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IvIATRIX OPERA'IORS AND I{YPERINVARTANT SUBSPACES

b Y  - : . .

r, nXpur,nscu and F. 'H. vAsrl,trscu

o.  ABSTRACT
L

In  th is  paper  v /e s tudy the decomposabi l i ty  o f  some matr ix

ope ra to rs  as  we l I  as  o the r  spec ia l  p rope r t i es  
.o f  

t he i r s '  These

matr j -x  operators are c ler ivec l  f . rom non-analy t ic  funct ional  ca l -cu l i

As  by -p roc luc ts l  w€  ob ta in  s ta temen ts  conce rn ing  the  ex i s tence

o f  (non - t r i v i a l )  hype r inva r ian t "  subspaces '

1.  INTRODUCTIO}1

o f

I^t a)

Lel -  X be a complex Banach space and le t  EtX)  be

a l l  bound .ed  l i nea r  ope ra to rs  acL ing  on  X '  Fo r  each

. n
r e p r e s e n t e d  a s  a  n a t r i x  ( T i X ) - -

"  l r K = l

the algelrr

s. € ,g (x)

Banacii

a

each

denote bY { f ;  (S)  i ts  specLrum

Let  us f  ix  an in teger  n > 1 and Ie 'L  us d.enote by X* the
' A n

s p a c e  X  O . . . O  X ( n  t i m e s ) .  E v e r y  o p e r a t o r  T  €  ' i { ( X "  )  c a n  b e

,  where T- , , -  e  # tx)  for
' 

J.r,!

p a i i  o f  i n d i c e s  i r k .  w e  s h a l l  s t u c l y  i n  t h e - s e q u e l  a  c l a s s  o f

operators T & #$n' \  r^ i i th  t lLe propbr ty  that  the onl raLo: : t  t j , .

f rom the mat- r ix  reDresentat ion of  T mu'LuaI ly  corunute '  To '  p l :esent

th j - s  c lass ,  we  need  some p re l  j - n t i na r i es '

Let fL be

a l g e b r a  o f  a t l

let  A c C.I-CL )

reca l l  t -ha t -  A

,  , , , 1  a r  r \  t  l ) e  L h c
a  c o m p a c t  t o p o l o q i c a l  s p a c e '  l - e t  C ( l L  '

f l  . , . ,  :

complex-va lued cont in r ' rous  func l - ion$ on  .sL  '1  i lu
' :

be  a  (  no t  , , "c : t 'nsar i l y  c loscc l )  s 'ub3] r1c ' i ' r t  ' t  '  
' " !L r

i s  S a i d  t o be norma- l -  i f  fo r  eve l ' y  o l )1 : ' rn  c r - )1" ( ' l :
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2 -
^  t  - . c  f i  { - h e r e  a r e  p o s i i l  o  

_  + f  ( c J  )  = 1  
!

|  ^  G  l  o r  ; r r '  e r r v ' -  
\  o - A  f  _ ( ( ^ )  ) - . . .  

- m
L  G 1 ,  "  "  1 " n t  -  ( :  ( o = , 1  , . . .  , i l )  a n o  , 1 , '  I { r

-1^  r -h1 f  supp  ( f  
o )  

-  t r p \ v -  '  t  "  
. i { - v  o f  t he .

i n  A  s u c h  l - t t c t L -  ' r e r '  ' . P  
A ( t h e  p o s i l - i v r - r - y  

L / !  i
:

r ^ , ^ . r 1 1  a ) e J ) - .  r r - r ' p a r t i c u l i ' ' r '  
1 &  

- . t r n r l n v . r s ) .  i
I O }  a ! +  _ A r  ̂  i n  W n a C  ! u r ! '

r :  ' t ;  w i t l  P IaY  
no  l :O le  ' ' , '  Yv r l t s -  

'

f u n c t i o n s  ! 1 " " t " m  "  
- : ,  n  \  w e  s h a l t  c o n s i c l e r  I  

'

1 . 1 . D E r I N I T I O N . F o r a n a I g e b r a A € u \ + , . / , {it 'i

-  ' a ' f  D r o p e r t i e s :  
i  :

the fo l low:- t 'Y 'Y-- r  
i

. -  r '  - ' i  nedra i  r  )  l0 ' [  i r
" \  n  i q  a  n O f m S - L  c L r - Y v - - -  

' : t ' \ F { - a J g ' J } : l : \ a ^ ' "  r  i
( f  l  f t  ! u  

r l ^ c { -  q u D f ) ( n )  ( - . L  -  
i

'  c  r ^ t . ' A  s u c h  t h a t  s u p p ( I i l ' r -  d a * { L : f ( a -  i
t - V

( i i i  f o t  eve ry  pa r r  r  ' r r . -  - -  
;  - .  . " i + l - ,  z .e ro  ou ts ide  Lhe  

L'  ^ -  { :endeO w l -  u r r  .  
-  -  

?
.  r { r : i }  t l f  { q )  ) r  c ^ (

t he  f  unc t i on  d  - ' ->  f I \  cu  ' ! "  

^ .  ^ .  T

; .  .  ,1_ \  i  s  
.d . I r  e lement  OI  f l i  i ^ - lUSiOn i'  

se t  supp (h l  ,  L r  
c tu re  wh ich  makes tne  r r rv ! - -  i

I
r r rn^c .h  a lgeb ra  s t f uc ruL -=  l

t ' i  i i )  A  h a s  a  r r d r r s " " '  
i

\ ! + *

n c' c ( 

ff;.;::=.. 
*n" besinnins or each secrio'r which ot

arqebra A are going 
"o : "  

used

'"";: 
j t ir,*" i l  lo-; ';;r"" propertlss (i) '  ( i i) and (i i i) '

r f  J l -  is  the c losure of  a  re la t lve ly  
compact  ope subset  o f  lRm '

nx t  r r )  o f  a l l  r - - t imes d i f  ferent iab le 
funct ions

. ( j . i ) a n d ( i i i ) . T h e s e a l e ' i n f . a c L } h e m o s t s i g n i f i c a n t e x a r n n l e s .

that  we i rave in  mi 'nd 

^*_rr rat i -ve pni ta l  a lgebra,  we denoLe

rf A. ls an arbltrarY commuta::: 
Lries are elenents t '

the a lqebra of  n  x  n-madr ices 
whose en

by Mn(A) 
A) wirr somerj-mes be regarcled as u" 

l-rrcdule

.  
o f  A.  The a lgebra Mrr(  

,6  :A -> #, tx l '  induce.s a uni ta l

Every uni ta l  a lgebra morphism : r  
1  by the equal i ty

a lgeb ra  morph ism €  
" '  

Mn(A)  
- * - ; f ( xn )  '  de f l ne<

6 r r ,  o <  )  1  (  Q  (  *  j , . ) ' ] , o = r '  
w h e r e  o 4  =  t  *  j x ) l ' o = ' * ' o * ( A ) '

.  . . i  a : [  t he

t  -2  '  DETINl ' r l -oN '  lc t  A c '  c  (  - f l -  )  be an a lgeDra v t '  '

r r  )  and  ( i i )  f  rom De f  i n i t l on  r .  t  

^ ^ - - : ^ ,  ^ r " J r :
p r o P e l : t r e s  \  r  /  

L 1 ^  ^ r a  r : x i s t s  a  u n r t ' a  r
.  \ '  ^^ r ' l  a r  j - f  t i - re re  e i ' i

i

:
I

tf
{AJ txrt



1 - -

mrr rnh ism { r '  :  A  - - * 'H tx l  and an  e le rnentL r t V !  y r r - L r J r t l  $

A - t p' l ' . =  : r  (  u  ) "
h '

Th is  conccp t  cx tends  the  conce1 l f ,  o f  l l - sDec t ra l  oDere l to r  /

in t roc lucecl  i .n  [  8 ]  ,  v ; ] r ich j -n  turn exLencls  that  o f :  n* 'no: :mal

opc : :a to r  IO ]  "  W l ten  A  - i s  an  ac lm iss i ] : I e  a l i l eb ra ,  t hen  De f in ;L t i on

1  1  r - r c n  n r ^ n t r i d g 5  a n  e X L e n S j - O n  O f  t h e  C O n C e l : t  O f  A - S C a l a f  O p e : : a , i : O f
L t  L  c L J - i ) L ,  f J . L U V - L U . g )  

C l l l  g 4 U V I I J J - v l l  v !  L r r v

[ + . 1  ,  [ r r J
One of  the maj .n  purposes of  th is  t :aper  is  to  nrove thab evel rY

( a , n ) - s c a l a r  o 1 : e r a L o r  i s  d c c o i n n o s a b l e  ( d e t a i l s  c o n c e r n i n g '

d e c o m p o s a b l c  o p e r a t o r s c a n  b e  f o u n d  i n  I  a  I  o r  [ r r  1  1 .  A s  a

m a t t e r  o f  f a c t ,  v / e  s h a l l  p r o v e  a  s t r o n q e r  r e s u l t .  S p e c i f i c a l l v '

v , , e  s h a l l  s h o w  t . h a t  i f  {  u r ,  , r J  i s  a n  o p e n  c o v e : : . o f  6 - ( T ) ,  t h e n

t h e r e  e x i s t s  a n  o p e r a t o r  R  €  / ( x " )  s t r c h  t h a t  R T  =  T l ? ,

6 ' (T  f  n t x t ) )  cT i  anc l  6 - ( r  I  t t , . ,  *  R )  ( xn l l  cTz  ( v rhe re  1 r ,  i s

t he  i c l en t i t y  o f  Xn ;  we  use  the  same.no ta t i on  fo r  t he  i c l en t i t y  o f

M.^  (A )  ) .  W i th  t i r e  t e rm j .no logv  o f  [Z l  I  v l e  . t he r ' e fo re  shov r  t ha t
n '

e v e r y  ( A , n ) - s c a l a r  o p e r a t o r  i s  s u n e r - ' d e c o m p o s a b l e  ( s e e  ' T h e o r e m  3 . 8 )

4 f 1

T h e  c l e c o m p o s a b i l i t v  o f  a l - r  ( A , : r )  - s c a . l a r  o p e r a t o r  T  €  { ( x " )

can be used to de: : ive t l - re  ex j -s tence of  a  p l loper  hype: : invar i .ant

subs l :ace  ( i . e .  j . nva r ian t  uncLer  each  one ra to r  con rmu t inc r  v r i t h  T )  t

when  s - (T )  con . ta ins  a t  l eas t  t r vo  no in t s .  Th i s  exp la ins  one  o f

the :na j -n  
.  resul ts  of -  [  A ]  (wh j -ch is  a lso ex ' tended bv our  Coro l larv

3 . 6 ) .

B y  a n a l y z i n s  l - h e  s p e c t r u m  o f  a n  ( A , n ) - s c a l a t r  o p e r a t o r  T

(Theorem 4 . ( )  )  |  we  sha l l  ob ta in  t . hc  ex j - s tence  o f  hvne r . i nva r ian t

subspaces  o f  1 . . ,  even  i f  6 - - (T )  con t -a jns  on i - y  one  po in t ' ,  p rov ided

T  j , s  no t  a  mu l t i p le  o f  t he  i c l e r r t . i tV ,  i . e .  a  co lnp le l . -e  ex tens ion

o f  T h e o r c r n  5 . 3  f r o n t  I e  ]  { s e e  C o r o l l a r y  4 " 8 ) .

t . i r r r - r  r ^ r i1 -h  i - .h i  a ' l . so  : :e fc r  toIn  connec l -  j -ou  w iLh  th is  s r " rb  j  ec t ,  v ;e

anc l  I  r o  ]  .  un l i " ke  i . r ' r  *oJa  o f  t hcse  v ro r ] " s ,  we  sha r l l -

conce)  pt -  o f  spcct . ra l .  ne; , rs l t : :c  (o l :  : :c l -a tcc1 not- .Lous)  .

'  i rTc can ;t1:1:lv oLll :  ntcthocls to a 1a::qe enoLlqh cl-a,- l ;r j

"U #- .l{ (A) such that"
t 1

r ' l
t r i l
L J J  I

n o t  u s e

I q l
L -  )

t h c

o f  m a i - r i . : i



opera to rs  r  i nc lud inq '  ma t r i ces  o f  c rene ra l i zed  sca la r  one ra t "o rs

r 1
n l  r z r . n  l x r  n  s n e c t r a l  d i s t r i . l : u t i o n  1 . 4 JL . J

.  2 .  A SPECTRAI,  CAPACII ]Y

Let  A C:  Cl ( .n*)  be a normar l  a l .qebra. .  { " /e  a. l -so f ix  a  uni ta l

r ' r - n l - r - :  mnr - , ^1 r  j  c - ; y11  < l )  :  A  * r -  , { - fX l  and  c leno te  by  + -  t heC I , J L . J t ; ] J J - A  l L t u l l _ r 1 r . r . - ' r , ,  * 1 -  - , r  
J  n

corresponding morphis tn of  l " ln  (A)  in t -o i lG")
n l

s i n c e  a  r n a ' L r i x  d  = (  * i * , 1  
o = . ,  

€ .  I { n ( A )
I  r K = r

as a funct ion oc :  - f ) *  TMrr  
(where t . ,  =  Mrr  (e)  c  Mn (A)) ,  the '  notat ion

' d -  ( u J  )  =  ( e * . , - ( a  ) ) n  (  o o € .  J ) - )  o n d  s u p p  ( 0 1  )  m a k e s
J ^  i . k = l

J  l "

s e n s e .  M o r e o v e r ,  s " p p  
I  

c ( '  .  d ) " )  C  s u p p  ( . o < r )  n  s u p p (  o c " )

for  each pai r  d- '  ,  {  '  € .1 '4n (A)  .

Fo r  eve ry  f  €  A  v re  deno te  by  f  t f  l  € .  l 4n (A )  the  ma t r i x

5 ( t )  =  (  t  * , - f  ) t  ,  where 5 *"  is  the I ( ronecker  syrnbol"  NoLice
J J ' .  i . k = l  l K

t h a t  5  i s ,  i "  f i ; ; , ;  u n i i * a l  a l q e b r a  m o r p h i s m  o f  A  i n t o  l r r r ( A )

p

and  tha t  b  ta l  i s  i n  t he  cen te r '  o f  J i l r ,  (A )  .

inc lucecl  by +.

- i n  h n  a  ( t ^ : ' r r ]  o . 1
L . q t l  u u  ! s v q r u E l r

( : n ; 1 a \ r r
u t l \ 4 v v

t )  r \  , . n  / F l  =
.  \  a  .  r  t  t r  c P  \  -  /

n

T h e n  i - h e  a s s i q n m c n t  i ?  - ^ P  X ' b  ( F )
Y

PROOt r .  \ { c  f o l l ow  sone  l i nes

i n  l r r l  ( s e e  a l s o  i t ]  ) .

I t  i s  p l . a in  tha t  xb  ( r )  i s  a

rhe  fac t  t t ra t  x r l s (g )  J  {9 }  ,  xb

x!  tnr )  c  x fu  tnr )  w l r .enevcr  Fr -

= s 1

, l h o  s e f .  s i l . r D n f  l F ,  I  l ;  o  l - h r .  e r r n n n r f  n { :  *  I  i s  d e f i n e d  a S  t h e

i n te rsec t i on  o f  a l l  c l osed  se ts  F  C  J ) - .  such  tha t

v r i rencve r  supp  ( f  ) c  t ' )= \  l r  ( f  €  A ) .  The  se t  supp  (

c le f i nec l  i n  a  s im i l a r :  way .  I t  : l s  eas i l v  seen  tha t  supp

( N o t e  t l - r a t  s u p p (  c , 4  ) =  U  t s u p p (  { i t  )  : r  (  i , r .  (  
"  }  f o r

o c = (  * * " ) t  G  l , t - ( A ) ) .
. J "  - :  1 - - I  ' .

J  r  J ! -  r

2 . I . '  P R O P O S I T I O N .  I r o r  e v e l : v  c . j - o s e d  s e t

n  {  r . " r ( # r , (  c < - ) )  :  s u p p (

iq*q-saes3*l-sg:gs*:Y, f 4 , [r:1

f r o r n  t h e  p r o o f  o f  T h e o r e m  I V . 7 "  3

c l -osec1  l " i nea r  subsPace  o f  Xn -

( f I )  =  f , "  a n d  t h a t

l ? ^  c a n  ] : c  e a s i - I y  s e c n .
I

* ( r )  =  o

) i s
n '

( 4) ) ==supp (*' : n

e a c h

r c _rL we-_!9f!39__!Is

r v \ n F- -  
I  |  |  J .



5 -

r .o{ -  {a  c  1 r -  )  r ' '
r J s u  L - 1 r . . . . r \ . i m  J  J e  a n  O n e n  c o v e r  O f  J L  "  S i u c e  A  i S

n o r m a l r  w e  c a n  f . i n d  f u n c t i o n s  f  ,  , . . .  , f ^  i r r  A  s u c h  t h a t
J . '  m

.  s u p p ( f * )  C  G ^  ( p = 1  r . . " , m ) a n c l  f . , { - . . . - l - f - . .  =  I .  L e t  d . -  =  5 { f , . )  ;p p - r n ] ? P

t h e r e f o r e  s u p p  (  o / . ^ )  C  C *  a n d  d , * . . . +  o ( *  =  I * .  f t  i s  t h e n  c l e a r
y  p  I  m  - n

+ l ^  ^  !
L l t < - t  L

xn = *r ,  (  er)  xn-r" .  .  . t  #*  (  ocm) xn.

'We have only  to  note that

, - E \ . , , f l * ' ' D t  t . \ \ F . ' n r F r
9 -  (  o ( ^ ) x ' ^  C .  x " ; 1 ,  ( s u p p (  c < - - - )  )  C  x  * ' t c  )

r r  * ,  : * f  
i - ! - \  

P ' '  
- - q p ' P '

for  every p,  and therefore

( 2 . 2 )  x n  =  x b ( 6 r ) + . . . n * b t 6 * l  .

l ' -  1  ,l ' t row,  le t  1" t r  J  I .  €  f  be an arb i t rar l '  fami- ly  o f  c losed
. 0 v

subsets of -CI . I4tre sha1l prove that

(2.3) 
" 'b( .A o" ) = .n x! rr* )

t u r ' t  * * d ' ^ + " Y ' '  '

Since  the  mapp ing  r  - - - '  xk ( r )  i s  i nc reas lnq r ,  i t  su f  f i ces  to .

p r o v e  t h a t  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 3 )  i s  c o n t a i n e d  i n  t h e  l . e f t

ha r rc l  s i de . '  Le t  x#  x l '  f r *  )  f o r  a l l  t ' €  f  and  l e t

F ^  =  n  { r -  , 1 a .  f - }  .  L e t  a l s o  & € .  } 4 n ( A )  b e  s u c h  t h a t- 0  L - t

s u p p  (  o < . )  n  F 0  =  V "  S i n c e  s u p p  ( o (  )  i s  c o m n a c L r  w €  c a n  c h o o s e

o p e n  s e t s  H ^  =  J ? -  \  F r " -  ( q  = l  , , . ,  , T )  s u c h  t h a t
g ' 0 - 1

s u p p (  o (  )  c  F I I L /  . . . u H r .  I f .  H 0  =  - f L  \  s u p p (  o (  ) ,  t h e r e  a r e

f u n c t i o n s  h 0 , h 1 , . . . , h ,  . i n  A  s u c h  t h a t  h O  *  h ,  + . . . n  h ,  =

a n d  s u p p ( h - )  c  I ' l -  ( q = 0 , 1 , . . . , r ) .  L e L  [ t ^  
=  f , ( f t ^ )  €  ] 4 n .  ( A ) .- - ' - '  ' - - q '  q  l '  I  q

Then

* , . , ( o 4 ) v = * , r (  * _ P O )  * + * , . , {  n " [ t r )  x + . . . +  * . , (  * J \ r ) " .

S i n c e s u p p  ( o (  ) A s u 1 : p ( 1 h g )  = g  a n d  s u p p  ( o  
f  q )  ^ n * O  g

t i  z '  , ,  1  r ^ ' t  t j e  h a v e  . F *  (  o / -  A  ^ ) x - 0  f o r  a I I  q  =  0 r l r . . .  r r .\ r  \  \ 1  \ \  L l  t  -  
n .  J  C l

r . o n s r : c r r r r : n t l v  * i t  (  o c  ) x  =  0 ,  s o  t h a t  X  i s  c o u t a j - n e d  i n  t h e
v v r r v * n - ,

l e f  t  i r a l c l  s i . de  o f  (2  .3 )  .  The  p r .oo f  o f  P rop65 . i t i . on  2  . I  i s  comp lc t . c



( ) "

a . 2.  COROLI ,ARY.  Lo t  f  €  A  be  s t tc i ' t  t l - raL-  s ' t lDD ( f : )41  sun l ' )  ( { : )=p ; '

' (  _ .
T ' h r . , n  < J ) ( f )  =  0 .

J -  \ "  /

have  Xb  ( r )  =  XD,  l : y  (2 .1 )  .  I t r decd  ,  L f .  o< -  €  i 4n  (A )  a ] - I d

s L l p p  (  c < -  )  ( \ F = V ,  t h e n  4 . , . , i o  )  -  0 ,  i , e "  k e r  * n (  o (  )  =  x n '

I lROOi, ' .  Ccns: i .c le : :  f i . rs t  a  c losed sr - t }>s;et  l "  C"J)-  such that  i f

h  f f  / r . an r l  su l : p (h . )  n  r= f i ,  t ) r c ; r  *  (n )  =  0 '  rn  t ' h i s  case  we  nu rs t

N o w ,  L e t  { t n } 6 - r

subs 'e 'Ls of  -O-  shar i r rg  the prope: :Lv of  F '  Then

be  1 -he  fam i . I v  o f  a l l  c l osed

A { u r  :  T €  f ' \

i t  fo t lows that

k e r  * n (  5  ( r ) ) ' =  
" b ( s u p p

( f r ) )  =

=  s u p p ( + ) .  s i n c e s u p p t F t f ) ) n  s u P r ) r i { > ; = f /  ;

b y  ( 2 . 3 )  a n d  t h e  f i r s t  p a r t  o f  1 - h e  p r o o f  .  C o n s c q u e n t l y  *  ( f  )  =  0 '

2.3. COROLLA]IY. Fo:: evel:V closecl l l  C' A- wq-bgvg-the ecruaf i 'W-

xn4- trl '= xfu tn /\ suPp ( + ) ) '

PROOI i .  As  we  ha \ re  no ted  i n  t hb  p : :oo f  o f  Co ro l l a ry  2 "2 ,

x l - ( supp (  *  ) )  =  xn '  ' l l he re f :o re
s>'

vn -n . -n  /8 , \  . . i l -  r t r  n  supp (  + )  )  ,x'b (r) = x" n 1.I, t"t = x;F (r"

b y  ( 2 . 3 )

2,4.  REI{ARK. \n le  have nb ' t -  used so far  the fact  t i ra t  t } re

funct lons of  A are cont inuous "

A supplementary concl i t ion on { -he a lcrebra A C C(JL)  makes t 'he

'4-  :  M ( / \ )  * - - ' -  { (xn)  in ject ive on i ts  supnor t '
mappln^ '  . .1 - 'n  

1 l  
-  \ / \  t  L tL

2 . 5. LEr4i'{A" $gygg-Llql1-3Le-i}.9-9lr:11 e elS-e-&:*glS*-PI9995:Y

(ii) l:e-**ggfl:i-L+sg 1.1. :g +n( D( ) = o ISJ*egm o( €: Mn(A) '

rhen o( ( c'J ) = o lq-L;:."*q:Y uJ € supp t # I'

PROOI I .  No te  f i - r : s t  t ha t  i f * ( f )  =  0  f o : :  s o m e  f  € A ,  t h e n

t ( i l  )  =  0  f o r  e v e r y  c D  €  s L l P P ( + ) '

f nc lecc l ,  i f  h  €3 'A  1s  such  tha t ,  s l i l l r r  ( h )  c :  G=  { * *J } :  f  ( t d  )  I  03

then  . t hc  ex tcns ion  h r  . f  t , he  func t j -on  a )  ' - - ' ' -  h  (6u  )  / t (  u :  )  be lonos

t-o A ancl vre h;rve f tt., ) = ci: {ir r ; .fr"t .r I -Q . Tircref or:e srrnP (@ ) A Gi=P'



N o v l ,  1 f +  (  o c  ) ' =  o

.4  1  oc  
i i * )  

= :  0  fo r  each pa i r  { j rk )  "  By  the  prev i -ous  remark '  l 'N

foLlov.r  that  o(  (  cd )  = 0 for  a l l

3 "  DIJCO}1I 'OSN BTLITY

Tn th j .s  sec t . ion  A v r i l - l  be  a  suba lgabra '  o f  C( ] r t )  v r i th

t h e  p r o p e  r t . i . e s  ( i )  a n c l  ( i i )  
' f  

r o m  D e f i n i t i o n  1 . 1 '  L e L  +  : A  - _ >  , / ( X )

be  a  f i xed  un i ta l  a lgeJ : ra  morph ism.

we a rso  f l x  a ,  e l emen r  T  =  (  T  
i x , l , o= f  

I . l n (A ) .  Le t

t  =  * * (  z  )  €  t l x n ) ,  i . e .  T  i s  ( A r n ) - s e a l , a r .  f r o m  t h e

r e l a t , i o n  ( 2 , ! )  ,  i t ,  f o l l o w s ' e a s i . l Y

c l o s e d  s u b s e t s  r  C f L  .

rha r  r ' *b ( r )  c  x l tn l

3.1 . LEI{}4A . For everY clo.1q! f C fL
- - _ - . a - ! - - . -

a n d

'6-- (r I

Y'tt  ^ /  \ . .  t h e n=  \  w . l t ,  l
J r t  j  , k = 1  

|
a A /

a1n r{ v\

i 2 9  €  s u p p ( *  ) "

d e f i n i n g

f o r  a l l

v i e  have  the  i nc lus ion

+ tJ  o- (  -c  (ar  ) )
< r g F

the set  f rom the r i . qh t  hend  s i -de  i . s  e losed .

PROOf'. l 'Je use

€ ( A { c , z J ) ) =

equa lJ . ty

')
- a ( c . J ) ) = 0 J  , d € { L ,

a lso  an  eJ"ementarY fac tf n

the straightfonuarcl

{ z a " E , z  
d e t ( z  r n

r  de termi -nant .  I t  i svlhe re " det " stanC s

bhe ex is tence o f  a such

1 -

. 7 ' \ \

Lhat

( c l e t ( ? 1 n5

' r r f *s u p p  ( h )  . C -  L d  € -  J  ) -

x n  ( r ) )  c

m a t r i x  t u ( z )  €  l " l n ( A )

f o r  e a c h  z € 0 "

t ' l ov in  l e t  z€e  l : e  suc t t  t ha t  de t ( z rn  
-6  (  cd  ) )10  fo r  a l l

d €. rr. tr{e take a function h €. A such that, h=} in a neighhouri looci

of F ancl

$ ince  de t  (  z1 r ,  ^ '  T  )

l
:  r l e f ( z t  - D \ c A  

) )  * 0  I ..  L i v v  \  - n

n . : r r t v  ( i i )  f r o mA  h a s  t h e  p f  0 1 , u r  g .  \  r r  /  L Land



I

D e f l n l t , i o n  l " I n

(equa l  to  z ,e rQ

( 3 .  1)  t r le de duce

the funct ion g (

out.s ide the set

a l -  - . &
L I I ( . I  L

: . 1  \  *  L d
{ A J  '  *  I I  1

supp (h )  )

)  (dec  (  z I' n

an element

- 1. c  t i l  ) )

o f  A "  F r o m

N

J-s

^ ^ / r * h \  n  T . .  =  a t :  t h a t  +  t  5  t t r l lAs  v re  have  supp( I *h )  A  l -  s  f i ,  i t  i s  c le * "  {  n '

is  the ident i ' tY on

( z l n  -  r )  * r , ( s ' t * (  z )  ) =  * n ( q  T o ( z \ )  ( ' z l n  *  r ) =  # , r t  5  { h }  )  "

yn* {r)
*

xn* (F)  
"  Therefor :e

qP

*r . , (s T #( z)  )  I x l t r l  =  ( ( z rn - r )

,  #  a- ( r  I  -b  (F) ) .
F i n a l l Y ,  i f  d e t  ( z 1 n -  T  (  o ' t  \ )  *  0

there  ex is ts  a  ne ighbourhood V o f  z  such

d e b ( v r l  T  ( c o  )  *  0  f o r  a l l  @ € Y '' n - . .

consegu.en t lYn the  se t  V  f  s " (  T  (

can be vrr i t ten as

f o r  a l I  u r  €  F ,  t hen

t l r a t  i f  w  € V  , '  
t h e n

a r  )  )  r  u ;  € .  t !  l s  c l o s e < l '

s ta tement  of  Leroma 3.  i

f f t l .  n  n
I  l J g l . r

I
s - ( T  I

. l

o-(r' I *^* (r) ) c LJ {' . F

v i a  C o r o l l a r Y  2 . 3 .

o - (  - r . (  a :  ) ) :  u J € .  F n  s u P P ( +  )

.  .  r . r4 "? \  r  a { -  r ,  r .  d :  he  a  c losec l  subset  and le t -
S i J r  ! l i r . l i ' u l .  

" - _ = :  
!  . *  Y  : j : - : -

( - r *    e r - r a l , \ t \ ' n  t  1  n \n / r \  -  l o , t a  ) L  ;  $ - ( - f  ( c J ) ) n L f - V  J ..  v \ ' , ,  t

0 tlt l" e-gqsl]g,*L uu,lFlq!̂ F  f 1  t , r i . t - h  + h c r  n r o o n r { ' , v  t h a tuI -t./- Yrr L1 I .i'j.-l:3XL:::J--;--.-

xn"(F))  n L = f i  u,h_c. tgygr Ot l l  nr  == f r ,  F c lqse.{ . - l *  -Cr"  + ' - . "
p R O o F . r f  d O  #  

g l l t  , t h e n  $ " ( T ( c + s ' ) ) A r , = f r .

Thus, by the upper semicotr t inu- i - tY of  the spect l : t im, there exists

a  ne lghbor - r rhooc l  I ' lO  o f  dO such tha t  a - l  -U(cd  ) )  n  t  E  i l

for  each 60 € l^ I0.  I lence -CL \  Ott ' t  ls  open'

a t  O t r ' l n F = f i '  r f  z
I.low, let Ir = Ti c lL be sucir th

t  n  I  o f  L e m m a  3 ' l '
w e r e  a  p o i . n t  o f  s ( T .  I  t ' * ( F )  )  n  L t  t h e n ,  b y  v j " r t u e



9 . -
:

there vrould

There f  ore i

e x i , s t s  a  P o i n t

etJ €.  0( l )  f \  Fu

d g  y '  such tha t  u  €  s - (  T  t

r . , rh ich cr :ntraiJ lc{ :s the choice

sa t i s ; f i es  the  conc l i t l on 5 o f

pR*Ol,..  Inle harvet to si:olv t ireL i f  t ]  C S i"s an arlr i trqry op'e]l

set  and {  q l -  1  : - . ,  is  a  sequence of  X l r -va lued^ fu i rc t ions,
"  P "  ! ' - r  b

einei lyeic" i r r  u u sucir  that  ( ' r r" I  - '  T)  gp (z)  - -+ 0 (p --"b € )  uni f  crmly

on the conparct  subscts of  IJ ,  t 'hen i t  fo l lovrs that  Sn(z) ' -+ 0

tp  *  oo) .  r rn i fo rmly  qn  the  coml :uc t  subsets  o f  U ' -)

Let {  V" }  3,  
be a sequence as air .ove and let  A

o**U Aiuc" f ,et  us show th;-r- t  nr( ' )*+ 0 (p --+ o<'  )

u.nifcrml1, oil A

I , re coirs ider the set 0t  A )  c -CL ( t lef inecl  in Lemrnar 3 '3)

a r r d  f i x a  p o i n t  d o  € :  A t A  ) . . L e t  D ' - S o - . u  b e  a n  o p e n

cl . lsc cont;r in ing A ancl  le. t  VO C 0 an Open .set  
such that

S o n V o

possi l : le  "  Dy l . :he upt) i t r  scrn icont inu i ty  of  t [e  spectrum r  w€ in fe: :

t l :e  ex is tenc€:  o f  an open neig l . r i ,curhoocl .  i ' l0  o f  @O in -Cf  such that

i f  d  € :  I ' 1 0 3  t h e n  o i l e  h a s  $ - (  T  ( c d ) ) c . n o  u  v o "  T h l s

proccd.r - : re  c :an be apnl . ied to  a: ]y  po int  c0 of  0  (  a  ) -  Dy the

c o I n p a c t . 1 l e s S o f 0 t A l ( L e n l n a 3 " 3 ) , r v e o } : r 1 . i i . i n . a f i n i t e . o p e n

" o ' n , f u n , n ' . . , W i n } " f 0 ( A ) , o p e n d i u " : - o 1 . , * . . , ? *
vrhos i : .c IoSL1r€s  a i6  in  U and opc t l  se t ,s  V I  , .  "  "  1V J"n  C such tha t

D  - A  , l t ^ " n v - =  l 4  a n d  c i - ( t ( c d ) ) c D . , U V . , f o r e v e r y  :
"q  q  L l '  \ ' l

a J  € -  , o n  ( q  =  l e o o " , I i i ) . "  L e t  \ ' l m + r  =  l L  \  6 ( r ' )  '  I { e  t a k e  t } r e

f u n c t i o n "  h l r . . o r h * ,  l r o . , u . ,  f r o m  A  s u c h  t h a t  h l + " " l ' h m  h m + l  =  I

a n d s t l p T . ) ( h , - ) C W ^ ( q = l ' r , . . . t n + L ) ' ' I h e n c o n s i d e r t h e r n a t r i c e s( l I

4

o (  =  b  ( 1 _ - ) .  N o t e  l - h a t- q  q

4 ,  ( d **  ] ) '
)  c ,  (  , )  €  r : [ ( r :upp (

q ' = '  p ' ' '  : - ' ( P
o (  q )  )  r  9 ' = f  r .  .  n  l I T l  , m * 1 ,

u , , \ t A  - . 1 ,  
" . "  l r T l )  .  S i n c el n

t rncJ that -  o-  ( t I  I  >1"- -  (sr t r>p(  c>(  - )  )  C D-- r . F q q

u J  ) ) "

o f  F . .

'  3.4. LHI\lh/iA" I[3*ggg13].g5.7

P.i':li:::" L -j "j



; r 0 -

D-- A V_-.= 6,  vre cnn take iLrroiher operr  d j ,s: ,1:  Dl l )D- - in t ' l  sueh i :h i l i : .
q q q q

D: /1V^ = t i  (L  * ( "  g  =(  rn)  "  Note t t ra t  the oJ>erator  (z \  - rn \  I  v r l. * n , ,  | , ' q )\.1 \.1

(supp (  o (^ )  )  l "s  lnver : : t i l : l .e  fn r  z  e  D j \ . ,1 -^  and t l r - ' '  &  t  ^ t  \
L J  c l  

t  " q  L r i r u  L r t c t L  *  
t t  

t  *  
a I '

co:lRrut.e$ v, ' j . t-h ' i - ' .  ' Ihcrrr:fore t ira scrquence .*,;  ( or,  ̂ )  g--(z) -* 0
I l  v  t_r

(p-+"  oo )  un j . forml-y  on the compact :  su l :se 'Ls of  D8- \  D "  I3v theq q

maximurn pr . ' i . r rc i .p ;1e,  we c leduce { :hat  * r r (  Xo)go(r )  - -o  0 (p .^-*  "o ;

r rn i  f o r rn l v  on  T^ ,  . i i r  pa l r t i . c - .u la r  on  A  ,  f o t  a t * t ,  e= l  o  o .  "  e r [ "

. lrrom Lef,ma 3, 3 vre obtairr that

o - ( t  i " b ( s r r p p (  e ( 6 . r . 1 ) ) n  A  =  g " .

I . l e n c e  4 n (  d m + r ) g p ( f ) - >  0  ( p - + p 6 < ) )  u n i f o r m l l r ' o n  A  ,  a r r c l

there fore

g D ( z ) =  * ' , (  o a r ) 9 p ( z ) + " . . +  * r , (  d m + r ) q p ( z ) - - +  o  ( p  - - - + c , c , )
'. ):'\

A

u n i f o r m l . y  f c r  z € 4 .

Th.e genera l  as;ser t . lon nov, r  fo l lows by conver ing an arb i { : rar : , r

cor,,ry:act, subset L C: U vrith er f inite numi:er of closecl discs ancl

apply inq t -he prev" tot ts  argument  to  eac i r  o f ,  these d iscs

Since T sar t j .s f j .es the concl l t . ion 
J ,  n  then T has the

s i r rg le ' va luec l  ex tens io r r  p ropc r t . y .  Pa r t i cu la r l y  r  vJe  can  spe ; r k  ahou ' l :

t he  spec t ra l  spaees

( "  ? \  v f l ( T , \  -  { x e = x n :  * f , - , ( x )  c r ,  }  e\ r o L t  r ^ r r l , \ s /  
L ^ = , r  

.  
, , 1 . , .  J

ruhere  t  C  ( :  i s  an .arb i t ra : :y  c loscd  se t  anc i  f r (x )  i s  the  loca l  1 :

q n , * n l - r r r r r r  o f  T  a t  x  ( s e e  I a  ]  o r  I r r  ]  f o : :  d e t a i l s )  "  r n  a d d i t i c n ,u I J u  v  L . !  u a . r  v  !

11

t he  spacc  X ; ( t )  i s  c losed  ( v i i r i ch  i s  an  easy  cons ;equence  o f  t he

con i { i t ion  f5  ) .  x l ] . f l i  j - s  inva : : ian t  under  every  opera tor  tha t t
J  

t ,  , " I r , I i t  r . " . ,

commutes  v r i t h  T  ( i . e  .  X *  (L )  i . s  h l , pe r inva r ian t )  and

o - ( r  I  x ) ] . t r , ) )  c  L (  f 4 i ,  I  r r  ]  ) .

3 " 5 . .  tEl '11.14. Tlhel onel:nto:: T ' i  s ciecompos abl.e .

p l i oo l r .  Le t  .  { , t ' , ,  
u ,  }  be  a r l  open  cove r  o f  ( -o  and  }e t :



. { * l -  - . \  F'  l ls  f ix 'a point  4,  0 € .1|)*  "  Then we can "choose two open sets \0

ana v l  in  4 ;  such tha t ,  o* (  -U (  cd  6) )c .  u i  ,u3  ,  uu tc .uq(q* l  ,2 )
U L

* t  * ?
and Vj n Vl :: f,. Leit i\Tq C l)-- be an open s;et that d eTo

U U U U

J-mpl les  s - (  ^ (  
{  c ,J  } }C V l  .JV l "  S j -nce  -C)*  i s  compact . ,  i :he

U U

prevj.ous renark i;hovrs that. rve ca]1 f j-ncl an open 
"or.t {utr , " . . oi,trn J.

' o f  
J L  a n c l o p e n s e t s  { u l  s  r ( p < m r  e = L , Z }  l n C  s u c h  t h a i :, p

t a l  v f l F u n , T i n T i =  $ ;

. - l * ,

, .  
( b )  c 0 €  * n *  o - (  T  ( c , t l ) ) c v i t . l u ;

f o r  a l l  p  =  l p . o .  r m  a n d .  g  =  I 1 2 ,  F r o m  L e m m a  3 . 1 . . a n d  t h e  p r o n e r ' L . y

(b)  \ {e  c lec luce that

t

I  n  L  - 1  - )
s-(r I xh(rr^) )c. \-=4 6-( -5 ( c^J ) ) c v; L/v:' .-5- v de.T p p

' t )

The re fo re

vL rF n - I  
tVZlx-+ (wp) c xT (un t 

o

by the fact  that  t ] - r *  space f rom the 
' r iqht  

hand s lde ls  spectra l -

m a x l m a l  I a ]  ,  I  r r ]  "  L e t  u s  a L s o  n o t e  t h e  d e c o m p o s l t i . o n

(3"3) xfitvf '- 'Vfr = x[ tVfr + x[ tvflr,

whlch. fo l . l -ows from (a) o t l ie decomposi t ion of  the space with

r e s p e e t  t o  s e p a r a t e  p a r t s  o f  t h e  s p e c t r u m  ( s e e r  f o r  l n s t a n c e u  [ r ] 1 " ,

Theorem I I I  3 .1 I )  a .nd  the  fac t  tha t  a l - l  invo l \ rec l  spaces  a . re  spec t : :a l

m a x l m a l .

.  Accord lng  to  . (2 "2)  anc l  the  above cons idera t ionsr  wo can

r+r l te that  .  .

m m - .n  . - r  .  .S  - -n  . :2 .
X n =  t ;  x n _ r r . , r ) =  } _ : .  X T ( V - )  +  ) '  x * / \ 7 ' - \ - '

- -2=^ ,  
/ ,+ t t rn /  p '?* l -  '  P '  

T  
,# r  

^T t " i ' "
p = L '

:  x i l  ( u i )  +  x [  ( t ] 2 ) ,



T 2

whlch prove.s the decomposahLl . l ty oJl  T,  i ry v l r tue of  Theorem TV.

4 . " 2 8  f r o m  t  r i . J  .

3 o 6 " colrol,llrllY " Il. s* (r ) gglSgi*: tgfg_ }lr.ql*.q1g _pinl ,

!t:sq r [el*g!.. 1,.s:s:I*xtg".-?J:?p9: f.yngrlny*#s*S_:sL:lsse.
Tlh: [s fact  fs vrel l  knor.vn ln t ] re theory of  decomposabl-e

operaeors and is based dh the exist .ence of  a compact subset,

r  r ' " , - tm '  * " ' c i t  t i ra t ,  x [ t r , )  i s  r re i ther  zero  nor  the  v rho le  space"  AsL L_ \)  t ' r ' l  su

we ha.ve  a l : :eady  msnt loned,  x f f t l )  i s  a  hyper invar ian t  subspace

o f T , "

3"7n  REI" IARI ( .  r r  A  =  C(J1  )  and $  is  ob ta inec i  v ia  a

spec t : ra l  measure  on  J )  ,  then the  oper :a to r  T  i s  n -spec t ra l  t s ]  o

r f  6 - (T)  conta l "ns  more  than one no in t ,  then T  has  a  p roper

hyper lnvar lan t  subspacer  ds  provec i  in  ts l  " . .  consequent ly ,

c o r o l r a r y  3 " 6  p r o v i d e s  a n  e x t e n s i o n  o f  t h i s  r e s u l t "  "

3. 8. THfiOii lJM" EJ.q_Lt (ann )-g_q_-q,l_?_l-_operator is super-

decomrrosal t le  "

PROOT. IVe use the notat i .on &nd the conslderat ions f rom

Ure proof of  Lenrrna 3.  5.

L e t  {  f  . . . - . r  i  C  A  b e  . s u c h  t h a t  f , + . . . + f  =  I  a n dL  t l t o o " o - m  J  L  n  u c :  ' 5 u u t l '  - - - - .  - - I  
m

s u p p ( f , . . , )  c  l i J , . ,  ( p = I  , . . . 1 m )  .  L e t  a l s o  0 :  b u  t h e  . s p e c t r a l  p r o j c c t j . J n.  P  P  . ' - p
of  th rc  space x f i  rv , f  u 'v f r l  on to  x r " rv f i l  ( c1=r ,2 ;  r )= ] r " " " ,m) ,  * r r i ch
i s  ob ta i r rec l  f r om the  c lecompos i t i on  ( .3 .3 )  ,  v i a  t he  ana ly t i c

funct ional .  ca lcu lus of  the rest : r ic t j .on of  T. . to  x l tV, l  -o .11 (see
4 l / y

- 1

L  1 1 J  ,  T h e o r e m  ] I f . 3 " 1 ] ) .  S i n c e

* r , (  f  t ro) )xn -  rh  (supp(rp)  )  *  r& r \ l  c  x [ rVf  u- rv f  l ,

v/e mey def lne the opel :ators

m
R  =  f  n t l d )

( 1  ' -  
i )  . t  r a

I  I _  r r
l ) r

(  5  ( f  
r r )  )  €  H ,$n )  ,  q *L  , 2 ,



1 ?

I t  1s s t ra- lghfo: :ward
n . . M o r e o v e r ,

that  Rt +

o q C )  t
r 

'-l lT R  -  T (
rf\4- p

t l  = 1^ ' 1

q f Fu  \ r -

r t t

) ) )  =
p

6t1

" * DI '

m
Y""r

p * -

l'n

1J

m
)

4@

v

, 
(* I -[ r$ ur 4,, nfi*], *r X (rp) ] =

, ofi m l, nil(vlL,Vfrn * " 
( X (rp)) =

t t , r r  S r f p ) )  l * n r t

since every oper:ator cornmutes r ,v l th l ts ana. lyt ic funct ional  caLculr

a n d  6  t f * )  l s  i n  t h e  c e r r t e r " o f  M  ( A ) .
P  - - n ' - ' , '

'  rn  pa . r t i cu la r ,  the  space 
"^u t r  

i s  inva : : ian t  uncrer  , r .'  q '  .  - r "  * - * * "

To end th.e proof that  T is super-Cecomposable,  l t  remains

to show rhar,  6-(r  |  "nq )  c -  (q=1 02)., ( j g

Let ,  #T^.  l . t re choose two open sets Uj  and U:,  sucir/ ( l y . l

t ha t  t l ' =T  z  d f r i ;  
-U 'o  

n  U^  *  g  and  U :  U  U : '  =  d "  Thenq q ,  - -  . / -  -q  ,  
9  y  v  . . "  I ' nen

n  F  
- - f l  , : : ,  . .X "  =  X i . 1 ( T ' t  +  x n f i i r r r  q { n, r .  g .  x * t u O ' ) r  s l n c e  T  i . . s  d e c o m p o s a b l e  ( L e m m a  3 . S ) "  I f

x € x n  i s  a  f i x e c l  v e c t o r ,  t h e n  x  =  x ,  +  x r u ,  w h e r e  x r G ,  x n r i J r t  , i n
,  

^  .  ,  w r l e r e  x .  @ .  x i ( u ,  )  a n c l
x t p  G .  x l ( l l t ' ) .  N o t e  t h a t  R  x r ,  =  0 "  I n c l e e d r  o '  o n e  h a n d ,t "  q '

R - ( x n )  c
L,l

m

4 , 
xi tvfir c. x[ (rtq) ,

wh lch  s i rows  tha " t  X^ * (R*  xo  ' ' t  c ' - f r

s i n c e  x ,  ,  G .  x * , n r  r , , ' * * n ' l ^ " '  
" t t r '

T t u ' q ) r  t h e n  i l t ( * g * ,
There fore  . f f t (O.J  x , r  r )  =  f l ,  so  t i ra t

s ing le  va lued ex tens ion  proper t \ ,  o f

equa l l  t y

( 3 " r * )  n  ( x n )  =  R  f y h  r I T ,c J .  )  =  r . q ( * r  ( t l ; ) )

Lr : t .  us  show f l r a t  t he  space  R-_ (Xn)  l s
t l

.  I  r r  - 1
( ( z  f - . - T )  |  x j '  / r r r i r ' - a  -  l r : r > r l .  { - } r a  . ! ? 1 / a rr I  , '  ( t Jq )  )  .  .  f ndee r l ,  t he  ope ra to r

. \

by ( 3 " 2 )." 0n the other ir ana'l
, )  ( -  1 ^  | / . , r r \  r - a l r t  f  . a -' ) . ,  

i l 1 t x ' - ) c - u ' ;  L , l J  .

R^x '  t  =  0  .bec  ause  o f  t he
Y

T ,  T h l s  e s t a b l i s h e s  .  t h e

l nva r ian t  unc le r

OO cornmutes wittr



\ d
l 4 l

T and the sp i?ce l f f : l  i s  invar ia r r t  unc le r  R or J g

1't

rF
ConsequentLv

n q {  ( "  1 , " ,  -  T ) v "  f r r r 1\  \ , - " ,
ry' \l

'i

i  x '  i :

,  ; s  { { z  l *
l t

for  ever :y  y , '& Xn
T

ls  Inva. f i .ant  u .n i ler

w o r d s  ,  ( z  I - -  -  T )' n
' 

The 1:roof

r )  |  x t '  t u : l ; - r  R - ,  x ,
m Ct '  ( I
T J J

( U ; i ,  T h i s  s h o w s ,  . t n  p a r t l c u l a r ,  t h a t  R q ( X n )

( ( z  t *  T )  I  x n  ( l T , t ) * 1 .  v r a  ( 3 " 4 ) "  r ;  o r j r e r ..  . - .  - : n  - . t  
I  " T  \ u o , ,  ,

l  : * - ,  t  - * ; -
I  l t . .  (x" )  is . tnvert, i l : Ie ,  i .  e. s" (r  I  n_ tx" )  )  C I t .  "'  r J  I  q '  

. q -
cl f  the theorem ls compi-ete.

3 o 9 " REFI.ARK. Let *{L -r, s 'C ( -CL ) and se t

t t * c( -rr T ) : f o -g €  A 3

vrh lc i r  i s  a  suba) .gebra  o f  C(  JZ  - ,  ) . '  Then

g l v e n  b y . c I >  t r t  . -  / F . r s
t f * \ ! /  

-  * 1 - \ r  o  ( '  )  i S  A

Suppose t i ra t .  / r ,  hars  the  pro ; :e r t ies  ( l )

1 "  I  ( t t r t s  l iappens ,  f .a r  tns tance,  \+hen A

morphism * ^v can be used . inst .eaci  of  +

is  t to  loss  o f ,  generaJ- i t f  in  assuminq tho . t

0*,  r^rhere ,n = 12, and that -a

coordJ-nate functLons on 0*,  resi : r lc ted to t ) -  .

4. iuORB ABOUTI TI"IE SPnCf RUM r

In 'bh is  sect : i -on we assume that  A.C,  C.( jL l  has the

p r o p e r t i e s  ( l )  ,  ( i i )  a n t l  (  j . l 1 )  f  r o m  D e f j _ n l t i o n  r . l .  A s  
. i n  

t h e

p re r r i ous ;  sec t l -on ,  we  f i > l  a  un i ta l .  a lqeb ra  mo : :ph i sm * :A  - - - -+ "  H$)

a n  e l e t n e n t  T  - (  - ( ,  . -  ) . n  a n r : l  r . 6 n q { d r . ru  \  jk ,  j  ,k=I  
€ '  I ' {n  (A)  ,  anc l  congLcler  the (A rn )  -

- s c ; r l a r  o D e r a b o r  T  -  *  _ t  r  I  € .  / - ( x n ) .n

For  eve ry  c losed  f  C  - -O-  we  de f l ne  the  se t

( 4 . r )  s . - r . . ' s '  t J  o - - ( - E ( . , ) ) c 0 .
L, et.  ( ,U€ I.r

o " Y

s u b s e t  o f

the map *r  r  A"  *  #$ l

un iCa l  a lgeb ra  morph ls f t l .

and  (1 i  )  f r om De f l -n l t t on

=  c ( J ) - ) ) "  T i r e n  t h e

o  In  th i s  case  the : :e

- f t  i s  a  compac t

i s  t he  ma t r i x  o f
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'  T lhc $e ' t  S 
T p l i  

ls  c los;cd { i .n  fact ,  compacL)  o by l re f l tn la l  3 .1"  t r {hen

F  *  $upp  (  +  )e  the  se t  s  d  " "  
v r i l l  l : e  deno ted  s i -mp ty  by  s -  " 'V  t t '  

^  ' U

4 *r, r,rt'rt4rr. fgr__gyq.5i1 h e: A qlgrg*g."T,L:tg_*e}Jg*LuHs

" { g i r S , J * i " ' j t f  4 , ' ,  :  r [ :  \ s r , F . * r l , , i n ( A )  s g g b - ! . b a t _ ( z  r r , - T l  y n ( z ) = g , 1 1 r

{qr *rJ r"# s 
T ,T,,J*Slrg F * sr)"J)p (}r) .

PROOF'" Crtnsider tf ie Banach sjpace y * Afl and the map

Y r  A *> t tv )  g . i -ven by

Y  t n ) f  I  
p .  

"  " @ f n  t  h f t  @ . .  " @ h f s r  . l i u f . o .  " .  n f ,  €  A "

Pra i r r l y l  f t  i s  a  un i ta . r  a l -gebra  rnorph lsm"  r ,e t ,  . *  
n : I4n(A)  

->  f l {u  " }

be the unj- ta l  a lgebra morph. lsm inciuced by V .  r f  we indent l fy

Yn w l th  l , l n (A ) ,  t hen ,  w i th  t i r i s  i c l en t - t f i ca t l on , Yr,( * ) f 
= *Jt

f o r  a l - l  * , l o  €  l ' I n ( A ) "  r n  p a r t l c u l a r ,  * n { f  )  i s  t h e  .

rnu}t i l :L icat : i .on by the matr ix - t  
,  which wl11 be also denoted by

- O  o  T h e  o p e r a i o r  - V  
i s  ( A r n ) - s c a l a r ,  a n d  t h e r e f o r e  l t  h a s  t h e

propert les c lesc: : lbed in the previous sect l "on

r t  i s  e a s l t y  s e e n  t h a r  E "  t t r l  €  v i  ( s u p p ( t u ) ;  ( w h l c h  i s
*

de f i nec l  by  (2 "  f  i ) .  Acco rd i -ng  to  Le rnma 3 . I ,  6 -  (  -1 ; :  I  r rn  (F , )  )

- ^  . :  
l r + \ r / ' l /

c*  S  -o  rp r  
where  p  =  sup l r (h i .  Conseguen t l - y ,  v /e  may  take

? n t z )  *  ( ( z  1 r ,  -  u  )  [  r i f  , r ) )  I  5 ( r , ) ,  , F s r c , F .

4,2"  LEI '4 t lA.  Assune that .  t l . re : :e  ex ls ts  a comr:act  subset  i

s - ( r )  $ q * L . ! l * t  t = \  L  L = f i

pR0c i . ' "  Lc : t  us  assume t -ha t  L . f  g .  Le t  V ,  =  L  and

v1 J s -,-  \  t  be open sets such that * ar lu^ = g, Then t irere. z L -

ls  ar1 open neighbourhood hr.  of  supp t  # I  such that

s z  
F C v r - v 2 .  

l ^ i e  m a y  a l s o  a s s i u r n e  t l " r a t  f  =  ?  v t  l s  a  f i n i t e

syr tem o f  Jorc l i in  : :ec t j . f i ; l l> le  curves ,  pos i t i verv  o r ien te i l c

Let l"r € A be sucir that ir = L ln a neLqlhl:ou.rhoocl of

I r € S C ,  \



l 6

supp ( .F t  ar-rc l  supp (h) c Wo Let el l -so LT}. , h

fur ic t lon q iven ! : f  Lenuna 4.1,  vrh ich j "s  def j -ned

$ * ", je Tl:r: ir  we ffray con$i.der thc r:]-crrrent
Lz I l'v

I :e the analyelc

out.s lde t l ie set

r
.  

' l  
I  - 1

e ( d  ) = * 7 ; p - T :  )  
( z  1 r . ,  - C  ( c d ) ) - - ^ d z ,  d € F r ,

-  l l  .  
f 1  

r r

J

w h l c h  s h o r * s  t h a t  e ( c d  ) 2 '  =  e ( d  )  ( e (  c d  )  f s n  J . n  f a c t r  &  s r : e c t r a l

p r o j e c t , i o n  o f  t  (  c , :  )  ) .  S i n c e  F t  l s  a  n e i g h b o u r h o o d  o f  s u p p (  +  ) ,

t t  f  c : l lo ius  ' cha t  *  , . ,  t *  )  i s  an  ic lempotent "  In "  adc i i t ion ,  * .  (e  )

c o m m u t e s  v r i t h  T  b e c a u s e  o f  t h e  e q u a l i t y  - C (  a J  ) e (  c o  ) = e ( 6  ) t  ( c d  )
( / , 1 € r r 1
\  - -  ,  

I  /  n

f
$ e L  F ,  =  

{ c ' ' : a - ( L :  h ( a . t  ) "  =  i }

aJ  €  r '1 ,  then . {  
r ,  

(z )  (  as  )  =

fy:om our assunnt j .on on the algebra

p.olnt ,  evaluat lons are cont lnuous"

'  sLnce b ' (h )  (  cd  )  =  1 r ,

( z  t r ,  - u ( c d  
) ) * i "  r t

A  { D e f i n l t i o n  . l  "  r  ( i i l )  }

I Ience

o, g{. ]rr"

; " . *

f n l  1  n t , r c :
a v $ !  & v r r  E r  

1

.  that  the

- U ( c d ) )  = e ( d 1 ' l

Conslder  now the ln terqra l

r
I  \  . - l( 1  =  r y ; * -  \  ( v r * z )  -  q .  ( z l d z ,- w  

,  Z r i l ' i  , -  r ' r  t h ' "

t

f t  is  c lear t l - rat

1 4 " 2 |  ( w  I , . ,  ' U ( a  
) ) e * ( c . r  ) = e * ( a J  ) ( w  t '

fo r :  a t l  Q €  F t  anc l  v r  /T re

since 4 , ,  {n }  i .s  idempolent ,  then V

c losed subspace o f  xn ,  lnvar ian t  unc le r .  T  and

wel - l .  Moreover ,  f  rom (4 .2  )  we dec luce  tha t

( ( w  r n

v r l r c rc  IZ  i s  t hc

the  o the r  i r and ,

=  * , r ( e ) ( x n )  i s  a

u'nder #n {e*) as

*  r )  l z l  t  * r , ( *o r )  I  
' z )  =  (S  , , t e r l l  z l  ( ( r v  i n - r )  |  z )= r , r ,

l den t i { : y  o f  Z .  T i r l s  shows  
' t ha t  

o - (T

s - (T ) 'C  \n ) ,  by  l l cmor l i  3 ,2  and  t l : e

I  q \  / *  r t  n . -
I  s /  \ _  u l  o  \ - / , l l

pr r rper ty  o f  L .



r f Yl tt f

There fo re  6 - ( f )  n  s * tT  I  Z ' t  x  f i  u  wh lch  
" I s  

noL  poss lh le  unJ -e$s

e )  
i i j -s  shc,ws tha{ '  c l t  f r - . r ]  =Z , =  t  0  ! ,  T i i j " s  s h c r u , r $  t h a r ' : [ " n t e )  = -  0 i  s o  t , h a t  e (  o J  i  *  0  f o r

earc l - r  c i  € ;  supp(  4,  ) ,  In  vJ-r t r r -e  of  Lemrna 2"5r  r+hich contr ; l i l iq ts

of r l :  a$$r l i r r l rL ;Lc: : "  l "nc lcec l ,  : l f  ' t ,0G I . , t  thcn t .he11 ex is ts  c lUesupp(  { :  )

s r l ch  tha t -  ? )n  €=  G- (  - r  (  do  
0 ) ) "  

Thcn  V ,  con ta ins  a t  l eas t  one  p * j -n t
U U I

f r o rn  t i r c  spec t : : r : r n  o f  t he  ma t . r i > l  'V  (  c ] )  
0 ) ,  

whence  s ( r -d , )  , /  0 .
b

Corisiequen{: ly v. ie lnust have L = fr"

4" 3. LEt.l-l4/\" I,Sq r C J)-. i :e  e l -os;ec! .  and le t
6$*@

Then the sDaee

r  I  , + ( F )  t '  j . s (A ,n ) *gggl".g:"

x + ( I ' i  =  f l  t k e r ( * ( f ) )  ;  s u p p ( f ) n  F =  f i }  .

v  *  f s ' \ f lr !  <+> \ '  J | i - s  invar i "an t  unCer  T  and the  r :es t r i c t i -on

P] lOOi l ,  I t  t s  eas r l y  seen  t i ra t  *  
+  

(F )n  =  X+(F )O" . "@;<+( r i )

u n c l e r  * t t )  f o r  e v e r y  f  € A ,  \ ^ r e

F r n  
i s  t h e  u n i t a l -

&! tx  *  
(P )  n  )  inc tuced by * r ,  , ' i

L

= q 5 r .  * ( T  ) u  w h i e h  i s  p r e c i . s l e y  o u i  a s s e r t l o n "
* .  J . '  9 l I  a

4"4 .  RE l . iARKa  l t i t h  t he  n r : t a t i on  o f  Lemrna  4 .3 ,  we  have  the
l v \

i nc lus ion  s"  (11  I  X  a ,  (F)  " )  C  6* (T)  "
J

Inc ie rec l ,  l f  ,  4  6 - (T . )  r  then the  space X (S  (11  )n  i s  l r r r ra r ian t

u n < l e j r  ( z  1 ^ -  T ) - r  s  j . n c e

* r r (  E  t t t t  ( z  1 , r  -  r ) - 1 1  =  ( z  l n  -  r ) - l " . F n (  5  ( f ) ) x  =  Q

f o r  e v e : : y  f  €  A  w l t h  s u p p  ( f  )  f l  F - *  f r  a n d  e a c h  > l  € I  X . f  ( F ) ' * .

3 )  h a s

(n  t - j -mes i  i s  iuvar ian t  under  T .

S ince  X4;  ( f  )  i s  i -nvar lan t

rnal '  c lefJ.ne the rnap

( 4 "  3 )

whi ch i .s

a lgeb ra

I
{ -han r l t  I\ , r r v l r - l

A  3  f  - - .  < p r ( f )  =  + ( f )  |  x  
*  

r n l  €  x , o +  ( r ) ) ,

a  u n i t a l

morph ism

x - *  ( i . ' )n
:v

alcJel : r ; l  mor :phlsm"

f rom 1'4n (A) l"nto

I T

4 * 5. Lti l ' ' l l \ iA " The tn.ol:nll- jL$n t . t rE:  fo l . Invr inc



* I"s :

r ) l jor l i r f  fY I
L*** * * " " " '

'  int{:t) /\ $trpi:'( cl: } fr

- i : r r ' r  , ) r : c 1 r  c : I : . : r : I i l c l  S '  o
:.:r.:i:-. i:.:.-#j*-r- ;.-. *

pr'*ccd-ing leirt :na" Let. al-s0 f
D o

= rl i  
" By "ursi.r 'rr1 

t 'he nor: irrnl l 'L1t

f .  =  f .  " t -  f . r  \ , Jhe re  f r ,  f r f f i
L  L '  L  / "

A supp ( .,* ) :i fr " Their ' '#r(f )

sho . r$  thaL  *up1 ,  (  iF " )  c ' r  61  su l rp (+  )  "

sr:pir( ,-F 
l.) C r f\ suPP( (F ) "

{ *  A  be  $uch  ' r ha t  su i " l p ( f  )  n  FA$ i l p l r ( l } t *

o f  t hc  e i l q r :b i : a  A ,  we  can  wr l t e

.
A ,  t i u p p ( f l ) n r r  =  F . u " 9  s u P P  ( f 2 )

* { ? ( f r ) . 1 , , u  * *  t t z )  | * u  
F  o '

pRcoi'. LeL Xr,, i is: tfr* $pacs X 
4: 

(I) e defi::r*:d ln the

.  Conrger$ely  r  i 'e t  a  0

an open i re ig i rbourh*oc l  o f  d0

P

and .I.etr !r,r* *O* be oPen sueir

The r :u  ] : y  P rcpos i t  j " on  2 "L  ( r " v i t h

f  G  A  and .  supP( f )  f ,  1 t0 '  { : hen

si:ch thae i io tr  ine{r) '

t ' h a - t  % f f  t O  = f i  a n d

n=l-), X ::: *ff ' i "j i; 
::

, -  |  
' 2 "

r l_r{f) I  x;;;  ? 0 ,
I  r r  r

C ;  i n r ( r l . ' 1  s u p p ( + ) '

r.rhich

1"et l'IO i:e

le t  \ ^ l r . * in t  (F)

Wtu lt, * -^fL c

X- + X; .  i f
,  , t 2  ,

Si.nce

c d  
O  €  s u p p ( +  ) ,  t h i s  s h o v r s  * h a t c. r ' t  o  €  supp(  #r ) .

r s: #t*") Hg*g (Aan) -:Sgk:-9ngg*:5

suclr r.har r s *,r( -6 j , :lg**l':g ngn*JLti*sggg:t!'Y"

s*  (T)  * t J  f u - ( - u ( d d ) ) :
& )  d E  s u p p t & l )  ,

pRoot?.  , Ihe i i rc lus ion s- tT)  
t 'n*  

hu? boen aLready

not i  r :ed ( see Remark 
'3 

" ?'J ]  '

C o r r v c r s ; e l y r a s i s u l r e t h a ' L t h e r e e > l t s t s a p c i ' n t -

. , * n \ $ - ( T ) " I , e t a J O c I . J ) - b e s u c } r t l r a t z l € i - f i I ' | l c : ( c < } , , ) )
, 0 * " t t . t  \  

v  \ r r o  w 0 - ' -

L e t V r , V Z J : c o p e n e ; e t s i n { : s u c h t h a t ' V t S z r t ' Y j ; } 4 ' - ( ? } '

T,  f f  V,  -  (4 * .nc1 6*(  ' - ( :  (  d o) 
c-  vt  \ - /  v2 '  Then therc exlsts an.

o p e n  s e t ,  l ' i , r # )  o J O l o ' J l s u c h  t h a t  s - (  - C ( c '  ) )  c v r ( - v 2  f o : :

ev€rY w €  I i  * - t t ; "  i r . ccord ing  to  i lenrark  4 .4 ,  \ ^ /e  her 've  the  {nc l " t rs ion

-(11) c;  VZ, r"rhere TF ' "  T I  t  
+ 

( i ' ) r to on i l le ot l ' rer

)r  anC r
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i r r
\ J  ' l  6 - {  '?  ( rd  ) i  s  c lJ  #  supp( '-:i"

F ,

}:1t vj"y'f,'e of Lentmit 4" 5" Fro:n f-he sratne l-er"nrna tt
t ;

' fh l "s shows t t rat  the set

4 e-'

rf,

noneritpi:1' .  iEhj-ch contradicts Leil l i i r&, 4 " 2, appliecl
\ . .
\  s - ( r )  =  f r .

t,o he

such

ancl a

cr) O €l slrtrl i{ . jF'} .

f
I J J\_/ L

T *
t . t s* ( -c (c^J ) I cil €; e\rlppt frrt I n Tt

4 , 7 .  D E I r r N I T r 0 l 1 "  T h e  m a p *, ,  ,  Mrr(nl *-+ #t**) t"s E;a.:Ld

of €ln*ig*glgg}r"":iiS .qgf.:f if rhere e>:isrs an inreser m ) I

that frorn the fact f.l 'rat CIE( c,J ) = 0 for arl d e suppr{rrrrr

ce r ta ln  t>c  € "  I , t ^ (A )  n  l t  f o l l - ows  tha t  *n (  o (  m)  =  0 ,

rf A = ct (JL ) and 43n : 1.r,., (A) --> Y-$n) is eonri.i:rrous r

t r  s =  _ C . v r r J V , r
" lF

also foJ-J.or.rs t f rat

tr> T-. " Tire re f orr:
.t1

therr  fg.q evcr:y I \  e.  t I*  (A) r , r l " r ich l .s nul l  on $upp( +"")  toqether vr j - t l-  J  n  *  I 1 '  
- : i -  - -  - - - -

t tg  per r t , ia l  c le r iva t lves  u 'p  to .  c rc r .e r  re  we har re  +  ^  (  f t ' )  =  0o  Th j .sn J
fae.t  1s vrel l*knoivn fo: :  scaLa-r  c l i .s t r ibut ions and c: in be extencled.tc l

vector c l ls t"r l ] :ut ions as wel- l , i  an out l - i i :e of  p:roof can be found in
r ' 1
L  f  l  J  I  L c ; i l l r l a .  I V " 8 " B .

T h i q  f a c t  s h o r , r s o  i n  p a r t j . c u . l a r ,  t h a t

a l g e ) ; i : a l . c  o r c l e r  ( t  *  1 " .

f  o1-lolvingI {e can. cernpl .ete now Corol- lary 3"6 wl th t } re

st .a 'bemen t"

4 n 8. coRoT,Ll\.Ry"

n I l.{,", (A)

n,i .  Lnoj;cn t.

* *  l s  o f  f l n l t e

I f  a * ( f  )  =  {  , ^ ' f  anc l '  t hc  mornh : i sn r
L  t r .  F ? . . e - - J w . . -

. :
. { -s  o: f  f  : i ,nJ" te  a lqe l : : ra i  e  or r jc : : ,  then

"lg-i::ir:,1?_1lJ {,:-* Ji r I I *:,.9[**[r}}.J.rl_?*ff*fbs_ffs]lj:i Iy,
gxn r qiE"*f*J,':giti:t hy"Er.':ri:;,,i::'!.._qlf:J-':sg"

Pp'OOf .  I f  fo l l .ovrs f : :om Ti ioorein , i .6 t t rat  s"(  T (  ct ,  )  )={16}

" e.  ErLrpl)(  . j? ) .  I ' r  othcr v;o.rc is,  t t re ma.tr lx i t^L_* '6.  (  r r tl -o i :  cvcry (4
U N

i s . n : l . t P o t e n t :  l . o r  o i i c l r  . . u  C :  s ; u l ) p ( . F  )  ,  ; 1 . e .  ( r 0 l r ,  -  T (  c i J  ; ; t - t  =  0

*t 1 -.fll"0 " ' r r
. t r
l^ .t
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