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AtsSTRACT

TI"re mai-n derrelopments of t ire CVBEM given i-n the

paper  cons i s t s  i n  remov ing  the  need  fo r  app rox i -

mat ing the boundary curve by a pol igonal  f ine

and the in t roduct ion of  the s ingular  boundary

e l -emen ts  fo r  t h .e  case  o f  re -en t ran t  co rne rs  o r

co l l i s i on  po in t s  on  the  boundary "  The  paper

g i ves  a l so  exp l i c i t  f o rmu lae  fo r  so l v ing  the

m: i r -xed Di r ich let -  Neumann boundary va lue problem

for  two-d immensional  Laplace eguat ion by CVBEM"

The For t ran program I \ I IXED coded by th is  ideas

i s  app l i ed  a t  some tes t  p , rob lems"

1.  INTRODUCTION

Last  years the boundary e lenent  method (  BEM )  proved to he

a  ve ry  e f f i c i en t  t oo l  f o r  so l v ing  many  boundary -va lue  p rob lems

(  BVP )  i nvo l ved  i n  eng inee r ing  ana lys i s "  I t  was  app l i ed .  t o  an

incr j -s ing nu:nber  and var ie ty  of  pract ica l  problems and has formed

the  bas i s  o f .  seve ra l  J - l b ra ry  p rog rams  /5 .1 "
\ / r r r r z  ronsn l l y ,  us ing  the  i deas  o f  t he  BEMr  Hromad lca  /2 /

presenLed .a complex va. r iab le boundary e l -ement  method (CVBEM )  "
Th i s  i s  a  spec ia l i sed  me thod  to  so l ve  BVP fo r  Lap tace  equa t ion

in  two  c l immens ions "  As  i s  we l l  knownr  eve ry  func t i on  u (x . y )  o

ha rmon ic  i nLo  a  s imp le  connec ted  p l . ane .c loma in  f ) ,  has  a  h .a rmon ic

con juga te  func t i on  v (x ry )  such  tha t  t he  comp lex  po ten t i a l  f unc t i on

f  t z )  =  u ( x . y )  +  i  v ( x r y )

i s  ho lomorph ic  i n  f , t o  I n  nany  p rob lems  the  func t i on  v (x ry )  has  a l so

a  de f i n i t e  phys i ca l  mean ing  
. (po ten t i a l  

f unc t i onn  s t ream func t i on .

f l ux  func l * i on .  e t c " ) "  I n  o rde r  t o  app rox ima te  the  func t i on  f  ( z )
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i ns ide  e r  l l r omad l<a  s ta r t s  w i th  cons ide r ing  a  po l ygona l  app rox i -

ma1 ion  fo r  t he  bo r - i nda r : y  cu rve  and  then  uses  a  p iecew ise  Lag range

interpolat ion funct ion to  approx imate the va lues of  the complex

func t j -on  on  the  bounda . ry .  The  rep resen ta t i on - fo rmu la  fo r  t he

func t i on  t ( z )  i ns i c ie  a  resu l t s  now by  us iug  the  Cauchy*s  i n t cg ra l

formula.  The system of  equat ions for  the ) lodal  va lues of  t i re

complex funct ion fs  o} : ta fned by co l locat ion.

I.n this paper we give some clevelopments of, the CVBEI\t" First

of alt we remove the approximation of the boun4ary curve bY a

po lygona l  l i ne .  Consequen t l y ,  t he  on l y  needed  app rox j -ma t ion  i s

tha t  o f  t he  comp lex  func t i on  t ( z )  on  the  boundary  by  means  o f

some a lgebra ic  J-nterpolat ion funct ions;  lhese are .chosen such

that  the quadratures impl ied by Cauchyt  s  in tegra l  formula can

be per formed exact ly

fn  the case of  nonsmooth boundary curves or  the mixed BVP,

the  p rec j - s ion  o f  t he  me . thod  i s  a l t e red  by  boundary  s ingu la r i t i es

( re -en t ran t  co rne rs  o r  co l l i s i on  po in t s ) .  To  improve  the  accu racy

of  computat ion and the order  of  convefgence,  we inc luded some

singular  bourrdary e lements,  where the in terpolat ion funct ions

took in to account  . the real  funct ion behaviou. r  in  the neighborhood

o f  t he  s ingu la r i t y .  f n  sec t i on  3  exp l i c i t  f o rmu lae  fo r  t he  s i : rgu -

la r  e lemen ts  a re  g i ven  i n  the  case  o f  ra t i ona l "  o rde r  s ingu la r i t i es .

These  i nc lude r  e l so ,  t he  co l l i s j - on  po in t s  (D i r i ch le t  -  Neun lann

mixed  bounc la ry -va luc  cond i t i ons )  r vhe re  the  s ingu la r i . t y  o rde r  i s  \ / 2

In sect ion 4 vre so lve the ; r r ixed Di r ich let -  Neurnann BVP o for

Laplace eguat ion by rneans of  the CVBEM" To th is  purPose the p: :cb lern

i s  f i r s t  conve r ted  i n to  a  mod i f i ed  Vo l te r ra  p rob lem:  i oeo  the

p rob lcm o f  de te rm in ing  the  comp lex  func t i on  f ( z ) ,  when  we  knov r

the va lues of  the real  par t  u ,  on some boundary arcs and the va lue

of  the imaginary par t  v ,  on the remain ing arcs.  Formulae for

exp l i c i t  ca l cu la t i on  o f  t he  so lu t i on  a re  g i veno

In sect in  5 two examples are worked in  order  to  show how

the  me t i rod  works "  The  f i r s t  app l i ca t j - on  cons i s t s  o f  a  hea t  conduc -

t i on  p rob lem.  lVe  emphas i - se  the  i n f l uence  o f  t he  s ingu la r  boundary

e lemen ts  on  L .he  p rec i s ion  o f  t he  so lu t i on .  The  nex t  app l i ca t i on '

shows how the method works in  the case of  a  d.onain wi th  four

boundary  e lec t roc les  (and  fou r  i nsu la ted  a rcs )  on  a  res i s t i ve

d i s t : : j . l : u t cc l  s t ruc l -u re ;  t h i s  t ype  o f  p rob l cm t ras  impor tau t  app l i -

cat io t rs  in  ru icroc l -ect . ron ics "
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2 N CVBEI\{ DEVtrLOPMEI{T

L€t  I  be a l iect i - f ianfe Joraan curve in

Q- the  r cg ion  i r r t e r j -o r  t o  f  and  l e t  , I ,  , 2 ,

on  r ,  o rde : :ed  coun te rc lockw ise ,  sepa ra t i ng

Lhe  comp lex  z -p lane ,

. .  "  r z r r b e  n o d a l  p o i n t s

the curve in to boundarv

e l e m e n L *  t j  ( j = 1  r .  "  o

( z O = z n )  ( r i g  "  1 )  .

,n)  yn: f *  t j  is  the arc  f rom , i_ t  to  , j

F r G o l c

' 1 .  Assume tha t l  t he  func t i on  . f  ( z )  =u  ( x ry )  + i v  ( x ry ) '  i s  ana ]1 , ' t i c

i -n to the domain o and cont i -nuous in  h '  =  nU I  o  By Cauchy in tegra l

formula we can wr i te

r  f  f ( e )
f ( z )  = - _  d e  t  z  e O  ( 2 " 1 )

Z t r i  J  e -z
r

Th is  fo rmu la  de te rm ines  the  comp lex ' f unc t i on  f ( z )  i ns ide

the domain CI  by means of  i ts  va lues on the boundary iurve.  The

troubl .es ar ise f rom t i - re  fact  that  the va lues of  the complex

funct ion f  (z)  are 'unknown on the boundary.  ! t re  know e i ther  the

va lues  o f  t he  rea l  pa r t  o r  t l r ose .o f  t he  imag ina ry  pa r t r  o r  a

comb ina t i on  o f  t hem"  To  ob ta in  the  func t i on  f (e )on  the  boundary

we  mus t  so l ve  an  i n teg ra l  equa t i on  whose  so lu t i on  canno t  be  pe r -

fo rmec l  ana j - i t i ca l l y "  Nex t ,  i t  r ema- ines  the  p rob lem o f  compu ta t - i oh

o f  t h e  s o l u t i o n  i n  f i  b y  m e a n s  o f  f o r m u l a  ( 2 . 1 )  e

To overcome a l l  these d i f  f j -cu l t j -es r  w€ shal l  approx imate the

bounc la ry  va lucs  f  (6 )  by  means  o f  some p i cew ise  a lgeb ra i c  i - n te r -

po la t i on  func t i on

r ( q )  = , * L  L i ( q )
j = t  r  r

where  f+=  f  ( z - . )  .  A  s imP i .e  cho ice
J J

i s  t he  p i cew ise  I i nea r  Lag range

e  - i - l

-;=;-
'1  - r -  |
J J

r ,  a - :  |  1

_ __J-.:l

- 1  - 1+  I
J J _

f n r  r
L v *  ( ,

( 2  " 2 )

f o r  t h e  b a s i s  L *  (  r )  (  j = } r  ,  o  "  7 r I )
J -

one

e f .
J

f o r  6  e r  j + lT  / - \ -! j  \ q / -

0  o the rw ise

( j = I l o o o l n )  ( 2 . 3 )
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Subst i tu t . ing  func t ion  (2  "2 )  in to  the  Cauchy  in tegra l

f o r r n u l a  ( 2 " 1 ) ,  w e  o i : t a l n  a l u  a p p r o x i r n a t i o n  T ( z ) = U ( x r y ) + i V ( x , y )

o f  the  ana ly t i c  func t ion  t  (z )  i : r  the  domain  0
n A

F ( z )  -  f  f - ;  l , * ( z )
-{='r J J
J * L

The funct ions

f  *(z) = *J:-.
r  z v  i

f  L *  ( e  )
I t o e
1 4  z' r

( 2  . 4 )

( 2 , 5 )

can be expr :essed in  te : :ns of  e lementary funct ions onlyo Thus,

i n  t h e  c a s e  o f  t h e  b a s i s  ( 2 " 3 )  r v e  h a v e

a  a - 2  t  t

|  |  J t' -  -  l -  ( 2 " 6 )
z  -  z .

J
Here the complex loga: : i thm determinat ion wr i tes

z  ' '  z .  l z  r  , ,  I
l n  . r  -  -  l n l  * J  I  

' , +
z  -  z ,  "  l z  -  z ,  , ll - r  I  l - l l

whe re  i j  i s  t he  ang le  a t  t he  po in t

a n d  t h e  d i r e c t i o n  z z i  ( f i g " I )  
"  T h e

J

in  the whole conplex z-p lane wi th

(cu rved )  e lemen t  f  - i .  As  fa r  as  the

has 1-o remar l< that  in  the case of

determinat ion of  the logar i t .h :n j .n

determj-nat ion;  j -n  the case of  the

th i s  i n  t he  convex  pa r t  o f  t he  f i

Thus  i f  z ^  app roches  r ,  f r o i iu  - '  J

I  
, z  

*  z t - I  , i  z  - z i + I ,  
-

;_] f -  r t ' r -  - r  + r*
Z T I  L z i -  ' i - t  z - z i - r  z i ' ' J + t

L j  ( z )  :

we have

rn :t:i*_ =r"l3l ":.--_l . ii_i ,
zo '  '  j - t  l ' o -  '  j - t l  

'

i  i .' l

z  be tween  the  d i rec t i on  zz ,_ . r' / \
f unc t i on  L r ( z )  ho lomorph ic

I

a  ^ 1 r . | .  : ' l n n a  . t - h r :  h n r r n r l - a r r ra  \ - L {  L  c 1 r \ r l . r y  L r r i t  . u \ . / L l t r L l c l r y

coinputat ion is  concerned one

t h e  s t r i g h t r l i n e  a r e  f i . * * o
l .  r ' \
\ z o u , l  - L i )  J u : ) L  L l l t i  } / I J l l v - L y a

curved arcs i t .  d i f fers  f : :om
A T T

the convex par t  o f  the €. rcr

T ' l

N o w ,  e q u a t l o n  ( 2 " 4 ) . c a n  b e  u s e d  t o  s o l v e  d i f f e r e n t  b o u n d a r y

value problems for  the c lomain 0.  To th is  a im the most  convenient

w a y  i s  t o  b b t a i n ,  b y  c o l l o c h . t i o n ,  a  s y s t c m  o f  l i n e a r  e q u a t i o n s

fo r :  t he  unknown  coe f f i c i en t  f ;  ( i n  f ac t  u+  o r  v *  )  and  to  cons ide r
J J J

t he  func t i on  l ' ( z )  as  the  app rox imar t i on  o f  t he  rea l  so lu t i on  f  ( z )  "
Dur j -ng co l locat ion we mus"t  compute the va lues Ln. i

j " F I  t h c s e  c a n  b e  o b L a i n e d

T h c  v a l n c s  L .  a n d  L .  .  "J - L  t  I  l - f  r
i -uto alccount formula

l n ( z  ' z - . . )  : =  0
-)

T  l -  \
u  '  \  a t -  . t  o

J r r

F o r k f

ecgua I ion

( 2 ' . 6 )  b y

l . i  n r

z-vz

i  - ]  - i
J  - N  J I

l 4  - \

( Z " O J ,

{ -  : r l -  i  n nu L r l \ ! r t y

( r y  * r y  \
\ a  . , i i

-i
r

s t ra igh t - fo rwarc l  by

.  resu l t  a l so  f ro t r i
r J
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T o  c o m p u t e  L - , - ,  =  L ' ,  ( 2 . )  w e  p u t  ( 2 " 6 )  i n  t h e ' f o r m

L )  l ' J .

where the s ta: :  ind icates t i ra t  we must  take the posi t ive deter-

m ina t i on  ( sma l l c r  t han  2 r )  o f  t he  imag ina ry  pa r t "

Let us wr i te

L , - .  =  M r - - l  +  i  N , - *  - t r q z r - )K l  K l  K l  =  l ' K

F ,  = U ,  + i V -  = F ( z - )- k  -  - k  ' k  a  \ 4 k /

f  .  -  u .  +  i  v .
l l l

F o r m u l a  ( 2 " 4 )  g i v e s r  o f l  t h e  b o u n d a r y '
n n '

uk = I  I v I "  ,  u .  I  N ,  v .
j = l  K l  ,  j = t  K l  l

f o r  k = t ; o o o 7 t 1  ( 2 " 8 )

V, = X I-1" v. + X N, u.
K  _ r _ 1  K l  J  - r _ '  K l  l

J _ L  J  
- T

At the end of  th is  sect ion we note that  the only  approx i -

ma t ion  used  i n  fo r :mu la  (2 "4 )  ,  was  the  i n te rpo la t i on  o f  t he

b o u n d a r y  v a l u e s  o f  t h e  f u n c t i o n  f ( z )  b y  ( 2 . 2 ) "  F u r t h e r  o t r r  w e

did. no'r: need any approximation of the eurve f or any othe::

numer ica l  guadra ' ture formula"

3" TRBATMENT OF SINGULARITIES

Le t  zO be  a  boundary  s ingu la r i t y  po in t  o f  t he  func t i on

f ( z )  "  I t  can  be  a  co rne r  po in t  o f  t he  cu rve  I  o r  a  co l l i s i on

point ,  that  is  a  point  where the boundary condj . t ion changes

i t s  t ype  (e .go  w€  have  a  D i r i ch le t  boundary  cond i t i on  fo r  t he

func t i on  u (x ry )  on  I k  and  a  Neumann  t ype  boundary  cond j - t i on

on  I , - , ,  )  "  I n  a  ne ighborhood  o f  t he  po in t  zb  the  comp lex  func t i on-  k + 1 "  K
t  ( z )  has  the  deve lopmen t

f ( z ) ;  f  ( z r )  +  a . , ( 2 , - z k ) ' u  +  a r ( z - z k ) z v  +  o o o  ( 3 " I )
J ! I J 1 ' Z I \

W h e r : e  d 1 r d 2 r . " o  a r e  c O m p l e x  C o n s t a n t s "  T h e  e x p o n e n t  p  e q u a l s

n /a  ; r t  ; l  cc l rne r  s ingu la r i t y ,  equa ls  L /2  a t  a  po in t  where  we
:  " ' -

have a changc f rom Dir lc f r le t  to  Neumann (or  conversely)  boun-

da ry  cond i t i ons  and  equa ls  r /  ( 201  a t  a  co rne r  po in t ,  v l he re ,

a t  t hc  samc  t i r nc ,  t . he  bounc la ry  cond j . t i on  t ype  changcs  .  0k  deno tes

the  ang le  be t t ^ reen  c l i r ec t i on  , k rk+ I , zkzk - ,  i ns ide  thc  doma in  S l

( I t i g " 2 ) "

t. r,) =} rT3-:- L^::i.* *1:i-r,.*I'i.]. +rns ";:i:JI
l '  t r ) -  ' z ) ' r ) _ t  z * z - 3 - - I  , j ^ r ) + . L  z  ^  r j  , l r ) - t

( 2 . 1  )
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I n  f ac t ,  t he  func t j -on  f ( z )  has  a  f i n i t e  va lue  a t  t he  po i -n t

z ,  ,  bu t  i n  t he  case  0<p<1  h r i s  de r i va t i ve  becomes  in f i n i t e  as  z
- K f

approaches zr .o  (Physica lyr  w€ have a f in i te  va lue for  t i re  poten-
Jt

t i a l  f u n c t i o n  a t  f h .  
p o i n t  , L , b u t  i n f i n i L e  v a l u e s  f o r  t h e  f i e l d

quant i t ies )  "  The case 0<U<I  cor responds to  the  co l l i sJ -on  po in ts

or to that  of  re-entrant corner and these are the cases vie are

dea l ing  w i th  here"

.We choose" the interpolant function which take into account

the  behav io r  (3" r ;  o f  the  complex  po ten t ia l  fun< l t ion  in  the

neighborhood of  thb s ingular i ty.  Thusr v ' te wr i te

"tl. ix-z
' : ' '-t^'k-2

e  - 2 . , .  i l
/--*-\
\  r y  - r y  t

A .  -  u .
K - I  K

0 otherwise

f o r  ce  f .
J<.- I

for  Ee I . , -
. n

f o r  ee  f r

fo r  6e  lkn t

oLherwise

f o r  e @  f k n z

f o r  Ee  f k * t

otherwi-se

L k - t  ( q )  =

Lr .  (e )

\ * r ( e )  =

Equat ion

L t  _ t  ( z )  =

Q  - t " l

f ,o*,  t ' l

e - Z r ,  U
r J a \-  t . - -  l' q  - r 7"k- r  "k

t - 2 ,  u
, ' K \

I
z ,  .  - - 2 .

Ki ' l  K
0

( 3 " 2 )

( 3 " 3 )

( 3 . 4 )

6-  " k+z
'k+r*'k+z

(,- zv p
( . " . |\ ,  _ ,- k + I  - k

U

( 2 . 5 )

I

2 x i

t

2 r i

g ives

z - 2 ,
,  K - l
' e  

- ? l' k -  
I  "k -2

{  z - z k + - t
'In---

' 7 - V-  " k - 1

z  -  z , . ^
f  K f z
\;----;-
" k + r  " k + 2

r^ff i*r-uurff i lr  (3"s)
z  - z r -  z  z t -

+nu t , ; ; | ; ) - tu  (zk ; r -d)  ]  (3"6)

z ' 2 .  z  - z r -

r "  F { ;  
- r  - F F u ( r k * * o ) } ( 3 " 7 )1

= - *
2r j -

where



r . . ( z )  =
$

The iu te

per formed in

We have

t.
f
I

0

6
Y

T

1 t
{ - r

f ' - / 7
( 3 " 8 )

( 4 . 1 )

( 4  " 2 )

( 4 " 3 )

r a t i o n  i n  e q u a t i o n  ( 3 . 8 )  c a n  b e  a n a l i t i c a l l y

he case of  the raLional  index u=m/n (where nt<n)

E l  l r y \  - n , r n . E ' ' , ' i t n n - I  i m  W t  l - l -
* m/n, - ,  = # + (" y '2)"" q;JrLt m ff i ' - ' -r ! ' |  j = o  o )  I  

( 3 " 9 )

*/7 buirrg the n-th root of the complex number z and 6 =

=exp{Zr t /n }  the  n- th  roo t  o f  the  un i ty .

.The computation of the nodal values

( 3 " 5 )  r '  ( 3 . 7 )  r e q u i r e s  t h e  v a l u e s  F , ,  ( 0 )  r

E q u a t i o n  ( 3 " 9 )  g i v e s

E r  / n \  -  n

" m / n r t r  
- -  

n

ln  the neighborhood

b u
F . , , ( z )  = J $ $ d r +

t r O e a

The value r'.1 ,- ( r ) c
tLL l  t t

func t ion  131

of  the  po in t  z= I
I
f t  , ,

\  = S f  =  F o ( z )  +
J  + - r z  * 1 r ' -

0  
* u  P

an be computed bY

of  the . funct ions
F . . ( 1 ) .

F

( 3 " 1 0 )

we have a lso

-  z * 1\ "  T  
( 3 " 1 I )

means of  the v

( 3 " 1 2 )

Ir :  the part icular r i r*  of  the Dir ichlet-  Neumann col l is ion

po in ts  we have v=J . /2  and equat ions  (3  "  9  )  ,  (3  "  10  )  become

( 3 " 1 3 )

( 3 " 1 4 )

. 4 O SOLUTION OF T}Itr MIXED BVP BY CVBEM

Let  the boundary f  o f  the s imply  connected domain 0 be

d i v j . d e d  i n t o  2 p  a r c s  b y  t h e  p o i n t s  z ( T ( 1 ) ) r z ( J ( I ) ) r o o o l z ( r ( p ) )

z ( J ( p )  ) .  W e  d e n o t e  b y  I *  t h e  s e t  o f  t h e  a r c s  z ( I ( L ) ) z  ( J ( r )  )  I

e  o e  1 z ( I ( p )  ) z ( J ( f : )  )  a n c l  w e  p u t  f , r = I - \ "  W e  w a n t  t o  d e t e r m i n e

t h e  f u n c t i o n  u ( x r y )  w h i c h  s a t i s f i e s  t h e  c o n d i t i o n s

A  u ( x r Y )  =  0  i n  C I

u ( x , y )  =  f r ( e  )  =  t ( n )  o n

* , * , o ,  
=  t r { c )  =  } . ( s )  o n

tgJ-l
.  t  z t r

o . ,1 r .  ( r1= j . i  "  
"ou  

(2n ' i I )  " l n (s in# ) -$ " tn#  - l n (2n )
I [ / . t r  _ l _ 1  r t

l - t

u r l r t d = 2 + { 7 " n $ }

F , ' * r . ( r )  =  F  l n  4
L l  z

f u

r



' ' -  
g

f l ,  . \ r

w h e r e  r i ( s )  a n c l  r i ,  ( s )  a r e  t w o  g i v e n  f u n c L i o n s ,  D / 0 n  i s  t h e

der ivat ive in the di . rect ion of  the external  nol :mal and s is

. the  curv i l inear  absc issa  on  the  I  curve"  (The un j - t  vec tors
-L J.

n ,  s  a l : e  d i r e c t c d  a s  a n  f i g " I ) .

We  c leno te  I - , y  v (xoy )  t he  ha rmon ic  con jugaLe  func t i on  o f

the  u (x ry ) .  ] f  t he  func t i on  u  i s  g i ven ,  t hen  the  func ' t i on  v

is  det -ermined up to  a rea l .  constant"  The complex funct ion

t ( z )  =  u ( x f y )  +  i  v ( x r Y )

is  a hol "omorphic  funct ion on Lhe complex Var iab le z=x* iY

in the domain f,) o

Taking in to account  the cauchy-  Riemann condi t ions,

equa t ion  (4 "3 )  can  a l so  be  v r r i t t en  i n  t he  f c r rm

t i  = $rtu) on r, ,
and hence

s
f  

' ; ,  r  . +
v ( s )  =  v ( J ( r ) )  +  I  3 . , ( " )  d ;  =  v ( J ( r ) )  +  t * ( ' s )  t 4 . 5 )

l r
s ' ( J  ( r )  )

o n  t h e  a r c  z ( J ( r ) ) z ( I ( r + 1 ) )  ( r = 1 r o " " r p )

The  cons tan ts  v (J ( r )  )  a re  un l cnowno  S ince  the  func t i on

v ( x r y )  i s  d e t e r m i n e d  u p  t o  a  r e a l  c o n s t a n t r  w e  c a n  p u t

v ( J ( p ) )  =  o

Accord ing to  the above consi .derat ions the so lut io t  .o f

the mixed BVP is  equiva lent  wi th  the deterrn j -nat ion of  the

comp lex  func t i on  f ( z ) ,  ho lomorph ic  i n  f )  and  whose  rea l  and

i rnmag ina ry  pa r t s  sa t i s f y  t he  boundary  cond i t i ons  (4 "2 )  aud

(4 "5 )  respec t i v l y "  The  p rob le rn  o f  de te r tn in . i ng  the  func t i on

t ( z )  a n d  i m p l i c i t y  o f  L h e  c o n s t a n t s  v ( J ( r ) ) r  T = L r o o o l p - l  i s

ca l l ec l  t he  mod i f i ed  Vo l te r ra  p rob lem '  I n  /4 /  i t  i s  shown

that  th is  problem has an unique so l r " r t ion"

Let  a  c l iv is ion c f  the cu l :ve f  ,  be g iven by the set  o f

p o i n t s  z ( I ) , , " . 0 2 ( n )  w h i c h  i n c ] - u d e  t h e  p o i n t s  z ( I ( r ) ) r z ( J ( r )  )

r = 1  r  o  o  o  1 p "  T h e  b o u n d a r y  c o n d i t i o n s  ( 4  
" 2 )  ,  ( 4  

" 5  )  w r i t t e n  i n

the  mesh  po in t s ,  g i ve

u ( k ) = f r ( t )  f o r  k e l r t r l . J ( r ) l  ,  ( r = r 7 " o o 1 p )  ( 4 " 6 )

v ( k ) = v ( , : ( r )  ) + t * ( k )  f o r  k e [ , r t r l  n r ( r + r [  ,  ( r = r r  e o o  r P - r )

v ( k ) = V # ( k )  f o r  k e  [ . i ( n ) r r ( p + i ) ]  ,  ( r ( p + 1 ) = n + l )

w t r e r e  u ( k ) : u ( 2 , . )  r  v ( k ) : v ( z o )  r  U t r l = f r 1 2 o ) ,  t " ( r ; = t * { z o )  a n d

we dcnot -cd  by  lo r t  l  thc  in tcgcrs  be tv reen a  and b .

T h e  v a r u e s  t f r . l  ,  t t s ( r )  . ] r e  k n o v r n  ( U * ' ( . r ( r ) ) = 0 ,  r = r v o . " 1 p )

( 4 " 4 )
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. In  fac t  the  unknowns o f  the  1 : rob lem are  the  quant i t ies

v ( n )  f o r  r u [ r ( r ) + r o J ( r [ ,  ( r = l r o " o y p - 1 )

( 4 " 7 )v ( r )  f o r  : : e [ r ( p ) + ; r , , : ( p ) - i l
u ( : r : )  f o r  r : e  f u ( r ) + 1 r r ( r + 1 ) - " { ,  ( r = L r o o o r p )

We shaL l  now iupose U( r )=u( r )  a t  t - . t re  po in ts  where  the
* ^ ^ 1  - . - ' + - 1 .  ^ J :  r - l - ^  n n r a *J - E s r  y * ! L  v r  L r r u .  1 , v ' = . ' t i a l  f u n c { - i o n  i s  t o  b e  d e t e r m i n e d  a n c l

t h e  c o n d i t i o n  V ( r : ) = v ( r )  a t  t h . e  p o i n t s  z r ,  t " U  [ r  f  t ) + I  s J  t t l ] u
T  1  r = I -u L r ( p ) + I e J ( p ) - r J  .

I 'L  fo t lov. rs  a system of  n*p- l .  l inear  equat ions for  the

above ment ioned unknown nodal  va lues

nrn t  
.  i : . ]  i ,  ( k , i  )  -M(k ,  i  ) ] v (  j  )  +  ( k , J  ( ' )  )  - r  j : : l ' * , o , ' r 1 , , ( J  ( s )  ) *

s = 3 .  j = I ( s ) + ]  -  r = J ( s )  .

'  I ( s + L ) - I  , r ( p ) - t  r  l
E  N ( k r  j ) u (  j )  ] +  . r  L d  ( k {  j ) - r , t ( k ,  j ) J v { j )  -

j : J ( s ) + t  j = I ( p ) + 1 . -

f ( p + I ) * I  p *  J ( s )  A .  I ( s + l )  ^
E  N ( k r j ) u ( j ) = l { x  N ( k , j ) l i ( j ) + r  M ( k , j ) v e ( j ) }

j = J ( p ) + r  s = I  j = I ( s )  j = g i ( s ) + l

f o r  J < u [ r t t ) + r , J ( ] ) l  ( 1 = 1 , o o o r p - 1 )  a n d  x e [ r ( p ) + t , J ( n ) - r ]  ( 4 " 8 )

p - x  J ( s ) - r
y  r  x  * r  r r -  - ,  

t  ( s + 1 )  1  r  ( s + r )  - 1

s 3 ' . : 1 r  f  s )  + r N  
( k ,  j  )  

" (  
j  )  + [  r  N  ( k , r )  |  v  ( J  ( s )  )  + ,  r  _ .  .  - L o  

( k ,  j  ) -
? = J ( s )  )  j = J ( s )  + r *

1  , ,  l ( p )  - r  I ( p + 1 ) - 1 .  1- M ( k ,  j ) l  u (  j ) i  + . 1 _  l . t ( k ,  j ) v (  j ) - i - , r - - .  
_ l o  r r o  j ) - r " r ( k ,  j )  

l u ( : ) =j = r  ( p )  + r  j : J  ( p )  + r

.  p  J ( s )  ^  r ( s + t )  ^ ,=  E  {  r  l { ( k r j ) d ( j )  r  N ( l < r j ) v n ( j ) }
s : t  j = r ( s )  j = 3 r ( s ) + 1

f o n  k n [ J ( l ) + r r r ( t + 1 ) - ] J  r  ( r = t l o o o 3 p )  ( 4 " 9 )

We hrave vrr i t ten an equat ion for  every node, except for
'  t h o s e  w i - t h  , L n C j - c e s  I ( 1 )  ( 1 = 1  l " o o r p )  a n d  J ( p )  "  T h e  r a t e  o f  c o n - .

vergence of  the resul t ing approximat j -on to the real  solut ion
(as  the  number :  o f  mesh po in ts  i s  inc reased)  i s  a l te red  by  the

presence o f  t i re  boundary  s j -ngu la r i t ies .  Even in ' l -he  case o f  the

smooth  domainsr  w€ have a lgebra ic  s ingu la r i t ies  o f  1 /2  o rder .

a t  a l l  co l l i s ion  po in ts "  There fo , re ,  vJe  mus i :  cons ider  s ingu la r
'  . i n r - n r - n ^ - r = n 1 5  o f  t h e  t y p e  ( 3 " 2 )  + ( 3 . 4 )  a t  a l l  p o i n t s  z ( I ( r )  ) ,

z  ( J  ( r )  )  ( r = 1 1  *  *  .  y p )  a n d ,  c o n s e q u e n t J " y  o  t h e  i n f  l u e n c e  o f  t h e s e

po in ts  c l ve r  app rox ima t i ve  po ten t i a l  comp lex  func t i ons  f ' ( z )  en te rs

l . r r r  r " r n i n i - r i - c  n i r r n n  h r r  n r r g a l i 6 p 5  ( 3 " 5 ) : - ( 3 " 7 ) .
\ J  O J  I  

.  
\  J  o  '  /  O

Our method for  so lv ing the rn ixed BVP by nreans of  CVBEM

r c q u i r c s  o t r l y  n * p - 1  e c l u a t i o n s ;  o f  s y s t c m  ( 2 " 8 ) "  T h e  r e r n a i n i n g

equat ions catn I :e  uscd to  rcs{- j - inatc  Lhc cr : l :o l :  in  ma' t -c i r ing t } re



g ivcn

t.rl.r rr f A

added

i s  i n

given

r 0  *

bounclary concl j - t j -or" i ,  In  the neighbo: :hooc1 of  the points

the re  a re  h igh  e r ro rs ,  add . i t i ona }  r : o r l a l  p ion ts  can  be

and another  approx imat ior :  f r . inct ion is '  generated"  T i r is

f a c t t h e C V B E M s t r a t e g y t o r e d u c e t h e a p p r o x i m a t i o n e r r o ] :
.  t r  I

L n  / ) /  "

5 " NUMBRICAL EXAMPLES

prob lemso  '  ' "  '

E:1?tpJ9-L-  Vfe consider  a heat  conduct ion problem analysed

p r e v i o u s l y b y S y m m / 6 / " T h e < l o m a i n a i s t h e r e c t a n g l e i n f i g " 3

w h e r e  t h e  c o r n e r  c o o r d i n a t e s  a r e  A ,  ( ' 7  r 0 )  ,  A 2 , 7  r 0 )  o  B z Q  n 7 )  '

n ( *7 ,7 )  "  T t re  s teady  tempera tu re  
' u (x ry )  j . s  a  ha rmon ic  func t i on

ins ide  the  recLang le  and  sa t i s f i es  the  boundary  cond i t i ons

The above out l ined method

The resul t ing ! 'or t ran Program

( x r 0 )  =  5 0 0

u ( 0 r Y )  = 1 0 0 0

o u / - *  - - \ -  r )
T . E \ r r r I t _  

r

was implement6d numerical lY "

MIXED is aPPl ied to two test

o n  A r B ,

o n  A r B ,

on the remainder of  the boundarY"

( 5 " 1 )

F I G " 3 O

T h e p r o b l e m h a s a c o } } j . s i o n s i n g u l a r i t y p o i n t a t t h e

o r i g i n B l ( 0 0 0 ) " N u m e r i c a l r e s u l t s a t t h . r e e . p o J . n t s n e a r t h e

o r ig in  a re  shown  on  tab le  1 "  The  resu } t s  i n  co }umn (1 )  co r : : es .

pond to an uni form mesh wi t l - r  48 points  of  the bound'ary  wi thout

cons j - c le r i ng  s ingu la r  e lemen ts "  I n  co lumn (2 )  we  g i ve  the  resu l t s

oJ : ta ined  by  us ing  s ingu la r  e lemen ts ,  a round  the  o r i g in "  The

l -ast  two corumns show t l re  resur ts  ob l -a ined by symm (3)  and the

ana l - y t i ca l  so lu t i on  (4 )  '

x y l 2 3 4
- 1 " 0  . 1 " 0  5 7 2 , 8 3  5 6 1 ' 4 5  5 6 I " 9 3  5 6 r " 9 5

' 0 " 0  1 " 0  6 1 6 " 3 7  5 0 3 " 3 5  6 0 3 " 7 6  6 0 3 " 7 7

1 . 0  1 . 0  6 8 2 " 1 8  5 5 9 " 5 0  6 6 9 " 5 4  6 6 9 " 5 4

T A B L E  1

' B y c o n s i d e r i n g s i n g u l a r b o u n c l a r y e ] . e m c n t s w e h a v e i m p r o v e d
g r e a t e l y  u p o n  t h c  r c s u l t s  o l : t a i . n e c l  i n  c o l u m n  ( 1 ) "  N e v e r t h e l e s s '

the resul .Ls o l :La incd I :y  Syrun 's  mcthocl  are s l ight ty  bet ' t -er"  I I is



:  1 1

method cons is ts  in  subt rac t ion  o f  s ingu la r i t j .es  and the  nu-

m'er ica l  p rccedure  i t  needs  a  more  de ta l - ied  ana l -y t i ca l  ana lys is

o f  the  prob lcm*  In  the  case o- f  many s ingu la r i t ies  th . ts  can I :e

a tedious vro::J,;6 ,

gICmlS*.2" Let n be the resist ive distr ibuted structure,

g iven j -n  f iE . .  4o  I t  cons is ts  o f  a  th in* f i lm area  o f  res is t i ve

mater ia l ,  lshich has on i l ,s  boundary four conductor Lerminai-s
^  r r  ^  n  s e n a r a t e c j '  b v  i n S f r l a t e d  a 1 . ^ c  n  a  R , A .  .  S U C I- ] r ,  

l t a a d t " r { " 4  
D c l / q l k u u \ i  u y  I J T J L T l q u s u  q l u D  , t L n z l o o o l L 4 I

st ruetures have been considered.  in  order  to  improve the per-

fo rmances  o f  t he  i n t *g ra ted  c i r cu i t s  i n  m ic roe lec t ron i cs  /7 / ,

' F r G " 4 0

,  The  po ten t i a l  f unc t i on  u (x ry )  i s  ha rmon ic  i n  doma in  C I

and takes constant  va lues on the e lect roc les o On the insulated

a r c s r  w €  h a - v e  0 u / a n : 0 ,  n e n c e  t h e  s t r e a m  f u n c t i o n  v ( x r y )  i s

cons tan t  on  the  ROAO* ,  a rcs .  The  comp lex  po ten t i a l  f unc t i on

f  ( z )  =u+ iy  i s  ho lomo: :ph i c  i n  t he  do rna in  Q  and . i t s  de te rm inaL ion

requi res to  so lve a nodi f ied-  Vol ter ra BVP" ,
The  use  o f  d i s t r i bu ted  res i s t i ve  s t ruc tu res  i -n  e lec t ron i c

c i rcu i ts ,  : :equi re t l " le  determinat ion of  the indef  ined admi tance

matr ix  def - j -ned by re la t ions

v ( B n ) - v { A r )
R n Y . .  =

'  l J \

u (AO) =0 k f j
j , k = t  t 2  t 3  |  4

( 5 . 2 )
,, (Aj )

He re  t i r e  * squar :e - res i s tence"  Rg  i s  a  phys i ca l  cha rac te r i s t i c

o f  t he  res i s t i ve  s t ruc tu re  and  u (A i )  r  v (Ag )  a re  the  va lues  o f  
.

the po ' { :ent ia l  and respect i rze ly  of  l f t .  s t ream funct ion at  the

nocla l  po ints  A* ,  A, -  o
J I \

To det-ermine the admi tance matr ix  o f  the g iven st ructure

we  mus t  so l ve  fou r  m ixed  BVP fo r  t he  doma in  a  where ,  i n  succe -
'

s i on ,  \ {e  have  the  va lue  l . f o r  t he  po ten t i a l  f unc t i on  on  an

elect : :ode and 0 va lues on the others

To test  how the method works in  the case of  the ntore

comp l i ca ted  p rob le rns r  we  cons ide rec l  t t r e  s t ruc tu re  g i ven  i n

F iq "4  where  the  qeomet r i ca l  d - imens ions  a re ;

A t B t = B r A n - l  1  . 5 ,  B r A r = A r B r - 7  " 5 ,  A 2 B 2 - - B r A r = A n I } 4 = B 4 A l = 4  " ' ' 1 5

Th is  i s  a  d r :a l - symmct r i ca l

was  dc tc r i n ina tcd  " c :<ac t l . y "

s t - ruc tu re  whose  adn i tance  ma t r i x

by  ana ly t i ca l  n te thods  i n  / 8 /  "
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|  1 . 7 0 8 5 2  * 0  
" 3 5 3 6 2  

- 0  
" 5 3 7I

t ^
t  " c " 3 5 3 6 2  L " 0 7 3 r B  - 0 . 6 8 1
I

I  - 0 " 5 3 1 2 7  - 0 " 6 8 - 8 3  r " 3 8 3
I
I  * 0 " 8 L 7 1 r  - 0 . 0 3 1 7 2  - 0 " 1 6 4

appl j .ed the progl :am MIXED for :  48

subd iv i s ion  ( the  j -n te rva l  l engLh

ts  B - )  and  v r i t h  co l l i s i on  bounCar
J

po in ts  "  The numer  j -ca l  resu l ts  g iv

I  r " 7 0 5 7 5  - 0 . 3 5 4 4 2  - 0 " 5 3 3
t
I

|  - o  
" 3 5 4 4 2  I  " 0 7 5 9 5  

- 0  
" 6 8 3tc r  

I  - o  
" 5 3 3 7 2  

- 0 . 6 8 3 9 4  r . . 3 2 9
I

[  - 0 " 8 r 7 6 1  - 0 . 0 3 7 5 9  - 0 " r 6 2

ob ta ined  resu l t s  can  be  cons i c le r

ly  i f  one t .ake '  in to account  that

s ingular  po ints  and the determin

dmitance matr ix  requi res the va-Lu

jus t  a t  t he  = i r , g r r i . t  po in t so

RpY

FIe

uni form

the poj-n

a l l  R , -
1

RsY

The

espec ia l

boundary

f i n i t e  a

functi-on

2 7  * 0
6 1  n
V J

r  1  - 0

0 0  1
n n i  n { -
t / v ! r r  s

dec rea
^  " i  * ^y  3 r . r r y

e the

7 2  * 0

9 4  * 0

6 9  * 0

0 3  r
ar l  -ac :

we hav

ati-on'

e s  o f

n  non

towarcl"

" B L ' l 7

" a  3 1 1

" 1 6 4 0

" 0 1 9 4
s i.n

s  ing

ula.ri
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6 "  CONCLUSION

'  The advantages of  the g iven procedure for  so lv ing the

mixed BVP over  other  Bt r l . {  are:

l "The  me thod  y ie lds  an  app rox ima t ion  fo r  t he  fu l l  comp lex

poLeni - i -a l  funct ion in  terms of  the,  some easi ly  computa l :Le

func t i -ons .

2"  I t  does noL requi res any approx imat ion of  the boundary

cu rve  o r  any  r rumer i ca l  quadra tu reo  Cousequen t l y ,  equa t i on  (2 "2 )

can be used in  any point  z  j -ns ide domain Q novr  mat ter  hovr  c lose -

i t  i s  t o ' t he  boundary  I .  ( I n  usua l  BE tv l  , p rog rams  the  eva lua t . i on

of  the so lut ion near  houndary curve g ives some t roubles due to

numer i ca l  quadra tu re  fo rmu lae  used )  "
3 *  The nrethod takes j -n to account  s t r ight  forvrard ly  the

boundary  s ingu la r i t . i es  o f  t he  so lu t i on  a t  t he  re -enL ran t  c .o rne rs

o r  a t  t h e  c o l l i s i o n  p o i n t s

4 .  I t  i s  p o s s i b l e  t o  o b t a i n  " a  m e s u r e "  o f  t h e  e r r o r  i u

nr t  * , ' ,  boundary condiL ion and hence to develop anmat .ch ing the

e r ro r  reduc t i on  a lgo r i t hm by  ac l c l i ng  new po in t s  i n  t he  boundary

reg j -on  w i r c re  the  e r ro r  i s  l a rgc  "
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