

,  c t /  = u r  t . " t ?  '  r t i

.  (  . i , . . . 1 2 1 {  c  o :  =  0 ? ' ( - z t e t  1 "  0 }  t d )' u l c

. c \ r -

- l  ' l  q  . ' r ?  ?  n i  V  . ' r ' l  1
v ; h e r e  0 ' '  = f u ) r  * c r i / , S '  = c J ' r 0 t  = [ t J t t + J ;  = U i ,  I f  v r e  t c ' l i e

'  

^ l  - t l

} i  =  s l ,  i  =  1 7 ,  X a  =  s *  t  # ) ,  t h e n

n . ) ?

0 =  4 f r l )  +  2 f  A 4  +  ( n * f ' l , r t  i s  a n  e x a c t  l - f o r r n .  ,
" i  t  l  r r a 4  , r 4  =  2 f r \ 4 ; h 2  =  l f \ 2. i e  t , a k e  

f t  
= ' ( 3 f ' - . ( )  X * - 2 f  A - ,  f  

'

{  i i o ,32 )  i s  e  qu iva le  n t  t  o  :
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( l l L  t

I

d s

r t  F 4
2 1\^- n'-

(  o{** 3f7-)*1h 1r.4

r n t .  ̂
. .L I.ilJ

' 1 ' l v

) ' *  + $ ' = T '

i i e  no te

c*)-  F o,

':l + l^!

2  a r c t g

ln ( ci,ry )
a
a*X

e sny

lr *:1f2.5-!
1 .

) r y 1  L
(  z 4 -  \ t  

!

\  / r  I  1
xA+

I  c *
\  ( - -

(nril 
{

syst eu:

= f l

r : 7 t +

= x +

= t +

L *

Th.en

( e "  )

L r ) i e  e q u i v a l e n t  w i t h  r

hsve  the  p r ine  i n teg ra l s

Ix
2

X

)

'^ t, -,2 /rJ -R o2 1T "v2 + i
f  

- '  , 2 .  ( d - 5 1 ' - ) * Y " ,  t h e n  )  * ,  !  =  I , 1  a r e  g i v e n  b y  L " 2

Ihe  i ; f * f f  sys tem . , . , i  -  0 ,  i  *  T3  is  equ iva len t  w i th  *1  +*2  =

=f }  .=  f l  ' f  d t "  *  C ,  and l ias  
. t l i e  

p r ime in tegra ls  I

* 1  = z t Z e r c t g ( e ! )

t  
. \( X o . i 4 )  x ' =  x + l n ( c h y )

7 = t  -  * - * '  shy.-{.x" sny

The  tensor  me t : " i c  go  o f  , , , ' I r r ( f  ,  d  )  i s  g i ven  by  I

/ \ . ) t l

4 f?s ,  =  Lz  t " ( l r t - , y ) - r 1y r * tZ ) t  *  ( f , } 12  2 ( t l n tZ ) (o t * f l )

^ ?  2  . , 4 , 2
. l e  m e y  t a i { e  4 f ' g . =  4 f ' g '  +  ( d x * ) -  ,

3L)  4 f2g  : :  (  (9 r2*o .  r r . r_ r ' : * ) -1  J#  1 ) (d * r )2  +  (a *2 )2

a  * * ' d x l d * 3  +  ( d * 4 ) 2

1 l
^  7 i  1  2  , Z ^ u Z

s = (  j fa  *a) t t  ,  t^*  
=  ( i f ' * ,x  ) ' .  1 f  

*  
,

;
i  =  I r 3  a r e  g i v e n  b y  1 r . 2 " L "
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The tsn$( ' ' r  net r ic I '  o f  i r i ,  o(  f  ,d  )
I

t $  g r v e n  n y

4  f ? l ; ,  :  a ( f 2 * * r ) { } f 2 * . x ) - r { T 1 * t ' ) ?  4 , ( f } ) 2  $  2 ( t ' } o \ ' Z ) ( a t - * ) "

r i e  n e y  t n k e  + f Z g  ; r  4 f ? g n  *  ( e x 4 ) 2

e? )  4 t2  t \  =  - ( t  +  ( a * f 2  ) ( l t 2 - *o ) -1  u ' * '  )  ( e * l )Z  +  ( a *2  )2  +
2

+ z  * * -  c lx l  nx l  - r -  (o*4)2

T f ' '  ( X  =  
' 4 i t r -  \ . )  z l o r r a n A c

* A  . / * * r  - ^  r -  L l € i J ( i l i \ l i )

f  <  c .

on ly  on  f2  ,  then we

; i e  t ake  S  =  2 f ( I 4  +  2 f ( ' \ " ) uA1 ) ) ,  
'X r  - 1+

I
-  - l  A .  ,  , - E  n  a

} r  * \ 4  =  i i l  
2 ' t 7 ,  z r : X 2  = ' f l o

' r i r en  X  
i ,  i  =  T l5  a re  g i ven  i : y  L .2 "1  (

T
, *"t

I f  v ;e  no te  n  *  i f  l  
'  t ,  t he  p fa f f  sys tem

i s  e . q u i v a l e n t  w i t h  s  I  * t 2  = Y ]  =  d t  * Y I  -  Y 2  =

t  a l<e t  he pr  ime in t  egra ls  i

t  hat

{ x o , 7 6  )

r n r l . ' i  c l l v \ n f , { r e r

I
. - f ,  ' r

I  + l  4 , \ L r -
l ' l  6  I

{  *  1 \- J '  )  a

. i " -
-  !  n  :  - 1  {t i ;  \ J r  J . - L s , l

0 and we nsy

? t  , ,1
f f t d I  - C u t ;  = L . n

' t / ' 1

f ;  =  ( 3 ( 2 ) .

2  a r c t g (  e Y )

ln (  chy  )
.')
I

2 e-x shy

= ol *G)

uVe i rave

0, I ' i  is f lat ,

. i ] ; )
il i (..) * + il: 6,1J- 'i'

J d

'l

L

(,
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v A 1
I f  , , 0 ; e  n o t *  X  H  X / n  y  =  X t ,  Z ,  t  X * ,  f ,  s

f  r n \  r ^  7  A  1  )

t 4 7 )  g  = .  ( 2 r x / d x ' t  +  d x ' ) '  +  ( 2 f x r d x +  +  d x d ) /  +
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' r  .71 '  a  4

w e  t e k e  f "  *  l t i t a r l r , - f , t ;
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' \ t  i  i
o t

F shudx +  chudy

2x  ,  t nen
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,  t 7  T  - (a l r

r
ti c t i  ; :  2 r l l t - 1 f , 7  +  l : , 1 - 1  e u

|  1 \  / a \  a 1 \  
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i V f \ z ) o L L )

( 4 2  =  2 f  l l , i - 1  * 7  * l " i , i - i  d u
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* 1  = u + Z r x ,  * 2 . = v + Z f x ,  x 3  = J r  x 4
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*  l t l  ( - ( a * 1 ) 2  +  , h 2 * 1 ( a * 4 ) 2 )

I{*jr-zur w€ take f 1 : ,,t*a, t? = ,**}
a n d ' i v e  u s e  L " 2 " 1  (  t =  * 1 ) ,  t h e n

(  O r (2 ) ' I 2 )  c J I  =  - 2 r t * t  f , 3  +  L - l ou  J !  *  - 2 f - 1  ; - r g1

' * 'e mey u,se the prirne integrals of the system

i = f l { , ,  given by

* 1  r n - z r x . ,  * 2  i v  2 f x ,  x 7  = J r  x 4 ;  z

( + g )  r Z g  = ' ( c x }  +  Z r s h x } d x 4 ) ?  +  ( d x z + 2 f s h x l d * 4 ) 2  +

+  L (  ( 0 " ) ) 2  . h 2 * 5 ( o * 4 ) 2 )
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" ( 3 f 2  
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I f  t  >  C ,  w €  n o t e  V t a r *
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I f  T,( O we note t f ' tU c.. i  - '  = Y'rr  Vt Lt <^.r a =f t ,  (r)  = - Y- ' .
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n  I ' o' /  
r / -  r  I

l l , l  t * r '  =  2 f  ( I '  +  d t  ) ,  L  r ^s '  =  dx*

2  . \  A
f f  w e  n o t e  x + t  c  - x - ,  y  =  x ' ,  z  =  x - ,

)  1 . 2  ^ 2 n , 2  , . , , 3 . "  4 . 2  - . -  \  . 2  7 , .  A , 2 ,( ) 0 )  L ' - g  ;  ( d x * ) ' . +  4 f ' ( c x . -  +  s h x / d x * ) -

,  u ) ' 1  =  * t , l y  ,  , . r J ' 4  =  e - t  d z ,
) 1

t  ' *  - L(4 *  =  Z t ' ( ; l dz  +  dv ) ,  c^ - ) *  =  du

v i e  w r i t e  u  =  * 1 ,  v  3  x 2 ,  x  s  o 7 ,  z  =  * 4 ,  t h e n .

'  - t . 2  )  \ -  A  2 , 2  3 -  A( 5 1 )  g =  ( c l x r ) ' + 4 f ' ' ( x - o x ' + c i x  )  +  d x 2 d x q

f \ .  (  Z )  " . r . ? .  c  / .  e  : ) o { . ,  =  c l  1 f t  ,  I f  w e  . $ , y i t eu/  1.
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c  =  - I f ,  b " /  0  end  tne  s tc 'uc tu re  equa t ions  can  be  in teg ra ted  in

the $or f ie  rnanner  as in  the ca$e

0 r l z ) . 2 . L ,  T r r e  r n e t r i c  t e n f i o r  i s  g i . v e n  b y

I

r ; 0 .

(  45 ) ,  w i th

0 r ( 2 ) . 4 .  f  +  C  /  r .  f f  v g e  l o o k  a t  t h e  f o r u  o f  - Q  ,

we see tha t  i l r  i s  loca l l y  e r ;u iva len t  t  c  one m-space be long in , r4
A  / . \ r  -

t  o  t h e  f a n i l y  0 - ,  (  2  )  . 1  ,

Ig.g,gfg.g .3r_4",  i lnJ YR, 1 r i*space is local ly equivalent
4 l r

w i t r r  o n e  o i ' t h e  f o l i o r v i n g  m - s p s c e s  :
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w h o ; : *  m e t r i c  g  i s  g i v e n  h y  c i l e
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In  o rder  to  sh*w the t  the  l io t  o f  T , t l ,  . ,  I - . sF&ce$t l r r

g i v e n  b ; r  A * ' 2 "  F * t r c v  i s  n a t  c o m p l e t e ,  w s  s h a i l  u s e  &  $ a r d

a r E u n e n t .

Tne l iet  of  ne t r i  cs of '  }*np*nes due t  o Fe'br ov e ont r :  ins

f a n r i l i e s  o f  a : e t r i c s  t h s t  r l e p e n c  a t  n o s t ' o n  )  p a r a r n e t e r s l  i : u t

the  grea tea t  nu i i i l ; :e  r  o f  essent  ia l -  pararne ters  tha t  such

a  f a i r i l y  d e  p e n , : 1 s  a n r i s  3  "  i , : c r e  p l e c i s e l y  t h e  o n l y  f ' a r i l i e s  i ' ; h i c i r

n e ; 1  d e p e n d  o n  ]  e s s e  n t  i a i  p e r s i x o t e r s  a r e  (  L ' j  " r j  ,  { , 7 . L Z )  a n d
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equet  i  on  s  a re  g iv  cn  b .v  :
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) J t )
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[x,xrl * *.*], [x],x4"1 = f** x5' t x4'x5L = r*; x'
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P r o o f  ,  T i r e  i i i c c i  f o r n  a $ s o c i * t e d  t o  t h e  p r - r n c t u a l

cu rva tu re  te r : so r  o f  l i i i { * : rh , c )  i s

P  { u )  s  ?  2  2 ) ( u 1 ) 2  
{ Z n c  + z 1 2 * * 2 * * 2 ) ( u 2 ) a  +l  a r b , c . ' . ,  

( 2 a h - 2 * - - ? - - b - ) ( u * ) '  ( 2 t

+  ( e h - b  c * z ' r r ? * z * ? )  (  ( u 5 ) a  ( u 4 ) 2 )  2 i r ( b - c ) ( z u l u Z - , r l o 4 ) ,  w i r e r e

ac  +  b i r  =  C .

.  T h e  e i g e n v n l u e s ' o f  . f  z , z , I  , X  j (  f ,  
, t  X  

r t  
A U  a r €  i n e

r o o t s  o f  { t 2 - e ) , * 1 4 ) { 4 2 - 9  ) .  +  t T )  =  c .  I n  o r d e r  t o  p ' o o f  p . 2 , 5 "

i t  i s  e n o u g i r  t o  s h . r v , ,  t l r a t  t h e  n a p  A  =  ( I  
f  , ' \  Z , \  5 , ' \  4 )  

i s

i r r : e rs i ve  ' * t  (  2  ,2  , I  )  .

*u t  a  s t ra i ,gh t f  o r r ,vard  ca lcu la t ion  shows

1? ( t l , t  2 , t3 , *o )  =  ( t r+x5 ; t f t+Ff i r ; t . f r \ ,F$'J
t Ls  tme l ' s t ve

C-?rf qlirrl.. l*?*9. There are

f a n i l i ; r  ( 4 4 )  t h a t  a r e  n o t  r r e r k e d

l t o o f  .  I n  t h e  c e $ e  ( 4 4  )

l r c :  f h n f+ v

a t  ( 2  , 2 ,

! *$paces  menbers  o f  t he

i n  t h e  l i s t  o f '  A . Z ,  P e t r o v "

the  s t ruc tu r .e  equa t ions  o f  r y

; { 3
* . L

.
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b u t  i m  ( a C ; ( r )  '  5 p ( , t 1 ) ,  f o n  i  3  a r T

t ' {e  must  ane l -yse  i f  the  $paces  g iven by  (  t+q

h i6 ;her  d inens iqna l  g roup o f  au tcnoq isns"

i 'he  on ly  fan i l i y  o f  spacee tha t  nay  depend

para .ne t  e r '$ ,  end a  la rger  ,  g r  oup o f  au t  onorph iens  is

k \  ,  ^ t -
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